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Abstract In this paper, a theoretical framework is constructed on how to develop
C%-nonconforming elements for the fourth order elliptic problem. By using the bub-
ble functions, a simple practical method is presented to construct one tetrahedral
CO-nonconforming element and two cuboid C°-nonconforming elements for the
fourth order elliptic problem in three spacial dimensions. It is also proved that one
element is of first order convergence and other two are of second order convergence.
From the best knowledge of us, this is the first success in constructing the second-order
convergent nonconforming element for the fourth order elliptic problem.
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1 Introduction

In this paper we consider the following three-dimensional fourth order elliptic bound-
ary value problem:

Ay = in €,
i u=f i (1.1)

u=3 =0 ondQ,
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100 H. Chen et al.

where  C R? is a bounded convex domain with Lipschitz continuous boundary 92,
f e L?(2), n is the unit vector outer normal to 32 and A is the standard Laplacian
operator. The fourth order elliptic problem is not only important from the mathematical
point of view but also potentially of practical importance with many applications. It has
been widely used to model the linear plates in the two-dimensional space [8] and the
three-dimensional biharmonic operator has shown its importance in the study of the
complex microstructure evolutions for many material processes [3]. For the detailed
description, please refer to [21] and the reference therein.

There have been an enormous amount of research work, and still growing, on the
numerical analysis of the finite element methods for the fourth order elliptic problems.
When a conforming finite element is employed to discretize the fourth order problem
(1.1), it should consist of piecewise polynomials that are globally continuously differ-
entiable (C!). To meet this smoothness requirement, it is forced to use polynomials of
degree five or higher in the two-dimensional space. For example, the Argyris element
[6] with 5-degree polynomials and 21 degrees of freedom, the Bell element [6] with
incomplete 5-degree polynomials and 18 degrees of freedom are conforming triangu-
lar elements; the Bogner-Fox-Schmit (BFS) element [6] with bicubic polynomials and
16 degrees of freedom is a conforming rectangular element. A conforming rectangu-
lar element with biquadratic polynomials and 25 degrees of freedom was constructed
in [5]. The convergence rate of this element is one order higher than that of the BFS
element. In the three-dimensional case, the situation is more complicated. Even higher
order polynomials are needed to construct a conforming finite element. A conforming
tetrahedral element was constructed in [23] using 9-degree polynomials and requiring
C! globally, C? on all element edges and C* on all element vertices. The number
of degrees of freedom is 220. A three-dimensional conforming BFS element on the
cuboid mesh with tri-cubic polynomials and 64 degrees of freedom was constructed
in [5]. This element is of second order convergence.

Using higher order derivatives, the constructions of conforming elements for the
fourth order problems are complicated and not computationally desirable. As a result,
many lower degree nonconforming elements in the two-dimensional case have been
constructed and used in practice. The Morley element [6,7,9] with 2-degree poly-
nomials and 6 degrees of freedom, the Veubeke-1 element [4,18] with incomplete
3-degree polynomials and 9 degrees of freedom, and the Veubeke-2 element [4, 18]
with 3-degree polynomials and 10 degrees of freedom, are triangular elements and
even not C-continuous. The Zienkiewicz element [6,9] with incomplete 3-degree
polynomials and 9 degrees of freedom is a CO-triangular element, but it is convergent
only on some special meshes [12], because the mean values of normal derivatives on
the boundary of the element are not continuous across the element. The Adini or ACM
element [6,9] with incomplete 4-degree polynomials and 12 degrees of freedom is a
CO-rectangular element, the mean values of normal derivatives on the boundary of the
element are not continuous across the element. Its convergence depends on the spe-
cial geometric property of the rectangular mesh. Quasi-conforming elements [17,24],
generalized-conforming elements [10,14] and double set parameter elements [4] are
nonstandard elements, we do not describe them in detail here.

In [15], Stummel presented a sufficient and necessary condition for the conver-
gence of nonconforming finite elements, named Generalized Patch-Test, but it is
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Co—nonconforming tetrahedral and cuboid elements 101

