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Abstract We consider the guaranteed a posteriori estimates for the inverse parabolic
operators with homogeneous initial-boundary conditions. Our estimation technique
uses a full-discrete numerical scheme, which is based on the Galerkin method with an
interpolation in time by using the fundamental solution for semidiscretization in space.
In our technique, the constructive a priori error estimates for a full discretization of
solutions for the heat equation play an essential role. Combining these estimates with an
argument for the discretized inverse operator and a contraction property of the Newton-
type formulation, we derive an a posteriori estimate of the norm for the infinite-
dimensional operator. In numerical examples, we show that the proposed method
should be more efficient than the existing method. Moreover, as an application, we give
some prototype results for numerical verification of solutions of nonlinear parabolic
problems, which confirm the actual usefulness of our technique.
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680 T. Kinoshita et al.

1 Introduction

Setting % = 3% —VvA+b-V+ec, for f e LZ(J; LZ(Q)), consider the following

linear parabolic partial differential equations (PDEs) with homogeneous initial and
boundary conditions:

Lu = f, inQxJ, (1a)
u(x,t) =0, ondQxJ, (1b)
u(x,0) =0, inQ, (1c)

where 2 C RY, (d € {(1,2,3)}) is a bounded polygonal or polyhedral domain,
J = (0,T) C R, (T < o0) is a bounded interval, v is a positive constant,
b € L°°(J; L“(.Q))d, and ¢ € LOO(J; L°°(.Q)). As is well known, for any
f € LZ(J; LZ(Q)), there exists a unique weak solution u € LZ(J; HOl (Q)) to the
problem (1). Denoting the solution operator of (1) by .,2”,_1, it is a bounded linear
operator from L?(J; L*(£2)) to L*(J; Hj (£2)).

The main aim of this paper is to obtain the concrete value C; 2,2 ;24 > 0 satisfying
the following estimates:

|| Crazzp2m)- ®

<
2 (L2 122)). L2 HY (@) —
The constant C2;2 ;2 H] plays an important role in the verification of solutions for
the initial-boundary-value problems for the nonlinear parabolic PDEs, and we usually
need to estimate it as small as possible. The concrete value Cp2;> 2y > 0 satisfying
(2) can be calculated by the Gronwall inequality or other theoretical considerations
(e.g., [16]), which we call the “a priori estimates.” However, in general, C,» 12.12H]
obtained by such a priori estimates is exponentially dependent on the length of the
time interval J unless the corresponding elliptic part of the operator .%; is coercive
[4,5]. Thus a priori estimates often lead to an overestimate for the norm of ,,2”,71,
which yields worse results for some purposes.

In order to overcome this difficulty, we proposed a method to calculate Cj ;2 ;2 X
by numerical computation with guaranteed accuracy in [10], which we called “a pos-
teriori estimates.” The method is based on combining the a priori error estimates
for a semidiscretization with the a priori estimates for the ordinary differential equa-
tions (ODEs) in time. It has proven to be more efficient than the existing a priori
method; some numerical examples show that this a posteriori method can remove the
exponential dependency on the time interval J. However, it has a very large computa-
tional cost, because the semidiscretization of (1) causes stiff ODEs that require a very
small step size. Also, it is not clear what time-space ratio to use in the discretization
process.

In this paper, we propose a new a posteriori method with a fully discretized Newton-
type operator, which uses the Galerkin approximation in the space direction and the
Lagrange-type interpolation in the time direction. In the case of the simple heat equa-
tions, some fundamental properties (e.g., the stability and a priori error estimates)
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On the a posteriori estimates for inverse 681

for this full-discretization scheme have already been obtained in [11]. In the desired

estimation of the inverse operator norm H .Zt_l H , the matrix
L(L2(J;L2(2)),L2(J; Hy (£2)))

norm estimates corresponding to the discretized inverse operator and the constructive
error analysis for the simple heat equations are important and essential. By construc-
tive analysis, we can also guess an appropriate time-space ratio prior to the actual
computation. Moreover, by using numerical examples, we will show that the pro-
posed method succeeds in obtaining a posteriori estimates with less computational
cost than the previous method in [10]. This means that the present method is very
robust compared with the previous one.

The contents of this paper are as follows: In Sect. 2, we introduce some function
spaces, operators, and other notation. In Sect. 3, we introduce the results of stability and
a priori error estimates for the full-discretization scheme for the simple heat equations,
which were obtained in [11]. In Sect. 4, we consider the approximate quasi-Newton
operator that corresponds to the full-discretization scheme for problem (1). In Sect.
5, we derive the new a posteriori estimates of (2) by combining the results in Sect. 3
with the property of the approximate quasi-Newton operator defined in the previous
section. In Sect. 6, we compare the computed values for C;2;2 ;2 H] by three methods,
namely, the a priori method, the a posteriori estimates in [10], and the new a posteriori
method obtained in Sect. 5. In this section we also show some prototype results of the
numerical enclosure of solutions for nonlinear parabolic problems as an application
of our method.

