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Abstract In this paper we propose and analyze a stochastic collocation method for
solving the second order wave equation with a random wave speed and subjected to
deterministic boundary and initial conditions. The speed is piecewise smooth in the
physical space and depends on a finite number of random variables. The numerical
scheme consists of a finite difference or finite element method in the physical space and
a collocation in the zeros of suitable tensor product orthogonal polynomials (Gauss
points) in the probability space. This approach leads to the solution of uncoupled
deterministic problems as in the Monte Carlo method. We consider both full and sparse
tensor product spaces of orthogonal polynomials. We provide a rigorous convergence
analysis and demonstrate different types of convergence of the probability error with
respect to the number of collocation points for full and sparse tensor product spaces
and under some regularity assumptions on the data. In particular, we show that, unlike
in elliptic and parabolic problems, the solution to hyperbolic problems is not in general
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analytic with respect to the random variables. Therefore, the rate of convergence may
only be algebraic. An exponential/fast rate of convergence is still possible for some
quantities of interest and for the wave solution with particular types of data. We present
numerical examples, which confirm the analysis and show that the collocation method
is a valid alternative to the more traditional Monte Carlo method for this class of
problems.

Mathematics Subject Classification (2000) 65C20 - 65M70 - 65M60 - 65MO06 -
65M15 - 65705

1 Introduction

Partial differential equations (PDEs) are important mathematical models for multidi-
mensional physical systems. There is an increasing interest in including uncertainty in
these models and quantifying its effects on the predicted solution or other quantities of
physical interest. The uncertainty may be due to an intrinsic variability of the physical
system. It may also reflect our ignorance or inability to accurately characterize all input
data of the mathematical model. Examples include the variability of soil permeability
in subsurface aquifers and heterogeneity of materials with microstructure.

Probability theory offers a natural framework to describe uncertainty by parame-
trizing the input data either in terms of a finite number of random variables or more
generally by random fields. Random fields can in turn be accurately approximated by
a finite number of random variables when the input data vary slowly in space, with
a correlation length comparable to the size of the physical domain. A possible way
to describe such random fields is to use the truncated Karhunen-Loéve [27,28] or
polynomial chaos expansion [42,45].

There are different techniques for solving PDEs in probabilistic setting. The most
popular one is the Monte Carlo sampling, see for instance [12]. It consists in gener-
ating independent realizations drawn from the input distribution and then computing
sample statistics of the corresponding output values. This allows one to reuse available
deterministic solvers. While being very flexible and easy to implement, this technique
features a very slow convergence rate.

In the last few years, other approaches have been proposed, which in certain sit-
uations feature a much faster convergence rate. They exploit the possible regularity
that the solution might have with respect to the input parameters, which opens up
the possibility to use deterministic approximations of the response function (i.e. the
solution of the problem as a function of the input parameters) based on global polyno-
mials. Such approximations are expected to yield a very fast convergence. Stochastic
Galerkin [13,29,44,4,38] and Stochastic Collocation [2,32,31,43] are among these
techniques.

Such new techniques have been successfully applied to stochastic elliptic and
parabolic PDEs. In particular, we have shown in previous works [2,30] that, under
particular assumptions, the solution of these problems is analytic with respect to the
input random variables. The convergence results are then derived from the regularity
results. For stochastic hyperbolic problems, the analysis is not well developed. In the
case of linear problems, there are a few works on the one-dimensional scalar advection
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equation with a time- and space-independent random wave speed [14,37,41]. Such
problems also possess high regularity properties provided the data live in suitable
spaces. The main difficulty arises when the coefficients vary in space or time. In this
more general case, the solution of linear hyperbolic problems may have lower regu-
larity than those of elliptic, parabolic and hyperbolic problems with constant random
coefficients. There are also recent works on stochastic nonlinear conservation laws,
see for instance [25,26,34,39,40].

In this paper, we consider the linear second order scalar wave equation with a piece-
wise smooth random wave speed. In many applications, such as seismology, acoustics,
electromagnetism and general relativity, the underlying differential equations are sys-
tems of second order hyperbolic PDEs. In deterministic problems, these systems are
often rewritten as first order systems and then discretized. This approach has the disad-
vantage of introducing auxiliary variables with their associated constraints and bound-
ary conditions. This in turn reduces computational efficiency and accuracy [21,20].
Here, we analyze the problem in the second order differential form, without reducing
it to the first order form, and propose a numerical method that directly discretizes the
second order PDE. The analysis of the first order and other types of second order hyper-
bolic systems with discontinuous random coefficients will be addressed elsewhere.

We propose a stochastic collocation method for solving the wave propagation prob-
lem in a medium consisting of non-overlapping sub-domains. In each sud-domain, the
wave speed is smooth and is given in terms of one random variable. We assume that the
interfaces of speed discontinuity are smooth. We derive a priori error estimates with
respect to the number of collocation points. The main result is that unlike in elliptic
and parabolic problems, the solution to hyperbolic problems is not in general analytic
with respect to the random variables. Therefore, the convergence rate of error in the
wave solution may only be algebraic. A fast spectral convergence is still possible for
some linear quantities of interest with smooth mollifiers and for the wave solution
with smooth data compactly supported within sub-domains. We also show that the
semi-discrete solution is analytic with respect to the random variables with the radius
of analyticity proportional to the mesh size 4. We therefore obtain an exponential rate
of convergence which deteriorates as the quantity & p gets smaller, with p representing
the polynomial degree in the stochastic space.

The outline of the paper is as follows: in Sect. 2 we formulate the mathematical
problem, prove its well-posedness, and provide regularity results on the solution and
a quantity of interest. The collocation method for solving the underlying stochastic
PDE is described in Sect. 3. In Sect. 4 we give a complete error analysis for the collo-
cation method and obtain convergence results. In Sect. 5 we perform some numerical
examples to illustrate the accuracy and efficiency of the method. Finally, we present
our conclusions in Sect. 6.

2 Mathematical setting
We consider the linear second order scalar wave equation with a discontinuous ran-
dom wave speed and deterministic boundary and initial conditions. We study the

well-posedness of the problem and regularity of the solution and a quantity of interest
with respect to the input random parameters.
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2.1 Problem statement

Let D be a convex bounded polygonal domain in R? and (£2, F, P) be a complete
probability space. Here, §2 is the set of outcomes, F C 2% is the o-algebra of events
and P : F — [0, 1] is a probability measure. Consider the stochastic initial boundary
value problem (IBVP): find a random function u : [0, T] x D x 2 — R, such that
P-almost everywhere in €2, i.e. almost surely (a.s.), the following holds

un(t, X, ®) — V- (a>(x, o) Vu(t, X, )) = f(t,x) in [0,T] x D x £
u(0, x, w) = g1(x), u:(0, X, w) = ga2(x) on{tr=0} x D x £ (1)
u(t,x,w) =0 on[0,T] x 0D x £2

where the data
feL*(0,T1x D), g €HND), g €L*D), 2)

are compatible. We assume that the random wave speed a is bounded and uniformly
coercive,

0 < amin <aX, ) < apax < 00, almost everywhere in D, a.s. 3)

In many wave propagation problems, the source of randomness can be described
or approximated by using only a small number of uncorrelated random variables. For
example, in seismic applications, a typical situation is the case of layered materials
where the wave speeds in the layers are not perfectly known and therefore are described
by uncorrelated random variables. The number of random variables corresponds there-
fore to the number of layers. In this case the randomness is described by a finite number
of random variables. Another example is the approximation of the random speed by a
truncated Karhunen-Loéve expansion [3]. In this case the number of random variables
is the number of terms in the expansion. In this case the randomness is approximated
by a finite number of random variables. This motivates us to make the following finite
dimensional noise assumption on the form of the wave speed,

a(x,w) =a(x, Y| (w),...,Yy(w)), almosteverywherein D, a.s., 4)

where N € Ny and ¥ = [Vy,...,YN] € R¥ is a random vector. We denote by
I, = Y,($2) the image of Y, and assume that Y,, is bounded. We let I" = HQ’: 1T
and assume further that the random vector Y has a bounded joint probability density
function p : I' — Ry with p € L°°(I"). We note that by using a similar approach to
[2,9] we can also treat unbounded random variables, such as Gaussian and exponen-
tial variables. Unbounded wave speeds could theoretically arise in the case of rigid
materials. In this paper we consider only bounded random variables.

In this paper, in particular, we consider a heterogeneous medium consisting of
N sub-domains. In each sub-domain, the wave speed is smooth and represented by
one random variable. The boundaries of sub-domains, which are interfaces of speed
discontinuity, are assumed to be smooth and do not overlap.
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The random speed a can for instance be given by

N
a(x, ) = ap(x) + Zan X, @) Xy (x),  an(X, ®) = V(o) an(x), )

n=1

where X, are indicator functions describing the geometry of each sub-domain, Y, are
independent and identically distributed random variables, and ¢, are smooth functions
defined on each sub-domain. Note that the representation of the coefficient a in (5)
is exact, and there is no truncation error as in the Karhunen-Loéve expansion. The
more general case where the wave speed in each sub-domain a, (X, w) is represented
by a Karhunen-Loéve expansion can be treated in the same way. In this case the
total number of random variables is 2111\,:1 M,,, where M,, is the number of terms in
the truncated Karhunen-Loéve expansion in each sub-domain. The case where the
geometry of sub-domains is also random will be addressed elsewhere. For elliptic
equations, random boundaries have been studied, e.g., in [7,15,46].

The finite dimensional noise assumption implies that the solution of the stochastic
IBVP (1) can be described by only N random variables, i.e., u(t,x,®) =
u(t,x, Y1 (w), ..., Yn(w)). This turns the original stochastic problem into a deter-
ministic IBVP for the wave equation with an N-dimensional parameter, which allows
the use of standard finite difference and finite element methods to approximate the solu-
tion of the resulting deterministic problem u = u(t,x,Y), where t € [0, T], x € D,
and Y € I'. Note that the knowledge of u = u(z, x, Y) fully determines the law of
the random field u = u(z, X, w). The ultimate goal is then the prediction of statistical
moments of the solution u or statistics of some given quantities of physical interest.

Before studying the well-posedness and regularity in details, we start the discussion
with two simple examples.

Example 1 A basic technique for studying the regularity of the solution of a PDE with
respect to a parameter is based on analyzing the equation in the complex plane. In this
approach, the parameter is first extended into the complex plane. Then, if the extended
problem is well-posed and the first derivative of the resulting complex-valued solution
with respect to the parameter satisfies the so called Cauchy—Riemann conditions, the
solution can analytically be extended into the complex plane. This approach has been
used in [30] to prove the analyticity of the solution of parabolic PDEs with stochastic
parameters. As a first example, we therefore consider the Cauchy problem for the
one-dimensional scalar wave equation with a complex-valued one-parameter wave
speed

up(t,x) —a?ux(t,x) =0,  in[0,T] x R,
u(0,x) =gx), u;0,x)=0, onf{r=0} xR,
with a constant, complex-valued coefficient
a=ag+iay, ag,ay € R.
Assume that g(x) is a smooth function that vanishes at infinity. We apply the Fourier

transform with respect to x and get
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ly (1, k) +a* kK> a(t, k) = 0,
12(0, k) = g(k)v ’2[(0’ k) = 09

where @i(t, k) = [pu(t,x)e **dx and §(k) = [ g(x) e '¥*dx are the Fourier
transforms of u (¢, x) and g(x) with respect to x, respectively. The solution of this
linear, second order ordinary differential equation with parameter k is given by
g (k
i =20 @ o) s =tiak
When a; = 0, then 1 2 = £i ag k. Performing the inverse Fourier transform, we
get the solution

1
u(t, x) =3 (g(x +art) +gx —arn)),

and therefore the Cauchy problem is well-posed.

