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Abstract We discuss in this paper phase-field approximations of the Willmore func-
tional and the associated L2-flow. After recollecting known results on the approxima-
tion of the Willmore energy and its L' relaxation, we derive the expression of the flows
associated with various approximations, and we show their behavior by formal argu-
ments based on matched asymptotic expansions. We introduce an accurate numerical
scheme, whose local convergence is proved, to describe with more details the behavior
of two flows, the classical and the flow associated with an approximation model due
to Mugnai. We propose a series of numerical simulations in 2D and 3D to illustrate
their behavior in both smooth and singular situations.
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1 Introduction

Phase-field approximations of the Willmore functional have raised quite a lot of interest
in recent years, both from the theoretical and the numerical viewpoints. In particular,
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attention has been given to understanding the continuous and numerical approxima-
tions of both smooth and singular sets with finite relaxed Willmore energy. Various
approximation models have been proposed so far, whose properties are known only
partially. Our main motivation in this paper is a better understanding of these models,
and more precisely:

1. Exhibiting algebraic differences/similarities between the various approximations;

2. Deriving the L2-flows associated with these models;

3. Studying the asymptotic behavior of the flows, at least in smooth situations;

4. Simulating numerically these flows, and observing whether and how singularities
may appear.

We focus on four models due, respectively, to De Giorgi, Bellettini, and Paolini [ 14,30],
Bellettini [8], Mugnai [65], and Esedoglu, Rétz, and Roger [41]. The paper is orga-
nized as follows: Sect. 2 is an introductory section where we collect known results on
the diffuse approximation of the perimeter, the diffuse approximation of the Willmore
energy, and the critical issue of approximating singular sets with finite relaxed Will-
more energy. We also recall the definitions of the above mentioned approximations. In
Sect. 2.5, we make new observations on the differences between these different diffuse
energies. Section 3 is devoted to the derivation of the L?-flows associated with, respec-
tively, Bellettini’s, Mugnai’s, and Esedoglu-Ritz-Roger’s models (actually a variant of
the latter), and, for every flow, we use the formal method of matched asymptotic expan-
sions to derive the asymptotic velocity of the limit interface as the diffuse approxima-
tion becomes asymptotically sharp. We show in particular that, in dimensions 2 and 3
for all flows, and in any dimension for some of them, they correspond asymptotically to
the continuous Willmore flow as long as the interface is smooth. In Sect. 4, we focus on
the numerical simulation of De Giorgi—Bellettini—Paolini’s flow (which we shall refer
to as the classical flow) and Mugnai’s flow, and we propose a fixed-point algorithm
whose local convergence is established. We illustrate with various numerical examples
the behavior of both flows in space dimensions 2 and 3, both in smooth and singular
situations. We show in particular that our scheme can capture with good accuracy well-
known singular configurations yielded by the classical flow, and that these configura-
tions evolve as if the parametric Willmore flow were used. We also illustrate with sev-
eral simulations that, in contrast, Mugnai’s flow prevents the creation of singularities.

2 What is known?

2.1 Genesis: the van der Waals—Cahn—Hilliard interface model and the diffuse
approximation of perimeter

In his 1893 paper on the thermodynamic theory of capillary (see an English translation,
with interesting comments, in [75]), van der Waals studied the free energy of a liquid-
gas interface. Arguing that the density of molecules at the interface can be modeled as
a continuous function of space u, he used thermodynamic and variational arguments
to derive an expression of the free energy, in a small volume V enclosing the interface,
as f v (fo(w) + Aqu|2)dx, where fo(u) denotes the energy of a homogeneous phase
at density u and A is the capillarity coefficient. The same expression was derived
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Phase-field approximations of the Willmore functional and flow 117

by Cahn and Hilliard in 1958 in their paper [23] on the interface energy, to a first
approximation, of a binary alloy with # denoting the mole fraction of one component.
Cahn and Hilliard argued that both terms in the energy have opposite contributions:
if the transition layer’s size increases, then the gradient term diminishes, but this
is possible only by introducing more material of nonequilibrium composition, and
thus at the expense of increasing |, v Jo(u)dx. Rescaling the energy, and changing the
notations in the obvious way, yields the general form

Fg(u>=/( Vul? +W(“)) ', )
1%

In the original papers of van der Waals, Cahn and Hilliard, f{y was a smooth double-well
function, yet with a slope between the local minima. For simplicity, since it does not
modify the mathematical analysis, W will denote in the sequel a smooth double-well
function with no slope (we will take in general W (s) = %sz(l —5)?).

Two equations are usually associated with the van der Waals—Cahn—Hilliard energy,
and will be used in this paper: the Allen—Cahn and the Cahn—Hilliard equations. The
evolution Allen—-Cahn equation is the L2-gradient descent associated with (1) and is
written

1
u; = Au — —ZW’(u).
£
We shall also refer to the stationary Allen—Cahn equation
l /
Au — —2W (u) =0.
&

The Cahn-Hilliard evolution equation is derived in a different manner: from a math-
ematical viewpoint, it is the H~'-gradient flow associated with the van der Waals—
Cahn-Hilliard energy [21,44]. The physical derivation of the equation is also instruc-
tive [22,23]:since V, Fe (u) = —eAu+—— L (”) quantifies how the energy changes when
molecules change position, it coincides W1th the chemical potential p. Fick’s first law
states that the flux of particles is proportional to the gradient of u, i.e. J = —aVpu.
Finally, the conservation law u; + div J = 0 yields the Cahn—Hilliard evolution equa-
tion

U =aA (—sAu + W (u))‘

&

To summarize, the Allen—Cahn equation describes the motion of phase boundaries
driven by surface tension, whereas the Cahn—Hilliard equation is a conservation law
that characterizes the motion induced by the chemical potential, which is the gradient
of the surface tension.

Let us now recall the asymptotic behavior of Fy(u), as ¢ — 07, that has been
exhibited by Modica and Mortola [62] following a conjecture of De Giorgi. We first
fix some notations. Let 2 C R” be open, bounded and with Lipschitz boundary.
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118 E. Bretin et al.

W e C3(R, R") is a double-well potential with two equal minima (in the sequel we
will work, unless specified, with W(s) = %sz(l — s)z). Modica and Mortola have
shown that the I"-limit in L' (£2) of the family of functionals

€ 2, W) . 1,2
Po(u) = /Q (2|Vu| + A )dx ifu e Wh=(£2)
+o00 otherwise in L' (£2),

is co P (1) where co = fol 2W (s)ds and

P(u) = |Du|(£2) ifu € BV(£2,{0,1}),
=1 400 otherwise in L!(£2).

Here, | Du|(£2) denotes the total variation of u defined by
[Du|($2) = sup [/ u(x) div (p(x)dx; ¢ € CL(R2.RY), ¢llL=) < 11
Q

In particular, if £ C RN and u := 1 € BV(£2, {0, 1}) (E is said to have finite
perimeter in £2), one can build a sequence of functions (i) € W!2(£2) such that
ug — u € LY(2) and P.(u,) — co|Du|(2) = coP(E, 2) with P(E, 2) :=
|[D1E|($2) the perimeter of E in £2.

To prove it, it is enough by density to restrict to smooth sets. Being E smooth,
a good approximating sequence is given by u, = ¢ (@) (actually a variant of
this expression, but we shall skip the details for the moment) where d is the signed
distance function at 0F, i.e. d(x) = —d(x,dFE) if x € E and d(x, 0E) else, and
qt) = % is the unique decreasing minimizer of

/ 2
/ ("” (2”' + W(go(r))) dr, 2)
R

under the assumptions lim;_, o ¢(¢) = 1, lim;_, o ¢(¢) = 0 and ¢(0) = % In other
words, the approximation of # = 1 is done by a suitable rescaling of the level lines
of the distance function to d E. Such rescaling is optimal, in the sense that it minimizes
the transversal energy (2) and forces the concentration as ¢ — 0.

Observe now that

/(f|W|Z+M)dxz/ V2V uly W),
2 \2 € 2

and the equality holds if %IVuI2 = @ Therefore, by lower semicontinuity argu-
ments, the quality of an approximation depends on the so-called discrepancy measure

- (5|W|2 - M) 2,
2 &
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Phase-field approximations of the Willmore functional and flow 119

that will play an even more essential role for some diffuse approximations of the
Willmore functional.

2.2 De Giorgi—Bellettini—Paolini’s approximation of the Willmore energy
Based on a conjecture of De Giorgi [30], several authors [11,14,64,66,74,78] have

investigated the diffuse approximation of the Willmore functional, which is for a set
E c RY with smooth boundary in a given reference open set 2 C RV:

1
W(E, @)= /a o |Hy £ (x) > dHN!
N

where Hj g (x) is the classical mean curvature vector at x € dE. The approximation
functionals are defined as

1 W\
W () = Z/Q(SAM— - )dx 1fueL1(.Q)ﬂW2'2(.Q),.

+00 otherwise in L!(£2).

3)

Introduced by Bellettini and Paolini in [ 14], they differ from the original De Giorgi’s
conjecture in the sense that the perimeter is not explicitly encoded in the expression.
They have however the advantage to be directly related to the Cahn—Hilliard equation,
whose good properties [25] play a key role in the approximation. In the sequel, we
shall refer to these functionals as the classical approximation model.

The reason why ¢ Au — W;(”) is related to the mean curvature can be simply under-
stood at a formal level: it suffices to observe that the mean curvature of a smooth

surface is associated with the first variation of its area, and that —s Au + @ is the

L? gradient of $1Vu 12 + @ that appears in the approximation of the surface area.

The results on the asymptotic behavior of W, as ¢ — 0T have started with the
proof by Bellettini and Paolini [14] of a I"-1im sup property, i.e. the Willmore energy
of a smooth hypersurface E is the limit of W, (u,), up to a multiplicative constant,
where u, is defined exactly as for the approximation of the perimeter.

The I'-liminf property is much harder to prove. The contributions on this
point [11,64,66,74,78] culminated with the proof by Roger and Schétzle [74] in space
dimensions N = 2, 3 and, independently, by Nagase and Tonegawa [66] in dimension
N = 2, that the result holds true for smooth sets. More precisely, given u = 1g with
E € C3(£2), and u, converging to « in L! with a uniform control of P, (i), then

co(W(E, 2)+ P(E, 2)) < 1im(i)11f We(ue) + Pe(u)).

The proof is based on a careful control of the discrepancy measure & = (%|Vu|2
— @)EZ that guarantees good concentration properties, i.e. the varifolds

Ve = |Vue|L?® 8y, (whose mass is related naturally to the variations of the approx-
imating functions u) concentrate to a limit integer varifold that has generalized mean
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o
o

Fig. 1 Top a set E| such that I'-lim W;(E|) < oo and W(E{) = 4o00. Bottom, from left to right, a
set Ep, the limit configuration whose energy coincides with I"-lim W, (E?), a configuration whose energy
coincides with W (E»)

curvature in L2 and that is supported on a supset of d E. Then, in Roger and Schiitzle’s
proof, alower semicontinuity argument and the locality of integer varifolds’ mean cur-
vature yields the result. It holds in dimensions N = 2, 3 at most due to dimensional
requirements for Sobolev embeddings and for the control of singular terms used in
the proof. The result in higher dimension is still open.

What about unsmooth sets? Can the approximation results be extended to the relaxed
Willmore functional? The answer is negative in general, as discussed below.