2 Notation

In this section, we introduce some function spaces, operators, and other notation.
Let L?(£2) and H'(£2) be the usual Lebesgue and Sobolev spaces on £2, respec-
tively, and define the natural inner product of u, v in L?(2) by (u, v) 2 =
Jo u(x)v(x)dx. Also, let Hj(£2) be a Sobolev space defined by H}(£2) :=
{ue H'(£2); u=00n32} with inner product (u, Vi) = Vit Vo) p2gy.
We will sometimes refer to the following Sobolev inequality on HOl (£2). Namely, for
a suitable constant p > 1, which is dependent on the dimension of §2, there exists a
constant Cy, ;, > 0 such that

lullLo@y < Cop lull gy, Vu € Hy (). 3)

When p = 2, (3) is called the Poincaré inequality.

Let A : L*(2) — L%(£2) be the Laplace operator that is self-adjoint on the
domain D(A) := {u € Hyj(2); Au € L*(22)}. Let V!(J) be a subspace of H'(J)
defined by Vi = {u e H'(J); u(0) = 0}. Then, V!(J) is a Hilbert space
with inner product (u, v)yi1 () = (u’ v ) 23 The time-dependent Lebesgue space
L? (J ; Lz(.Q)) is defined as a space of square-integrable L2 (£2)-valued functions on J.
Then, L2(J; LZ(Q)) is a Hilbert space with inner product (u,v);2s.12(0)) =
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682 T. Kinoshita et al.

[, [ou(x, Hv(x, t) dxdt. We denote the function space L*(J; L*(£2)) as L>L?, for
short. Let Lz(J; HO1 (SZ)) be a subspace of L2L? defined by

125 HY(2) = {w e 217 Vue 12(7: L2@)", w0 =0 on 92, ae.re ).

Then, L?H} = L?(J; H} (£2)) is a Hilbert space with inner product (u, V) op) =
(Vu, Vu) 212y Let vl (J; LZ(Q)) be a subspace of L2L? defined by

v L22) = [u e L*(J; L*(2)); g—f € L*(J; L*(22)), u(-,0)=0 in LZ(Q)].

Then, V!L? = V!(J; L?(£2)) is a Hilbert space with inner product (u, v)yi,2 :=
(%—?, g—;’)Lsz. We define the Hilbert space V := V!L? N L2HO1 with inner prod-
uct (u, v)y = (u,v)y12 + (4, U)LzHol = (‘3—’;, g—‘;)Lsz + (Vu, Vv)(Lsz)d. More-

over, we define the partial differential operator A; : L?L?> — L?L? by A, :=
2 —vA on the domain D(4,) := V'L2 N L%(J; D(A)). Then, the inverse of
A; exists (e.g., [3]), and we denote it by Afl € Z(L*L?). Notably, the range
of A,_l satisfies R(At_l) = D(4A;). From the compactness of the embedding
I, : D(A;) — L2H(}, the bounded linear operator IeA,_1 € Z(LZLZ, L2H01) is also
compact.

Let Sy, (£2) be a finite-dimensional subspace of HO1 (£2) dependent on the discretiza-
tion parameter i. For example, S;,(£2) is considered to be a finite element space
with mesh size h. Let n be the number of degrees of freedom of Sj(£2), and let
{oi }Ll C HO1 (£2) be the basis functions of S;(§2). Moreover, we denote a vector
of the basis functions of S;(£2) by ¢ := (¢1, ..., d)n)T. We also assume the inverse
estimates on Sy, (£2) like as follows:

Assumption 2.1 There exists a positive constant Ciyy (h) satisfying
llun ”Hol(Q) < Ciny(h) [lup ||L2(.Q) , Vup € Sp(82). 4)

For example, if §2 is a bounded open interval in R, and S;,(§2) is the P1 finite
element space, then Assumption 2.1 is realized with Cipy(h) = %’ where hpmin 1S
the minimum mesh size in the division of £2 (see e.g., [15, Theorem 1.5]).

Let Phl : H(} (£2) — Sp(£2) be an HO1 -projection. Namely, for an arbitrary element

u e H(} (£2), Phlu € S5, (£2) satisfies the following variational equation:

(V(u — P, vU,,)Lz(md =0, Vo, € S)(2). (5)

We need the following assumptions as the a priori error estimates for Phl.
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On the a posteriori estimates for inverse 683

Assumption 2.2 There exists a positive constant Cg (h) satisfying
<Cqh) A , Yue D(D), 6
iy = Ca I1Buliz@) . Ve D) (©)

., Vu e Hj(82). (7)

Hu—Phlu‘ )ng(h) Hu—PhluH

L2(2 H}(£2)

For example, if £2 is a bounded open interval in R, and Sj,(£2) is the P1 finite
element space, then Assumption 2.2 is realized as C (h) = %, where / is the mesh
size (see e.g., [1,7]).

Let Vk1 (J) be a finite-dimensional subspace of V! (J) dependent on the discretiza-
tion parameter k. For example, Vk1 (J) is considered to be a finite element space with
mesh size (time step size) k. Let m be the number of degrees of freedom for Vkl J),
and let {y;}" | C V1(J) be the basis functions of Vk1 (J). Moreover, we denote a
vector of the basis functions of Vk1 Dby =W, ..., I[/m)T.