When aj 75 0, then Re(rl) = —Re(rz) = —ay k, and
i(t, k)| ~ |8 (k)| eler! kIt

Therefore, regardless of the sign of Re(az) =a% — a%, the Fourier transform of the
solution # (¢, k) grows exponentially fast, i.e., elarl k17 ynless the Fourier transform of
the initial solution g (k) decays faster than e =%/ I’ _The Cauchy problem is therefore
well-posed only if g(x) is in a restricted class of Gevrey spaces [35].

Definition 1 A function g(x) is a Gevrey function of order g > 0, i.e., g € GI(R), if
g € C*(R) and for every compact subset D C R, there exists a positive constant C
such that,

max [0"g(x)| < C" (n)9.
xeD

In particular, G' (R) is the space of analytic functions [18]. For 0 < ¢ < 1, the
class G7(R) is a subclass of the analytic functions, while for 1 < ¢ < oo it contains
the analytic functions.

We now state a known result on the decay of the Fourire transform of Gevrey
functions [24,35].

Lemma 1 A function g(x) belongs to the Gevrey space G4 (R) if and only if there

. .. A e k!
exist positive constants C and € such that |§ (k)| < C e~€ I .

Therefore, for the Cauchy problem to be well-posed in the complex strip ¥, = {(ar +
iar) € C: |ay| < r}, weneed g € GI(R) with ¢ < 1. Note that for ¢ = 1, the
problem is well-posed only for a finite time interval when ¢ < €/r. This shows that
even if the initial solution g is analytic, i.e, g € G'(R), the solution is not analytic
for all times in ¥,. Reversing the argument, we can say that, starting from an analytic
initial solution g, with |§(k)| < C e € kI, the solution at time 7 will be analytic only in
the strip X, and the analyticity region becomes smaller and smaller as time increases.

Example 2 An important characteristic of waves in a heterogeneous medium in which
the wave speed is piecewise smooth, is scattering by discontinuity interfaces. As a
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simple scattering problem, we consider the Cauchy problem for the second order
scalar wave equation in a one-dimensional domain consisting of two homogeneous
half-spaces separated by an interface at x = 0,

(1, x) — (a*(¥) ux(t,x)), =0, in[0, T] xR,
with a piecewise constant wave speed

a_, x<0,
ay, x>0.

a(x) = [

In this setting, the wave speed contains two positive parameters, a_ and a. We choose
the initial conditions such that the initial wave pulse is smooth, compactly supported,
lies in the left half-space, and travels to the right. That is

u(0,x) = g(—=x), u(0,x) =a—g'(=x), gkx) e C5(0, 00).
By d’Alembert’s formula, the solution reads

gla_t—x)+®1(a_t+x), x <0,
Dr(art —x), x > 0.

u(t,x) = [

Note that when x < —a_ ¢, the solution is purely right-going, u = g(a—t — x), and
when x > ay t, the solution is zero, u = 0.
The functions @ and @, are obtained by the interface jump conditions at x = 0,

w(t,07) = u(t,0%), a2 uc(t,07) = af u.(r,0"). ©)
After some manipulation, we get the solution
(a—t —x) +E% g(a_t +x), x <0,
wt,) =1 g aFad ™
2 (= (ay t —x)), x> 0.

The interpretation of this solution is that the initial pulse g(—x) inside the left half-
space moves to the right with speed a_ until it reaches the interface. At the interface
it is partially reflected (@) with speed a_ and partially transmitted (@,) with speed
a4 . The interface between two layers generates no reflections if the speeds are equal,
a_ = a. From the closed form of the solution (7), we note that the solution u(z, x)
is infinitely differentiable with respect to both parameters a_ and a4 in (0, +00).
Note that the smooth initial solution u (0, x), which is contained in one layer with zero
value at the interface, automatically satisfies the interface conditions (6) at time zero.
Otherwise, if for instance the initial solution crosses the interface without satisfying
(6), a singularity is introduced in the solution, and the high regularity result does no
longer hold.

In the more general case of multi-dimensional heterogeneous media consisting of
sub-domains, the interface jump conditions on a smooth interface Y between two
sub-domains D and Dy are given by

[, )Ir =0,  [a*()un(t, )lxr =0. (8)
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Here, the subscript n represents the normal derivative, and [v(.)]y is the jump in
the function v across the interface Y. In this general case, the high regularity with
respect to parameters holds provided the smooth initial solution satisfies (8). The
jump conditions are satisfied for instance when the initial data are contained within
sub-domains. This result for Cauchy problems can easily be extended to IBVPs by
splitting the problem to one pure Cauchy and two half-space problems. See Sect. 2.3.2
for more details.

Remark 1 Tmmediate results of the above two examples are the following:

1. For the solution of the Cauchy problem for the one-dimensional wave equation to
be analytic with respect to the random wave speed at all times in a given complex
strip X, with r > 0, the initial datum needs to live in a space strictly contained in
the space of analytic functions, which is the Gevrey space G7(R) with0 < g < 1.
Moreover, if the problem is well-posed and the data are analytic, the solution may
be analytic with respect to the parameter in X, only for a short time interval.
Problems in higher physical dimensions with constant random wave speeds can
be studied similarly by the Fourier transform and the generalization of univariate
Gevrey functions to the case of multivariate functions.

2. Inaone-dimensional heterogeneous medium with piecewise smooth wave speeds,
if the data are smooth and the initial solution satisfies the interface jump conditions
(8), the solution to the Cauchy problem is smooth with respect to the wave speeds.
If the initial solution does not satisfy (8), the solution is not smooth with respect
to the wave speeds. We refer to the proof of Theorem 3 where a more general
one-dimensional problem, i.e. problem (14), with smooth data is considered. We
also refer to Conjecture 1 for problems in two dimensions.

We note that the above high regularity results with respect to parameters are valid
only for particular types of smooth data. In real applications, the data are not smooth.
We therefore study the well-posedness and regularity properties in the more general
case when the data satisfy the minimal assumptions (2).

2.2 Well-posedness

We now show that the problem (1) with the data satisfying (2) and the assumption (3)
is well-posed. For a function of the random vector Y, we introduce the space of square
integrable functions:

LX) = v:F—>R,/v(Y)2p(Y)dY<oo ,
r

with the inner product

(Wi, )2y = Elvrva] = / viva p(Y)dY.
r
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We also introduce the mapping u : [0, T] — H& (D) ® L%(F), defined by
[u)]x,Y) :=u,x,Y), Viel[0,T],xeD,Y el.
Similarly, we introduce the function f : [0, T] — Lz(D), defined by
f@®I1x) = f(t,x), Vtel0,T], xeD.

Finally, for a real Hilbert space X with norm ||.||x, we introduce the time-involving
space

Hy :=L*0.T: X)® L2(I') = L*(0.T: X ® L2(I").
consisting of all measurable functions v with
ol = / vl p(Y)dtdY < occ.
[0,T1xI"

Examples of X include the L%(D) space and the Sobolev space HO1 (D) and its dual
space H-Y(D).
We now recall the notion of weak solutions for the IBVP (1).

Definition 2 The function u € Hy1(p) with ' € Hypapy andu” € Hy-1(p) is a
weak solution to the IBVP (1) provided the following hold:

(i) u(0) = g1 and w’(0) = g2,
(i) fora.e.time 0 <7 < T and Vv € Hj (D) ® LZ(I'):

/ u”(t)v,odde—f—/B(u(t),v),odY: / f(t)vpdxdy, 9)

DxI’ r DxI’

where

B(vy, vz)(Y)z/ a*(x,Y) (Vui(x, ¥)-Vup(x, ¥)) dx, Vi, v10€H (D) ® L, (I').
D

Theorem 1 Under the assumptions (2) and (3), there is a unique weak solution
ue H Hl(D) 10 the IBVP (1). Moreover, it satisfies the energy estimate

’ 7
OréltaSXT (”u(t)”HOI(D)®LI%(1‘) + flu (t)||L2(D)®L%(1")) + |lu ||HH,1(D)

= C(Ifl 2020 + 81l a0 + 1821 200)- (10)

Proof The proof is an easy extension of the proof for deterministic problems, see e.g.
[11]. O

2.3 Regularity

In this section we study the regularity of the solution and of a quantity of interest
with respect to the random input variable Y. The main result is that under the mini-
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mal assumptions (2) and (3) the solution, which is in L%(F), has in general only one
bounded derivative with respect to Y, while the considered quantity of interest may
have many bounded derivatives. The available regularity is then used to estimate the
convergence rate of the error for the stochastic collocation method.

2.3.1 Regularity of the solution

We first investigate the regularity of the solution with respect to the random variable
Y. For deterministic problems, for instance when Y is a fixed constant, it is well known
that in the case of x-discontinuous wave speed, with the data satisfying (2) and under
the assumption (3), the solution of (1) is in general only u € CO(O, T; Hé (D)), see
for instance [33,36]. In other words, in the presence of discontinuous wave speed, one
should not expect higher spatial regularity than H'(D).

To investigate the Y -regularity of the solution in the stochastic space, we differen-
tiate the IBVP (1) with respect to Y and obtain

iy — V- (a* Vi) =V (2aay Vu), i =dyu, (11)

with homogeneous initial and boundary conditions. The force term in the above
IBVPis f| := V- (2aay Vu) € L'(0, T; H"'(D)) for every Y € I'. In fact if
v e L0, T; Hj (D)), then

T
‘//flvdxdt‘ = (V- (2aay Vi), v)| = |2aay Vu, Vv)|
0 D

S 2 |Cl ay|oo ”VMHLI(O,T;LZ(D)) ”VUHLI(O,T;Lz(D)) < .

We now state an important result which is a generalization of a result given by
Hormander [16].

Lemma 2 For arbitrary f € LY0,T; H*(D)), g1 € HY(D) and g €
H*(D), with k € R, for every Y € T, there is a unique weak solution u €
Cc%0, T; H*' (D)) n €' (0, T; H*(D)) of the IBVP (1) with the X-smooth wave
speed (4) satisfying (3). Moreover, it satisfies the energy estimate

/
Jnax (Il |l g1 (py + 0 Ol gepy)

< Cer (Il ooy + I8l g o) + g2l ). (12)

Proof The proof is an easy extension of the proof of Lemma 23.2.1 and Theorem
23.2.2in[16]. O

We note that Lemma 2 holds for x-smooth wave speeds. When the wave speed is
non-smooth, it holds only for k = —1 and k£ = 0 [36]. We apply Lemma 2 to (11)
with k = —1 (which is valid also for non-smooth coefficients) and obtain

iec%0,T;L*(D)), VY€l
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Moreover, the solution (7) of Example 2 with g € H& (R) shows that the second and
higher Y-derivatives do not exist. Therefore, under the minimal assumptions (2), the
solution has at most one bounded Y -derivative in L2(D). We have proved the following
result,

Theorem 2 For the solution of the second order wave propagation problem (1) with
data given by (2) and a random piecewise smooth wave speed satisfying (3) and (5),
we have dyu € C°(0, T; L*(D)) for every Y € I'.

2.3.2 Regularity of quantities of interest

We now consider the quantity of interest

T
oY) =//u(t,x, Y)¢(X)dxdt+/u(T, X, Y) ¥ (x) dx, (13)
0 D

D

where u solves (1) and the mollifiers ¢ and v are given functions of x. As a corollary
of Theorem 2, we can write,

Corollary 1 With the assumptions of Theorem 2 and ¢ € L'(D) and ¢ € L' (D),
we have din e L®(I).