difficult to use in practice. In [13], Shi presented a sufficient condition, named
F-E-M Test, which is easier to use in practice. For the fourth order elliptic problem,
to satisfy the strong F-E-M Test, the function values and the first-order derivatives
of the shape functions should be continuous in the mean across the elements. In the
three-dimensional case, it makes the order of element interpolation matrix very high.
As a result, it is difficult to check the nonsingularity of this matrix. So it is a night-
mare to construct nonconforming elements for the fourth order elliptic problem in
the three-dimensional space. Recently, great efforts have been made in successfully
constructing some nonconforming elements for the three-dimensional fourth order
elliptic problem, see e.g., [19-22]. On the tetrahedral meshes, the three-dimensional
Morley element was presented in [22]; a 3-degree polynomial element, an incom-
plete 3-degree polynomial element, the three-dimensional Zienkiewicz element, and a
quasi-conforming element by modifying the three-dimensional Zienkiewicz element
were presented in [19,21];in [16],a C 0_element was presented for the Darcy—Stokes
flow problem. It is a modified form of three-dimensional Morley element. It was also
pointed out in [16] that this element can potentially be used to the three-dimensional
fourth order elliptic singular perturbation problem. On the cuboid meshes, the three-
dimensional Morley-type element, the three-dimensional Adini element, and the
three-dimensional BFS-type element were presented in [20]. All of the above non-
conforming elements are first order convergent and are the generalizations of the cor-
responding two-dimensional elements. Among them, three-dimensional Zienkiewicz
element and three-dimensional BFS-type element are C%-continuous, while others are
non-C-continuous. It should be pointed out that the above three-dimensional BFS-
type element is different from that in [5]. This BFS-type element is nonconforming
and only first order convergent, while the one in [5] is conforming and of second order
convergence.

In this paper we present a method to construct C%-nonconforming elements for the
fourth order elliptic problem. The idea of this method is to divide the shape function
space into two subspaces by using bubble functions. One subspace is responsible for
the C-continuity of the shape functions and getting the approximation error. Another
one which contains the bubble functions is responsible for the continuity in the mean
of the normal derivatives of the shape functions across the elements and getting the
consistence error. The resulting element interpolation matrix is a block lower triangular
matrix which greatly simplifies the proof of the nonsingularity of this matrix. Using this
method, we construct one tetrahedral C°-nonconforming element and two cuboid C°-
nonconforming elements for the three-dimensional fourth order problem. The method
to construct the C° nonconforming element with the bubble function was also used in
[11] for the two-dimensional fourth order elliptic singular perturbation problem. We
also prove that one element is of first order convergence and other two are of second
order convergence.

The main contributions of this paper are: an abstract convergence theorem is given,
which builds a theoretical frame to construct C%-nonconforming elements for the
fourth order elliptic problem; the use of the bubble function gives a simple practi-
cal method to construct C°-nonconforming elements for the three-dimensional fourth
order elliptic problem. The rest of the paper is organized as follows. Section 2 gives
an abstract convergence theorem. Sections 3 and 4 give detailed descriptions of one
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102 H. Chen et al.

tetrahedral element and two cuboid elements, respectively. Section 5 gives the con-
vergent analysis and Sect. 6 contains some concluding remarks.

2 An abstract convergence theorem

The weak form of (1.1) is: find u € HOQ(.Q) such that

a(u,v) = f(v), Yve H;(Q), 2.1)
where
3
a(u, v) :/ Z 0;jjudijvdx, f(v) =/fvdx. 2.2)
Q b=l Q
Here 0;; = %. We adopt the standard notation H™ (€2) for the Sobolev space [1]

on 2 with norm

2 2
iz o= > 1D q.

lee|<m

and semi-norm

2 2
o= D, IDIGq

lot|=m

. . 3 Jee]
where o = (o1, o2, ®3) is an index, |a| = Zi:l o, D¥ = a"laaw’ ||w||% Q=
x| 0xy”0x3 )
Jo widx.
We set

3/ v .
Hy'(Q) = jve H"(Q); v:ﬁ:O,onBQ, I<j<m-1;.
n

The energy norm of (2.1) is defined by
1
]l =a(, v)? = |vl2q.

By Poincaré inequality, it is well known that | - |5 o is a norm on Hg(Q) and is
equivalentto ||-||2,q, so (2.1) has the unique solution by the Lax—Milgram Theorem [6].

Let T} be a triangulation of €2 into tetrahedrons or cuboids with mesh size #,
@ = Uyep, T, T be an element. The nonconforming finite element space Vj, is a
piecewise polynomial space such that V), ¢ HOZ(Q). The discrete problem of (2.1) is:
find u;, € V), satisfying

ap(up, vp) = f(vp), Yo, € Vp, (2.3)
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Co—nonconforming tetrahedral and cuboid elements 103

where
3
ap(up, vp) = Z / Z 0jjupdijvpdx. 2.4)
TeTyy ij=1

The corresponding discrete energy norm is:

wallle = D lonl3r | - 2.5)

TeTy

Throughout this paper, we assume that 7}, is regular and quasi-uniform, namely, it
satisfies that:

hr/pr <01, hr/hp <o, VT,T €T, Vh. (2.6)

where it and pr are the diameters of 7" and the largest ball contained in 7', respectively,
o1 > 0, 07 > 0 are constants independent of 4.

Let F C dT beafaceof T and F, = {F; F C 0T, T € Tj}. Suppose F =TNT ,
define

[wllF = wlrnr — wlpqps [wllF =wlp, if F COQ.

