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Abstract Domain decomposition methods for solving the coupled Stokes—Darcy
system with the Beavers—Joseph interface condition are proposed and analyzed. Robin
boundary conditions are used to decouple the Stokes and Darcy parts of the system.
Then, parallel and serial domain decomposition methods are constructed based on the
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the results of computational experiments are presented to illustrate the convergence.
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602 Y. Cao et al.

1 Introduction

The Stokes—Darcy model arises in many applications such as groundwater system in
karst aquifers, interaction between surface and subsurface flows, industrial filtrations,
petroleum extraction, and spontaneous combustion of coal stockpiles. This model
describes the free flow of a liquid by the Stokes equation and the confined flow in
a porous media by the Darcy equation; the two flows are coupled through interface
conditions. For the problems mentioned, the resulting coupled Stokes—Darcy model
has higher fidelity than either the Darcy or Stokes systems on their own. However,
coupling the two constituent models leads to a very complex system. Most of pre-
vious works on the Stokes—Darcy system use the Beavers—Joseph—Saffman (BJS)
[45,47,61] interface conditions or even further simplification because well-posedness
can be demonstrated in a fairly straightforward manner. However, the BJS condition
ignores certain contributions made by the flow in the porous media flow to the coupling
of the two models; the ignored contributions may be important in some applications
such as karst aquifers. The more physically faithful Beavers—Joseph (BJ) [9] interface
condition is more accurate because it fully accounts for the contributions of the two
flows in the coupling of the two models.

It is true for some cases that the contribution of the Darcy flow in tangential direc-
tion is heuristically much smaller than that of Stokes flow on the interface and hence
the Beavers—Joseph—Saffman simplification can be used. However, we are not aware
of any rigorous proof on this validity starting from the original Beavers—Joseph inter-
face boundary condition. There are related theoretical works by Chen et al. [23] using
the Brinkman—Stokes model as the starting point and periodicity in the horizontal
(along the interface) direction. They demonstrated that the Beavers—Joseph inter-
face boundary condition is more accurate than the Beavers—Joseph—Saffman interface
boundary condition or its further simplifications. The error is not necessarily small
for all parameters and it could be of order 1 for the lower values of the hydraulic
conductivity/permeability/porosity.

The major reason why most previous works did not use the BJ condition is that the
well posedness of the Stokes—Darcy model with BJ condition had not been demon-
strated. However, recently, this problem was resolved in [19,20,23,44] if the primary
formulation is used for the Darcy part. For the steady Stokes—Darcy model with the
BJ condition, it is proved that the model is well posed if the exchange coefficient «
introduced in (2.7) is sufficiently small.

Several methods have been developed to numerically solve the Stokes—Darcy
problem, including coupled finite element methods [4,7,18,19,21,24,34,35,49,60,
65], domain decomposition methods [25,28-33,43,46], Lagrange multiplier methods
[6,40,50], multi-grid methods [5,17,54], discontinuous Galerkin methods [22,26,41,
48,58,59], mortar discretization [12,36-38] and boundary integral methods [13,64].
Many other methods have been developed to solve the Darcy—Stokes(—Brinkman)
and other similar models; see [3,8,10-12,16,15,27,42,52,53,55,56,62,63,66,68,69]
and the reference cited therein. Among these methods, the domain decomposition
method [1,14,39,51,57,67], which can be traced back to [2], is more natural than
others because the problem domain naturally consists of two different subdomains
and because parallel computation is facilitated; see, e.g., [25] for the BJS condition
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Robin—Robin domain decomposition methods 603

and [28-33,43,46] for simplified BJS conditions. In this article, we will extend the
previous work in [25] to Robin-type domain decomposition methods for the steady
Stokes—Darcy system with BJ interface condition. The BJ condition was first obtained
through experiment in [9] and thus reflects the real world problems more precisely.

The rest of paper is organized as follows. In Sect. 2, we introduce the Stokes—
Darcy system with the Beavers—Joseph interface condition. In Sect. 3, the system is
decoupled by using Robin interface conditions. In Sect. 4, parallel and serial domain
decomposition methods are proposed. In Sects. 5 and 6, we analyze the convergence
of the domain decomposition methods. Finally, in Sect. 7, we present some numerical
results that illustrate the convergence of the domain decomposition methods and show
their features.

