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Abstract A family of any order finite volume (FV) schemes over quadrilateral meshes
is analyzed under the framework of Petrov—Galerkin method. By constructing a special
mapping from the trial space to the test space, a unified proof for the inf—sup condition
of any order FV schemes is provided under a weak condition that the underlying mesh
isan 1'*7 y > 0 parallelogram mesh. The optimal convergence rate of FV solutions
is then obtained with well-known techniques.
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1 Introduction

Due to its local conservation property and other advantages, the finite volume method
(FVM) has a wide range of applications in scientific and engineering computations see,
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e.g., [12,16,17,21-27]. Comparing to its wide applications, the mathematical theory
of FVM (cf., [1-7,9,11,13-15,18,19]) has not been fully developed, especially for
high order schemes.

A main difficulty in the theoretical analysis is the establishment of the stability result
(or inf—sup condition in general) for higher order FV schemes. Earlier approaches (see,
e.g. [6,19,20,28]) in the literature often adopt the so-called element stiffness matrix
analysis by calculating eigenvalues of the stiffness matrix. The stability is established
if all eigenvalues of the stiffness matrix are positive. This technique has been successful
for linear, quadratic, and cubic elements under different triangular mesh conditions.
However, generalization to higher-order elements must be done case-by-case under
more and more restrictive mesh conditions. On the other hand, those mesh conditions
required for stability are usually sufficient but might not be necessary. Therefore, it is
necessary to develop a general framework in analyzing FV schemes of arbitrary order
with a common and yet less restrictive mesh condition.

In this paper, we provide a unified analysis for vertex-centered FV schemes of any
order over quadrilateral meshes, which is completely different from the classical ele-
ment stiffness matrix analysis. An essential idea behind our analysis is the following:
(1) construct a special mapping from the trial space to the test space. This mapping
transfers the bilinear form defined on the trial-test spaces to a bilinear form on the trial
space only, and thereby changes the the analysis framework from a Petrov—Galerkin
method to a Galerkin finite element method. (2) The transferred bilinear form can be
expressed on each element as a summation of function values with weights at those
discrete points of the dual partition. With some proper selection of the dual partition
points, e.g, the Gauss points, the summation can be viewed as a numerical quadra-
ture (such as the Gauss-quadrature) of a finite element bilinear form. Consequently,
coercivity proof of the transferred bilinear form becomes possible.

It is a challenging task to construct the from-trial-to-test-space mapping over an
arbitrary unstructured quadrilateral mesh. In this paper, to guarantee the FV bilinear
form to be expressed as the summation of function values at Gauss points, we establish
our mapping through constraining at all Gauss points. Since the total number of the
Gauss points is often greater than the dimension of the test space, it is necessary to
justify the existence and uniqueness of our construction. To this end, we first deter-
mine those redundant constraints and eliminate them to obtain linearly independent
constraints. Then by a discussion of the relation between the number of Gauss points
and the dimension of the test space, we prove that the number of linearly independent
constraints equals the dimension of the test space. In this way, our operator is uniquely
defined.

Another major difficulty in the analysis is: unlike the triangular mesh, the transfor-
mation from the reference square to an arbitrary quadrilateral is no longer an affine
mapping. As a consequence, the integrand in the transferred bilinear form are not poly-
nomials anymore. We have to take into account of residual of the numerical quadrature.
Special care and new design must be taken for the underlying FVM to overcome this
difficulty.

Our main result is: Under the shape regular assumption and 417 distortion (to
be specified in Sect. 2) of the mesh, the inf-sup condition is valid for sufficiently
small /4, and hence the error under the H'-norm has the optimal rate of convergence.
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Vertex-centered finite volume schemes 365

Different from previous case-by-case works on FVM for linear, quadratic, and cubic
quadrilateral elements, our analysis is applicable to any order FVM. Furthermore, our
mesh-condition is more relaxed in two aspects: (1) We only require that the minimum
interior angle of any quadrilateral is bounded from below; and (2) the mesh distortion
parameter ¥ > 0 can be arbitrarily small. Note that y = 0 implies an arbitrary
quadrilateral without any structure. Therefore, our mesh condition here is very much
similar to the most relaxed mesh condition in finite element methods.

The rest of the paper is organized as follows. In Sect. 2, we present the properties of
unstructured quadrilateral meshes. In Sect. 3, we present and analyze a family of FV
schemes over quadrilateral meshes under the inf-sup condition. In Sect. 4, we provide
arigorous proof for the inf-sup condition. Several numerical examples illustrating our
theory is presented in Sect. 5. A brief conclusion is given in the final and sixth section.

In the rest of this paper, “A < B” means that A can be bounded by B multiplied
by a constant which is independent of the parameters which A and B may depend on.
“A~ B” means “A < B”and “B < A”.

2 Quadrilateral meshes

Let @ C R? be a simply connected polygon. We partition €2 into the union of a finite
number of convex quadrilaterals and denote this quadrilateral mesh by 7j,, where & is
the largest diameter of all quadrilaterals. We denote by N}, and &, respectively the set
of all vertices and all edges of 7. Moreover, let N? = Nj,\3R2, ¢ = &,\0Q, N =
NN, E b — &\ 02 be the set of interior vertices, internal edges, boundary vertices
and boundary edges, respectively.

We call 7j, conforming if different quadrilaterals in 7; have no common interior
points and a vertex of any quadrilateral does not lie on the interior of a side of any
other quadrilateral. We call 7, shape regular if there exist a positive constant ¢; and
some angle 0 < 6y < /3 such that

h
<L <ci, 6:>6, VreT,

Pt

where p;, 6; are the maximum diameter of circles contained in t and the minimal
interior angle of 7, respectively. For a quadrilateral t € 7j, let d; be the distance
between midpoints of two diagonals of 7. If d; = Oh!tY), y > 0,wecall T an hity
parallelogram (cf., [8,26]). If all quadrilaterals in 7}, are L+y -parallelograms, we call
Ty, an W'Y -parallelogram mesh. Note that y = 0 represents arbitrary quadrilateral
meshes, y = oo represents parallelogram meshes.

For an arbitrary quadrilateral mesh, there exist some relations between the cardi-
nalities of vertices, edges and elements. First, we observe that for a quadrilateral mesh
T,

#ND = #Eh (2.1)

and #52’ must be an even integer, where #5 is the cardinality of some set S. Moreover,
we have the followingrelationship
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1 1 1
#T, = E#g;; + Z#g}j =#N? + E#/\/,ﬁ’ —1. (2.2)

In fact, since each quadrilateral in 7}, has four edges, each interior edge belongs to two
quadrilaterals while each boundary edge only belongs to one quadrilateral, we have

A#T), = 2HE; +#ED.