We now assume that the mollifiers ¢ (x) € C(‘)><> (D) and ¢ (x) € Cgo (D) are smooth
functions and analytic in the interior of their supports. We further assume that their sup-
ports does not cross the speed discontinuity interfaces. We will show that the resulting
quantity of interest (13) may have higher Y -regularity, without any higher regularity
assumptions on the data than those in (2). For this purpose, we introduce the influence
Sfunction (or dual solution) ¢ associated to the quantity of interest, Q, as the solution
of the dual problem

0u(t,%,Y) = V- (a*(x, Y)Vo(t,x,Y)) = ¢(x) in[0,T]x D x I
o(T,x,Y)=0, ¢(T,x,Y)=—Y(Xx) on{t=T}x D xTI (14)
p(t,x,Y)=0 on[0,T]x 0D x I”

Note that this is a well-posed backward wave equation with smooth initial data at the

final time T and a smooth force term.
We can write

Q) = // O — ZVgo)) dxdt+/u(T, X, Y) ¥ (x) dx
D
T T
=//Lupndxdt—i—//anu'V(pdxdt+/u(T,x, Y) ¢ (x)dx
D 0 0 D D
T T
T
://u,,godxdt—//gov a 2Vu dxdt—i—/[(p,u—gou,]o
0 D 0 D D
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dx+/u(T, x, Y) ¥ (x)dx

D
T

= [ [otx ) samaxds [(2000.x 1) - 610 00.x 1) dx.
D

0 D

The last equality follows from the initial condition in (1) and in the dual problem (14).
This shows that the regularity of the quantity of interest depends only on Y -regularity
of the dual solution.

To investigate the Y -regularity of dual solution, we first note that the finite speed
of wave propagation and the superposition principle due to the linearity of the dual
problem (14) makes it possible to split the IBVP in R? into two half-space problems
and a pure Cauchy problem [19]. To clarify this, consider a one-dimensional strip
problem (d = 1) for (14) on the physical domain D = [0, 1] with N = 2 layers with
widths di and d>. Let ¢; € C*®(D), j =1, 2, 3, be monotone functions with
26}

6 ’

0, x<1-%.

1, x< I, x>1-—

1 (x) =[

W o™

W (x) = [

9 x 2
and P93(x) =1 — 1(x) — ¥2(x). Set ¢ = @1 + @2 + @3, where each ¢; solves

@ju—V-(a*Vo;) =0;¢ in[0,T]x D x I’
0; =0, @j;=-0;v% on{t=T}xDxT
;=0 on[0,T]1xdD x I

The finite speed of propagation implies that there is a time 0 < 77 < T where ¢; =0
for x € [dy, 1]and ¢ € [T — Ty, T]. Therefore, we can consider ¢; as the solution of
the right half-space problem

o1t — V- (a®Vo1) =01¢, tel[T—T,T], x>0
01 =0, @i =-t1, t=T, x>0
91 =0, tel[T -T,T], x=0

Note that here we redefine the wave speed a by extending the speed corresponding to
the left layer to the whole half space 0 < x < oo. Similarly, ¢, and @3 locally solve
a left half-space and a pure Cauchy problem, respectively. These considerations are
valid in the time interval [T — T, T]. Attime t = T — T}, we obtain a new final dual
solution and can restart.

The Y-regularity of the dual solution ¢ is therefore obtained by the regularity of
@1, @2 and 3. The first two functions, ¢ and ¢;, which solve two half-space problems
with smooth data and coefficients, are smooth [11] and have bounded Y -derivatives of
any order s > 1. The third function @3, which solves a single interface Cauchy prob-
lem with smooth data whose support does not cross the interface and with a piecewise
smooth wave speed, has again bounded Y -derivatives of any order s > 1.In one dimen-
sion (d = 1), when the wave speed is piecewise constant, we can solve the Cauchy
wave equation by d’ Alembert’s formula and explicitly obtain the solution ¢3 which is
smooth with respect to the wave speed and therefore is Y-smooth, see Example 2 as a
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simple illustration. When the wave speed is variable, we can employ the energy method
to show Y-regularity, see Theorem 7 in the Appendix. Note that the same result holds
also for a multiple interface Cauchy problem. Therefore the dual solution ¢ and conse-
quently the quantity of interest Q have bounded Y -derivatives of any order s > 1. We
note that for0 < ¢ < T — T, although the new final dual solution ¢ (T —T1, x, Y) may
not be contained in one layer, but since it naturally satisfies the correct jump conditions
at the interface, the Y -regularity of the dual solution holds in the time interval [0, T'].
We have therefore proved the following result in a one-dimensional physical space,

Theorem 3 Let D C R. With the assumptions of Theorem 2 and if ¢ € C;°(D) and
Y € C3°(D) and their supports do not cross the discontinuity interfaces, the quantity

of interest (13) satisfies % Q € L®(I') with any order s > 1.

In a more general case of two-dimensional physical space (d = 2), ¢1 and ¢, are
again smooth [11] and have bounded Y -derivatives of any order s > 1. The proof of
smoothness for 3 is more complicated. However, noting that the discontinuity occurs
in the normal direction to the interfaces, we can employ a localization argument and
build a two-dimensional result by generalizing the one-dimensional ones. Based on
this and numerical results, we therefore make the following conjecture,

Conjecture 1 Let D C R2. With the assumptions of Theorem 2 and if ¢ € Cg°(D)
and € C°(D) and their supports do not cross the discontinuity interfaces, the

quantity of interest (13) satisfies dd%Q € L®(I") with any order s > 1.

Remark 2 For quantities of interest which are nonlinear in u the high Y-regularity
property does not hold in general. In fact, the corresponding dual problems have non-
smooth forcing terms and data (assuming u is not smooth), and therefore the dual
solutions are not smooth with respect to Y. In Sect. 5, we numerically study the Arias
intensity [1] which is a nonlinear quantity of interest and show that it is not regular
with respectto Y.

3 A stochastic collocation method

In this section, we review the stochastic collocation method for computing the statis-
tical moments of the solution u to the problem (1), see for example [2,43]. We first
discretize the problem in space and time, using a deterministic numerical method,
such as the finite element or the finite difference method, and obtain a semi-discrete
problem. We next collocate the semi-discrete problem in a set of 7 collocation points
(y® }Zz | € I' and compute the approximate solutions u, (¢, X, ¥ (&), Finally, we build
a global polynomial approximation uj, , upon those evaluations

n
whp(t. %, Y) = D up(t,x, YO) Ly(¥),
k=1

for suitable multivariate polynomials {L/(}Z:1 such as Lagrange polynomials. Here, /&
and p represent the discretization mesh size and the polynomial degree, respectively.
In what follows, we address in more details the choice of collocation points.
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We seek a numerical approximation to « in a finite-dimensional subspace Hj ¢ of
the space HH(} (D) = L%(0, T; H& (D)) ® L%(F) in which the function u lives. We
define the subspace based on a tensor product Hy, ¢ = H, ® Hy, where

e H,([0,T]x D) C L*(0, T; Hy (D)) is the space of the semi-discrete solution in
time and space for a constant Y. The subscript /2 denotes the spatial grid-lengths
and the time step-size. stability of the numerical scheme.

e Hi(I') C Lf, (I") is a tensor product space which is the span of the tensor product
of orthogonal polynomials with degree at most p = [p1(£), ..., pn(£)]. The pos-
itive integer £ is called the level, and p, (£) is the maximum degree of polynomials
in the n-th direction, withn = 1, ..., N, given as a function of the level £. For each
Y,,n=1,..., N, with the density p,, let H,, (I},) be the span of p,-orthogonal

polynomials VO("), Vl("), e V,SZ). The tensor product space is then Hy(I") =

®)11v:1 Hy, (I7,). The dimension of Hy is dim(Hy) = H,I,Vzl(l?n + 1). Without loss
of generality, for bounded random variables, we assume I" = [—1, V.

Having the finite-dimensional subspace Hj ¢ constructed, we can use Lagrange
interpolation to build an approximate solution u.

The ultimate goal of the computations is the prediction of statistical moments of
the solution u (such as the mean value and variance) or statistics of some given quanti-
ties of interest Q(Y). For a linear bounded operator ¥ (u),using the Gauss quadrature
formula for approximating integrals, we write

E[¥ (., YD~ E[¥@up (., V)]

n
Z/‘I’(“h,p(wY))P(Y)dY%ZQk W (up (., YO,

t k=1

where the weights are

N oy, - v
n
O = H/Lkn (Yn) pn(Yn) dYy, Lkn (Yn) = H Y(kn) Y(i) ’
'y i=0, ik, T T An

and the collocation points Y ®) = [Yl(k‘) e, Y]E,k N )] € T are tensorized Gauss points

with Y,fk"), k, = 0,1,..., pn, being the zeros of the p,-orthogonal polynomial of
degree p, + 1. Here, for any vector of indices [kq, ..., ky] with 0 < k, < p, the
associated global indexreads k = 1 + k1 +(p1+ Dka+(p1+ 1) (p2+ D k3 +---.

Remark 3 The choice of orthogonal polynomials depends on the density function p.
For instance, for uniform random variables Y,, ~ U/(—1, 1), Legendre polynomials
are used,

2k +1
V() = ——

()
+1 k+1 Yn an (Yn)

(n) (n) (n)
- v, v¥W=0, Vv"=1, k>0.
2k +1/2) -1 (Fo)e V2 0
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Other well known orthogonal polynomials include Hermite polynomials for Gaussian
random variables and Laguerre polynomials for exponential random variables [45].

Remark 4 There are other choices for the approximation space H,. For example,
instead of orthogonal polynomials, we can choose a piecewise constant approximation
using the Haar-wavelet basis. We can also choose a piecewise polynomial approxi-
mation. The choice of the approximating space may depend on the smoothness of the
function with respect to Y. In general, for smooth functions, we choose a polynomial
approximation, while for non-smooth functions, we choose a low-degree piecewise
polynomial or wavelet-type approximation [22,23].

We now consider two possible approaches for constructing the tensor product space
H, and briefly review the Lagrange interpolation.

3.1 Full tensor product space and interpolation

For a given multi-index j = [ji, ..., jn] € Z_’X, containing N non-negative integers,
we define
(N )
Hi(Y) =V, Gy (M) @ - ® V00 (V).
Given an index j, we calculate the polynomial degree p(j) either by
p() = j. (15)

or by

p(j)=2/forj >0, p(0)=0. (16)

The isotropic full tensor product space is then chosen as
HKT = span {Hj, Vj:=max j, < E} .
n

In other words, in each direction we take all polynomials of degree at most p(¢), and
therefore dim(H;) = (p(¢) + 1)". Since the dimension of the space grows exponen-
tially fast with N (curse of dimensionality), the full tensor product approximation can
be used only when the number of random variables N is small.

The multi-dimensional Lagrange interpolation corresponding to a multi-index j is

pG)  pUN)
N[l Y) = ®w” w)(Y) Z Z un (YY) H L (),
n=1 kN =1
)
where, for each value of a non-negative index j, in the multi-index j, I/’ is the
one-dimensional Lagrange interpolation operator, the set {Y’ "k },’z (1”0 is a sequence of

}[’(]n

abscissas for Lagrange interpolation on I',;, and {LJ "k, () are Lagrange polyno-
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mials of degree p(j,),
p(jn) Jn
, y—Y"
Jn n,
Lnskn (y) = H Jn ljn ’
i=0,i#ky "0k, — Yn‘i

The set of points where the function u, is evaluated to construct (17) is the tensor grid

Hj,N = {Yk = [Yljylkls R} Y]{]]t]kN]’ 0 S kl’l S p(jl’l)}‘
The isotropic full tensor interpolation is obtained when we take j = [£, ¢, ..., {] in

(17), and the corresponding operator is denoted by 7y n,

p0) p0) N
Lin V) =D o D un Y g Y [T LS ). (8)
k1:0 kN:() n=1

3.2 Sparse tensor product space and interpolation

Here, we briefly describe the isotropic Smolyak formulas [5]. The sparse tensor prod-
uct space is chosen as

Hp y = span{Hj, Vj: |j| < ¢},
The dimension of the sparse space is much smaller than that of the full space for large

N. For example, when p(j) = j, we have dim(HgN) = ng/@ 1= %, which

helps reducing the curse of dimensionality. This space corresponds to the space of
polynomials of total degree at most p(€).