2 Steady Stokes—Darcy model with Beavers—Joseph interface condition

We consider the coupled Stokes—Darcy system on a bounded domain Q2 = QpUQg C
RY, (d = 2,3); see Fig. 1. In the porous media region Qp, the flow is governed by
the Darcy system

Up=-KVg¢p, 2.1
V-Up=fp. (2.2)

Here, % p is the fluid discharge rate in the porous media, K is the hydraulic con-
ductivity tensor, fp is a sink/source term, and ¢p is the hydraulic head defined as
z+ ’;—g, where pp denotes the dynamic pressure, z the height, p the density, and g the
gravitational acceleration. In this article, we assume the media in 2p is homogeneous
isotropic so that K is a constant scalar matrix. In this article we will consider the
following primary formulation for the Darcy system

—V-(KV¢p) = fp.

In the fluid region Qg, the fluid flow is assumed to satisfy the Stokes system

%
~V-T(W s, ps) = s (2.3)
V. 7s =0, 2.4)

where % g is the fluid velocity, pgs is the kinematic pressure, 7 s is the external body
force, v is the kinematic viscosity of the fluid, (W s, ps) = 2D(W ) — psl is the
stress tensor, and D(% ) = 1/2(V7S + VT75) is the deformation tensor.

LetI' = Qp N Qg denote the interface between the fluid and porous media regions.
On the interface I', we impose the following three interface conditions:

- = — —

usg-ngsg=-—up-np, 2.5)

~Ts-(T(U s, ps)- 7 s) = gldp — 2), (2.6)
avvd

—1; - (T(& s, ps)- M s) = ;- (Us—up), 2.7

Jtrace(J])
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604 Y. Cao et al.

Fig. 1 A sketch of the porous
media domain Q2 p, the free-flow
domain Qg, and the interface I"

Qs

where 73 and 77 p denote the unit outer normal to the fluid and the porous media
regions at the interface I', respectively; 7;(j = 1,...,d — 1) denote mutually
orthogonal unit tangential vectors to the interface I, and [| = K The second con-
dition (2.7) is referred to as the Beavers—Joseph (BJ) interface condition [9].

We assume that the hydraulic head ¢p and the fluid velocity Us satisfy homoge-
neous Dirichlet boundary condition excepton I',i.e., ¢p = 0 on the boundary 02p\I"
and % g = 0 on the boundary dQ2g\TI".

The spaces that we utilize are

Xs ={7 e [H'(Q5)]? | T =00ndQs\I'},
Qs = L*(Q),
Xp={y € H'(Qp) | ¥ =00ndQp\I'}.

For the domain D(D = Qg or Qp), (-, -)p denotes the L? inner product on the
domain D, and (-, -) denotes the L? inner product on the interface I' or the duality
pairing between (H(}(fz(f‘))’ and Holéz(f‘).

With these notations, the weak formulation of the coupled Stokes—Darcy problem
is given as follows [19,20]: find (75, ps) € Xs X Qs and ¢p € Xp such that

as(d s, V) +bs(V, ps) +ap(@p, ¥) +(gpp, V - Hs)— (W s- s, V)
+ OlV\/a
Jtrace([])

= (fo.Wap + (Fs. Vg +(82. T - Ts) YT €Xs. ¥ eXp, (2.8

(P.(U s +KV¢p), P, V)

bs(ds,q) =0, VYgqceQs, (2.9)

where the bilinear forms are defined as

ap(¢p, ) = (KVep, Vi)a,,
as(i s, V) = 2v(D(W 5), D(V))ay,

bs(V,q) = —(V- 7V, 9as,
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Robin—Robin domain decomposition methods 605

and P; denotes the projection onto the tangent space on I, i.e.,
Pf_u)z (7-'[]')1']‘.

In this article, we assume that K isotropic and « is small enough. In [20], it is shown
that the system of (2.8) and (2.9) is well posed under these two assumptions.

3 Robin boundary conditions

In order to solve the coupled Stokes—Darcy problem utilizing a domain decomposition
approach, we naturally consider (partial) Robin boundary conditions for the Stokes
and the Darcy equations by following the idea in [25].

