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Abstract In this paper, we develop a continuous finite element method for the
curlcurl-grad div vector second-order elliptic problem in a three-dimensional poly-
hedral domain occupied by discontinuous nonhomogeneous anisotropic materials. In
spite of the fact that the curlcurl-grad div interface problem is closely related to the
elliptic interface problem of vector Laplace operator type, the continuous finite ele-
ment discretization of the standard variational problem of the former generally fails to
give a correct solution even in the case of homogeneous media whenever the physical
domain has reentrant corners and edges. To discretize the curlcurl-grad div interface
problem by the continuous finite element method, we apply an element-local L pro-
jector to the curl operator and a pseudo-local L? projector to the div operator, where
the continuous Lagrange linear element enriched by suitable element and face bubbles
may be employed. It is shown that the finite element problem retains the same coer-
civity property as the continuous problem. An error estimate O (k") in an energy norm
is obtained between the analytical solution and the continuous finite element solution,
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where the analytical solution is in H1L=1 (H"($2))? for some r € (1/2, 1] due to the
domain boundary reentrant corners and edges (e.g., nonconvex polyhedron) and due
to the interfaces between the different material domains in Q = lL: 12,

Mathematics Subject Classification 65N30 - 65N12 - 35Q61 - 35J47 - 46E35

1 Introduction

In this paper we shall develop a continuous finite element method for the curlcurl-grad
div interface problem in the physical domain © C R*. To model different anisotropic
nonhomogeneous materials filling €2, we introduce two coefficient matrices u, & €
R3*3, describing the physical properties, e.g., permeability and permittivity of the
materials in electromagnetism. The curlcurl-grad div second-order elliptic system that
we shall consider reads as follows:

curl M_lcurl u—cvydiveu=f in Q, (1.1)

where u represents the unknown (e.g., electric field in electromagnetism), f €
(L?(2))3 denotes the known source function, the curl operator curl v = vy X v,
and the div operator divv = v - v, with v denoting the gradient operator. Let € and p
be piecewise smooth functions, i.e., there exists a partition of €2 into a finite number
of subdomains €2;, 1 <[ < L, where u and ¢ are smooth in all material subdomains
€2;, but they are possibly discontinuous and differ greatly in magnitude across inter-
subdomain-boundaries. We shall assume that €2 and €2; are simply-connected three-
dimensional Lipschitz polyhedra with connected boundaries. As usual, it is assumed
that u, & are symmetric, uniform boundedness, and piecewise smooth, and satisfy
uniform ellipticity property, i.e., letting w = (w;;) € R3*3 denote any of x and &, we
have

wij =wji, wje€L®RQ), wjeW®@), 1<I<L, 1<ij<3,
and there exists a constant C,, > 0 such that

C, 6P = ETw(0)E = Colel>, ae.in Q,VE R,

where, from the above, the inverse w™! of w satisfies the same: C, 1 |& |2 >
eTw 1 (x)E > Cyplé]? ae. in  and for all & € R3, and L?(D) and W*P? (D) are
classical Sobolev spaces over an open subset D C €2, see [1].

Denote by I' the boundary of €2 and by I';; = £2; N £2; the material interfaces. Let
n denote the outward unit normal vector to I' or the unit normal vector to I';; oriented
from Q; to 2. Along the interface I';;, we define jumps [[v-n]]|rl.j =v-nlg —v-nlgzj,
[v x nllir;, =v x nlg, —v x nlg;, and [¢llIr,; = qle; — qle,;. We supplement Eq.
(1.1) with the following boundary conditions

uxn=0, diveu=0 on T. (1.2)
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Analysis of a continuous finite element method 673

The unknown u additionally satisfies the following physical jump conditions on the
interfaces

[u x n]] =0, [[,u_lcurluxn]]=0, [eu-n]=0, [diveu]]=0 on I};.
(1.3)

We see that u belongs to Hy(curl; 2) N H (div; €; 2), with the curl and div Hilbert
spaces defined as in [39],

H(curl; Q) = {v € (L*(Q))’ : curl v € (L*(Q))°},
Hy(curl; Q) = {v € H(curl; Q) : v x n|r = 0},
H(div; &; Q) = {v € (L*(R))* : divev € L*(Q)).

Equation (1.1) is quite general, and it covers a wide range of models and forms in
many physical problems involving curl and div operators. Two typical examples of
(1.1) are from electromagnetism and fluid-structure interaction problems. In the case
of vector potential Maxwell’s equations, a model reads (See [12,20]):

curl ,uf]curluzf, diveu =0 in Q. (1.4)

A very detailed development and explanations of the problem (1.1)—(1.3) for time-
harmonic Maxwell’s equations in heterogeneous materials can be found in Section 1
of [31] and Section 7 of [29]. In fact, the ‘strong’ form of the variational formulation
in [31] and [29] is exactly the same as (1.1)—(1.3), except that here the electromagnetic
wave number/frequency is taken as zero. Another example which may be stated as
the form (1.1) is the simplest model for fluid-structure interaction problem as follows
(See [54)):

v divu =f, curl u=0. (1.5)

At the same time, Eq. (1.1) is widely-used for theoretical studies of many mathemati-
cal issues relating to the Maxwell’s equations, including regularity-singularities (See
[11,29-31,52]), solvability-uniqueness (See [2,9,12,19,20,27,36,41,53,59,60]), and
numerical methods (See [15,28,42,45]). Therefore, the numerical method of (1.1) is
a very important subject and may be used to motivate and justify those theoretical
studies.

Also, Eq. (1.1) is closely related to the second-order elliptic problem of vector
Laplace operator. As a matter of fact, if © = ¢ = 1, using the relationship

—Au = curl curl u — ydivu, (1.6)
where A is the Laplace operator, we obtain a vector Poisson equation

—Au=f. (1.7)
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Additionally, if €2 is smooth enough or is convex polyhedron, then the solution of
problem (1.1) and (1.2) with u = ¢ = 1 is the same as that of the vector Poisson
problem (1.7) and (1.2), and, moreover, the solution is in (H l(SZ))3 (See [29] for
more details).

Finite element discretizations of all these equations are not so simple as they
look, though. As an illustration, let us consider the homogeneous case of (1.1) where
u = ¢ = 1. Note that the analytical solution u# belongs to H (curl; 2) N H (div; 2),
where H (div; Q) = H(div; 1; 2). Thus, a natural choice of finite elements is the
continuous Lagrange element as in the book [24], because a H (curl; ) N H (div; 2)
conforming piecewise-polynomial element is necessarily in (H'(£2))? and continu-
ous. As is well known, indeed, it has been mathematically and practically justified
in the literature [24,47-49,63] that the continuous finite element method is the most
popular numerical method for solving (1.7), which is equivalent to (1.1) in a smooth
domain or a convex polyhedron. Unfortunately, whenever the domain has reentrant
corners/edges/ interface corners, the solution u is usually not in (H 1(©))3, instead,
it is in a much larger (H" (SZ))3 for some r < 1, see [9,11,29-31,52]. It is this very
low regularity that causes enormous difficulties in the finite element solution of (1.1).
By the continuous finite element method an incorrect solution may be obtained—the
continuous finite element solution converges to a function of (H 1 (SZ))3, but not to the
solution which does not belong to (H' (2))3, see [11,30,41-43]. It is better under-
stood now that the reason is mainly at the standard variational formulation of (1.1)
[5,9,29,31,33,36,41,49]:

Yeurl u, curl v) + (diveu, divev) = f,v), (1.8)

(n—

where u, v € Hy(curl; Q) N H(div; &; ©) and (-, -) denotes the L? inner product.
Although this incorrect convergence has been known for quite some time in both
mathematical and engineering communities, attempts have never been stopped to
handle the low regularity solution with continuous elements, because there are so
many well-known popular advantages of the continuous Lagrange elements. However,
only over the last decade, three different continuous finite element methods have been
developed which can give correct convergent finite element approximations of the
low regularity solution. The first method of ‘rehabilitation of nodal finite element’
is proposed in [28], i.e., the weighted regularization method for Maxwell’s problem
(1.4) with © = ¢ = 1, where a weight function is applied to the div term. It uses
a continuous finite element space including the gradient of some C! element [24].
Similar weighted methods have since been developed in [16,50]. The second method
is the H~! least-squares method [13] for the first-order system with a given f and go

curl u =f, diveu = go, (1.9)

We note that (1.9) may be also formulated into a least-squares variational problem
according to the L2 inner products, resulting in the same bilinear form as (1.8), with
u = 1. In this least-squares formulation, the right-hand side of (1.8) should be accord-
ingly replaced by (f, curl v) + (go, divev). The H~! method is to reformulate (1.9)
into a least-squares variational problem based on the so-called ‘minus-one’ inner
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products, instead of the L? inner products. The third method is the element-local L>
projection method in [33] for the Maxwell’s problem (1.4) with u = ¢ = 1, where
two element-local L? projectors are applied to both curl and div operators.

