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Abstract We study the question of approximability for the inverse of the FEM stiff-
ness matrix for (scalar) second order elliptic boundary value problems by blockwise
low rank matrices such as those given by the H-matrix format introduced by Hack-
busch (Computing 62(2):89-108, 1999). We show that exponential convergence in
the local block rank r can be achieved. We also show that exponentially accurate
LU-decompositions in the H-matrix format are possible for the stiffness matrices
arising in the FEM. Our analysis avoids any coupling of the block rank r to the
mesh width 4. We also cover fairly general boundary conditions of mixed Dirichlet—
Neumann—Robin boundary conditions.

Mathematics Subject Classification 65F05 - 65N30 - 65F30 - 65F50

1 Introduction

The format of H-matrices was introduced in [27] as blockwise low-rank matrices that
permit storage, application, and even a full (approximate) arithmetic with log-linear
complexity, [20,22,28]. This data-sparse format is well suited to represent at high
accuracy matrices arising as discretizations of many integral operators, for example,
those appearing in boundary integral equation methods. Also the sparse matrices that
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are obtained when discretizing differential operator by means of the finite element
method (FEM) are amenable to a treatment by H-matrices; in fact, they feature a loss-
less representation. Since the H-matrix format comes with an arithmetic that provides
algorithms to invert matrices as well as to compute LU -factorizations, approximations
of the inverses of FEM matrices or their LU -factorizations are available computation-
ally. Immediately, the question of accuracy and/or complexity comes into sight. On the
one hand, the complexity of the H-matrix inversion can be log-linear if the H-matrix
structure including the block ranks is fixed [20,22,28]. Then, however, the accuracy
of the resulting approximate inverse is not completely clear. On the other hand, the
accuracy of the inverse can be controlled by means of an adaptive arithmetic (going
back at least to [20]); the computational cost at which this error control comes, is
problem-dependent and not completely clear. Therefore, a fundamental question is
how well the inverse can be approximated in a selected H-matrix format, irrespec-
tive of algorithmic considerations. This question is answered in the present paper for
FEM matrices arising from the discretization of second order elliptic boundary value
problems.

It was first observed numerically in [20] that the inverse of the finite element (FEM)
stiffness matrix corresponding to the Dirichlet problem for elliptic operators with
bounded coefficients can be approximated in the format of H-matrices with an error
that decays exponentially in the block rank employed. Using properties of the continu-
ous Green’s function for the Dirichlet problem [4] proves this exponential decay in the
block rank, at least up to the discretization error. The work [6] improves on the result [4]
in several ways, in particular, by proving a corresponding approximation result in the
framework of {?-matrices; we do not go into the details of 7>-matrices here and
merely mention that 7{2-matrices are a refinement of the concept of H-matrices with
better complexity properties, [7,18,29,30].

Whereas the analysis of [4,6] is based on the solution operator on the continuous
level (i.e., by studying the Green’s function), the approach taken in the present article is
to work on the discrete level. This seemingly technical difference has several important
ramifications: First, the exponential approximability in the block rank shown here is
not limited by the discretization error as in [4,6]. Second, in contrast to [4,6], where
the block rank r and the mesh width 4 are coupled by r ~ |logh|, our estimates are
explicit in both r and 4. Third, a unified treatment of a variety of boundary conditions
is possible and indeed worked out by us. Fourth, our approach paves the way for
a similar approximability result for discretizations of boundary integral operators,
[16,17]. Additionally, we mention that we also allow here the case of higher order
FEM discretizations.

The last theoretical part of this paper (Sect. 5) shows that the H-matrix format admits
‘H-LU-decompositions or H-Cholesky factorizations with exponential accuracy in
the block rank. This is achieved, following [3,11], by exploiting that the off-diagonal
blocks of certain Schur complements are low-rank. Such an approach is closely related
to the concepts of hierarchically semiseparable matrices (see, for example, [36,42,43]
and references therein) and recursive skeletonization (see [26,32]) and their arithmetic.
In fact, several multilevel “direct” solvers for PDE discretizations have been proposed
in the recent past, [19,31,38,39]. These solvers take the form of (approximate) matrix
factorizations. A key ingredient to their efficiency is that certain Schur complement
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blocks are compressible since they are low-rank. Thus, our analysis in Sect. 5 could
also be of value for the understanding of these algorithms. We close by stressing
that our analysis in Sect. 5 of H-LU-decompositions makes very few assumptions
on the actual ordering of the unknowns and does not explore beneficial features of
special orderings. It is well-known in the context of classical direct solvers that the
ordering of the unknowns has a tremendous impact on the fill-in in factorizations. One
of the most successful techniques for discretizations of PDEs are multilevel nested
dissection strategies, which permit to identify large matrix blocks that will not be filled
during the factorization. An in-depth complexity analysis for the H-matrix arithmetic
for such ordering strategies can be found in [25]. The recent works [19,31] and, in a
slightly different context, [5], owe at least parts of their efficiency to the use of nested
dissection techniques.

2 Main results

Let Q Cc R?,d € {2, 3}, be abounded polygonal (for d = 2) or polyhedral (for d = 3)

Lipschitz domain with boundary I" := 9. We consider differential operators of the
form

Lu := —div(CVu) +b - Vu + Bu, (D

where b € L®(Q; RY), B € L>®(R2),and C € L®(R; RdXd) is pointwise symmetric
with

eyl < (C@y, s < eyl Vy e R, )

with certain constants ¢, ¢ > 0.
For f € L?(S2), we consider the mixed boundary value problem

Lu=f in<Q, (3a)

u=0 onIp, (3b)
CVu-n=0 only, 3o)
CVu-n+au=0 onlg, (3d)

where n denotes the outer normal vector to the surface I', « € L*°(I'R), a > 0
andI' =Tp U I'y U I'g, with the pairwise disjoint and relatively open subsets
I'p, I'n, I'r. With the trace operator y(i)m we define HOI(SZ, I'p):={uecH(Q) :
y&“tu = 0 on I'p}. The bilinear form a : H(; (2, 'p) x H(; (2,Tp) — R corre-
sponding to (3) is given by

a(u, U) = (CVM, VU)LZ(Q) + <b -Vu + ,BM, v>L2(Q) + (otu, U)LZ(FR) . (4)
We additionally assume that the coefficients «, C, b, 8 are such that the coercivity
el 31 () < Calu, u) )

of the bilinear form a(-, -) holds. Then, the Lax-Milgram Lemma implies the unique
solvability of the weak formulation of our model problem.
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For the discretization, we assume that Q2 is triangulated by a quasiuniform mesh
T, = {T, ..., Ty} of mesh width h := maxr;e7, diam(7}), and the Dirichlet I'p,
Neumann I'y, and Robin I'g-parts of the boundary are resolved by the mesh 7j,.
The elements T; € 7, are triangles (d = 2) or tetrahedra (d = 3), and we assume
that 7}, is regular in the sense of Ciarlet. The nodes are denoted by x; € Nj, for
i =1,..., N.Moreover, the mesh 7}, is assumed to be y-shape regular in the sense of
h ~ diam(T;) < y |T;|"/“ forall T; € 7. In the following, the notation < abbreviates
< up to a constant C > 0 which depends only on €2, the dimension d, and y-shape
regularity of 7;,. Moreover, we use 2 to abbreviate that both estimates < and 2 hold.