The following result is the well known Strang Lemma (see [2] or [6]).

Lemma 2.1 Assume that ||| - |||5 is a norm of Vy. Let u and uy, be the solutions of
(2.1) and (2.3), respectively, then

) lapn (u, wy) — f(wp)]
llu —uplllp < C{ inf ||lu —vpll|ln + sup , @D
vpeV), wreV), |||wh|||h

where C > 0 is a constant independent of h.

The first term of (2.7) is the approximation error and the second term of (2.7) is the
consistence error.

For any F € Fj, letn = (n1, na, n3)T be the unit vector outer normal to F and
7, s be two unit vectors and orthogonal to each other on F, then we have

8]’ = ,Brjar +,3sj8s +,8nj8m /33] +,33] +ﬂn2] = 1, 1 < ] =< 3.

where
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104 H. Chen et al.

By Green’s formula, for u € H*(R),

3
Z/ Z aijuaijwhdx

ap(u, wp) =
TGThT i,j=1
3
= Z z /(8,~ju8jwhn,- —Biijuwhnj)ds—}—/B[ijjuwhdx
Tetyij=1 |3, .

3
Do DL iju(Bejdrwn+ By dswi+Buj duwn)ni —d Awwy, ¢ ds
TeTyyr |ij=1

+ Z Azuwhdx.
TeTy T

Since A2y = f, we have

ap(u, wp) — f(wp)
3

= Z Z 0iju(Brjorwp + BsjOswp + BujdnwpIn; — Oy Auwy, ¢ ds.
TeTygp |ij=1

If V4, C H} (), then
VE CoT, VT €Ty, [wpllr =[0:wpllF = [0swp]|lF =0,

we get

3
an(u, w)—fwp) = D" D" Buj D /Bijuanwhnids, Vwj, € Vi, C Hy ().

Telyij=1  FCiT g
(2.8)

Since H4(Q) is dense in H>(§2) with norm [l 1|3, and

lan (u, wp)| < clula,elllwallln,

1
2

3
S S8 Y /ai,-uanwhn,-ds <cllulbo | S Mwils )

TeT,i,j=1 FCBTF TeTy

we know that the formula (2.8) is also true for u € H3(S).

For the tetrahedral mesh, let I; be the usual C° piecewise k-degree polynomial
interpolation operator, and for the cuboid mesh, let I; be the usual C° piecewise
tri-k-degree polynomial interpolation operator, then it is well known that [2,6]:

lv— Lol < CE* ' oy, 0<i<k, Yve HFY(T). (2.9)
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Co—nonconforming tetrahedral and cuboid elements 105

Now we give the following abstract convergence theorem for C°-nonconforming
elements for the fourth order elliptic problem.

Theorem 2.1 Assume that ||| - |||5 is a norm of Vy,. Suppose that there is an integer
m > 2, such that

(H1) V, C Hy(),
(H2) [[lv — Tpollln < CA" M olns1,0, Yo € H"TH(Q),
(H3) fF plonwplds =0, Vp € Py_2(F), YF € Fp, Ywj, € Vp,

then
= unllln < Ch™ utlms1,0. (2.10)

Here u and uj, are the solutions of (2.1) and (2.3), respectively, C > 0 is a constant
independent of 4 and I}, is the finite element interpolation operator on Vj,.

Proof By (H2),

inf [[lu — vpllln < |l — TWpulllp < CA™ ulmir,0- (2.11)
v eV

Let T be the refergnce elenAlent, G be the Aafﬁne transfonqation from 7 to T and
under Gt : x +— x, T — T, F — F, where F is the face of T. Let

1
Prv = —/vds,
|F|
F

then

1 1
PFUZ—/UdSZ—A/ﬁd§=PAﬁ.
|F| |F|
F F

By (H3), we have

3

Z Z Bnj Z /(aiju)(PFanLUh)l’lids

TeTyi,j=1 FcoT F

3

= E E Cij /aij’/‘ /[3nwh] =0,
Foij=1 " w
3

DD By D, / (In—28;) By wp — Progwy)n;

TeTyi,j=1 FCoT

3
=> D ¢ /<1m_2ai,-u)[anwh]— /Im_zai,-u /[anwh] /IF| { =O0.
F ij I F

i,j=1 ¥
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106 H. Chen et al.