In most real applications, however, problem (1.1) is imposed in discontinuous,
nonhomogeneous, anisotropic media. Most of the aforementioned continuous finite
element methods either are not directly applicable or become inefficient for the general
problem (1.1), due to different physical characteristics reflected by i and ¢ of different
media. In fact, the standard variational formulation (1.8) itself is not suitable for direct
continuous finite element discretizations in the case of discontinuous ¢, because div € v
is not generally well-defined for continuous piecewise-polynomials v. We have so
far not seen how to apply the H~! least-squares method of the first-order system
(1.9) to the general curlcurl-grad div second-order system (1.1) even if u = ¢ =
1. When the element local L? projection method is directly applied to the general
problem (1.1) with discontinuous ¢, a discontinuous element method prevails [34].
This might be not consistent with the original intention of the use of the continuous
elements.

There are a lot of finite element methods for scalar second-order elliptic interface
problems (see, e.g., [18,51]) of Laplace operator type. But, the scalar solution therein
at least belongs to H'(£2), and those finite element methods cannot be employed for
problem (1.1). This is not only because the solution of (1.1) is often in (H” (2))? for
some r < 1, but also because (1.1) is in general not a problem of vector Laplace
operator type (unless u = ¢ = 1, cf. (1.6), (1.7)). It is also very interesting to mention
afew non or nearly C? finite element methods for the Maxwell’s interface problems in
the case of piecewise constant coefficients. An edge element mixed/indefinite method
is proposed in [22] for problem (1.4), where the classical edge or Nédélec element
in [55,56] is used. In [23], a finite volume mixed/indefinite method is analyzed for
the first-order systems of problem (1.4) in terms of electric and magnetic fields. A
Singular Function method in [8] is considered for problem (1.9). See also an alternate
Singular Function method in [4]. A nearly continuous mixed finite element method in
the context of the weighted regularization method is also recently presented in [25]
for the heterogeneous time-harmonic Maxwell’s equations.

In this paper, we shall develop a continuous finite element method for the general
problem (1.1) with discontinuous p and . We employ the continuous Lagrange linear
element in [24] enriched with element and face bubbles in order to approximate the
low regularity solution. With two L? projections applied to both curl and div operators,
plus a stabilization term Sy, (u, v), we propose the following finite element formulation

(R (" curl w), R, (u™ curl v)), + (R (div e u), Ry (div e v))o n+Sh @, v) = (f, v).
(1.10)

The operator Ry, for the curl operator is an element-local L? projection which is
defined element by element onto a discontinuous linear finite element space with
respect to the u-weighted L? inner product (-, -) > While Ry, for the div operator is a
pseudo-local L? projection which is defined onto a continuous linear finite element
space, with respect to the mass-lumping L? inner product (-, -)o_; (the resulting matrix
is then diagonal). The stabilization term Sy, is defined as the element-wise analogue of
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the bilinear form of (1.8) weighted with local mesh sizes. Note that the computational
cost of (1.10) is not much more than that of (1.8) (given that the latter can be directly
discretized by the continuous finite element method), since all the additions in (1.10),
compared with (1.8), are locally evaluated. We have noticed that the mesh-locally-
weighted stabilization is also used in a recent method of H~! type in [10].

With the stabilization role of Sy, we show that the same coercivity property as the
continuous problem (1.8) holds for (1.10)—a nice feature for using iterative methods
to solve the resulting algebraic system. Just like the Poisson equation for Laplace
operator, the associated condition number is O (4 _2), with & being the mesh size. Both
L? projectors Ry, and R, together with the element and face bubbles in the continuous
finite element space of the solution, essentially remove the effects of curl and div partial
derivatives on the analytical solution(See Theorem 4.2). With the Crouzeix-Raviart
nonconforming linear element interpolations [32], an ad hoc strategy is designed to
estimate the errors associated with the stabilization term which is explicitly involved
with curl and div partial derivatives on the low regularity solution (See Lemma 4.5).
Therefore, with respect to the regularity of the solution in material subdomains, i.e.,
ue Hle (H" (£))? for some 1/2 < r < 1, for a suitable regular right-hand side f
(see a further explanation below), we prove the optimal error estimates O(4") in an
energy norm between the analytical solution of (1.1) and the continuous finite element
solution of (1.10).

We should point out that the two new key ingredients in (1.10) are the new stabiliza-
tion S,—the element-wise analogue (weighted with local mesh sizes) of the bilinear
form of (1.8) and the new pseudo-local L? projection Ry,. It is because of them that
not only can we have a simple finite element method, but also can we employ the
continuous elements even if ¢ is discontinuous. To the authors’ knowledge, the con-
tinuous finite element method in this paper is the first attempt so far for the general
curlcurl-grad div interface problem (1.1)—(1.3) with both 1 and € being discontinuous
and nonhomogeneous and anisotropic.

Before ending this section we would like to make a remark about the regularity. The
regularity of the solution may heavily depend on that of the coefficients, the domain and
the right-hand side. A general dependence of the regularity of the solution on !, ¢,
2 and f in the interface problem (1.1)—(1.3) does not seem to be available in the liter-
ature, but readers may refer to [31] for some results in the case of the heterogeneous
time-harmonic Maxwell’s equations. Since this issue is beyond the scope of this paper,
we have made two hypotheses Hypothesis H1 and Hypothesis H2 on the regularity of
the solution for technical needs when deriving the error estimates. For example, we
shall use a regular-singular decomposition, which relies on the regularity of the domain
boundary I', the material interfaces, and even the number of material subdomains, see
[31]. In this paper, the regularity assumptions for the solution, the coefficients and
the right-hand side can be stated as follows: u € Hy(curl; ) N H(div; &; ) N
[ (H ()%, w'eurl u € H(curl; Q) N Ho(div; w; 2) N [T, (H ()3,
e, € (L) N[, (Whe ()3, and f € (L2(R))> N1, H(div; )N
H(curl; e~ Q) N (H" ()3, where H(curl; e~ !; Q) = {v € (L2())?
curl ¢ v € (LZ(QI))3}. It is assumed that the regularity index r > 1/2. For the
solution, this is because the construction of the finite element interpolation involves

@ Springer



Analysis of a continuous finite element method 677

the element-face integrals of | o7 # which are well-defined if > 1/2. For the right-
hand side, this is because the traces of f along the domain boundary and the mate-
rial interfaces are used. We will see that the additional regularity assumption on f,
ie,fe HZL=1 H (div; ;) N H(curl; e =1 Q) N (H” ()3 can ensure that diveu and
w~'curl u have suitable regularity, so that we can derive the desired error estimates
O(h") when dealing with the consistency errors caused by the L? projections R, and
Iéh (see Sect. 4.1). On the other hand, as we have noted, the variational formulation (1.8)
of the curlcurl-grad div problem may also come from a first-order system curl u = f
and diveu = go, like (1.9), with u = 1. In that case, the right-hand side of (1.10)
becomes (f, Ry, (curl v)) + (go, Ry (divev)), up to an additional consistent right-hand
side corresponding to the stabilization term S, (see Remark 2.9), the just mentioned
consistency errors from the L? projections Rj, and Ry, do not exist. Thus, it suffices to
assume the regularity as follows: u € Hy(curl; 2) N H(div; ¢; Q) N lel (H" ())?
forsomer > 1/2ande € (L2(2)) 3N, (Wh>(2)>3 andf € (L2(22))? and
20 € L*(R). In other words, for first-order systems, we do not require any additional
regularity of curl u and any additional regularity on f and g.

The rest of the paper is organized as follows. In Sect. 2, we define the L? projected
continuous finite element method. Section 3 is devoted to the establishment of the
coercivity property and the condition number of the resulting linear system. In Sect. 4
we show the error bounds of the proposed finite element method in an energy norm.
Some concluding remarks are given in the last section.

2 The finite element method

In this section, we shall describe the finite element method (1.10) for problem (1.1),
(1.2), (1.3).

2.1 Finite element space

We first define the continuous finite element space Uy,.