We consider the Galerkin discretization of the bilinear form a(-, -) by continu-
ous, piecewise polynomials of fixed degree p > 1 in Sé”l(’]z, p) := SPYT) N
Hy(Q,Tp) with SP1(T;) = {u € C(Q) : uly; € Py, VT; € Tp}, where P,
denotes the space of polynomials of degree p. We choose a basis of Sé’ ! (7n, Tp),
whichisdenotedby B;, := {y; : j =1,..., N}.Given that ourresults are formulated
for matrices, assumptions on the basis 53, need to be imposed. For the isomorphism
J RN - Sé”l(Th, I'p), X z;v:] xj¥j, we require

h 201l S 1Tl 2y S R Ixl,, Vx e RE (©6)

Remark 1 Standard bases for p = 1 are the classical hat functions satisfying ¥ (x;) =
d;j and for p > 2 we refer to, e.g., [13,34,40].

The Galerkin discretization of (4) results in a positive definite matrix A € RV*V
with
Ajk = (CVl/fk, VI/IJ)LZ(Q) + (b : V’»ﬁk + ﬁl/fk, 1[[]>L2(Q)
FeVi, i) g Wk V) € B )
Our goal is to derive an {-matrix approximation By, of the inverse matrix B = A~!.

An H-matrix By is a blockwise low rank matrix based on the concept of “admissi-
bility”, which we now introduce:

Definition 1 (Bounding boxes and n-admissibility) A cluster t is a subset of the index
setZ ={1,..., N}.Foracluster t C Z, we say that B, C RYisa bounding box if:

(i) Bg, is a hyper cube with side length R,
(ii) supp¥; C Bg, forall j € 7.

For n > 0, a pair of clusters (t, o) with 7,0 C Z is n-admissible, if there exist
boxes Bg,, Bg, satisfying (i)—(ii) such that

max{diamBg,, diamBg_} < n dist(Bg,, Br, ). (8)
Definition 2 (blockwise rank-r matrices) Let P be a partition of Z x Z and n > 0

an admissibility parameter. A matrix By € RY*¥ is said to be a blockwise rank-r
matrix, if for every n-admissible cluster pair (7, o) € P, the block By|; x is a rank-r
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‘H-matrix approximability of the inverses of FEM matrices 619

matrix, i.e., it has the form By¢| ;o = X0 Y1 with X;, € RIF* and Y,, € RIO*",
Here and below, |o| denotes the cardinality of a finite set o, and B|; s € RltIxlol
denotes the T x o subblock of a matrix B as a |t| x |o|-matrix.

The following theorems are the main results of this paper. Theorem 1 shows that
admissible blocks can be approximated by rank-r matrices:

Theorem 1 Fix the admissibility parameter n > 0, g € (0, 1). Let the cluster pair
(t, 0) be n-admissible. Then, for k € N there are matrices X;o € R Y., €
RIT of rank r < Caim (2 + 1)%q~4k*" such that

-1 T
[~ 1exo = X0 Y,

5 = Caprqk- ©

The constants Cypx, Cdim > 0 depend only on the boundary value problem (3), 2, d,
p, and the y-shape regularity of the quasiuniform triangulation Tj,.

The approximations for the individual blocks can be combined to gauge the approx-
imability of A~! by blockwise rank-r matrices. Particularly satisfactory estimates are
obtained if the blockwise rank-r matrices have additional structure. To that end, we
introduce the following definitions.

Definition 3 (Cluster tree) A cluster tree with leaf size niear € N is a binary tree T
with root Z such that for each cluster t € Tz the following dichotomy holds: either t
is a leaf of the tree and |t| < nyeqf, Or there exist sons ©/, T € Ty, which are disjoint
subsets of t with 7 = t/ U t”. The level function level : Tz — Ny is inductively
defined by level(Z) = 0 and level(t’) := level(t) + 1 for t’ a son of 7. The depth of
a cluster tree is depth(T7) := max ¢, level(t).

Definition 4 (Far field, near field, and sparsity constant) A partition P of 7 x 7 is
said to be based on the cluster tree T, if P C Tz x Tz. For such a partition P and
fixed admissibility parameter n > 0, we define the far field and the near field as

Py :={(r,0) € P : (1,0) is n-admissible }, Ppear := P\ Prar-

The sparsity constant Cgp, introduced in [20], of such a partition is defined by

Cop:=max 1max [{oc € Tz : T X0 € Pe}|, max {t € Tz : T x 0 € Ppar} .
TETI UETI

The following Theorem 2 shows that the matrix A~! can be approximated by
blockwise rank-r matrices at an exponential rate in the block rank 7:

Theorem 2 Fix the admissibility parameter n > 0. Let a partition P of T x T be
based on a cluster tree T1. Then, there is a blockwise rank-r matrix By such that

1/(d+1)

HA*‘ — By, H2 < CapxCspNdepth(Tp)e™"" (10)

The constants Cypx, b > 0 depend only on the boundary value problem (3), 2, d, p,
and the y -shape regularity of the quasiuniform triangulation Ty,.

@ Springer



620 M. Faustmann et al.

Remark 2 Typical clustering strategies such as the “geometric clustering” described in
[28] and applied to quasiuniform meshes with O(N) elements lead to fairly balanced
cluster trees Tz of depth O(log N) and feature a sparsity constant Cg, that is bounded
uniformly in N. We refer to [28] for the fact that the memory requirement to store By
is O((r 4 niear) N log N).

Remark 3 With the estimate

for the relative error

ﬁ <N ~! from [14, Theorem 2], we get a bound
2

[A~" = Bn,

< Capx Cepdepth(T)e 2. (11)
ja=],

Let us conclude this section with an observation concerning the admissibility con-
dition (8). If the operator L is symmetric, i.e., b = 0, then the admissibility condition
(8) can be replaced by the weaker admissibility condition

min{diamBg_, diamBg_ } < n dist(Bg,, Bg,). (12)

This follows from the fact that Proposition 1 only needs an admissibility criterion of
the form diamBg, < ndist(Bg,, Bg,). Due to the symmetry of L, deriving a block
approximation for the block t x o is equivalent to deriving an approximation for the
block o x 7. Therefore, we can interchange roles of the boxes Br, and Bg,, and as a
consequence the weaker admissibility condition (12) is sufficient. We summarize this
observation in the following corollary.

Corollary 1 In the symmetric case b = 0, the results from Theorems 1 and 2 hold
verbatim with the weaker admissibility criterion (12) instead of (8).

3 Low-dimensional approximation of the Galerkin solution on admissible
blocks

In terms of functions and function spaces, the question of approximating the matrix
block A~! |t xo by a low-rank factorization XerTU can be rephrased as one of how
well one can approximate locally the solution of certain variational problems. More
precisely, we consider, for data f supported by Bg, N €2, the problem to find ¢, €

SPN(Ty, T'p) such that

apn, yn) = (F ¥y Yn € S5 (T, Tp). 13)

We remark in passing that existence and uniqueness of ¢, follow from coercivity
of a(-,-). The question of approximating the matrix block A~!|; ., by a low-rank
factorization is intimately linked to the question of approximating ¢, | p 7 NS from low-
dimensional spaces. The latter problem is settled in the affirmative in the following
proposition for n-admissible cluster pairs (z, 0):
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‘H-matrix approximability of the inverses of FEM matrices 621

Proposition 1 Let (z, 0) be a cluster pair with bounding boxes Bgr_, Br,. Assume
that ndist(Bg,, Br,) > diam(Bg,) for a fixed admissibility parameter n > 0. Fix
qg € (0,1). Let nt’ CLA(Q) > Sé”l(Th, I'p) be the L2(Q)—0rthog0nal projection.
Then, for each k € N there exists a space Vi C Sé”l(Th, I'p) withdim Vi < Cgim (2+
m2q=%k* such that for arbitrary f € L*(S2) with supp f C Br, NQ C F; =
{x € Q:ndist(x, Bg,) > diam(Bg,)}, the solution ¢y, of (13) satisfies

. 2
min lon — vliL2Bg, ney = Cooxg* ITTX fll 20 < Cboqu”f”Lz(BRoﬁQ)- (14)
k

The constant Cypox > 0 depends only on the boundary value problem (3) and 2, while
Cgim > 0additionally depends on p, d, and the y -shape regularity of the quasiuniform
triangulation Ty,

The proof of Proposition 1 will be given at the end of this section. The basic steps are
as follows: First, one observes that supp f C Bg, N 2 together with the admissibility
condition dist(Bg,, Br,) > n_ldiam(BRr) > (0 imply the orthogonality condition

aldn. ) ={f- V) 128y, ny =0.  Y¥n € S§"' (Ty. T'p) with supp ¥, C Br, N 2.