2.3 The approximation does not hold in general for unsmooth limit sets
Let us introduce the L!(£2)-lower-semicontinuous envelope of W (-, £2) defined for
any set E of finite perimeter in §2 by

W(E, :z)zinf[nminf{W(Eh,Q)}; E, C 2, dE,eC?, E;, —> EinLl(Q)].
h—o0 h—o00

The properties of this relaxation are fully known in dimension 2 [9,10,12,59] and
partially known in higher dimension [3,55,60]. It is natural to ask whether the I"-
convergence of W, to W can be extended to W . Unfortunately, this is not the case as it
follows from the following observations (for simplicity we denote I"-lim W, (E) = I"-
lim W, (1 g)) that are illustrated in Fig. 1:

1. There exists a bounded set E; C R? of finite perimeter such that
r-limW,(E;) <oo and W(E}) = 4o0.
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Phase-field approximations of the Willmore functional and flow 121

2. There exists a bounded set E5 C R? of finite perimeter such that
T-lim W, (E,) < W(E;) < +00.

The reason why W(E 1) = +oo is a result by Bellettini, Dal Maso and Paolini [9]
according to which a non oriented tangent must exist everywhere on the boundary.
Besides, W(Ez) < —+o00 because, still by a result of Bellettini, Dal Maso and Paolini,
the boundary is smooth out of evenly many cusps. Let us now explain why, in both
cases, I'-lim W, (E1 2) < 400. Thereason for this is the existence of smooth solutions
with singular nodal sets for the Allen—Cahn equation

Au— W (u) = 0.

According to Dang, Fife and Peletier [29], there exists for such equation in R? a
unique saddle solution # with values in (—1, 1) when the double well potential equals
W(s) = %(l — 522 By saddle solution, it is meant that u(x, y) > 0 in quadrants I
and III, and u(x, y) < 0in quadrants I and IV, in particular #(x, y) = 0 on the nodal
set xy = 0. Considering now u.(x) = M we immediately get that
&2 Aug — W' (up) = 0,

for the new choice W (s) = %52(1 —5)2. Therefore, W, (u,) vanishes, and since Py (i)
is obviously bounded, it follows from the lower semicontinuity of the I"-limit that I"-
lim W, (E2) < +oo. Furthermore, the approximation of E; can be made so as to
create a cross in the limit, as in bottom-middle figure. The limit energy is therefore
lower than the energy obtained by pairwise connection without crossing of the cusps
(bottom-right figure). Thus, I"-lim W, (E>) < W(E>) < +00.

For the reader not familiar with varifolds, it must be emphasized that this is not in
contradiction with the results described in the previous section, and more precisely
with the fact that the discrepancy measure guarantees the concentration of the dif-
fuse varifolds at a limit integer varifold with generalized curvature in L?. Indeed, the
boundary curves of Ej and of the bottom-middle set can be canonically associated
with a varifold having L? generalized curvature because, by compensation between the
half-tangents associated with each branch meeting at the cross, there is no singularity.

We end this section with the question that follows naturally from the discussion
above: is it possible to find a diffuse approximation that I"-converges to W (up to a
multiplicative constant) whenever W(E) < +00?

2.4 Diffuse approximations of the relaxed Willmore functional
2.4.1 Bellettini’s approximation in dimension N > 2
In [8], Bellettini proposed a diffuse model for approximating the relaxations of

geometric functionals of the form faE(l + f(x, Vdg, D*dg))dHN"! where E is
smooth and dg is the signed distance function from dE. Such functionals include
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122 E. Bretin et al.

the Willmore energy since, on 0E, Hyr = (Adg)Vdg = tr(D3dg)Vdg thus
[Hyz|*> = | tr(D?dg)|?. Particularizing Bellettini’s approximation model to this case
yields the smooth functionals

1 . Vu 5\ (€ s W) . .
WBe(u)_‘ /Q\ T (|dl Vi || )( [Vu| —1—78 )dx if ueC®(£2)

400 otherwise in L' (§2)
4)

Then, according to Bellettini [8, Theorems 4.2,4.3], in any space dimension,
(F— lim Pe + WEC) (E) = co(P(E) + W(E)),
E—>

for every E of finite perimeter such that W (E) < +o0. The constructive part of the
proof is based, as usual, on using approximating functions of the form u, = ¢ (dE

As for the lower semicontinuity part, it is facilitated by the explicit appearance of the
mean curvature vector in the expression. Recall indeed that, # being smooth, for almost

every t, H, (x) := (le el )

Nl ) Vul % (x) is the mean curvature vector at a point x of the

isolevel {y, u(y) = t}. Let (u.) be a sequence of smooth functions that approximate
u = 1g in L'(RV) and has uniformly bounded total variation. Then, by the coarea
formula,

v

2

/ V2W (1) / H,, |"dHN"" dr.

{ue.=t}N{|Vug|#0}

1
WB () > ~ / |Vite |/ 2W (ue) |Hy, |*dx
{IVup|£0}

The last inequality is important: it guarantees a control of the Willmore energy of the
isolevel surfaces of u.. This is a major difference with the classical approximation,
for which such control does not hold.

Then, it suffices to observe that, by Cavalieri’s formula and for a suitable sub-
sequence, [{u, > t}A{u > t}|] — O for almost every ¢ (here, AAB denotes
the set symmetric difference, that is, AAB = (A\B) U (B\A)). In addition,
{u > t} = FE for almost every ¢, and by the lower semicontinuity of the relaxation
W(E) < liminf,_o W({us < t}). Fatou’s Lemma finally gives

1
lim igf WE(u,) > W(E)/ V2W(t)dt = coW (E).
E—> 0

Bellettini’s approximation has however a drawback that will be explained with more
details later: when one computes the flow associated with the functional, the 4th order
term is nonlinear, which raises difficulties at the numerical level.
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Phase-field approximations of the Willmore functional and flow 123

2.4.2 Mugnai’s approximation in dimension N = 2

In the regular case and in dimensions 2.3, it follows from the results of Bellettini
and Mugnai [13] that, up to a uniform control of the perimeter, the I"-limit of the
functionals defined by

1 LAD) S 5
W;VI“(M) — 13 /Q eD“u — - v, vyl dx ifueC(82) )
+oo otherwise in L' (£2),
where v, = |§—’;| when |Vu| # 0, and v, = constant unit vector on {|Vu| = 0},

coincides with
2
Co/ | Aok (o) dx.
QMIE

for every smooth E, with Ayg(x) the second fundamental form of 9 E at x. Again,
this approximation allows a control of the mean curvature of the isolevel surfaces of
an approximating sequence i, thus prevents from the creation of saddle solutions to
the Allen—Cahn equation since, by [13, Lemma 5.3] and [65, Lemma 5.2],

1 W@

. Vu
|Vi| dlvm < Vv, @ vyl .

‘eDzu —

In dimension 2, the second fundamental form along a curve coincides with the cur-
vature. Therefore, by identifying the limit varifold obtained when u, converges to
u = 1, and using the representation results of [12], Mugnai was able to prove in [65]
that, in dimension 2, the I"-limit of Wiv[“ (with uniform control of the perimeter)
coincides with W (E) for any E with finite perimeter.

2.4.3 Esedoglu—Rdtz—Roger’s approximation in dimension N > 2

The model of Esedoglu, Ritz, and Roger in [41] is a modification of the classical
energy that aims to preserve the “parallelity” of the level lines of the approximating
functions, and avoids the formation of saddle points, by constraining the level lines’
mean curvature using a term a la Bellettini. More precisely, one can calculate that

W' v v
eau— VO _ vudiv 2 (ve, Y,
e |Vul |Vu|?

with &, = (% |Vu|? — @ the discrepancy function (with a small abuse of notation,

we use the same notation for the discrepancy measure and its density).
!
Therefore, e Au — WT(”) approximates correctly the mean curvature (up to a mul-
tiplicative constant) if the projection of V&, on the orthogonal direction Vu is small.

Equivalently, it can be required that
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W' (u)

Vu
—&|Vu|div —
[Vul

be small, therefore a natural profile-forcing approximation model is (with & > 0 a

parameter):
W (u) )
A

281+a

WESRéRb. (M) —

dx ifu € C*(£),
otherwise in L1 (£2).

IVI

To simplify the theoretical analysis, the model proposed by Esedoglu, Ritz, and Roger
is slightly different. It uses the fact that, if a phase field u, resembles q(%), one has
e|Vu| ~ «/2W (u), which leads Esedoglu, Ritz, and Roger to penalize

— (e|Vu| QW (u)?)? dwﬁ

W/
eAu — @)
£

Finally, they propose the following approximating functional

/ 2
i/ (aAu— W(u)) d
2e Jo &

1 W’ v
+m/ eau— 2 (e 1vul 2w ) ! div W—“l)zdx ifueC®(@)
) Q & u
+o0 otherwise in L' (£2).

WgsRaRo(u) —

This energy controls the mean curvature of the level lines of an approximating function
since (see [41])

o 2
WEsRaRo(u) > _a/ /2W(l‘ / M) d'HNildl,

> (div
242 {u=1}N{Vuz0} [Vul

which, once again, excludes saddle-shaped solutions of Allen—Cahn equation. With
the control above, the authors prove with the same argument as Bellettini [8] that, for
any o > 0,

r- 111% P, + WERIRG — ¢ (P + W) inL'(£2).
e—

With ¢ = 0 the I'-convergence result does not hold anymore, but instead, with a
uniform control of the perimeter,
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Phase-field approximations of the Willmore functional and flow 125

I~ lim WESRERG > %OW.

e—0

which still guarantees a control of W.
For the sake of numerical simplicity, another version is tackled numerically in [41],
based again on the approximation ¢|Vu| ~ /2W (u):

1 w’ 2
— / (sAu — (M)) dx
o 2¢e Jo e
WESRHR&S )= , )
e 1 w \Y
+7/ sAu—&—‘/ZW(u)div " dx ifu e C®(R),
2elte o & |Vul
+00 otherwise in L' (£2).
We will focus in the sequel on WSESMR?", whose flow will be derived, as well as its

asymptotic behavior as ¢ goes to 0.

2.5 Few remarks on the connections between the different approximations
2.5.1 From Mugnai’s model to Esedoglu—Rdtz—Roger’s

We saw previously that the phase-field approximations W5¢ and WSESRéRé I-
converge, up to a uniform control of perimeter, to coW in any dimension, and the
same holds true in dimension 2 for WM. We will now emphasize the connections
between these approximations. More precisely, we will see that Mugnai’s approxi-
mation Wiw” can be viewed as the sum of a geometric-type approximation of the
Willmore energy plus a profile penalization term of the same kind as in Esedoglu,
Riitz, Réger’s model (or, more precisely, the initial model YWESR@RY) Indeed we have,
denoting v, = % when |Vu| # 0, and v, = constant unit vector on {|Vu| = 0},

W’ 2
Wéwu(u) =5 eD*u — @) v @ vy, dx,
Q
1 W )\
= — eD?u : vy Qv — @) dx
2¢ Jo £
e
+/ 3 (|D2u|2 — (Dzu TV ® vu)z) dx.
2
where, bein N two matrices, we denote as : = - - Aj;B;; the usua
h being A, B i d A : B l’]A.,th 1

matrix scalar product. Using A : e; ® ex = (Aey, e1), we observe that D%y : v, ®
v, = Au — |Vu|div %, therefore the first term of WéM“ coincides with the second

term of WESRARI for ¢ = 0. The second term of WM can be splitted as
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126 E. Bretin et al.

