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Abstract In this paper, we discuss multiscale radial basis function collocation meth-
ods for solving certain elliptic partial differential equations on the unit sphere. The
approximate solution is constructed in a multi-level fashion, each level using com-
pactly supported radial basis functions of smaller scale on an increasingly fine mesh.
Two variants of the collocation method are considered (sometimes called symmet-
ric and unsymmetric, although here both are symmetric). A convergence theory is
given, which builds on recent theoretical advances for multiscale approximation using
compactly supported radial basis functions.
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1 Introduction

Partial differential equations (PDEs) on the unit sphere have many applications in the
geosciences. Since analytic solutions are difficult or impossible to find, good algo-
rithms for finding approximate solutions are essential. Radial basis functions (RBFs)
present a simple and effective way to construct approximate solutions to PDEs on
spheres, via a collocation method [16] or a Galerkin method [13]. They have been
used successfully for solving transport-like equations on the sphere [3,4].
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100 Q. T. Le Giaetal.

The quality of the approximation depends on the distribution of the centers of the
RBFs used to define the approximate solution. However, in practice the solution usu-
ally represents some physical quantities, which are available in many physical scales.
A solution using RBFs with a single scale may fail to capture these features, unless
the RBF has a large support and the number of centers is also large, a combination
which can be computationally prohibitive. To overcome this, we propose a multi-
scale approximation scheme, in which the approximate solution is constructed using
a multi-stage process, in which the residual of the current stage is the target function
for the next stage, and in each stage, RBFs with smaller support and with more closely
spaced centers will be used as basis functions.

While meshless methods using RBFs have been employed to derive numerical solu-
tions for PDEs on the sphere only recently [3,4,13,16], it should be mentioned that
approximation methods using RBFs for PDEs on bounded domains have been around
for the last two decades. Originally proposed by Kansa [11,12] for fluid dynamics,
approximation methods for many types of PDEs defined on bounded domains in R"
using RBFs have since been used widely. Examples include [1,6,9,10].

For boundary value problems, the technique predominantly used in the literature,
with the exception of [23], where a Galerkin method was used, has been collocation,
mainly because of the simplicity and the fact that there is no requirement for numer-
ical integration, which is still a problematic issue in all meshfree methods. There are
two popular approaches to deriving the approximation scheme, usually called un-
symmetric and symmetric collocation. In the first approach the collocation matrix is
unsymmetric on bounded domains because of the two different operators involved,
the differential operator and the boundary operator. This however can lead to nonsolv-
able systems [10]. Nonetheless, the method is widely used since the solution is just
a linear combination of the RBFs and usually shows good approximation properties.
In our case, where our differential operator is independent of position and we do not
have a boundary, the nonsymmetric approach turns out actually to be an alternative
symmetric approach, which we will refer to as the standard collocation method.

In the classical symmetric approach the operators are incorporated into the approx-
imation space and hence the collocation matrix is symmetric and always positive
definite, but the numerical solution is slightly more complicated to construct. Since
the solution minimizes a certain Hilbert space norm amongst all possible functions
satisfying the collocation condition, we will refer to this approach as norm-minimal
collocation. A comparison of the two variants can be found in [19].

A common drawback of using RBFs in approximation schemes for PDEs is that the
collocation matrix arising from the approximation problem tends to be ill-conditioned.
There are two main approaches to overcome this: either to use a preconditioner, or
to use a multilevel approximation approach. With a multilevel method, the condition
number of the matrix at each level can be relatively small, and has only slow growth.
There are papers [1,2] dealing with multilevel approximation methods for PDEs using
compactly supported RBFs on bounded domains in R", however the theory there is
incomplete. In this work, we will prove convergence results in Sobolev spaces for both
kinds of collocation for a class of elliptic PDEs defined on the unit sphere S* ¢ R+

The present paper builds upon theoretical advances in multiscale approximation for
the sphere [15], which were subsequently extended to bounded regions in R” [25].
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Multiscale RBF collocation for solving PDEs 101

In Sect. 2 we will review necessary background on spherical harmonics, positive
definite kernels, and Sobolev spaces on the unit sphere. In Sect. 3 we will present two
variants of the collocation method for solving PDEs on the unit sphere using RBFs
of a single scale. In Sect. 4 we present the corresponding multiscale methods. A con-
vergence theorem for the multiscale methods will be proved. Finally, Sect. 5 presents
some numerical examples.

2 Preliminaries

In our work, we will use zonal functions to construct approximate solutions for the
PDEs. Zonal functions on S” are functions that can be represented as ¢ (x - y) for all
X,y € S", where ¢(¢) is a continuous function on [—1, 1]. We shall be concerned
exclusively with zonal kernels of the type

o o
Px.y)=¢Xx-y) =D aP(n+1:x-y), a;>0, > ag<oo,  (I)
=0 =0

where {Py(n+1; 1) }jzx;o is the sequence of (n + 1)-dimensional Legendre polynomials
normalized to Py(n + 1; 1) = 1. Thanks to the seminal work of Schoenberg [22] and
the later work of [26], we know that such a ¢ is (strictly) positive definite on S", that
is, the matrix A := [¢(x; - X j)]f‘j’j: | is positive definite for every set of distinct points
{x1,..., Xy} on S" and every positive integer M.