Let Cj, denote a shape-regular conforming (also conforming with the material inter-
faces) triangulation [24] of Q into tetrahedra, with diameters hg for all K € Cj,
bounded by 4. Let &, be the collection of all element faces, and £ ,{ the collection of
all the element faces on I', and E,iqmer the collection of all the element faces on the
discontinuous interfaces of the material ¢. Denote 82 =&\ 5}: u 5}lmer. For ease
of exposition, we shall assume that ¢ is a piecewise polynomial with respect to the
triangulation of Cp,. In Sect. 4 we remark how to deal with a general piecewise smooth
¢ by its finite element interpolation.

Let ;, 1 <i < 4, denote the local basis of linear polynomial associated with the
ith vertex of K, see [24]. Let F denote a face of the element boundary d K. If F ¢ £ I
we define br as the usual face bubble on F, satisfying

br e H'(K), bre H)(F) on FCAdK, bp=0 on 9K\ F. (2.1)
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For example, let aj, a», a3 be the three vertices of the face F, then
br = AMA2A3.

IfFe 5}; , we put by = 0. For any given K, let bx denote the usual element bubble
on K,ie., bx € H(} (K), for example,

bg = AMA2A3Ag.

As usual, let P, be the space of polynomials of degree not greater than n > 0, see
[24]. Let

Po(e; K) = span{e (Po(K))?, (Po(K))*}. (2.2)

Let HY(Q), Hé (£2) denote the standard Hilbert spaces [1]. We introduce the following
face-bubble space ®; and element-bubble space ®:

1= {v € (HY @)% vlx € (Pr(K)) (bri,br, b, bi) VK €Ci) 23)

and
O = v € (H} ()% v|x € Po(e; K) bk, YK € Cp). (2.4)

Let
iy = {v e (H' ()% vlx € (P1(K))*. VK € ch} . 2.5)

We define the continuous finite element space for approximating the solution as fol-
lows:

Up .= Uy + &) + Oy (2.6)

Remark 2.1 The role of the element and face bubbles help to remove the effects
of the curl and div partial derivatives on the solution (See Sect. 4), so that we can
obtain a correct continuous finite element solution when the analytical solution has
a low regularity. Note that there is no homogeneous tangential boundary conditions
imposed in Uy. Otherwise, the coexistence of several tangential vectors at the corners
and edges along I makes it difficult to evaluate the tangential component of uj € Uy,
at those places.

Remark 2.2 We see that for any v € &, on any given face F,
vIF € (P1(F)’ br|F.

For any face F € E}: , we have v|r = 0, since br has been defined as zero in
advance for boundary faces. In addition, any function in ®, is globally continuous
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although ¢ is discontinuous, because the element bubble is zero on any face (including
the material interfaces). Thus, even if ¢ is discontinuous, the finite element space Uy,
is continuous in the entire domain.

2.2 L? projection

In this subsection, we shall define the L? projections.

Let L?(2) denote the Hilbert space of square integrable Lebesgue measurable func-
tions, equipped with L2-inner product (u, v) = [, u vand L? norm ||v|lo = +/(v, v),
see [1]. Define the finite element space of discontinuous piecewise polynomials of
degree not greater than n as follows:

Pl = {q € L*(Q); qlx € Pu(K),VK € Cy}. 2.7
Let (-, -)o.» denote the mass-lumping L? inner product on Ph1 N H(} (), i.e.
K| <
(oo = D, = > plag(a), 2.8)
KeC), i=l1

where a; are the four vertices of K, and | K| is the volume of K. Let (-, -),, denote the
u-weighted L? inner product, i.e.

(i, v), :/Muv.
Q

Givenv € H (curl; ), we define Ry (divev) € Ph1 ﬂH(} () and R, (™' curl v) €
(Phl)3 as follows:

(Rp(divev), @)on = —(ev,vq) Vg € P} N Hy (), (2.9)
(Rh(,u_1 curlv), q), := (curl v,q) — Z / vxn-q, Vqc¢ (Ph1)3. (2.10)
FGS{ F

Remark 2.3 Ry, is element-locally defined. Ry is essentially local, called as pseudo-
local, since the mass-lumping inner product (2.8) results in a diagonal matrix for basis
functions in P, N H} (Q2). The approximation of the L? inner product (-, -) by (2.8) is
referred to as ‘mass-lumping’ [62].

Remark 2.4 Let (-, -)o,x denote the L? inner product on K. By Green’s formula, we
have from (2.9) and (2.10)

(Ru(divev), @)on = D ivev.qlox — D, [ lev-nlgq, (2.11)

KeCy, Feg}ilmer ¥

@ Springer



680 H. Duan et al.

(Ru(u'eurl). ) = > eurlgox + > [ vxn-lql. 212
KeCy Fe&lugmer &

From (2.9) and (2.12) we see that the curl and div partial derivatives no longer
act on the solution. This is an essential strategy in dealing with the low regularity
solution. We also see that R, is well-defined even if ¢ is discontinuous. This is the key
factor for which we can use the continuous finite element space in the case where ¢ is
discontinuous.

2.3 Stabilization term

In this subsection, we shall define the stabilization term S,.
We define

Sp(u,v) = Z h%((diveu,diVSV)o,K + Z h%((curlu,curl V)0.K

KeCy KeCy,

+ > he(leu-nl lev-nlor
Feg}ilnter

+ D hp@xnyxnor, (2.13)
FES{

where (-, -)o,r denotes the L? inner product on F, and h is the diameter of F.

Remark 2.5 We see that (2.13) is the elementwise analogue of the bilinear form of (1.8)
weighted with local mesh sizes. The stabilization role of Sy, is for the coercivity. Such
natural and simple S), greatly simplifies the design of the L? projection finite element
method but also reduces the complexity in the corresponding coercivity analysis.
Consequently, the implementation of the underlying finite element method is easier.
Although the curl and div partial derivatives still exist in Sj,, we can control them
reasonably well for the low regularity solution that does not belong to (H 1 (Q))3 (See
Sect. 4).

Remark 2.6 For the analytical solution u € Hy(curl; 2) N H(div; ; 2) of problem
(1.1)—(1.3), all the jumps, boundary terms in (2.10)—(2.13) disappear.

2.4 Finite element problem

We are now in a position to state the finite element problem: find u, € Uy such that
forallv, € Uy,

(R (™" curl ), Ry (u™" curl vy)), + (Ry (dive uy), Ry (dive vy))o

+Sp@p,vi) = (f,vi). (2.14)
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Remark 2.7 We should remark that all the additions in (2.14) relative to the standard
formulation (1.8) are locally evaluated. So, the realization of (2.14) would not incur
much more computational cost than that of (1.8).

Remark 2.8 Denote by Ly, the bilinear form of (2.14). We see that it is symmetric and
non-negative.

Remark 2.9 The finite element method stated as above is also applied to first-order
systems, such as (1.9) where u = 1. In that case, as mentioned in the Introduction
section, the right-hand side in (2.14) should be correspondingly replaced by the fol-
lowing: (f, Ry (curl v;)) + (go, Ru(divevy)) +Ru(f, go; vin), where Ry (f, go; vi) =
ZKGC h%((go, divev)o x + ZKEC/ %((f curl v)o x. For the first-order system
(1.9), problem (2.14) is consistent in the usual sense [24]. In general problem (2.14)
incurs consistency errors from the L? projections R, and R, and the stabilization
term Sj,. For the rest of this paper, we shall only analyze problem (2.14), including the
coercivity, the condition number, the consistency error, the construction of the finite
element interpolation, and the error bound. All the analysis is completely the same
when applied to the first-order system, except that the consistency error does not exist.
We also point out that it is the consistency error from the L? projections that requires
more regularity on f than (L?(2))3, see Sect. 4.1. See also Remark 4.6.

Remark 2.10 We should note that if the continuous finite element space of the solution
is chosen to include the gradient of some C! element, then the L> projection Ry, is
unnecessary and can be dropped, and, meanwhile, the sub-term associated with the
curl operator in the stabilization term Sy, can also be dropped.

3 Coercivity and condition number

In this section, we shall investigate the coercivity and the condition number of (2.14).

3.1 Coercivity

This subsection is devoted to the coercivity property of (2.14). Introduce div Hilbert
spaces [39]:

Hy(div; Q) = {v € H(div; Q) : v - n|r =0},
Ho(div®; Q) = {v € Hy(div; ) : divy=0},

and the e-weighted L? inner product (-, -),:

(u, v)g :/auv.

Q

Proposition 3.1 (See [9,11,31]). For any ¥ € H(curl; Q) N Hy(div; 2), it can be
written into the following ‘regular-singular’ decomposition.
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v=v"+vp’, ¥ e @)’ p’ecH QR
where 1/[0 satisfies
1¥°1h < C{llcur] ¥lo + [|div ¥]o}.