Let us consider the following Robin condition for the Darcy system: for a given
constant y, > 0 and a given function n,, defined on I',

vpKVép - 7 p+gbp=n, onT. (3.10)

Then, the corresponding weak formulation for the Darcy system is given by: for
np € L2(I), find ¢pp € Xp such that

aD<$D,w)+<g;ﬂ,w>=(fD,w)QD+<Z—”,1/f> Yy eXp. (D)
P

P

Similarly, we propose the following two Robin type conditions for the Stokes equa-
tions: for a given constant yy > 0 and given functions n s and 7 fr definedon I,

s (T(ds,ps)-Hs)+ysds-Hs=n; onl, (3.12)

av/d = —

P u 7]

Jtrace(J]) TheT

Then, the corresponding weak formulation for the Stokes system is given by: for
n¢, 7 pe € LX), find W s € Xg and ps € Qg such that

—P(T(d s, ps)- 7 s) — feonl. (3.13)

o~ . e~ d o~
as(7s,_v))+bs(_v),l75)+)/f(7s-75,_1))-7 +£ U5, P )
Jtrace([])
—
=(fs, Vas+ g T -THs)— (0. PrT) V7T €Xs (3.14)
bs(U s,q9) =0 Vg e Qs. (3.15)

We can combine the Stokes and Darcy systems with Robin boundary conditions into
one system. Indeed, it is easy to see that if n,, ny, _17) fr € L2(F) are given, then,
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there exists a unique solution (ép, Uyr, ps) € Xp x Xg x Qg such that

= o~ - = ¢D
as(d s, V) +bs(V, ps) +ap@p, ) +yp(Us-Hs, V- 1)+ <g— >

av'/d = N - —~
T P‘E aP‘E = ) D ) q ) :
+ trace(]_[)< us, Prv)=(fp, ¥, +(fs, V)gg+ s v -1ns)
+<Z—”,w>—<‘n>ff,m—v’> VY eXp, U €Xs, (3.16)
p

bs(i s,q9) =0 Vg e Qs. (3.17)

Our next step is to show that, for appropriate choices of vy, ¥p,nr, np, and _n)ff,
(smooth) solutions of the Stokes—Darcy system are equivalent to solutions of (3.16),
and hence we may solve the latter system instead of the former.

Lemma 1 Let (¢p, _u)ng)S) be the solution of the coupled Stokes—Darcy system
(2.8)—(2.9) and let (ap, w0 s, Ps) be the solution of the decoupled Stokes and infcy
system with Robin boundary conditions (3.16)—(3.17) at the interface. Then, (¢p,

s, Ps) = (¢p, 75, ps) ifandonly if yr, yp, 1y, _r/)fr, and np satisfy the follow-
ing compatibility conditions:

np=vpUs-s+8hp, (3.18)

ng=yrus- ns—gbp+ gz (3.19)
(XV\/C—I o~

7 fr = ———=—=P:(KVgp). (3.20)

Jirace(]])

Proof For the necessity, we pick ¥ = 0 and T such that P, ¥ = 0 in (2.8)~(2.9)
and (3.16)—(3.17), then by subtracting (3.16) from (2.8), we get

nfp—yrup-Hs+gpp—gz, U -Ts)=0, VU €Xs with P, T =0

which implies (3.19). The necessity of (3.18) and (3.20) can be derived in a similar
fashion.

As for the sufficiency, by substituting the compatibility conditions (3.18)—(3.20),

we easily see that (3; D, w0 s, Ps) solves the coupled Stokes—Darcy system (2.8)—(2.9).
Since the solution to the Stokes—Darcy system is unique under the assumption that o

is small enough [20,44], we have (bp, U s, Ps) = (ép, U s, ps).

4 Robin-Robin domain decomposition methods
4.1 The parallel Robin—Robin domain decomposition method

We propose the following parallel Robin—Robin domain decomposition method for
solving the coupled Stokes—Darcy system with the BJ interface condition.
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Robin—Robin domain decomposition methods 607

1. Initial values of ng, n;)- and _'7)(}1 are guessed. They may be taken to be zero.
2. For k = 0,1,2,..., independently solve the Stokes and Darcy systems with
Robin boundary conditions. More precisely, ¢]z) € Xp is computed from

aD(¢D,W)+<g¢D > <'7p >+(fD,1ﬂ)§zD Vi € Xp
Yp Yp

and 7]§ € Xg and plg € Qs are computed from

av/d
as(Wk, D)+ bs(T, pY) +yp 0k 5. T T )+ ———= (P, P2 V)

Jtrace([])
—_

—
= VW) + (fs, Vg = (T PAT) VT €Xs,

bs(uk,q) =0 Vqe Qs

3. n’;“, nl;“ and 7 _)kH are updated in the following manner:
0t = anj, + bgel, + gz
nI;‘H = cnl} + d71§ . 73 + gz
et = avv/d

P (KVgh),

T T VJtrace(J])

where the coefficients a, b, ¢, d are chosen as follows:

a:ﬁ, b=—1-a, c=-1, d=yr+y,. 4.21)
Vp

In the special case for which ys =y, = y, we have

a=1 b=-2 c=—-1 d=2y.