The first equality in (2.2) is verified. We next show the second equality of (2.2) by
induction. When #7;, = 1, we have #\; = 0, #./\/hh = 4. Therefore the second
equality of (2.2) is valid when #7;, = 1. Now we suppose the above equality holds
for any mesh 7;, with #7, = k. Let 7 be some quadrilateral mesh with #T, =k + 1.
The mesh 7, can be obtained by adding a boundary quadrilateral T to a mesh 7, with
#7T, = k. Since both the union of the elements in 7j, and T}, are simply-connected,
there are only three cases: (1) One edge of t coincides with a boundary edge of 7, in
this case, N = " NP =N }f’ + 2. (2) Two edges of t coincide with two boundary
edges of 7j, in this case, Ne = ./\/,j’ + 1, NP = N,ll’. (3) Three edges of 7 coincide
with three boundary edges of 7, in this case, N° = NP +2, Nb = /\/hb — 2. We find
that in all above 3 cases, we have #N n o+ %#./\N/ é’ = k + 2. In other words, we have

- - 1 -
#T :#N;JFE#N;— 1.

Therefore, the second equality of (2.2) is also valid.

The mesh discussed in this paper maybe completely unstructured. We next explain
how to label the boundary edges and the four vertices of an element 7 € 7j,. If two edges
E1, E> € &, belong to the same quadrilateral 7 and they have no intersections, we call
E> an opposite edge of E| and denote E» = op(Eq, t). For two edges E, F € &,

if there exists a finite number of quadrilaterals 7y, ..., t,,—1 and associated edges
E,...,Ey, € &,m > 2 suchthat Ey = E,E, = F,E;y1 = op(E;, 1j),i =
1,...,m — 1, then we call F as a (far) opposite edge of E and we denote F =

op(E,t1,...,Ty—1) or simply denote F = op(E). If F| = op(E), F, = op(E),
the number of opposite edges between E and F| is smaller than that between E and
F>, we say that F) is closer to E than F,. The boundary edge set Sf can be split
into two subsets 5;1’1 and 6’;:2 such that 552 ={F =op(E)|E € 5}:1}. We list edges

b b
in €21 by £ = (Eili = 1,..., 2L}, then £ = (F, = op(En)li = 1,..., 2L},
see Fig. 1 for an example in which 8;;1 = {Ey,..., E¢} and 5;:2 = {Fi,..., Fg}
with F; = op(E;),i = 1,..., 6. For a quadrilateral t € 7y, its four vertices should

be labeled such that: (1) Pj, P>, P3, Py are arranged in counter-clock order. (2) If
Ei,E; € 5;;1, are the boundary edges such that PP, = E; or op(E;), P3Py =
op(E;)and P\ Py = E; or op(E;), P3Py = op(E), we require that Py P; is closer to
E; than P3Py, P Pyiscloserto E; € 5};1 than P, P3. See also Fig. 1 for an example
where the four vertices of a t are labeled.

It is well-known that the geometry of a quadrilateral t = P P,P3Py € Ty, is
determined by a transformation from the reference square tp = [—1, 113 to 7 (cf., e. g.
[29,30]). For all (¢, n) € 19, let (x, y) = F: (&, n) be defined by
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Fig.1 Labeling boundary edges E,
and 4 vertices of a quadrilateral
Fs
F
E5 3
E 4 |
F, / P, o
P P,
&
E2
E Fo

1+¢& 1+ LA+85A+n

x=x1+0ao; > + oy 5 + o3 1 ;
1+¢ 1+n (l+§)(l+n)
V=t T B+ A 2

where (x;, y;) is the coordinate of the vertices P;,i = 1, 2, 3,4 and

oy = X2 —X1,0) =X4—X[,q5 =X| —X2+X3— X4,

By =y2—y. Bi=ya—y1. B3 =y1 —y2+ Y3 — ya.

Obviously, we have Fy(—1, —1) = Py, Fr(1, —1)=Ps, Fr(1, 1) = P3, Fe(—1, 1) =
P,. Moreover, noticing d, = %,/|a§|2 +|B}|>, we have o = B} = O if r is a

parallelogram; of = B = of = B3 = 0if 7 is a rectangle; ,/|af|* + |B]|? =
O(h'*7), if T is an h'*7 -parallelogram.

We next introduce Gauss and Lobatto points in 7j,. For any integer n > 1, we denote
Zn = {1,...,n}, ZS ={0,1,...,n}. Let {l,,lm € Z(r)} be r + 1 Lobatto points of
degree r in the interval [—1, 1], thatis, [p = —1,/, = 1 and {/,,|m € Z,_,} are the
r — 1 zeros of L, where L, is the Legendre polynomial of degree r in [—1, 1]. We
denote the set of Lobatto points in t as

Ne =1L} li, j € ZD),

where Lt . = Fr(l;,1;). Moreover let N = UreT, N be the set of all Lobatto points
in7j,. Let { gili € Z,} be the r Gauss points, i.e., zeros of L, the Legendre polynomial
of degree r, on the interval [—1, 1]. We denote the set of Gauss points in T by

Gr =G} li. j € Z,},
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Fig. 2 Gauss and Lobatto
points in a quadrilateral (r = 2)

where Git,j = F;(gi, gj). We denote the set of all Gauss pointsin 7, by G = U7, G-.
As an example, the Gauss and Lobatto points of a quadrilateral t for » = 2 are depicted
in Fig. 2.

We next compare the cardinality of the set of Gauss points G and the cardinality of
the set of the interior Lobatto points N'° = A\3€2. Obviously

#G = #T,r2,

where #7, is the number of quadrilaterals in 7,. We next calculate #N\°. Since N°
consists of the interior vertices, the Lobatto points in the interior of quadrilaterals and
the Lobatto points in the interior of internal edges, we have

BN° = #NP +#(E)(r — 1) +#T,(r — 12
Substituting (2.2) and (2.1) into the above formula, we obtain
1
#N® = #T)r> — 5(a&»eg,’;)r +1. (2.3)
In other words,

#N° = #G — %(#Ef)r +1. (2.4)

We next study further properties of the transformation F;, t € 7j,. It is easy to
calculate the Jacobi matrix

g_gg_.; o 4+ ol (1+n) ﬁ+ﬂ3’(1+n)
DF (¢, 1) = S1=\ 2 adio & sdo )
g_za_?; Ol4+0!3( +§) T4+ﬁ3(4+$)
and its inverse

oy iy
DF;I(é,n)szl(_gﬁ Si)v

an  0&
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where the determinant of the Jacobi matrix D F; is

Jr = Jr,p + Jr,é(l +&)+ Jr,n(l +n),

with
1 1 1
Lm=ﬂ%ﬁ—%%%kﬁjwﬁ?WWﬂbm=;%ﬁ—%%l

Since T = LIP; P, P3 P4 is convex and its vertices Py, P, P3, P4 are labeled counter-
clockwisely, we have

Jop = ESAPI ppry > 0.

