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Abstract We analyze rigourously error estimates and compare numerically temporal/
spatial resolution of various numerical methods for solving the Klein—-Gordon (KG)
equation in the nonrelativistic limit regime, involving a small parameter 0 < ¢ < 1
which is inversely proportional to the speed of light. In this regime, the solution is
highly oscillating in time, i.e. there are propagating waves with wavelength of O (¢%)
and O(1) in time and space, respectively. We begin with four frequently used finite
difference time domain (FDTD) methods and obtain their rigorous error estimates in
the nonrelativistic limit regime by paying particularly attention to how error bounds
depend explicitly on mesh size i and time step 7 as well as the small parameter €. Based
on the error bounds, in order to compute ‘correct’ solutions when 0 < ¢ < 1, the
four FDTD methods share the same &-scalability: T = O (g*). Then we propose new
numerical methods by using either Fourier pseudospectral or finite difference approxi-
mation for spatial derivatives combined with the Gautschi-type exponential integrator
for temporal derivatives to discretize the KG equation. The new methods are uncon-
ditionally stable and their e-scalability is improved to r = O(1) and t = O(g?) for
linear and nonlinear KG equations, respectively, when 0 < ¢ < 1. Numerical results
are reported to support our error estimates.
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190 W. Bao, X. Dong

1 Introduction

Consider the dimensionless relativistic Klein—-Gordon (KG) equation in d-dimensions
d=1,2,3)[31-33]

1
szanu—Au—i——zu—}—f(u):O, xeRd, t >0, (1.1a)
&

with initial conditions given as

u(x,0) = ¢(x), du(x,0) = ;—zy(x), x e RY, (1.1b)

Here u = u(x, t) is a real-valued field, ¢ > 0 is a dimensionless parameter which
is inversely proportional to the speed of light [31-33], ¢ and y are given real-
valued functions, f(u) is a dimensionless real-valued function independent of ¢
and satisfies f(0) = 0. In practice, the typical nonlinearity is the pure power case,
ie. f(u) = auPt! with p > 0 and A € R [9,10,17-20,31-34,40,42,44,47]. In fact,
the above KG equation is also known as the relativistic version of the Schrodinger
equation under proper non-dimensionalization [31-33] and it is used to describe the
motion of a spinless particle (see, e.g. [13,41], for its derivation). The KG equa-
tion (1.1) is time symmetric or time reversible. In addition, if u(-,t) € H L(R4Y and
ou(-,t) € LZ(Rd), it also conserves the energy [31-33], i.e.

E(t) —— 82 (8 2 2 i 2
= u(x, 1)+ |Vux, )"+ L (x,1) + F (u(x, 1)) | dx

R4
1 1
= / |:8—2)/2(X) + |V¢(X)|2 + 8—2¢2(X) + F (¢(x))i| dx := E(0), >0,
R4
(1.2)
where
0

For fixed ¢ > 0(O(1)-speed of light regime), e.g. ¢ = 1, the KG equation has
gained a surge of attention in both analytical and numerical aspects. Along the ana-
Iytical front, the Cauchy problem was investigated, e.g. in [3,9,17,19,27,29,42,44].
In particular, for the defocusing case (i.e. F(u) > 0O for u € R) the global exis-
tence of solutions was established in [9], and for the focusing case (i.e. F(u) < 0 for
u € R) possible finite time blow-up was shown in [3]. For more results in this regime,
we refer the readers to [2,10,34,37,40,43,47] and references therein. In the numer-
ical aspect, various numerical schemes were proposed and studied in the literatures.
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Analysis and comparison of numerical methods 191

For instance, standard finite difference time domain (FDTD) methods such as energy
conservative, semi-implicit and explicit finite difference discretizations were proposed
and analyzed in [1,15,30,39,48]. Other approaches, like finite element or spectral dis-
cretization, were also studied in [11,12,14,50]. Comparisons of different methods in
this regime were carried out in [28,39] and references therein.

However, in the nonrelativistic limit regime, i.e. if 0 < ¢ < 1 or the speed of
light goes to infinity, the analysis and efficient computation of the KG equation (1.1)
are mathematically rather complicated issues. The analysis difficulty is mainly due to
that the energy E(¢) in (1.2) becomes unbounded when ¢ — 0. Recently, Machihara
et al. [32] studied such limit in the energy space, and Masmoudi and Nakanishi [33]
analyzed such limit in a strong topology of the energy space. For more recent pro-
gresses made on this topic, we refer to [35,36,51]. Their results show that the solution
propagates waves with wavelength O (%) and O(1) in time and space, respectively,
when 0 < & <« 1. On the other hand, this highly oscillatory nature in time provides
severe numerical burdens, making the computation in the nonrelativistic limit regime
extremely challenging. To our knowledge, so far there are few results on the numerics
of the KG equation in this regime.

The aim of this paper is to study the efficiency of the frequently used FDTD methods
applied in the nonrelativistic limit regime, to propose new numerical schemes and to
compare their resolution capacities in this regime. We start with the detailed analysis on
the stability and convergence of four standard implicit/semi-implicit/explicit energy
conservative or non-conservative FDTD methods. Here we pay particular attention to
how the error bounds depend explicitly on the small parameter ¢ in addition to the mesh
size h and time step t. Based on the estimates, in order to obtain ‘correct’ numerical
approximations when 0 < ¢ < 1, the meshing strategy requirement (e-scalability)
for those frequently used FDTD methods is:

T=0(%, h=0(Q), (1.4)

which suggests that the standard FDTD methods are computationally expensive for
the KG equation (1.1) as 0 < ¢ < 1. To relax the e-scalability, we then propose new
numerical methods whose ¢-scalability is optimal for both time and space in view of
the inherent oscillatory nature. The key ideas of the new schemes are: (i) to apply either
Fourier pseudospectral or centered finite difference discretization for spatial deriva-
tives; and (ii) to discretize the highly oscillatory second-order ordinary differential
equations (ODEs) in phase space by using the Gautschi-type exponential integrator
[16,24] which was well demonstrated in the literatures that it has favorable properties
compared to standard time integrators for oscillatory second-order differential equa-
tions [21,22,25,26]. For the linear KG equation, the Gautschi-type time integration
does not introduce any time discretization error. Rigorous error estimates show that
the e-scalability of the new methods is improved to

T=0(), h=0(), (1.5)
for the linear KG equation, and respectively, to
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192 W. Bao, X. Dong

T=0(%, h=0(), (1.6)

for the nonlinear KG equation. Thus, the Gautschi-type method offers compelling
advantages over commonly used FDTD methods in temporal resolution when 0 <
e 1.

The paper is organized as follows. In Sect. 2, four second-order FDTD methods are
reviewed and their stability and convergence are analyzed in the nonrelativistic limit
regime. In Sect. 3, new numerical methods are proposed and analyzed rigorously. In
Sect. 4, numerical comparison results are reported. Finally, some concluding remarks
are drawn in Sect. 5. Throughout the paper, we adopt the standard Sobolev spaces and
use the notation p < ¢ to represent that there exists a generic constant C which is
independent of £, T and ¢ such that |p| < Cgq.

2 FDTD methods and their analysis

In this section, we apply the commonly used FDTD methods to the KG equation
(1.1) [15,28,30,39,48] and analyze their stability and convergence in the nonrelativ-
istic limit regime. For simplicity of notations, we shall only present the numerical
methods and their analysis in one space dimension (1D). Generalization to higher
dimensions is straightforward and results remain valid without modifications. Similar
to most works in the literatures for the analysis and computation of the KG equation
(cf.[1,11,14,15,28,30,39,48,50] and references therein), in practical computation, we
truncate the whole space problem onto an interval 2 = (a, b) with periodic boundary
conditions. In 1D, the KG equation (1.1) with periodic boundary conditions collapses
to

1
823nu — OxxU + 8—214 + f(u)=0, xe€Q=1(a,b), t>0, (2.1a)
u(a,t) =u(b,t), oyu(a,t)=owulb,t), t=>0, (2.1b)
1 _
u(x,0) =¢(x), du(x,0) = S—ZV(x), x € Q= [a,b]; (2.1¢)

with ¢ (a) = ¢(b), ¢'(a) = ¢'(b), y (a) = y(b) and y'(a) = y' (D).

2.1 FDTD methods

Choose mesh size h := Ax = (b —a)/M with M being an even positive integer, time
step T := At > 0 and denote grid points and time steps as

xj:=a+jh, j=0,1,....M; t,:=nt, n=0,1,2,....
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Analysis and comparison of numerical methods 193

Let u7 be the approximation of u(x;,#,)(j =0,1,..., M, n =0, 1,...) and intro-
duce the finite difference discretization operators as

n+l1 n n n—1 n+] n—1
u., " —u" u —u'; 2u +u
+ n _ ] J - n _ _J J 2.n __ J
8; u]_ ’ 3[ uj_—9 81‘“'_ 2 )
T T T
n n n n
T R e S R o e i
8 u — S u — Su
x%j = h BERC el Ea h R i A hz

Itis easy to check that 8> = 8,76, = 8, 8;" and 62 = 616 = 887 . Here, we consider
four frequently used FDTD methods [15,28,30,39,48] to discretize the problem (2.1):
forj=0,1,.... M—1,n=1,2,...,

L. Implicit energy conservative finite difference (Impt-EC-FD) method

1 1
252 2, n+l -1 +1 1 +1  a-1) _ q.
siaty= 58 ()4 5 (1) + 6 () = 0
(2.2)

II. Semi-implicit energy conservative finite difference (SImpt-EC-FD) method

1
257 — 80+ 5 () 4w )+ 6 (W) =0 23

M. Semi-implicit finite difference (SImpt-FD) method
8282 n_laz(urhkl_i_unf])_i_i( n+l+un 1)+f(u )_O (24)
7] T \% j 7g2
IV. Explicit finite difference (Expt-FD) method
1
e25tu’ — stu”t + —u + W) =0. (2.5)
Here,

F () — F(w)

v R, (2.6
20w TUwER (2.6)

G(v,w):/f(9v+(l—9)w) do =
0

with F(u) defined in (1.3). The initial and boundary conditions in (2.1) are discretized
as

up=uly, u'y =uy . n=0, uW)=¢G), j=01....M @27

up =)+ v+ 35 [52¢<x,> 2¢>(xj)—f(¢(xj))] 2.8)

@ Springer



194 W. Bao, X. Dong

Clearly, the above four FDTD methods are time symmetric or time reversible,
i.e. they are unchanged if we interchange n + 1 <+ n — 1 and v <> —t. Expt-FD is
an explicit method, whereas Impt-EC-FD, SImpt-EC-FD and SImpt-FD are implicit
methods. At each time step, SImpt-FD needs to solve a linear coupled system, SImpt-
EC-FD needs to solve a nonlinear decoupled system, and Impt-EC-FD needs to solve
a fully nonlinear coupled system.