4.2 The serial Robin—Robin domain decomposition method

Similarly, we have the following serial Robin—Robin domain decomposition method
for solving the coupled Stokes—Darcy system with the BJ interface condition.

1. Initial values of ng, n;)- are guessed. They may be taken to be zero.
2. Fork = 0,1,2,..., solve the Darcy system with Robin boundary condition.
More precisely, ¢Il‘) € Xp is computed from

g¢D

p

k
> - <"—”, w>+ (o Way VY € Xp;

Vp

aD(¢D7 1;0) + <
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3. _n”‘fr is updated in the following manner:

avy/d
Tl = ——=P:(KV¢},).

Vtrace(J])

4. Fork =0,1,2,...,independently solve the Stokes and Darcy systems with Robin
boundary conditions. More precisely, 7’; € Xgsand plg € Qg are computed from

av/d
as(i's, V) +bs(T, p§) + vy (W 5, VW s) + e (P U, P V)

Jtrace([])
K —

6
=5 T -+ (fs Vo — (T, V) VT €Xs,

bs(u,9) =0 Vqe Qs

5. k“ and nkH are updated in the following manner:

it = an}, + bed, + g2,
nll‘fl = cn'} +dwk s+ gz

5 Convergence of the parallel Robin—Robin DDM

We follow the elegant energy method proposed in [51] and the arguments in [25]
to demonstrate the convergence of the parallel Robin—Robin domain decomposition
method for appropriate ch01ce of parameters y,, and yy.

To this end, let (¢p, u s, ps) denote the solutlon of the coupled Stokes—Darcy
system (2.8)—(2.9). Then, we have that (¢p, U, ps) solves the equivalent decou-
pled system (3.16) with y¢, vp, np, 07, _n) f7 satisfying the compatibility conditions
(3.18)—(3.20) with the hats removed. Next, we define the error functions

k Kk _k Kk =k — —k
Ep =Mp —MNp Es=10f =Ty Ege=MNfr— Ny
k kK —k _ — —k k k
e¢:¢D_¢D e, = us—ug €, =Ps — Ps-

Then, the error functions satisfy the following error equations:

Vpaa(%,l/f)-i-(g% Y) = (h.¥) Yy e Xp, (5.22)
—k — - k -k - = — 0”’\/& —k —
as(€,, v)+bs(v,e) +yp(é€, -ns, V-ng)+t———=(Pré, PV)
Jtrace([])
= (&, U -THs)— (T, PV) VT eXs, (5.23)
k
bs(€y.q) =0 Vg e Qs (5.24)
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Robin—Robin domain decomposition methods 609

and, along the interface I',

est! = aeh, + bgel, (5.25)
el = ek 4 ae! T s, (5.26)

—ktl _ avy/d
St Jtrace(J])

P, (Kw{;). (5.27)

Equation (5.26) leads to
k <k
s IE = Ple§IE +d2IIE, - 7 st +2cdiel, €, - Ts).  (5.28)
. —k .
Setting ¥ = ¢, in (5.23), we get

av\/a
as(Ch, C ) +bs (T by (T h -5 Tl )+ (P, ek P

- —_— e,
Jtrace([]) Frwent

S

k k
= (X, C, T s) —(Fh P e ).
Using (5.24) we have

k
bs(¢ . ef) =0.

Hence, by (5.27), we have

Kk >k — —k —k —>k — 2
(65, €, -1 s)=as(é,, €,)+yrll €, sl

n avy/d
Vtrace(J])

Combining (5.28) and (5.29), we have

(P.(Cy + KV, PTY). (529

k k
IR = ek |2 + (@2 + 2cdy )| T - T sliE + 2cd as(€ L, T5)

12ed —22YE avvd (P.(C} + KV, P, (5.30)

Jtrace([])

Similarly, (5.25) implies
ISt IE = a?lleplIF + b gellIE + 2ablel,, gel).
Setting ¥ = ge(]; in (5.22), we have
(€. gel) = ypap(el. gel) + (gek. gely).
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Combining the last two equations, we deduce

st T = a®leplIF + (b* + 2ab)|igel I + 2abypg ap(el. ). (5.31)

Substituting (4.21) into (5.30) and (5.31), we have the following result.