For mathematical analysis it is sometimes convenient to expand the kernel @ (X, y)
into a series of spherical harmonics. A detailed discussion on spherical harmonics can
be found in [17]. In brief, spherical harmonics are the restriction to S" of homoge-
neous polynomials ¥ (x) in R"*! which satisfy AY (x) = 0, where A is the Laplacian
operator in R"*!. The space of all spherical harmonics of degree £ on S", denoted by
‘Hy, has an L, orthonormal basis

Yog :k=1,...,N(n, £)},

where

N0y =1and N(n, o) = 2o n = DICHn =D o0 .
¢+ 1HI(n)

thus

/ Yo Yoo dS = 80 Sper s
Sn

where d S is the surface measure of the unit sphere. The space of spherical harmonics
of degree < L will be denoted by P, := @5:0 ‘He; it has dimension N(n + 1, L).
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102 Q. T. Le Giaetal.

Every function g € L»(S") can be expanded in terms of spherical harmonics,

N(n,0)

o
g=> guYer, ek ==u/mg1%kt15-
(=0 k=1 &

Using the addition theorem for spherical harmonics (see, for example, [17, page 10]),
N(n,6)

> Ya®)Yuly) =

w,
k=1 n

N, €)

Py(n+1;x-y), 2)

we can write

oo N(n,0)
DY) =D > HOYu®X)Ye(y)., where p(€) = N(‘: geo O
=0 k=1
where w,, is the surface area of S”. We shall assume that, for some o > n/2,
Al +07 <p®) <21+, £>0. )
In the remainder of the paper, we use cy, c2, ... to denote specific constants while

¢, c’, C are generic constants, which may take different values at each occurrence.
Assume that we are given a positive definite kernel on S” defined from a compactly
supported RBF R : R*+! — R

Q(x,y) =R(x—y)=p(x—yD, x,yeS",
where | - | is the Euclidean distance in R"*t!. We may then define a scaled version,

X~y

1

), x,y e S", Q)

where § > 0 is a scaling parameter. In the following, we expand ®; as
oo N(n,6)
DX, y) =D, D HOYu®Yu(y). xyeS" 6)
=0 k=1
We assume, strengthening (4), that for some o > n/2,

(148072 < gs(0) < ca(1+80)72°, £>0. ©)

In fact, we have shown previously [15, Theorem 6.2] that condition (7) is satisfied if
R is a compactly supported RBF of Wendland’s type [24].
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Multiscale RBF collocation for solving PDEs 103

The native space associated with @ is defined to be

oo N(n, 2
’ n |Ek|
No =18€2'S" ||g||q>—§ E ,
=0 k=1

where 2'(S") is the space of distributions on S". More details on native spaces can be
found in [24]. It can be shown that Ny is a Hilbert space with respect to the following
inner product

)

N(n,0)

~

Ekgfk

ZZ y f,gGNq>.

=0 k=l

%>

Moreover, we can show that @ is a reproducing kernel for N, i.e., for all g € N,

(8(), @(x,))e0 =g(x), xe8" ®)

The Sobolev space H° = H? (S") with real parameter o is defined by

oo N(n,l)
HO S :=1{ge 'S llglh =D D, 1+ 0% gul* <o
=0 k=1

Under the condition ¢ > n/2, the norms || - ||¢ and || - | gy are equivalent if (4) holds,
with the norms related by

1/2 1/2
o 1glle < lglue < cy*lgllo. ©)

Using the scaled version of the kernel ®s(x, y), for a function g € Ng we define
the following norm:

Mwmﬂz

HM;ZZ&@- (10)

(=0 k=1

This norm, too, is equivalent to the norm || g|| go. The following lemma gives infor-
mation about that equivalence.

Lemma 1 Foro > n/2and § < 2, forall g € H° (§"), we have

o 12 —o 12
279¢lgllo, < lglme <2°87°¢, lIglla,-

Proof This is essentially Lemma 3.1 in [15]. O

@ Springer



104 Q. T. Le Giaet al.

3 Single-scale collocation for solving PDEs
We consider the following PDE
Lu=f onS", (11)

where L is an elliptic self-adjoint differential operator with constant symbol L(¢) and
order ¢, for some ¢ > 0. That is, we can expand Lu as a Fourier series

oo N(n,t)
=> > L®uuYu

(=0 k=1
in which
1+ <L) <ca(1+0), €>0, (12)

where c3, ¢4 are two positive constants independent of £. For example, we may take
L = —A* + @?, where A* is the Laplace—Beltrami operator and w > 0, in which
case L(l) = (L +n—1)+w?andt = 2.

Since Z(ﬁ) > 0 for £ > 0, we can define L!/2 by

o N(n.f)
Ll/zu—z z VL)@ Yer.
=0 k=1

Note that we have an intrinsic relation between the smoothness of the given func-
tion f and the solution u of (11), as follows: f € H® ifand only if u € H° . Hence,
in the future we can make assumptions on the smoothness of the solution u, which
translate immediately to assumptions on f.

In this section, we will discuss collocation methods to solve (11) approximately.
Initially, our collocation methods will be based upon RBFs of a single scale. We
will discuss two single scale approaches, known in the literature as symmetric and
unsymmetric collocation.

Suppose X := {x1,...,xy} € S" is a given discrete set of scattered points on the
n-dimensional sphere S”. Then solving Eq. (11) by collocation on the set X means to
find a function u;, from a given approximation space which satisfies the collocation
equations

Lup(xj) = Lu(x;) = f(xj), 1<j=<N. 13)

3.1 Standard collocation

When working with RBFs, an obvious approach to finding such an approximate solu-
tion is as follows.
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Multiscale RBF collocation for solving PDEs 105

Suppose that @ is a kernel that satisfies condition (4) for some ¢ > (¢ + n)/2.
This assumption guarantees that we may apply L to one of the arguments of @ and
still have a continuous function. Hence, we may pick our approximation uj, from the
approximation space

= span {@ (-, x;) : xj € X}. (14)

To finduy, € Vx, werepresent uj, as alinear combination of the basis functions in Vy:

N
up = ij¢(~, Xj),

j=1
and the condition (13) leads now to the linear system

Ab = f, (15)

where A is the collocation matrix with entries a; j; = L®(X;, X;) and the right-hand
side is given by f = (f(x;)).
Here, the function L@ is defined to be the kernel having the Fourier expansion

oo N(n,
Loxy) =) Z (OLEO) Y () Yer (y), (16)

(=0 k=1

which can be computed by applying L to either of the arguments of @. In particular,
the new kernel L& is symmetric and positive definite, since its Fourier coefficients
L(¢)¢(£) are positive. This ensures that the system (15) is always uniquely solvable.