15)
Second, this observation will allow us to prove a Caccioppoli-type estimate (Lemma 2)
in which stronger norms of ¢, are estimated by weaker norms of ¢, on slightly enlarged
regions. Third, we proceed as in [4,6] by iterating an approximation result (Lemma 3)
derived from Scott—Zhang interpolation of the Galerkin solution ¢. This iteration
argument accounts for the exponential convergence (Lemma 4).

3.1 The space Hy (D, w) and a Caccioppoli type estimate
It will be convenient to introduce, for index sets p C Z, the set
w, := interior U supp ¥ | € £2; (16)
Jjep
we will implicitly assume henceforth that such sets are unions of elements. Let D C R?

be a bounded open set and w C 2 be of the form (16). The orthogonality property
that we have identified in (15) is captured by the following space H; (D, w):

Hy (D, ) = {ueHl(D Nw): FaeSI (Th. Tp) st. ] prw =il pra- SUpp T C @,
a(u, i) =0, Y Yy € S (T, Tp) with supp v, € D1 a)] . a7
For the proof of Proposition 1 and subsequently Theorems 1 and 2, we will only need

the special case w = £2; the general case H;, (D, w) with o # Q will be required in
our analysis of LU-decompositions in Sect. 5.2.
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622 M. Faustmann et al.

Clearly, the finite dimensional space H, (D, w) is a closed subspace of H L DNw),
and we have ¢, € H(Bg,, 2) for the solution ¢y, of (13) with supp f C Bgr, N 2
and bounding boxes Bg,, Bg, that satisfy the n-admissibility criterion (8). Since
multiplications of elements of Hy, (D, w) with cut-off function and trivial extensions
to Q appear repeatedly in the sequel, we note the following very simple lemma:

Lemma 1 Let w be a union of elements, D C RY be bounded and open, and n €
W12(R?) with suppn C D. For u € Hy(D, w) define the function nu pointwise on
Q by (nu)(x) := n(x)u(x) forx € DN wand (nu)(x) =0 for x ¢ D N w. Then

(i) nu € Hj (2 Tp)
@ii) supp(nu) C DNw
(iii) Ifn € ST\ (Tp), then nu € SY 7" (T, T'p).

Proof We only illustrate (i). Given u € H;, (D, w) there exists by definition a function
ue Sg ! (75, Tp) with suppu C . By the support properties of 1 and u, the function
nu coincides with nit. As the product of an H ! (2)-function and a Lipschitz continuous
function, the function ni is in H' ().

A main tool in our proofs is the nodal interpolation operator J, : C(Q) —
Sé’ ’1(7},, I'p). Since p +1 > ‘7’, the interpolation operator J;, has the follow-
ing local approximation property for continuous, 7;,-piecewise H?*!-functions u e
C@ N HLW (Th, 0) = {u € LX) : ulr € HPPYT)VT € T,)

lu = Tnullzgm gy < CRPPE Wl 0<m < p+ 1. (18)
The constant C > 0 depends only on y -shape regularity of the quasiuniform triangula-
tion 7y, the dimension d, and the polynomial degree p. In particular, it is independent
of the choice of the set w.
In the following, we will construct approximations on nested boxes and therefore
introduce the notion of concentric boxes.

Definition 5 (Concentric boxes) Two boxes Bg, Bg/ of side length R, R’ are said to
be concentric, if they have the same barycenter and B can be obtained by a stretching
of By by the factor R/R’ taking their common barycenter as the origin.

For a box B with side length R < 2 diam(£2), we introduce the norm

n\’ !
lull g = (E) 194122 g0 + g2 W42 5100

which is, for fixed &, equivalent to the H L_norm.

The following lemma states a discrete Caccioppoli-type estimate for functions
in Hp(B(14s)R, @), Where B 5 r and By are concentric boxes. In contrast to the
classical, continuous Caccioppoli inequality, an additional assumption on the size
parameters R, § of the box B(i15)r compared to the mesh size & has to be made.
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‘H-matrix approximability of the inverses of FEM matrices 623

Lemma2 Let § € (0,1), R € (0,2diam(R)) such that & < & and let » € Q be
of the form (16). Let Bg, B(1+s)r be two concentric boxes. Let u € Hp(B(145)R, ).
Then, there exists a constant Creg > 0, which depends only on the boundary value
problem (3), @, d, p, and the y-shape regularity of the quasiuniform triangulation
Ty, such that

172 +
IVullz2rrey < IVUullp2(grrw) + (ou, u>L2(BRﬂ(FRm5)) = CregT Mol 1+6) -

19)

Proof Let n_€ § LI(T,) be a piecewise affine cut-off function with suppn C
Batsypr N2, m = lon Bg Nw, 0 < n < 1, and IVl 5en0) < %
By Lemma 1 we have ntu € S(‘;’+2’1(772, I'p) C H(} (2; I'p) and

supp(nzu) C B(1+5/2)R Nw. (20)

Recall that /4 is the maximal element diameter and 44 < §R. Hence, for the nodal
interpolation operator Jj,, we have supp J; (7%u) C B(145)r; in view of the locality of
the nodal interpolation, we furthermore have supp Jj, (n%u) C @ so that

supp Ji(n”’u) C B with B := B(j 1) Nw. (1)

With the coercivity of the bilinear form a(-, -) and # < ﬁ, since § < 1 and
R < 2 diam(£2), we have

IVl T2 5w T (@ ) 2 rrmanr gy < IV OOTa 5 + (@, m0) 12 Gep
(22a)

< a(nu, nu)

= / CVu - V(nzu) + u2CV77 -Vndx + <b -Vu + Bu, n2u>
B L2(B)

2
b (Vi )2y + (e

< [ CVu-Vtu)d <b-V ,2>
N/B w VOPwd + (b Vut pu’u)
1

2 2
+ <om, 7 u>L2(§ﬂFR) gz 1Ml

1
= a(u n’u) + 53 2o - (22b)
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624 M. Faustmann et al.