Lemma 2 The error functions satisfy

k k k
e IE = NeSIE + (vp — v PIC - T sl = 2(rs + vplas(€ . € )

ey YL
T JraceTD

k+1,2 vf ? k2 Yr g k2
les™ I = y— leplle +{ 1 — y_ llgeg It
P p

%
—2yy (1 + y‘f) gap(ey, ep). (5.33)
p

(P.(Cy + KV, PTY). (5.32)

We are now ready to demonstrate the convergence of our parallel Robin—Robin domain
decomposition method. The convergence analysis for yy = y, and yy < y, are
different and will be treated separately.

Case I1: yr =y, = y. In this case, we have

k —k ava/d
12 = k12 —4yas (€, @) —dy —m—o

Jtrace([])

k — k
el (P (T +KVek™), P

k+1
5t IR = llepIF — 4vgan(el, €f).

Adding the two equations and summing over k from k = 1 to N, we deduce

N+12 N+1,2
lep™ I+ lleg ™ lIF

N
k k
= lleplf + leslf — 4y D (as(€,. €,) + g ap(ef. ef)

k=1
O[V«/(_l
4+

Jtrace([])

N
k k
= lleplf + leslit — 4y D (as(€ . €,) + g ap(ey, &)
k=1

k — k
(Pr(€, +KVe, ), P,¢,)
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N avy/d
Jtrace([])

N ocv«/_
z (P (KVes™ —KVeh), P.2). (5.34)

Vtrace(J])

By the coercivity in Lemma 3.2 of [20], when « is small enough, we have

k k
(P (€, +KVep), P ¢,))

—k —k Kk k OlV\/a —k k —k
as(é,, €,)+gapley, ey) + ————(P: (¢ ,+KVey), P ¢ )
SHEw Cul TR AP S trace([]) o ¢h T
k
= C1 (2003 + e 1?) (5.35)

where C1 depends on K and v linearly. Since we suppose K is isotropic, then K = K1
where K is an constant and I is the identity matrix. Since the tangential projection of
the gradient to the tangential plane is the tangential derivative, then (P, (KVeg))lr =

KV, (e](;)|r) where V; (e’¢‘)|r) is the gradient derivative of eld‘)|r. Hence, we have
/

P. @ yIr € Hyj () and (P, (KVeék))|r € (H‘/Z(r)) . Using the Cauchy—Schwarz

inequality, the triangle inequality, and trace theorems, we have

N
> UP KV — KV, P T
k=1

_ k
1P (KVel ™" —KVep)ll 12,0 P €, ll1/a.r

Mz

E

k=1

Mz

k
(1P ®VeS ™D 1/2r + 1P KVeR) 120 ) 1P E Ll

k=1
_ k
> —CKZ (el 1 + ek ) 17 3l
k=1
al k
=02 Y (€L + 1eg1?) (5.36)
k=0

where C; depends on K linearly. Hence, plugging (5.35) and (5.36) into (5.34), we get

N+l N+l
0 < llep ' IIE + lle§ IR

2 2
0
[l

av\/_ y =
—4)/(C1 \/MTH)Z(‘ Cp T+He'¢‘,HT)

0
< lleblI? + le§ 17 + 4y C1 (H?
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Hence, for any positive integer N,

47/(C1 —G avvd )i (H—“‘

Jrace([]) =

A1)

0
< (leb It + 1e§ii?) +4vCy (H* + 5], ) .
If « is small enough such that
Ci— Cp—2VE avv/d -0, (5.37)

Jtrace([])

then e and e tend to zero in (H (SZS))d and HY(Qp), respectively. The conver-
gence of ek p together with the error equation (5.22) implies the convergence of £ D

1
in H~2(I"). Combining the convergence of skD and eg and the error equation on the

interface (5.25), we deduce the convergence of 8’§ in H -3 (I"). Combining the conver-
gence of e(’; and the error equation on the interface (5.27), we deduce the convergence
of _s)lgr in H™2 (I'). The convergence of the pressure then follows from the inf-sup
condition and (5.23). Hence we have proved the following theorem.