Lemma 2 Let o > (¢t +n)/2 and assume that ® satisfies (4) and Vy is given by (14).
There exists a unique function uy, € Vy satisfying the collocation conditions (13). The
solution uy, belongs to H° /2,

Proof Existence and uniqueness have been established already. The second part fol-
lows from the fact that each ¢; := @ (-, X;) belongs to H o+1/2 To see this, we note
from (3) that ¢ i) = ¢>(Z)ng(x]) which leads via (4) to

oo N(n,t)
i 130 = D D SO x> (1 + £

(=0 k=1
oo N(n,t)
<c Z Z Yor(x)*(1 4 £)' 727
oo
N(n,t _
=32 0 Py 101+ 0

n

ﬁ%
O

IA

o0
CZ(I + Z)t—20+n—l’
=0
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106 Q. T. Le Giaetal.

where we have used the addition theorem (2), the fact that the Legendre polynomials
are normalized to Py(n + 1; 1) = 1, and the fact that the dimension N (n, £) behaves
like (1 4 €)"~'. This sum is finite if r — 20 +n — 1 < —1 which is equivalent to our
assumption on o. O

This result stands in sharp contrast to standard RBF collocation for boundary value
problems. In the situation of solving a PDE on a bounded domain with given boundary
values, this approach does not always lead to an invertible collocation matrix, see [10].
Nonetheless, it is widely used, usually under the name unsymmetric collocation.

To understand the solution process, we introduce a new kernel ¥ defined by

v =L

This kernel has Fourier coefficients 1///\ “) = (?)\(E) /Z(Z) and hence defines an inner
product (-, )y

l“)

- ¢
(f 8w = %, frge HOM2, (17)
=0 k=1

and the corresponding norm by || g ||5, = (g, g)w. Under our assumptions (4) and (12)
on the kernel @ and the operator L, respectively, we easily see that the || - ||y norm
is equivalent to the Sobolev norm | - || yo+:/2, and that H°+/2 with the inner product
(17) is areproducing kernel Hilbert space with kernel ¥. As in the case of the original
kernel @, we can define a scaled version of ¥, that is

s = L 'y,

This kernel defines an inner product (-, -)y;, which is defined by

_ i ﬂ)f/ékgek7 flge HOH, (18)
par S 2109

and the corresponding norm is ||gllg; = /(g, &)w;. This norm is also equivalent to
the Sobolev norm || - || yo+/2, as given in the following lemma.

Lemma 3 Foro > n/2and 8 <2, forall g € H°T1/>(S"), we have

csliglles < Ngllgo+ir2 < 687 llgllws-
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Multiscale RBF collocation for solving PDEs 107

Proof Since § < 2, using (7), (12) and (18) we have

2 < QMQP
lgll, = g Z 70

cs 00 N(n,E)
Z 1+ 0" [gu> (1 +80)*
=0 1

220

| A

k=

N(n,t)
C4

IA

R 220C4
2ol > (1 + 02 = =81 011
C1

M8

14

Il
=)

k=1

We also have (1 +6¢) =68(1/6 +¢€) > 5(1/2+ £/2). Hence,

(14 0% <2272 (1 4 50)%,

and again using (7) and (18),

||g|| o+t)2 =
H

Setting c5 :

lemma.

IA

0o N(n,t)

=> > Bula+o**

=0 k=1
0o N(n,t)

2275727 D" (L4 0 3wl > (1 + 80 <2276 > cac gy,
=0 k=1

(cl/C4)1/22_J and ¢ = 2° (C2/C3)1/2 we obtain the result of the

O

Lemmad Letu € H°1/2 withe > (t + n)/2. Let up, € Vyx be the solution of the
collocation equation (13) by the standard approach. Then

and hence

(u—up, x)w =0 forall x € Vy, (19)

lu —unlly < llullw. (20)

Proof From the collocation equation (13) we have Lu(x;) = Luj(x;) forallx; € X.
This means that the error function e, = u — uy, satisfies Ley (x;) = 0 for all x; € X,
and hence, since L is invertible and self-adjoint,

(en, @ x)w = (Len, L™ (. x))w
= (Lehs lI/('?"j))W
= Lep(xj) = 0.

@ Springer



108 Q. T. Le Giaetal.

Since Vy is the finite dimensional space spanned by @ (-, X;) we obtain (19), which
immediately implies Pythagoras’ theorem,

2 2 2
lu —unlly + llunlly = lluly.

from which inequality (20) follows. |

We will now discuss the error u — uy,. As usual, we will use the mesh norm Ay,
which is defined by

hx := sup min 0(x, X;),
xeSn Xj €

where 0 (x, y) = cos~!(x - y) is the geodesic distance between x and y.

Theorem 1 Assume that the exact solution u belongs to H°7'/% with ¢ > (t +n)/2.
Let hx be the mesh norm of the scattered set X, let @ be a positive definite kernel
satisfying (4) and let uy, € Vx be the approximate solution obtained by the collocation
equation (13). Then,

1/2 o—t/2 o—t/2
lu —wnllz, < ellLV @ —w)li, < chS " u = unll goser < b llull gose.