Denote Xy = {v = (vo,vi,...,vm) | vo = vy} C RM*! and we
always use v—_; = vy_1 for the vector v € Xy if it is involved. Letting
{v’;., j = 01,...,M; n = 0,1,...} be any grid function satisfying vj =
vi,(n = 0,1,...) and using v, = vjj, , if they are involved, thus we have
V= (vo, vy ) ,v M) € Xy and define its standard discrete /2 norm, semi-H'

norm, semi- H? norm and [® norm as

M—1 M—1
VI8 IR =k D] 18R, (2.9)
j=0 j=0
M—1
2 n _ n
—h Z 82|, v e _0552%‘71‘”/" n>0. (2.10)

Jj=

For the first two methods Impt-EC-FD and SImpt-EC-FD, one can easily show that
they conserve the energy in the discretized level, i.e.

Lemma 1 The method Impt-EC-FD (2.2) conserves the discrete energy as

2
e e (T 2+ 5 (1 + )
h M-1
32 [Fup+F (u’}“)] =E° n=0,12.... @.11)
=0

Similarly, the method SImpt-EC-FD (2.3) conserves the discrete energy as

M—1

ot 2
Ev=e|ofu" | +h > st sfutt 4 %7 (||u In+ ‘ nt 12)
i=0
h M-1
+5 2 [Fup+F ()| =B n=01.2..... @.12)
j=0

Proof The proof proceeds in the analogous lines as in [30,48] for the standard KG
equation, i.e. ¢ = 1 in (2.1), and we omit the details here for brevity. O
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2.2 Stability analysis

By using the standard von Neumann analysis [45], we have the following stability
results for the FDTD methods:

Theorem 1 Suppose f(u) is linear, i.e. f(u) = au with o a constant satisfying
a > —e 2, then we have:

(1) The method Impt-EC-FD (2.2) is unconditionally stable for any t > 0, h > 0
and ¢ > 0.

(i) When4e*—h%(1+¢&2a) < 0, the method SImpt-EC-FD (2.3) is unconditionally
stable for any T > 0 and h > 0; and when 4% — h2(1 + 82()[) > 0, it is condi-
tionally stable under the stability condition

- 2he?
T < .
V4e2 — h2(1 + £2a)

(2.13)

(iii) When —e~2 < a < 72, the method SImpt-FD (2.4) is unconditionally stable
forany t > 0 and h > 0; and when o > €72, it is conditionally stable under
the stability condition

262
e —

(iv) The method Expt-FD (2.5) is conditionally stable under the stability condition

2he?
T < .
VAe2 + h2(1 + ae?)

(2.15)

Proof Noticing f(u) = au, plugging

u?—l _ Z 0y e2iiln/M W = ZSIUIGZijlﬂ/M’ u7+1 _ ZEZZUle%jln/M’
[ I I

into (2.2)—(2.5), with & the amplification factor of the /th mode in phase space, we
obtain the characteristic equation with the following structure

2 M M
& =205 +1=0, Il=——,...,——1, (2.16)
2 2
where 0; € R is determined by the corresponding method and may vary for different

methods. Solving the above equation, we have & = 6; £ ,/912 — 1. The stability of
numerical schemes amounts to

M M
& <1 < 6] <1, lz—j,...,?—l. (2.17)
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(i) For the method Impt-EC-FD (2.2), noticing o > —&72, we have

264

0<6 = <
! 264 + 12(207 +e2a + 1)

1, l=——,..., —1, (2.18)

with

2 (1 2 M M
)\,:-sin(ﬂ), P I==Fm -1l @19

This implies that the method Impt-EC-FD (2.2) is unconditionally stable for
anyt > 0,7 >0and e > 0.
(i) For the method SImpt-FD (2.4), we have

o 26t — 126207 M M 2.20)
L 2 2 (2a + 1) P '
From (2.19), we see that
0<x2<4 =M M 2.21)
>~ | = hz, — 2 3 e ey 2 . .
Thus, when 4¢2 —h%(1+&2a) < 0,0or4e2 —h2(1+¢2) > 0 with the condition
2.13), forl = =2 ... % — 1, we obtain
2,2 2 2 4¢? 2 2 4
(A —e“a— D17 < h—z—sa—l <4 = 16| < 1.

(iii) For the method SImpt-EC-FD (2.3), we have

_ 264 — 122 [ M M ! 2.22)
et 2+ 272 '

0

2

Noticing (2.21), when —e72 <o <72, ora > &2 with the condition (2.14),

we get
2 Pa—1-22) <t?(®a — 1) < 4e* = |0/ <1, 1=—%, % —1.
(iv) For the method Expt-FD (2.5), we have
o — 284—‘52(822):514—820[-{-1)7 l:—%, M (2.23)
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Combining (2.21) and (2.15), for/ = =&, ..., &L — 1, we have

4 2
rz(szklz + 1+ 8201) <72 (h_gz + 1+ 82()[) < 4e* — |6;] < 1.
The proof is completed. O

2.3 Error estimates

Motivated by the analytical results in [32,33] for the KG equation, here we make the
following assumptions on the exact solution u of (2.1)

(A) ueCHIO, T, Whyn ([0, TT; W>*)n C%([0, T1; W) N C([0, T1;
' r+s

1
S—, 0<r<4&0<r+s<5
at"ox*s

5,00)
~ g2’

p

u(x,t)

’

L (Qr)

where W' = {v € W [ vD(@) = vD}),0 <1 <m— 1} form > 1,
Qr = Qx[0,T]and 0 < T < T* with T* the maximum existence time of the
solution; and assumption on the function f(v) in (2.1)

B 1 @ + I1f"Wllzeo® S 1, or
B2) IIf Wl + I1f Wl + 1" WllLo®) S 1.

Define the grid ‘error’ function ¢” € X;(n > 0) as
e;? =u(xj,t,,)—u’]1-, j=0,1,....M, n=0,1,2,..., (2.24)

with u”} the approximations obtained from FDTD methods.
For the method Impt-EC-FD (2.2), we can establish the following error estimate
(see detailed proof in Appendix I below):

Theorem 2 Assume © < h and under assumptions (A) and (B2), there exist con-
stants 19 > 0 and hg > 0 sufficiently small and independent of € such that, for any
0<e<1l,when0 <t <190and0 < h < ho, we have the following error estimate
for the method Impt-EC-FD (2.2) with (2.7) and (2.8)

2

le ]2 + 185" 12 S h* + 2—6 O<ns<-—. (2.25)

~

For Expt-FD method (2.5), we assume the stability condition

ch &2 2he?
27 2 \/4g2+h2(1+82||f’||L°°(R))

T < min , (2.26)
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and can establish the following error estimate (see detailed proof in Appendix II
below):

Theorem 3 Assume t < h and under assumptions (A) and (B1), there exist constants
179 > 0and hg > O sufficiently small and independent of € such that, forany0 < ¢ < 1,
when 0 < t < 19 and 0 < h < hg and under the stability condition (2.26), we have
the following error estimate for the method Expt-FD (2.5) with (2.7) and (2.8)

2

T
le™ 2 + 185 el S h* + & Osn=—_. (2.27)

QN

Similarly, for the methods SImpt-EC-FD (2.3) and SImpt-FD (2.4), we have

Theorem 4 Assume t < h and under assumptions (A) and (B2), there exist constants
19 > 0and ho > O sufficiently small and independent of € such that, forany0 < ¢ < 1,
when 0 < © < 19 and 0 < h < ho and under the stability condition T < 8h/\/§, we
have the following error estimate for the method SImpt-EC-FD (2.3) with (2.7) and
(2.8)

2

T
le"ll2 + 185 e 2 S h* + & 0=n=— (2.28)

QN

Proof Follow the analogous proofs to Theorems 2 and 3 and we omit the details here
for brevity. O

Theorem 5 Assume © < h and under assumptions (A) and (BI), there exist con-
stants tg > 0 and hg > 0 sufficiently small and independent of ¢ such that, for any
0<e<1,when0 <1t <Tt9and0 < h < hg, we have the following error estimate
for the method SImpt-FD (2.4) with (2.7) and (2.8)

2

le"]| 2 + 118 el S 1+ Z—ﬁ 0<n<-—. (2.29)

QN

Proof Follow the analogous proofs to Theorems 2 and 3 and we omit the details here
for brevity. o

Based on Theorems 2-5, the four FDTD methods studied here share the same
temporal/spatial resolution capacity in the nonrelativistic limit regime. In fact, given
an accuracy bound § > 0, the e-scalability of the four FDTD methods is:

r=0 (53\/5) — 0@, h=0 («/S) —0(), 0<e<1. (230

Remark 1 We can establish the same error estimates in the theorems under much
weaker assumption on the nonlinear function f, i.e. relax the assumption (B1) to
f € C*(R), and respectively, (B2) to f € C>(R). This can be done by replacing the
assumption 7 < £ in Theorems 2-5 by © < min{h, &3,/Cy(h)}, and combing the
method of mathematical induction (see [4,5] and the proof of Theorem 9 below) for
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SImpt-FD and Expt-FD, and respectively, a cut-off function technique to deal with the
nonlinear function f [4,49] for Impt-EC-FD and SImpt-EC-FD, with the following
inverse inequality [4,49]

1 d=1

l 9 b

lu" e S = [II8; u" 2 + Iu" 2] . Cath) =4 1/[Ink|, d=2,
Ca'(h) [ * ! ! ] hl/Z d=23

’

2.31)

3 New efficient numerical methods and their analysis

In this section, we propose new numerical methods which have better temporal
resolution capacity than that of the FDTD methods in the nonrelativistic limit regime
and carry out stability and convergence analysis for these new methods. Again, for
simplicity of notations, we only present the schemes and their analysis for the 1D prob-
lem with periodic boundary conditions, i.e. (2.1). Generalization to higher dimensions
is straightforward and the error estimates remain valid without modifications.