Theorem 1 Assume yy = y, = y, Kis isotropic, and o is small enough such that
(5.35) and (5.37) are satisfied. Then,

X X
¢k D X2 40 71; S, 7 K Qs
H™ 2(F)
nt YU s - Ts+gpp=—yKVép T p+gop.

H7E(T)
77,} — ' yUs-THs—gpp=T1is T(Us.ps) Hs)+yis s

—>k H™ z(r) avd

e = Jtrace([])

———— P, KV¢p.

Case 2: yy < yp. Multiplying (5.32) by and adding it to (5.33), we get

k+1 g
|| IR+ et IR

14 143
- (—’) leb iR+ L e iRt (yp YOI -7 sIE -2 ()
Y, Vp Yp

P
avy/d
Virace([])

xas(€h, @h)- zyf(yf+ Yp) e (P(@ KV, P )
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Y
(1—( f) )nge;zn%—zyf (1+ )gaD<e¢,e¢>
Yp Vp

vr\’ vy vy K
—
= (y—) b I1F + y—ue’;n% + y—(y,% —yPI, - 7 sliE
P

4 p
y Yy k k
+ 1—( f) lgeh It = 2L vs + 1) [as(€h. T+ gan(e. eb)
Yp Vp
av/d

k — k
(P (€, +KVes ™), P,?u):| :

* Jtrace(J])

Then summing over k from k = 1 to N, we deduce

o
/\

N
V4 Y Y
N+1||r+§ [ ! ( f) }n SIE+ e IR+ [ —y—f] ek 1
k=2 p

Y Y k
(y—f) ||eD||r+ ||ss||F f(yp—yf>2||‘> T sl

p k=1

2 N
- () }ane’g,n% Yy 3 st 7
P k=1

k=1
N avv/d
Jtrace([])

2 N
14 14 Yr k
= (—f) leh I3 + y—fnsén% + V—fwj —yH e, T slk
P p k=1

Yp
Y o Y al k k
+ 1—(—f) S gkt -2 4y S |as2E 25
Yp k=1 Yp k=1

L avy/d
Jtrace(J )

k
(Pe(¢, +KVey™), PE >+gaD<e¢,e¢)}

(P(Ty +KVek), P, >+gaD<e¢,e¢>]

N OlU«/_
(Vf +yp)2 W

(P (KVes™ —KVeh), P.2). (5.38)

By the trace inequality and the Poincaré inequality, we have

—k — 2 —k 2
€, st <Csllé,lls (5.39)

lgebIIF < g*Caliel 3. (5.40)
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614 Y. Cao et al.

Suppose « is small enough such that (5.35) is true. Then by (5.35), (5.36), and the
above three inequalities, we get

N
4 4
N+1|IF+Z[ . ( )}n D||r+||sN“||r+Z[ —y—f] lek 1%
p k=2 14

Y Y
< (—f) lebll + ez + 22 (y,, - yf)c3z I
g Vp k=1

p

2
Y Y
+[1—(y—f) } 2cy E |Ie¢||1+2 f(yf+yp)C1 (II ||?+I|e3||%)

P k=1
N
vf avy/d —k2 k2
—2=Wr+v)C1—C é + lle . (5.41)
el yp( i) )2 (el + e 1)

Fix any number s € (0, 2). Suppose yr and y, are chosen such that

144 av'/d
Ly, —y7)Cs —s—= Ci—C 0,
v, (vy —v/)C3 —s (Vf+Vp)( 1= \/traCTH)<

Vf b y}c Ol\)«/g
1— (2 Cs—sL(yr+ C—-C <0,
|: (Vp) :|g ! SVp(yf J/p)( : ? [1 )

which are equivalent to

avvd
g (Cl €2 /trace(n))

Ly < 5.42

Yo —Vf = e (5.42)
avﬁ

1 1 s (Cl C2 trace(]‘[))

- < 5 (5.43)

Yf  Vp g-Cy

Then, we get

N
)4 )4 )4
05 N+1||F+Z[ ! ( f) }n D||r+||sN+1||r+Z[ —y—f] ek
k=2 p

|44 0
<y,,) leblt + SHIeSIE + 272 0+ v (I 01 + 1eG1F)
avy/d ok
) >[I+l
(H) ZI: 1 ¢ 1:|

IA

—2 =Ly + v -
Vp

With the same argument as the end of the Case 1, we obtain the convergence for Case 2.
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Robin—Robin domain decomposition methods 615