Recall from (21) that supp J;, (n?u) C B. The orthogonality relation (17) in the defi-
nition of the space Hj, (B, w) therefore implies

au, n’u) = au, ’u — Jp(r’w))
< 1€y 1Vl 2 |V 0P = o)

L%(B)
(Il ooy 1Vl 28y + 1Bl Loo s I1nell 2 5)) H Wz”_Jh('lzu)‘ L2(B)
o o, P = JhoPw) L (23)
L2(BNT'R)
The approximation property (18) and the support properties of nu lead to
2 2 2 < 12p 2 2
CEER AU BEY Py LT 4)
h

TCB

— e with the multi-index k € N¢
dx; " - 0xy

with |k| = Z?:l k;. Since, for each T C B we have u|r € P,, we get Dfulr =0
for all multi-indices k € N¢ with [k| = p + 1. The assumption n € S1(7;,) implies
DFp|r =0 forallk € Ng with |k| > 2. With the Leibniz product rule, the right-hand
side of (24) can therefore be estimated by

By D*u, we denote the derivative D*u :=

2 k
212 _ ko2 k=€, o2
Puliy = > |Pretn],, s X | X2 (e)D uD' ()
keNd keNd  |leeNd.e<k
kl=p+1 kl=p+1 | le]<2 12T

2

kY okt e k k—t—m, 1yl ym
S Z Z (g)D u(D"mn + E ttm D uD*nD™n
keNﬁ ZENSJZSk mENg,mgk—K
[kl=p+1 1 lel=1 Jm|=1 2T

2

2 —1
k - k k 0
S Z Z ‘(l)’ Dk [M(Déﬂ)nﬂLDZ?? Z (l) <€+m) DA 4 mqun

keNd  ¢eNg.e<k meNd . m<k—t
[kl=p+1  |€]=1 Im|=1 LX(T)
2
<! SO o+ Y k—¢ pk=t=my, pmy
~ (6R)? m
keN§  ¢eNg o<k meNg . m<k—t
[kl=p+1  [€]=1 Im|=1 L2(T)
2
-1
1 k k k—€\\ e
k2 _ D my, pm
o 2 2 WD ((l) (Hm) ( m )) e
keNd  ¢eNg 1<k meNd m<k—t
[kl=p+1  |e]=1 Im|=1 L(T)
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‘H-matrix approximability of the inverses of FEM matrices 625

<(8R)2 2 2 HDk |

keN’ /(eN’ <k
|kl= p+1 IZ\ 1

LZ(T> (8R)4 ‘“‘Hl (T)
1 2 1 2
< GR? nulypry + GRY [l ety »

where the suppressed constant depends on p. The inverse inequality |nu|gr ) S
e IV ()|l 27y see, e.g., [12], leads to

[voru — nun]

1
< h2p
2@ ~ (3R)2 TZ: ("7 ulipery + (5R)2| - I(T))
€7,

TCB
2 2
<
h? 2 h? 2
< G Wi + Gy MVl am)- (25)
The same line of reasoning leads to
2 h2

|2 = o) v S R Wl + 55 Vel - Q6)

In order to derive an estimate for the boundary term in (23), we need a second smooth
cut-off function 7 with supp? C B(1+s& and 7 = 1 on supp(Jy, (n*u) — n*u) and
VAL (Bisr) S 5%+ By Lemma 1 we can define the function 7u € H'(S) with

the support property supp nu C B(j4s)p Nw = B and therefore

~ ~ 1
Il iy < lull2) +IV@OI 28y S splullze + 1VElze. @D

Then, we get

~ 2 2
= |{ou, 1Pu = Sy 0Pw)
(omu n“u— Jp(n“u) LZ(BQFR)‘

<au’ = Jh(nzu)>L2(ern)‘

_ ~ 2 g2
= ”a”LOO(BﬂFR) ”n””LZ(Bm[‘R) ”77 u— Jp(n“u) L2@BArR)

The multiplicative trace inequality (see, e.g., [9, inequality (1.6.2)]) for Q2 and the
estimate (27) gives

- ~ 12 i~ 412 1 1/2 1/2
< <
||77u||L2(1“) ~ ||77“||L2(Q) ||7714||H1(Q) ~ \/ﬁ ”u”LZ(B) + ”u”LZ(B) ”VMHLZ(B)
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The multiplicative trace inequality for 2 and the estimates (25)—(26) imply

1/2
In*u = Jn (Pl 2y S I = Jn0Pw) 20y + I = TPl g IV

12 h2 h2
— Jn(p? il 2 S (m“uﬂl,z(m + ﬁllvullﬁ(m)

12 h Vil «/_ 12 vh Va2
|| ||L2(B) “ u”Lz(B) ” ||L2(B) ” u”LZ(B)
VSR V8R

h3/2 h3/2 h3/2

1/2
|M||L2(B) + 8_R||VM”L2(B) + (8R)3/2|

L%(B)

172

<
L%(B)

3/2 3/2
S WHMHLZ(B) + WHV“”L%B)'

|ull Vael]

Therefore,

1 12 12
<[ ——
Lz(l“) ~ (m”u”LZ(B) + ”u”LZ(B)”VMHLZ(B)

h3/2 h3/2
: (W”””Lz(l}) + 8_R||V"‘”L2(B))

7wl 22y H n*u — Jp(n*u)

3/2 5 3/2
S (5R)5/2 ||“”L2(B) + (—SR):;/Z ”u”LZ(B) ”VMHLZ(B)

3/2
1/2 1/2 3/2
P e AL

3/2
ul}oe IV 125y

+ W ” ||L2(B)
Young’s inequality and 2/(6R) < 1/4,aswellas$ € (0, 1), R < 2diam(f2) implying

RS ﬁ, allow us to conclude (rather generously)

(e, w2 = g0

~ 2 2
u u—J u ‘
L2(Brr) ||77 ”LZ(I‘) ”77 h(nu)

L2(I)
h? 2 2 1+ )
S GR)? IVullyz gy + —(5R)2 lully2p) = (T Nl osr- (28

Inserting the estimates (25), (26), (28) into (23) and with Young’s inequality, we
get with (22b) that

||V(77M)||L2(B) <O”7u 77M>L2(erR) Na(u n M) + 55 82R2 ||u||L2(B)

h
lull2py + 3R ||7)VM||L2(B)) + (IVull 2gy + llnull 2g))

h
S ”VMHLz(B) (82R2

h? h? h?
X (82R2 ||u||L2(B) + “nVMHLz(B)) + W ” u”Lz(B) + == 82R2 ”u”Lz(B)
2

h
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Moving the term 5 ||77Vbl||iz(3)

(22a), we conclude the proof.

to the left-hand side and inserting this estimate in

3.2 Low-dimensional approximation in H;, (D, w)

In this subsection, we will derive a low dimensional approximation of the Galerkin
solution by Scott—Zhang interpolation on a coarser grid.

We need to be able to extend functions defined on B(1425yr N to R4 To this end,
we use an extension operator E : H'(Q) — H'(RY), see, e.g., [1, Theorem 4.32],
which satisfies Eu = u on Q and the H!-stability estimate

IEull giray < C llullgig) -

For a function u € Hy, (B(1425)r, @) and a cut-off function n € C80(3(1+28)R) with
suppn C Bu+s)r, n = 1 on B we can define the function nu € HY(Q) with the
aid of Lemma 1. We note the support property supp(nu) C B(i425)r N w, due to
supp u C w. Therefore, the extension of nu to 2 by zero is in H'(2). Therefore, we
have

E ) | g1 gy < C il g1y - (29)

Moreover, let Iy, g : (HY(Bg Nw), I-Nln. ) — (Hn(Bgr, ), lI-ll5. g) be the orthog-
onal projection, which is well-defined since H;,(Br, w) C H Y(Br N w) is a closed
subspace.

In the following lemma, we use a Scott—Zhang projection I : HY(Q) — St Ky)
of the form introduced in [41] for a quasiuniform grid Ly with mesh width H. By

wK ::U{K/EICH : KOK/;&@},

we denote the element patch of K, which contains K and all elements K’ € Ky
that have a common node with K. Then, /g has the following local approximation
property for u € H'(wk)
2 2(6-m) |, 2
lu — Truldpm ey < CH ™ 2, o 0<e<1. (30)

The constant C > 0 depends only on y-shape regularity of the quasiuniform triangu-
lation Kz and the dimension d.