Proposition 3.2 (See [3,35,59,60]) For any v € (L>())?, we have the following L*
orthogonal decomposition with respect to the e-weighted L? inner product (-, )¢

v=vVp+ ¢ 'curl v,

where p € Hj (Q), ¥ € H(curl; Q) N Hy(div’; Q), satisfying

L5 1 2 -1 2
lle2vlly = llez v plly + [le” 2 curl ¥||g,
l[¥llo < Cllcurl ¥|o.

Proposition 3.3 (See [62]) For the L? norm || - [lo,n induced from the mass-lumping
L? inner product (2.8), we have the following norm-equivalence property

Cllgllos < llgllo < C " ligllon Vg € Py N Hy ().
Theorem 3.1 We have
Lyw,v) > C|pl3 W e Uy (3.1

As a consequence, problem (2.14) has a unique solution in Uy,

Proof Noting that
L(v,v) = [[Ry(diven)|[g , + ||Rn(u™" curl w)[I7 + Sy, v),

where || - ||, is the induced norm of the p-weighted L? inner product (-, -) > We need
only to show

|Rn(divev)|[g, + [1Rn(u " curl w)||% = Cy |I[g — C2Sh(v.v) W e Uy (32)

In fact, if (3.2) holds true, from (3.2) we can obtain

1
Ly,v) > max(1.Cy) (

> — . 3.3
Z max(L. Co) V115 (3.3)

1R (i en)li3, + 11Ru(n™" curl W+ C2.8,0.»))

To show (3.2), from Proposition 3.2 we write v as the following L?-orthogonal
decomposition with respect to the e-weighted L? inner product (-, -),:

v=vp+ecurl ¥, (3.4)
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with p € H}(Q), ¥ € H(curl; Q) N Hy(div’; Q), satisfying

L5 1 2 -1 2
lle2v|lg = lle2 v pllg + 1le™2 curl ¥lg (3.5)
and

[1¥llo < C lcurl ¢lo. (3.6)

From Proposition 3.1 we further write ¥ as

v=9"+y', 3.7
where ¢ € (H'(Q))3, curl ¥' = 0, and we have

19°111 < Cllcurl ¥|lo. (3-8)

According to the two components (p, ¥) in the decomposition of v, we divide the
proof into two steps. The first step on p and the second step on ¥ give lower bounds
for || Ry (divev)||3 , and ||R; (™" curl v)||, respectively.

Step I 'We consider p.
We take p € Ph1 N H(} (£2) the interpolation of p, such that (See [7,26,61])

1

2
S hdlp=pllok+ D, k' llp=pllos | <Callplh.  (39)
KeCy Fe&,
15110 < CslIplh.- (3.10)

Note that, to construct the above p for p € HOl (£2), we may employ the Clément
interpolation in [26], or Bernardi-Girault interpolation [7], or Scott—Zhang interpola-
tion [61].

For carrying out the analysis, we recall that the Poincaré-Friedrichs’ inequality
lIpllh < CpFll v pllo holds for all p € H(}(Q) with the constant Cp g and that the
uniform ellipticity of &: |[v|lo < Cs /?||¢!/2v||o holds for all v € (L2($2))? with the
constant C, as indicated in the Introduction section.

Let § > 0 be a constant to be determined. We have

1Ry (dive )|}, = [|Ru(divev) +8 I, — 8% 115113,
—28 (Ry(divev), P)o.s. (3.11)

From ||p]]o.» < C~'||Pl|o in Propositions (3.3), and (3.10), we have

1Pllo.n < C M IPllo < C7'CalIpll < €' C5Crr Il W pllo
1
< C_1C3CPFC5_1/2 lle2 v pllo,
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i.e., putting Cyq := C_1C3CPFC8_1/2, we have

~ 1
[IPllo,n < Callez v pllo-

We have

— 28 (Ru(divev), plon =28(ev, v p) =—28 D (divev, plox

KeCy,
+25 > /[[8v~n]]13',
Feg}ilmerF
—26 > (divev, plox =28 D (divev, p— plox
KeCy, KeCp
-25 Z (divev, p)o.k.
KeCy
-2 z divev, plox =28(ev, v p)—28 Z lev-nl p,
KGCh Feg]ilmer F

1
28(ev, v p) =28 v p,vp) =28llez v pll§,

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

where, from (3.9), the Poincaré-Friedrichs’ inequality, and the uniform ellipticity of

e, we have

28 Z(divsv,p—ﬁ)o,x+23 Z /[[sv-nll(ﬁ—p)

KeCp Fegmer
1/2 172
2 i 2 -2 ~2
> 28 [ D b lldivev|[ g > g llp—Pllsk
KeCy KeCy
1/2 1/2
2 -1 =112
=28 [ D hrlllev -l p > hE e —Pllor
Fe g;lnter Fe g}i’nler
1/2
2 1di 2 2
> 26 z hi ldivev|[ ¢ + Z hel|lllev -nllllg F
KeCy Fe&iner
1/2

-2 ~ -1 ~
<| > e =pliix+ >, hp'llp =Bl r
KECh Feg}[mter
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1/2
>-28C3 | > hxlidivevli3 g+ O helllev-nllid s | lplh
K<C, Feginer
>— | > iidiveviB g+ D hplllev-nlli}
K<C, Fegimer
1
—82(C3CprC ) le2 v plf5, (3.17)

where (C3CprCy/?)2 = (CC4)?. Summarizing (3.11)~(3.17) and choosing § :=

1/(C3 + C2C3), we have

. 1
1Rn(dive )|, = 8 [2—8(CF +C2cD] lle? v pIi

— D mkldiveviii + D helllev-nlllf

KeCh Feg}ilmer

= — |2
C2 +C2C2 ez v pllo

2 : 2 2
— D nkndivevigx + D helilev-nli
KeCp Feg/ilnter

(3.18)

Step 2 We consider ¥ with % in (3.7).

We take 1}70 € (Phl)3 as the L? projection or the averaging interpolant of ¢ e
(H'(£2))?, such that

2

DUhd I =Gk + D hE IO =95 | = CsIY0lh. (3.19)

KeCy Fe&y

190110 < Cs 11911 (3.20)

Note that the above 1//0 € (Phl)3 can be constructed from the L2 projection [39,38],
or from the Clément interpolation in [26], or Bernardi-Girault interpolation [7], or
Scott—Zhang interpolation [61].

Let § > 0 be a constant to be determined. We have

R (™" curl )% = |[Ry (™" curl v) — 8 °||% — 8% |[9°|17,

428 (Ry (™" curl v), $0),.. 3.21)
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Recall, as indicated in the Introduction section, the uniform boundedness of u with
the constant C, and the uniform ellipticity of & with the constant C,. From (3.20) and
(3.8), we have

190, < 2119000 < ¢12Cs 11901 < € 12CsC |eurl ¥lo
I I iz
< C;;12CsC ¢V e curl gl

i.e., putting C¢ := C;1/2C5C Cg_l/z, we have

-0 1
19011, < Cslle™2 curl ¥llo. (3.22)

We have

28 (Ry(u " curl v), ¥9), = 25 curl v, 90 =25 > /v xn- 90, (323)
Fe&l F

25 (curl v, ) = 25 (curl v, ¥° — %) +25 (curl v, ¥°),  (3.24)
26 (curl v, 1//0) =26 (v, curl 1/f0) +26 Z VXn- 1/}0, (3.25)

Fe&l F
268 (v, curl 1/t0) =25, curl ¥) =26 (e ! curl ¥, curl ¢¥)
=26|e"2 curl ¥|P2, (3.26)

where, from (3.19), (3.8), and the uniform boundedness and ellipticity of ¢ with the
same constant C, (see Sect. 1), we have

26 (curl v,i}fvo—VIO)—}—LS Z /vxn- ('ﬁo—"ﬁvo)

Fe&l F
=28 > (curl v, 0 — 9Ok +25 > /vxn~ W0 -y
KeCy, Fe&l' F
1 1
~ 2 2
>-28 | D w0 — 9013 > hk llcurl v||%,,<)
KeCy KeCy
1 1
2 2
=25 [ D w10 =13, > el xall} g
Fe&l Fe&l

09—

> =28Cs |90l | D W lleurd vIi§  + D hplv xnllg g
KeCy Fe&l
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172
_ 1

>25CsCC Pz eurl Yllo | D hk lleurl v g+ D hp iy xnl 5

KeCy Fe&l
>—| > g lleurl vif o+ D hp iy xnllf g
KeCy, Feé'};
_ 1
—82(CscC M2 e 2 cur I3, (3.27)

where (Cs CCy %2 = (C¢C,/*)2. Summarizing (3.21)~(3.27) and choosing 8 :=
1/(C§ + CéCu), we have

1R (1 " curl |2 > 8 [2 —5(C2 + Cgc,t)] lle™% curl ¥|[3

2 2 2
— D rklleurl vi[§ c + D" hrllv xnlfx
KeCy FGE}:

1
= ———5—lle" 2 curl ¥|[
C?+C2C, 0

— D rklleurl vi[§ x+ D hrllvxnly | . (328)
KeCy FEE,{‘

Finally, combining (3.5), (3.18) and (3.28), putting
Cy = Cemin(1/(C2 4 C2CH, 1/(C2 + C2C,)), Cp:=1,

we obtain

1

1Ry (divew)|[5, + [|Rn(n™" curl w)|7

2 2 : 2 2 2
> CrIMIG—Ca | D Wk lidivev][§ « + D i lleurd v[3 ¢
KeCy KeCy

+ > helllev-nlligp+ D hellv xnllg
Fegjmer Fe&f
= C1VII§ — C2 S, v). (3.29)

O
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3.2 Condition number
In this subsection, we shall give the condition number of the resulting linear system.