3.1 Numerical methods

First we present the Gautschi-type exponential integrator Fourier pseudospectral
(Gautschi-FP) method which is based on the application of Fourier pseudospectral
approach to spatial discretization followed by a Gautschi-type exponential integrator
[16,21,22,24,25] to time discretization. Let

Y = span{¢y(x) = eV —M/2 <1 < M/2—1}.
For any periodic function v(x) on [a, b] and vector v € X, define Py, : L%*(a,b) —

Y as the standard projection operator, Ip : C(a,b) — Yyrand Iy : Xp — Yy as
the trigonometric interpolation operators [46], i.e.

M/2—1 M/2—1
(Puv)(x) = D 00 (yn) ) = D 5T, a<x<b,

I=—M/2 I=—M/2
. M M

with (12—7,...,7— 1)
] b | Mo
o =— [ vix efim(xfa)dx’ = — Ue*il/vl(xj*a),
1 b—a (x) 1 M ZO J

a

where v; is interpreted as v(x;) for the periodic function v(x). In addition, we adopt

the same notation as vector case (2.9) to define the discrete /2>-norm for the periodic
. M—1

function v(x) as ||v||122 =h ijo |v(xj)|2.
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The Fourier spectral method for (2.1) is as follows:
Find MM()C, t) €Yy, i.e.

M/2—1
upe. = D w0V a<x<b 120, 3.
=—M/2

such that
1
&2 (x, 1) = Auyg + —uy + Py fuy) =0, a<x<b, 120. (3.2)
&

Plugging (3.1) into (3.2), noticing the orthogonality of the Fourier functions, we find

5 d? 1+ &uf M M
d2ul()+s— z(t)+f(uM)1(t)—0 l=—7,---,7—1, t>0.
(3.3)
For each fixed [(I = -5, —% +1,..., % — 1), when ¢ is near t = t,,(n > 0), we
re-write the above ODEs as
2 ” 1
Sl w) BTG+ w) + 5T @) =0, weR (4

where

1 ~ — -
Bl = Vit e2(uf +am), g1w) = fum)(ty +w) — "t + w). (3.5)

Here we introduce a linear stabilization term with stabilizing constant o” satisfy-
ing 1 + &a” > 0 such that the scheme is unconditionally stable (see below for its
choice). Using the variation-of-constants formula as in the Gautschi-type exponential
integrator for oscillatory second-order differential equations [21,22,25,24], the gen-
eral solution of the above second-order ODEs can be written as

sin(wg;") 1 /§7(s) sin(B)' (w — 5))ds,

u;(t, +w) = ¢} cos(wB') +d —
n l 1 1 :Bln 82’8;1 J

(3.6)

where ¢ and d}' are two constants to be determined.

Now the key problem is how to choose two proper transmission conditions for the
second-order ODEs (3.4) between different time intervals so that we can uniquely
determine the two constants in (3.6). When n = 0, considering the solution (3.6) for

€ [0, 7], from the initial conditions in (2.1) these two conditions can be chosen
naturally as

~ ~ d_ 1
u1(0) = ¢, Eul(o) =an (3.7
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Plugging (3.7) into (3.6) with n = 0 to determine the two constants c? and dlo and
then letting w = 7, we get

__sin(zB)) 1

(1) = g cos(thy) + 7 / Fe)sin (Ax—9)ds. 338)

82,310 82,310 )

For n > 0, we consider the solution in (3.6) for w € [—t, t] and require the solution
to be continuous att = ¢, andt = t,_1 = t, — t. Plugging w = 0 and w = —7 into
(3.6) to determine the two constants ¢;' and d;' and then letting w = 7, noticing (3.5),
we have

U (tyg1) = —up(ta—1) + 2 cos(rfHui(ty)

T

1
/ [gl (—s)+¢ (s)] sin(B;' (t — s))ds. 3.9)

82ﬂln

In order to design an explicit scheme, we approximate the integrals in (3.8) and (3.9)
by the following quadrature

T

T ~0 O
/Qg‘?(s) sin(B2(r — 5))ds ~ §9(0) / sin (ﬂ?(r - s)) a5 = 51O
0 0

B

[1 cos(tf ]

~n

Zg

/ [g7 (=) + &7 ()] sin(B}'(r — 5))ds ~ [1 —cos(zh)].
0

Denote @ / and u'y; (x) be the approximations of u;(t,) and wupy(x, t,), respec-
tively. Choosing u?w (x) = (Py¢)(x) and noticing (3.5), then a Gautschi-type expo-
nential integrator Fourier spectral discretization for the KG equation (2.1) is:

Mp2-1
W'l = D wyh, M0 a<x<b n=0.1,.... (310
I=—M)2
where
(MM)l_p[ ¢l+ql yl+r[ (f(¢))l7 - 25"'72 ) ( )
(u”“)l = —(u )1 +pf (uM), + 1 (f(uM))l, n>1; (3.12)
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with
o%(1 — cos(t8?)) sin(z8%) cos(tp?) — 1
p?:COS(r’BlO)-’_(Sﬂ—[Q)zl’ quZSZ—ﬂIOI’ VIOZW
(3.13)
0 " a (1 — cos(zf}')) . 2(cos(zp)") — 1)
pl=2 [cos(rﬂ; )+ @Y :| , o= —(8,31")2 , n>1
(3.14)

As demonstrated in the literature [16,21,22,24,25], the above Gautschi-type expo-
nential integrator gives exact solution for the linear second-order ODEs (3.4) and has
favorable properties compared to standard time integrators for oscillatory second-order
ODEs. In the next two subsections, we will demonstrate that the above discretization
gives exact solution in time for the linear KG equation (2.1),1.e. f (1) = «au, under the
choice of " = a(n > 0) in (3.4); and respectively, performs much better resolution
in time than that of the FDTD methods for the nonlinear KG equation. We remark that
similar techniques for time discretization have been used in discretizing wave-type
equations in Zakharov system [6], Maxwell-Dirac equations [7] and Klein—Gordon—
Schrodinger equations [8].

The above procedure is not suitable in practice due to the difficulty of computing
the integrals in (3.11) and (3.12). We now present an efficient implementation by
choosing u?w(x) as the interpolation of ¢ (x) on the grids {x;, j = 0,1,..., M},
i.e. ”(/)1/1 (x) = (Iy@)(x), and approximating the integrals in (3.11) and (3.12) by a
quadrature rule on the grids. Let u’; be the approximation of u(x;, t,) and denote
u(]). =¢x;)(j =0,1,...,M). Forn = 0,1, ..., a Gautschi-type exponential inte-
grator Fourier pseudospectral (Gautschi-FP) discretization for the KG equation (2.1)
is

s
W= D ), ST =01, M, (3.15)
1=—M)2
where,
—~— — _ e~ M M
why =pl ¢ +a) 7+r) (F@) I=——....s> -1

—_~—

(), = =", + p} %1 + (%)1» n>1,

with pl", qlo and rl" are given in (3.13) and (3.14). Based on the results in Theorem 6
(see below), in practice, we suggest that «” is chosen as: If f(v) = «v is a linear func-
tion with « a constant, we choose o” = max{—1 /82, a} for n > 0, and respectively;
if f(v) is a nonlinear function, we choose o ~! = 0 and

o' = max § ", max f@H/ut, n=>0. (3.16)
w0, 0<j<m T
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This Gautschi-FP discretization is explicit, time symmetric and easy to extend to 2D
and 3D. The memory costis O (M) and computational cost per time step is O (M In M)
via FFT.

Remark 2 Another way to approximate the integrals in (3.8) and (3.9) is to use the
trapezoidal rule:

T

/??(S) sin(B(t — 5))ds ~

0
T

/ [gl (—s)+¢ (s)] sm(,Bl (t—s)ds~tyg (0) sm(r,Bl ).

0

§?(O) sin(r,BlO),

N

The rest of computations can be carried out in a similar manner.

For comparison, here we also introduce the Gautschi-type exponential integrator
finite difference (Gautschi-FD) method which is based on applying centered finite dif-
ference to spatial discretization followed by a Gautschi-type integrator to time discret-
ization. The aim is to show that the temporal resolution capacity of the Gautschi-type
integrator for wave-type equation is independent of the spatial discretization that it
follows [23]. Let u j (t) be the approximation of u(x;,¢)(j =0, 1, ..., M). Applying
a centered finite difference to the spatial derivative in (2.1a), we get

, d? 1
dzu,(r) Su](t)—i— u](t)—i-f(u](t))—O 0<j<M-1, (3.17)
withuo(r) = upy () andu_1(t) = up—1(t).LetU (1) = (uo(®), u1 @), ..., up—1 ()T

and F(U(t)) = (f(uo(t)), f(u1(2)),..., f(uM_l(t)))T, then the above ODEs can
be rewritten as

U +AU@) + FWU@) =0, t>0, (3.18)

where A is an M x M matrix independent of 7. Since A is symmetric, it is normal,
i.e. there exists an orthogonal matrix P and a diagonal matrix A such that

A=P AP
Let V(t) = P U(t) and multiply P to both sides of (3.18), we get
V'O +AVE)+PFU@) =0, t>0. (3.19)
The above second-order ODEs are similar as (3.4) and we apply the Gautschi-
type exponential integrator to discretize it which immediately gives a discretization

of (3.17). We omit the details of the derivation for brevity and conclude that the scheme
is the same as (3.15), with y; in (3.5) replaced by A; defined in (2.19).
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3.2 Stability and convergence analysis in linear case

In this subsection, we assume that f () is a linear function, i.e. f(u) = au with o
being a constant satisfying o > —e~2. In this case, the solution of (2.1) is

> __sin(tfy)

u(e, 1)y = [@cos(rﬂzww 25

I=—00

}e"‘”()““), a<x<b, t>0,
(3.20)

where

1
ﬂ[=_2 1+82(lu12+0[), l=0,:|:1, (321)
&

Again, by using the standard von Neumann analysis [45], we have the following
stability results for Gautschi-FP and Gautschi-FD:

Theorem 6 [fo" in(3.5) is chosen suchthat @™ > o forn > 0, then both Gautschi-FP
and Gautschi-FD are unconditionally stable for any t > 0, h > 0 and ¢ > 0.