Since 7 is a shape regular 277 parallelogram, we have
Jep = OWh), Jrg, Iy = O*). (2.5)

We close this section by a study of the relationship of directional derivatives of
a function on t and that on 7. Let v be a differentiable function defined on 7 and
Uy = v o F; be a function defined on 75. We denote the gradient of v on t by
VU = (g—;, g—;)T and the gradient of v; on 7y by vy = (%, %)T. A straightforward
calculation yields that

A D
vV =DF vv
Letn = (n1, ny) be a unit direction, we have the directional derivative

v DFflAﬁr
— =n-vv=n-
on v vV

a ox a0 0 x a0
= (((En - En) o (-2 + Z0) Z2) . 26
an an & & & n
We next derive the directional derivatives for some specific n.

For all (¢, 1) € 79, Fr ([—1, 1] x {n}) and F; ({§} x [—1, 1]}) are two segments in
T which passing the point F7 (&, ). We let

rey = IF (=111 x (n)1/2, ri2 = |Fe((g) x =1, 11))1/2

be the length of two vectors %Ff(—l, n) Fr(1,n) and %Ft (&, —1)F.(&, 1), respec-
tively. A straightforward calculation yields

e _ (4 a§(1+n))2 (ﬂ_§ ﬂ§(1+n>)2
(rgy,,) —(2 +—4 + ) +—4 )
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and

o (9 A +HN (BT BIU+HY
(rg,,])—(2+—4 )+(2+—4 )

We also let

e =\ 2 4 2 4

B: B +m\ (Br  BUA+E)
(5B (1)

o (G (4 )

be the inner product of two vectors %FT(—l, n)F:(1,n) and %F, (&, —1)F;(&,1).
Since 7j, is shape regular, there exists a minimal angle 6y such that each angle of the
quadrilateral 7 is larger than 6. Thus we have

T 7,1 1,2
|sg | < cos Goré’nrm. 2.7

For a fixed n, the normal direction on the edge F;(—1, n)F; (1, n) is

T T T T
1 ﬂz ,33 d+n 253 o3 (I+mn 7,1
n; , = (_T_T’?+T Tely-

Similarly, for a fixed &, the normal direction on the edge F; (&, —1)F (€, 1) is

) (ﬁ_£+ﬁ§(1+$)’_a£_a§(l+$)) 2

s =\ 72 4 2 4 Ten

Therefore, on the edge F;(—1, n) F; (1, n),

v ov 1 v v
o _ v 1 (—s;n—r + o) 2_,) . 28)
m - omg, sl 9§ on
And on the edge F; (€, —1)F; (&, 1),
dv dv 1 7.2 23737: T aﬁr)
u— = — r.’ — 5 — 1. 29
on — om2, il (( en) g %Ry 29

From the above formulae, we find that even 0, is a polynomial, the directional deriva-
tive g—z may not be a polynomial since J; is not a constant for an arbitrary quadrilateral.
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Vertex-centered finite volume schemes 371

3 Finite volume schemes of any order

We consider finite volume schemes of any order for the elliptic boundary value problem

—v - (avu) = fin Q, 3.1
u=0onT, (3.2)

where Q C R?is a simply connected polygon, I' = 9Q, a € L>(2) and it is bounded
from below: There exists a constant oy > 0 such that o (x) > «q for almost all x € €2,
and f € L2() is a real-valued function defined on .

We will present our finite volume schemes under the framework of Petrov—Galerkin
method. We first choose the trial space as the standard FEM space of any degree r > 1
defined by

U, ={v e C(DI: =vo Fr € Qr(t0), VY7 € Tj,and v]ye = 0},

where Q, (7g) is the set of all bi-polynomials of degree no more than r. By the standard
approximation theory, we have

dimUj, = #N°,

where N'° = N\ is the set of all internal Lobatto points.

We next present the dual mesh and the corresponding test space. The dual mesh is
constructed as follows. For any segment E, we denote Gg,;j € Z, the Gauss points
on E. For a quadrilateral t = [OPy P, P3 P4 € 7Ty, the dual mesh in 7 is obtained by
connecting Gﬁﬁj and Gﬁﬁj,j € Ly, Gm,j and Gﬁ,j’j € Z, with lines,
see Fig. 2 for an example r = 2. Since F; is a bilinear transformation, for a fixed

. 0 . T 0 i

J € Z; iy all Gauss points Gi’ i€ 7, 41 are located on one same line and for a
. 0 : T 0 i

fixedi € Z, , all points Gi.Je€ Z,,, are on another same line. In other words, we

construct a control volume V), for each Lobatto point p € A. The contribution from
a quadrilateral T 5 p is

_ T AT T T
Vip =061Gi11;Gi1j+1Gij 41

where i, j is chosen such that p = ij. Here, the notation of Gauss points has been

extended to all i, j € Z(r)—H by letting go = —1, g-+1 = 1, see Fig. 3 for a simple
case where r = 2. Note that in this simple case, the generalized Gauss points G6,0 =
Lo G§,0 = L5,07 Gis= LE,Z’ G6,2 = L(T),z'

The whole control volume surrounding P is then defined as

Vp = U Vi p.

3P

For the simple case r = 2, whole control volumes surrounding Lobatto points in
a quadrilateral are plotted in Fig. 3. In this figure, each control volume is a polygon
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372 Z.Zhang, Q. Zou

Fig. 3 Control volumes
associated with a quadrilateral t
(r=2

surrounded by dash lines. The dual mesh ’J;l’ consists of all control volumes V,,, p € N.
That is,

5 =Vplp e N}
The corresponding test space is defined as
Vi = Span{yv, [p € N},
where /4 is the characteristic function of some set A C €2. Obviously, we have
dim V), = #Nj = dimU.