Theorem 3.2 Assume that the mesh is quasi-uniform as usual. Then, the condition
number of the resulting linear system of problem (2.14) is O(h~?).

Proof Since Ry, Ry, are all L2 projectors, we have for all v € Uj,
[Rn(divew)I[5, + [1Rx(n™" curl w)||7 < Ch™>[v][3.
In fact, from (2.9) and Proposition 3.3, we have

[Rn(diven)[g, = —(ev, v Ru(diver)) < Clpvllo || v Ra(diver)llo
Ch= wllo 1Ry (div e w)llo
< Ch vl [1RA (div e )]0,

IA

where we have used the inverse estimates || v g|lo < Ch™!||g||o forall ¢ € Ph1 N
Hg (). We thus obtain

IRy (divev)llon < Ch™ [Ivllo Vv € Up.
From (2.10) we have

IRy (L eurl w)||% < [leurl v|lo || Ry (11! curl v)[lo

+ > A xalloF 1Ry (™" curd v)[lo,
FGS}:

< Ch™ M wllo 1Ry (™" curl v)||,,
1/2 1/2

1 —
+ D0 HE vl > hp IRy curl v)|[G ,
Fe&l Fe&l

< Ch MWl 1Ry (" curl )iy,
where we have used the inverse estimates ||curl v||g < Ch~!||v||o forally € Uy and

the trace estimates h '/ |[v x nllo.r < Chg" [vllo.x and h}/* ligllo.r < C llgllo.x
forallv € Uy and q € (Phl)3 and for all K, with F C 9 K NI". Thus, we have

—1 —1
[|Ry(u™ " curl w)||, <Ch™ " |P|lo Vv € Uy.
Similarly, using the inverse estimates and the trace estimates, we obtain for allv € U,

Spv,v) < C|v|3.
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We then have
Ly,v) < Ch2|pllg Vv € Un,

which, together with the L? coercivity property (3.1) in Theorem 3.1 and the symmetry
property of Ly, leads to the conclusion of the theorem. O

4 Error estimates

In this section, we shall estimate the errors between the exact solution and the finite
element solution.

4.1 Estimation of consistency errors

Here we estimate the consistency errors caused by Ry, Iz’h, Sh.

Lemma 4.1 Let u and uy, be the exact solution to problem (1.1), (1.2), (1.3) and the
finite element solution to problem (2.14), respectively. For all v, € Uy, we have the
following consistency formula:

1 1 1

Ly —up,vy) = curl u, Rp(u™" curl v,)), — (u™ " curl u, curl vy)

+(diveu, Ry(divevy)) — > (diven, divevy)ok
KeCy,

+ z h%((diveu, divevy)o k + h%(curl u, curl vy)o x
KeCy

+ Z /vhxn-nx(uflcurluxn)

+ Z /IIsvh-n]]divsu. 4.1)

Fe g}inter ¥
Proof For the exact solution u, from (2.9), (2.11) and Remark 2.6 we have

(Rp(div e u), Ry(divevy))os = —(eu, v Ry(divevy))
(diveu, Rh(divevh)) — Z (diveu,divevy)o.x
KeCy,

+ > (diveu. divevy)ok- 4.2)
KeCy
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From (2.10) and Remark 2.6 we have

1 1 1

(Ry(™" curl ), Ry (u™
= (u " curl u, Ry (™

curl vy)), = (u curl u, R, (™

curl vy)), — (!

curl vy)),

1 1

curl u, curl v,)+(u™ " curl u, curl v;),

4.3)

while we have from (1.1) for the exact solution u

! curl u,curl vy) + Z (diveu,divevy)o k

KeCy

(n™
=(f,vn) + Z /vh xn~n><(,u_lcurluxn)
Feé’{p

+ z /[[evh-n]]diveu. “4.4)

Fe g;lnter Ja
From Remark 2.6 we have

Sp(u,vy) = Z h%((divsu,diV8vh)0,K —i—h%((curl u,curl vy)ox. (4.5)
KeCy,

It follows that (4.1) holds. O

Lemma 4.2 Let u be the exact solution. Then for all v, € Uy, we have

Z h%((divsu, divevp)o.x +h%((curl u, curl vy)o x
KeCy

=

: 2 . 2 2 2
< h(||diveul|p + ||curl u||y) E hK||d1V£vh||0’K+ E h ||curl vh||0’K
KeCy KeCy

Proof This lemma can be easily proved using the Cauchy-Schwarz inequality. O

The following proposition is an intermediate step for estimating the consistency
error stated in Lemma 4.1, where the involved interpolations diveu € Phl N HOl ()

and u~leurl u € (Phl)3 to div e and ! curl u can be obtained from the Clément
interpolation [26], Bernardi-Girault interpolation [7], or Scott—Zhang interpolation

[61]. The latter can also be obtained from the L? projection [38,39].

Proposition 4.1 Let diven € P! N H}(Q) and p~'curl u € (P))3 denote the
interpolants of div e u and 1!

allvy, € Uy we have

curl u, respectively, where u is the exact solution. For
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1 1 1

curl u, Ry(n™" curl vy)), — (u= curl u, curl v;)

1

(n™

1

= (u curl u— p~eurl u, Ry(n=" curl vy)),

+(u="'eurl u — ' curl u, curl vy)

— Z /vh xn-nx (ulcurl u x n); (4.6)
Fegl F

(diveu, Ry(divevy) — D (diveu, divev,)ox
KeCy

— diveu — diveu, Ry (divevy)) + (diveu, Ry (divev,))
— (diveu, Ry(divevy)os
+ > @iveu—diveu,diveviox — > [ [evy-nldiven. @&7)

KeCp Feg;:lntcr I3

Proof Equation (4.6) holds, since from (2.10) we can obtain

1

(u=eurl u, Ry (n™" curl vp)),

= (u!curl u, curl v,) — z / vpxn-nx (ulecurl u xn). (4.8
Fe&l F

Equation (4.7) holds, since

(diveu, Ry(divevy)) = (diveu, Ry(divevy)) — (diveu, Ry(divevy))on

+(diveu, Ry(divevy)on, 4.9)
where from (2.9) we have
(m, Ry, (divevp))on = —(evp, vdiven)
= Z ((ﬂ;/;/u, divevy)ox — Z [evn -n]](ﬁ;\;:/u.
KeCy Fegimer
(4.10)
O

In order to estimate the consistency error in (4.1), from (4.6) and (4.7) it is obvious
that div e u and 1~ curl # must have suitable regularity. This issue is dealt with as
follows. Introduce the div Hilbert spaces

H(div; u; Q) = {v € (L>(R))? : div v € L*(Q)},
Ho(divo; w; Q) ={ve H(iv; u; Q) :divuv =0, (uv) - n|r = 0}.
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Let u be the exact solution of (1.1), (1.2) and (1.3), and let
z:=pu 'curl u € H(curl; Q)N Ho(divo; w; ), p:=diveu e H(} (2).

Then, assuming a suitable smooth f, by obvious manipulations, from (1.1)—(1.3) we
can have the following two elliptic and Maxwell’s interface problems:

—dive y p=divf inQ; 1<I<L, plr=0, [pl=0,
—lle v p-nrl=1[f -nl onTy,
curl e lcurl z=curl e 'f, divuz=0 inQ 1<I<L,
(uz) -nlr =0, e leurl zxn|r =¢"'f xnr,
[zxn]l=0, [uz-nl=0, [e'curl zxn]=[e""fxn] on ;.

Hypothesis H1 For a suitable smooth f, we assume that p € ]_[11‘21 H't"(Q)) with
r > 1/2, satisfying

L
> lplhisre < Culf).