Proof Similar to the proof of Theorem 1, noticing (3.14) and (3.15), we have the same
characteristic equation (2.16) for Gautschi-FP with

(" —a)(1 — cos(zf}'))
(eB]')?

B! 2(a" — B M M
o () [ 2 L)
2 e+ uj +an 2 2 2

Since " > o > —e’z(n > 0), we have

6 = cos(tB') +

0< 2@ -9 5 L gi<1 =M M 50
i ita s =1 I=-—....7 , .

which immediately leads to the unconditional stability of the Gautschi-FP. For
Gautschi-FD, we only need to replace y; in (3.22) by A; defined in (2.19) and the

stability claim follows immediately. O

Let u;(x, t) be the solution of the following problem

1
e20up(x, 1) — dexus + —u; +ou; =0, a<x<b, t>0,  (323a)
3
ur(a, 1) =urb, 1), dyui(a,t) =durb, 1), =0, (3.23b)
1
ur(x,0) = (In¢)x), dhusx,0) = 7 (Iny)x), a=x=b. (3:23¢)
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It is easy to see that the solution of the above problem is

M/2-1

t
ur(x,t) = Z [cos(lﬁl)gbl + W - Sin ﬁl):| M=) g < x <b, t>0. (3.24)
1=—M)2 'B
Denote
e? =u(xj,tn)—u’}, j=0,1,....M, n>0,

e'(x) =ulx,t) — Uyu")(x), a<x<b, n>0.

For Gautschi-FP, we have the following error estimates (see detailed proof in
Appendix III below):

Theorem 7 Let u;? be the solution of Gautschi-FP (3.15) with & = « in (3.5) for
n > 0. Then we have

W =up(ej ), j=0.1.....M, n=>0. (3.25)

In addition, if ¢, y € HY := {v € H"(a,b) | v¥(@) = v (1), 0 <1 <m -1}
withm > 2, when o > 0 for any ¢ > 0 or when ¢ < 0for 0 < e < ¢gg := ﬁ we
have the following error estimates

le" )2 Sh™, IVe" W2 SE"', n=0. (3.20)
Thus if the functions ¢ and y are periodic and smooth, for the linear KG equation, the
Gautschi-FP converges exponentially fast in space with no error in time discretization.

Also, we have error estimates for Gautschi-FD in linear case (see detailed proof in
Appendix IV below):

Theorem 8 Let u’} be the solution of Gautschi-FD with «" = o forn > 0. If ¢, v €

00 1
(2), when o« > 0 for any ¢ > 0 or whena < 0 for 0 < ¢ < gp := T e

have

el Sh?, 0<n< (3.27)

R

Based on Theorems 7 and 8, both Gautschi-FP and Gautschi-FD introduce no error
from time discretization for the linear KG equation, and share the same temporal res-
olution in the nonrelativistic limit regime. In fact, for a given accuracy § > 0, for the
linear KG equation the e-scalability of the two methods is:

t=0(1), h<O0 (JS) —0o(), 0<s<1, (3.28)

i.e. both mesh size & and time step T can be chosen independently of the small
parameter €.
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3.3 Convergence analysis in the nonlinear case

In order to obtain an error estimate for Gautschi-FP (3.10) with (3.16),1et0 < T < T*
with T* the maximum existence time of the solution, motivated by the results in
[32,33], we assume that there exists an integer mo > 2 such that

C) uecC? ([0, T1: Hl) nc' ([o, T1: W1’4) nc ([0, T1: L% N H;’O) ,

1 1
10ruCx, )l oo o, 71 w14y S ol e Cx, )l oo o711y S prn

||M(X, t)”LOO([O,T];LoOﬂH;,nO) § 1.

Under the above assumption (C) and assume f € C 3(R), we have

3

My = max u(x,0)lpe $1, Mai= max > [fOw) <1, (329
0<t<T Jul=1+M) =
M3 := max {0, sup f/vy <My < 1. (3.30)
0#v, |v|<1+M;
Assuming
we’h

(3.31)

t S 9
3Vh? + e2(n? + M3h?)
we have (see detailed proof in Appendix V below):

Theorem 9 Let u'y,(x) be the approximation obtained from the Gautschi-FP method
(3.10) with (3.16). Assume T < e2/Ca(h) and f(-) € C3(R), under the assump-
tion (C), there exist ho > 0 and to > 0 sufficiently small and independent of € such
that, forany 0 < ¢ < 1, when 0 < h < hg and 0 < t < 19 and under the condition
(3.31), we have the following error estimate

2
T
(e, tn) —uhy (Ol 2 S s + 1", ()|l < 14 My, (3.32a)
2 1 T
IVIuCx, tn) = ulyy 2 S — +1™70, 0<n<—. (3.32b)
& T

Similar to the proof for the above theorem, for Gautschi-FD with (3.16), assume
that £() € C2(R).u e C2([0,T]; L®) N C'([0, T]; L®) N C([0, T]; W),
lwCx, Ol Loe@r) + [0xxxxtt(x, )| Loy S 1 and

1
10:u(x, HllLe@r) S ok 10 u(x, DllL@py S e

then we can prove the following error estimate for Gautschi-FD with (3.16):
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Theorem 10 Let u’} be the approximation obtained from Gautschi-FD with (3.16).
Assume T < &”h, under the above assumptions on the exact solution u and the non-
linear function f, there exist ho > 0 and vy > 0 sufficiently small and independent
of € such that, forany 0 < ¢ < 1, when 0 < h < hg and 0 < t < 19 and under the
condition (3.31), we have

2

T T
le"lle S — +h% lullee <1+M, 0<n<—, (3.33)
€ T
where
e":(e(')‘,eﬁ‘,...,e'I(,I)T, with e?:u(xj,tn)—u?, 0<j<M, n>0.

Proof Follow the analogous proofs to Theorems 9 and 8 and we omit the details here
for brevity. o

Based on Theorems 9 and 10, for the nonlinear KG equation in the nonrelativistic
limit regime, the e-scalability of Gautschi-FP and Gautschi-FD is:

r=0 (\/Ssz) 0@, h<0 («/E) —0(), 0<e<1. (334

Remark 3 When the stabilization factor in (3.5) is chosen as «” = 0 for all n > 0, the
error estimates in Theorems 9 and 10 are still valid.

4 Numerical results

In this section, we report numerical results to support our error estimates and demon-
strate the superiority of Gautschi-type integrator over finite difference in time resolu-
tion when 0 < ¢ < 1. In order to do so, in the KG equation (2.1), we choose

f ) =t ¢>(x)=exz+%, y(x)=0, xeR. @.1)

The computational interval [a, b] is chosen large enough such that the periodic
boundary conditions do not introduce a significant aliasing error relative to the problem
in the whole space. Let u(x, ¢) be the ‘exact’ solution which is obtained numerically
by using Gautschi-FP with very fine mesh size and small time step, e.g. h = 1/1,024
and T = 1E—8. In order to quantify the convergence, we define three error functions,
12error, [®-error and discrete H!-error as

e = luC,ty) —u"llp,  eo =max|u(x;, ty) — u'jl,
J

et =\ luCtn) = w3 4 18T @ 1) — un).
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Table 1 Temporal discretization errors of Impt-EC-FD at time r = 0.4 in nonlinear case with 7 = 1/128
for different ¢ and 7 under e-scalability v = 0(83): @) 12-error (upper 4 rows); (ii) discrete H L_error
(middle 4 rows); (iii) [°°-error (lower 4 rows)

&-Scalability v =1.00E-3 v =5.00E-4 v =2.50E4 T =1.25E-4 T =6.25E-5
e=0.1,1 4.6484E2 1.1063E2 2.7344E-3 6.8472E4 1.7533E4
g/2, 1/23 49171E2 1.2912E2 3.2712E3 8.2486E4 2.1197E4
e/4, /43 4.6831E2 1.1162E2 2.7597E-3 6.9083E4 1.7681E-4
/8, 7/8 3.6900E2 9.6406E-3 2.4426E-3 6.1784E4 1.6129E4
e=0.1,71 7.5093E2 1.8650E2 4.6877E3 1.2087E-3 2.8179E4
g/2, 1/23 9.2221E2 2.3739E2 6.0030E-3 1.5347E-3 3.8945E4
e/4, /43 7.0780E2 1.7431E2 4.3724E-3 1.1292E-3 2.9825E4
/8, 7/8 7.7202E2 1.9840E2 5.0233E3 1.2937E-3 3.1687E4
e=0.1,1 2.9725E2 7.7927E3 1.8177E3 4.5897E4 1.2252E4
g/2, 1/23 4.3783E2 1.1543E2 2.9273E3 7.3938E4 1.9031E4
e/4, /43 2.8754E2 6.9944E-3 1.7321E3 4.2850E4 1.1127E4
/8, 7/8 2.9213E2 7.9193E3 2.0227E3 5.1313E4 1.3350E4

Case 1. A nonlinear case, where we choose A = 4 and p = 2 in (4.1) and solve
the KG equation (2.1) on the interval [—8, 8]. In order to study the temporal reso-
lution or e-scalability in time of different methods, we choose a very small mesh
size h = 1/128 such that the discretization error in space is negligible. Tables 1
and 2 tabulate [2-error, H!-error and [*-error at time ¢ = 0.4 of Impt-EC-FD
and SImpt-FD, respectively, for various time steps T and parameter values ¢ under
e-scalability 7 = O(&%). Tables 3 and 4 show similar results for Gautschi-FP and
Gautschi-FD, under ¢-scalability T = O (&2). Similarly, in order to compare errors
of spatial discretization, we always choose very fine time step t such that time dis-
cretization error is negligible. Table 5 lists />-errors at time 7 = 0.4 of Impt-EC-FD,
SImpt-EC-FD, Gautschi-FD and Gautschi-FP with different ¢ and t satisfying the
required e-scalability. We also carried out numerical experiments for Impt-EC-FD
and Exmpt-FD, where the results are similar to those of Impt-EC-FD and SImpt-FD,
and thus we omit them for brevity.