Then from (2.8), we get
ap(u, wp) — f(wp)

3
=D > Bu D /(a,»,u — Ly—28;ju) Bpwp, — Prdywp)nids.  (2.12)

Tel,ij=1  FCiT %

Put o = 9;ju, ¢ = 9wy, then by (2.9), trace Theorem [1] and scaling, we have

/(3ijbt — Iy —20;ju) (O wp, — Proywp)ds
F

/ (4 = In21)(¢ — Pro)ds
F

IA

Ch / (B — Laf)(@ — P2 Id5
F

=< Chlpp = In2ptlly gl — Ppolly 7
=< Chllp = In2tlly #1160 — Ppoll, 7
. . ~1
< Chlil,_, 7191, 3 = CA" ulm-1,7lelT

< Ch" Mulmyr.rlwp 27 (2.13)
Substituting (2.13) into (2.12) we get

lap (u, wp) — f(wp)]
wneVi wnllln

< CH" Mulmsr,0. (2.14)

Then (2.10) follows from (2.7), (2.11) and (2.14). O

Remark 2.1 Theorem 2.1 is also true for the C°-triangular and rectangular noncon-
forming elements for the two-dimensional fourth order elliptic problem.

3 A C"-nonconforming tetrahedral element

Let T be the tetrahedral element with nodes a;, | < i < 4. The face of T opposites to
a; is denoted by F;, 1 < i < 4. The volume coordinates, named A;, 1 <i < 4, have
the following properties [6]:

4
M€ PUT), hila)=38j D n=1 2lr=0 1<ij=<4 @1
i=1

where Py (T) is the polynomial space of degree not greater than k.
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Co—nonconforming tetrahedral and cuboid elements 107

Fig. 1 Degrees of freedom of
072 element

The shape function space of COT2 element is taken as
Pry = P3y(T) ® br{Aikig1, hikigihiga, A hipihipo, 1 i <4.mod4),  (32)

It is easy to see that the dimension of Pr» is 32. The degrees of freedom are given as
follows:

a
Vi, Vi, 1 =j =3, wio, /a—zpds, peP(F), 1=<i<4 (@33
F.

i

Here v; = v(q;), Vix; = g’T”j(ai), 1 <j <3, vip = v(ajp), and a; is the barycenter
of F;, 1 <i <4 (Fig. 1).
The corresponding interpolation operator I17> : H*(T) — Pr» is defined by

(= M720)(@) =0, (@ —Tr2v)(aio) =0, “FE(a) =0, 1<) <3,
(3.4)
fFinds:O, peP(F), 1<i<4

Lemma 3.1 The interpolation operator Ty is well posed, namely, the degrees of
freedom (3.3) are Pra-unisolvent.

Proof 1t is easy to see that the number of degrees of freedom (3.3) is also 32, so it is
sufficient to show that if v € Prj such that all the degrees of freedom of v are zero,
then v = 0.

Let by, ba, b3 be the vertices of F; and by be the barycenter of F;, t and s be the
unite vectors on F; and orthogonal each other, by (3.3) we have

0 0
v(bi) = —(bi) = — (b)) = v(bp) =0, 1<i<3.
T as
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Since v|r, € P3(F;), we get
vlp =0, 1<i<4 3.5)

By (3.2), v has the following expression

4
v=>brq, q= Z(O{Mi?»iﬂ + Qi pahihip1his2 F QAT A1 hi2).
i=1
By (3.3) we have
v
/ ﬁpds =0, p=2Xit1,rit2, 2i43.

Fi

Since br|F, = Ai|F, = 0, we get

v abr oA

/—PdS =/—61Pd5 = —l/?»i+1?»i+2?»i+3fll7|x,-=ods
on on on

Fi Fi Fi

=0, 1<i=<4, p=»X1, rit2,Aiy3. mod 4.
The above linear systems can be expressed by
AX =0,

where X = (a1, a2, a3, ..., Ollz)T,

() (@] (en) N W w W W (3] [ BN ] (@]
N W W W wWwNND o o o o o O
O O O O O O O O O W Wi W
O O O O O O whwpwe O O O
SO O O O O O O O O uweuw-Ze
SO O O O O Ouu—gGeE O O O

W WO O OO0 O O NN W W
O O O O O O N W W W W
O O O WwWpWwp W O O O O © o

WD WD Wy O O O O O O O O O
SO O SuuU—GE O © ©O © O O
Vim U~ SE © O O ©O © © © o o
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as(—=1,-1,1)[g (—1,1,1)
1-11)/ ’
1,—-1,1 o 7 A
’ l l7
(11,112
~ €2
A~ al —1, —1, —1 >
h ( A) [ (-1,1,-1)
'~ l5 '~
l1 12
az(T —1)7 as(1,1,-1)
7}7@/117 l6
Fig. 2 Reference cube element
By simple computations, we get
det A 2\’ #0
etA=|— .
45
Hence X = 0, namely, o«; =0, 1 <i <12,thenv =0. O
4 C'-nonconforming cuboid elements
Let T = [—1,1]3 be the reference cube element with nodes ar(—1, -1),

ar(1, =1, =1),a3(1, 1, =), as(~1, 1,

—1),as5(=1, =1, 1), a6(1, =1, 1), a7(1 ),

ag( 1,1,1). The 6 faces of T are deﬁned by F1 = Da1a2a3a4, F2 = Oasagazas,
F3 = Dalasaﬁaz, F4 = Da4aga7a3, F5 = Da1a4a3a5, F6 = Da2a3a7a6 The 12
edges of T are defined by l] = a1a2 12 = a3a4 13 = a7ag l4 = a5a6 15 = a1a4,
I = ara3, I7 = agar, Iy = asag, lo = ayas, lyo = ards, [ = azar, [1o = asdg. The
middle points offi is denoted by &;, 1 <i < 12. See Fig. 2.