We are now ready to present our finite volume schemes. The finite volume solution
of (3.1) and (3.2) is a function u;, € U; which satisfies conservation laws

9
—/ aﬂdsz/ Fdxdy (3.3)
av, om v,

on each control volume V,, p € N°, where n is the unit outward normal on the
boundary curve dV),. Let wy, € V), wy, can be written as

where the coefficients w, p € N® are constants, Vg is the characteristic function of
the subset S C Q. Multiplying (3.3) with w, and then summing up for all p € N°,
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we obtain

d
— z wp/ aﬂds—/gfwhdxdy.

pENO Vp

Defining the FVM bilinear form for all v € HO1 (2), w, € V), as

an(v, wp) =— > w,,/ a—ds (3.4)

peN° Vp

the finite volume method for solving Egs. (3.1) and (3.2) reads as: Find u;, € U} such
that
ap(up, wy) = (f, wp), Ywy € V. (3.5)

We next study of the continuity of the bilinear form ay, (-, -) defined in (3.4). We
denote by &, the set of interior edges of the dual partition 7,". Moreover, we define a
semi-norm in the test space V, for all w;, € V, by

1

2

wnly = (3 w5 [ twnPas)

Ee&)

where h g is the diameter of an edge E, and a semi-norm in the so-called broken H 2
space

HX(Q) ={veC(Q):v|; € H>, Yt eT)

forallv € H7(Q) by

=

2 2.2
= D Wl + 1G]
€Ty

where /1, is the diameter of 7. The mesh dependent semi-norm | - |;, has also been used
in [28].
The bilinear form ay, (-, -) can be rewritten for all v € H(} (), wp € Vy as

ap(v, wy) = Z[wh]E/a—dS (3.6)

EeE;
where [wy]g = wp|y, — wp|y, denotes the jump of the wy, across the common edge

E = Vi NV, of two volumes Vi, Vo € ’Th/ and n denotes the normal vector on E
pointing from V| to V>.
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374 Z.Zhang, Q. Zou

Theorem 3.1 The finite volume bilinear form ay (-, -) is variationally exact:
ap(u, wp) = (f,wp) Ywp € Vi (3.7)
and continuous: for all v € HOI(SZ) N H}%(Q), wy € Vp,
lan (v, wi)l < [vlplwaly, (3.8)

where the hidden constant is independent of h.
Furthermore, let u be the solution of (3.1) and (3.2), uyj, the solution of (3.5). If
there holds the following inf-sup condition

inf  sup M > 1, 3.9

vp Uy, wpeV), |Uh|h|wh|;l ~

then
lu —uplp < inf |u — vplp. (3.10)
vheug

Consequently, ifu € H' 1 (Q),
lu —uply S h"|ulrsr. (3.11)

Proof First, (3.7) follows by multiplying (3.1) with an arbitrary function wy, € Vj and
then using Green’s formula in each control volume 7 € 7,.

Secondly we prove (3.8). By the Cauchy—Schwartz inequality, for all v € HO1 (2)
and all wy, € Vy, there holds

1

2

90\ 2
ap(v, wp) < lleclloolwal), Z hE/E (i) &

Eeé,

By the trace inequality and the shape regularity of 7y,

1
v 2 2
(hE/ (—) ds) < lolis + helola
ENt an
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Vertex-centered finite volume schemes 375

where T € 7; and T N E # . Since for any given E € &, there are at most two
elements t € 7, such that T N E # ¢, we have

2 2112
ap,wp) Slwaly [ D D Wl +hIE,
Eec& 1€T,tNE#)
1

2

E 2 2 2
/S |wh|;1 |v|1,r +ht|v|2,r
ey

Then there exists a positive M which depends only on « and r such that (3.8) holds.
We next show (3.10). By (3.7) and the inf-sup condition (3.9), for all v, € Uj,
there holds

ap(Up — vy, wp) ap(u — vy, wy)
|Mh_Uh|h§ sup ————— = T E—

/ /!
wy eV, [walj, wpeV; lwhlj,
Then by the triangle inequality and the continuity (3.8), we have
lu —unlp < lu—vnlp + lvn —uplp S lu— vnlp.

That is, (3.10) holds.
We conclude from the definition of | - |, and (3.10) that

lu —uply < lu—uplp S inf |u—vplp.
vheu;,

Note that

inf |u—vplp < |u—ugly +hlu—ugl,
UhGZ/{;

where u; € U is the interpolation of u which will be introduced precisely in next
subsection. By the standard approximation theory, we obtain the estimate (3.11). O

Remark 3.2 'We observe from the above theorem that the inf—sup condition (3.9) plays
a critical role in the proof of the optimal convergence rates of the FV solutions. The
proof of (3.9) is the task of next section.

4 Inf-sup property

This section is devoted to a rigorous proof for (3.9) which is the core of the paper.
Since by the inverse inequality, we have the norm equivalence

lvaln ~ lvplt, Yo, € Uy,
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the inf—sup property (3.9) is equivalent to

. ap(vp, w
inf sup 200 WH)

- 2 4.1
’
Uheuh thV;’, |vh|1|wh|h

We begin with a simple observation that we only need to prove (4.1) for the case
that « is piecewise constant with respect to the partition 7. In fact, for a piecewise
continuous coefficient o, let

B 1
G(x,y) = H/“(’“’ Wdxdy, Y(r,y) et e,
T

and denote its piecewise modulus of continuity by
mr, (o, h) = sup{lar(x)) —a(x2)] : [X1 —X2| <h, VX1, X2 €7,V 7 €T}

The fact that « is piecewise continuous implies that m7; («, h) converges to 0 when &
goes to 0. We define a new bilinear form ay (-, -) for all v;, € U}, w, € V), by

_ _ov
an vy, wy) = Z[wh]/ aa—li’ds.
E

Ee&;,
If (4.1) is valid for a piecewise constant coefficient, then for all v, € U},

a(vp, wy)

— 2 lvnl
wpEV) |wh|h

On the other hand, by the same arguments in Theorem 3.1, we have
lan (v, wp) — anp(on, wp)| S mg, (@, h) vyl lwal),,
Then when £ is sufficiently small,

an(vp, wp)

1
— 2 (1 —mg (o, b)) |vpl1 = =|vph
wpeVy [ Whly 2

which implies the inf-sup condition (4.1) for arbitrary piecewise continuous «.
In the rest analysis of this section, unless specifically mentioned, we always suppose
that « is piecewise constant respect to 7j,.

4.1 An equivalent discrete form

In this subsection, we transfer the FV bilinear form (3.6) to a summation of function
values at Gauss points.
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Vertex-centered finite volume schemes 377

To this end, we first describe the dual edges in a quadrilateral T € 7},. Let

Ej, =G[ Gl ;. V. j)eZ) x Ly,

be the edges along & —direction and

E}, =GI Gl 1y, VG )) €L, x I},

the edges along n-direction in t. The set of dual edges in 7 is the union of edges along
two directions, that is:

s,gm={E?j:iez,,jeZ?}U{Efj,ieZE,jeZ,}.