Case II. A linear case, where we choose A = 4 and p = 0 in (4.1) and solve the
KG equation (2.1) on the interval [—16, 16]. Here we only present the results of
Gautschi-FP and Gautschi-FD to verify that there is no time discretization error
of Gautschi-type integrator for the linear KG equation. Table 6 lists the /2-error
of Gautschi-FP and Gautschi-FD at time r = 1 for different t, # and & under the
e-scalability T = O (1) and & = O(1). Similar convergence patterns of the discrete
H '-error and [*°-error were also observed and they are omitted here for simplicity.
In addition, the results for FDTD methods are quite similar to those in nonlinear
case and thus are omitted here too for brevity.

From Tables 1, 2, 3, 4, 5 and 6 and our extensive numerical results not shown here

for brevity, we can draw the following conclusions:
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Table 2 Temporal discretization errors of SImpt-FD at time ¢ = 0.4 in nonlinear case with 7 = 1/128 for
different ¢ and t under e-scalability T = 0(83): i) 12-error (upper 4 rows); (ii) discrete H L_error (middle
4 rows); (iii) [®°-error (lower 4 rows)

&-Scalability v =1.00E-3 t =5.00E4 T =2.50E4 v =1.25E4 T =6.25E-5

e=011 4.4395E2 1.0598E2 2.6213E-3 6.5674E4 1.6847E4
g/2, 1/23 4.8329E2 1.2678E2 3.2113E3 8.0980E4 2.0824E4
e/4, /43 4.6690E-2 1.1131E2 2.7521E-3 6.8896E4 1.7635E4
/8, 7/8 3.6864E2 9.6301E-3 2.4399E-3 6.1716E4 1.6113E4
e=011 7.2046E2 1.7868E2 4.4913E3 1.1605E-3 2.9095E4
g/2, 1/23 9.0650E2 2.3316E2 5.8955E-3 1.5080E-3 3.8325E4
e/4, /43 7.0580E2 1.7381E2 4.3599E-3 1.1261E-3 2.9257E4
/8, 7/8 7.7123E2 1.9818E2 5.0178E-3 1.2923E-3 3.1356E4
e=01,1 2.8663E2 7.0385E-3 1.7558E-3 4.4435E4 1.1932E4
e/2, r/23 4.2804E-2 1.1276E2 2.8593E-3 7.2231E4 1.8604E4
e/4, /43 2.8674E2 6.9762E-3 1.7277E-3 4.2753E4 1.1111E4
/8, 7/83 2.9168E2 7.9066E-3 2.0194E-3 5.1231E4 1.3329E4

Table 3 Temporal discretization errors of Gautschi-FP at time + = 0.4 in nonlinear case with 4 = 1/128
for different ¢ and t under e-scalability v = 0(82)1 i) I2-error (upper 4 rows); (ii) discrete H!-error
(middle 4 rows); (iii) [*°-error (lower 4 rows)

e-Scalability 7 =5.00E3 T =2.50E3 T =1.25E3 T =6.25E4 T =3.125E4

e=01,1 2.4902E-3 6.1124E4 1.5208E4 3.7957E-5 9.4697E-6
/2, /22 3.1009E-3 7.6212E4 1.8973E4 4.7384E-5 1.1845E-5
/4, /42 2.5929E-3 6.3666E4 1.5846E4 3.9564E-5 9.8826E-6
/8, 7/82 2.5965E-3 6.3757E4 1.5862E4 3.9563E-5 9.8072E-6
e=01,1 6.0409E-3 1.4857E-3 3.6976E4 9.2230E-5 2.2948E-5
/2, /22 8.6467E-3 2.1232E-3 5.2845E4 1.3197E4 3.2989E-5
£/4, /4 6.3003E-3 1.5450E-3 3.8453E4 9.6000E-5 2.3974E-5
/8, 7/82 7.9670E-3 1.9557E-3 4.8650E-4 1.2126E4 3.0079E-5
e=01,1 1.9268E-3 4.7365E-4 1.1786E4 2.9447E-5 7.3746E-6
/2, /22 2.4770E-3 6.0895E4 1.5161E4 3.7863E-5 9.4650E-6
£/4, /4 1.9261E-3 4.7358E-4 1.1797E4 2.9445E-5 7.3572E-6
/8, 7/82 1.9103E-3 4.6947E-4 1.1682E4 2.9120E-5 7.2235E-6

(i). In the O(1)-speed of light regime, i.e. 0 < ¢ = O(1) fixed, the FDTD
methods and Gautschi-FD are of second-order accuracy in both time and space
(cf. Tables 1, 2, 4, 5); where Gautschi-FP is second-order and spectral-order
accurate in time and space, respectively (cf. Tables 3, 5). In addition, there is
no time discretization error of Gautschi-FP and Gautschi-FD for the linear KG
equation (cf. Table 6). Therefore, in this regime all the methods we have con-
sidered are compatible in time discretization while Gautschi-FP is of higher
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Table 4 Temporal discretization errors of Gautschi-FD at time = 0.4 in nonlinear case with 7 = 1/128
for different ¢ and 7 under e-scalability v = 0(82)1 @) 12-error (upper 4 rows); (ii) discrete H L_error
(middle 4 rows); (iii) /*°-error (lower 4 rows)

&-Scalability 7 =5.00E3 T =2.50E3 T =1.25E3 T =6.25E4 T =3.125E4

e=011 2.4910E-3 6.1204E4 1.5295E4 3.9100E-5 9.9575E-6
£/2, 1/22 3.1013E-3 7.6248E-4 1.9017E4 4.8121E-5 1.2658E-5
£/4, T/4* 2.5937E-3 6.3748E4 1.5836E4 4.0818E-5 1.0343E-6
/8, /82 2.6106E-3 6.3814E4 1.5927E4 4.0565E-5 9.9140E-6
e=011 6.0467E-3 1.4916E-3 3.7655E4 9.9249E-5 2.3124E-5
£/2, 1/22 8.6502E-3 2.1268E-3 5.3291E4 1.3656E4 3.6826E-5
e/4, T/4* 6.3067E-3 1.5698E-3 3.9225E4 1.0798E4 2.4152E-5
/8, /82 7.8831E-3 1.9601E-3 4.9192E4 1.2936E4 3.7448E-5
e=011 1.9254E-3 4.7230E-4 1.1654E4 2.8122E-5 7.5647E-6
e/2, r/22 2.4755E-3 6.0746E4 1.5013E4 3.6437E-5 8.8545E-6
e/4, T/4* 1.9247E-3 4.7285E-4 1.1662E4 2.9170E-5 7.6260E-6
/8, /82 1.9340E-3 4.6890E-4 1.1568E4 2.7885E-5 7.5793E-6

Table 5 Spatial discretization error ¢ of Impt-EC-FD and SImpt-FD (under &-scalability t = 0(&3))

and Gautschi-FD and Gautschi-FP (under e-scalability v = 0(82)) at time r = 0.4 in nonlinear case with
&0 = 0.1 and t9=2E-5 for different mesh sizes i

h=1/4 h=1/8 h=1/16 h=1/32
Impt-EC-FD
£0, T0 2.0671E2 5.5497E-3 1.4075E-3 3.5551E4
£0/2, ro/23 2.2900E2 6.2179E-3 1.5834E-3 4.0110E4
&0/4, ro/43 2.2881E2 6.2815E-3 1.6021E-3 4.0398E4
SImpt-FD
£0, T0 2.0671E2 5.5497E-3 1.4075E-3 3.5541E4
£0/2, r0/23 2.2900E2 6.2178E-3 1.5833E-3 4.0101E4
£0/4, r()/43 2.2881E2 6.2815E-3 1.6021E-3 4.0398E4
Gautschi-FD
£0, T0 2.0668E2 5.5462E-3 1.4041E3 3.5182E4
£0/2, r0/22 2.2894E2 6.2129E3 1.5784E-3 3.9568E4
&0/4, r0/42 2.2878E2 6.2790E-3 1.5996E-3 4.0120E4
h=1 h=1/2 h=1/4 h=1/8
Gautschi-FP
£0, 0 1.1873E-1 3.9320E3 3.1799E-5 1.0722E-7
£0/2, r0/22 8.3243E2 3.2486E-3 3.3677E-5 7.6844E-8
&0/4, r0/42 1.1899E-1 3.9849E-3 2.8723E-5 8.4444E-8
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Table 6 Temporal and spatial discretization error ¢j> of Gautschi-FP and Gautschi-FD in linear case at
time t = 1 with 7y = 0.25 and hy = 0.5 for different 7, 4 and &

e =0.02 e =0.002 ¢ =0.0002 ¢ = 0.00002
Gautschi-FP
70 ho/8 1.1239E-15 9.7781E-16 1.9602E-15 1.6371E-15
70/2 ho/8 1.2503E-15 1.6460E-15 1.3867E-15 1.6133E-15
10/4 ho/8 2.8930E-15 2.2077E-15 2.5100E-15 2.4671E-15
70 ho 3.9029E-3 5.5134E3 4.1445E3 5.5276E-3
70 ho/2 1.1041E-5 1.2214E-5 8.6830E-6 1.2093E-5
70 ho/4 4.1894E-10 5.2825E-10 5.2296E-10 4.8898E-10
Gautschi-FD
70 ho/32 2.2447E4 2.2633E4 2.2723E4 2.2641E4
70/2 ho/32 2.2447E4 2.2633E4 2.2723E4 2.2641E4
10/4 ho/32 2.2447E4 2.2633E4 2.2723E4 2.2641E4
70 ho/4 1.3608E2 1.3703E2 1.3765E2 1.3708E2
70 ho/8 3.5636E-3 3.5923E-3 3.6069E-3 3.5934E-3
70 ho/16 8.9699E4 9.0441E4 9.0802E4 9.0468E4

accuracy in space than the rest. Indeed, generally Gautschi-FP performs much
better in time discretization than the rest under the same time step and mesh
size.