=1

where C,(f) is a constant depending on f. In the following remark, we provide some
cases where Cy(f) can be explicitly given.

Remark 4.1 For a globally smooth ¢ (say ¢ = 1) and f € H(div; 2), Hypothesis
HI holds (see [40]), with Cy(f) < C||divf]|,—; for some r > 1/2. For a piecewise
smooth ¢ as assumed, the elliptic interface problem which p solves belongs to the
following general elliptic interface problem: given g and y, to find 6 such that

—divey =g inQQ 1<I<L,
Olr=0, [0]1=0, —[le vO-n]l=x only.

ForL =2 (e, Q= QU ifQ C Qand Q = Q\S_Zl, with the material
interface I'1p = 021 C £, and if ¢ is a piecewise constant (i.e., €|g, = ¢, where ¢;
is constant), then from Remark 2.4 in [17] there exists a r > 1/2 such that

L

D 0lsne < CAIgl—1.a + X1lr—1/2.70)-
=1

where ¢ € H'~1(Q) and x € H’"~'Y2(I'1»). In our case, we may then require
that divf € H'~1(Q) and flg, € (H" ()3 for some r > 1/2, and Cy(f) <
C(|divf|lr-1.0 + Zlel [lfllr.2,), where we used the trace theorem: H'(£2;) is
continuously embedded into H”~'/2(3;). For piecewise smooth material inter-
faces, more general piecewise regularity estimates for the above elliptic interface
problems may be referred to [21,46,58]. For Hypothesis H1, from [17,21,46,58]
and from Theorem 4.1 in [31], a reasonable regularity on f seems to be that
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f e [, H(div; ) N [1f2; (H () for some r > 1/2. With this f and the
assumed piecewise smooth material coefficient ¢ (i.e., ¢|g, € (W22 ())33 for
1 <l < L),sincelf -nllir; € H’_l/Z(Fij), under the assumptions of Theorem 4.1 in
[31] or under the assumptions of Remark 2.4 in [17], we could expect that Hypothesis
H1 holds, with C(f) < C ZIL=1 (I1div f1lo,e; + IIf1l-.,)- This issue is however rather
complicated in three-dimensions and is beyond the scope of this paper, so we do not
intend to deal with it here.

Hypothesis H2 For a suitable smooth f, we assume that z € Hle (H" ())? with
r > 1/2 and that z can be written into the following regular-singular decomposition

2=z +Vve inQ,1=<I<L,

where zy € H(curl; ) N[, (H'* (@))% and ¢ € H'(Q) N[, H'* ()
satisfy

L

> lzallivrg + 1@l1tre) < Culf),
=1

where Cy(f) is a constant depending on f.

Remark 4.2 Such regular-singular decompositions in Hypothesis H2 for Maxwell
interface problems can be found in [29-31,57]. In the case where u = ¢ = 1,
or u and ¢ are globally in (W22 (€2))3%3, from [57] we conclude that Hypothe-
sis H2 holds, with Cy(f) < C(||curl e~!f||o + [|f||;). In general, from Theorem
7.3 in [31] we could assume a reasonable regularity on f for Hypothesis H2 to
be true, ie., f € H1L=1 H(curl; e 1 Q) N H1L=1 (H" () for some r > 1/2,
where H(curl; ¢~1; Q) = {v e (L2(2))? : curl e v € (LZ(QI))3}. For this f
and the assumed piecewise smooth material coefficients v and € (i.e., u|g,, €lo, €
(Wh2(@))3*3,1 <1 < L),since e ~'f x n belongs to (H"~1/2(I"))3 and [~ 'f xn]]
belongs to (H’_1/2(I‘,~A,~))3, under the assumptions of Theorem 7.3 in [31], we could
expect that Hypothesis H2 holds, with C,.(f) <C Zle (||curl e~ f| lo,, +Ifllra)-

Proposition 4.2 (See [62]) the mass-lumping L* inner product (2.8), we have
1(p.@)o — (p. @onl < Chllpllillgllo ¥p.q € P} N Hy ().

Lemma 4.3 Let u be the exact solution. Assuming Hypothesis HI, we have

(diveu, Iéh(divsvh)) — Z (diveu,divevy)o x + Z /[[evh -n]ldiveu
KeCy Feg]iinter 3

< Ch||Ry(divevy)llon

+Ch" Z h |1div e valI§ x + Z iw/l[[esv:mc]]l2
F

KeCy Fegjner

Proof According to p = div e u in Hypothesis H1, we define p € Ph1 N Hé (£2) the
interpolant to p, e.g., see [7,14,24,26,39,61], such that
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1/2 1/2

-2 ~12 -1 ~2
DUhdlp=plok |+ D D hp'lp—pllGe
KeCy KeC, FCOK

L

< Ch" D Iplhsra- 1P = Cllpll. lp = Pllo < Chllplh.
=1

Then, from Lemma 4.1 and (4.7) in Proposition 4.1 and Proposition 4.2, we have

(diveu, Ry(divevy)) — > (diveu,divevi)ox + ». [ [evy -nldiven

KGC}, Feg}ilmer ¥
= (P, Rn(divevy)) — (p, Ru(divevy))on + (p — B, Ru(divevy))
+ 3 Fopdvenox+ S [levnlp - . @11
KEC;, Feg}ilmer )2

where

(P, Ru(divevy)) — (B, Ry(divevi))on < C Il ||Ru(divevi)llo
< Ch|Ru(divevi)llon,
(p — P, Ru(divevy)) < [lp — Bllo ||Ru(divevy)llo < Ch||Rx(divevy)llo
< Ch||Ry(divevi)llon,

> (5 —p.divevok

KeCy
1/2 1/2
2= 2 2 . 2
< D ml 15— pllGk > hk lldivevall§
KeCy, KeCy
1/2

<Ch™ | D hi lldivevall§

KeCy
> /[[evwn]](p—ﬁ)
Fegzlmer b
172 12
<[ > wip-mE, D hF/u[evh ]
Feg;lnter Feglmer
172

<Ch" Z hF/IIIEVh n]l®

Fegmler

Lemma 4.4 Let u be the exact solution. Assuming Hypothesis H2, we have

—1 -1 -1

curl u, R;(n curl u, curl v;)

(u curl vy)), — (n
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+ Z /vh xn-nx(u_lcurluxn)
Feé‘{p

< Ch"||Ry(™" curl vyl

+Ch" Z h%(||curl vh||§,K+ Z hp/ vp xn)*| . (4.12)
KeCy Fe&l F

Proof According to z = u~'eurl u = zy + v ¢ in Hypothesis H2, we define
7€ (Phl)3 as follows:

whereZy € (Phl)3 is the interpolant to zy and ¢ € Ph1 N HY() is the interpolant to
@, see [7,14,24,26,39,61] for general finite element interpolation theory, satisfying

1/2 1/2

-2 [~ 2 —1 = 12
S hillen =zullix | A D) D hr'lza —Zullg p

KeCy KeC, FCOK
+lo —@lh <Ch",

and we have
llz—=zllo < Ch".

We also have
(V@ —¢)curl v) = > /Vh Xn-nx (V@ —¢)xn) Yy, €U
Feé'}: F
Therefore, we have from (4.6) in Proposition 4.1 and Lemma 4.1 that
1

1 1

(u= " curl u, Ry(u™ " curl vy)),, — (u " curl u, curl vy)
+ Z /vh ><n~n><(,u_1curl u X n)
Fe&l F

= (z—7Z, Rp(u " eurl vy)), + @y —zu, curl vy) + (V(@ — @), curl vy)

+ > /vhxn~n><((zH—’z’H)xn)+Z /thn'nX(V(sv—fﬁ)xn)

Fe&l F Fe&l F
= —Z Ry(u" curl vy), + @u — 2. curl vy)
+ > /vh xn-nx(@y —Zn) xn),
Fe&l F
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where

@—Z Ru(u™!

< Iz = Zllu [1Ra (™ curl vyl < Ch" Ry (™" curl vp)ll,,

curl v;)),

(Zw — zu, curl vy)

1/2 1/2
< D hilllew —Zullox > i lleurd vyl[§ ¢
KeCy, KeCy,
1/2
<Ci [ D i lleurl vy ¢
KeCy
and
Z /vh xn-nx((zg —ZH) X n)
Fe&l F
1/2 1/2
<| X wi e =Eullp | [ 3 e [
Fe&l Fe&l F
12
<Ch" Z hp/|vh x n|?
Feé',l; F
It follows that (4.12) holds. m]

Simply summarizing these lemmas from Lemma 4.1 to Lemma 4.4 we obtain the
estimate for the consistency errors caused by L? projections and the stabilization in
the following theorem.