We assume that [T, : Vi(J) — Vkl(J ) is a Lagrange interpolation operator.
Namely, if the mesh points on J are takenas 0 = #tp < t; < --- < t, = T, for
any element u € V! (J), Mu € Vkl(J) satisfies

u(ty) = (M) (@), Vie{l,...,m). ®)

We need the following assumption as the a priori error estimate for ITy.

Assumption 2.3 There exists a positive constant C j (k) satisfying
e = Ml p2gy < CrG) lullyrey, Yu € VD). ©)

For example, if Vk1 (J) is the P1 finite element space, then Assumption 2.3 is realized
by C; (k) = % (see e.g., [15, Theorem 2.4]).

Let V!(J; S5(£2)) and V;!(J; Sp(£2)) be the semidiscretization and the full-
discretization subspaces of V, respectively. We now define the semidiscretization
operator P, : V — V! (J; Sh (.Q)) by the following weak form for any u € V

0
(a—(u — P o), vh) 0 (V= P)(0), V) e = O,
t LZ(Q)

Yo, € Sp(£2), ae. t e J. (10)

Then the full-discretization operator Py : V — V,!(J; S, (£2)) is defined as the
composition of P, and [T, that is, by Py,  := IT; Pj.

3 Constructive a priori error estimates
In this section, we introduce some results for the stability of, and a priori error estimates

for, the full-discretization operator Py, . Since the results of this section are given in
[11], we omit the proofs.
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684 T. Kinoshita et al.

Theorem 3.1 ([11, Lemma 5.3 & Theorem 5.4]) Under Assumption 2.1 and Assump-
tion 2.3, the following constructive a priori estimate holds,

. Vue D(A).
L2L?
(11)

Cs2 du
|| Ph’kuHLz(];HOl(Q)) = (% + Clnv(h)C](k)) H E — vAu

Moreover, if Vk1 (J) is the P1 finite element space then we have the following estimates:

. YueD().  (12)
L2(7:22(9))

du
|| PhqkuHVI(j;Lz(.Q)) <2 HE —vAu

Since the full-discretization scheme proposed in [6,9] has no V!'L? stability, we
can say that the present full-discretized approximation has better properties, in an
analytical and practical sense.

Finally, we introduce the constructive a priori error estimates for Pj .

Theorem 3.2 ([11, Theorem 5.5 & Theorem 5.6]) Under the assumptions 2.1- 2.3,
we have the following constructive a priori error estimates:

Ju — Ph,kuHLz(J;H&(m) < Cy(hk) |8 - vAu”Lz(J;LZ(Q)) ., Yue Dy,
(13)

Ju — Ph,ku”Lz(];Lz(Q)) < Co(h, k) || %« — vAu”Lz(J;LZ(Q)) ., Vu e D(A),
(14)

where Ci(h, k) := 2Cq(h) + Ciny(h)C; (k) and Co(h, k) = 3Co(h)* + C; (k).

4 Discretized quasi-Newton scheme

In this section, we consider a full-discretized approximation scheme for solutions of
(1) by using a quasi-Newton operator. Since the full-discretization scheme in this
paper uses interpolation in time, its computational method is somewhat complicated.
However, it enables us to get an efficient and accurate estimation of the inverse operator
norm in (2), as well as the verified computation of solutions to nonlinear problems.
We first describe an easy, but an important operation of matrix-vector multiplication.

Definition 4.1 Let M be an m-by-m, matrix. Then, we define the mm, vector
vec (M) as follows:

T
VeC(M) = (Ml,l’M1,27-~'9M1,m2’M2,17°"9Mm1,m2) . (15)

We call this transformation a “row-major matrix-vector transformation”.
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On the a posteriori estimates for inverse 685

Definition 4.2 Let M be an m-by-m, matrix. Then, we define the block diagonal
matrix (I, ® M) as follows:

M. 0
I @M):=| - 1. (16)
0.---M
—— ——

Here, I, is the n-by-n identity matrix, and the operator ® denotes the Kronecker
product.

From these definitions, we have the following lemma.

Lemma 4.3 For an arbitrary n-by-m matrix M and m-dimensional vector x, the
following equality holds:

Mx = (1n ®xT) vec (M) . (17)

Proof The elements of M x are calculated by

My - My X1 My ix1+ -+ MymXm
me={ oo || ] = ;
Mn,l Mn,m Xm Mn,lxl + -+ Mn,mxm

On the other hand, the elements of (1, ® x”) vec (M) are calculated by

xT 0 M Miixi+ -+ My mxm
(I,,®xT)vec(M)= SRR | = :
0 - xT My m My 1x1 + -+ My mXm
Therefore, the corresponding components coincide with each other. O

Next, we consider the quasi-Newton operator of (1) and its full-discretization. Let
A be an integral operator defined by A := —I,A; (b -V +¢) : L>(J; H} () —
L? (J; HOl (.Q)). Since the domain of A; is D(4;), denoting the range of A by R(A),
it holds that R(A) C D(A;) = VL2 N L>D(A). Then, the differential operator of
the left-hand side of (1a) can be represented as .£; = A,(I — A), where I denotes
the identity operator on D(A;). We define the quasi-Newton operator as the inverse
of I — A,ie, (I — A" : L’H} — L*H_.