(i1). In the nonrelativistic limit regime, i.e. 0 < ¢ < 1, for FDTD methods the
‘correct’ g-scalability is T = O(&3) and h = O(1) which confirms our analyti-
cal results (2.30); and for Gautschi-FP and Gautschi-FD methods, the ‘correct’
e-scalability is T = O(1) and h = O(1) for the linear KG equation which veri-
fies our analytical results (3.28), and respectively, T = O(¢?) and h = O(1) for
the nonlinear KG equation which again confirms our analytical results (3.34).

In view of both temporal and spatial resolution capacities, we conclude that
Gautschi-FP is the best candidate for discretizing the KG equation, especially in the
nonrelativistic limit regime.

5 Conclusion

Two classes of numerical methods with different time integrations were analyzed
rigorously and compared numerically for solving the KG equation in the nonrelativis-
tic limitregime, i.e.if 0 < ¢ < 1 or the speed of light goes to infinity. The first class are
the standard second-order FDTD methods. For FDTD schemes, including energy con-
servative/non-conservative and implicit/semi-implicit/explicit ones, error estimates
were rigorously carried out, which showed that their e-scalability is T = O(e3) with
e-independent /. The second class are based on applying the Gautschi-type exponential
integrator for time discretization, which is combined with either Fourier pseudospectral
(Gautschi-FP) or finite difference (Gautschi-FD) discretization in space. For the lin-
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ear KG equation, the Gautschi-type time integration does not introduce error in time
discretization. In addition, our rigorous error estimates suggest that the e-scalability
of Gautschi-FP and Gautschi-FD is improved to 7 = O(1) and 7 = 0 (&?) for the
linear and nonlinear KG equations, respectively. Comparison between Gautschi-FP
and Gautschi-FD also indicated that this temporal resolution competence of Gautschi-
type methods is independent of the spatial discretization that it combines with. In
summary, Gautschi-FP performs the best among all the methods discussed here in
both nonrelativistic limit regime and O (1)-speed of light regime.

Acknowledgments The authors acknowledge the support from Ministry of Education of Singapore grant
R-146-000-120-112 and thank the anonymous referees for their valuable comments and suggestions in
improving this paper. This work was partially done while the first author was visiting Department of
Mathematics at The Hong Kong University of Science and Technology in 2011 and he would like to thank
Professor Yang Xiang for his warm hospitality during the visit.

Appendix I: Proof of Theorem 2 for Impt-EC-FD (2.2)

In order to prove Theorem 2, we need the following lemmas:

Lemma 2 For any v" € Xy (n > 0), the following equalities hold

M-1

S

-1

> s =n Y [l = st W
Jj=0 j=0
M—1 ,
1 1 2

h 2 v?v;H-l =3 Jv” ”122 n 5 p1H . % 6" ”122’ 1.2)

]=

M-1 | M-l 5 ,
Y (s (50)) = [(U?I} )+ (o o) ]

Jj=0 j=0

'L'2 + 2
—ﬁHS, Vi n=0.1,.... (13)

Proof The equality (I.1) comes from the standard summation by parts formula (see,
e.g. [30]) and (1.2) comes from

1 2 2
v;gv;_Hrl _ 5 |:<v;l+1) + (U;_.)z _ (U?+l _ U;l) ]
1 n+1 2 n 2 2 o+.,nN\2
5[(1)/. ) —i—(vj) — 2.

From (1.2) and a straightforward computation, we get

S
L

2 1 2
st |+ 5 1 I — 5 laret o

h (5;1)’;“) (sju;?) - %

~
Il
(=]
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h 2 T
- +n+1 + +
= [(5 ! ) +(5x vf;) }-2— (sFvrss —o70)
Jj=0 j=0
2 M—1 M-1 2
‘ + h +,,n+1 + T 42
=T 2 (o) () + 5 2 [ () (o) ]~ G Do
Jj=0 j=0
i 2
_ n+1 n+1 no _.n n+l _ n n+l _ n
= o < . |:(v]+] v; ) +(U/+1 vj) +2(ijrl le) (vj vj):|
]:
2
T + 2
- Il

M—1 2
1 +1 2 +1)2 T (st 2
= 2 (=) (=) |- sl

which immediately implies (I1.3). O

Lemma 3 Denote the local truncation error for Impt-EC-FD (2.2) as
0 + 1 T 2 1
£ =26, u(x;,0 — 8—2)/(16;) 32 Sy (xj) — ;(ﬁ(xj') aACIETIER
n 202 1 2 2
&) = 280wy 1) = 5 [910uCxs. ta) + 83 uCxj 1)) (14)
1
+ E[U(xj, 1) +u(xj, th—1)] + Gulxj, thy1), u(xj, ty—1)), n > 1.

Assume t < h and under the assumptions (A) and (B2), we have

2
16" 12 + |85 €| 2 S H* + 2—6 0O<n<

T 72
= 820 §h2+8—6. (15)

12

Proof Taking Taylor’s expansion in the local truncation error (1.4), noticing (2.6),
(2.1), under 7 < h and using the assumptions (A) and (B2), with the help of the

triangle inequality and Cauchy—Schwartz inequality, for j = 0,1,..., M — 1, we
have
2 2 2
0 T ht . ht s T
&) = lowuliz@n + 519" lix@ S = + =5 SH+ L6)
2 2
T ht T
5769| = = lounullz@n + 519" =@ S h + 5. L7)
2 2
T ht T
587 | < < Mdncttliz@p + 16" =) S h* + =, (1.8)
2.2 72 2
%-Jn =< T”anttu”Lw(QT) + 7||attxxu”L°°(QT) + E“axxxxu”Loo(QT)
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1
- T2|:||f/||L°°(R) 1uutell oo+ 1S e 19t ooy + 55 ||8nu||Loo<szT>}

2 2 2

<h2+r__|_r_<h2+r_, 1<n<Z, (1.9)
~ g6 et ™ &b - Tt
2.2 2 2
T
jé‘}? =4 0reeexuall oo (py + ?Hattxxx””Loo(QT) + E”axxxxxu”Lm(QT)
+ f2|:||f//”L°°(R)||3tt“||L°°(QT)||axu||L°°(QT) + 1 oo @) et | Lo )
1
I oo @) 10 o 19ty + S5 ity
+ 1" oo @y l0eull Lo () ||31xu||L°°(QT):|
2 2 2
T T T T
S+ —+5ShP+—, 1<n<-—. (1.10)
& & & T
These immediately imply the estimates in (I.5). O

Lemma 4 There exists ho > 0 and 19 > O sufficiently small, under the assump-
tion (B2) and when 0 < v < 19 and 0 < h < hy, there exists a unique solution
u’; (j=0,1,..., M; n > 0) of the problem (2.2) with (2.7) and (2.8).

Proof The argument follows the analogous lines as in [15,48] for the standard KG
equation, i.e. ¢ = 1 in (2.1), and we omit the details here for brevity. O

Lemmas$s For j =0,1,..., M, n > 1, denote

W} = G ), s ) = G (i), (L11)

assume T < h and under the assumptions (A) and (B2), we have

2 —12 1,2
"% S e % + e 3, n= 1, 112)
2 —12 —12 1,2 1,2
185" 1% S e 3 + 18 A + e A s AL (13)

Proof From (I.11), noticing (2.6) and the assumption (B2), we get

1
THES /[f (Ou(x;, tar 1)+ = Ou(x;, 1y—1)) —f(@u;!+1+(1 —G)M’}—l)]dG
0

I
< 1f lzem) / [0 ‘u(x./, tnt1) — u;?“‘ +(1-6) ‘u(xj, fh1) — u;;—l’]de

<

~

n—1
€; ‘—f—
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Using Holder inequality, we get (I.12) immediately. Similarly, for j =0, 1,..., M —1
and n > 1, we can obtain

1 1 +1 +1 +1
18501 S 1+ 185 |+|ej+1|+|e" |+ 185 €T+ 1T

This together with the Holder inequality implies (I.13) immediately. O
Combining Lemmas 3 and 5, we give the proof of Theorem 2:

Proof of Theorem 2 Subtracting (2.2) and (2.8) from (I.4), noticing (2.7) and (2.24),
we see the error e;? satisfies

1 1
242 2 1 2 n—1 1 1
%9 ?—5(5x67+ +85e] )+2 2("+ +e” )—s -} (Ll4a)
=ey. €y =éy . n=01,.., (1.14b)

=0, ej=1&), j=01,....M. (I.14c)

4

e

~Oo O3

Define the ‘energy’ for the error vector ¢’ (n =0, 1,...) as
2)* 5z (ler i+

Multiplying both sides of (I.14a) by h (e’;+l —e’}_l), then summing up for

j=0,1,..., M — 1, noticing (I.1) and (I.15), we get

n+1

5+ n+1 e

1 2
o= 5o+ 5 (Ister i + 2)

(L15)

gn_gnl—p MZ( —n,)(”“ e;%—l), n> 1. (L.16)

From (I.16), using Young’s inequality, noticing Lemma 5, we have

gn _ gn—l <

A
>
M
~—~~

=ThZ( j

1
[—2 16715 + 1) + &% (N8 e I + 18 e~ 1||,2)}

n ) ‘S:Fe;f —I—S;”e?*]‘

| /\

2

2
o) L@ E) s am
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Thus, there exists a constant 7p > 0 sufficiently small and independent of ¢ and A,
such that when 0 < 7 < 19

T 2\?
gn—er! 515”_1+—2(h2+—6) ENE (I.18)
& I3
Summing the above inequality up for n, we get
n—1 2
T T T
-&'< Em+ S (hP+ =), 1<n<—-1. .19
St Z:;) = ( 5 <n<- (1.19)
Using the discrete Gronwall’s inequality [30,38], we obtain