Secondly, we define the jumps of a test function w;, € V. Note that a function
wy € Vp can be represented as w; = ZPENO (wn)pYv,, where (wp), € Ris a
constant. Letting (wy), = 0 for all p € NN 9, we write wy, = ZpeN(wh)P‘/’Vp~

Forall T € 7, and all i, j € Z2, the contribution from 7 to the control volume VL,-’j
is Fr([gi, gi+1] x [gj, &j+1)]. Therefore in the quadrilateral ,

— T
Wp = Z wijIﬁFr([gi>gi+]]X[gjsgj+l)]’
(i, )€ZY X 72

where wl?j = (wh)L[r/. For all (i, j) € Z(r) X Zr, we denote the jump of wy, on the

edge Ei by
[walg ;j = wij — wij_y,
and for all (i, j) € Z, x Z(r), we denote the jump on the edge Eln] by
[wh];’ij = wifj — wiilj.
For all (i, j) € Z, x Z,, we define the (double) jump of wj, at Gauss point Gi jas

T T T T
lwnl; j =w;j+wi_y jp —w; Q-1

_]’]
Obviously, we have
Lth,F,j = [wh];ij - [wh];iflj = [wh];’ij - [wh];,i];]-

With these notations, for all v € HOl (), wy € V;w we have

an(v, wp) = D anc (v, wy)
e,
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Fig. 4 A path starts from

P e Eqjandendsat Q € Fy.
The segment Q; Q; 4 is the
portion of this pass in the E
element 7; = P} P4 P} P}. The E >
two points can be expressed as
Qi = Fyy (5, 1), Qi1 = P
Fr; 6, 1) 1

where the element-wise bilinear form

av
an. (v, wy) = w a—ds,
heowp) = D h]/E =
Eetng;
av av
= Z [wh]g’ij /Eg aa—nds+ Z [wh];,,-j /E" aa—nds.
(i,/)€ZO%Z, i (i, /)€Ly <L i

To transform the above formulae to a summation of function values at Gauss points,
we next introduce a primal function of the function o g—fl along a path which is defined
as below. For a boundary edge E € Efil, let E;,i =1,...,m, m > 2 be the sequence
of edges in &, satisfying: (1) E; = E € 5;171, E,=Fc¢ sz, (2) The edges E;, E;j+1
belong to the same quadrilateral t; and E;+1 = op(E;),i = 1,...,m — 1. Given
some point P € E,let Q; € E;,i = 1,..., m be a sequence of points such that: (1)
Q1 = P € E = E|{, (2) Let the four vertices of 7; be labeled as P]’ j=1,...,4
If E; = P} Pi, then Q; = F;,(£§,—1) and P41 = Fy, (&, 1) for some —1 < £ < 1;
If E; = P/ P}, then Q; = Fy;(—1,7n) and Q;41 = F;(1,n) for some —1 <7 < 1,.
We connect Q; Q;11,i = 1,...m — 1 with segments, then we obtain the pass starting
from the point P € E = E| and ending at the point Q = Q,, € E,,, = F € 552.
We denote this pass by Sk, p, see Fig. 4 for a path (depicted by dash line) which starts
from P € E4 and ends at a point Q in the opposite boundary edge F.

Forall E € 5;;1, P € E and for any point Q € Sg, p, we define

9
Ve p(Q) = /Aa—;ds, (4.2)

where the curve?ia C Sk, p is a portion of the path Sg_p which starts from P and
ends at the point P which belongs to the opposite boundary edge F € 5,’1’ 2.
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Vertex-centered finite volume schemes 379

Fort = OP P, P3Py €€ Ty, let Ef, E] € 8,1171 be two boundary edges such that
P1 Py = op(E7]), P1 P4 = op(E}). We notice that for a fixed j € Z,, all the Gauss
points G i€ Z? 4 are situated on the same pass derived from some point Q} € ET.

Similarly, for a fixed i € Z,, all the Gauss points Gi’ I j € Z? 4 are situated on the
same pass derived from some point Ql.2 € E; . Therefore, for all j € Z,,i € Z?,

av . )
/Efj A= Elf,Q}(GiJrl,j) - VEf,Q}(Gi,jﬁ
and foralli € Z,, j € Z(B’
/Ei"j “% = Vi, 02(Gi 1) = Vig 02(G] )
Then, forall v € H(}(Q), wy € V),

anc@w) = > (wnlfy (Vs 01 (Glyy ) = Vigg 01(GT )
(i,))EZIXZ,

+ D Tl (Ve 2 (GE i) = Vi 02(GE )
(i,])€Zy x 70
= ar(Ua wh) + br(v7 wh)a

where the element-wise bilinear form

ar.wn) == > Lwnlf (Vg 01 (G )+ Vi 2(GP ). (43)
(i, J)ELr XLy

and the boundary term

be(v.wn) = 37 (wnlf 1 Vir 01 (GEiy ) = Wil o Vi 01(Gf )
J€Z, '

+ D (wnlh i, Vs 02 (GE) = [wilf o Vi, 02 (GFo)-
i€l

Since the function Vg p is continuous across each internal edge in 7, we have

> be(v.wp) =0.
€Ty

Finally, we obtain

an(v, wp) = D ar(v, wy)
€Ty

with a; (-, -) defined by (4.3).
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4.2 A novel mapping from the trial space to test space

A key step to establish (4.1) is the construction of a novel mapping from the trial space
to the test space.

Let IT be a mapping which maps v, € U; to wy € V, such that the coefficients of
wy, satisfy

25

(gu gj)s VT €Ty, (i, )) €Ly X Zy, 4.4)

where Uy = v, o Fy € Q, forall T € 7, and Aj, j € Z, are the weights of the Gauss
quadrature Z;zl Ajv(g;) for computing the integral f_ll v(x)dx.

We next explain that for a given v;, € U}, (4.4) determine a unique wy, € V. First
if v, =0, thenVt € 7p,, (i, j) € Zy X Zy,

—w!;_; =0.

T _
lwnli ;= wi;+wiy ;- — ij—1

T

—1 ’j
Noticing the fact that w, = 0 on 9£2, we obtain that w; = 0 on the whole domain €.
The uniqueness of IT is proved.

We next explain that there exists a wy, which satisfies all constraints (4.4). Since
(4.4) is a linear system with #G = #7;,r% equations, while the degree of freedom of a
wy is dim V, = #N° = #G — %#g}; + 1, one may doubt if the linear system is over-
determined. The following lemma explains there exists a lot of redundant equations
in (4.4).