We now define the symmetric and positive definite matrices Ly and Dy € R"*" by

L¢,i,j = (¢], ¢i)L2(.Q) ) D¢,i,j = (V¢]a V¢i)L2(Q)d ’ Vl,J € {15 e n}
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Let L;/ % and Dé/ % be the Cholesky factors of Ly and Dy, respectively, i.e., the fol-

lowing equalities hold

1/2
¢

T/2
¢ ’

1/2
¢

T/2

Ly=L}"L Dy = Dy*Dy"”,

where L;/ 2 and Dqlb/ 2 are lower triangular matrices, and Lg/ 2 and Dg/ 2 are those

matrices transposed. Let Ly, € R"*™ be the symmetric and positive-definite matrix
whose elements are defined by Ly ; j := (1//j, 1//5)L2(J). We define Zy € L>(J)"*"
as the matrix function on J whose elements are defined by

Zpij = (b-V)p; + ). i) 2y Viri€ll,....n).

Foranyi € {1, ..., m}, we define the matrices Gg?w € R and (~}¢,,/, € Rrmxnm
by
~(1
P N So.u
Gy, :=/exp ((s —ti)vL(I_)qu;) L' Zy(s) (In ®w(s)T) ds, Goy=| :
0 ~(m)
Goy
(18)

Moreover, we define Gy y € R as Gy y = Iy — Gy
We obtain the Theorem 4.4 as a full-discretization scheme of the quasi-Newton
operator.

Theorem 4.4 Let Vk1 (J) be a finite element space constituted by the Lagrange ele-
ments. For a function fj, € Vk1 (J; Sh(.Q)), letup i € Vk1 (J; Sh(.Q)) be a solution
of the following equation

unk — PoxAupk = frk. (19)

Then, the unique existence of a solution uy, i of (19) is equivalent to the nonsingularity
of Gy

Proof First, we consider Pj xAuy ;. For an arbitrary uj x € Vk1 (J; Sk(.Q)), there
exists a matrix U € R such that uj x(x, t) = (P(X)TUI[/(Z). Let wy, :== PpAup .
Similarly, from wj, € Vi (J; Sh (.Q)), there exists a vector function ro € V!(J)" such
that

wi(x, 1) = ¢(0) (1) = D ¢i (x)w; (1).

i=1
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For each v, € §;,(£2), and almost everywhere ¢ € J, from the definition of Py and the
operator A, we have

owy,
(—(I), Uh) + v (Vwy (), Vo) 12(o)d
Bt LZ(Q)

ot
= (b - V) (t) + cOup (), vh) g, - (20)

0Aup
= (1), vn +v (VAup (1), VUn) 12y -
L2($2)

From the arbitrariness of v, € S;,(£2), the variational equation (20) is equivalent to
the following system of first-order linear ODEs with homogeneous initial conditions

d
(L¢E + UD¢) w=ZyUy. 2n

Since (21) is an initial-value problem for an ODE system with constant coefficients,
by using its fundamental matrix, tv can be presented as

t

() = /exp ((s - t)vL;ID(p) L, Zy()Up(s) ds (22)

0
t

- /exp ((s _ t)qu;‘D¢) Ly Zy(s) (In ® w(s)T) ds | vec (U), (23)
0

where we have used (17) to make the deformation from (22) to (23). And, from (18),
we have

(i) = Gy vee (U) € R", Vi€ {l,....m}. (24)

Thus, from (23), we obtain the following relation between U and tv:

(m(tl)T, o m(tm)T)T = Gy yvec(U).

Now, we prove that if (19) is solvable for each f; 1 € Vk1 (J; Sh(.Q)), then Gy y
is nonsingular. For an f;; € Vk] (J ; Sh(.Q)), we denote the solution of (19) as
upk € V;'(J; Sy(82)). From the fact that fj, x € V! Sy, there exists an F € R"™"
such that fj, x(x,1) = ¢ (x)T Fy(t). Note that, for any nodal points #;, we have
(PrnxAupi)(x,t;) = (Mrwp)(x, 1) = ¢ (x) ro(t;) by the definition of IT;. There-
fore, from (19) and (24), we have

upi(x, ) — for(x, t) = (PprAupp)(x, 1), Vx €82, Viell,...,m},
= (ITxwn)(x, 1;),
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688 T. Kinoshita et al.

which implies

d)T(U - F)yy() = ¢(x) o)
=p(0)"GY),vee (U). (25)

Since we assume that Vkl (J) is the finite element space constituted by the Lagrange
elements, ¥ (t;) = J; ; is satisfied, where § ; ; denotes the Kronecker delta. Therefore,
we get

Ui —Fia- U — Fim\ [¥1) Uri— Fi,
-y = i . =
Un,l - Fn,l te Un,m - Fn,m wm(ti) Un,i - Fn,i

From the arbitrariness of x and i, the variational equation (25) is equivalent to the
following simultaneous linear equations:

vec (U — F) = (~?¢,,/,Vec ).

Namely, we have
(Inm — (~;¢,¢) vec (U) = vec (F).