T 2\2 T
<&y (v ), 1<n<t 1 (1.20)
~ g2 g6 T

Combining (I.14), (I.15) for n = 0 and (1.5), we have
0 2012, T 012 L Touz0p2
£ = SIE%IR + S8 + 1601

2\ 2 2 2 2
T T T T
< h2 e 2 e 1< /’l2 e
N( +86) (8+2+82)N( +56

Plugging (I1.21) into (1.20), we get

2

2
(1 + t—z) .12
&

2

1 2 T
&< —z(h2 6), 0<n<——1. (1.22)
I T

In addition, define another ‘energy’ for the error vector ¢"(n =0, 1, ...) as

2
12

o 1
& — 2 ||8+8+ n“l2 2 (

12
2
+ + n+1
+2—2 (||5 5+ |5t 12) : (1.23)
Multiplying both sides of (I.14a) by A (3§€?+1 - Sge;?*l), similar to the above pro-
cedure, we can obtain

b 1 2\’ T
&< = (h2 6), 0<n<——1. (1.24)

g2 e T

Combining (I.15), (1.22), (1.23), and (I.24), noticing that [|e" | + [le" 1|7 < 262&"

and ||8j[e"||122 + ||8;fe”+1||122 < 262" when 0 < & < 1, we immediately obtain the
error estimate in (2.25). m]
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Appendix II: Proof of Theorem 3 for Expt-FD (2.5)

Proof Define

- 1
El =707 (ulxj. 1) — 87 R, 1) + e, 1) + ), LD
7 o= fulx), ) — f), ]_0,1,..., -1, n>1. (I1.2)

Similar to Lemmas 3 and 5, we can prove

2 2
~ T -
£ §h2+—ﬁ 0<n<—; M%Wu<h2+—a<uw
2 12 T
ummswmbnﬁmmgwwﬁw&w%,nzL (IL4)

Subtracting (2.5) from (II.1), noticing (2.7), (2.8) and (I1.2), we get

1
252e" — 52e" + —e =& -7, (IL.52)
eg=¢y, e, =¢éey_;, n=0,1,.., (IL.5b)
e} =0, ej=1&), j=0,1... M. (IL.5¢)

Define the ‘energy’ for the error vector ¢"(n =0, 1,...) as

n . 2 5 5 + ot ! n+l1
"= (2= 5 = o3 ) 15 IR + 5z (1 R + e )

1Ml

o [( - 7)2 + ( iy — e”“f] n>0.  (IL6)
j=0

Similar to the proof in Theorem 2, with the help of (I.2) and (I.3), noticing (IL.5), (2.5),
(2.7), (2.8) and (I1.6), in view of the estimates (II.3), we obtain

2

. o 1 5 2 T
S"<S'+—=(rr+—), 0<n=<—-1 (IL.7)
g2 g0 T
Plugging (IL.5) into (I1.6) with n = 0, we get
23\ 2 2
8" < (h2 + T—6) (1 + T—Z) . (IL8)
€ e
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Similarly, define another ‘energy’ as

A 72 72 2 1
&= (82 - ﬁ) laf5te" [+ 5oz (

M-1
1 2 2
+57 > [(sjeﬁﬂ - 8;"6;?) + (8;6’}+1 - 8;e7+1) :| , n>0,
=0

+ n+1
8le

2
sl

(IL.9)

we can obtain

1 2\? T
5"5—(h2+f—6) L 0<n=——1 (IL.10)
& T

Thus (2.27) is a combination of (I1.6)—(I1.10) by noticing [le" |5 + " 1]}, < 2¢2S™,
I8 e |2 + 1185 e+ 1% < 228" and 0 < & < 1. O

Appendix III: Proof of Theorem 7 for Gautschi-FP in linear case

Proof From (3.23), we have u;(x;,0) = (Iyd)(xj) = ¢(xj) = u(} for j = 0,
1,..., M. Thus (3.25) is valid for n = 0. From (3.5) and (3.21), when o” = « for
n > 0, we get

Bl=p., n=0, I=—— .. ——1L (IL.1)

M M
2 2

Plugging (3.13) into (3.15) with n = 0, noticing (III.1) and (3.24), we get

M/2—-1
”} = z [P? (] +q10)71 + rl%@,] e2ijln/M
I=—M/2
M/2—1 _
- _sin(¢ .
= Z [¢1 cos(tlﬂl)-kylw} Q2ijlm/M
I=—M/2 =B
=ur(xj,ty), j=0,1,....,M. (1IL.2)

Thus (3.25) is valid for n = 1. Assume (3.25) is valid forn = 0, 1, ..., m. When
n =m + 1, from (3.15) with n = m, noticing (3.14) and (II.1), we have

—~— —_~—

W), = —@n=1) 4 pi' W)+t ey, = —@n=1), + 2 cos (thy) (™),

= - [51 cos(tu—1P1) + %W} + 2 cos(thy)
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[qsl cos (i i) + zsm(;"/;ﬂ ”}
m M M
= $1cos(tn1 A1) + lw, =2

Plugging the above equality into (3.15) with n = m and noticing (3.24) with t = 7,41,
we obtain (3.25) for n = m + 1, thus the claim (3.25) is verified by mathematical
induction. From (3.25), noticing (3.20) and (3.24), we obtain

le" )72 S I — Imdla + ly — Iny |32 S B>,
IVe" ()12, SV — Iu®) 132 + IV — Iu)|32 S W20,

which complete the proof of (3.26). O

Appendix IV: Proof of Theorem 8 for Gautschi-FD in linear case

Proof Let u (t) be the solution of (3.17) with the initial condition

d 1
u;j(0) = ¢(x), auj(O) = S—Zy(xj), j=0,1,.... M

Similar to the proof of Theorem 7, we have for0 < j <M, n >0

M2l sin(t8")
Wp=ujt) = 3 [cm cos(tB]!) + 1 oot ]<>
I=—M)2 ep
where
1
Bl = 1+e2(3 +a) > 1=0,=+1,.... (IV.1)
1 8 ( ) fg
Let

ej(t) =u(x;,t) —u;®), j=0,1,...,M,
2 2 ~
(1) = &2 8rutey, 1) = 83ulxy, ) + (G + o) uCe, ) = B0, 0,
(IV.2)

where X (t) is located between x; | and x;. Subtracting (3.17) from (IV.2), we
have

2
;1261(0 82 wej(t) + (% +a) ej(t)y =§&;(t), j=0,1,....,.M, 1t >0,
€ (IV.3)

iej(O) =0.

eo(t) =ey(t), e_1(t) =ey—1(t), ¢;(0) =0, ”
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Taking the discrete Fourier transform of (IV.3), we get

2

) d
e 300 + (eB)a) = &),
(IV.4)

g e ey

M
2

SIS

~ d_
a0 =0, a0 =0, I=-

Solving the above ODEs, we have

t

t ! t d | = M M 1 V.5
a0 =2 /sm(ﬂ,( —DEds, [===... T -1 (V5
0

1

Plugging (IV.2) into (IV.5), noticing ¢, y € W;’OO(Q) and (3.20), using the Holder’s
inequality and Parseval’s identity, we obtain

‘ 2

M/2—1 M/2—1 M/2—1
2
> lam? <2 Z /|sz(s)!ds szt/ > @) ds
I=—M/2 -M/2 | o 1=—M/2
L M—1 T -1
—/le(t)lds Z—T/ E;())Pds Sh*, 0<r<T
M ! M ~e e T
0o /=0
Noticing e;? =ei(ty)(j =0,1,...,M,0 < n < T/7) and using the Parseval’s
equality, we obtain the estimate (3.27) immediately. O

Appendix V: Proof of Theorem 9 for Gautschi-FP in nonlinear case

Proof We will prove (3.32) by the method of mathematical induction [4]. From the
discretization of the initial data, i.e. ”?vz = Py¢, we have

lu(x,t =0) — u(]{,[HLz = l¢p — Puol 2 < pMo.
IVIu(x, 1= 0) = 1l 2 = V9 — PuVell 2 S h™,
Iyl < 1Py — Bl + bl < CH™" + M.

Thus there exists a #; > 0 sufficiently small and independent of ¢ such that, when
0 < h < hy, the three inequalities in (3.32) are valid for n = 0.
Denote the ‘error’ function

M/2—1
e"(x) := Pyu(x, ty) —uh (x) = Z 'e\?ei’”()‘_“), a<x<b, (V1
I=—M/2
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then we have

o =) ~ Wy I=—5 .5 =1 =0, (V2)

with u;(t,)(I = 0, =1, ...) the Fourier coefficients of u(x, t,). Using the triangle
inequality and Parseval’s equality, we get

(e, tn) — iy (O llL2 < Nulx, tn) — Pyu(x, tn)llg2 + lle" (0l 2

M/2-1 T
SH4+ | DT ErR. 0<n<—. (V.3)
T
I=—M/2
Similarly, we have
_ M/2—1 2~ T
IV u(x, ) — ully (O 2 <A™~ +\/Z ,:/_M/2M,2|e7|2, Osns—. (V4

Thus we only need to estimate the last terms in the above two inequalities.
Similar to the derivation in (3.3)-(3.9), for/ = 0, &1, ..., we have

sin(tﬁlo) 1

() = ¢ COS(T,BIO) +V—— — 5=
82,310 82,310

/6?@) sin(B)(r — s))ds,  (V.5)
0
ﬁ[(tn—kl) = —uy(ty—1) + 2COS(Tﬁ[n),u\l(tn)

T

1 . .
—gz—ﬂn/[cy(—s) + G} (9)]sin(B]'(r —s)ds, n>=1, (V.6)
! 0
where

G (s) = (F)(tn +5) — "Wty +5), seR, n>0. (V.7)

Foreach! = —M/2,..., M/2 — 1, subtracting (3.12) and (3.11) from (V.6) and
(V.5), respectively, we obtain the equation for the ‘error’ function e’ as

—~ T
eyt =27+ 2cos(BiT)e) + & 1=n< T 1, (V.8)
G0 —0, ol =2 (V.9)
where
T
n 1 n . n T
g = W W/ (s)sin(B)'(t —s))ds, 0=<n =< T L, (V.10)
1o
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withfor0 <s <t

T 07 _ A0 _
Wi(s) = S@)y — "¢ = G(9), _ n=0, , (V.11)
2f ), — 2" (), — Gi(=s) = Gj(s), 1<n=<L—-1

Combining (3.16), (3.29) and (3.32) with n = 0, noticing (3.5), under the condition
(3.31), we get

0< o < M3, 82,310 >1, 0< r,Bl <= < cos(,BlOr) <1,

3’
0 <sin(B(r —s)) <sin(Br) <1, 0<s<r.