Proof Since the function Lu — Luy, vanishes on X and belongs to H° ~'/2, the “sam-
pling inequality”, [14, Theorem 3.3], guarantees the existence of a constant ¢ > 0
such that

o—t/2 o—t/2
ILu — Lupllz, < chS"? 1 Lu — Lup |l go—srz < chS"* lu = upll o2,

where, in the last step, we have used the condition (12) and the definition of Sobolev
norms. Using (12) again and the equivalence between the || - || norm and the norm
Il - | go+t/2, we obtain

IA

clILY?(u — up)lip,

clLu — Lup|L,

o—t/2
chy / lu — upll o2

lu —unliL,

IA

IA

o—t/2
hS P lu = uplly

IA

o—t/2
hX

IA

c llellw

IA

o—t/2
hS P lull gosirn,

where we used Lemma 4 in the last but one step. O

3.2 Norm-minimal collocation

We will now discuss another collocation technique. Assume that we know that the
exact solution u belongs to H? and assume that @ is a reproducing kernel of H? in
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Multiscale RBF collocation for solving PDEs 109

the sense that its Fourier coefficients satisfy (4). Then, it seems natural to choose an
approximate solution uy as the solution of

min{|[s|l¢ : s € H° with Ls(x;) = f(x;), 1<j <N}, 21

i.e., uy is minimizing the native space norm amongst all possible functions that collo-
cate the given data. It turns out that this corresponds to what is known as the symmetric
collocation method, see [24]. However, we have now to assume that o > ¢t 4+ n/2.

It can be shown, in a much more general context, that the solution of (21) must
necessarily come from the finite dimensional space

Wx :=span {L®(-,x;): 1 < j < N},
and that the concrete solution u; € Wy can be computed by imposing the collocation

conditions (13). To find u;,, we can represent u, as a linear combination of the basis
functions in Wy:

N
up =Y biL®(,x;)
j=1
and condition (13) will then lead to the linear system
Ab =f, 22)
where A is now the collocation matrix with entries a;; = LL®(x;, X;) and the right-
hand side is again given by f = (f(x;)).

It is also well-known that this symmetric collocation solution is the best approxi-
mation from Wy in the native space norm, see [24].

Lemma 5 Suppose u € H° with o > t + n/2 is the exact solution of (11). Let
up € Wy be the solution of (21). Then,

(u—up, x)o =0 forall x € Wy, (23)
and hence
lu —unlle < lulle. (24)

Proof For j = 1,..., N we have, using the reproducing property of @ and the self-
adjoint property of L,

(u —up, LOC,Xj))p = (L —up), P, X))o
= Lu(x;j) — Lup(x;) =0,

from which the result follows immediately. O
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110 Q. T. Le Giaetal.

Error estimates for the norm-minimal collocation method have, even in the more
complicated situation of bounded domains, been derived in [5,8].

The error between the solution and the approximate solution depends on the mesh
norm hy of the set X, as given in the following convergence theorem.

Theorem 2 Assume that u € H°, for o > t 4+ n/2, is the exact solution of (11) and
uy € Wy is the solution of (21). Then, provided hy is sufficiently small,

lu —unliL, < chG lu—uplime < ch™ lullne.

Proof Since the function Lu — Luj, vanishes on X, we can again employ the “sampling
inequality” from [14, Theorem 3.3], which gives a constant ¢ > 0 such that

ILu — Lup|L, < ch§"IILu — Lup | go— < ch§ " lu — up| e

< ch u—unllo,

where in the last two steps we have used condition (12), the definition of Sobolev norms
and the equivalence (9). Using condition (12) again and the equivalence between the
native space norm || - ||¢ and the Sobolev norm || - || o we obtain

—t —t
lu —unllL, < cllLu— Luplle, < chy ™ lu —upllo < ch§"lulle

< ch”ullge,

where in the second to last step we have used (24) from Lemma 5. O

3.3 Sharpness of the results

In both Theorems 1 and 2 we used an inequality of the form

lu —upllL, < ILu — LupllL,.
This clearly is a coarse estimate, which one might think would leave some leeway for
better estimates. Interestingly, the following 1-dimensional example shows that the
estimates in Theorems 1 and 2 are the best we can hope for.

Lemma 6 Consider Lu = f on'S' where L is defined by Z(Z) =(14+0"1t>0.Let
X ={x; =jn/m:1 =< j <2m}and let up be any collocation solution satisfying
Luy(xj) = f(x;). Assume that the collocation solution is constructed from a kernel
@ which satisfies (4) for some o > t/2+1/2 for the standard method, oro > t+1/2
for the norm-minimal method. Then, for the standard collocation method

u—upllL —
sup ” ” 2 > Ch(;( t/27
wego+2 Nl gosi
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Multiscale RBF collocation for solving PDEs 111

while for the norm-minimal collocation method

Nlu = unllzy

> Chg .
ueH® ”u”H”

Proof Let f(x) = sin?(mx) = %(1 —cos2mx),m € N, and let k = 2m. The
pseudo-differential operator L of order ¢ is defined by its effect on the eigenfunctions,

L(cos(£x)) = (1 + &) cos(x), L(sin(fx)) = (1 + £)" sin(£x).