Theorem 4.1 Let u and uy, be the exact solution of problem (1.1), (1.2), (1.3) and

the finite element solution of problem (2.14), respectively. Then, under Hypotheses HI
and H2,

[Ch(up —u,vi)| < Ch" ||villlz, Yvn € U,
where

WWalllZ, = Lr®n, va). (4.13)
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4.2 Constructing an interpolant of the solution

In this subsection we shall construct a finite element interpolant # € Uj, of the solution
u, which is to be used in next subsection to estimate the error of our continuous finite
element method.

Theorem 4.2 Let u be the exact solution and u € Hlel (H" () with r > % Let
Uy, be defined as in (2.6). Then, there is a function u € Uy, such that

Rydivem —u) =0, Rp(u 'curl w—1u)=0 (4.14)
and
L
llu —ullo < Ch" Z [luellr, g (4.15)

I=1
Proof Firstly there is a function u® € $1;, such that (See [6,7,14,26,61])

172

L
e —afllo+ | D, 2 hrllu—u’lfp| <Ch" X llullrg.  (4.16)

KeC, FCIK I=1
We then define u € Uj, by the following conditions:

u(a) = uo(a) for all vertices a, 4.17)

/(ﬁ—u).p=o Vp e (Pi(F))’,YF CdK,with F ¢ T,VK (4.18)
F

and

/(ii—u)~q=0 Vq € Py(¢; K). (4.19)
K

According to (2.3)—(2.6) we can write u in K as

mp mg mg

~ O . A

u=u + Z Z CFIPFIbF + Z CKkiqk bk = u+ Z ¢k, 19k, bk,
FCK I=1 =1 =1
ay

(4.20)
where (731(F))3 = span{pp ;|F, where pp |k € (Pi(K)3,1<1< mr}, in which

the integer m r denotes the dimension of (P (F )3 (namely,mr = 9),and Py(¢; K) =
span{gg ;, 1 <1 < mg}, and cr,cx; € R are all coefficients to be determined
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according to (4.18) and (4.19), i.e.

mr
Zcm/pF,z-pF,ibF=/(u—u°)-pF,,~ l<i<mp,VFCOK (421)
=1 F F

and

mg

CK»l/qK,l-qK,ibK Z/(u—ﬁ)qK’l lflme,VK (422)
=1 K K
Since the bubble-related terms in (4.20) are zero at any vertex and the element bubble
terms are zero along any face, we can obtain that u € Uy, is uniquely determined by
(4.17)—(4.19). Using the standard scaling argument (See e.g. [24]), we can have

1
lu—dllox < Cllu—ullox+C D hillu—u’llor (4.23)
FCoK
and
llu —dllo.x < Cllu—illox. (4.24)

It follows from (4.23), (4.24) and (4.16) that (4.15) holds.
Now we shall verify (4.14). By virtue of (4.19) and (2.9), we have

IRy (dive (@ — )G, = —(e @ — 1), vRy(dive (u — @)))
=—Ww—-u,cv Rh(diVS (u —u)))
_0 (4.25)

since ¢ Y Iéh(divs (u—u)lg € e(Py(K))® C Py(e; K), while from (4.18) and
(2.10), we have

1Ry (™" curl @ =)} = > (-~ curl Ry(u™"curl @—))o.x
KeCy

+ Z Z /(u—ﬁ) xn-Ry(n ' eurl (u—w))

KeCy FCIK %
Fg&l

=0 (4.26)

since curl Rh(,u_lcurl u —u)|g € (Po(K))? C Po(e; K) and n x Rh(,u_l
curl (u —u))|r € (P1(F))>. So (4.14) holds. O
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Remark 4.3 The assumption that the exact solution u € HIL=1 (H" ()3 for some
r > 1/2 is commonly used in the literature, see, e.g., [22], while in [44] even more
regularity is assumed, i.e., » = 1, and in [23] a piecewise regularity W7 () for
some p > 2 is assumed. Meanwhile, we have known that » = 1 is shown for the
case where two materials occupy a convex polyhedron €2 in [46]. We should point
out that, from Sobolev embedding theorem [1,39], the main reason for r > 1/2 is
that it makes the element-face integrals of u well-defined, and the other reason is that
r > 1/2 ensures that the traces of f in Hypotheses H1 and H2 are well-defined.

Remark 4.4 The technique for constructing the finite element interpolant from Egs.

(4.17)—(4.19) is quite classical, e.g., see Lemma A.3 in [39], and somewhat similar
technique may be also found in Sect. 2, Chapter II of [39].

4.3 Error estimates in an energy norm

We introduce an energy norm:

NI curt aiv = VG + 1VIIZ, = V1G + Lo, v)
= |WII5 + 1 Ru(dive (5, + | Ra(n™" curl v)||2
+Sp (v, v). 4.27)

Recall 2 = UlL:]QI, where {2, 1 <[ < L} is the partition of €2 associated with
discontinuities of €. Let E}Zl denote the collection of element faces in C;l, the subset of
Cy, corresponding to €2;. On €2;, let V, be the Crouzeix-Raviart nonconforming linear
element [32], i.e.,

Vi=1zeL*(Q);zlx € P1<K),/[[z]] =0,VFe& L. (4.28)
F

Let J, : H () — Vj, r > 1/2 be the interpolation operator, for z we define
Jhz € Vj, by

/thz/z VF e &, (4.29)

F F

and let J, : (H" () — (V),)? be the vector interpolation operator. Let Iy :
L2(Q)) — P,? denote the piecewise-constant L? projection, i.e., for z we have

Moz|x = X5 VK ecl, (4.30)

and Iy : (L2()))? — (P;?)3 the vector L2 projection.

@ Springer



700 H. Duan et al.

Proposition 4.3 (See [32]) Givenz € H' () orz € (H" ())>. We have the follow-
ing relations:

1/2
1nz = zllo.x + hy > Wz — zllo.r < Chy llzllx VK €Ch,
divJyz = Modivz, [|divaz —2)llo.x <2[ldivzllox YK €Ch,

curl J,z =Tpcurl z, ||curl Jyz—2)llo.x < 2|lcurl z|lp.x VK € C;l.

Lemma 4.5 Recall that ¢ = (g;;) is piecewise smooth, i.e., €ijlo, € Wl*oo(Ql),
1 <1 < L. For the exact solution u and its interpolation u € Uy, as in Theorem 4.2,
we have

L
(Sn(u — i, u @) < Ch' (|diveullo + leurl ullo + > [lull.g). (4.31)
=1

Proof Let &u := J, eu € (V3,)? be the nonconforming linear element interpolation
of e ulg,. Under the regularity assumption on &, we have from Proposition 4.3 that for
any K € Cfl

— 1/2 ,, —~
€% — sullox +hy |IE% —sullo.r < Chh|ull, k.
I\div (e — £w)|Jo.x < C [|diveullo.

In addition, let gy be some finite element interpolation of &, satisfying [24]

lle — €ollo,00,kx + Kl — &0l1,00,k < Chi |€|1,00,k >

where ||-1]0,00, k5 | 1,00, k denote the semi-norms of Sobolev space Whoe(K), see[1].
We first consider the error term

1/2

2 . ~\112
> hi lldive (@ — @[5
KeCy,

We have

hilldive (w —w)llo,x < hi||div(eu —&u)l|lo,x + hx ||div(Eu —eou)|lo,x
+hi ||div (eg — &) ullo k
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where

hgl|ldiv(eu — gu)l|o,x < Chgl|diveullo,k.
hi ||div (£ — eo)||o,xk < Cllgu — eotillo.x < C (llew — e ullo.x
+lle (@ —w)|lo,x + |16 — €0) @ — w)llo,x + 1I(c — €0) ullo.x) .
hi [|div (eo—e) ullo,.x <C hk [eo—¢l1,00,k |[tllo,x +C hk |le0—¢ll0,00.k |®]1,k
hi leo—¢l1,00,k |tllo,x <hk |eo—€l1,00.k |[U—ullo,x +hK |£0—¢&l1,00,k |ltll0,x
hi l1eo—ello.0o.k |81, < C |leo—¢ll0.00.k |l&llo.x <C [leo—¢llo,00.k [[E—ullo.x
+C lleo — €ll0,00.& lello.x -