Therefore, from the arbitrariness of f x, the nonsingularity of I, — deﬁ follows.
The converse of this proposition is easily obtained by reversing the discussion. O

When we apply the proposed a posteriori estimates, it is necessary to confirm that
G4,y is nonsingular, which will be able to verify by validated computations such as
[14]. Therefore, in what follows, we always assume the nonsingularity of G . More-

over, we define the linear operator [/ — A];}( V(T Sn(2)) — V(T Sn(52)) by
the solution of (19). We call this operator a “fully discretized quasi-Newton operator”.

5 A posteriori estimates

In this section, we derive a new a posteriori estimate to obtain C;2;> ;> > which
satisfies (2) by using the fully discretized quasi-Newton operator.

First, we describe a method to calculate the norm of the elements in the full-
discretization space. Let Ky y be a matrix in R""*"" defined by

Dg1,1Ly -+ Dg1,nLy
Ky =Dy ® Ly = : : . (26)
Dy niLy -+ DgnnLy

From the symmetric positive definiteness of Dy and Ly, it is readily seen that Ky
is also symmetric positive definite. Therefore, Ky y is Cholesky decomposable such
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that Ky o = Kdl)/; K(Z/é Similarly, we define the matrix Ly y in R"">"" as Ly y =
Ly ® Ly.

Lemma 5.1 For an element ujp ; € Vkl(J; Sh(.Q)), taking U € R"™™ such that
upx = ¢T U, then the following equalities hold

o2 12y) = | g vee @] 27)
lewn il 2 5.3 ) = K5 pvee ). (28)

where | - | denotes the Euclidean norm of a vector.

Proof Since the proofs of (27) and (28) are almost the same, we will prove only (27).
From (17), we have

“”h,k”iz(l;U(g)) = / / v UTe)p ) U (1) dxdr
J 2

= / / vee )T (1 @ )" ¢ @@ (In @ Y1) ) vee (U) dxdr
J 2

= vec (U)T / (In @y Ly (1,, ® w(r)T) dt vec (U)
J

Loy OO - Ly 1 av ¥ )T

= vec (U)T dt vec (U)

J \Lpn 1Oy - Ly a0
Lo 1Ly - Loy

= vec (U)T : - : vec (U)

LoniLy -+ LynnLy
T
= (L(/T)’/jjvec (U)) (L;{ivec (U)) ,
which proves equation (27). O

Let My y(h,k) be a nonnegative constant defined by My y(h,k) =

T)2 1 4—T)2
H Koy GouKey

orem for My  holds.

. where || - ||, denotes the matrix two-norm. The following the-

Theorem 5.2 It holds that

|17 = ATk fui]

1
LZ(J;HOI(.Q)) < Mq&)\ﬂ ” fh’kHLz(J;HOl(Q)) s th,k S Vk Sh- (29)

Proof For any fu i € Vleh, we set upx = [I — A];}(fh,k € Vleh. Since fh «
and up ; are the elements of Vk1 (J 3 Sh (.{2)), there exist matrices F and U in R"*™
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690 T. Kinoshita et al.

such that fj, x = ¢T Fy and Up g = ¢ U, respectively. Moreover, from the proof
of Theorem 4.4, it follows that vec (U) = Gd_)ll',fvec (F). Therefore, we have the
following estimates

||uh,k ”iz (J;Hol(_q)) = vec (U)T Ky yvec (U)

T)2 T T2 21 T2 T)2
- (Kd)’/wvec (U)) (K(b’/wG(ﬁ,leW/ ) (K¢,/wvec(F))

T/2 ~—1 -T/2
< ||uh’k“L2(J;H01(Q)) HK¢»‘/fG¢"//K¢"// H2 ”fh,k ||L2(J;H(}(.Q)) .

This completes the proof. O
Let %0 and ) be the nonnegative constants defined by

CS,Z
%

Co =My y ( + Cinv(h)CJ(k)) . G = |bllpeope + Csa el pope

respectively. Moreover, we define the constant «  as follows:

_ bl oo (14 60C1)Cr(h, k) + G061 Cohs k) llel Lo

, (30)
1 —Co(h, k) llcll oo oo
provided that 1 — Co(h, k) |[c|| poopo0 7 O.
Theorem 5.3 Assume that
0<kgy <1 (3D

Then under the same assumptions as in Theorem 3.2, we have the following construc-
tive a posteriori estimates

- 1 %+ {A+%%)C1(h, k)
2(L20: 2 @) L2 H @) T 1 —kpy 1= Colh, k) llellpope

]

Proof Forany f € L*(J; L*(£2)), we set u := 21 f € D(2,). Then we make the
following decomposition of (1) into two parts, e.g., the finite- and infinite-dimensional
parts, using the projection P ;. Namely, in the space L2(J ; HOl (.Q)), using the fol-
lowing equivalency

d
a—':—uAu+(b-V)u+cu=f
= u=ILA (=0 VIu—cu+ f), (33)
we have the decomposition:

Ppyut = Ppilo 57 (= (b - Vyu — cu + f), (34a)
(I — Pou= (I — Py le A7 (= (b - VIu — cu + f). (34b)
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We set u := u — Py ru for short. From (34a), using the definition of the operator
A, we have

Pt = P (APt +us) + 1AT'T)
by the definition of the operator [/ — A];}(, which implies

Ppju=1[I— A];;}{Ph’k(AuL + IeAt_lf).