Then the pseudo-differential equation Lu = f admits the exact solution

. 1 cos(kx)
=3 (- T)

For the chosen collocation points we have f(x;) = 0 and hence the approximate
solution uy, is identically zero. It is easily seen that the mesh norm of X is hxy = 7/ k.
We therefore have

e — w3, = llull}, =

T
— - >
2 +4(1+k)2’ ~2

The H? norm of u can also be computed,

5 T T 2o—1)
c=—+—(1+k .
||u||H B 4( )

For the norm-minimal case we have o > t, and hence ||u ||%{U < ck*°= and

U—uplL UuijlL —(o— —
Iu = unlls _ Wiy o o)  cpot,
el Tl

Similarly, the H o+1/2 horm of u can also be computed,
T o _
Il g = 5 + (LR

Thus, for the standard collocation case we have (since o > ¢/2) ||u ||12qa i = ck*o 1,
and hence

lu—unlle,  lullzs

]| gro+e/2 [t gro+/2

> k=D = e,

O
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112 Q. T. Le Giaetal.

4 Multiscale collocation for solving PDEs

While the (fixed) single scale approach for solving PDEs via collocation yields good
approximation in both the standard and the norm-minimizing approaches, it suffers
from two major drawbacks. On the one hand, the condition number grows rapidly
with decreasing fill distance. On the other hand, even when using compactly sup-
ported RBFs, the matrices quickly become dense, and as a result the computational
cost becomes prohibitive.

Recently (see [15,25]), in the case of interpolation, a multiscale technique has been
proven to have the advantages of good approximation and computational efficiency.
We are now going to analyze how this method can be carried over to solving PDEs.
We know already from numerical examples that, at least in the boundary value PDE
case (see [1]), the approach has to be modified to be successful. The theory below will
guide us to an appropriate modification for PDEs on the sphere.

The general idea of the multiscale approach can be described as follows.

We start with a widely spread set of points X and use a basis function with a large
scale 81 to recover the global behavior of the solution u, by solving the collocation
equation Lsi|x, = f|x,. We then set u; = s as the first approximation, so that the
residual at the first step is fi = f — Ls;. To reduce the residual, at the next step we
use a finer set of points X» and a smaller scale §,, and compute a correction s, from
an appropriate finite dimensional space by solving Ls>|x, = filx,. We then obtain a
new approximation uy = u; + s2, so that the new residual is f = f; — Ls»; and so
on.

Stated as an algorithm, this takes the following form. We first set u9 = 0 and
fo=f.Then,wedoforj=1,2,....

— Determine a correction s; as the solution in a prescribed finite-dimensional space
of

Lsj(x) = fj—1(x) forallx € X;.
— Update the solution and the residual according to

uj=uj-1+5;
fi=fj-1—Lsj.

As a consequence, for j > 1, we have
Luj+ fj=Luj+ fj-1 =---=Luo+ fo= .

Hence, the residual at level j is f; = f — Lu;. Since L is injective, lete; := L_lfj,
for j > 1. We note that

e =L_1fj =L_1f—uj =u-—uj,
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Multiscale RBF collocation for solving PDEs 113

thus e; is the error at step j, and also we have
€;j =¢€j—-1 —95;. (25)

In the following, we will analyze this multiscale algorithm using either standard col-
location or norm-minimal collocation for the local reconstruction step. The proofs are
similar to each other and follow proofs from [15,25] but require careful consideration
of the details.

4.1 Standard multiscale collocation

We begin with standard collocation for the local reconstruction. Hence, the setting
is as follows. Suppose X1, X», ... is a sequence of point sets on S"” with decreasing
mesh norms hy, hy, ... respectively. For every j = 1, 2, ... we choose a basis func-
tion @; = &P;;, where §; is a scaling parameter depending on £ ;. Specifically, we will
choose

1—1/(20)

(Sj =l)hj

for some fixed constant v > 1, which means that§;/h; = vhft/ (20) is not a constant

but grows mildly with /; decreasing to zero. We also define for each j = 1,2, ...
finite dimensional spaces

Vi =span {®;(-,x) : X € X}.

Hence, we pick the local solution s; from V; such that Ls;(x) = f;_1(x) for all
x € X ;. Thismeansthats; € V; is the standard collocation approximationto Le; | =
fj—10on X; using the kernel @;.

To analyze the convergence of the algorithm, we introduce, as in the case of the
single scale method, kernels ¥; = L 'o j

With this notation, we are able to formulate and prove our first convergence result.

Theorem 3 Assume thatu € H° /2 is the exact solution of (11)witho > (t+n) /2.
Suppose that X1, X2, . .. is a sequence of point sets on S™ with decreasing mesh norms
hi, ha, ... respectively. The mesh norms are assumed to satisfy ypu < hji1/hj < p
for some fixed constants y and | in (0, 1). Let @ be a kernel satisfying (4) and let
@ = ®s; be a sequence of scaled kernels, where the scales are defined by §; =

(hj/u)' 1R Letw; = L='® ;. Then there exists a constant C independent of v, j
J J J P J
and f such that

lu —ujlle; < Bllu—uj—illg; forj=12,...,
with B = C /Lz"_’ , and hence there exists ¢ > 0 such that

k
lu —urllL, < cB|lullyo+iz fork=1,2,....
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Thus the standard multiscale collocation uy converges linearly to u in the Ly norm if
@< C1/@o—D,

Proof From (7) and (18) we have, withe; = u — u;,

N(n,?)
1 —~
2 -~ 2 20
el < > D LRl (1 + 8410

L=1/8j41 k=1

1 N(n,0)

+— D> D LR ul(+8110%
>1/8j41 k=1

1
= —(51+ 5).
C1
Since §;41¢ < 1 in the first term, we have
S1 <227 L' el

We note thats; € V; is the approximate solution with the standard collocation method
of Lej_1 = fj—1. Thus by (25) and Theorem 1 and Lemma 3 we have