Lemma3 Let § € (0,1), R € (0,2diam(f2)), Bg, B(i+s)r, and B(+2s)r be con-
centric boxes, and let o C Q2 of the form (16) and u € Hp(B1428)R, @). Assume
< ?'1‘ Let Ky be an (infinite) y-shape regular triangulation of RY and assume

< %for the corresponding mesh width H. Let n € C{°(B(1425)r) be a cut-off

. .o o 1
function satisfying suppn C Ba4s)r, n = 1 on Bg, and ||V77||LOC(B(H28>R) < 5w

Moreover, let Iy : H'(RY) — SLYKy) be the Scott—Zhang projection and
E : HY(Q) - HYR?) be an H'-stable extension operator. Then, there exists a
constant Capp > 0, which depends only on the boundary value problem (3), Q, d, p,
the y-shape regularity of the quasiuniform triangulation T, and E such that

|l
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(1) (u— Iy rIFEMu))|Brrne € Hh(lB’ég w); "
(i) [|u — Ty, RIHE(W)W,, z < Capp~5=° &+ By lully, 152y r5

(iii) dim W < Capp((”,f;”R)d, where W := T, g It EHp,(B(1425)R» @).

Proof The statement (iii) follows from the fact that dim Iy (EHj, (B(1428)r, ®))| B15)k

S (¢! +25)R/H)d. Foru € Hh(B(1+23)R, w), we have u|Bme € Hh(BR, w) as well
and hence Iy g(U|Brnw) = UlBgrNw, Which gives (i). It remains to prove (ii): The
assumption % < % implies | J{K € Ky : wx N Bg # @} S B(4s)r. The locality
and the approximation properties (30) of Iy yield

1

T |EMu) — In Emu)ll L2,y + IVEMu) — In EMu)) |l 2,
rS ”VE(UM)“LZ(B(]Jra)R) :

WeapplyLemma2w1thR = (1+6)R and § = 1+6 Notethat(l+8)R = (1+20)R,

and 2 7= i follows from 4h < §R = SR. Hence, we obtain with (29)

llu = Tl EGuo||; ¢ = ||Tn.r (EGue) = T Equ)|[; ¢ < WEGu) — I EGu)l} ¢

2
1
(E) IVCEGre) = 1n EO)I T2 ) + 23 1E@0) = T EGUON T2 0,
2 VE 5 H2 VE ) - h2 H2 )
ﬁ ” (nu)”Lz(B(l+§)R) + F ” (nu)”Lz(B(l+§)R) ~ S + Ho ||7)14||H1(Q)

A

R R2

N

2 H*\ 1 h?  H? vl

R? + R2 ) 52R? lu ”LZ(B(HS)RWU) + R2 + F I u”L2(3<1+5>Rﬁw)

h2 H2 h? (1428)* + 25)2

R2 + R2 82R2 llu ”LZ(B(HX)Rmﬂ)) + R2 + R2 e "|L2(B(l+26)k)

2
<(c ﬂ " ENY
= app s R R h,(1+28)R *

which concludes the proof.

By iterating this approximation result on suitable concentric boxes, we can derive
a low-dimensional subspace in the space H), and the bestapproximation in this space
converges exponentially, which is stated in the following lemma.

Lemma 4 Let Cypp be the constant of Lemma 3. Letq, « € (0, 1), R € (0, 2 diam(£2)),
k € Nand o C Q2 be of the form (16). Assume

h
R . . — 31
R~ 8kmax{l, Cypp}

Then, there exists a subspace Vi of Sg’l (Tn, T'p)|Brnw with dimension

14+
dim Vi < Cgim ( R ) kd+l,
q
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such that for every u € Hp(B(14«)R, ©)
min Jlu — vlly & < ¢ Nully, 110k - (32)
veVy

The constant Cgim > 0 depends only on the boundary value problem (3), 2, d, and
the y -shape regularity of the quasiuniform triangulation Tj,.

Proof We iterate the approximation result of Lemma 3 on boxes B(i4s,)r, With §; :=

;j for j = 0,...,k. We note that k = §9 > §; > --- > 8 = 0. We choose
H = kqR
T 8kmax{Cypp,1}-
If » > H, then we select V; = Hj,(Br, w). Due to the choice of H we have
-1
dim Vi < (7)¢ S k(5)? > Caim (HE—) kT
Ifh < H,we applyLemma3with§ = (1+4;)R andgj = < l.Notethat

Sj—1 =24 +1 zeives(1+d;_1)R = (1 +28 )R The assumptlon 8k(1+8 5 = %

is fulfilled due to our choice of H. For j = 1, Lemma 3 prov1des an approximation
wy in a subspace Wy of Hj, (B(14s,)Rr, @) with dim W < C(%)d such that

1
2k(l+5')

H 1+25
+8DR 5

lle — willn, 1458 < 2Capp 7 Weell, (14-50)

kH ~
= 4Capp?(l +280) llulln,a+0r = g lulln,q4or -

Since u—w1 € Hy(B(1+4s,)Rr> @), we canuse Lemma 3 again and get an approximation
wy of u — wy in a subspace W7 of Hj(B(145,)k, @) with dim W, < C(%)d.
Arguing as for j = 1, we get

2
e — wi — wallp, 148y < gl — willy,a+s)r < g Nullp, a4k -

Continuing this process k — 2 times leads to an approximation v := ZI; 1 w; in the
space Vi := Z/ | W; of dimension dim V}, < Ck((1+K)R)d Cdlm(1+" ydgd+t,
Now we are able to prove the main result of this section.

Proof of Proposition 1 Choose k = ﬁ By assumption, we have dist(Bg,, Br,) >
77_1 diam Bg, = «/En_l R:. In particular, this implies
dist(B(14c)r,» Br,) > dist(Bg,, Bg,) —kR;vd > VdR.(n~" — )

1
=VdR,——— >0
"l +n)

The Galerkin solution ¢, satisfies ¢y, |B(1+5)ng € Hn(B+s)r, 2). The coercivity (5)
of the bilinear form a(-, -) implies

1981310y S @ ) = (£.0) = (M £.00) < | 7]

L2 lonll g1q) -
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Furthermore, with RL, < 1, we get

1 1 2
Npnlln,ivr, S\ 1+ 5 ) Idnllgre) S |1+ HHL f‘
R; Ry

L@’
and we have a bound on the right-hand side of (32). We are now in the position to
define the space Vi, for which we distinguish two cases.

Case 1: The condition (31) is satisfied with R = R;. With the space Vj provided by
Lemma 4 we get

2
min —v < R; min —v S (R +1 kHl'IL ‘
min | &n 2B, ne) = Re min llpn llnr, < (Rr+ 1g S L@

< diam(Q)¢* Hn“ f‘

2@’

and the dimension of Vj is bounded by dim V;, < C((2 + mg Nkt

. .- . . . h Kq
Case 2: The condition (31) is not satisfied, i.e., we have 7= SEmax (1 Capp]

Then, we select Vi := {v|pz.nq 1 v € Sg’l (75, Tp)}, and the minimum in (14) is
obviously zero. By choice of «, the dimension of Vj is bounded by

R \? _ (8k Capps 11\ d
dim V, S( r) 5( max{Capp }) < ((H_n)q—l) jd+
h Kq

which concludes the proof of the non trivial statement in (14). The other estimate
follows directly from the L?(2)-stability of the L2(£2)-orthogonal projection.

Remark 4 A result similar to Proposition 1 holds for the pure Neumann problem, i.e.,
I' = 'y as well. In this case, the matrix A is not invertible and therefore either a
stabilized Galerkin discretization or a saddle point formulation has to be chosen to
deal with the one-dimensional kernel. The general ideas underlying Proposition 1 can
be utilized, see [15,17] for details.