Therefore, from (29) and (11), we have the following estimates,

LZHOI)

Cq
=My (% + Cinv(h)CJ(k)) (1B -V 4+ uillz2r2 + 1 fllg2z2) -

H Ph,kMHLzHol <My y (H Ph,kAuLH L2H] + H Ph’kIeAt_lf‘

From the definition of %, we have

[ Ph,kuHLsz <G -Vug +cuilliee +%oll fllp22
< GolIbllLooroo il 2 + Gollclpoopoe Nuslip2p2 + 6o I fll2g2 -
(35)

By calculating the L?L? norm of (34b) using (14), we have

lurllz2pe < Coth, k) [|=(b - Viu —cu+ fli22
< Co(h, k) (D]l oo oo leell 2 gy + llell oo oo lull 22 + 1 llz222),

which yields

(1—=Co(h, k) el poopoo) llusllz2p2 < Coth, k) (1IB]l oo lleell 271
+ el pooros | Phu]| a1 Fll2L2)-
From (31), 1 — Co(h, k) |[c||pep > O is satisfied. Therefore, we obtain
Co(h, k)
1= Co(h, k) llcllpee g

+ Coallellpors | Prst] oy + 1fl222)
; Colh, )
1= Colh, ) el

sl g2 < (Wbloors | Pt + s 2

(61 | P gy + 15l ooroe Nl gy + 111 2212)-
(36)

@ Springer



692 T. Kinoshita et al.

Thus (35) is estimated as

[ Ph,kMHLzHol < 6o bl Lo il 2y + Coll fll2p2

C h,k C|ljoog oo
% 0(h, k) llcllpoer,
1= Co(h, k) llclipoo o0

1Bl ez gy + 1122 37

(%1 H Phxk””HH(}

Setting nonnegative constants Rj 1, R 2, and b; as follows:

C()(l’l, k) ||C||LooLoo Ly i= (g() ||b||LooLoc
1 —Co(h, k) llcll pooroo” T 1= Co(h k) el poopoe”
o
1 —Co(h, k) llcllpoore’

Ri1:=1—-%%

b =
(37) is rewritten as
Rt Ph,klfi”Lz(J;Hd(Q)) — Ry ||”L||Lz(J;H01(Q)) <b ”f”Lz(J;Lz(_Q)) . (38)

On the other hand, by considering the LZH(; norm of (34b), from (13) we have

il 2y < Cilh ) I=(b - Vou— cu+ fllgpe
< Cith k) (Wbllsors | Pt + ] 12
el zoeroe | Pakte s g0 + 1 £ li2g )
= CL ) (61 | Pakie] 2 gy + 1B oor sl

+llelpoopo el + ”f”L2L2) .
From (36), we obtain

lsllp2py < Crl, G | Phsae| 2

+ C1lh, k) 1Dl oo e Ll g2y + Crh R 1L fll 22
Co(h, k) llc]l oo
— Co(h, k) llell oo
10l oo poe lurll 2y + 1F1l222)- (39)

-G-C'l(h,k)1 (€1 ”Phsk””LZHOl
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We set nonnegative constants R> 1, R 2, and by as follows:

) ©1C1(h, k) ] D1l poopoo Ci(h, k)
Ry = , Ryp:=1-— ,
1 —=Co(h, k) llcll poopoo 1 —Co(h, k) llcllpoopo

Ci(h, k)

1= Co(h, k) llellpoopoo’

b2 =

where we note that the positivity of R» > follows by the condition (31). Thus (39) can
be rewritten as

—Ry1 || Ph,klfiHLQ(l;Hol(Q)) + Rap ||M¢||L2(J;H01(_Q)) <b ||f||L2(J;L2(_Q)) . (40)

From (38) and (40), we have the following simultaneous inequalities,

(Rl,l _R1,2) HPh,ku”LZ(J;H(}(_Q)) - (bl

—Ro1 Rop IIMLlle(J;HOl(Q)) bz) ”f”LZ(J;LZ(.Q)) '
By assumption (31), we obtain

Rii —Rip
det ’ “)l=1—-« > 0.
(—Rz,l R ) o¥

Therefore, the simultaneous inequalities can be solved as follows:
| Ph,ku“LZ(J;H(}(.Q)) o1 (Rz,z Rl,z) (bl) I/ @)
= 2(7-72 .
”MJ_”LZ(J;H(%(Q)) 1 —kgy \R2,1 Ri,1) \b2 12(7:12(@))

Finally, from (41), we have

Il 2 (5. 1) = | Prscue] > sat) Tl oo
0 0 0
R22b1 + R12b2 + Ra1b1 + R1,102
1— K¢,y

17052 (s.1200) -

which proves the desired estimates. O

6 Numerical examples

In this section, we show several rigorous numerical results for C;2;> ;2 H] satisfy-
ing (2) for test problems by three kinds of methods, namely, a priori estimates (the
Gronwall inequality), a posteriori estimates proposed in [10], and the new method in
Theorem 5.3. Moreover, we also show several rigorous error bounds of the numerical
solutions for the nonlinear parabolic equations as an application of the estimates of

).
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We considered the norm estimates for an inverse operator of the following .%;:

]
&= — —vA = 2uk, (42)
at
thatis,b =0andc = —214’,‘1 in (2). Here, u’h‘ is assumed to be an approximate solution

of the following nonlinear parabolic problem:

u 2 .