1/2 1/2 o—t/2
1L ejllL, = 1L (ejo1 = spllLy < ch ™ lej 1l oo
o—t/2
J

< Ch o—t/2

8% Nlej—1llw; = en”llej-1lly;,
and hence

2% 20— 2
S1 =277 lej-lly,

where we have used §; = (h;/p)! =1/,
For the second sum S5, we note that

8j1/8j = (1 /h)! T/ < i),
and since §41¢ > 1 we have
(1484107 < (28410 < u' ™G80 <227 p2 =" (1 4 §;0)%.
Therefore, from (7) and (18)
2 < 22?27 M ejlly, = 2% 17 e = sjll, < 22271 el

where in the last step we used Lemma 4 with u replaced by e;_; and ¥ by ¥;.
Therefore

2 220 2 2
/ —t
lejli, < == +eon® el
_ 1 .
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So if we write B = Cu® /2 where C := 2° (¢’ + cz)l/z/ci/2 then

lejllw;, < Bllej—1llw;. (26)

Using (25), Theorem 1 and Lemma 3 and then repeating (26) k times gives

o—t/2
llex—1 — skllL, < chy Pller_y — Skl o172

lu —urliz, = llexliz,

o—t/2
chd ™ Pllex | o

o—t/2 o—
chy ‘Skf:l lexllw.

IA

A

= C||ek||l1/k+1

k k
< B lully, < B llull go+i2,
where we have used the fact that

/2 _ _
BT88 = (e )T <

4.2 Norm-minimal multiscale collocation

We will now analyze the multiscale method using norm-minimal collocation in the
local reconstruction step. Again, we have a sequence of point sets X, X», ... on S§"
with decreasing mesh norms /1, A, .... Forevery j = 1,2, ... we choose a scaled
basis function @ = @5, where §; is a scaling parameter depending on A ;. This time,
however, we choose

o 1—-t/o
(Sj = l)hj
for some fixed constant v > 1, which means that 6;/h; = vh;t/ 7 is again not a

constant but grows mildly with & ; decreasing to zero. Again, in a similar way to the
single scale case, we also define, for j = 1, 2, ..., finite dimensional spaces

Wi =span {LP;(-,x) :x € X}

and pick the local reconstruction s; from W; as the norm-minimal collocation solution
to Lej_1 = fj—1 based on the set X ; and the kernel @ ;.
Our convergence result this time takes the following form.

Theorem 4 Assume that u € H is the exact solution of (11) witho >t + n/2. Let
X1, Xo, ... be a sequence of point sets on S" with mesh norms hy, hy, ... satisfying
yuhj <hj < uphjforall j =1,2,..., for some fixed u € (0, 1) and y € (0, 1).

Let §; = (hj/u)l_’/", for j = 1,2,..., be a sequence of scale factors. Let
@ = D5, be a kernel satisfying (7). Then there exists a constant C independent of
W, j and f such that
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lu —ujlle;,, <allu—uj_ille;, forj=12,...,
with o = Cu®~", and hence there exists ¢ > 0 such that
k
lu —upllL, < ca”llullpge fork=1,2,....

Thus the norm-minimal multiscale collocation uy converges linearly to u in the Ly
norm if u < C~1/@=0,

Proof From (7) and (10) we have, withe; = u —u;,

N(n,t)
1
12 — 20
”eJ”tDjH = 1 Z Z |ej €k| (1+5]+1£)
0<1/8j41 k=1
N(n,t)
> EralP A +810%
Vo180 k=1
1
= — (51 4+ 5).
Cl

Since §;+1¢ < 1 in the first term, we have
20 2
S1 =27 lejllz,-
Wenote thats; € W; is the approximate solutionof Le; | = f;_| with the norm-min-
imal collocation method. Hence, by using Theorem 2 and Lemma 1 we can conclude

that

—t
lejll, = llej—1 = sjllz, < ch§ " llej—1llae

< 276)eh 1877 llej-1llo, = c27u” " llej-tlla.
where in the last step we have used §; = (h;/11)!~'/%. This means that
S1 =227 lej 1l
For Sy, note that §,.41/8; = (hj11/h;)' 7"/ < u'=1/9. Since §;41¢ > 1 we have
(1 +8110% < (26110% < Qu' /78,02 < 2% 122 (1 46,0
Thus, we have the upper bound
S < 27 WM ejll, = 2227 M lejor — sil%, < 222717 H e l3,

where in the last step we used Lemma 5 with @ replaced by @;.
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Therefore

2 2% 202 2
/ —2t
lejll3, = - (€ e lej-1 15,

Hence, if we choose o = Cu?~" where C = 2° (¢’ + 62)1/2/6%/2 then
lejlla;,, < allej-1lla,. @7)
Using (25), Theorem 2, Lemma 1 and then (27) repeatedly k times, gives

lexllz, = llek—1 — skllL,

—1 —t
chi 'lex—1 — sillge = chi " llexll go

||l/l - uk”Lz

IA

IA

71‘ —
chy ™' 8.7 llekll oy

IA

Cyrig ||€k ”(PkJr]

k k
collulle, < callullgo.

A

4.3 Condition numbers of collocation matrices

In each step of the multiscale algorithm, we have to solve a linear system arising from
the collocation condition on a set X = {x1, ..., Xy}:

Asb =f, (28)

where the collocation matrix A; is the collocation matrix with entries either L®5(x;, X ;)
(standard collocation) or L L®;(X;, X;) (norm-minimal collocation).

Since the matrix A is symmetric and positive definite in both cases, an iterative
method such as the conjugate gradient method can be used to solve (28) efficiently.
The complexity of the conjugate gradient method depends on the condition number
of the matrix A5 and on the cost of a matrix-vector multiplication.