2 2 1/ ?
/_Q (102l = (D% : vy @ v,)?) —zQD(w |)

/ (|D2u Va2 =1D% < vy ® vl )dx.

(8|Vu|2) dx,

+
Q
| ™

Note that

2
/ £ (|D2u vu|2 — (Dzu TV ®vu) )dx >0,
Q

is non negative and vanishes for all functions u of the general form u = 1 (d(x)) with
n smooth. It is therefore a soft profile-penalization term that forces the approximating
function to be a profile, yet not necessarily the optimal profile g. As for the term
2
Vu
/ D (ﬁ) (5|Vu |2) dx, it is purely geometric and constrains the approximat-
7 u
ing function’s level lines mean curvature. It would therefore be worth addressing the
I'-convergence of the new functional

1 1,
WY () = Z/Q(sAu - W (u))?dx

1 2
+2—a £ (|D2u vu|2 — (Vu2 vy ® vu) )dx.

The reason why such approximation would be interesting is that, if it indeeds I"-
converges, the associated flow would not be influenced by the asymptotic behavior of
the penalization term, since it vanishes for approximating functions that are profiles.
More precisely, the Willmore flow could be captured at low order of ¢, and not at the
numerically challenging order &> as for the Esedoglu—Riitz—Roger model with o = 0
orl.

2.5.2 Towards a modification of Mugnai’s energy that forces the I'-convergence in
dimension > 3

Obviously, we cannot expect that Mugnai’s energy I -converges to the Willmore
energy in dimension greater than 2, since for £ smooth

2 2
|Asel” = |Hygl” — E KiKj,
i#j

where k1, k> . . . ky—1 are the principal curvatures. This identity suggests however that
a suitable correction could force the I"-convergence, i.e. by subtracting to WE/I“ an
approximation of

J(E, Q)= / > ki dHNT
IENS2

i#]
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Phase-field approximations of the Willmore functional and flow 127

Recalling our assumptions that d < 0 in E, and as an easy consequence of Lemma
14.17 in [46] (see also [1]), we obtain in a small tubular neighborhood of d E:

div (Ad(x)Vd(x)) = (Ad(x))2 + VAd(x) - Vd(x),
(3 st c 3w
— 1 +d ()i (7 (x)) — (1 +d(0)i (7 (x))*

~ ZKZ‘K]' on J0F,
i#]j

where 7 (x) is the projection of x on I". Thus, a possible approximation of coJ (E, §2)
is

&

Ju) = _%/ (gAu — lW/(u)) W (u)dx.
7 £ &

Indeed, with u = g(d/¢) and with a suitable truncation of g so that ¢’(d/¢) vanishes
on 052, integrating by parts yields:

2
J ) —52 Adq' (‘-’) q" (f) dx = —l/ (AdV (q/ (‘—l) ),Vd)dx,
& Q & & & Jo &

1 d\?
_/ div (AdVd) q’ (—) dx >~ co/ ZK,’K]' dHNL
& Je & IENS

i#]

Remark also that since a profile function u = g(d/¢) satisfies éW’ (u) = ¢D?u : N(u)
where N(u) =vQ@v = |§—Z| ® |¥_Z\’ the following energies

J2w) =—3 [o (eAu —eD?u : N(u)) W' (u)dx,
Bw) =-2[, (eAu— LW w)) D®u : N(u)dx,
JHu) = -2 [, (eAu —eD?u : N(u)) D*u : N(u)dx,

approximate also coJ (E, £2). In particular, as a modified version of Mugnai’s energy,
we can consider

— 1
WM — pyMu E(Jsl(u) — L) + T} ).

We have indeed

, 2
(sDzu VRV — W (u)) dx.
e

J ) = By — J2w) + JHw) = %/
€Jg
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and
1
WM — W, (u) — §J82(u),

since [, |D?ul*dx = [,(Au)*dx, N(u) : N(u) = 1,

leD%u—e "W W)Nw)|> =2 | D%u|®> —2W’ () D*u : N(u)+e > W' u)*N(u) : N(u),
and
(eAu — e "W ()% = 2(Au)> = 2W' (u) Au + ¢ 2(W (u))>.

Therefore

W/ 2
(sDzu VRV — (u)) dx,
£

which resembles Esedoglu—Ritz—Roger’s approximation with « = 0 since, in both
approximations, the second term forces u to be a “profile” function, and vanishes at the
limit. In view of the approximation result of Esedoglu, Rétz, and Roger, it is reasonable

v 1
WM =W, () + —/
£JQ

to expect that WMU ["-converges to the relaxed Willmore energy in any dimension.

3 The Willmore flow and its approximation by the evolution of a diffuse
interface

This section is devoted to the approximation of the Willmore flow by L?-gradient flows
associated with the approximating energies introduced above. In particular, we shall
derive explicitly each approximating gradient flow and, using the matched asymptotic
expansion method [15,20,56,72], we will show that, at least formally and for smooth
interfaces, there is convergence to the Willmore flow, at least in dimensions 2 and
3 for all flows, and in any dimension for some of them. The general question “if a
sequence of functionals I"-converges to a limit functional, is there also convergence of
the associated flows?” is rather natural, since I -convergence implies convergence of
minimizers, up to the extraction of a subsequence. However, the question is difficult and
remains open for the Willmore functional. Our results below give formal indications
that the convergence holds. Serfaty discussed in [77] a general theorem on the I"-
convergence of gradient flows, provided that the generalized gradient of the associated
functional can be controled (see in particular the discussion on the Cahn—Hilliard flow).
Such control is so far out of reach for the Willmore functional.

3.1 On the Willmore flow

Let E(t),0 <t < T, denote the evolution by the Willmore flow of smooth domains,
i.e. the outer normal velocity V (¢) is given at x € dE(f) by
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1.3 2
V=4 — SH” + H|A]",

where Ay is the Laplace—Beltrami operator on d E(¢), H the scalar mean curvature,
A the second fundamental form, and || A||2 is the sum of the squared coefficients of A.

In the plane, the Willmore flow coincides with the flow of curves associated with
the Bernoulli—-Euler elastica energy, i.e., denoting by « the scalar curvature

13
V=A3EK+§K.

The long time existence of a single curve evolving by this flow is established in [39],
and any curve with fixed length converges to an elastica.

In higher dimension, Kuwert and Schitzle give in [52,53] a long time existence
proof of the Willmore flow and the convergence to a round sphere for sufficiently
small initial energy. Singularities may appear for larger initial energies, as indicated
by numerical simulations [61].

3.2 Approximating the Willmore flow with the classical approach

The L2-gradient flow of the approximating energy W, defined at (3) is equivalent to
the evolution equation

du=—A (Au - %W/(u)) + %W”(u) (Au - %W/(u)),
& 3 £

that can be rewritten as the phase field system

2 _ 1 ”

€ 8t“—AN«_28_2W (u)p, ©)
= W(u) — e Au.

Existence and well-posedness The well-posedness of the phase field model (6) at fixed
parameter ¢ has been studied in [27] with a volume constraint fixing the average of u,
and in [28] with both volume and area constraints.

Convergence to the Willmore flow Loreti and March showed in [56] (see also [79]),
by using the formal method of matched asymptotic expansions, that if d E is smooth
and evolves by Willmore flow, it can be approximated by level lines of the solution
u, of the phase field system (6) as € goes to 0. In addition, u, and . are expected to
take the form

ne(e, 1) = g (LE) 4 62 (A2 — FH) my (4E92) + 0e?),
e, 1) = —eHq' (1ED) 4 2y, (4ED)) 1 0(e?),
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where 1 and 7, are two functions depending only of the double well potential W,
and defined as the solutions of

n(s) = W (g(s)ni(s) =sq’(s), with lims_ 400 71(s) =0,
n5(s) — W (g(s)n2(s) =¢"(s), with lims, 10 n2(s) =0.

An important point is that the second-order term in the asymptotic expansion of u,
has an influence on the limit law as & goes to zero [56]. This is a major difference with
the Allen—Cahn equation, for which the velocity law follows from the expansion at
zero and first orders only [15]. As a consequence, addressing numerically the Willmore
flow is more delicate and requires using a high accuracy approximation in space to
guarantee a sufficiently good approximation of the expansion of u,.

3.3 Approximating the Willmore flow with Bellettini’s model

We focus now on the approximation model WEe defined in (4)

Proposition 1 The L2-gradient flow of Bellettini’s model is equivalent to

K (u)? 1 1 1 V [K (u)h
Oru= @) Au— =W (u) ) +=(VIK w)*], Vu) — = div ( P* VIK@h: )] ,
g2 2 e |Vul
(7
where P* = [ — Ig—z‘@) Igﬁ‘ with I the identity operator, he (1) = (%|Vu|2 + %W(u))
and K (u) = div (%\)-

Existence and well-posedness of this equation are open questions. Numerical simula-
tions performed with this flow are shown in [41]. Note that the fourth-order nonlinear
term makes numerics harder.

Using the formal method of matched asymptotic expansions, we show below that
the phase field model (7) converges in any dimension, at least formally, to the Willmore
flow as € goes to 0. More precisely, we observe an asymptotic expansion of u, of the
form

E
ue(x,1) = q (M) + 0(e?),

where the second-order term does not have any influence on the limit velocity law as
& goes to zero, in contrast with the classical approximation of the previous section.

Proof of Proposition 1 The differential of K at u satisfies

K'(u)(w) = lirr(l) Ku+tw) — K(u) — div ( Vw Vu.Vqu)’
r—

t Vul  |Vul?
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therefore

VB (1)) (w) = / [K(u)hgwndiv(vw V“'V“’V“) .
2

Vul  |[Vul?

1 1
+-/ K (u)? (8Vqu + —W/(u)w) dx.
2 Q &

It follows that the L2-gradient of WE® reads as

YWBE () = div (V[K(u)hs(u)]) _div (<V[K(u)hs(u)] Vu  Vu )

[Vul [Vul " Vul" |Vul
1 1
-5 (s div (K(u)2Vu> — —K(u)2W/(u)).
e
hence the L2-gradient flow of er (u) follows. O

3.3.1 Asymptotic analysis

In this section, we compute the formal expansions of the solution u, (x, t) to the phase
field model (7).

Preliminaries We assume without loss of generality that the isolevel set I'(t) =
{u, = %} is a smooth N — 1 dimensional boundary I'(f) = 0E(t) = d{x €
RN ug(x, 1) > 1/2}. We follow the method of matched asymptotic expansions pro-
posed in [15,20,56,72]. We assume that the so-called outer expansion of u,, i.e. the
expansion far from the front I, is of the form

ueg(x,t) =ug(x,t) +eup(x,t) + azuz(x, t) + 0(83).