From (V.10) with n = 0, using the Holder inequality, we obtain

2
(AO‘Z /W (s)sin(B(t — s))ds
2ﬁ 1 1
1
< /sin(,BO(r —s))ds-/‘WO(s)‘zsin(ﬁo(t — $)ds
= ! l 1
0

0

IA

z [1 _ cos(,BlOr)] Smﬁ(#/r ‘Wlo(s)r ds
! 0

A

< 1|1 —=cos(B7) T Wo(s)zds. (V.12)
[1 - coscptn)] [ [

0

Summing the above inequality for! = —M /2, ..., M /2—1,noticing (V.9) and (V.12),
we obtain

M/2—1 M/2—1
le'lZ = -a) > [ \ —b-a) > \
I=—M)2 I=——M)2
Mp2—-1 T 5
<tb-a) D /‘Wlo(s) ds
1=—M/27)
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Plugging (V.11), (V.7) and (3.5) into the above inequality, using the triangle inequality
and Parseval’s equality, we get

Mj2—1 T

— — —~ |2
el < w6 -a) > [ [T@ - G +a'@e - ool o
I=—M/2Y
T M/2-1 . . 5 N
<2t(b—a) / > U(f(@)l = (F@) )| + @) [is) —¢1|2] ds
0 1=—M/2

T

=2t / (||PM[f(u<-,s)>—f(¢>]||§z+(a°)2||PM[u(-,s>—¢]||§2)ds

0
T

< 2r/ (17 G50 = F@ 12+ MEuC, ) = 812, ) ds. (V.13)

0
Under the assumption on u, using the Holder inequality, we get

b| s 2

b
luC,s) — o7, =/|u(x,s)—u(x,0)|2dx=/ /awu(x,w)dw dx
a a |0
b K

N
s/s/|awu(x,w>|2dwdx =S/||awu(‘,w)||iz dw
0 0

a

)

N

=< s2||8lu('v t)”ioo([o,T];LZ) 5 8_4’ 0 <s=rt. (Vl4)

Similarly, under the assumption on # and f, we have

[ ]

S
1f () = F@I72 < "M, Do g0 7y.12) S 0 0=s=7 (V19

Plugging (V.14) and (V.15) into (V.13), noticing (V.3) with n = 1, we obtain

T
2 4 4 2
142 S T T 1 T
le' 12, < r/8—4ds ST S5 S luton) -l S AT+ T
0

Similarly, we can get

2
— T
IV Tu(x, 1) — uhy )2 S B™ 4 =
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This, together with the triangle inequality and inverse inequality, implies

1 1 1
lupgllpse — My < lluggllpoe — llu(x, t1)llpe < llupy — ux, t1) | =
1
< N Pmu(x, ty) — u(x, t)llpee + lluyy (x) — Pppu(x, t1)]l 1

lul, () — Pyux, )|l g

S llu(x, t1) — Pyu(x, )| Lo +

Cy(h)
|
< hmo—l 1
S + N0 lle || g
< pmo-1 (1 . )+ v (V.16)
~ Ca(h) e*Cq(h)’ ’

Thus under the assumption © < £2,/Cy (h), there exist 1, > 0 and 7 > 0 sufficiently
small and independent of ¢, such that when 0 < & < hy and 0 < 7 < 1, we have

lubsllzoe < 1+ M.

Therefore, the three inequalities in (3.32) are valid when n = 1.
Now we assume that (3.32) isvalid foralll <n <m —1 < % — 1, then we need
to show that it is still valid when n = m. Denote

Eaooa 12 2 cos(B') |
g — gn’ &n — /e\n—&— ‘ + o I S ~n-+ _en (V.17)
l:%/z l [ l 1 | 1— COS(ﬂln‘E) l [

Foreachl = —M/2,...,M/2 — 1 and 1 < n < m — 1, noticing (3.5), under the
condition (3.31), we get

_ _ _ T
"M <a" <My, 1<eB <, 0 < p) ‘frﬂl”sg,

o
IA

cos(B]'T) - cos(ﬂl"_lr)
1 —cos(B/'t) ~ 1 —cos(B 'v)’
<sin(g'(r —s)) <sin(f'r) <1, 0<s<T.

<cos(f't) < cos(,Bl"_lr) <1,

1
2
0
Then similar to (V.12), we obtain

& <1 - cos(ﬂ,"r)]/ Wy ()] ds.
0
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Multiplying both sides of (V.8) by 7/ entl _ ?7_1 (here w denotes the conjugate of w)

and adding with its conjugate, then d1Viding by 1 — cos(B;'t), we have

gn_ gn—l < An+1 _ on— 1‘
! ! = 1—cos(B't) cos(ﬂl 7) ié i ¢
1 ~ 2
< n+1 /én +2‘L’ _/e\n 1’ + = n
= 1—cos(B't) —cos(,Bl 7) ( ! ! T |El |

~n+1 An

- 4t cos(ﬂl 7) (
~ 1 —cos(B'1)

T
2 ~
ep—2a ')+ [ 1l

0

<41 (5, +E 1) /|W, ()| ds.

Summing the above inequality for/ = —M /2, ..., M/2 — 1, we obtain

T M/2—1

5"—5"_1§4r(€"+5"_1)+/ Z |V/l71”(s)|2ds, 0<n<m-—1.
0 1

=—M/2

Summing the above inequality forn = 1, 2 m — 1, we get, when t < 1/8

m—2 T M/2—1

gn-l <zg°+8r25”+22/ > W as, 2§m§§.

n=17 I=—M/2

Using the discrete Gronwall’s inequality, we get

m—1 T M/2-1

eml<c 50+Z/ S| ds | d<m<Ll. Wiy
n=17y I=—M/2 T

where the constant C is independent of 4 (or /), T (or m), and ¢. Combining (V.1),
(V.17) and (V.18), we obtain

M/2—1

lem 2=k —a) > [er] < -aem!

=—M/2

m—1 % M/2—1

<Cb-a) 5°+Z/ ST ds | (V.19)

n=17y Il=—M/2
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From (V.17) with n = 0, noticing (V.9) and (V.12)—(V.15), we have

M/2—1 M/2—1

1 1 —~
&= — /= — &}
l=§4/2 1-— COS(ﬂlO‘L') [:§4/2 1-— COS(,BZOT)
Mj2-1 T ) A4 4
= /‘W,O(s) ds S = S = (V.20)
& I
I=—M/27)

From (V.11), (V.7) and (3.5), using the triangle inequality, we get

M/2—1 ) Mmp—y o -
S WP = > P, — G ) — Gl +5)
I=— )2 I=—M/2

— 2
o [i[;(tn —8) Tty 4 5) — 2(%)1]‘ ds

2
< o 2f W) = fC =) = fluCt+ N2,

2M32 n 2
L Nul,tn —s) +ul, tn+5) = 2upll . (V.21)

Under the assumption on u, using the triangle inequality and Holder inequality,
noticing (3.32), we get

||u(-, th — )+ u(-, t, +5) —2uly, ||iz

2
S MuCota =) +uC,tn+5) = 2uC )17, + 4 JuC, tn) —uly ]
b 2

N w
5/ /aqqu(x,tn—i—q)dqdw dx +4“”("tn)_“}/114“i2
a 0 —w
K b| w 2
f/s/ /quu(x,tn—i—q)dq dxdw+4||u(-,tn)—u’,’w||iz
0 a w
N w
s/zsw/ l0gquCrtn + @) |72 dg dw +4 uC, 1) — uly |7
0 —w

4

S 2
< 5 190G Do 2y 4 e tn) =y |2
2

4 72
§—8+(—4~|—hm°), 0<s<rt, l<n<m-1. (V.22)
) e
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Similarly, under the assumption on # and f, we have

1 @yt =) + @Gyt 4 ) = 2f @hl7

8s* M3 4 2
= 3 I:”af”("t)||L°°([0,T];L4) + ||al‘lu('vt)”Loo([O’T];l})]

HAM3 - u s tn) — 172
T4 'L'2 :

§—8+(—4+hm0), 0<s<t, 1<n<m-—1. (V.23)
& &

Plugging (V.23), (V.22), (V.21) and (V.20) into (V.19), we get
4 4 22 2
€12 S 5 +rm—1) | S + (8_4 +hmo)
4 4 2 2 2 2
T T T T
55_8+T[8_8+(8_4+hm°) ] 5(8—4+hm0) ,

This, together with (V.3), implies that the first inequality in (3.32a) is valid for n = m.
Similar to the above procedure by defining

M/2-1
S = Z WE, n=0,
I=—M/2

and noticing

M/2—1
ST W) S| V[2F W) — F@Cty =) = Ul i+ )] 72

I=—M]/2

IV [ty =)+ ety ) = 203] |

we can obtain (3.32b). In addition, similar to the proof in (V.16), we have

2

1
m o — M < hmo—l 1 )
Iillee = M1 S ( - cd(h)) T

Again under the assumption 7 < e2/Cy(h), thereexisthz > Oand 73 > 0 sufficiently
small and independent of 2 < m < T'/t,suchthat when0 < 2 < h3and 0 < 7 < 13,
we have

Iyl <1+ M.
Thus the second inequality in (3.32a) is valid when n = m too. Therefore, the proof

of (3.32) is completed by the method of mathematical induction under the choice of
ho = min{hy, hy, h3} and 7p = min{1/8, 12, 73}. O
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