E—vAu:u +f, ImQLxJ, (43a)
ulx,t) =0, ondQ2 x J, (43b)
u(x,0) =0, in Q. (43¢)

Therefore, (42) becomes a linearized operator of (43) at uﬁ We only considered
one-space-dimensional case (d = 1) with £2 = (0, 1). Furthermore, the function f
was chosen so that the problem (43) had the following exact solutions:

u(x,t) =0.5¢sin(wrx), v = 0.1, (Example 1.1);
u(x,t) = 0.5t sin(wrx), v = 1.0, (Example 1.2);
u(x,t) = sin(me) sin(mrx), v = 0.1, (Example 2.1);
u(x,t) = sin(mwt) sin(wrx), v = 1.0, (Example 2.2).

Note that Example 1.1 and Example 2.1 are studied in [10]. In each example, the
function u’,‘l was computed as an approximation of the corresponding u by using a
piecewise-cubic Hermite interpolation in the space direction with a piecewise-linear
interpolation in the time direction. Therefore, u';l belongs to vl (J ; HO1 (£2)NH 2([2)).

We used the finite-dimensional spaces Sp(£2) and Vk1 (J), spanned by piecewise
linear functions with uniform mesh size / and k, respectively, so that they satisfied
k = h2. Then, it was seen that the constants in previous sections could be taken
as Co(h) = h/m, Ciny(h) = \/ﬁ/h, C;k) = k/mr = hz/n, and Csp = 1/m,
respectively. Moreover, we had

X T (Example 1.1 and 1.2)
1€l (o) = 2 k] <
Lo (:2(2) 12(s2%@) ~ |2 (Example 2.1 and 2.2).

6.1 A posteriori estimates of the inverse parabolic operator

We now present the results computed for C;2;2 ;24 ! by using three kinds of method.
Here, we used the following a priori estimate, which comes from the Gronwall
inequality

|

C
< exp(yT)%z, y 1= max [ sup (—c), 0] .

L (L2 L2(2)). L (J: HY (52)) 2xJ

In this subsection, we will refer to the a posteriori estimates studied in [10] and
our present estimates (32) as “a posteriori estimate I” and “a posteriori estimate II,”
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respectively. To compute a posteriori estimate I, we used the same parameters as in
[10],1i.e., (n, m) = (5,700 - T?) for Example 1.1, (n, m) = (5, 100 - 4T for Example
2.1, where we note that h = 1/(n + 1) and k = 1/m. For a posteriori estimate II, we
used h = 1/8 and h = 1/16, with k = hZ.

Example 1.1 and 1.2: u’,‘l(x, t) &~ —tsin(mwx)

Figures 1,2 show the values of C 2> ;2 H] for Example 1.1-1.2, plotted out on log-
linear coordinates. For T > 1, the values of the proposed estimates are smaller than
the other estimates. The two kinds of a posteriori estimates require the validated upper
bound for the matrix two-norm of the corresponding unsymmetric dense matrices (e.g.,
My ), and most of the computational costs is due to this task. In Example 1.1, for
T = 2, aposteriori estimate I a matrix of size 14000, but in a posteriori estimate II, we
can attain our purpose with a matrix of size 896 for A = 1/8, and 7680 for = 1/16.
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696
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This fact shows, in the case of a posteriori estimate II, that it is not necessary to take
special account of the stiff property of the ODEs coming from the semidiscretization.

Example 2.1 and 2.2: ulfl (x,1) = —2sin(mt) sin(mwx)

Figures 3, 4 show the values of C;2;2 ;21 for Example 2.1-2.2 (log-linear coordi-
nates). For T > 1/2, the values of the proposed estimates with 2~ = 1/16 are smaller
than the other estimates. In Example 2.1, for 7 = 2, a posteriori estimate I requires
a matrix of size 8000, but a posteriori estimate II requires only one of size 896 for
h = 1/8 and size 7680 for 1 = 1/16. It is notable that the results of the proposed esti-
mates show no exponential dependency for 7. On the other hand, due to the stiffness
of the corresponding ODEs, we were not successful in computing the inverse operator
of a posteriori estimate I, except for the case where 7" was very small.
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6.2 Verification results for solutions of nonlinear parabolic equations

Applying the estimates (2), we implemented a numerical verification method to prove
the existence of solutions for the nonlinear parabolic problems. As a prototype appli-
cation, we considered the nonlinear parabolic initial-boundary-value problems of the
form (43). In a similar way as in [8] for the elliptic case, we defined the fixed-point
equation for a compact operator, which is equivalent to (43) with the Newton-type
residual form, and derived a verification condition by applying the Schauder fixed-
point theorem.
First, we considered the following residual equation for (43):

ow

o~ vhw - 2ukw =g(w), InQxJ, (44a)
w(x,t) =0, ond2 x J, (44b)
w(x,0) =0, in 2, (44¢)

where

ak
gw) =w? +e, s:(u/];)2+f_(%_mu;hc).