In a small neighborhood of I", we define the stretched normal distance to the front,
z= d(i’t) , where d(x, t) denotes the signed distance to E(¢) such that d(x, t) < O in
E(t). We then focus on inner expansions of u, (x, t), i.e. expansions close to the front,

of the form

ue(x, 1) = Uz, x, 1) = Up(z, x, 1) + eU1(z, x, 1) + £°Ua(z, x, 1) + O(&).
Let us define a unit normal m to I" and the normal velocity V to the front as
Ve = —0/d(x,t), m=Vd(x,t), xel,

where V refers to spatial derivatives only (the same holds for higher-order derivatives
used in the sequel). Morevover, we focus on an expansion of V of the form

Ve =Vo+eVi+ 0(@D).
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Following [56,72] we assume that U (z, x, t) does not change when x varies normal
to I" with z held fixed, or equivalently V,U.m = 0. This amounts to requiring that
the blow-up with respect to the parameter ¢ is coherent with the flow.

Claim 1 In a suitable regime provzded by the method of matched asymptotic expan-
sions, the normal velocity of the —-front I'(t) = 0E(t) associated with a solution
ugs(x,t) to Bellettini’s phase field model (7) is related to the Willmore velocity, as ¢
goes to zero, through the relation:

}{3
_ 2
Ve = ArH + ||A|I°H — 5 + 0(e).

In addition,

ug(x,1) = q (w) + 0(e?),

where q(t) = l_taTnh(t)

Following [56,72], it is easily seen that

Vu =V, U+ e 'md,U,
Au= AU + e Ado,U + 202U,
u=0,U —e V9. U.

Recall also that in a sufficiently small neighborhood of I", according to Lemma 14.17
in [46] (see also [1]), we have

n—1 n—1

. ki (77 (x)) _ ki(mx)
Adtx. 1) = ; TG, “ 1+ K (r@)es’ ®)

where 7 (x) is the projection of x on I', and «; are the principal curvatures on I".
In particular this implies that on I" at 7 (x), we have

Ad(x,1) = H — ez||A|> + O(g?).

Outer solution: We now compute the solution u, in the outer region. By Eq. (7), ug
satisfies W’ (ug) = 0 and

1) 1 ifx e E(t)
ug(x,t) = .
0 0 otherwise

We also see that u; = 0 is a possible solution at the first order.
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Matching condition: The inner and outer expansions are related by the following
matching condition

uo(x,t) +eur(x, 1) +---=Uo(z, x,1) +elUi(z,x,t) +-- -,
with x near the front I” and ez between O (¢) and o(1). With the notation

uii(x,t) = lim u;(x +sm,t), forx e,
s—0+

one has that

”(:)t(xv 1) =lim; 100 Up(z, x, 1),
1M, oo uF (x, 1) 4 zm - Vus (x, 1) = lim, 00 Uy (2, X, 7).

In particular, for the phase field model (7), it follows that
lim Upy(z,x,t) =0, lim Up(z,x,t) =1 and lim U;(z,x,t) =0.
z—>+00 Z——00 z—>+00

Inner solution: Note that

Vu m—eV,U/o,U
IVul 1+ &2V U2/ (0,U)2

therefore, using the orthogonality condition VU - m = 0:

K@) = Ad + O(e),
he(u) = 1 [50:0)* + W(U)] + 01,
HV[Kw?], Vu) = L (adv(ad) - vd)a.U + 0(1),

[Vul

1 2
Laiv (P YIE@LL) — 1 diy (V(Ad) - (V(Ad), Vd)Vd) (— W{;,J,W(U’)

+0(1).
Recall also that in a sufficiently small neighborhood of I", Eq. (8) shows that

Ad(V(Ad), Vd) = —||A|*H + O(e),
div (V(Ad) — V(Ad) - VdVd) = ArH + O(e).

Then, the first order in ¢ =2 of Eq. (7) reads

HTZ (9200 - W'wo)) =0.
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Adding the boundary condition obtained from the matching condition, and using
Uo(0, x, 1) = 1/2 leads to

Uo = q(2).

Moreover, the second order in ¢ ! of (7) shows that

2 3

_ H 2 " H 2
—Voo.Up = > o, U — W (Uo)Ur ) + > d:Uo — [|AI"H9, Uy
1 2
5(0;Up)” + W (U,
CArH 5(3:Uo) (0)'
[0 Uo|

As Up(z, x,t) = q(z) and ¢’ = —/2W (q), we obtain
/ H2 2 14 H3 2 /
~Vog' = - (BZZUI —w (q)Ul) +(5 —1arH-arn)q.

Then, multiplying by ¢’ and integrating over R, it follows that

3

2 H
Vo=ArH +||AlI"H — >

thus the sharp interface limit d E(¢) as € goes to zero evolves, at least formally, as the
Willmore flow. In addition, we have U; = 0, therefore

ug(x, 1) =¢q (w) + 0().

and the second-order term does not appear in the expression of Vj. This explains the
numerical stability, despite the use of an explicit Euler scheme, observed by Esedoglu,
Ritz and Roger in [41].

3.4 Approximating the Willmore flow with Mugnai’s model

The aim of this section is the derivation and the study of the L-gradient flow associated
with Mugnai’s energy WM (5). We will first prove the following result:

Proposition 2 The L2-gradient flow of Mugnai’s model is equivalent to

©)

20 = Ap — SWwp + W w)Bw)
= S%W/(u) — Au,

where

Bw) = div (div( Vu ) Vu ) —div(D( vu ) Vu )
[Vul ) |Vul [Vul ) [Vu|
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Note that this system coincides with the classical one, up to the addition of a penalty
term L(u) = W (u)B(u).

The well-posedness of the phase field model (9) at fixed parameter ¢ is open, and
requires presumably a regularization of the term B(u) as done numerically in the next
section. Moreover, using the formal method of matched asymptotic expansions, we
derive in any dimension the sharp interface limit of the phase field model (9):

Claim 2 In a suitable regime provided by the method of matched asymptotic expan-
sions, the normal velocity of the %-front I'(t) = 0E(t) associated with a solution
(ug, e) to Mugnai’s phase field model (9) is, as € goes to 0,

1
Ve=ArH + = JIAIPH + 0(). (10)
i

In addition,

2
ug(x, 1) =gq (w) +e2 14y, (@) + 0(e%),
pete, 1) = e (1SED) 4 A Pe (25E0) 0,

where 11 and 1y are profile functions.

Remark I The front velocity limit obtained in (10) as ¢ — 0, coincides, up to a multi-
plicative constant, with the velocity of the L2-flow of the squared second fundamental
form energy | r |AlI2dHN"". Indeed, according to [2, Sect. 5.3], the latter is

V=24rH+2H|AI> = H>+6 D kikjke.

i<j<t
Observing that H|A||> = > Ki3 + Zi# K,'sz and
H? = ZK? + SZ:K,-K]2 +6 Z Kik jKe,
i#j i<j<t
one has

1 1
HIAIP = SH 43 3 wcjicr = 5 [ D07 = D wine]

i<j<t i i#j

Since

ZK?—%H”A”ZZ% ZK?—ZK,’K; ,

i i#]
we finally get that V = 2V,
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Remark 2 Tt is easily seen that, in dimensions 2 and 3, Mugnai’s flow coincides
(asymptotically) with the Willmore flow. It is obvious in dimension 2, whereas in
dimension 3 one has

3

> - %H||A||2 =i} K3 — %(/q +Kk2) (K} +13) = |AIPH — HT
Another explanation involves Gauss—Bonnet Theorem. In Mugnai’s model, the energy
associated with the squared 2-norm of the second fundamental form prevents from
topological changes. By Gauss—Bonnet Theorem, this energy coincides with the Will-
more energy up to a topological additive constant, and thus both associated flows
coincide.

. The differential

o 2 1 , Vu Vu
Proof of Proposition 2 Let V(u) = eD“u — —W'(u) ®
& [Vu| |Vu|

of V in the direction w is

V' () (w) =lm(V(u + tw) — Vaw))/1,

=8D2w—lW”(u)w Vu ® Vu 1 % )(Vu@Vw%—Vw@Vu)’
e [Vul| = |Vu| e |Vu|?
F2W ) (M(w Vw))
: Vut v '
Denoting N(u) = vluvca;lvzu’ we have

VWM () = eD? 1 V(u) — éW”(u)N(u) V()

V(u)Vu
|Vu|?

2 , 2 . , Vu
+g div (W (u) ) -2 div (W () (V(u) : N(u)) ),

[Vu|?

where D? : V() =V @V : V(u) = > al?jvi () = div(div V(u)).

The gradient of WMV can be also expressed as

VWM ) = eD? : V(u) — %W”(u)N(u) - V()

2 (o VWV 2 vu
2 (W (ot = V0Vl /vl ) )

We now give an explicit expression of each previous term.

Evaluation of ¢D? : V(u)
For any operator A and any real-valued function u — p(u), we have

D?: (p(u)A(w)) = A(u) : D*p(u) + 2(Vp(u), div(Am))) + p(u)D? : Au).
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In particular, applying to A(u) = V(u)
eD?: V(u) = e2D* : D*u — D* : (W (w)N(u)),
=& A%u — (W/(u)Dz  N(u) 4+ 2W" (u)(Vu, div(N(u)))
+(DXW () : N(w).

The last term reads as follows

DX(W' () : N(u) = (W<3>(u)w ® Vi + W”(u)Dzu) - N),

(D*uVu, Vu)
_ 3) 2 "
= WY W) |Vul"+ W (u)—|Vu|2 )
2
- A (W’(u)) ) (Au _ M) ,
|Vu|?

where we used
AW () = W ) Au + WO )| Vul|>.
Recalling that for all vector fields wy, wa,
div(wy ® wy) = div(wa)wy + (Vwi)wo,

and applying to the estimation of div(N(u«)), one gets that

div(N@)) = div | =~ b '
) w(wm) N (IWI) Vul

Note that

Vu Vu D*uVu D*uVu Vu\ Vu
D -Vu = — , -Vu=0
|Vul ) |Vu| |Vul|? [Vul?2 * |Vu|/ |Vul

Therefore

2W" () (Vu, div(N(n))) = 2W" (1) | Vu| div (lz—u|)
u

2
—2W () (Au _ (D7uVu, Vu) V”>)

[Vu|?
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Lastly,

W (u)D? : N(u) = W’ (u) div (div (N(u))),

, . . Vu Vu Vu Vu
= W'(u) div { div +D )
Vil ) |Vu| Vil ) |Vu|

= W (u) [div (div( Vu ) Vu )+div (D( Vu ) Vu )}
[Vul ) |Vu| [Vul) |Vu|

therefore

(D*uVu, Vu)
|Vul|? ’

— W (u) [div (div( Vu ) Vu )+div (D( vu ) Vu )]
[Vul ) |Vu| [Vul| ) |Vul

Sum of the first two terms of eVWéVI“ (u)

1
Let I, = eD?: V(u) — =W w)N(u) : V(u). Remark that
&

eD? V() = 2 A%u — AW (u) — W (u) (Au —

éW”(u)N(u) V)= éW”(u)N(u) : (SDZM — éW’(u)N(u)),

(D*uVu, Vu) 1 )

=W"(u) ( Vul? - 8—2W/(u)

(D*uVu, Vu))

1 1 1 1
=W"(u) (Au—g—zW (u))—W (u) (Au— Vul?