The sparse interpolation formula can be written as a linear combination of Lagrange
interpolations (17) on all tensor grids H; n. With U/ —1' =0, and for an index j, > 0,
define

Ajn = ujn _ ujn_l.
The isotropic Smolyak formula is then given by

Ay [l Y) =D (A @@ ANy u(., Y). (19)
lil=¢
Equivalently, the formula (19) can be written as
el (N =1\ 7
Aenlul, )= > (D7 i) B D (20)
L—N+1<ljl<t J

The collection of all tensor grids used in the sparse interpolation formula is called the
sparse grid,

s .
H@,N - U H‘]’N C F
C—N+1<[jl<¢t
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Y1 Y1
(a) Full grid (b) Sparse grid

Fig.1 The full and sparse grids for a vector of two independent uniform random variables in [—1, 1] with
level £ =5

Sparse interpolation implies evaluating uy, (¢, X, .) in all points of the sparse grid, known
as collocation points. By construction, we have A, v [1](t, X, .) € H, ES - Note that the
number of collocation points is larger than the dimension of the approximating space
HS .

oLN

Example 3 Let N =2 and £ = 5, and consider p(j) = j. Moreover, let Y = [Y7, Y>]
be a random vector with independent and uniformly distributed random variables
Y, ~U(—1, 1). For a full tensor space, there are (5 + 1)2 = 36 collocation points in
the grid, shown in Fig. 1a. For a sparse tensor space, there are (2;55,)1 = 21 admissible
sets of indices j and 89 collocation points in the grid shown in Fig. 1b. Observe that
the number of points in the full tensor grid grows much faster with the dimension N

than the number of points in the sparse grid.

3.3 Choice of interpolation abscissas

We propose two different abscissas in the construction of the Smolyak formula.
Gaussian abscissas In this case, for a given index j,, the sequence of abscissas
v },fn(i’g are p(j,) + 1 zeros of the orthogonal polynomial V,(j,)+1. As the choice
of the polynomial degree, we can use either the formula (15) or (16).
Clenshaw-Courtis abscissas These abscissas are the extrema of Chebyshev
polynomials and are given by

v/ = —cos (;(f:)) L ke =0,..., pGn).
It is recommended to use the formula (16) for the polynomial degree. In this case, one
obtains nested sets of abscissas and thereby Hg N C Hf LN

We note that the structure of the stochastic collocation method, which involves
solving 1 independent problems, allows us to use and perform parallel computations
in a straight forward way.
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4 Convergence analysis for stochastic collocation

In this section, we consider a linear bounded operator ¥ (1) and give a priori esti-
mates for the total error ¥ (1) — ¥ (uj,¢) in the norm L%, T; L3(D)® Lf) (I") when
¥ (u) = u, and in the norm L%(F) when ¥ (1) = Q(Y) with Q given in (13). We split
the error into two parts and write

e:=1¥ ) =¥ upd)ll < [¥w) =¥ up)l|+1¥un) =¥l = er+err. 21

The first term in the right hand side ¢; controls the convergence of the deterministic
numerical scheme with respect to the mesh size & and is of order O(h"), where r is
the minimum between the order of accuracy of the finite element or finite difference
method used and the regularity of the solution. Notice that the constant in the term
O(h") is uniform with respect to Y.

Here, we focus on the second term ¢;; which is an interpolation error in the
stochastic space. We first consider the case when 7 — 0. We show that the error
decays algebraically with respect to the number of collocation points 1 with an expo-
nent proportional to —s, provided there are s bounded Y -derivatives (i.e., a;n ¥ < o0
with n = 1,..., N) when the full tensor interpolation is used, and if the mixed
Y -drivatives (i.e., 8‘;1 8;2 e Bf,NlI/ < 00) are bounded when the Smolyak interpola-

tion is used. We next consider the case when ## ¢, with 1 < B < 2, 1is large. In this
case, we show that the approximate solution uy, is Y -analytic with the radius of analyt-
icity proportional to 2. We therefore obtain a “fast” exponential rate of convergence
which deteriorates as the quantity ## ¢ gets smaller. The effective error £;; will then
be the minimum of the two errors corresponding to the case when 2 — 0 and when
hP ¢ is large.

4.1 The case when i — 0

We only consider the operator ¥ (1;,) = uj, and leth — 0. The discrete solution u, has
then a Y -regularity of order s = 1 as the continuous solution u, i.e. dyu, € co(r; w),
where W := L2(0, T; L2(D)), see Sec. 2. The second term of the error £;; will then
be in the norm L2(0, T: L*(D)) ® L% (I'"). We notice that for the case ¥ (u) = Q(Y),
where Q is the quantity of interest in (13) with compactly supported smooth mollifiers
whose supports does not cross the interfaces, the corresponding error estimates are
obtained by replacing s = 1 with s > 1.

The technique for obtaining error bounds for multivariate functions (when N > 1)
is based on one-dimensional results. We first quote a useful result from Erdods and
Turan [10] for univariate functions.

Lemma3 Let N = 1 and I’ C R be bounded. Let W be a Hilbert space. For every
function v € CO(T'; W) the interpolation error with Lagrange polynomials based on
Gaussian abscissas satisfies

v=U |2y <2 inf v — vol| Lo W) (22)
Il 20wy UO€W®HW)|| Lo (r;w)
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We then recall a Jackson-type theorem on the error of the best approximation of
univariate functions with bounded derivatives by algebraic polynomials, see [5] for
instance.

Lemma4 Let N = 1 and I' C R be bounded. Set W := L?*(0, T; L*(D)). Given a
functionv € C O(F ; W) with s > 0 bounded derivatives in Y, there holds

E,(v):= min |[v—vol|reor:wy < Cs p~° max ||Dv||roorwy, (23
p(V) e ®lel ollLeor,wy < Cs p (max Sll vUllLoowy,  (23)

where the constant Cy depends only on s.
We consider one random variable Y,, € I';, with density p, and denote by Y W € f‘n
the remainder N — 1 variables with density o, = I1 11<V:1 st Pk We can now consider

u;l") = up(., Y,, )?n) : I';, — W, as a univariate function of Y,, with values in the
Hilbert space W,, = W ® L% . We are ready to prove the following result.

Theorem 4 Consider the isotropic full tensor product interpolation formula (18), and
let up ¢ = Lo N[un]. Then the interpolation error 1 defined in (21) satisfies

err <Cp)~*,

where the constant C = Cg Zflv:l maxg—0,...s ||Dl§nuh,e||L°°(F;W) does not depend

on L. Here, p({) is either £ or 2 depending on the choice of formula (15) or (16) for
the polynomial degree, respectively.
Moreover, let 1) be the total number of collocation points, then

c .
eSS SIN, 24)

Proof We consider the first random variable Y; and the corresponding one-
dimensional Lagrange interpolation operator Z, 1 = U’ : CO(';; W) —
L%l (I'1; W1). The global interpolation Z; n can be written as the composition of two
interpolations operators, Zy vy = Z; 1 Oj(‘l, where fg,l : Co(f‘l; W) — L%I (f‘l; W)
is the interpolation operator in all directions Y», ..., Y except Y1. We have,

et = lun = Zo N lunlll 2wy = Nun = Zealuplll + | Ze.1 [un _ji,l[uh]]||~

5111 & I
By (22) and (23), we can bound the first term,

e <Cp@)~°, C=2C; (Jax IID’f/luh,zlle(r;W)-

To bound the second term we use the inequality (see Lemma 4.2 in [2]), ||Z¢,1[v]
||L%(F;W) < 6 ||v||L00(1";W), with v € CO(F; W), forv = uy —I[,l[uh] and write

ern < Cllup — Ze 1 [uplllLoer;w).-

The right hand side is again an interpolation error in the remainder N — 1 direc-
tions Y, ..., Yn. We can proceed iteratively and define an interpolation operator in
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direction Y> and so forth. Finally we arrive at
un — Tenlunlll < Cy p(0) > 202 maxe—o, .5 [1DY wn ellLoriwy =: C p(£)~™.

Note that C; denotes a positive constant depending on s whose value may change

from one expression to another expression. This proves the first inequality. The second
inequality follows noting that the total number of collocation pointsis = ( p0)+ 1) N,
O

Remark 5 If the anisotropic full tensor interpolation [31] is used, the number of
collocation points is n = Hrzlv:] (p(£,) + 1), where £, is the level in the n-th direction.
In this case the error satisfies

.....

n=1

In order to minimize the computational work 7 subject to the constrainte;; < TOL,
we introduce the Lagrange function £ = n+ A (Cy Zﬁlzl D, p(¢,)~* —=TOL), with
the Lagrange multiplier . By equating the partial derivative of £ with respect to p(£,)

to zero, we obtain p({,) x D,ll/ ¥ Noting that D, can be computed easily using just
a few samples of Y,, we can quickly build a fast way on how to choose polynomial
degrees in different directions and build the anisotropic full tensor grid.

To obtain error estimates using the isotropic Smolyak interpolation, we first recall
another Jackson-type theorem on the error of the best approximation of univariate
functions with bounded derivatives by algebraic polynomials, see [8] for instance.

Lemma$5 Let N = 1 and I’ C R be bounded. Let W be a Hilbert space. For every
function v € L%(F; W) with s > 1 square integrable Y -derivatives, the interpolation
error with Lagrange polynomials based on Gauss-Legendre abscissas satisfies

j 1/2 '\ —
o =W @)z ew) < s llpllet” p()™ max (1D}l 2wy, (25)

,,,,,

where the constant Cg depends only on s.
We also need the following lemma,

Lemma 6 In the isotropic Smolyak formula (19), with p(j) given by (16), if
1A% uPl g (0w = Q= U= Hu )|
1/2 n—s(ju— o
= 2C llpllE7 2700 max (DY e, -

then
N

® Ajnblh

n=1

2 .
L2(T:W)

1/2 A— N i k k
< QCON lIpll? 27 2= UmDmax  |IDY L DY unll 2wy (26)

0=<ky,...kn<s
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Proof We write

2 2

N-1
AN ® Ay,
n=1 w

PNAYN | 1 pN—1dY]---dYN—|

N .
® A/nuh
n=I

L3T:w) Ty Ty-1 [Ty

N-1
< 2C)*2725UND | pullco / / max Y/ D/;,x ®A/”uh p1--pN—1dY
ryory-1 'y n=1
s(zcs>22*2“fN*”||pN||oo ma // / AN ®Af"D pr---py-_1dY.
,,,,,, 'y Iy I'y—1
If we repeat the process, we finally arrive at (26). O

We can now prove the following result,

Theorem 5 Consider the sparse tensor product interpolation formula (20) based on
Gauss-Legendre abscissas when the formula (16) is used, and let up ¢ = Ag n[upl.
Then for the discrete solution up with s > 1 bounded mixed derivatives in Y, the
interpolation error €y defined in (21) satisfies

8][ S é (E + 1)2N 2—S (€+1)’

with C = CO 1 CO ||/0||(1>é2 maxy—i....n Da(up), where Co = 25+ C; and
R ki kq
Dd(uh) = Ofk??idfs ||DY] T DYduh”LZ(F;W) (27)

Here, the constant C depends on the solution, s and N, but not on ¥.
Moreover, let 1) be the total number of collocation points, then
~ _ log2
err < C (1+log, %)“’n S ¥ (28)

withé = 1+41log2 (1 4+1log, 1.5) ~ 2.1.