4 Proof of main results

We use the approximation of ¢, from the low dimensional spaces given in Proposition 1
to construct a blockwise low-rank approximation of A~! and in turn an H-matrix
approximation of A~!. In fact, we will only use a FEM-isomorphism to transfer
Proposition 1 to the matrix level, which follows the lines of [6, Theorem 2].

Proof of Theorem 1 If Cgim (2+1)%g k%! > min(|z|, |o|), we use the exact matrix
block X;6 = A~ !z 4o and Y;5 = I € RIOIXI01,

If Caim2+n)%g~ %! < min(|z], |o]),let A; : L>(2) — R be continuous linear
functionals on L2(2) satisfying A; () = 6;;. We define R" := {x € RN : x =
0V i ¢ 7t} and the mappings
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‘H-matrix approximability of the inverses of FEM matrices 631

A L2(Q) — RY, v > (4 (v)ier and J; : RT — Sg’l('ﬁl, I'p), X +— ijllfj.

jet
For x € R7, (6) leads to the stability estimate
W2 1xlly S 1 Texl 2y S A2 11Xl - (33)
Let Vi be the finite dimensional subspace from Proposition 1.

Because of (33) and the L2-stability of 77 A7, the adjoint AT RN - L2(Q) ~
L2(2) of A7 satisfies

(b, Azv)y h=42 | FrAzvll 2
”A%b”m(g) = sup ——— S |blly sup )
ver2) vl vel2(Q) vl 20
< Ch™? b, .

Moreover, if b = ((f, ¥i))iez, we have (AZb)(¥i) = bj = (f, i) = (O £, ).
Therefore, f and AZb = ne’ f have the same Galerkin approximation.

Let Vi be the finite dimensional subspace from Proposition 1. We define X, as
an orthogonal basis of the space V; := {A;v : v € Vi}. Then, the rank of X, is
bounded by dim Vi < Cgim (2 4 n)%q %kt

The estimate (33) and the approximation result from Proposition 1 provide the error
estimate

1Azn — Arvlly S h 2| Te(Acn — Acv)llz2ie) S H Y gn — vl 1284, 00

— 2 —
< Cooe P |1 7|, < Coon™q" bl

L2(Q

Since X, X! is the orthogonal projection from RY onto V;, we get that z :=
XTUXTTGAT@, is the best approximation of A;¢y, in V; and arrive at

1Az — zllo < 1Az — Arvlly S CooxNgE bl .

If we define Y, := A~ X,o, we get 7 = X¢o YI b, since Az, = A7 |1 xob.

llT
X0

The following lemma gives an estimate for the global spectral norm by the local
spectral norms, which we will use in combination with Theorem 1 to derive our main
result, Theorem 2.

Lemma 5 [7,20,28, Lemma 6.5.8] Let M € RY*N and P be a partitioning of T x T.
Then,

0
IMll; < Cyp (Z max([Mexoll, : (. 0) € P, level(r) = z}).

£=0

Now we are able to prove our main result, Theorem 2.
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Proof of Theorem 2 For each admissible cluster pair (t, o), Theorem 1 provides
matrices X;, € RIT>" Y., € Rl 5o that we can define the H-matrix V4 by

Xrong if (r,0) € P,

By = .
H [A_l|r><0 otherwise.

On each admissible block (7, 0) € Pgy, we can use the blockwise estimate of Theo-
rem 1 and get for g € (0, 1)

|A™ = Brlexo

) = Caprqk-

On inadmissible blocks, the error is zero by definition. Therefore, Lemma 5 concludes
the proof, since

5 :(r,0) € P, level(t)zi})

oo
A~ -By|, =y (; max {| (A~ = Bro)lexo
=< Capszqukdepth(TI)-

Since in Theorem 1 we have r < Cgim(2 + 1n)%q~%k?+1, defining b = —%

P
_ppl/@+D) "
e

g4/@+D (2 4 )=d/0+d) 5 0, we obtain g* = and hence

_prl/@+n

HA*‘ — By H2 < CapxCepNdepth(Tp)e ,

which concludes the proof.

5 Hierarchical LU -decomposition

In [3] the existence of an (approximate) H-LU decomposition, i.e., a factorization
of the form A =~ L3/Uyx with lower and upper triangular H-matrices Ly, and Uy,
was asserted for finite element matrices A corresponding to the Dirichlet problem for
elliptic operators with L°°-coefficients. In [25] this result was extended to the case,
where the block structure of the H-matrix is constructed by domain decomposition
clustering methods, instead of the standard geometric bisection clustering.

Algorithms for computing an H-LU decomposition have been proposed repeat-
edly in the literature, e.g., [2,37] and numerical evidence for their usefulness put
forward; we mention here that H-LU decomposition can be employed for black box
preconditioning in iterative solvers, [2,21,23,24,35]. An existence result for H-LU
factorization is then an important step towards a mathematical understanding of the
good performance of these schemes.

The main steps in the proof of [3] are to approximate certain Schur complements
of A by H-matrices and to show a recursion formula for the Schur complement.
Using these two observations an approximation of the exact L U-factors for the Schur
complements, and consequently for the whole matrix, can be derived recursively.
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Since the construction of the approximate L U -factors is completely algebraic, once
we know that the Schur complements have an H-matrix approximation of arbitrary
accuracy, we will show that we can provide such an approximation and only sketch
the remaining steps. Details can be found in [3,25].

Our main result, Theorem 2, shows the existence of an H-matrix approximation
to the inverse FEM stiffness matrix with arbitrary accuracy, whereas previous results
achieve accuracy up to the finite element error. In fact, both [3,25] assume, in order
to derive an H-LU decomposition, that approximations to the inverse with arbitrary
accuracy exist. Thus, due to our main result this assumption is fulfilled for inverse
finite element matrices for elliptic operators with various boundary conditions.

Since we are in the setting of the Lax—Milgram Lemma, we get that the, in gen-
eral, non symmetric matrix A is positive definite in the sense that x” Ax > 0 for all
x # 0. Therefore, A has an LU-decomposition A = LU, where L is a lower trian-
gular matrix and U is an upper triangular matrix, independently of the numbering of
the degrees of freedom, i.e., every other numbering of the basis functions permits an
LU-decomposition as well (see, e.g., [33, Cor. 3.5.6]). By classical linear algebra (see,
e.g., [33, Cor. 3.5.6]), this implies that for any n < N and index set p := {1, ..., n},
the matrix A|,, is invertible.

We start with the approximation of appropriate Schur complements.

5.1 Schur complements

One way to approximate the Schur complement for a finite element matrix is to follow
the lines of [3,25] by using H-arithmetics and the sparsity of the finite element matrix.
We present a different way of deriving such a result, which is more in line with our
procedure in Sect. 3. It relies on interpreting Schur complements as FEM stiffness
matrices from constrained spaces.

Lemma 6 Let (1, o) be an admissible cluster pairand p := {i € Z : i < min(tUo)}.
Define the Schur complement S(t,0) = Alrxo —Alrxp (A|pxp)_1A|ng. Then, there
exists a rank-r matrix Sy (t, o) such that

1 _ppl/@+n
e Al

IS(7, 0) — Sy (7, 0)ll2 = Csch
where the constant Cyc > 0 depends only on the boundary value problem (3), Q, p,
d, and the y-shape regularity of the quasiuniform triangulation Tj,.