Note that if the approximate solution uﬁ is close to the exact solution of (43), then
w =0, e~ 0,and g(w) ~ 0. Thus (44) can be rewritten as the following fixed-point
equation of the compact map F':

w=2""g(w) =: F(w). (45)

Next, for any positive constants « and 8, we define the candidate set Wy g as

Wep i={we Vi lwlagy <o lwlye < 8},

From the Schauder fixed-point theorem, noting that the continuity of the map F in the
space LZH&, if the set Wy, g satisfies

F(Wa,p) C Wop, (46)
then a fixed point of (45) exists in the set Wy, g, where W, g stands for the closure of
the set Wy, g in L2H].

Now, for any w € Wy g, we obtain the following estimates:
||F(w)||L2H01 = CL2L2,L2H01 lg(w)llz2p2 47)

2
=Crap2 p2p) (lwlzaps +llel2r2)-

Taking notice of the Sobolev embedding constants in one domensional case with
2 =(0,1)and J = (0, T) (cf [15, p. 8]), we have
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lwlfs,e < / w720, lwO7 (g dt

IA

J

1

; / OB gy 0O )
J

A

2 2
< § wllepe w0l

2 2
L Le

IA

Here, in order to get the last inequality, we have used the fact that in case of the function
with 0 only at one endpoint, i.e., = 0, we can also apply the usual embedding theorem
by considering a symmetric extension of the function on (0, T') to (0, 27'). Therefore,
from w € Wy g, we have

T T
lg)llz22 < 3 lwllvipz lwlipzgr +llell 22 < o §aﬁ +llell22. (48)
On the other hand, from [10, Lemma 2], the V' L% norm of F (w) is estimated by:

IF@)lyiz = 18 F @22 = gl +2 ]| 1Pz

Noting that the Poincaré constant can be taken as % with £2 = (0, 1), we obtain, by
47)

1 1
| F (w22 < - IF )l 2 < ;CLsz,LzHOl lg(w)llz2y2 .

Therefore, from (48), the following inequality holds:

2 k T
Pz = (2 oy ]y + 1) (08VF + eli2ss)

By these inequalities, we have the following sufficient condition for (46):

Crare om (aﬂ@ + ||e||Lsz) <o,
(2einiom lohluie +1) (w85 1ol < 5.

Thus, we obtain the verification condition for the existence of the solutions of (44).
Sinceitholdsthatw = u —u’h‘ , by solving the above simultaneous algebraic inequalities
in @ and B, we have error bounds of the form ||u — uﬁ ||L2H1 <a.

0

We now present the verification results for the solutions of (44), namely, «, 8, and
the residual norm, |e|/;2;2. In Fig. 5, we chose the function f so that (43) has the
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Fig. 5 Verification results: exact solution for u(x, t) = 0.5¢ sin(;rx), with v = 0.1 (left), v = 1.0 (right)
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Fig. 6 Verification results: exact solution for u(x, t) = sin(nt) sin(rrx), with v = 0.1 (left), v = 1.0

(right)
exact solution u(x, t) = 0.5¢ sin(zwx), with v = 0.1 and v = 1.0, which correspond
to Example 1.1 and Example 1.2, respectively, in the previous subsection. We show

more results in Fig. 6, in which the function f is chosen so that (43) has the exact
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solution u(x, t) = sin(xt) sin(wx), with v = 0.1 and v = 1.0, which correspond to
Example 2.1 and Example 2.2, respectively.

From these figures, it is seen that the error bounds increase in proportion to the resid-
ual norms. This property should be expected in our verification conditions. Namely,
the validated accuracy of the present method is essentially dependent on the residual
norm of the approximate solutions.

We see in the left side of Fig. 6, for the case v = 0.1, that our verification method
failed for T > 0.5 with & = 1/8. On the other hand, since Cg (/) and the residual
norm ||e||;2;2 for the mesh size & = 1/16 are smaller than in case of & = 1/8, we
succeeded in verification up to 7 < 1.25. This fact shows that a smaller & yields better
verification, which should also be quite expected.

Remark 6.1 (Computer environment) All computations were carried out on a Dell
Precision T7500 (Intel Xeon x5680, 72 GB of memory) with MATLAB R2010b. The
computation errors have been taken into account by using INTLAB 6.0, a toolbox for
self-validating algorithms, developed by Rump [14].

7 Conclusions

We propose a method to compute constructive a posteriori estimates of the inverse
operators for parabolic initial-boundary-value problems. This method is based on
the full-discretization quasi-Newton operator, as well as the constructive a priori error
estimates for the Galerkin method, with an interpolation in time by effectively using the
fundamental solution for the spatial semidiscretization. Our proposed new estimates
(32) seem to be better and more robust than the previous estimates [10], as illustrated
in the test problems. Moreover, by applying the method to some prototype examples,
we illustrated that our method can be used to enclose solutions for nonlinear parabolic
problems.
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