Proof We follow [5] and start with rewriting the isotropic Smolyak formula (19) as

N [ N- =30
AE,N = Z ®Aj" = Z (® Aﬁz)@ z AK
lil<e n=1 erl\’:—l] jn<t n=1 k=0
- N—-1
= Z (® Ajn) ® (ul—zpllvgll jn)] )
>Nl <e L=l

Let Iy : I' — T be the identity operator on an N-dimensional space and / 1(”) Ty —
I, be a one-dimensional identity operator for n = 1, ..., N. We can compute the
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error operator recursively,

N—1
En=In—A¢n=1In — z |:(® Ajn) ® (uﬁ—fo;l in _ II(N)):|

Zn 1 Jn=t n=1

N—1
- > [(@ Aj”)®11(N):|.
ny;ll Jn=t n=1

. N=1 jy _ . V)
Noting that ZZQI:_II n<t ®n:1 Alm = Ay y—1 and that Iy = Iy—1 ® 1,77, we can
write

Ev= > [(@ M) (1™ —ut-2e 1)} +Eva .

ZNI]<K

If we repeat the process, we arrive at

N N
En = [ﬁ(z,d) X 1{")} (1" - ®1<”>

d=2 n=d+1
where
d—1
R(t,d) = [(@ M) (1@ —yt-Xi 1/n)]. (29)
i;lljnfz n=1
Then,
N _ N
Iy = Al < (R(e,d) X If’”)[uh]'
d=2 n=d+1
N
+ ((If”—Ae,])@If”))[uh] (30)
n=2

where the norms are in LIZ)(F; W). We first bound R. By (25), we have
12 5—s
I = U i3, ey < Collpallst 270 max (DY 125, ,)-
(€29
and therefore,

||Ajn (ugl))”ll%n (T W) = ||(Z/{Jn _ Z/{jn—l)(uzﬂ))llL%ﬂ (i W,)

1 2 — kn
< 2Cs |lpallet? 27 UnmD o s“Dy,,”Zn)||L2<r”;Wn>-
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By Lemma 6 and (29) and (31), we then have

- <2c> .
IR Dlunlll 2wy = D llpl| M7 275 44D Dy
Szl =t
C+d—1\ 2Cy)? -
=( ) ) 1l 27 D Dy (),

with Dy (uj,) given by (27). Moreover, since

1 1 1
Y = Ae Dlundl 2wy = 1 = U T2 (0w,

1/2 55t

< Gollpills’27"" max DY, “h||L2(F] W)

,,,,,

.....

then by (30), we get

2
1N = Aem)lunlll 2w < ||p||”
M fe4d—1
xZ( ) )(2cs)dzs<“+‘>Dd<uh>
d=1

L 1/2 g=s D) t+d- 1 yd

= D PARRNORLS

< 5 llollss P d(uwz . )@

d=1
The first inequality stated in Theorem 5 follows noting that (H‘é_l) < L+ 1)*N for
d=1,...,N.
To show the second inequality (28), we note that the number of collocation points

n at level £ using the Smolyak formula with Gaussian abscissas and the polynomial
degree (16) satisfies (see Lemma 3.17 in [32])

_loen it <1108, (32)
&E+1logN — - N
with& =14 1og2 (1 +log, 1.5) &~ 2.1. From the first inequality we have
A N\2N —5 080
HUN—/QNWMM%GMQECUAJ%ZN) 275 ElogV
This completes the proof. O

Remark 6 'We note that the above estimates are uniform with respect to % in the case
of smooth quantity of interest. For the solution, we have one Y -derivative uniformly
bounded with respect to i in L2(0, T; H] (D)).

Remark 7 (algebraic rate of convergence) In full tensor interpolation, with the minimal
assumptions (2) on the data, by (24) we have an upper error bound of order (’)(n“‘/ Ny
withs = 1 when ¥ (#) = u and with any order s > 1 when ¥ (1) = Q(Y). In Smolyak
interpolation, with the minimal assumptions (2), when ¥ (1) = u, then (28) implies an
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upper error bound of order O(n~%%) with s = 1 andsome 0 < § < 1 only when N = 1
for which Dy (uy,) is bounded. As we showed in Sect. 2, D;(uy,), which involves mixed
Y-derivatives of the solution for N > 2, is not bounded. This gives an algebraic error
convergence for the solution when N = 1. When ¥ (1) = Q(Y), with the minimal
assumptions (2), Q(Y) has bounded mixed Y -derivatives of any orders > 1for N > 1,
as shown in Sect. 2. We obtain an upper error bound of order O (%) with s > 1 and
some 0 < § < 1. This gives a faster error convergence for the quantity of interest (13).

Remark 8 (full tensor versus sparse tensor) The slowdown effect that the dimension N
has on the error convergence (24) when a full tensor product is employed is known as
the curse of dimensionality. This is the main reason for not using isotropic full tensor
interpolation when N is large. On the other hand, the isotropic Smolyak approxima-
tion has a larger exponent O(@) in (28) compared to O(%) in (24). This is a clear
advantage of the isotropic Smolyak method over the full tensor method when bounded
mixed Y -derivatives exist.

Remark 9 (computational cost versus error) In order to find the optimal choice of the
mesh size i, we need to minimize the computational complexity of the stochastic collo-
cation method, 1/ h4+!, subject to the total error constraint s o< i +n~/N = TOL
for the isotropic full tensor interpolation and e5 o A" 4+ n~%/1¢N = TOL for
the isotropic Smolyak interpolation. We introduce the Lagrange functions Lp =
n/h4t 4 n (W 4+n~/N —TOL)and Lg = n/h®t 1 (W +n~3/1¢N _T OL), with
the Lagrange multiplier A. By equating the partial derivatives of the L}e\llgrange func-
r

tions with respect to 1, i, and A to zero, we obtain k" ~ TOL /(1 + m) and h" ~

TOL/(1+ :(1;_%/1\/) ), making the computational works of order T O L~N/5=@+D/r apd

T O L~10eN/s=(d+D/r for the full tensor and Smolyak interpolations, respectively.

4.2 The case when hf ¢ is large with 1 < 8 <2

We consider a finite element approximation of (1) using a quasi-uniform triangulation
of the physical domain. Let & denote the size of the largest triangle in the triangulation
and uy, be the semi-discrete solution. We leave t € [0, T] and Y € I' continuous and
discretize only the spatial variables. The semi-discrete problem reads

/anuh vdx+/a2Vuh-Vvdx=/fvdx. (33)
D

D D

We differentiate the semi-discrete equation (33) with respect to the random variable
Y,. We then set it := 9y, u;, and let v = ii; to obtain

(g, Ue) + Blit, it = —Arlun, 4], (34)

where

(v, v2) ::/vl v dx, B[vy, va] = /a2 Vi - Vo dx,
D D
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Ailvy, vo] = /Zaayn Vi - Vo dx.

Dy

We observe that (i1, it;) = %% I, ||i2 D)’ Moreover, since a is time-independent,
then Blu, u,] = %%B[z}, il = %%Ha Vﬁ”iZ(D)‘ Furthermore, by Holder, inverse
and Cauchy inequalities [11], we have
[Atlup, ]l < Co IVunl2p,) IVitell L2(p,)
< Cy Cinyh™! IVunllz2cp,y Nl 2,
T
2

where C,, := 2 |laay, |L=(p,xT,), and Ci,y is the constant in the inverse inequality.
From (34) we therefore get

IA

_ | B
Ca i W2 IV 2y + 57 132 -

d . 2 d ~n2 [ 2 2 ~2 -2 2
E”ut”Lz(D) + E”a VMHLZ(D) = T ”u’”LZ(D) +T Cn Cinv h ”V“h”LZ(D)‘ (35)
Now write

1= i oy + 10 Vil oy 2 =T C Chy k™2 Va3 -

From the inequality (35), we have y] (f) < % y1(t)+y2(t). By the Gronwall’s inequal-
ity [11] and noting that y; (0) = 0, we obtain

T
sy + Vil py < e G2 Cou ™ [ AV e (36
0

We now define the energy norm

lunlz == sup (10un(t, M72py + la Vun, 72 )
te(0,7)
Yel

and the Sobolev norm

2 2 2
lunlls == sup (I1un(t, 2y + IVun(t. Mz )-
te(0,7T)
Yer’
We consider two different cases. One case is when the uniform coercivity assumption
(3) holds. The other case is when the wave speed a(x, Y') may be zero or negative due
to possible negative values in the random vector Y, and therefore (3) does not hold.

4.2.1 The case of uniformly coercive wave speed
Under the uniform coercivity assumption (3), we have

1 - .
lunlls < < i lunll g, Amin = Min{am;,, 1} > 0.

min
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Moreover, by (36), we obtain

20202 p-2 2
lillz < eT?Cp Chy i llunlls-

Therefore,

12 )
e'’*TC,C
I3y, unlls < ———"—"% ||uplls. (37)

h amin

We now obtain the estimate on the growth of all mixed Y-derivatives of uj. Let

. Ik|
k e Zﬁ be a multi-index and al;u ni= ,{31# In order to find an upper bound for the
v1 Yy
|k|-th order mixed Y -derivative 8')514 1, we follow [6] and introduce a set C of indices
with cardinality nx such that B)I,Cuh = Hini%’; = Bl)fuh. As an example, let N = 5
€ k

and consider the set £ = {1, 1,2,3,5,5,5} with nxc = 7. Then the corresponding
multi-index is k = [2 11 03] with |k| = 7, and we have

8" up 3 up

= = akuh.
dy, Oy, Oy, Oy, Jys Jys Oy 8)2,1 dy, Oy, 8)3,5 Y

8§/Cuh=

Before deriving the estimates, we need the following two lemmas.

Lemma 7 (generalized Leibniz rule) Given a set of indices K with cardinality nyi
and two functions f, g € C*(I),

K S
W= > gy
SeP(K)
where P (K) represents the power set of K.

Lemma 8 Let C € Ry andn € Z.. Then we have

1 i
Z(C+ )' <(C+D" (38)
=0

Proof The left hand side of (38) can be written as

n—1

1
,Z(;M—z)'zo() = ZCMZ ot

The right hand side of (38) can be written as

n n—1
n . n
1+> (.)c1=1+§ ( )Cf+1
j=1 J j=0 jt+1

We now show that

S <" 0<j<n—1 (39)
. b — _n_’

Zi—i = \G+1 J
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from which the inequality (38) follows. We prove (39) by inductiononn > j + 1.
Case n = j + 1. In this case (39) reads 1 < 1 which is true.
General case. We assume that (39) holds for n > j 4 1 and show that

Z”: G (n+ 1)
—~ n+1-i) ~\j+1/)
i=j
We can use the induction hypothesis (39) and write
n i n—1 i n n—1 i
Z (]) _ z (]) +QS 1 Z (]) +(”l)
m+1-0) “~m-D!mw+1—-i) U " nt+l-j nm—i) \J

i=j i=j i=j

5#(111%(’;)5(111)+(’;)=(’;11)

where the last equality is the Pascal’s rule. Therefore, by induction the proof is
complete. O

We are now ready to prove the following result,

Theorem 6 The Y-derivatives of the semi-discrete solution u, which solves (33) can
be bounded as

A

CT
0%unlls < k! (C+ D™ |uylls, €= ha
Amin

, (40)
where k € Zﬁ is a multi-index, and C is independent of h.

Proof Let K be the index set corresponding to the multi-index k. Then, according to
Lemma 7, the 8)’,C derivative of the semi-discrete equation (33) is

/3§3nuh vdx +/ z 8;9Vuh Bf\saz -Vvdx = 0.

Noting that P() = K U (’P(IC) \ IC), we write

/Bfal,uh vdx —|—/a2 a;cvuh -Vvdx = —/ Z afwh 8§\S612 - Vudx.