Let

T

Then bf is the bubble function such that

bj € Qa(T), bjly =0,

by =(1—xH(1 —x3)(1 —£3).

1<i<6,

where Qx(T') is the polynomial space of degree in each coordinate not greater than k.
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> &8(_17 ]-a 1)

b)ﬁm

—

d4(_17 17 _1)

ax(1,—J4~1) g

Fig. 3 Degrees of freedom of COC1 element

4.1 C9C1 Element

The shape function space of C°C1 element is taken as:
Pcy = P} @bs{ti, i1, 1 <i <3}, @.1)

where P = Py(T) @ (#1828%3, #2%ip1, 27840, 281842, 1 <0 <3, mod 3).
The dimension of Pc is 26. The degrees of freedom are given as follows (Fig. 3):

. on . . . v .
v(@), 1=i=38 v, 1=i=I2 yds, l<i<é6. (42
n
F;
The corresponding interpolation operator flei : H3(T) — Py is defined by

(0 —He10)(@) =0, 1<i<8, {H—TMHe1d)g) =0 1<i<I2,
“4.3)

A(@=Tc1D) ga _ .
fF,-—aﬁ ds=0, 1<i<6

Lemma 4.1 The interpolation operator e is well posed, namely, the degrees of
freedom (4.2) are Pc1-unisolvent.

Proof Because the number of the degrees of freedom (4.2) are also 26, it is sufficient
to show that if v € P¢q and
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111

)
0(a;) =0, 1<i<8, 0(g)=0 1<i=<I2, /—ﬂﬁ=&

Fi

Then 0 = 0.
Suppose that F; is on (%, £;41) plane, it is easy to see that

. ; 2. a2
Ul € Pa(Fi) @ {XjX 41, Xj X5, 1}

and v = 0, at the four vertices of I:} and the middle points of four sides of I:}, hence

By (4.1) v has the following expression
3
0=0bpg, G= (ifi +aiy3f))
i=1
Since bf'ﬂ =0, 1 <i <6, we have

39 b
/ﬂﬁﬁzi/ T6d5=0, 1<i<6.
on on

Fi Fi

The above linear systems can be expressed by

AX =0,
where X = (a1, 02, ..., )7,
0 0 —-14 11
0o o 1 i1
a0 -ro b1l
o 1 o0 + 11!
-1 0 o 1 11
1 o o 111
It is easy to get
43
det A = 14-E # 0,

then X = 0, namely,; =0, 1 <i<6,andv =0.

(4.4)
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5 ‘ /)ag( 1,1,1)

ag(1,—1,1
3 ar(1,1,1)
(=1, —1,-1
‘Dl( ) d4(—1717 ]')

R : as(1,1,—-1
ag(l ) }]7/_ 1 ) ° ( o )
Fig. 4 Degrees of freedom of c0C2 element

4.2 CYC2 element

The shape function space of C%C2 element is taken as :

~ ~ ~ "D A2 AD A A3 A A3 A
Pcy = Py @ bpl%i, X7, XiXiv1, XiXiv2, XXip1. X Xig2,
1<i<3 mod3)., (45)

where

~ A A2 A A A3 A A3 A A3 A A
Py = P3(T) ® {X; Xit1Xi42, X7 Xig1, X)Xit2, XjXit1Xiy2,
1 <i<3, mod3}.

The dimension of Pcs is 32 + 18 = 50. The degrees of freedom are given as follows:

av . . . N
i, ﬁ,-);j, 1<i<8 1=<j<3, /ﬁpds, pePi(F) 1<i<6, (46
F
where 9 = (&), bz, = 2o @), 1 <i <8, 1< <3 (Fig. 4).
J

The corresponding interpolation operator flcz H 3(7A") — f’cz is defined by

(d — Te2d) (@) =0, W(&)ﬂ, l<i<8 1=<j=<3
Xj
4.7
J# "W“m”)pds—o pePi(F), 1<i<é.
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Co—nonconforming tetrahedral and cuboid elements 113

Lemma 4.2 The interpolation operator e is well posed, namely, the degrees of
freedom (4.6) are Pca-unisolvent.