Combining with the previous estimation of £ D> : V(u), we obtain

I =&eD?:V(u) — éW”(u)N(u) s V),

=cA |:8Au — lW/(u)i| — lW”(u) [sAu — lW/(u)il ,
& e e

oo (o () ) o (7 (i) i)
—W'(u) | div { div +div| D .
[Vul ) |Vul [Vul ) |Vul

Estimation of the divergence term

V(u)Vu W) (V) : N) Vu

2
Let I, = =divW (u) ( ) On the one hand,
€

|Vul? [Vu|?
with
Vu Vu 1 Vu
AV — 8D2 _ _W/ =
AT “STuE " 2 Wiwape
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we see that
div (W (v () — W' (u) | & div Duvu) 1 W () — 2
u U)——-x = u —_— —_ = u N
|Vu|? [Vul|? £ |Vul?
W) (D*uVu, Vu) 1W/( )
u) (e Vul2 . u) ).
On the other hand,
Vu (D*uVu,Vu) Vu 1 Vu
w’ V) : Ny—— =W’ ——Ww——-,
() (V(u) )IVu|2 () (8 Vul? Yl e (u)wu'z)
and
v u u) . |Vu|2 = u & |Vu|2 c u s
o [ AD*uVu, Vu) Va1 Vu
+W (u)d1v|:£ Vul? Vul? SW(u)ilvu|2 .

Finally,

. .. (D*uVu  D?>uVu Vu _Vu
L =2W'(u) div )

Vul2 ' |[Vu| T |Vul |Vul?
W' ) div (D Vu Vu
= u 1V .
|Vu| ) |Vu|

Evaluation of the energy gradient

eVIWM () = 11 + Iy,
| B , . . Vu Vu
=eAu — -W'(uw)ypn — Wiu) | div | div
&

[Vul ) |Vul
Vi \ V
—div(p (L) L) .
Vul ) Vul

where
1 /
n=cecAu—-W'u).
€
whence the L2-gradient flow associated with Mugnai’s model follows. O
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3.4.1 Formal asymptotic expansions

We apply in this section the formal method of matched asymptotic expansions to the
solution (ug, we) of (9)

20 = Ap — SWwp + W w)Bw),
w= W) —eAu.

Again, we assume without loss of generality that the isolevel set I"(t) = {u, = %} is
a smooth N — 1 dimensional boundary I'(¢) = dE(t) = d{x € RN ug(x, 1) > 1/2}.
In addition, we assume that there exist outer expansions of u, and u, far from the
front I of the form

ue(x, 1) = ug(x, 1) + cuy (x, 1) + e2usr(x, t) + 0(&3),
pe(x, 1) = po(x, 1) +epr(x, 1) + &2 ua(x, 1) + O(e3).

Considering the stretched variable z = @ on a small neighborhood of I", we also

look for inner expansions of u.(x, t) and u.(x, t) of the form

ug(x, 1) = Uz, x,t) = Up(z, x, 1) + €Uy (2, x, 1) + 2 Ua(z, x, 1) + O (&%),
pe(x, 1) = Wiz, x, 1) = Wolz, x, 1) + eWi(z, x, 1) + 2 Wa(z, x, 1) + O(&3).

As before, we define a unit normal m to I" and the normal velocity V, to the front as
Ve = —0;d(x,t), m=Vd(x,t), xel,
with
Ve =Vo+eVi + 0.
Let us now expand u, and p;.

Outer expansion: Analogously to [56], we obtain

1 ifxeE@
up(x,t) = ! .(), and uy =uz =u3z =po=pu1 =2 =0.
0 otherwise

Matching conditions: The matching conditions (see [56] for more details) imply in
particular that

lim Up(z,x,t) =0, lim Uy(z,x,t) =1, lim U;(z,x,t) =0and
7z—>+00 7—>—00 z7—+o00

lim Us(z, x,1) =0,
z—+00
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and

lim Wy(z,x,t) =0, lim Wi(z,x,t) =0 and lim Ws(z,x,t) =0.
z— 400 z—>+o00 z— 400
Penalization term B(u):
With
Vu  m—eVU/QU
IVul 1+ &2V UPR/@.0)2

and using V, U - m = 0, it follows that

. . Vu Vu . Vu Vu
Bu) = |:d1v (le ( ) ) —div (D ( ) )] ,
[Vul ] |Vul [Vul ) |Vul

= div (AdVd) — div (Dded) 1 0G)

2
— ki (7 (x)) ki (77 (x))?
B (Z 1+—<n<>) ~ 2 ey T 0@

i i

= (H2 = 1417) + 0(@).

Inner expansion: We can derive the asymptotic of the second equation of system (9),
ie. = W (u) — 2 Au, as follows

Wo = W'(Uo) — 9; Vo,
Wi = W (Uo)U; — 32U, — k9. U,
W2 = W'(Uo)Us — 82Uz + 3 WO (U0)UF — HI, U + z|| AlI*8.Up — A, Up.

As for the first equation £2d;u = Au — E%W”(u)u + W/ (u)B(u), one has

0= 032Wo — W (Up) Wo,
0=032W; + Hd.Wo — (W' (U)W + WO Up)U Wp),

and
0= 92Wa + Hocfur — | AI%20:Wo + A Wo + W' (Uo) (H? = 1A]1),

1
- (W”(Uo)Wz + W)U W + WS (Ug) Ua Wo + EW“)(UO)U%WO).

First order:
The two following equations

32 Wo — W' U)Wy =0, and Wo = W' (Up) — 82Uy,
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associated with the boundary conditions

lim Up(z,x,t) =1, lim Up(z,x,t) =0, and lim Wp(z,x,t) =0,
7——00 z— 400 z—>+o0

admit as solution pair
Uo(z,x) = q(z), and Wy =0.

Second order:
The second order gives

KWL= W'(@W1 =0, Wi=W(@QU —dUi—Hq @),

which has the solution

Uy =0, and W; = —Hq'(2).
Third order:

Using Up = g, Wo = U; = 0 and W) = —H¢/, the first equation can be rewritten
as
O2Wa = W (@ W2 = —HO Wi — (H? = |AIP) W'(@),
= %" — (H* = 1A1%) ¢"@) = 141" @),

and implies that

W2 = [AIPn2(2) + e(x, g’ 2),
where 17 is defined as the solution of

n5(z) — W (g@)m(z) = q¢"(z), with lim n2(2) = 0.

Remark that 7, can be expressed as

1
m(z) = Ezq/(z)-

Note that the second equation also reads as
1
02U = W' (@Us = 2| AIPq'(2) = Wa = 22l Al%g' () = c(x, 1)q' (@),

In particular, multiplying by ¢’ and integrating over R in z shows that ¢(x, t) = 0. We
then deduce that

Lo
Uz = Z1AIFm ),
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where 1 is defined as the solution of
1{(5) = Wq(s)mi(s) = sq'(s). with  Tim_i(s) =0.
In conclusion, we have
W, = %||A||2zq/(z) and Us = %IlAllzm(Z)-

Fourth order and estimation of the velocity Vy:
We can now explicit the term of order 1 in & of B(u«). Indeed we have U(z, x, t) =
q(z) + 0(¢?), and as Vg (z) = 0, we have

o (o (i) )~ (2 (i) ).
B(u) = |div | div —div{D
[Vul) |Vul [Vul) |Vul

2
= div (AdVd) - div (D*dVd) + 0(?) = (Z %)

i

ki (70 (x))? >
"2 Tzt T O

- (H2 - ||A||2) — 622 (H||A||2 . @3) + 0@,

where ©3 = >iki (7 (x))3.
The fourth order of the first equation now reads

~Vog' = [02Ws = W@ W5 | = WO @ U Wy + (HO W2 — APz, W)
+AW =W (@2 (H]AI? - 07),
1 1
= [02Ws = W@ Ws |+ sWO@HIAIPmg + SIAIPH (320" + )
—(ArH)q' =2 (H)A? - 67) z¢,
1 1
= (2w - W”(q)Wg]+§W@>(q>H||A||2mq’+(—§||A||2H+2B3) 2q"
1 2 ’ 1
+5IAIHg = (ArH) g
Multiplying by ¢’ and integrating over R leads to
1 1 1
Vo= =< [ (51AIPHS + (=5 IAI°H +26° /zq”q/dz
s1\2 2 R
1
+5 1A H /IR w<3><q)m<q/)2dz) - AFHS],

where S = [ ¢'(2)%dz.
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Remark also that

/ zq”q/dz — 5/ Z((q’)z)/dz — _5 / (q/)zdz — _§S~
R R R

Moreover, recall that 1 satisfies

0y — W (g)m =zq'.
= W@m =W @q'm = (q"),

then we have
n 1
/ W (@ni(q))dz =/ (m — W”(q)n’l)q’dz —/(zq’)/q’dz =—-8,
R R R 2
and we conclude that

1
V.= ArH+ @3 — E||A||2H + 0(e).

3.5 Approximating the Willmore flow with Esedoglu—-Ritz—Roger’s energy

We now consider the following variant of the Esedoglu—Ritz—Roger’s energy, which
we introduced in Sect. 2.4.3:

N2
WWESRGR3 () %/ (aAu B Wg(u)) dx + BJe(u),
2

where the penalization term J, (1) reads

/ 2
/ (8D2M:N(u)— Wg(u)) dx, and N(u)= Vu ® Vu
Q

J. = .
() Vil Vul

81+Ol
We first derive the PDE obtained as the L?-gradient flow of WESRﬁRb (1) and prove
the following result:
Proposition 3 The L2-gradient flow of Esedoglu-Riitz-Roger’s model is equivalent to
[0 = A — W u — BL(w),

w=W(u) —e*Au,

g =D : N(u) — X0

Lw =26 (V@ : D2~ LW ) +2(div (¥ v, VE)+Bs: |,

Ao (Y v : v v
B(u) = div (le (ﬁ) ﬁ) — div (D (ﬁ) \VZI) .

(1)
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Note that this system coincides with the classical one, up to the addition of a penalty
term —B L (u).

The well-posedness of the phase field model (11) at fixed parameter ¢ is open, and
requires presumably a regularization as done numerically in [41].

By formal arguments involving matched asymptotic expansions again, we will show
that this approximating flow is expected to converge, as € goes to zero, to the Willmore
flow in dimension N > 2, at least whenever « = 0 or « = 1. More precisely we will
show the

Claim 3 In a suitable regime provided by the method of matched asymptotic expan-
sions, the normal velocity of the %—front I'(t) = 0E(t) associated with a solution
W, ng, &) to Esedoglu—Riitz—Roger’s phase field model (11) in both cases a = 0
and o = 1 is related to the Willmore velocity through the relation:

3

2 H
Ve =ArH + ||A|I°H — > + O(e).

In addition, for a« = 0:

2
e, 1) = q (SE0) 4 Uy, (45E0) + 06,
2 g0
n2(e, ny=—eHg' (1EQ) 42 (B2 = 26 [ A4 ]) oy (1£D) 4+ 0(e3),
2 12
e, 0 =e () ma (1E2) + 066D,

where 12(z) = zq'(2) is a profile function. For a = 1:

ub(e, 1) =g (1£D) 4 o),

ube,0) = —eHq' (1EQ) 4262 AP (1£Q) 4 06,
212

£l 1) = 2 (ZHA!w H) o (d(x,SEm) + 0@,

Remark 3 The previous claim gives indications on the design of a numerical scheme
for simulating the Esedoglu—Ritz—Roger’s flow in the cases @« = 0, 1. Clearly, the
flow acts at the second order for u in the case « = 0, and not less than at the third
order (at least) whenever @ = 1. This implies that capturing with accuracy the motion
of the interface should be much more delicate when o = 1.