By collecting all above estimates we obtain
1/2
> b lldive @ — )5

KeCy,

L
<C > (hlldiveullo.q + 160 — eullo.o + | — ullo.o)
=1
L

+C D (lle = ollo.co. + I le = £0l1.00.2) [12llo.g,
=1

L
<Ch (lldiveullo+ D llullrg
=1

Regarding the error term

1/2

D hF/u[s(u—u) |

F Egmler

with two sides FT, F~ of F, we have

¢ [l =) nlP < Chrllew =1 o+ Chrlletu = DI -
F

where for either side of F with the corresponding element K we have

12

L lle@ —wllor < by llew — &allo.r +h/* 1160 — eallo.F,
12

/ |6 — etllo.r < hy!” |60 — eotillo.r +hy leoti — e llo
12
/ 6@ — eodillo.r < C 150 — £0Tillo.k -

hp/ lleou —eullo,r < C (lleou — eullo,x +hkleouw — euly k)
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and

leou —euly xk < C(leo — €l1,00,k I1ll0,x + [le0 — €ll0,00,k 1%]1,K)-
Then, all the subsequent estimations are the same as those for the error term

N 1/2 '
(ZKech h% ||dive (u — )| I%,K) , we thus obtain

1/2

L
z:hp/mwwﬁ%ﬂf SCWQWWMM+§JWWQ)
F

Feg;lnler =1

Toestimate(z,(ech h%{ ||curl (u—ﬁ)l%yK)l/zand(zFeghr he [ |(u—1u)xn|*)'/2,
F
following similar arguments as above, with &t := J,u € (Vi)? we have

12 1/2

> hilleurl @ -5 | +| D] hF/|(u—ﬁ)xn|2
KeC Fe&l F

L
<Ch" (||curl u||0+z IIuIIr,Q,)-

=1

Remark 4.5 Tf u is in (H'(2))3, then from |[#||; < C||u||; we easily have
(Snw—a,u—u)'? < Chllull,

which is consistent with (4.31). In that case, similar error estimates have been known
in the stabilization finite element methods in the literature (e.g. [37]). However, for u
not in (H'(£2))? but in (H"(Q))3 with r < 1, the estimate in Lemma 4.5 is new, to
the best of the authors’ knowledge.

Theorem 4.3 Let u and uy, be the solution of problem (1.1), (1.2), (1.3) and the finite
element solution of (2.14), respectively. Assume that Hypotheses H1 and H2 hold and
thatu € [1f—, (H" (Q))? with r > 1/2. Then

llu —upllpcurt aiv < Ch". (4.32)

Proof From the symmetry and coercivity properties of L;, we have the Cauchy-
Schwarz inequality:

L@, v) < (Ln(u.u)? (Ly(v,v)?.
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From Theorem 4.1 we have

-~ 2 ~ ~ ~ —~. —~.
un —ulllz, = LonCup —w,up —u) = Lyp(w —u,up —u) + Lyp(up —u, up —u)
< Nlu—ulllz, lup—ulllz, +Ch" |[lup—1ulllz,
< C(llu—1ulllz, +h")llup —ulllz,,

that is,
llup —ulllz, < C (llu—ulllg, +h"), (4.33)
where, from Theorem 4.2 and Lemma 4.5,

e —@ll|7, = Ln(u — @, u—a)
= ||Rn(dive @—m))|[5 4+ Ra (" curl (w—w))||}+S@—u, u—i)
=S,(u—u,u—u)

L
< CR*" (ldiveullo + [leurl ullo+ > |lullre)* (4.34)
=1

Therefore, by the triangle inequality, from Theorem 3.1 and (4.34) and Theorem 4.2,
we have

|l —unllo < llu —ullo + llup —ullo < llu—ullo + C lllup —ulllg,
<llu—ullo+C(llu—ulllg, +h") <Cllu—ullo+Ch" <Ch,

(4.35)

and by the triangle inequality again, from (4.33) and (4.34), we have
Il —unlllz, <Illu—ulllg, + |lla —unlllz, < Ch". (4.36)
Summarizing (4.35), (4.36) and (4.27), we have (4.32). O

Remark 4.6 From Sect. 4.1 the constant in (4.32) would take the form ||div e u||y +
lleurl ullo + 3F ) llullng, + X5 (lldivfllo., + lleur] e 'fllo.q, + [[fll.q) up
to a multiplicative constant which is independent of u, f and /4. On the other hand,
as remarked in Remark 2.9, for the first-order system like (1.9), since no consistency
errors exist, from the above argument the constant in (4.32) takes the form ||div e u||o+
[|curl u||op + ZIL:I [le]], e, up to a multiplicative constant which is independent of
u,f and h.

Remark 4.7 For piecewise non-polynomial ¢, we may consider to replace ¢ by a

suitable piecewise polynomial approximation, say ¢;, (see below). With this g, all the
previous analysis and results are almost unchanged, except the additional consistency
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error terms caused by that replacement as follows:

(div (¢ — ep) u, Ry, (div &, vp)), (4.37)
> he [ 1= enu-nle, v, nl (4.38)
Feg]ilmcr ¥
and
> hi (div (e — en) u, diven va)o k.- (4.39)
KeCy

Recall ¢;; € Hle W1’°°(Ql), 1 <1i,j < 3. We choose 82 n A <l<L)
as a continuous finite element approximation of ¢|g, with £ll. ih lx € PF(K ), where

PID(K ) denotes the linear element enriched by three face bubbles and one element
bubble. Recall that K is a tetrahedron. From [6,7,24,39] we have || — &3](0.00.x +
hile — enll.co.k < Chk |€]1,00,x forall K € Cp, where | - |1 o denotes the semi-
norms of W1, Note that ¢, satisfies the same uniform ellipticity property as & for
a sufficiently small 4. Also, note that the bubbles in PF(K ) are introduced in order
that all 85 i 1 <i,j < 3, satisfy the following interpolation properties:

/(sf.j—sfj,h)q=o Vg € Pi(F), YF CdK,VK €Cp, (4.40)
F

and

/(afj — &) =0 VK. (4.41)
K

We shall only explain how to estimate (4.37) below. Other error terms can be estimated
similarly. On each face F C d K forany K € Cp, letu|p := ﬁ fF u. We have ||lu —

_1 g
illo,r < Chy ? llull, k. Letting & := ‘,Tl we have [lu — @tllo.x < C 'y |lull, k.
Then, from (4.40), (4.41) and the interpolation properties of ¢;,, u and &, we have
(div (e — en) u, Ry(divey vp)) = —((e — en) u, v Ry(div e, vp))
+> > /(s—shw “n Ry (div e vi) =—((e —en) @—it), v Ry (div ep vp))

KeCp FCOK

+> > /(s—eh>(u—a> -n Ry (divey vi) < Ch' || Ry(diven vi)llon,
KeCy FCOK %
(4.42)

where C depends on ||u]|, ZIL:I [l€]]1,00,9,, but it is independent of 4.
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5 Conclusion

In this paper we have proposed a continuous finite element method to solve the
curlcurl-grad div interface problem in a three-dimensional polyhedron domain. Differ-
ent anisotropic nonhomogeneous materials are allowed to occupy multiple subdomains
of the domain, with the two characteristic coefficients being discontinuous from sub-
domain to subdomain. Due to spatial inhomogeneities, such interface problems are
frequently encountered in many physical science and engineering applications such
as electromagnetism and fluid-structure interaction. The key feature of the method
proposed in this paper is the application of two suitable L? projections to curl and
div operators. With respect to the regularity associated with the problem in material
subdomains, the error bound O (k") in an energy norm between the exact solution and
the continuous finite element solution is proved. From Sect. 4 of this paper, the regu-
larity requirement of the error bound O(h") can be generally summarized as follows:
u € Ho(eurl; Q) N H(div; &; Q) N [}, (H"(2))°, p 'eurlu € H(curl; Q) N
Ho(div; ;@) N T (HT (@)%, &, 0 € (L2@)¥ N T (W (2))*3, and
fe (L2 N[]4, H(div; ) N H(eurl; 715 Q) N (H' ()3, where r > 1/2
and the regularity on f could ensure the regularity of ! curl u, as stated in Hypoth-
esis H2. On the other hand, if problem (1.1) comes from a first-order system like
(1.9), then u € Hy(curl; Q) N H(div; &; ) N r[lL:l(Hr(SZl))3 for » > 1/2 and
e € (L®(Q)**3n Hlel(Wl’oo(Ql))3X3 are sufficient. The continuous finite ele-
ment method developed in this paper is a general-purpose method and has broad
applications, since it can work no matter if the general tensor coefficients are discon-
tinuous or not, and no matter if the exact solution has a low regularity or not, and no
matter if the continuous problem comes from Maxwell’s second-order or first-order
curl/ div interface problems or from other similar interface problems involving curl/div
operators.
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