Proof Because the Ilumber of the degrees of freedom (4.6) is also 50, it is sufficient
to show that if 0 € P¢y and

a0 .
§=0, #,=0, 1=i=8 1=j<3, /a_ZM:O’ pePi(F), 1=i<6,
F;

then 0 = 0.
Suppose that F; is on (£}, Xj4+1) plane, it is easy to see that

. > 830 a a3
Vg € P3(F) @ {X5X)41, X X5},

and
. 0D a0
vV = —_— = = = 0’
ax]' ax]'+1

at the four vertices of ﬁl it is just the construction of Adini element, then

>

=0, l<i<e6. (4.8)

i

il
By (4.5), 0 has the following expression
3
5 = bad N Y a2a a2
v =bjq, Olzxz + oi43X; + Q6 X; Xipl + Q49X Xiy2
A3 A A3 A
+ 012X X1 + Q15X Xi42)
Since bf|1;__ =0, 1<i<6,wehave
1

1 <i<6. 4.9

)
e

(HonF,f3=—1,p=1, Qonk,f3=1,p=1, RonF,i3=—-1,p=2%,
(4)0nF2,x3—1 p =X, (5)0nﬁ1,£3:—1,ﬁ:£2, (6)011F2,)C3=1 p =Xy,
(7)0nF3 Xy = —1, [3= s (8)0nI:"4 .XA2—1,]3—1 (9)0nF3,x2 —1,p=x1,
(10) on F4, 2—1 p = X1, (11)on F3 X ——1 ,p = x3, (12) on F4,A =1,
p = X3, (13)on F5,X] =—1,p=1, (14 on F6,x] =1,p=1, (15 on F5,
)21 = —l,p = xz, (16) on F6,)21 = 1,13 = )22, (17) on ﬁ5,)21 = —1,[3 = 323,

(18)on Fg, X1 = 1, p = %3.
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(4.9) can be expressed as

AX =0,

where X = (a1, a2, ..., o18)T, and
0 0-1¢l10-f-o 00 0 000 00
oo t1it1o0 1l 1 000000000
1 000000 001 1 00 0-1-20 0
1 000000 001 1 0001 3 00
01 0000%f 00001 0-3200 0-1
01 0000 00 O0O0OT1TO03 00 01
o-10it1i-1o0o 0 0 0-1o0o o000 00
o1 ottt l o000 4%+ 000000

A=100000000§10—%000—10
1 000000 001 1 032 00010
00 10000 1 1 0 0 0-10 0 0-3
00 10000 1 £ 0 001000 3
-10 01+t 0 0 0-1-10o 00 0 0 0 0
1roo1tftoool 1 0000000
01 00001 0 0 0O +-100 0-20
01 00001 0 0 OO {1 000 2 0
00 10000 1 1 00 O0O0O0-2-100
00 10000 1 1 00O0O0O0 2 1 00

By some computations, we obtain

. 034
detA:W;éO
Then X = 0, namely,; =0, 1<i <18, and v =0. O

5 Convergence analysis

For the tetrahedral mesh T}, the finite element space for the C 072 element is defined
by
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vy,
Vira = Jun 2 vplr € Pra, [wpllor = 0,/ [a—n} pds =0,

aT

Vpe P(3T), YT €Ty} . 5.1)

The finite element interpolation operator I1,72 : H 4(Q) > Vjr2 is defined by
Hprolr = 12, VT € Ty

For the cuboid mesh T}, let T € T} be an element with the center (x9, x20, X30)
and hr1, hro, hr3 be the lengths of T along x1, x2, x3 coordinates, respectively.
The affine transformation x = F(x) : T — T is

Xi =hrixi +xi9, 1<1i<3.

Under x = F()?),lfit&i <a, 1 <i <8 Fio F,1<i<6l <1, g <
g, 1 <i <12, Pcy < Pci, Pcy < Pcz; 0(X) = v(x). Then the degrees of
freedom of Pcq on T are

. . ov .
vi, 1<i<8 w(g), 1=<i<I2 a—ds, 1<ic<eé. 5.2)
n

Fi

The corresponding interpolation operator I1¢y : H3(T) — P satisfies that

(v—=Tc1v)(a) =0, 1<i<8 @W-=Ilciv)(g) =0, 1=<i<12,
. 5.3
f, MMemgg o 1<i<6 G-
It is easy to see that
(I — M) = (I —HeDdE), x = F(&). (5.4)

Namely, the interpolation operate ¢ is affine interpolation equivalent [2].
The finite element space for C°C1 element is defined by

vy
Vicr = i vplt € Pet, [vnllar =0, 3

—} ds=0,YT €T, } . (5.5)
n
aT

The corresponding finite element interpolation operator [1cy : H 3(Q) > Vi is
defined by

Mucilr =er1, YT € T,
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For CYC2 element, the degrees of freedom are :

v
Vi, Vix;, 1=i<8 1=<j<3 /%pds, peP(F) 1<ic<e6.