Proof We define w, = interior({J;c, supp ¥i;) C €2 and let Bg,, Bg, be bounding
boxes for the clusters 7, o with (8). Our starting point is the well-known observation
that the Schur complement matrix S(z, o) can be understood in terms of an orthogo-
nalization with respect to the degrees of freedom in p. That is, foru € RI"l w e Rlel
a direct calculation (see, e.g., [10] for the essentials) shows

u’S(z, 0)w = a(@l, w), (34)
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with w = leflel w ;. , where the index j, denotes the j-th basis function cor-
responding to the cluster o, and the function u € Sé’ ’1(777, I'p) is defined by
U= Zllel u;yj, +u, with suppu, C @, such that

a(,w) =0 Yw e S([;’l(?},, I'p) with suppw C @,. (35)

The key to approximate the Schur complement S(t, o) is to approximate the function
u. We will provide such an approximation by applying the techniques from the previous
sections with the use of the orthogonality (35).

Since supp it C Bg, U ®,, we get for w with suppw C Bp, that

a(u, w) = a(|suppw, w) = a(Ut|pg, nw,, W)-

Therefore, we only need to approximate u on the intersection Bg, N w,. This support
property and the orthogonality (35) imply that # € Hp(B(148)R, » @p)-

Therefore, Lemma 2 can be applied to &. As a consequence, Lemma 4 provides a
low dimensional space Vi, where the choice xk = n—}rl bounds the dimension of Vi by

dim Vi < Caim(2 + 1)%g~%k?*!. Moreover, the best approximation v = Myu € Vi
to u in the space Vj satisfies

03— Tl a8y, < q* Nl 115k, -
This implies

la @, w)—a@, W S =Vl 51858, nwp) 1WIHT B R, N

Ry __ _ _ -
S STl 140y, 1wl (@) SH' 6" W10 1wl @) -

Since supp(u — u) = supp(u,) C w, with u = Z|;2|1 u;v;,, the coercivity (5) and
orthogonality (35) lead to

~ 2 ~ ~ ~ ~
I — u”Hl(Q) Sa—u,u—u)=a(—u,u—u) S lullgg)llt —ullgg)-
Consequently, we get with an inverse estimate and (33) that

la G, w) —a@, w)| S h~'q* (17 — ull g o) + Nl g1 0y) w1 g
Sh Nl @) Iwllgi gy S g  lally wlly
The linear mapping & : u +— v with dimran £ < Cgim (2 + 7)%g~?k%+! has a matrix
representation u — Bu, where the rank of B is bounded by Cgim (2 + n)dq_d K+l

Therefore, we get that a(Eu, w) = u! BT A|;,w. The definition Sy/(r,0) :=
BT A|, o leads to a matrix S (z,0) of rank r < Cgim (2 + 17)dq(_dkdJrl such that
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u’ (S(r,0) — Sp(r, o)W
IS(z,0) =Sy (z,0)ll, = sup | |
ueRlT weRlol llall2 w2

< Ch¢~

_prl/@d+1)
36‘ br

b

and the estimate |AL”2 < h2~4 from [14, Theorem 2] finishes the proof.

We refer to the next subsection for the existence of the inverse S(z, 7) ! of the Schur
complement S(z, 7). We proceed to approximate it by blockwise rank-r matrices. With
the representation of the Schur complement from (34), we get that for a given right-
hand side f € L*(Q), solving S(t, 7)u = f with f € RI*! defined by f; = (£, ¥, ), is
equivalent to solving a(u, w) = (f, w) forall w € Sg’l (7, Tp) with suppw C wy.
Let 7y x 01 C T x T be an n-admissible subblock. For f € L?(2) withsupp f C Bg,,
we get the orthogonality

a(@,w)=0 Yw e Sé”l(Th, Tp),suppw C Bg, Na;.

Therefore, we have u € Hy (B Rey» ) and our results from Sect. 3 can be applied to
approximate i on B R, Nwr. Asin Sect. 4, this approximation can be used to construct
arank-r factorization of the subblock S(z, 1) -1 |z xa;» Which is stated in the following
theorem.

Theorem 3 Lett C Zandp :={i € T :i <min(t)}and 11 X 061 C T X T be n-
admissible. Define the Schur complement S(t, 7) = Alr x¢ —A|rxp(A|po)_lA|pxr.
Then, there exist rank-r matrices Xy, € RIF7 Y, € RIOVX sych that

_ppl/@+n

Hs(rv ‘C)il |‘L’1 xXop T X‘L’](T]YT

7101

) < CyppxNe (36)

The constants Cypx, b > 0 depend only on the boundary value problem (3), Q, d, p,
and the y -shape regularity of the quasiuniform triangulation 7Tj,.

5.2 Existence of H-LU decomposition

In this subsection, we will use the approximation of the Schur complement from the
previous section to prove the existence of an (approximate) H-LU decomposition.
We start with a hierarchical relation of the Schur complements S(z, 7).

The Schur complements S(t, 7) for a block T € T7 can be derived from the Schur
complements of its sons by

S(r.7) = (S(Tls 71) S(t1, 72) )

S(12, 71) S(12, 12) 4 S(12, T1)S(x1, T1) 'S (71, 1)

where 11, 77 are the sons of 7. A proof of this relation can be found in [3, Lemma 3.1].
One should note that the proof does not use any properties of the matrix A other than
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invertibility and existence of an LU -decomposition. Moreover, we have by definition
of S(z, ) that S(Z,7) = A.

If v is a leaf, we get the LU-decomposition of S(z, t) by the classical LU-
decomposition, which exists since A has an LU-decomposition. If  is not a leaf, we
use the hierarchical relation of the Schur complements to define an L U -decomposition
of the Schur complement S(z, 7) by

o L(z1) 0 _ (U@ L) !S(11, ©0)
Liz) = (S(rz,n)U(n)—l L(Tz))’ ve) "( 0 U(n) ) 37

with S(t1, 71) = L(t1)U(71), S(12, 72) = L(72)U(12) and indeed get S(r,t) =
L(7)U(7). Moreover, the uniqueness of the LU -decomposition of A implies that due
toLU=A=S8(Z,7) =L@)UX),wehave L = L(Z) and U = U(Z).

The existence of the inverses L(z;) ™! and U(z;)~! follows by induction over the
levels, since on a leaf the existence is clear and the matrices L(t), U(t) are block
triangular matrices. Consequently, the inverse of S(t, 7) exists.

Moreover, the restriction of the lower triangular part S(t2, 71)U(7) ! of the matrix
L(7) to a subblock 7j x 7| with 7/ a son of 7; satisfies

(S T)UED ™) legucry = Sz, HUGED T,

and the upper triangular part of U(7) satisfies a similar relation.
The following Lemma shows that the spectral norm of the inverses L(7)™ LUu@)!
can be bounded by the norm of the inverses L(Z)~!, UZ)~.

Lemma 7 Fort € Tz, let L(t), U(t) be given by (37). Then,

o e = o

‘[ETI 2’
v, = v,
rnel%); () ) @ )

Proof We only show the result for L(7). With the block structure of (37) we get the
inverse

L(r)~! = ( L(t)™! 0 )
—L(12)"'S(m2, t)U(r1) " 'L(z)) ' L(m) ™' )~
So, we get by choosing x such that x; = 0 for i € t that

I T R N o T

2
xeRI7 |Ix[,= xeRl2l ||x|,=1

The same argument for (L(z)~")7 leads to

5

o], = ao)’

=]
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Thus, we have HL(I)_1 ||2 > max;—12 HL(rl)_1 H2 and as a consequence max,cT,
L™, = LD,

We can now formulate the existence result for an H-LU decomposition.