Now let v = B)I,Catuh and obtain

1 d 1 d
5 2 107 Bl oy + 5 = a B Vunllga ) = —Axclun, 85 dunl, (41)
where
Axlvy, v2] := Z /8va1 85\5612 - Vuy dx.
SePUIONK 7y
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As before, by Holder, inverse and Cauchy inequalities [11], we have
K\S )
\Axclun, 85 dunll < D 18y Sa?llzooy 185 Vanll 2y 1958 Vien | 12
SeP(K)\K

CCimh™ [EIgAm 2oy Z 105 Ve 22Dy
SePIONK

IA

T - ~ 2
FCC (D 10 Vuil) + 5 10 0
SeP(K)\K

IA

where C := maxsep(K) ||8§a2||Loo(DXr), and Cjyy is the constant in the inverse
inequality. From (41) we therefore get

d .k P d . P
O Bl 2y + a3 Vinlz
2
3 - 1
<TC*C% h2 > 188 Vunll 2 +?||a’yca,uh||§2w) (42)

SePN\K
Now we write
2
vi = 10y dunl 32,
2

Hla 0 VunlGa ), v2i=TCXCL 2 D 195 Vunl )
SeP(K\K

From the inequality (42), we have y| (f) < % y1(¢)+ y2(¢). By the Gronwall’s inequal-
ity [11] and noting that y; (0) = 0, we obtain
105 814172y + lla 85 Vutn 132y,
T 2

<eTC2C2 2 / S 108Vl | dr,
o \SeP(KN\K

and therefore,

2
loFunly <eT>C2Cl h 2 sup [ D" 187 Vunll2p)
LY \ Seponk
We finally obtain the formula
127 &
e'’*TCC
lofulls <€ > 19Funlls, €= ———. (43)
SeP IO\ mn
We now by induction show that
1F unlls < nic! (C + 1" Jlup s, (44)
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which is equivalent to the corresponding multi-index formulation (40).

Case nx = 0. In this case the set IC is empty, and (44) reads ||up|ls < |lunls,
which is true.

Case nx = 1. In this case K = {k}, 1 < k < N, and (44) reads

[y unlls < (C + 1) llunlls,

which follows from (37).
General case. We now assume that (44) holds for all sets S with cardinality
0 < ng < nx — 1. We have then the induction hypothesis,

105 unlls < ns! (C+ 1" uplls. 0 <ns <ng— 1. (45)

From (43) we have

n—1
lfunlls <€ D Nfunlls=C D D o5 unls
SeP(ON\K i=0 SeP(K)
ns=i
ni—1
<C D > nst(CH+D" Jupls.
i=0 SeP(K)
ns=i

Note that the number of subsets S of P(K) with cardinality i is ("X). Then

n—1

. i (K
19F unlls < € E inec+1n ( ; ) lunlls < nxc! (C+ D" Jlunlls,
i=0

where the last inequality follows from Lemma 8. This completes the proof. O

Remark 10 We note that the optimal choice of the mesh size 4 in Remark 9 in Sect.
4.1 is obtained by assuming that the Y -derivatives of the solution up to order s, which
appear in the coefficients C and C in the error estimates (24) and (28), are uniformly
bounded with respect to /. In the absence of such assumption, we can employ the esti-
mate (40) and find the coefficients in the error bounds. For instance, for the full tensor
interpolation, the coefficient C in the interpolation error (24) is C o« N h~%. The total
error is then e oc i + N h ™ n~%/N = T O L. By introducing the Lagrange function
Lr=n/h?V + 1AW + Nh=sn~5/N — TOL) and equating its partial derivatives
with respect to 7, k, and X to zero, we obtain h" ~ TOL/(1 + ﬁ), making
the computational work of order 70 L~=N/s=(N+d+D/r,

We now define for every Y € I" the power series u;, : CN = L™, T; Hé (D)) as

- Z-Y)k
w(t.x.2) = > % Wun(t,x,Y), (46)
k=0 |k|=k ’
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where k! = IT"_, (k,!) and Y¥ = 117

n=1

Y . By (40) we get

lun(2)|s < Z Z ||ayuh<Y>||s

k=0 |k|=k
~ |k|
<2 2 30 €+ DM@ = ).
k=0 |k|:k
We exploit the generalized Newton binomial formula forv = [v, ..., vy] € Rj\f and
k € Z+,
k!
> K (30).
\k\:k ’
and obtain
00 N k
lun(2)s < Z(Z(C +1)1Z, — m) lun (Y5
k=0 \n=1

Therefore, the series (46) converges for all Z C¥ such that |Z, — Y| <71 <
% (C + 1)~! = O(h). By a continuation argument, the function u, can analytically
be extended on the whole region X(I', 1) = {Z € CN, dist(Tp, Zy) < T, n =
I, ..., N}. We note that the radius of analyticity is proportional to 4.

We now build an approximate solution uy_ ¢ to u; based on Lagrange interpolation
in Y. We investigate only the case of a tensor product interpolation on Gauss-Legendre
points as described in Sect. 3. We recall a result on the error of the best approximation
of univariate analytic functions by polynomials [2].

Lemma9 Let N = 1 and T' C R be bounded. Set W := L*(0, T; L*(D)). Then,
given afunctionv(Y) € L°(I'; W) which admits an analytic extension in the region of
the complex plane X(I', 1) = {Z € C, dist(I', Z) < t}, for some t > 0, there holds

E,(v) ;== min v — vol|Loorwy <
p (V) U0€W®Hp|| oo (s w) pra—

where ) < o0 = 10g(% + \/@)

In the above lemma, t is smaller than the distance between I' and the closest
singularity of the extended function v(z) : C — W in the complex plane.

In the multidimensional case when N > 2, we note thato,, = log( ] +./1+ T, |2)
depends on the direction n. We therefore set

or 2)|lw, 47
7P max|[v(Z)llw.  (47)

o® = min_ min oy, M*(v) = max max max |[[v(Z2)||w.

1<n=N § cf, 1=n=N j cf, Zex(I.1)

Similar to the proof of Theorem 4, using (22) and (47), we can show that for the
isotropic full tensor product interpolation formula (18), with u; ¢, = Z; n[un], the
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interpolation error ¢;; defined in (21) satisfies
err = llun — el 2wy < 2N M*(up) e PO (48)

We now consider the Smolyak interpolation formula (20) based on Gaussian abscis-
sas when the formula (16) is used and let uj, ¢ = Ag n[up]. Similar to the proof of
Lemma 3.16 in [32], we can show that the interpolation error &;; defined in (21)
satisfies

*
e ° lelog27 0<¢< N

— A _ = log2°’
err = llup —unellpzrowy < Cgl0),  gl) = « N AlN ,
Lp@:w) e ? N2 , Otherwise,
(49)
oA g 1-¢) _ 16 M*(up) 1 ™
with C = 2 T1=Co and CO = W (1 + m W)

From (48) and (49), we note that for both full tensor and Smolyak interpolations,
since * = O(h), we will have a fast exponential decay in the error when the product
h £ is large. As a result, with a fixed £, the error convergence is slow (algebraic) for a
small ¢ and fast (exponential) for a large £. Moreover, the rate of convergence deteri-
orates as i gets smaller. These results are precisely what we observe in the numerical
experiments presented in Sect. 5.

4.2.2 The case of non-coercive wave speed

We now relax the uniform coercivity assumption (3) and instead assume that
0 <apmin <aX,w) < apax <00, VXD, VoeS2.

We apply the inverse inequality to (36) and write

T
Jilfy < 7 C2Chh™ [ sl dr
0

2 2 A4 -4 2
S eT Cn Cinvh Sup ”uh(t)”LZ(D)
te(0,7T)

<eT?ChCi k™ (T sup [10un(®)l 2y + lun (O 12(p))*
te(0,7)

<eT*C2Cl ™ |lupll%.

In the last inequality, we assume for simplicity that u;, (0) = 0. Similar to Sect. 4.2.1,
we obtain

12 72 & o2
unlle < k|l (Co+ DM Co= ST CCin 50
[dyunlle < IK|! (Co+ D™ llunlle, 0: 2 : (50)

Therefore, the series (46) converges for all Z CV such that |Z, — Y| <1 <
% (Co + 1)~ = O(h?). Comparing this with the case when the coercivity assump-
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Fig.2 Two layered z
computational domain — L, T T L.

layerl dy

Layer2 d2

tion (3) holds, we observe that as & decreases the radius of analyticity shrinks faster
(proportional to /2) for the non-coercive case than for the coercive case (proportional
to k). We obtain the same estimates as (48) and (49) with o* = O(h?). We will
therefore have a fast exponential decay in the error when the product A2 p(£) is large.
Note that these estimates may not be sharp, as the numerical test 2 in Sect. 5 suggests
that o* ~ O(h'?). This may be related to the use of inverse inequality (which is not
sharp) twice while obtaining (50).

5 Numerical examples

In this section, we consider the IBVP (1) in a two dimensional layered medium. We
numerically simulate the problem by the stochastic collocation method and study the
convergence of the statistical moments of the solution u, the linear quantity of interest
(13) and a nonlinear quantity of interest called the Arias intensity [1]

T

IA(Y)://lu,t(t,x, Y)|>dxdt, (51)
S

0

where, S is a sub-domain of the physical domain D, and T is a positive final time.
We show that the computational results are in accordance with the convergence rates
predicted by the theory.

We consider a rectangular physical domain D = [—L,, Ly] x [-L, 0] and a ran-
dom wave speed a of form (5) for a two-layered medium (N = 2). The computational
domain containing two layers with widths d; and d; is shown in Fig. 2.

The deterministic solver employs a finite difference scheme based on second-order

central difference approximation. Let Ax = 2}\5: and Az = Z— denote the spa-
tial grid-lengths, where N, and N, are natural numbers. For i =0, 1, ..., N, and

J=0,1,..., N let (x;,z;) = (=L +i Ax,—L; + j Az) and u; ;(¢) denote the
corresponding grid point and the grid function approximating u(t, x;, z ), respectively.
On this spatial grid, we discretize the PDE in (1) and obtain the semi-discretization,
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d*u; (1) 1 (a2

2
7 = Ax 1 D+iui,j(t)_ai_%’j D—iui,j(l))

i+5

—i—ALZ(aiH% Dy jui j (1) —dzj_% D—jui,j(t)) + fij (©.
Here, Dy and D_ are forward and backward first-order difference operators, respec-
tively. We then use the second-order central difference approximation in time to obtain
the fully discrete deterministic scheme. In the stochastic space, we use the isotropic
Smolyak formula (20) based on Gaussian abscissas, described in Sect. 3.

We perform four numerical tests. In the first test, we consider a zero force term
and smooth initial data and study the mean and standard deviation of the solution u.
In the second test, we consider the same data as in the first test and select random
variables so that the uniform coercivity assumption (3) is not satisfied, and we have
arznin = 0. We study the expected value of the solution u in this case and compare
it with the case when a,%“.n > (. In the third test, we consider zero initial data and a
discontinuous time-independent forcing term and study the quantity of interest (13).
Finally, in the fourth test, we study the Arias intensity (51) on the free surface due to
a Ricker wavelet [17]. In all computations, we use a time step-size At = Ax/5 which
guarantees the stability of the deterministic numerical solver. We use homogeneous
Neumann boundary conditions in all tests.