F;
(5.6)
where v; = v(a;), vix; = (@), 1 <i <8,1<j <3
! J
The corresponding interpolation operator I1¢y : H*(T) — Pc; satisfies that
(v —Tev)(a) =0, G0 @) =0, 1<i<8 1=<j=3
! (5.7)
[ M pds =0, pe Py(F), 1<i<6.
It is easy to see that
(I = TMe)v(x) = ([ = Me)d(®), x = F(R). (5.8)
Namely, the interpolation operate I1¢5 is affine interpolation equivalent [2].
The finite element space for C°C2 element is defined by
Vhc2 = {vn t vnlr € Pea, [unllar =0,
vy
o pds =0, Vpe PI(d0T), VT €Ty ¢ . (5.9)
aT

The corresponding finite element interpolation operator ¢y : H 4(Q) — Viea is
defined by

Muc2lr = Hea, VT € T,
The discrete variational problems using the CO72,COC1, COC2 elements to solve
(2.1) are:
Find u; 7> € Vj72 such that
ap(upr2, vp) = f(vp), Yuu € Viro. (5.10)
Find u,c1 € Vi such that
ap(upct, vp) = f(vn), Yop € Vpcr. (5.11)

Find upc2 € Vieo such that

ap(upc2, vp) = f(vn), Yop € Vpeo. (5.12)
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It is easy to check that ||| - |||5 is @ norm of V12, Vici1, Vica, respectively, so
(5.10)—(5.12) are unisolvent by the Lax—Milgram Theorem [6].

To get the error estimates of the C OT2, Cc%Cland COC2 elements, it is only needed
to check (H1) (H2) (H3) of Theorem 2.1.

By (3.5), (4.4) and (4.8), it is easy to prove that

Va2 C Hg(Q), Vic1 C HJ(R), Vica C Hy (). (5.13)

Because P3(T) C Pra, P>(T) C Pc1, P3(T) C Pca, by the well-known interpolation
theorem [2,6], we have
lu = Mpraullly < Ch*|ul.q,
[llu — Hpcrullln < Chlulr.q, (5.14)
[l = Mpeaullly < Ch*|ul, g
Here u € HOZ(Q) is the solution of (2.1) with the additional regularity u € H" (S2),

where r = 3 for the C°C1 element and r = 4 for the C°T'2 and C°C2 elements. By
the last sets of the degrees of freedom (3.3), (5.2) and (5.6), we obtain that

PG ds =0, VF e Fi. Yui € Vic,

(5.15)
[rp [%]ds —0, VFeF, VpeP(F), Yw, e Vars or Vica.

By (5.13), (5.14), (5.15), we know that (H1) (H2) and (H3) are satisfied for coci
with m = 2 and for C°T2 and C°C2 with m = 3. Then by Theorem 2.1, we obtain
the following convergence theorem for the C°72, C°C1 and C°C2 elements.

Theorem 5.1 Suppose that the mesh Ty, into tetrahedrons for the COT2 element
and into cuboids for the C°C1 and C°C2 elements, is regular in the sense of (2.6),
u e Hg(Q) is the solution of (2.1) with the additional regularity u € H'" (R2), and
unt2, upc1 and upco are the solutions of (5.10)—(5.12), respectively, then

Wl — unr2llln < Ch*|ulq,
e — upcillln < Chlul,q, (5.16)

llu — uncallln < Ch*|uly.q,

where r = 3 for the C°C1 element and r = 4 for the C°T?2 and C°C2 elements.

6 Conclusion
In this paper, we proved an abstract convergence theorem, which builds a theoretical

frame to construct C’-nonconforming elements for the fourth order elliptic problem.
It gives a direction on how to construct nonconforming elements for the fourth order
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elliptic problem with expected convergence order. Then we presented a method to con-
struct the C°-nonconforming elements for the fourth order elliptic problem by using
the bubble functions which makes the element interpolation matrix being block lower
triangular and easy to choose the matched shape function space and degrees of free-
dom. One tetrahedral C°-nonconforming element and two cuboid C°-nonconforming
elements for the fourth-order elliptic problem in three spacial dimensions were con-
structed. The unisolvent of the degrees of freedom for these elements was proved
clearly. And we have proved that one element are first order convergent and other two
are second order convergent.

The method to construct the element with the bubble function can be used to any
dimensional fourth-order elliptic problems. Furthermore, since the elements in this
paper are C°-nonconforming elements, the convergence results can be obtained easily
for the second order elliptic problem. So it makes the application of these elements on
the fourth order elliptic perturbation problem possible. It is our ongoing work.