The collocation equation (13) can be viewed as an interpolation problem with the
kernel L®s(x,y) (or LL®s(x,y) in the norm-minimal case). It is well known, see for
example [24, Section 12.2] that the lower bound of the interpolation matrix depends
on the smoothness of the kernel and the separation radius gx of the set X,

1
= = 1 9 B i)s
qx 2132? (x;, X;)

where 0(x,y) := cos~!(x,y) is the geodesic distance between two points x and y
on the unit sphere S". This geodesic separation radius is comparable to the Euclidean
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separation radius 7y of the set X when being viewed as a subset of R"*!,

I .
= —min [X; —Xj|.
qx 2i7éj|l ]l

We can use a result for condition numbers of multiscale interpolation [15, Theo-
rem 7.3] to arrive at the following conclusion.

Theorem 5 The condition number ik (As) in the standard approach is bounded by

S 1420 —t
k(As) <C (a—x) , (29)

while the condition number ik (As) of the collocation matrix As in the norm-minimal
approach is bounded by

5\ 1+20-n
K(As) <C (67_)() . (30)

Proof The kernel L® (x, y) can be expanded as

oo N(n,t)

Lox,y) =D > LOGO V() Yer(y).

=0 k=1

Using the assumptlons (4) and (12) on the unscaled kernel @ and the differential
operator L we obtain L(£)¢(€) ~ (14 £)~2°+ (Here, A ~ B means that there a
two positive constants ¢ and ¢’ such that cB < A < ¢’B). Thus we can apply [15,
Theorem 7.3] with 2t = 1 + 20 — t to derive (29).

Similarly, using the Fourier expansion of LL® (x,y), since [Z(ﬁ)]za(ﬁ) ~ (1+
£)720+2 we can apply [15, Theorem 7.3] with 27 = 1 + 20 — 2 to derive (30). O

This indicates that a choice of § proportional to gx would lead to a level indepen-
dent condition number. However, to derive convergence, we are not allowed to choose
8 proportional to gx. The specific choices of § in our situation lead to the following
result. Here g 1= gx;.

Corollary 1 In the standard approach, the choice §; = vh;ft/ ) Joads to a level-
dependent condition number of the form

h 1+20—t o _

% SC( j po 242D,

J
4j

which, in the case of quasi-uniform data sets and t > 1 reduces to

_ — L (1420 —t) _t
. 20
Kj < Chj < Chj .
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In the norm-minimal approach, the choice §; = vh}_t/‘7

condition number of the form

ho\ 12000, -
Ej <C nj - L(14+2(0 t))7
q; /

leads to a level-dependent

which, in the case of quasi-uniform data sets and t > 1/2 reduces to

~ —L1+2(0— _
gp<cn T <o

It is important to see that, though the condition number grows with 1/4 ;, the order of
this growth is bounded by the order of the operator (or twice the order of the operator
in the norm-minimal case). This has to be compared to the larger order of growth
of a single scale collocation method, which follows from Theorem 5 by setting § to
constant:

K(Ag) < Ch;((l”a_t).
Thus for the single-scale method and quasi-uniformity the order of growth of the con-
dition number is larger by a factor of 20/t > 1 + n/t [since 0 > (¢ 4+ n)/2] for the

standard case, and larger by a factor of 6/t > 1 4 n/(2t) for the norm-minimal case
(since o >t +n/2).

5 Numerical experiments

In this section, we consider the following PDE of order + = 2 on the unit sphere
S? c R3:

Lu(x) == —A*u(x) + o’u(x) = f(x), xeS?,

where A* is the Laplace—Beltrami operator on S? and w is a positive constant. The
PDE arises from discretizing the heat equation on the sphere.

Let w = 1 and let f be defined so that the exact solution is given by the Franke
function [7] defined on the unit sphere S?. To be more precise, let

X = (x,y,2) = (sinf cos ¢, sinf sin¢g, cosf) foro € [0, ], ¢ € [0,27).

Then we define

(9x —2)2 + (9y —2)? Ox +1% 9y+1
— 7 — —
4 +0.75exp 49 10
Ox — 7% + (9y — 3)?
4

u(x) = 0.75exp (

10.5exp ( ) —0.2exp (—(9x 42— 9y — 7)2)
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0.2

Fig. 1 Exact solution

Table 1 Mesh norms and

separation radii of sets of point X X2 X3
M 1,500 6,000 24,000
hx 0.0647 0.0325 0.0162
qx 0.0423 0.0212 0.0106

and compute the function f via the formula

@.0) = ——— 2 (sing®%) _ __ 82u+2 9
0.0 = = (0055) g g . )

A plot of the exact solution u is given in Fig. 1. Even though the algorithm allows the
collocation points to be scattered freely on the sphere, choosing sets of collocation
points distributed roughly uniformly over the whole sphere significantly improves the
quality of the approximate solutions and condition numbers. To this end, the sets of
points used to construct the approximate solutions are generated using the equal area

partitioning algorithm [21,20]. The mesh norms and separation radii of these sets are
listed in Table 1. The RBF used is

() =1 —nSG+ 18 +35r), Ys(r) =82y (r/8),
and
Ds5(x,y) = Ys(Ix —y)) = ¥s(v/2 —2x - y).