5.1 Numerical test 1

In the first test, we choose a computational domain D = [—2, 2] x [—3.5, 0] with two
layers with widths d; = 0.5 and d> = 3. We consider a wave speed of form (5) with
ao=0,a; =2and ap = 3, and let ¥;, ~ U(0.1,0.5), n = 1, 2, be two independent
and uniformly distributed random variables. We set f = g» = 0 and consider an
initial Gaussian wave pulse,

_ (x—xc)? _ (z—z¢)

gix,z)=e 2% 2%

For computing the convergence rate of error, we consider a set of spatial grid-lengths
Ax = Az =0.1,0.05,0.025, 0.0125. For each grid-length Ax = h, we consider dif-
ferent levels £ > 1 and compute the L?-norm of error in the expected value of the
solution at a fixed time r = T by

1/2

2
(0 = ( [[Elune] %)~ Bluwl (7.0 dx
D

Here, the reference solution uf is computed with a high level £, for a fixed Ax = h.

5.1.1 An irregular solution

We first put the center of the initial pulse at (x., z.) = (0, —1) and let oy = 0, = 0.2.
The initial solution is then in both layers and does not vanishes on the inter-
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Fig. 3 Test 1. The initial
solution (fop), the expected
value of the solution (middle)
and the standard deviation of the
solution (bottom) att = 1
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face. In this case, since the smooth initial solution does not satisfy the interface
jump conditions (8), the solution is not highly regular in Y. In fact, we only have
uy € L®(T; CO(O, T; LZ(D))), and therefore, the solution has only one bounded
Y -derivative and no bounded mixed derivatives in Y. Figure 3 shows the initial solu-
tion and the expected value and standard deviation of the solution at time f = 1,
computed with level £ = 5 and Ax = Az = 0.0125.

Figure 4 shows the L2-norm of error in the expected value of the solution at 7 = 1
versus the number of collocation points 7 (£).

We observe a slow convergence of order O(n~?%) with 0 < § < 1, as expected
due to low Y-regularity of the solution. We also note that for large values of 4 n, we
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10° ]
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Fig. 4 Test 1. The L%-norm of error in the expected value of the solution, &, (£), at time 7' = 1 versus the
number of collocation points 7(£). The smooth initial wave pulse is in both layers and does not vanish on
the interface. The solution has only one bounded Y-derivative and no mixed derivatives in ¥

observe exponential decay in the error, and as & decreases, more collocation points
are needed to maintain a fixed accuracy (as predicted in Sect. 4.2).

5.1.2 A regular solution

We next put the center of the initial pulse at (x., z.) = (0, —1.5) and let 0, = 0, =
0.11. The initial solution is then essentially contained only in the bottom layer. In this
case, since the smooth initial solution is zero at the interface, the interface conditions
(8) are automatically satisfied. The solution remains smooth within each layer and
satisfies the interface conditions. The solution is therefore highly regular in Y, see
Sect. 2. Figure 5 shows the LZ-norm of error in the expected value of the solution at
T = 1 versus the number of collocation points 7 (¢).

We observe a fast exponential rate of convergence in the error due to high regularity
of the solution in Y.

5.2 Numerical test 2

In this test, we consider the same problem as the previous test in Sec. 5.1.1, except
that we choose Y,, ~ U(—0.2, 0.5) so that the coercivity assumption (3) does not hold
and we have afl .n = 0. Figure 6 shows the L?-norm of error in the expected value of
the solution at 7 = 1 versus the level £. For the sake of comparison, we also plot the
error for the coercive wave speed in the numerical test 1.

In Table 1 we give the values of the spatial grid-lengths Ax = h and the level

£ at the knee point where the transition from slow to fast error convergence occurs.

The values are given in both non-coercive and coercive cases, where arzm.n > (0 and
2 .
a,., > 0, respectively.
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Fig. 5 Test 1. The L2-norm of error in the expected value of the solution, &, (£), at time 7' = 1 versus the
number of collocation points 1(£). The smooth initial wave pulse is contained only in one layer, and the
solution remains smooth within that layer and has high Y -regularity

Table 1 The values of i and ¢

where the knee (transition from ¢ >0 - 5
slow to fast convergence) occurs Ynin = Din =
in both - i d
in both non-coercive an 0.05 0 0
coercive cases

0.025 40 20

Inthe coercive case, when 7 = 0.05, the fast convergence startsath £ = 0.05x 10 =
0.5, and when & = 0.025, the fast convergence starts at 1 £ = 0.025 x 20 = 0.5.
In the non-coercive case, to obtain the same threshold 0.5, when & = 0.05 we need
h* x £ = 0.05% x 20 = 0.5, which gives « ~ 1.23, and when & = 0.025 we need
h* x £ = 0.025% x 40 = 0.5, which gives o ~ 1.19. This suggests that o* &~ O(h'-?)
and shows that the estimates (48) and (49) with o* = O(h?), derived in Sect. 4.2.2,
may not be sharp.

5.3 Numerical test 3

In the third test, we choose a computational domain D = [—1.5, 1.5] x [—3, 0] with
two layers with equal widths d| = d» = 1.5. Letay = 0, 1 = 2, ap = 3 and
Y, ~U(0.1,0.5), n = 1,2 in (5). We consider zero initial data g = go = 0 and a
time-independent forcing term on C = [—0.3, 0.3] x [—1.8, —1.2] contained in D,

—10 cosx sinz, x e C,
ft,x,2)= [0’ otherwise.

We note that since f € C%(0, T; L2(D)), we willhave uy e L>°(T"; C°(0, T; L*>(D))),
and therefore, the solution has only one bounded Y -derivative and no bounded mixed
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Fig. 6 Test 2. The L2-norm of error in the expected value of the solution, &, (£), at time 7' = 1 versus the
level £ for non-coercive (fop) and coercive (bottom) wave speeds. The smooth initial wave pulse is in both
layers and does not vanish on the interface. The solution has only one bounded Y -derivative and no mixed
derivatives in Y

derivatives in Y. Figure 7 shows the convergence of the L?-norm of error in the
expected value of the solution €, (€) at T = 1 versus the number of collocation points
n(£). We observe a slow convergence of order O(n“s) with 0 < § < 1, as expected.

Next we consider a quantity of interest of form (13) with 7 = 1, ¥ = O and a
smooth mollifier

20‘352+ 22(5)452 0.52
p(x,z) = | 10e057 (2297035, x € Dy \ 9Dy,
, otherwise,
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Fig. 7 Test 3. The L2-norm of error &, (€) in the expected value of the solution at time 7" = 1 versus the
number of collocation points 7(£). Due to a discontinuous force term, the solution has only one bounded
Y -derivative and no mixed derivatives in ¥
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Fig. 8 Test 3. Error in the expected value of the quantity of interest Q with 7 = 1 and smooth mollifiers
compactly supported and contained in the bottom layer. Due to high Y-regularity of O, we expect a fast
error convergence

with the support Dy = [—0.5, 0.5] x [-2.75, —1.75] contained in the bottom layer.
Figure 8 shows the error in the expected value of the quantity of interest, computed by

eQr(0) = [E[Qluy, 1] — E[Qlure]|

We note that since the smooth mollifiers ¢ = 0 and ¢ € C§°(D) do no cross the
interface, the quantity of interest (13) has high Y-regularity. We therefore expect a
convergence rate faster than any polynomial rate. However, for the small values of ¢
tested here, we observe an algebraic rate of order about Omn).
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Fig. 9 Test 4. Mean (solid line), plus and minus the standard deviation (dashed line) of the Arias intensity
due to a Ricker wavelet on a small region in the bottom layer

5.4 Numerical test 4

In this test, we study the Arias intensity (51) due to a Ricker wavelet [17]. Arias Inten-
sity is an important quantity of interest in seismology which describes earthquake
shaking that triggers landslides. It determines the intensity of shaking by measuring
the acceleration of transient seismic waves. The Ricker wavelet, which is the negative
normalized second derivative of a Gaussian function, is used to model the generation
of seismic waves.

We choose a computational domain D = [—10, 10] x [—10, 0] with two layers
with widths dy = 1 andd, = 9. Letag = 0,21 = 2, 2p =3 and Y, ~ U(0.1,0.5),
n =1, 21in (5). We consider zero initial data g; = g» = 0 and a forcing term consisting
of a Ricker wavelet on a small region R, = [—0.1,0.1] x [—1.2, —1.1],

FX)=9 (1) Xr (X), ¥()=100(1 — A (t — 1)) e 3+ C=10 5220, 15 = 0.1.

We compute the Arias intensity on a part of the free surface S = {(x,z) | x €
[0, 1], z = 0}. Figure 9 shows the mean plus minus the standard deviation of the
Arias intensity on S as a function of time, computed with the level £ = 15 and the
spatial grid-length Ax = Az = 0.0125.

Figure 10 shows the response surface of the Arias intensity on § at the final time
T = 4 computed using sparse interpolation.

We note that due to the nonlinearity of the Arias intensity in u,,, we do not expect
high Y -regularity. See Remark 3 in Sect. 2.3. This is also observable from the response
surface of the Arias intensity in Fig. 10. Figure 11 shows the error €7, 5, in the expected
value of the Arias intensity at final time 7 = 4. We observe a slow rate of convergence
O~ %) with0 < 8§ < % as expected.
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0.1 0.1 ' Yi

Fig. 10 Test 4. Response surface of the Arias intensity with 7 = 4 as a function of two random variables
obtained by sparse interpolation. The circles are the realizations of the sparse grid points, and the dots are
interpolated values
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Fig. 11 Test 4. Error in the expected value of the Arias intensity Z4 with T = 4. The slow rate of
convergence shows that the Arias intensity is not Y-regular

6 Conclusion

We have proposed a stochastic collocation method for solving the second order wave
equation in a heterogeneous random medium with a piecewise smooth random wave
speed. The medium consists of non-overlapping sub-domains. In each sud-domain,
the wave speed is smooth and is given in terms of one random variable. We assume
that the interfaces of speed discontinuity are smooth. One important example is wave
propagation in multi-layered media with smooth interfaces. We have derived a pri-
ori error estimates with respect to the number of collocation points for the stochastic
collocation method based on full and sparse tensor interpolations.
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The main result is that unlike in elliptic and parabolic problems, the solution to
hyperbolic problems is not in general analytic with respect to the random variables.
Therefore, the convergence rate of error in the wave solution is only algebraic. A fast
spectral convergence is still possible for some linear quantities of interest with smooth
mollifiers and for the wave solution with smooth data compactly supported within
sub-domains. We also show that the semi-discrete solution is analytic with respect to
the random variables with the radius of analyticity proportional to the mesh size &. We
therefore obtain an exponential rate of convergence which deteriorates as the quantity
h p gets smaller, with p representing the polynomial degree in the stochastic space.
We have shown that analytical results and numerical examples are consistent and that
the stochastic collocation method may be a valid alternative to the more traditional
Monte Carlo method.

Future directions will include the analysis of other types of second order hyperbolic
problems such as elastic wave equation and the case where the position of discontinuity
interfaces is also stochastic.
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7 Appendix

Lemma 10 Consider the 1D Cauchy problem for the scalar wave equation in the
conservative form

gy — O (c(x) dgu) = f(r,x),  (t,x) € (0,00) x R, (52)
and in the non-conservative form
Uy —c(x) dexu = f(t,x), (¢, x) €(0,00) xR, (53)
subjected to the initial conditions
u@,x) =gx), u0,x)=h(x).

Suppose that

e c(x) is positive bounded away from zero and smooth everywhere except at x = 0
where it has a discontinuity,

o g(x) and h(x) are smooth, compactly supported functions and 0 ¢ supp gUsupp h,

o 3Ff € L2(R) for each fixed t, and 3% f = 0 att = 0 for all k > 0.