Proof of Proposition 3 Since

E.(u) = eD%u : N(u) — W) =8<D2u Vu Vu >_ 1

[ — _W/ 5
AR
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one has that

D%u: Vw ® Vu (Vu, Vw)
2. 5
Ew(w)=¢ (D w : N(u) +2T —2D% : N(w) o )
1 4
——W'(uw)w.
&
The gradient of J (u) follows, recalling that P* = I — N(u):
2 2 | . %'g(u)Dquu
Vo) = | D? IN@E] — W' — 2div (2=
ol g2 |Vu|2
. (D?*u : Nu)&.Vu
2 - e
+ 2div ( VP )] ;
2 1 PMDZ \v/
= 2 D% Nt — W, — 2div (DT
e” g2 |Vu|2

More precisely, using

D? : [N(w)&:] = (D? : N(u))& + 2div(N(w)) - V& + N(u) : D&,

div(N (4 Vu Vu D Vu Vu
e (””‘(”(|W|)|W|+ [IWI] |W|)’

_(Vu\ VYu P “D*uvVu
= | div + ,
IVul ) |Vul |Vul|?

and
(D NGy = dividivN@)) = div (div () Tt P Douvu
: N(u)) = div(divN(u)) = div | div ,
[Vu| ) |Vul |Vu|?

one gets
2 2 r_, . Vu\ Vu

Vie()=— [\ N@) : D% — = W wée | +2(div | —— ) 5, Vée) +BW)& |,
&v € [Vu| ) |Vu|

from which the L2-gradient flow of Esedoglu—Ritz—Rdger’s *s model follows. O

3.5.1 Asymptotic analysis of phase field system (11)
We only consider the case « = 0 and ¢ = 1. As previously, we assume that the

1/2-isolevel set of u, is a smooth (N — 1)—dimensional interfaces I"(¢) defined as
the boundary of a set E(¢) = {x eRN:ug(x, 1) > 1/2}.
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We assume that there exist outer expansions of u., i, and &, far from the front I”
of the form

ug(x, 1) = uo(x, 1) + euy(x, 1) + e2usr(x, t) + 0O(&3),

Re(x, 1) = po(x, 1) +ep(x, 1) + &2 pa(x, 1) + O(e3),

Eo(x,0) = L (e, 1) + Eo(x, 1) + e&1 (x, 1) + 262 (x, 1) + O ().
d(x,t)

Considering the stretched variable z = == on a small neighborhood of I", we also

look for inner expansions of u(x, t), e (x, ) and & (x, r) of the form

ug(x, 1) =U(z,x,1) = Up(z, x,1) + eU1(z, x, 1) + e2Us(z, x, 1) + O(&3),
pe(x, 1) =Wz, x,1) = Wolz, x, 1) + eWi(z, x, 1) + 2 Wa(z, x, 1) + O(&),
E(x,t) =D(z,x, 1) = 8‘1¢_1(z, x, 1)+ Dy(z, x, 1)

+ed(z, x, 1) + 2Pa(z, x, 1) + O(&3).

In particular, remark that the third equation of (11) yields

1 2,U 3, (V.U v.UR\ "
Pz, x,t)=— | —F—— 5 —W'U) | +¢ Z(' X |) (1+82| x |2) .
€ 142 VU2 .U 0,U)
(3:U)?

As before, it can be observed for the outer expansions that

1 ifx € E(t)
uo(x,1)= . ,oand my=ury=uz=po=p1=pn2=£_1=51=5=0.
0 otherwise

The matching conditions imply the following boundary conditions on the inner expan-
sions:

? llm U Z’x’t =0f0ri€ 1,27
lim, o Up(z, x,1) =1 7—>+o0 i€ ) {1,2}

’nmH+oo Uo(z,x,1) =0
and

lim W;(z,x,t)=0, forie{0,1,2}, and lim &;(z,x,1)=0,
77—+ 77—+

forie{—1,0,1,2}.

Inner expansion with o = 0:
This paragraph is devoted to the derivation of the expression of the inner expansion
in the special case o = 0.
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First order:
We have the following system

0=092Wo — W (Uo)Wo — 2B [0:D—1 — W (Uo)P-1] .
Wo = W' (Up) — 02U,
P_1 = 8;Up — W (Uo),

which admits the solution triplet
UO = Q(Z)s WO = O, and @_1 =0.

Second order:
At second order, we obtain

0=08:Wi — W (@)W1 =28 [0::P9 — W (@)Po] .
Wi = W" (@)U, — 82U, — Hq',
@y = 82Uy — W' (q)U1,

whose solution is given by
U =0, W = —Hq/, and &g =0.

Third order:
At third order,

0=202W, — W' (Up)Wa + Ho, W, — 28 [0..P1 — W (q)®1],
Wa = W (q)Us — 32U + || All*zq’,
@1 = 32U, — W (q)Us,

and we are now looking for a system of solutions of the form
Wo =cw(x, Dn(z), Ur=cylx,0)m(z), and @i =co(x, )N (z),
where the two profiles 1 and 1, are solutions, respectively, of
n{ = W' (@)m =zq" and ny — W' (@n =q".
Furthermore, the first equation gives
0=cw (15 — W' (@)m) ~H*q"~2co (05 — W' (@)m) = (cw—H?~28co ) g,

the second equation implies that

1
sewzd' = —cy (n] — W"(@)m) + 1A%z’ = (—cu + IIAIH)zq’.
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and the third equation shows that

1
—copzq = cu (n{ = W'(@m) = (cv)zq'.

2
This provides a linear system

cw — B2cp = H2, cw + 2cy = 2||A||2 and cp = 2cy,

which admits as solutions

H — 2 2||Al> — H? A2 — H?/2 q 2||A|> — H?
= — _, =—, an =
ow 1+28 1+28 ¢ 1+28
Therefore,
2_ g2
Wo = (12 =28 [ 24552 ) e,

All>-=H?*)2
U2=(H ”1+273/ )m,

2|A|2—H?
o1 = (L4L5) e

Fourth order and estimation of the velocity Vy:
The fourth order reads as follows

—Voq'=[02Ws = W@ Ws |- WO @ U2 Wi+ (HOW2 = AP0 W1 )+ A W)
=28 ([0::P2 — W (q) 2| +2H0. D),

= [020w3 2802 — W (@) (W5 —2802)]

H|A|> — H?/2\ 3 /
- @ W
( 1128 (@)mgq

4 3 2 2”A||2_H2 /"
—ArHq +\H° 2+ |AI'H —HB\ ———5—) ) 24

1+ 28
1428 -

Recalling that

Jr(q'(@)?dz =S,
Jrzq"q'dz = —38,
Je W@ (g)dz = —38,
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multiplying the last equation by ¢’ and integrating over R leads to

IAPH  H® H|A|? - H)2

V. = ArH
e=Arf+— 4 2(1+28)

(I1+26)+ 0(e),

1
= ArH + |AIPH — EH3 + 0(e).

Inner expansion with o = 1:
We are now looking for the inner expansion of the PDE system (11) in the special
case o = 1:
First order:
We have the following system

0=—28[3 -1 — W' (Up)®-1]
Wo = W'(Up) — 9; Vo,
@_1 = 9;Up — W' (Uy),

whose solution is given by
Up=q(z), Wp=0, and &_; =0.
Second order:
At second order
0= 92 Wo — W (q)Wo — 28 [82,P0 — W' () P0] .
Wi = W"(q)Uy — 32U, — Hq',
By = 92U, — W (U,
which admits as solution
U =0, Wi=-Hqg', and &y =0.

Third order:
At third order

0=02W — W' (@W, —2B[0..D1 — W (q)®1],
Wy = W (q@)Us — 32Uz + | Alzq’,
@1 = 02U, — W' (q)Us,

whose solution triplet is

Uy =0, W,=|A|’z¢/, and @ =0.
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Fourth order:
From

0=032W2 = W)Wz + HI W1 — 28 [9::02 — W(g) 2]
we deduce that

QlAl”® - Hz)q/,

[0::P2 — W (@) ®2] = 25
and then

_ QIAIP=H* _ QlAI>P - HY)
= 28 n = 48 zq

/

2

Last order and estimation of the velocity V,:
We have
—Voq' = [822W3 ~ W"(q)Wg] WO (U Wi+ (HBZW2 - ||A||2z8ZW1) FAW,
2B ([0::®3 — W (q) @3] +2HD. @) ,
= [02W3 = 2803) — W) (W3 — 2893)| - ArHg'

5 2|A)? — H? y
+ (2||A|| H—Hp (T)) 2q

5 21A117 = H*Y
+ (||A|| H—HB (T)) q'

= [02(Ws = 2805) — W@ (W5 —2893)| - ArHy'

+H3zg" + (—||A||2H n H3) q.

As previously, this shows that the velocity V; of the interfaces is related to the
Willmore velocity through the relation:

H3
_ 2
Ve = ArH + ||A|I°H — 5 + 0(e).

Remark 4 The analysis of the asymptotic behavior for & non integer is more delicate
because it requires studying non integer orders of ¢ and it is far from being clear how
integer and non integer scales may combine. As for integer values of @ > 1, a careful
study at higher orders of ¢ should be possible but is out of the scope of the present

paper.

@ Springer



152 E. Bretin et al.

4 2D and 3D numerical simulations for the classical and Mugnai’s diffuse flows

There is an important literature on numerical methods for the approximation of inter-
faces evolving by a geometric law. They can be roughly classified into three cate-
gories: parametric methods [5,7,31,32,49,73,76], level-set formulations [26,43,68—
70], phase-field approaches [16,24,63,71]. See for instance [32] for a complete review
(with a particular emphasis on the mean curvature flow, but fourth-order flows are
also addressed) and a comparison between the different strategies. In the context of
fourth order geometric evolution equations, in particular the Willmore flow, para-
metric approaches have been proposed in [4,6,38] for curves and surfaces using a
semi-implicit finite element method. In [67], a fully implicit approach via a varia-
tional formulation is also analyzed for the approximation of anisotropic Willmore
flow. The level set methods have been applied for the first time in [34]. Concerning the
phase field approach, semi-implicit schemes including standard finite element differ-
ences, finite elements, and Fourier spectral methods are developed in [35,36,41] and
analyzed in [37]. A fully implicit scheme coupled with a finite element method has
been more recently introduced in [45] via a variational formulation. An adaptation to
fourth order geometric evolution equations of the Bence-Merriman-Osher algorithm
[17] is also proposed in [42]. Let us finally mention the discrete methods involving
surface triangulations and discrete curvature operators [18,49,80].

In this paper, we will consider a quite different and new scheme to solve both
the classical and Mugnai’s phase field systems (6) and (9). The simulations can be
compared with those obtained by Esedoglu, Ritz and Roger in [41] for their phase
field system (11) (actually a variant of it, see Sect. 2.4.3), and for Bellettini’s phase
field system (7).

Here, we use an implicit scheme to ensure the decreasing of the diffuse Willmore
energy, and a Fourier spectral method in order to get high accuracy approximation
in space. At each step time, it is necessary to solve a nonlinear equation. A Newton
algorithm like in [45] appears to be very efficient in practice, but not in accordance
with a Fourier spectral discretization, so we opted for a fixed point approach.