It can be shown that @; is a kernel which satisfies condition (7) with o = 7/2 ([18]).
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The kernel @; is a zonal function, i.e., @s(X,y) = Ps(X - y) where ¢ps(¢) is a uni-
variate function. For zonal functions, the Laplace—Beltrami operator can be computed
via

A'ps(x-y) = Lost), t=x"y,

where
d d
L=—10-1H—
dt( )dt
In our case,
112 —851% + 88t
Los(t) = — «/2—21‘—84(25t2—10t+82t—15+—).
¢s(1) 8]0( ) Na=T]

At each level the normalized L error |le;|| is approximated by an £ error, thus in
principle we define

1/2

lejl == / () — () dx

1/2

T 21
= // (@, ¢) —uj(0,$)*sin6 do do ,
0 0

and in practice approximate this by the midpoint rule at 1 degree intervals,
1/2

> u@.¢) —ui@. ) sin0 |
x(0,9)e¥

1 272
4 |9|
where ¢ is a longitude-latitude grid containing the centers of rectangles of size 1

degree times 1 degree and |¢| = 180 - 360 = 64, 800. We also record the condition
numbers «; of the collocation matrix

As, = [LO; (X, Y)]kyex,
for the standard approach and the condition numbers k; of the collocation matrix
As; = [LLP;(X,¥)Ix yex;
for the norm-minimal approach. The errors and condition numbers of the collocation

matrices at each step of the multiscale algorithm for two variants of the collocation
method are listed in Tables 2 and 3, respectively. In the upper part of each table we
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Table 2 The approximation

errors and condition numbers of Level ! 2 3
multiscale approximation using M 1.500 6.000 24.000
the standard approach ’ ’ ’
8 2.0 1.0 0.5
llejll 2.1173E—04 3.9021E—06 1.1509E—-07
K; 4.4028E+04 4.4172E+04 4.4562E+04
3 2.0000 1.2230 0.7438
llejll 2.1173E-04 3.8357E—-06 1.0944E—-07
K; 4.4028E+04 1.2154E+4-05 3.2279E+-05
Table 3 The approximation Level | 5 3

errors and condition numbers of

multiscale approximation using M 1.500 6.000 24.000
the norm-minimal approach ’ ’ ’

5 2.0 1.0 0.5
lle; 5.1048E—02 3.4713E—02 3.3648E—02
7 1.7471E+02 2.1987E+02 3.1605E+02
5 2.0000 1.4820 1.1033

lle; 5.1048E—02 7.2364E—03 2.6972E—04
< 1.7471E+02 5.7738E+02 1.8929E+03

use the results for the scale §; taken proportional to / ;, whereas in the lower part we
use the scale in accordance with Theorem 3 or 4. As can be seen from the tables, if
the scaling parameters 6; decrease linearly with respect to the mesh norms £, we
may not get a good convergence rate, at least in the norm-minimal case, whereas in
both cases we get a good convergence rate if we follow the theoretical predictions.
Figure 2 shows the approximate solutions using the standard approach at each level
corresponding to §; = 2; 1.2230; 0.7438, in accordance with Theorem 3. If we use
one-shot approximation on the final set of 24,000 points with various scales § then we
obtain the errors listed in Tables 4 and 5. As can be seen from the tables, the multi-
scale approach provides a more accurate approximation with a collocation matrix of
a smaller condition number.

6 Concluding remarks

In this paper we have developed a multiscale approximation for elliptic PDEs on
spheres, by adapting the method and the proof of the multiscale approximation scheme
in [15].

A natural question is whether the scheme so developed is equivalent to applying the
multiscale approximation scheme to the right hand side of Eq. (11), with an appropriate
redefinition of the kernel.

For the single-scale collocation schemes with § = 1 there is indeed a close con-
nection, in that the standard and symmetric collocation schemes of Sects. 3.1 and 3.2
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m
W

0z 04 08 0B 1 12 14 16 3 25 2 -5 - €5 o L] 1 15 2

y
\

Fig. 2 The left column are approximate solutions u j, j = 1,2, 3. The right column are the details s; =
uj—uj_1,j=2,3and the errors uz —u

Table 4 Errors by one-shot approximation of u with various scales using the final set of 24,000 points
(standard approach)

) 2.0000 1.2230 1.0000 0.7438 0.5000
lell 1.1372E—-07 2.8564E—07 1.0765E—06 8.4260E—06 1.3642E—04
K 4.6265E+07 3.9109E+06 1.4203E+-06 3.2273E+-05 4.4562E+04

Table 5 Errors by one-shot approximation of u with various scales using the final set of 24,000 points
(norm-minimal approach)

) 2.000 1.4820 1.1033 1.000 0.500
lell 3.9640E—04 8.0738E—-03 6.2875E—02 1.1298E—01 5.7892E—-01
K 1.1200E+04 4.6228E+03 1.8927E+-03 1.8927E+-03 3.1605E+02
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can be re-expressed this way: the standard choice is equivalent to

f A sland Zb LP(-, X;) fsmnd(xl/) = f(xj), 1<j=<N,
i=1

u;ltand — stand z bi® (-, x;),
i=1

and the symmetric choice to

N
[ Y= hLAeC,x), M) = f(x), 1< <N,

i=1

N
wy™ = LT = S L ).
i=1

But for the multiscale versions there is no such simple correspondence. The multi-
scale approximation in [15] is based upon scaled versions of a single kernel, scaled as
in (5). Suppose we approximate the right hand side of (11) by the multiscale approx-
imation, using the kernel (at face value appropriate for the standard case)

oo N(n,l)

() =Lox,y) =D > LOSOYu®Yuly), xyeS,

=0 k=1

We can define a scaled version of the new kernel after extending the definition to R+l
but the difficulty is that the scaled kernel ¢s is not related in any simple way to L®g,
even for the case L = — A+ 1. To state the problem differently, an effective multiscale
method based on the scaled kernel ¢s would require an ability to solve analytically the
equation Lg = &s(-, X;), something that does not seem possible in general.

The multiscale method presented in Sect. 4 is therefore significantly different from
the multiscale approximation in [15].
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