Lemma 4.1 Let v, € U}, then for any E; € 8}1’1 and any j € 7", we have

i) =0, 4.5)

> > oo

=1 keZ,

where 11,1 = 1, ...m are quadrilaterals which begin at E; € Efl’l and end at F; =
op(E;) € 5;:2. Consequently, for all E; € 5;;1 and all j € 7" and all wy, € Vp,

DD lwnly ;= Z > AkA, %8 L (gr, 8))- (4.6)

=1 keZ, =1 keZ,

2A
Proof For fixed ! € Z,,, j € Z,, the function gg_l;)f;;(" gj) € Pr_1(—1, 1). Therefore,
by the property of a Gauss quadrature

1 8213,, B v,l 81),1
P 853 ) = / T a)ds = S g) — S L),

@ Springer



Vertex-centered finite volume schemes 381

Now since v, € C(2), we have foralll =1,...,m — 1,
90y, Ay,
1,g)) = —"—(—1,g)).
377( g]) an ( gj)
Therefore,
m 2A ~ ~
8 VUt avr 8”1’
A Lo, gi) = —=(,g;) — L(—-1,g/).
E kagan(gk 8j) o (1, &) o (=1,

Note that E;, F; C 9€, then v, = 0 on E; and F;. That is v, (—1,n7) = 0 =
g, (1, 1), ¥V € (=1, 1). Consequently, (4.5) hold for all E; € 5}1’1 andall j € Z,.
We next show (4.6). Since (wy,), = 0 for all p € N\N°, we have

m
2 2 Lol = ol ;= [walgly ; =0,

=1 keZ,

from which and (4.5), the Eq. (4.6) follows. O

This lemma indicates that equations in (4.4) are linear dependent. Obviously we
have #Eﬁ Iy = %#Sfl’ r equations in (4.6). Moreover, if we choose %#Sfl’ r — 1 equations
of (4.6) hold, the rest 1 equation will hold automatically. In other words, we have
%#5,’1’ r—1linear independent equations in (4.6). Now we remove %#5}2’ r— 1 constraints
from (4.4), we get a linear system with #/° unknowns and #\/° equations. Using the
fact vy, = 0 implies wy = 0, this linear system has a unique solution. The existence
of wy = Ivy, is also proved.

We next show that IT is bounded from the trial space to the test space.

Lemma 4.2 If 7}, is shape regular, then for any v, € U7,
[T ly, < lval, 4.7

where the hidden constant depends only on r.

Proof First, the fact that 7}, is a shape regular mesh yields that
[vrl1,c ~ [0cl1,59, VT € Tp.

Consequently,

2 2 ~ 2
onlt = D lonlf, ~ D 1delf -

€Ty, €Ty

On the other hand, by the definition of the semi-norm | - |21,

(Mval)® = D (Mualp)® = D D ([(Mvale)™.

E€g, teTy E€Epnt
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Therefore, to show (4.7), we only need to show that for all T € 7p,,

> (Mulp)? S 10e07 - (4.8)
Ee& Nt
Noticing g;g; € Q,_1(1), we have
1 82’\
Sy =4, 3 A (gl,gn A [ St s
i€l i€l,
Bvt 00
= (1 gj) Aj%(_lagj)-

Then, by the fact that anhjit,j = [th];i i [l'Ivh];if1 jowe have

81) a0
[Monlf, ; — [MuplEg = r(1 gj) — Aja—;(—l,gn.

Since v, = 0and w, = 0on 3, forall T € 7, j € Z,, we have

Bv
(Mualf g = r( 1, g
Therefore, by the inverse inequality,
. U7 d0;
I[Mvnlg o ;| < Aj | ——C.8)) SAj|—C.g)) .
an L®(—1,1) an L2(—1,1)
Since fori € Z,,
i
(Mo lf,; ;= [MvalE o + D LMvalf
i'=1
32
[nvh]§0,+A,2A 5Edn (80, ),
and by the inverse inequality,
i 2A 2 A
07 V¢ 07V
A ——i" g)| S | 7z (- 8))
E{ “ogan Y aEan " i
2/\
g i o ) j)
85877 Lz(—l,l)
< |12 gp) :
an L2(=1.1)
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foralli e Z?, there holds

Bv,

Ml 1S Ay |5 -Cog) 4.9)

L2(—1,1)

Since f (avr (€,))%dE isa polynomial (w.r.t ) of degree less than 2r — 1, we have

2.4 /( ;& gl)d5 //(—(S 77))2d§dn—HaUT

JEZL,

L2(z0)

Noticing (4.9), we obtain

a0
S A, )2 < H 4 .
ieZ0,jel, L2(z0)
Similarly,
)
Z ([th]f]’i,]’)zg 8_‘[ .
iGZr,jEZ? S Lz(fO)
Consequently,

D Mule)® = D> (Ml )+ > (Twalh, )7 S 10elf -

Ee& Nt i€Z9,jel, i€ly,jeZ?

That is, (4.8) is verified. The inequality (4.7) then follows. O

4.3 Coercivity of bilinear form ay, (-, IT-)

With the help of I, we obtain a bilinear form aj, (-, [1-) which is defined only on the
trial space Z/lg . In this subsection, we show the coercivity of a (-, IT-).
By (4.3), forall v € U},

a; (v, Iv) = I1 + 1.

where
24

d“v
h== 3 MA@ )V )G
(iaj)EZrXZr
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and

25

07V
h=- > AA i3Ear ~(8i.8/) Vs, 02 (G -
(ivj)EZrXZr

We will only estimate the lower bound of /1 since the lower bound of 15 can be obtained
by dual reasoning.
For all j € Z", we denote
32
0;¢) = 2Eon —=, 8)Ver g1 (Fr gj).§ el—-1,1],

and let

Errg’j :/ O;(&)ds — ZA O;(gi)

- i€Zy

be the error of the Gauss quadrature.

Lemma 4.3 Ift € Tj, is an h'7Y -parallelogram, then for sufficiently small h,

Errf; 2 =h|0clt s Vi€ Zr, (4.10)

where the hidden constant is independent of h.
Proof By [10, p98, (2.7.12)], foralli € Zy

22r+1( y)4

1= @ v oianyE @€

E rrg
where £’ € (-1, 1).
We next calculate and estimate (® j)(Zr ). By the Definition (4.2) and the formula
(2.8), we have that for all &y € (—1, 1) and all j € Z,,

f o , 00r o0
VEIT’Q}(FI(EO’gj))ZVElr’Q}_(F,(—l,gj))+[ J ( St ag o€ (ggj)Z f)d§,

and consequently,

d o 00 2 0Vr
dsVErQl(F(S g]))—_( Ségj 9E (53/) 17).

Then by the Leibnitz formula and noticing that the function g;—gz (-, gj) is apolynomial
of degree r — 1, we have

O E) =+ D+ T
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where

_ (réj)z G
a=al,7 )5 (G o)

P 2r \ G 0, , 9,
2__“(r—1) VAT & g)) PEZT ¢ 8/,

2r \ o', ® 90 0.\
Ja=a( )888 &, ,)Z(Jr) (—sg,gngr(ggj)z ) &)

r—2 k25 Q2r—k—1)
a T a r T, avl’ /
+k_0( ) o é)( ( g “ré})zﬁ)) ©

The fact that J; , > 0 and (2.5) yield that J; > 0 for sufficiently small /2. Conse-
quently, when #4 is sufficiently small,

2

J1=0.