4.1 New numerical schemes for the approximation of classical and Mugnai’s flows
4.1.1 Classical diffuse approximation flow

We introduce a new scheme to approximate numerically some solutions to the phase
field system

1 1 4
o = —ZAM - _4W (),
ae ae
w=aW (u) —ac?Au,

where « is a positive constant. Of course, o does not play any role at the continuous
level, since by linearity of the system, it is always equivalent (up to time rescaling)
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to take ¢ = 1, for which one gets exactly the formulation of the classical diffuse
Willmore flow that we mentioned earlier. As we shall see later, however, o plays a
role for the convergence of the discrete approximation scheme because it weights the
respective contributions of the two variables u and u.

We compute the solution for any time r € [0, T'] in a box £2 = [—% %]N with
periodic boundary conditions. We use an Euler implicit discretization in time:

utl = =4, [ 1 A/Ln+l }34 W//(Mn+l)un+l] +u",
Mn—&-l — aW/(u"‘H) _ OlSzAun—H,
where &; is the time step, u” and u" are the approximations of the solutions u and p,

respectively, evaluated at time #,, = n §;. The system can be written as

un+l _ O AM/Z-{-] E
[ ntl —1—0182Au"+1 =F,
with E = u" — 25 W " "1, F = ¢ W' (u"*!). Therefore,

n+l+8 AZ n+l1 _ E+a51 AF,
w48, A2 = F — ae? AE.

Thus, ("1, w**1) is the solution of the nonlinear equation

un—i—l un+l
(M"_H) =¢(Mn+l)’ (12)
where

untl ) —1 I 6—’A u — 3_tW//(un+l)Mn+1
=(I+65A ) ag? agt .
¢ (,u”“ ) ( +or (—aszA 1 aW’ ("t

A natural way to approximate the solution (1" +1, "1 to (12) is a fixed point iterative
method.

The space discretization is built with Fourier series. It has the advantage of preserv-
ing a high order approximation in space while allowing a fast and simple processing
of the homogeneous operator

L A ) Io—3na\T
G= (I 1) Az) ae? = ae? .
o —ae?A 1 ag?A 1

In practice, the solutions u(x, #,) and u(x, t,) at time ¢, = nd; are approximated by
the truncated Fourier series:

n _ n 2iwx-p n _ z n 2imx-p
Wpp ()= D, upet ™ and i () = Hype
121l oo <Prmax 121l o0 <Pmax
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where p € ZV, ||plloo = maxi<i<n | Pil, Pmax is the maximal number of Fourier
modes in each direction, and the coefficients u;’,, ;L'I', are derived from a prior Fourier
u — %Wﬁ(u"—i_l)ﬂn-i_l

aWw’ (un+1 )
Fourier domain of the operator G. More precisely, the fixed point algorithm that we
propose reads as follows:

decomposition of ( ) combined with an application in the

Algorithm 1 Initialization: v° = u", v = ", Egap = 1,
While Egqp > 1078, perform the loop on k:
1) Compute

8 5
nE=u" — W@k, and BF=aW (b
oEe

2) Using the Fast Fourier Transform, compute the truncated Fourier series of h*

and h*:
k _ Z k 2imx-p rk _ Z Tk 2imx-p
h mClX()c) = hp e , and hpmax(x) = hp e
| 2llco <Pmax | 21lco <Prmax
3) Compute
vk+1(x)= Z v;c?+l e2i7‘rx-p’ and vk+1(x)= Z v;‘,H e2imc-p’
1210 <Pmax 121l oo <Pmax
where
k+1 _ 1 n__ 8 421,127k
V' = T B T et lpl hp)
k+1  _ 1 Tk 2 2 21k
VL = e (s + ae?an | plPit )
4) Compute
k+1 k k+1 k
Egrap = [V = oF | + =0
End
Return
W= kL and Mn+1 — k1

Note that the implicit scheme

uhtl — 8 [ﬁAM’H—I _ ﬁw//(un)un] +u",

Mn+1 — aw/(un) _ a€2Aun+1’

@ Springer



Phase-field approximations of the Willmore functional and flow 155

implies the following scheme on "
n+1 2 -1 n & /(o S 1"eon n 1 1o n—1
u =(1+5,A) W AW ") + 2w (Ant = 5wt h) |,
€ € e
which is expected to be stable under a condition of the form
8; < C min {825)62, 84}.

where §x = 1/(2Pmax) and C is a constant depending only the double-well potential
W. In practice, using fixed point iterations instead of an implicit Euler scheme appears
more accurate numerically. This can be justified with the following proposition:

Proposition 4 Algorithm I converges locally under the assumptions
2 S 2.2 8 0 8 2
max { [@Ma]® + 2[— M3 (M) + N*Pa? )2 2— My)* } < 1, (13)
€ s/ as
where M; = supyc(o. 1] (W@ (s5)].
Proof We look for the conditions such that

DG ", 1) By 8,017 < 116wy B 112,

where the differential of ¢ is such that

_ 8 AN\!
D™, (8, 8,) = (w’ A)

8 _a‘% (W(3)(M”+l),u"+13u + W(2)(u"+l)éﬂ)
aW® @ ths, '

Note that the eigenvalues of the operator
b
I —-5A ’
ag’A

Ay = 1+47%/8/p?,  for [[plleo € [0, Prayl-

are

In particular, this implies that
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Moreover, remark also that

2
&
Y = W @) — e A < (M1 + N/ 55/2)

It follows that

laW® @5, | < aMals,l,

|W® @+, + W @ +hs, |<(<>4M3(Ml+1v3/2 2.8 )84l + M, |)

and then

W(3)(un+l)ﬂn+18 " W(Z)(un-i-l)a )
H ( aW s, )

8 e’ 8
< max [[Ole]2 FAZM M+ NP )P Z[TQMZ]Z] 1Gus 812,
X

which concludes the convergence proof of the fixed-point iteration procedure if con-
ditions (13) above are fulfilled. O

Moreover, this proposition shows the role of the coefficient « which should satisty
a< M, "to guarantee the convergence of this fixed-point iteration procedure. Equiv-
alently, one could define an anisotropic vector norm in R?, depending on «, to weight
differently the two variables u and p.

4.1.2 Mugnai’s flow

We now use a similar scheme for the following generalization of Mugnai’s phase field
system:

1 1
qu = = Au — W”(u),u + Bu),

w=aW (u) —oe Au,

~ /

with B(u) = %iﬁ(u) Again, any non zero value of « can be chosen at the contin-
uous level due to system linearity (up to time rescaling). We use now a semi-implicit
discretization in time:

{ = o [ Aaw = LW @t B |+,
"

n+l _ aW’ (un—H) P OtAMn+l
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where the penalization term B(-) is treated explicitly. We use a fixed point iteration to
approximate the solution pair (u"*!, /" 1) to the system:

- -1 5
@ "t = gt pth = (1 + 8;A2) 12 pe 24
—ae“A 1
(- 2w @t 4 5 Bt
aw/(un-i-]) .

For it is highly singular, the penalization term B(-) needs to be regularized to avoid

numerical errors. Observing that
2 Vu Vu
— curl { curl . ,
[Vu| [Vul

~ , Vu \|? . Vu
Bl =W [(‘V (IWI) B ’dw (|w|)

we consider the regularized penalization term

gg(u) =W (u) [(|Vvu,o’2 — ‘div vu,af) — curl (curl (vu,g)) . vu,a],

VM . . . .
where v, , = ——=—— with o a small regularization parameter. In particular, the
u,o W g p p
positivity

(;ww;z — |div vw|2) >0,

is ensured, which is in accordance with the continuous case. Finally, Algorithm 1 can
be equally used up to replacing step 1) with the new step:
1) Compute

8 _ 3
W =" — — W' WK+ 8B, "), and h* =aW (),
e

where the term [S’:, (u™) is evaluated using finite differences. Because this term is
evaluated explicitly, such modified algorithm converges under the same conditions as
in Proposition 4.

4.2 Numerical simulations of the classical flow

The following simulations have been realized using Matlab. The isolevel sets I"(t) =
{x:ux,t)= %} are computed and drawn using the Matlab functions contour in

2D and isosurface in 3D. We use the double-well potential W (s) = %sz(l —5)?
and consider the PDE system

du = A — HW' (un,
n = ELZW/(M) — Au,
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Fig. 2 Left Sampling of I"(r) at different times 7; Right the graphs of t — R (¢) for ¢ = % and ¢ = 5,

compared with the exact solution

with initial conditions u(x, 0) and @ (x, 0) of the form

ux,0) =y (M),

&

u(x,0) = _%Ad(x’ E)]// (d(xs,E))'

Evolution of a disk The first test plotted in Fig. 2 illustrates the good behavior of
our scheme with respect to the exact solution. The initial set E is a disk of radius
Ry = 0.15. The continuous Willmore flow preserves the radiality yet increases the
radius according the law

R(t) = (Rg + 2t)1/4

The left picture in Fig. 2 represents the interfaces I"(¢) at different times # obtaizned

&
2Ponax”
The right picture in Fig. 2 depicts the error between the numerical radius R, (¢) and
the theoretical radius R(7), at different times and for two different values of & (the
other parameters are kept unchanged). It is reasonable to believe that this experiment
illustrates the numerical convergence of R.(¢) to R(¢) as € goes to zero.

with the following numerical parameters: Ppax = 27 e =2 /Pmax and §; =

Remark 5 Note that in practice, the parameters should satisfy Ppax = é to keep a
sufficiently good approximation of the profile function which appear in the asymptotic
expansion of u, and thus to approximate the Willmore flow.

Evolution of two disjoint disks and formation of singularities One of our motivations
in this study is to understand and observe the behavior of the diffuse Willmore solution
in the situations where singularities appear. As it was discussed in Sect. 2.3, this may
happen for instance with the classical approximation flow. We consider as initial set £2¢
the union of two disjoint disks of radius R = 0.15. Each disk should have its radius
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Fig. 3 Evolution by the classical approximation of the Willmore flow of two disjoint disks, for various
values of ¢. First line: ¢ = 5/Pmax; second line: ¢ = 3/Pmax; third line: ¢ = 1.5/Pmax; The curve I"(¢)
is observed at times: t = 0 (left), t = 0.0004 (middle), t = 0.0008 (right)

increasing, up to the contact occurs. To the best of our knowledge, the theoretical
Willmore flow is not clearly defined after this critical collision time. Therefore, the
asymptotic limit of the solution # — u. (-, t) as € goes to 0 could be a good candidate for
the definition of a weak Willmore flow. However, different behaviors of t — u. (-, t)
have been observed in the literature. For instance, the two disks merge in [45] whereas
a crossing of interfaces appears at collision time in [41].

We plot on Fig. 3 the graph of t +— u.(-, ) computed for different values of ¢.
We choose for the other parameters: Prmax = 27, 8, = 1/P . In the first experiment
obtained with & = 5/Ppnax, the two disks merge. In contrast, a crossing of interfaces
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Fig. 4 Left Two examples of saddle-shaped Allen—Cahn solutions with 4 and 8 ends. Right Allen—-Cahn
solution without dihedral symmetry (thus without saddle point, the 1/2-isolevel line is shown in black)

appear forthe cases ¢ = 3/Ppax and e = 1.5/Ppax. More precisely, we can distinguish
three different periods in the last two experiments: in the first period, both disks evolve
independently one from the other (remark that in the first two rows the diffuse interfaces
of the two circles already overlap at initial times). The second period begins when the
distance between the two disks is about the size of the diffuse interfaces and the
formation of a crossing is observed. This corresponds to a solution of the Allen—Cahn
equation with unsmooth nodal set. After contact, the interfaces continues to evolve
while the crossing seems to be numerically stable and does not influence the interface
evolution. More precisely, the interface I"(#) seems to converge to a growing eight,
which is one of the closed planar elasticae described in Langer and Singer’s work [54].