Theorem 4 Let A = LU with L, U being lower and upper triangular matrices. There
exist lower and upper triangular blockwise rank-r matrices L, Uy such that

1A = LyUsllp < (Cruh™"depth(Tpye" "

+ €2 depth(T7)2e 2" (‘””) 1A, (38)

where CLy = CspCupx (k2(U) + k2 (L)), with the constant Cypyx from Theorem 1 and
the spectral condition numbers k> (U), k> (L).

Proof With Lemma 6, we get a low rank approximation of an admissible subblock
7’ x o’ of the lower triangular part of L(t) by

Hs(r, U©) ko — S (r, UG ) ™! Hz
= HS(z’, oYU~ =S (', 0" U Hz

—1 —prl/d+h
S Capxh ]e br

ue)™!| 1Al

Since Sy(t’, 0")U(c")~! is a rank-r matrix, Lemma 5 immediately provides an H-
matrix approximation L of the LU-factor L(Z) = L. Therefore, with Lemma 7 we

get
1/(d+1)

IL — Ly¢lly < CapxCsph ™~ 'depth(T7)e 2"

U A
u™!| 1,
and in the same way an {-matrix approximation Uy, of U(Z) = U with

_ppl/d+n

IU = Upqly = Capn Cph™ ' depth(Tp)e [, .

Since A = LU, the triangle inequality finally leads to

IA—LyUslls < IL=Lagll, [Ully + 10U = Usplly L1 + 1L — Logll» U = Upgll
< (k2(U) + k2 (L)) depth(T)h e "™ A,
vary A3

+ 12 (U)iep (L)depth(T7)2h 220" A
ILl2 U2
and the estimate [|A ||, < ||IL||, [|U]|, finishes the proof.

In the symmetric case, we may use the weaker admissibility condition (12) instead
of (8) and obtain a result analogously to that of Theorem 4 for the Cholesky decom-
position.
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Corollary 2 Letb = 0in (1) so that the resulting Galerkin matrix A is symmetric and
positive definite. Let A = CCT with C being a lower triangular matrix with positive
diagonal entries Cj; > 0. There exists a lower triangular blockwise rank-r matrix
Cyy such that

_ppl/d+D

HA —CyCyyT H2 < (CChh_ldepth(’]I‘I)e (39)

+Coyh~2depth(T)%e ") AL,

where Ccp = 2CspCapx+/Kk2(A), with the constant Capx from Theorem 1 and the
spectral condition number k2 (A).

Proof Since A is symmetric and positive definite, the Schur complements S(z, t) are
symmetric and positive definite as well and therefore we get D(7)L(r) = C(7) in
(37), where D(7) is a diagonal matrix, such that D(7)? contains the diagonal elements
of U(t). Moreover, we have ||A|, = ||C||§ and x2(C) = ||C_1 ||2 ICll, = VKk2(A).

6 Numerical examples

In this section, we present numerical examples in two and three dimensions to confirm
our theoretical estimates derived in the previous sections. Since numerical examples
for the Dirichlet case have been studied before, e.g., in [4,20], we will focus on mixed
Dirichlet-Neumann and pure Neumann problems in two and three dimensions.

With the choice = 2 for the admissibility parameter in (8), the clustering is done
by the standard geometric clustering algorithm, i.e., by splitting bounding boxes in half
until they are admissible or smaller than the constant nje4¢, Which we choose as njeat =
25 for our computations. An approximation to the inverse Galerkin matrix is computed
by using the bestapproximation via singular value decomposition. Throughout, we use
the C-library HLiB [8] developed at the Max-Planck-Institute for Mathematics in the
Sciences.

6.1 2D-diffusion

We consider the unit square 2 = (0, 1)2. The boundary I' = 9€2 is divided into the
Neumann part'p := {x € " : x; = 0Vx, = 0} and the Dirichlet part 'ys = I'\T'p.
We consider the bilinear form a(-, -) : HOl (2,I'p) x HOl (2, T'p) — Rcorresponding
to the mixed Dirichlet-Neumann Poisson problem
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5
=)
s3]
0 ----exp(—1.27) AN 107° ----exp(—1.3r) S
10 A AN
—e— |[I - ABxll, R —o—||[I — ABxnll, R
8 12 16 20 8 12 16 20
Block rank r Block rank r

Fig. 1 Mixed boundary value problem (lef), pure Neumann boundary value problem (right) in 2D

a(u,v) := (Vu, Vv)Lz(Q) (40)

and use a lowest order Galerkin discretization in Sé’l (7, Tp).

As a second example, we study pure Neumann boundary conditions, i.e., I' = ',
and use the bilinear form an/(-,-) : H'(Q) x H'(R) — R corresponding to the
stabilized Neumann Poisson problem

apn(u, v) := (Vu, Vv) + (u, 1) (v, 1) (41)

and a lowest order Galerkin discretization in S'-1(73,).

In Fig. 1, we compare the decrease of the upper bound || I — ABy||, of the relative
error with the increase in the block-rank for a fixed number N = 262, 144 of degrees
of freedom, where the largest block of B, has a size of 32,768.

We observe exponential convergence in the block rank, where the convergence
rate is exp(—br), which is even faster than the rate of exp(—br!/3) guaranteed by
Theorem 2.

6.2 3D-diffusion

We consider the unit cube © = (0, 1)3 with the Dirichlet boundary I'p :={x eI :
3i € {1,2,3}) : x; = 0} and the Neumann part I' s = I'\T'p.

Again, we consider the bilinear forms (40) and (41) corresponding to the weak
formulations of the Dirichlet—-Neumann Poisson problem and the stabilized Neumann
problem.

In Fig. 2, we compare the decrease of ||I — AB+||, with the increase in the block-
rank for a fixed number N = 32, 768 of degrees of freedom, where the largest block
of By has a size of 4,096.

Comparing the results with our theoretical bound from Theorem 2, we empirically
observe arate of e‘hrl/2 instead of e‘h’m. Moreover, whether we study mixed bound-
ary conditions or pure Neumann boundary conditions does not make any difference,
as both model problems lead to similar computational results.
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107 ----exp(72.3r1/2)
—e— |l — ABxyl,

20 40
Block rank r

60 80100 150 200

----exp(—25 rl/z)
—e—|lI — ABxl,

20 40
Block rank r

60 80100 150 200

Fig. 2 Mixed boundary value problem (leff), pure Neumann boundary value problem (right) in 3D

g 8 105
g£10° g 10
83} m
----exp(—1.087) ----exp(—1.17)
107° —o—||[I — ABx||, \\ 107" —o—||I — ABy(|l, \\\
8 12 16 20 8 12 16 20
Block rank r Block rank r

Fig. 3 2D convection-diffusion: mixed boundary value problem (leff), pure Neumann boundary value
problem (right)

6.3 Convection-diffusion

Finally, we study a convection-diffusion problem on the L-shaped domain Q =
(0, 1) x (0,3) U (0, 3) x [3,1). The boundary I' = 9< is divided into the Neu-
mann part Tnr ;= {x € ' : x =0 Vv x; = 1} and the Dirichlet part I'p = I'\T'y/.

We consider the bilinear forma(-, -) : H} (2, I'p) x Hj (22, T'p) — R correspond-
ing to the mixed Dirichlet-Neumann Poisson problem

a(u,v) :=c(Vu, Vo) 2q) + (b Vi, v) 12

withe = 1072 and b(x1, x2) = (—x2, x1)7 and use a lowest order Galerkin discretiza-
tion in Sy (74, T'p).

In Fig. 3, we observe exponential convergence of the upper bound ||[I — ABx||,»
of the relative error with respect to the increase in the block-rank for a fixed number
N = 196, 352 of degrees of freedom, where the largest block of By has a size of
24,544,
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