On the other hand, smcesS -is linear with respectto &, (SS ])’ = (ﬁ2 £ 3(1+g’ )( )

O(h%ﬂ/), by the inverse inequality
NARYAEH .

Next we estimate /3. We observe that 73 is a summation of a finite number of terms
which can be represented as

! (O]
ghitly sz’j ® glatly N (S])Z ghatly
a——" 1 =2
agkian Jr dgkatl Jr agk2an

forsome 1 <1 <2r,0 <k;, <2r,i =1, 2.Recall that J; is linear with respect to &,
T =Jpe=O0:7). Foralll > 1,

U H0 = =T = 0mE ).

On the other hand, (rgr ’})2 is a constant with respect to &, (r )2 O(hz) s
linear with respect to &, sg’j = 0O, (sgyj)/ = O(h%ﬁ’). Therefore foralll > 1, we

always have
T \® O
i) < 7 g J) <.
J‘[ ~ T J‘[ ~ T
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Again by the inverse inequality, we have
A2
FARY AL,
Consequently,
2 N
O (&) 2 —h![i: 3 .-
The proof of (4.10) is completed. O

We are now ready to bound ay (-, -) from below.

Lemma 4.4 If v € Ty, is a shape regular h'*Y -parallelogram, then when h is suffi-
ciently small,
az (vp, Ty) 2 Cloplf, + bdy,, 4.11)

where C > 0 depends only on the minimal angle 0y, the parameters y and r, and

bdy, = > Ajbdy, | ;+ D Aibdy,, ;.
JELy icZ,

with
9D, 90y
bdyr,]’j = W(_lv gj)VEf,gj(F‘[(_la g])) - W(lv gj)VEf,gj(Fr(]’ g]))9

and

90,
(gi’ l)VEé,gi(F‘E(gh 1))

v
bdy.,; = a—nt(gi, —DVEz g (Fe(gi, —1) — o

Proof By (4.10), there exists a positive constant C such that

1
h=-3 A,,'/1 O (€)dE — C17 vf2 .

J€Zy

Using the integration by parts, we have

1 1
—/l®j(é)d$ =/] (&, gj)dE +bdy, y ;,

where

30, [« 90, L 00
q) , —- I A T, 2_ .
16, m) o (Jf( S 3¢ + (rg’y) o
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Then

1
I z/ ST A01E gdE+ > Abdy, ; — CHY uall .

= JEZL,
By the same arguments in Lemma 4.3, we obtain that for any fixed £ € [—1, 1],

1
‘/lq’l(s,mdn— D AOIE g SH vl .

JELy

Consequently,

I > / P1(E.mdedn + 3 Ajbdy, 1 — ChY o] .
Ky =

By dual reasoning, we have

L= / Or(E, mdsdn+ > Abdy, o, — CLiY o,
o i€Zy

where
31% o 3ﬁf 22861
D) = — (— (=sI, —= + +TH2=L) ).
260 = 5 (J( gy T UL 5
Therefore, we have
ar oy, Tlup) > / (®1(&. 1) + ®2(&, n)dédn + by, — ChY oy 2 .
0
Note that
or.m + s = 2 (0rh? (L) 4 orae (L) g, L 2
) ) = 5 r ~ r - — 4§ —_— 1.
1451 285. 1 J- &n an & A& & AE an
By (2.7) and Cauchy—Schwartz inequality, we have
/ 2 ded <cos9/ ("‘)2(8’%):(”2)2(8{”)2 ded
n = 0 r r —_— .
o o\ o) e g !

Therefore,

o .1.2 3131 2 .22 8131 2
P1(&.m) + ®2(6.m) = (1= cosb) - (rg,',p( ) +072) ( ) .

_ 90, 99,
S — —
&.n AE On

an &
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Note that r;’,;, rg,? = O(hy), J; = O(h2), and @ > ap. Moreover, we have the

equivalence |0z |1,¢, ~ |vn|1,c. Therefore there exists a constant C, > 0 such that
2 2
ar(vp, Mup) > Calvply ; +bdy, —2C1AY Juply ..

When £ is sufficiently small, the estimate (4.11) is valid. O
Finally, we are ready to state and show the coercivity of a, (-, IT-).
Theorem 4.5 Let T;, be a shape regular h'*Y parallelogram, then

an(vp, o) = |upl?, Yo, e U], 4.12)

Proof The facts that v, and Vg p,VE € 55 ’1, P € E are continuous across each
internal edge E € &, and that v, = 0 on the boundary 92 implies that

> bdy; =0.

=

Then (4.12) is a direct consequence of local estimates (4.11). O

4.4 Inf-sup property

Summarizing the above two lemmas, we obtain the following inf—sup property.

Theorem 4.6 Let T}, be a shape regular h'tY |y > 0 quadrilateral mesh and suppose
the coefficient a is piecewise continuous with respect to Tp,. Then (4.1) holds when the
meshsize h is sufficiently small.

Proof When « is piecewise constant, by (4.12) and (4.7), for any vy, € Z/{Z,

ap(vp, wp) - an(vp, Mvp) o |?
lwal, = [Togl, 7~ Mg,

2 vt
wpeV),

The inf—sup condition (4.1) is proved. Furthermore, an argument in the beginning of
this section guarantee that (4.1) holds also for general piecewise continuous coefficient
o with respect to the underlying mesh. O

Remark 4.7 Let us reiterate the essential idea in establishing the inf—sup condition,
the construction of the special mapping from the trail space to the test space is the key.
Recall that the trial space is the same as the standard finite element method, which
contains globally continuous piecewise polynomials. On the other hand, the test space
contains globally discontinuous piecewise constants with much more “pieces” on the
dual mesh. The feasibility of the mapping between the two spaces can be seen from
the counting of total degrees of freedom. We examine the simplest case, the Poisson
equation (¢ = 0) with zero Dirichlet boundary condition and 7, is the n x n square
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partition of the unit square [0, 172. For bilinear element, the dimension of the trial
space is (n — 1)?, while the piecewise constants in the test space has exactly (n — 1)?
non-zero pieces on the dual mesh. For biquadratic element, the dimension of the trial
space is (2n — 1)2. By our construction, non-zero constant pieces are those between
four adjacent Gaussian points that form a square. In each of the horizontal and vertical
directions, there are 2n Gaussian points and 2n — 1 intervals between them, and hence
there are (2n — 1) squares between Gaussian points so that the test space has exactly
(2n — 1)? non-zero pieces on the dual mesh. The counting can be easily extended to
r-degree tensor product space with both trial and test space have the same dimension
(rn—1)2. As for a general domain which can be partitioned by general quadrilaterals, a
careful examination of the topological structure is needed. Nevertheless, the degrees of
freedom for trial and test spaces are still the same, which guarantees the the existence of
the aforementioned mapping even though the construction of such a mapping requires
more delicate analysis as we have done in this work.