Numerical examples of saddle-shaped solutions of Allen—Cahn equation We already
mentioned in Sect. 2.3 the existence result due to Dang, Fife, and Peletier [29] of an
entire solution in the plane to the Allen-Cahn equation whose nodal set coincides with
{(x,y), xy = 0} (it can be generalized to every even dimension [19]). By restricting to
a sector and using consecutive reflections, it is possible to build solutions whose nodal
set has an arbitrary number of branches with the property of dihedral symmetry, i.e. of
equal angle between two consecutive branches [47]. Actually, by a result of Hartman
and Wintner [48], saddle-shaped solutions must satisfy the equal angle property. To
be complete, let us mention that 2k-ended solutions, i.e. solutions whose nodal set
coincides outside any compact set with the union of 2k straight lines which cross at
the origin, do exist without the dihedral symmetry requirement [33]. In the particular
case of 4-ended solutions, the result can even be proved for arbitrary angles between
the lines [50]. Of course, by Hartman and Wintner’s result, the nodal set itself cannot
self-intersect at the origin if the dihedral symmetry does not hold, but remains smooth
instead.

We illustrate in Fig. 4 examples of 2k-ended solutions of Allen—-Cahn equation
obtained numerically as stationary solutions to the classical approximation model
(6). These examples are classical, and have been previously obtained by various
authors [40,41,57] using phase-field approximations as well.

Comparison between phase field and parametric approaches We observed previously
that the evolution of two disjoint disks after contact and creation of a crossing is similar
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Fig.5 Two different choices of a smooth parametric initial curve I"(0) forming either two or three circles

05 -04 -03 02 -01 0 05 05 -04 03 -02 -01
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05 -04 -03 02 -01 0 01 02 03 04 05 -04 -03 02 -01 0 01 02 03 04 -05 -04 -03 -02 -01 0 o0i 02 03 04

Fig. 6 Comparison between the classical phase field flow and the parametric Willmore flow (black line)
starting from the initial curves of Fig. 5; Left t = 0 ; middle t = 5.1075; right t = 5.10~%. Both flows
yield the same numerical solution

to the evolution of an eight-like single curve. To highlight this point, we tested on the
same configurations both the evolution provided by the classical diffuse flow and the
evolution of the disks boundaries with respect to a discrete parametric Willmore flow.
In particular, we consider two different initial conditions corresponding, respectively,
to the union of two or three contiguous circles. The parametric choice of I"(0) is
illustrated on Fig. 5 and corresponds to using a single smooth C!! curve that covers
two or three circles, respectively. The discrete parametric Willmore flow is computed
with a finite element method as proposed and analyzed by Dziuk in [38]. The phase
field simulations are done with the set of parameters: Ppax = 27 e = 1/Pmax and §; =
SPmax_z /10. Numerical results are shown on Fig. 6. As expected, these two different
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Fig.7 Twoexamples where the evolution of either one or two disks is not altered by an additional separating
line

approaches give very similar results. This suggests that the interface obtained by a
phase field approximation converges, after apparition of a singularity, to an interface
which evolves as a regular parametric Willmore flow. This is actually very much in
favor of a varifold interpretation, at least on this example, of both flows. What really
cares is the support, and its geometry, and not the fact that it is seen either as an isolevel
set or as a parametrized set.

The experiments on Fig. 7 are in the same spirit. On the first line, we illustrate the
evolution of two phases forming a disk cut by a straight line. Note that the disk seems
to evolve independently of the line. The second situation is quite similar with two
disjoint disks cut by a line, and the same conclusion holds.

Evolution by the parametric Willmore flow of two contiguous circles 'We now compare
in Fig. 8 the evolution by a discrete parametric Willmore flow of the different curves
obtained from three different initial parameterizations of two contiguous circles. In
the first parametrization (in black), both circles are parametrized independently. The
second parameterization (in blue) corresponds to the covering of the two circles by a
unique smooth parametric curve that self-crosses at the origin. The third parameteri-
zation (in magenta) corresponds to the singular curve that does not cross the horizontal
axis at the origin (thus forming a double cusp point). The first two pictures in Fig. 8
show the three interfaces obtained at different times. The third one depicts the evolu-
tion of the Willmore energy associated to each evolving interface. It is interesting to
compare the second and the third parameterization. The energy of the second parame-
terization (i.e. passing from two circles to the eight-type curve after contact) decreases
smoothly, therefore the parameterization seems to relate naturally to a continuous evo-
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Fig.8 Parametric evolution of two contiguous circles associated to three different initial parametrizations;
Left interfaces at t = 1073; middle interfaces at t = 5.103; right evolution of the Willmore energy of
each curve

lution. In contrast, the energy of the third parameterization explodes at contact, and
then decreases strongly to become the lowest (after time r > 107>) with respect to
the other parameterizations. This experiment illustrates clearly the bifurcation at con-
tact, and justifies why different configurations have been observed in the literature.
For instance, there is no crossing observed in [45] because the authors used a large
time step §; and therefore ignored the contact. However, after a while, the energy of
the non-crossing configuration is indeed the best. It may be argued that a continuous
flow should go up to contact, and therefore a numerical flow that is accurate enough
to capture the singularity should be the best. On the other hand, once the crossing
configuration has been chosen, there is no way to have an energy as low as the non
crossing configuration’s energy.

Experiments in space dimension 3 For the 3D simulations presented hereafter, we
used the parameters: Prax = 27, & = 1.5/Pmax and 8, = 1/10 Prax 2 €2.

The first simulation illustrates the evolution of a torus. According to the Willmore
conjecture, which seems to have been proved in [58], the torus that minimizes the
Willmore energy is Clifford’s, whose ratio between both radii equals +/2. In the first
line of Fig. 9, we plot for different values of ¢, a Clifford torus (in blue) and the
interface I"(¢) (in red) obtained numerically by the classical diffuse Willmore flow.
As expected, the interface I"(¢) converges to the Clifford torus. The second line of
Fig. 9 shows the evolution of a parallelepiped with two holes. The interface converges
to a Lawson-Kusner surface of genus 2, that is conjectured to minimize the Willmore
energy among surfaces with genus 2 [49,51]. The same experiment is done for a genus
4 surface on the last line, and there is again convergence to a Lawson—Kusner surface.
We believe that these simulations illustrate the good quality of our numerical scheme
and its ability to recover some critical points for the Willmore energy.

We present additional experiments in Fig. 10 which illustrate the formation of
singularities in dimension 3. On the first line, two spheres evolve by the classical diffuse
Willmore flow. As the distance between the two spheres is about ¢, they merge. We take
in the second experiment the initial set /7(0) as the union of two parallel cylinders. The
two cylinders grow up until collision time, at which a crossing arises. The last example
shows the evolution of a cube cut by a plane (more precisely, both the plane and the
cube’s boundary separate the two phases, as in the 2D situation of Fig. 7). The cube
seems to evolve to a sphere without being disturbed by the presence of the plane. All
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Fig.9 Smooth evolution of I"(¢) by the classical diffuse Willmore flow in 3 D. First line: approximation of
the Clifford torus (in blue). Second and third lines: approximations of Lawson—Kusner’s surfaces of genus
2 and 4, respectively

these experiments show that the classical diffuse flow may yield singularities, although
the comprehension of singular solutions to the Allen—Cahn equation in dimension 3
remains incomplete.

Conclusion In view of the above simulations, the following observations can be made
on the classical diffuse approximation flow:

— It is possible to simulate the crossings of more than two interfaces;

— The evolution, by the classical diffuse flow, of two interfaces after crossing seems
to be similar to the evolution by a smooth parametric approach. This is in favor of
a varifold interpretation of the Willmore flow.
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Fig. 10 3D-examples of evolutions by the classical diffuse flow yielding singularities

4.3 Numerical simulations of Mugnai’s flow

We now consider the PDE system associated with Mugnai’s flow in the form that we
introduced in Sect. 4.1.2:

= A — LW )+ By (),
w= W - Au,

where

By ) = W () [(|Vv,w |2 — |div vu,o|2) — curl (curl () - vu,g] )
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Fig. 11 Left Evolution of a circle by Mugnai’s flow; right graphs of t — R (¢) for different values of &

Fig. 12 Smooth evolution by Mugnai’s flow of a torus in 3D. The blue torus is the target Clifford torus

with v, 5 = \/ﬁ. The initial conditions u(x, 0) and w(x, 0) have the form

u(,0) =y (42),
n(,0) = —tad(ryy’ (402).

We set the approximation parameter o = 10~ and we solve numerically the system
using the modified algorithm of Section 4.1.2.

Convergence of Mugnai’s approximation The firstexample illustrated in Fig. 11 shows
the evolution of a circle taken as initial set Iy, and the comparison with the exact
solution. The numerical parameters are Ppax = 27, & = 2/Pmax O 3//Pmax, and
6 =1 /2521/7?maxz. The smaller is ¢, the closer the numerical flow is with respect
to the continuous flow. This may indicate that the penalization term B, (1) does not
influence the evolution of smooth interfaces.

This is also illustrated in Fig. 12 where an initial torus in 3D evolves to the Clifford
torus.

We present two experiments in Fig. 13 obtained with the set of parameters Ppax =
27 ¢ = 2/ Prmax and §; = 1/ 882Pmax_2. The simulations indicate that the additional
penalization term B, (1) prevents the interfaces from colliding (on the other hand,
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Fig. 14 Tllustrations in 3D that Mugnai’s flow prevents from colliding. The interfaces preferably deform
themselves rather than merging

the explicit treatment of gg (u) induces an anisotropic bias, which should be reduced
with a more careful treatment). This is coherent with what we argued in Sect. 2.5, i.e.
that Mugnai’s energy equals the classical energy plus a functional that penalizes non
profile functions.
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The same observation is illustrated in 3D on Fig. 14. Both cylinders grow up, but
deform themselves rather than colliding.

Conclusion To conclude this experimental section on Mugnai’s flow, let us observe
that

— As long as the interfaces are smooth, Mugnai’s and the classical flow behave in
the same way, which was of course expected from the theoretical properties of the
associated functionals. In particular, the penalization term B, (1) has no critical
influence on the evolution of a smooth interface, as long as the evolution remains
smooth as well with the classical flow.

— Since Mugnai’s energy W}jv[“ I'-converges in dimension 2 to the relaxation of the
Willmore energy, the associated flow prevents from crossing, which is confirmed
by the simulations. In 3D as well, our simulations indicate that no crossing should
occur. This indicates that the I"-convergence property should also be true in 3D for
Mugnai’s energy, which is so far an open question that requires a better understand-
ing of the diffuse approximation of the genus (having in mind the Gauss—Bonnet
Theorem).

Acknowledgments The authors thank Luca Mugnai, Selim Esedoglu, Petru Mironescu, and Giovanni
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