Then, for each fixed t, for solutions u to any of the two wave equations (52) and (53),
Fu, e L2(R),  dfu, e L>(R), Vk=0.
Proof Letv := 8," u. Then, for the conservative form, v solves the Cauchy problem

Uy — Oy (c(x) 8xv) = B,kf, (t,x) € (0,00) x R, 54)
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with the initial conditions

(Bcc 0,)K/ % g, k even,

_ ok _
v(0,x) = 3{u(0,x) = [ (0,c ) * D2k, kodd,
and

(8¢ 8K 2h, k even,

k+1
Ut(O, X) = a[+ M(O,)C) = [ (axc ax)(k+1)/2g kOdd

For the non-conservative form, v solves the Cauchy problem
v — () dxv =3 £, (1,%) € (0,00) X R, (55)
with the initial conditions

(c 8xx)k/2g, k even,

_ ak _
v(0,x) =0, u(0,x) = | ( 3.0 D20 kodd,
and

(¢ 0%/ %h, k even,

v (0, x) = 3f M u(0, x) = | (c9)®tD/2¢ K odd.

Since the functions g and % are smooth and their support does not include the discon-
tinuity point of c¢(x), the initial data for v in both problems are smooth for all k. It is
well known that for the wave equations (54) and (55) with smooth initial data and L?
forcing term [11],

v, vy € L2(R).

This completes the proof. O

Theorem 7 Consider the 1D Cauchy problem for the scalar wave equation in the
conservative form

tt—ax(c(xa)’)ax”):f(x)a (tax’Y)E(Oa OO)XRXRv (56)
subjected to the initial conditions
u@,x,y) =gx), u0,x,y)=h(x). (57

Let zp; = agfafcux, and assume that the assumptions of Lemma 10 hold. If
8§c € L*®(R), Vk > 0, then for each fixed t and vy,

dzxy € L*(R),  durzks € L*(R),  Vk,1>0. (58)

Proof We show the result by induction on k.

Case k = 0. We have 9,z0; = ¢ 8tl+1ux which belongs to L?(R) by Lemma A2
for all I > 0. Moreover, differentiating (56) / times with respect to # and once with
respect to x and multiplying by c, we obtain

04120,1 = € Oxx20,1- (59)
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Therefore, 9,20, € L>(R) for all l > 0, because ;20,41 € L>(R).
General case. We assume that (58) holds with k < K. Differentiating (59) K times
with respect to y gives us

K-1

K _
attZK,l - caxeK,l = Z (k) ayK kc axxzk,l'
k=0

Since the right hand side belongs to LZ(R) by the induction hypothesis, Lemma 10
tells us that 3, zx; € L>(R) for all [ > 0. Moreover,

1 &k
2Kl = = (atZK,[+1 - Z (k) e 8xe1<,1),
k=0
where the right hand side is in L2(R). This completes the proof. O

References

1. Arias, A.: A measure of earthquake intensity. In: Hansen, R.J. (ed.) Seismic Design for Nuclear
Plants, pp. 438-483. The MIT Press, Cambridge (1970)

2. Babuska, .M., Nobile, F.,, Tempone, R.: A stochastic collocation method for elliptic partial differential
equations with random input data. STAM J. Numer. Anal. 45, 1005-1034 (2007)

3. Babuska, L., Tempone, R., Zouraris, G.E.: Galerkin finite element approximations of stochastic elliptic
partial differential equations. SIAM J. Numer. Anal. 42, 800-825 (2004)

4. Babuska, I., Tempone, R., Zouraris, G.E.: Solving elliptic boundary value problems with uncertain
coefficients by the finite element method: the stochastic formulation. Comput. Methods Appl. Mech.
Eng. 194(1216), 1251-1294 (2005)

5. Barthelmann, V., Novak, E., Ritter, K.: High dimensional polynomial interpolation on sparse grids.
Adv. Comput. Math. 12, 273-288 (2000)

6. Beck, J., Tempone, R., Nobile, F., Tamellini, L.: On the optimal approximation of stochastic PDEs by
Galerkin and collocation methods. Math. Model. Meth. Appl. Sci. (2011, to appear)

7. Canuto, C., Kozubek, T.: A fictitious domain approach to the numerical solution of PDE:s in stochastic
domains. Numer. Math. 107(2), 257-293 (2007)

8. Canuto, C., Hussaini, M.Y., Quarteroni, A., Zang, T.A.: Spectral Methods: Fundamentals in Single
Domains. Springer, Berlin (2006)

9. Charrier, J.: Strong and weak error estimates for elliptic partial differential equations with random
coefficients. SIAM J. Numer. Anal. 50(1), 216-246 (2012)

10. Erdos, P, Turdn, P.: On interpolation I. Quadrature- and mean-convergence in the Lagrange-
interpolation. Ann. Math. (2) 38, 142-155 (1937)

11. Evans, L.C.: Partial differential equations. Graduate Studies in Mathematics, vol. 19. AMS (1998)

12. Fishman, G.S.: Monte Carlo: Concepts, Algorithms, and Applications. Springer Series Operation
Research. Springer, New York (1996)

13. Ghanem, R.G., Spanos, P.D.: Stochastic Finite Elements: A Spectral Approach. Springer, New York
(1991)

14. Gottlieb, D., Xiu, D.: Galerkin method for wave equations with uncertain coefficients. Commun.
Comput. Phys. 3(2), 505-518 (2008)

15. Harbrecht, H., Schneider, R., Schwab, C.: Sparse second moment analysis for elliptic problems in
stochastic domains. Numer. Math. 109, 385-414 (2008)

16. Hormander, L.: The analysis of linear partial differential operators III, pseudo-differential operators.
Classics in Mathematics. Springer, Berlin (1994)

17. Hosken, J.W.J.: Ricker wavelets in their various guises. First Break 6, 24-33 (1988)

18. John, F.: Partial Differential Equations. Springer, New York (1982)

@ Springer



536

M. Motamed et al.

19.
20.
21.
22.
23.
24.
25.
26.
27.
28.
29.
30.
31.
32.
33.
34.
35.
36.
37.
38.
39.
40.

41.

42.

44.

45.

46.

Kreiss, H.-O., Lorenz, J.: Initial-boundary value problems and the Navier-Stokes equations. Classics
in Applied Mathematics, vol. 47. SIAM, Philadelphia (2004)

Kreiss, H.-O., Ortiz, O.E.: Some mathematical and numerical questions connected with first and second
order time-dependent systems of partial differential equations. Lect. Notes Phys. 604, 359-370 (2002)
Kreiss, H.-O., Petersson, N.A., Ystrom, J.: Difference approximations for the second order wave
equation. SIAM J. Numer. Anal. 40, 1940-1967 (2002)

Le Maitre, O.P., Knio, O.M., Najm, H.N., Ghanem, R.G.: Uncertainty propagation using Wiener-Haar
expansions. J. Comput. Phys. 197(1), 28-57 (2004)

Le Maitre, O.P., Najm, H.N., Ghanem, R.G., Knio, O.M.: Multi-resolution analysis of Wiener-type
uncertainty propagation schemes. J. Comput. Phys. 197(2), 502-531 (2004)

Levermore, C.D., Oliver, M.: Analyticity of solutions for a generalized Euler equation. J. Differ. Equ.
133, 321-339 (1997)

Lin, G., Su, C.-H., Karniadakis, G.E.: Predicting shock dynamics in the presence of uncertainties.
J. Comput. Phys. 217(1), 260-276 (2006)

Lin, G., Su, C.-H., Karniadakis, G.E.: Stochastic modeling of random roughness in shock scattering
problems: theory and simulations. Comput. Methods Appl. Mech. Eng. 197(43-44), 3420-3434 (2006)
Loéve, M.: Probability Theory I. Graduate Texts in Mathematics, vol. 45. Springer, New York (1977)
Loéve, M.: Probability Theory II. Graduate Texts in Mathematics, vol. 46. Springer, New York (1978)
Matthies, H.G., Keese, A.: Galerkin methods for linear and nonlinear elliptic stochastic partial
differential equations. Comput. Methods Appl. Mech. Eng. 194(1216), 1295-1331 (2005)

Nobile, F., Tempone, R.: Analysis and implementation issues for the numerical approximation of
parabolic equations with random coefficients. Int. J. Numer. Meth. Eng. 80, 979-1006 (2009)
Nobile, F.,, Tempone, R., Webster, C.G.: An anisotropic sparse grid stochastic collocation method for
partial differential equations with random input data. SIAM J. Numer. Anal. 46, 2411-2442 (2008)
Nobile, F., Tempone, R., Webster, C.G.: A sparse grid stochastic collocation method for partial
differential equations with random input data. SIAM J. Numer. Anal. 46, 2309-2345 (2008)
Owhadi, H., Zhang, L.: Numerical homogenization of the acoustic wave equations with a continuum
of scales. Comput. Methods Appl. Mech. Eng. 198, 397-406 (2008)

Poette, G., Després, B., Lucor, D.: Uncertainty quantification for systems of conservation laws.
J. Comput. Phys. 228(7), 2443-2467 (2009)

Rodino, L.: Linear Partial Differential Operators in Gevrey Spaces. World Scientific, Singapore (1993)
Stolk, C.C.: On the modeling and inversion of seismic data. PhD Thesis, Utrecht University (2000)
Tang, T., Zhou, T.: Convergence analysis for stochastic collocation methods to scalar hyperbolic
equations with a random wave speed. Commun. Comput. Phys. 8(1), 226-248 (2010)

Todor, R.A., Schwab, C.: Convergence rates for sparse chaos approximations of elliptic problems
with stochastic coefficients. IMA J. Numer. Anal. 27(2), 232-261 (2007)

Tryoen, J., Le Maitre, O., Ndjinga, M., Ern, A.: Intrusive projection methods with upwinding for
uncertain nonlinear hyperbolic systems. J. Comput. Phys. 229, 6485-6511 (2010)

Tryoen, J., Le Maitre, O., Ndjinga, M., Ern, A.: Roe solver with entropy corrector for uncertain
hyperbolic systems. J. Comput. Appl. Math. 235(2), 491-506 (2010)

Wang, X., Karniadakis, G.E.: Long-term behavior of ploynomial chaos in stochastic flow simulations.
Comput. Methods Appl. Mech. Eng. 195, 5582-5596 (2006)

Wiener, N.: The homogeneous chaos. Am. J. Math. 60, 897-936 (1938)

. Xiu, D., Hesthaven, J.S.: High-order collocation methods for differential equations with random

inputs. SIAM J. Sci. Comput. 27(3), 1118-1139 (2005)

Xiu, D., Karniadakis, G.E.: Modeling uncertainty in steady state diffusion problems via generalized
polynomial chaos. Comput. Methods Appl. Mech. Eng. 191(43), 4927-4948 (2002)

Xiu, D., Karniadakis, G.E.: The Wiener-Askey polynomial chaos for stochastic differential equations.
SIAM J. Sci. Comput. 24, 619-644 (2002)

Xiu, D., Tartakovsky, D.M.: Numerical methods for differential equations in random domains. SIAM
J. Sci. Comput. 28(3), 1167-1185 (2006)

@ Springer



	A stochastic collocation method for the second order wave equation with a discontinuous random speed
	Abstract
	1 Introduction
	2 Mathematical setting
	2.1 Problem statement
	2.2 Well-posedness
	2.3 Regularity
	2.3.1 Regularity of the solution
	2.3.2 Regularity of quantities of interest


	3 A stochastic collocation method
	3.1 Full tensor product space and interpolation
	3.2 Sparse tensor product space and interpolation
	3.3 Choice of interpolation abscissas

	4 Convergence analysis for stochastic collocation
	4.1 The case when h rightarrow 0
	4.2 The case when hbeta  ell is large with 1 le beta le 2
	4.2.1 The case of uniformly coercive wave speed
	4.2.2 The case of non-coercive wave speed


	5 Numerical examples
	5.1 Numerical test 1
	5.1.1 An irregular solution
	5.1.2 A regular solution

	5.2 Numerical test 2
	5.3 Numerical test 3
	5.4 Numerical test 4

	6 Conclusion
	Acknowledgments
	7 Appendix
	References