5 Numerical results

In this section, we present two numerical examples to validate our theoretical findings.

Example I We consider the problem (3.1), (3.2) withe = 1 and Q = [0, 11%. We
choose the right-hand-side function

flx,y) = [(57'[2 —4x? — 3)sin(2mx) sin(wry) — 8w x sin(wy) cos(2mx)

“25 cos(ry) sinRrx)]e T, (x, y) € [0, 112
which allows the exact solution
u(x,y) = sin(2mwx) sin(rry)ex2+y, (x,y) €0, 17%.
We use FV schemes (3.5) with r = 1, 2, 3, 4 to compute FVM approximate solu-
tions of u. The partition 7 = 7;,, k = 1,...,6, are obtained by first uniformly

refining the unite square [0, 1]> and then adding some lines to obtain associated trape-
zoidal meshes, see Fig. 5 for an example of trapezoidal mesh.

Fig. 5 A trapezoidal mesh

@ Springer



390 Z.Zhang, Q. Zou

Table 1 Error and convergence order for the problem with a sufficiently smooth function

N r=1 r=2 r=3 r=4
Error C.0. Error C. 0. Error C. 0. Error C. 0.
5.0e—01 - 5.1e—2 - 3.4e—03 - 1.7e—04 -
2.5e—01 1.0015 1.3e—2 2.0004 4.2e—04 2.9970 1.0e—05 3.9960
1.3e—01 1.0004 3.2e-3 2.0002 5.3e—05 2.9993 6.5e—07 3.9990

16 6.3e—02 1.0001 8.0e—4 2.0001 6.6e—06 2.9999 4.1e—08 3.9997
32 3.1e—02 1.0000 2.0e—4 2.0000 8.3e—07 3.0000 2.6e—09 3.9986
64 1.6e—02 1.0000 5.0e—5 2.0000 1.0e—07 3.0000 1.9e—10 3.9972

We present our numerical results in Table 1. In this table, r indicates the polynomial
order, N = hk_l =2k k =1, ..., 6indicates the number of partition along the x — and
y— directions. The “Error” indicates the computed H I semi-norm error |u — uy, !
where uj,; is the finite volume solution in the space U}fk and “C.O.” indicates the

computed convergence order of the H! semi-norm error. We observe that |« — u g
decays with the optimal convergence order /2 which supports our theory (3.11).

Example 2 We consider the problem (3.1), (3.2) with @ = [0, 112 which admits a

unique solution

(1—x)+y(1—y)_3§: 1
4 w3 =2+ 131+ e GitDT)

X
u(x,y) =

[(emCitDry 4 o= @+DTA=¥)y in(2i + D)rx
+(e—(2i+1)7rx +e—(2i+l)7‘[(1—x)) Sln(zl + 1)7Ty]

One can verify that —Au = 1 in Q. However, in this numerical experiment, we choose
the non-constant coefficient as

1 x <y
a(x,y)—[1+x_y x>y
which is continuous but not globally smooth in 2. Correspondingly, the right-hand-
side function is given by

( L x <y
flx.y)= 1+x—y+g—$—g—z, x> y.

We use FV schemes (3.5) with r = 1, 2, 3, 4 to compute FVM approximate solu-
tions of u. The partition 7y = 7p,,, k = 1, ..., 7, are quadrilateral meshes which are
obtained by giving the corresponding rectangular meshes a small random perturbation.
Specifically, the node coordinates of a point (x;;, y;;) of the quadrilateral mesh 7 are

@ Springer



Vertex-centered finite volume schemes 391

Fig. 6 A rectangular mesh with 1 : : T
small random perturbation
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Table 2 Error and convergence for the problem with a singular solution
N r=1 r=2 r=3 r=4
Error C.0. Error C.0. Error C.0. Error C.0.
5.6e—02 - 5.1e—02 - 9.1e—04 - 2.2e—04 -
4 2.8e—02 0.9871 1.5e—03 1.7733 2.2e—04 2.0223 5.4e—05 1.9981

1.4e—02 0.9961 4.2e—04 1.8298 5.6e—05 2.0053 1.4e—05 1.9999
16 7.2e—03 0.9989 1.2e—04 1.8628 1.4e—05 2.0013 3.4e—06 2.0000
32 3.6e—03 0.9997 3.1e—05 1.8848 3.5e—06 2.0003 8.5e—07 2.0000
64 1.8e—03 0.9999 8.4e—06 1.9007 8.7e—07 2.0001 2.1e—07 2.0000
128 8.9e—04 1.0000 2.2e—06 1.9128 2.2e—07 2.0000 5.3e—08 2.0000

given by
Xij = —|— 0. lN sin (%) sin (%) randn(),
Vij = —|— 0. lM sin (%) sin (%) randn(),
0 S l? ] S N’
where N = 2", k=1,...,7and randn () is a built-in random number generator

that usually produces a uniformly distributed random number in (0, 1). Notice that the
random quadrilateral meshes used in 7 are not nested as k increases from 1 to 8 since
for each run, the random numbers are different. What we know is that the maximal
distortion in the meshes is about 20 % of the uniform mesh size & = 1/M. Depicted
in Fig. 6 is the grid 7.

The numerical results are demonstrated in Table 2. We observe that when r = 1,
the error |u — uy, |1 decays with the optimal convergence order r, even here the
coefficient o is nonsmooth and the underlying mesh has been randomly perturbed.
However, when r = 2, 3, 4, the error decay order is of about 2. Note that this does Not
violate (3.11), since here the exact solution u has singularities in the four corners of
Q and thus it only belongs to H3~¢ with an arbitrary small €. Moreover, we find that
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similar phenomena happen when we use corresponding FEM methods to compute
the same problem. How to construct optimal order FV schemes based on adaptive
(non-uniform) mesh for singular problems is our next on-going project.

6 Conclusions and future works

The design and analysis of high-order FV schemes are challenging tasks. In this
paper, we constructed a family of any order FV schemes based on the Gauss points.
Using a novel mapping from the trial to test space, we provide a unified proof for
the optimal-convergence-order property of our FV schemes. Moreover, to prove this
optimal-convergence-order property, we only require a very relaxed mesh condition
which is similar to that in finite element methods.

It is obvious that we can use the same idea to construct FV schemes for 3D elliptic
problems, and some other problems such as nonlinear problems. In fact, we have
constructed and tested numerically some 3D FV schemes for some simple examples.
From our numerical experiments, the 3D FV schemes also have optimal convergence
order. However, since the traditional tensor-product argument is difficult to be applied
to the arguments in the analysis of the current paper, the analysis of corresponding 3D
FV schemes will be a challenging task and it is one of our on-going project.
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