Acknowledgments The authors would like to thank the referees for their valuable suggestions. S. Chen
and Z. Qiao are grateful for Prof. Xuecheng Tai of University of Bergen. We benefit a lot from the discussion
with Prof. Tai during his visit in Hong Kong. H. Chen is partially supported by the Scientific Research
Foundation of Graduate School of Zhengzhou University. S. Chen is partially supported by NSFC Grant
11071226. Z. Qiao is partially supported by the Hong Kong RGC Grant PolyU 2017/10P and the Hong
Kong Polytechnic University Grants A-PL61 and 1-ZV9Y.

References

1. Adams, R.A., Fournier, J.J.F.: Sobolev spaces, 2nd edn. In: Pure and applied mathematics series,
vol. 140. Academic press, New York (2003)
2. Brenner, S.C., Scott, L.R.: The Mathematical Theory of Finite Element Methods, 3rd edn. Springer,
New York (2008)
3. Cahn, J.W., Hilliard, J.E.: Free energy of a nonuniform system I. Interfacial free energy. J. Chem. Phys.
28, 258-267 (1958)
4. Chen, S.C., Shi, Z.C.: Double set parameter method of constructing a stiffness matrix. Chin. J. Numer.
Math. Appl. 4, 286296 (1991)
5. Chen, S.C., Yang, Y.Q., Mao, S.P.: Anisotropic conforming rectangular elements for elliptic problems
of any order. Appl. Numer. Math. 59, 1137-1148 (2009)
6. Ciarlet, P.G.: The Finite Element Method for Elliptic Problems. North-Holland, Amsterdam (1978)
7. Huang, J.G., Guo, L., Shi, Z.C.: Vibration analysis of Kirchhoff plates by the Morley element method.
J. Comput. Appl. Math. 213, 14-34 (2008)
8. Landau, L., Lifschitz, E.: Theory of Elasticity. Pregamon Press, London (1959)
9. Lascaux, P., Lesaint, P.: Some nonconforming finite elements for the plate bending problems. RAIRO.
Anal. Numer. 9, 9-53 (1975)
10. Long, Y.Q., Xin, K.Q.: Generalized conforming elements. J. Civ. Eng. 1, 1-14 (1987)
11. Nilssen, T.K., Tai, X.C., Winther, R.: A robust nonconforming H2-element. Math. Comp. 70, 489-505
(2001)
12. Shi, Z.C.: The generalized patch test for Zienkiewicz’s triangle. J. Comp. Math. 2, 279-286 (1984)
13. Shi, Z.C.: The F-E-M-Test for nonconforming finite elements. Math. Comp. 49, 391-405 (1987)
14. Shi, Z.C., Chen, S.C.: Convergence of a nine parameter generalized conforming element. Acta Numer.
Math 15, 193-203 (1991). (in Chinese)
15. Stummel, F.: The generalized patch test. SIAM J. Numer. Anal. 16, 449-471 (1979)
16. Tai, X.C., Winther, R.: A discrete de Rham complex with enhanced smoothness. Calcolo 43, 287-306
(2006)
17. Tang, L.M., Chen, W.J., Liu, Y.X.: Quasi-conforming elements in finite element analysis. J. Dalian
Inst. Tech. 19, 19-35 (1980). (in Chinese)

@ Springer



Co—nonconforming tetrahedral and cuboid elements 119

18.
19.

20.

21.

22.

23.

24.

Veubeke, F.D.: Variational principles and the patch test. Int. J. Numer. Meths. Eng. 8, 783-801 (1974)
Wang, M., Shi, Z.C., Xu, J.C.: A new class of Zienkiewicz-type nonconforming element in any dimen-
sions. Numer. Math. 106, 335-347 (2007)

Wang, M., Shi, Z.C., Xu, J.C.: Some n-rectangular nonconforming elements for fourth order elliptic
equations. J. Comp. Math. 25(4), 408-420 (2007)

Wang, M., Xu, J.C.: Nonconforming tetrahedral finite elements for fourth order elliptic equations.
Math. Comp. 76, 1-18 (2007)

Wang, M., Xu, J.C.: The Morly element for fourth order elliptic equations in any dimensions. Numer.
Math. 103, 155-169 (2006)

Zenicek, A.: Polynomial approximation on tetrahedrons in the finite element method. J. Approx. Theory
7,334-351 (1973)

Zhang, H.Q., Wang, M.: The Mathematical Theory of Finite Elements. Scientic Press, Bejing (1991).
(in Chinese)

@ Springer



	C0-nonconforming tetrahedral and cuboid elements for the three-dimensional fourth order elliptic problem
	Abstract
	1 Introduction
	2 An abstract convergence theorem
	3 A C0-nonconforming tetrahedral element 
	4 C0-nonconforming cuboid elements
	4.1 C0C1 Element
	4.2 C0C2 element

	5 Convergence analysis
	6 Conclusion
	Acknowledgments
	References