Now we derive a geometric convergence rate for Case 2. Similar to (5.35), we still
need to assume that « is small enough such that

—k —k k=1 k-1 av/d —k k—1 —k
as(C,. € +gapel b+ ————(P(€, +KVeh ), P E,)
trace([])

k
> ¢ (03 + e~ 1R) (5.44)
Also, it is easy to see
ap(ey " s < Cslley T (5.45)

where Cs depends on K. Plugging (5.33) into (5.32) and using (5.39), (5.40), (5.44),
and (5.45), we have

llefs I
2
14 Y — 14 _ _
= (—f> el k| 1- (—f) lgel~ 12y (1+—f)gap(ef; Lkt
Vp Vp Vp
k k
@2 =y DTy - T sIE =20 + vpas(y. Tl
v\/a k
“2(yf + Vp) e (P (T + KV, P )
race([])
J/f) Yf k—12
=) leh g 1—( ) lgel "I
(Vp r+ Yp ¢
Y k 2=k = 2
20 v (1= gap(ey el )+ vy =y DI, T sl
P

k k _ _
_2(]/f+)/p) |:aS(_e)u’_e)u)+gaD(e(]; l’e](; ])

N avy/d
Vtrace(J])

2
Vf) Yr 2 k=12
<= lep . 1 - (—) g Cylle, |
(Vp : ( Yp ¢ !

14 - k
+2(r7 + vp) (1 - y—’") gCslley I + (vy —vPCall 117
)4

(P, (_)k—i—KV ) P—>k>:|

k
=207 +ypCr (I 013+ 1es™"13) (5.46)
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Fix any number s € (0, 2). Suppose yr and y,, are chosen such that

(v —v)Cs—s(ys +vp)C1 <0,

2

y 14

[1 - (y—f) } Ca+2(vs +vp) (1 - y—f) 8Cs —s(yr +yp)C1 =0,
4 14

which are equivalent to

SC1

e 5.47
G (5.47)

Vp—Vf =
sy,fcl

. D — (5.48)
8%2C4 4 2y,8Cs

Yp —Vf =

Then, we have

2
k - Y -
leb IR + @ = ) (s + 7)1 (13013 + e~ 17) < (y—f) et I
P

. ; k .
Hence, we get the geometric convergence rate , / J}:—f for SIB, s .« and eg. Using (5.22)—
P

(5.27), we obtain the geometric convergence rate _ / Z—f for S]g-, ell‘, and ?g .- Hence we
p
have proved the following theorem.

Theorem 2 Assume yy < y,, Kis isotropic, and o is small enough such that (5.35)
and (5.37) are satisfied. If yy and y, are close to each other such that (5.42) and
(5.43) are true, then,

X
ok B op WK
L*(T)
Ny — ypu s T s+gpp=—y,KVép 7 p+gdp.
L*(T)
77]} 'y s Hs—gpp=T1s (T(Us.ps) Hs)+yrius s

Sk H*%(r) av\/¢_1

re T Vitrace([])

Specifically, if yr and y, are close to each other such that (5.47) and (5.48) are true,

then we have geometric convergence rate | y
P

P.KVgp.

Remark 1 Even though the Beavers—Joseph constant « is required to be sufficiently
small so that (5.35) and (5.37) are satisfied, the restriction is actually not severe.
A straightforward calculation based on (5.35) and (5.37) implies that « is of order
one. Therefore the coefficient on the right-hand-side of (2.7) is formally of the order

= and it would be of the order of 10~2 to +/10 for practical parameters

of Jtrace([])
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Robin—Robin domain decomposition methods 617

v =10""and 107% < k < 102 in the international system. Hence the right-hand-side
of (2.7) is not necessarily small and should not be neglected.

6 Convergence of the serial Robin—Robin DDM

In this section, we similarly demonstrate the convergence of the serial Robin—Robin
domain decomposition method for appropriate choice of parameters y,, and y . Most
of the notations are the same as those of the previous section. First, the error functions
still satisfy (5.22)—(5.26), but (5.27) is changed to be

d
k= LPT(KW{;,). (6.49)

Jtrace(J])

With similar arguments for Lemma 2, we get the following lemma.

Lemma 3 The error functions satisfy

k k k
les ™ IE = IeSIE + (g = yDIE - 7 sliE —2(v5 + vplas(€ . € )
avv/d —k k —k
=2y +vp) —————(P: (¢, +KVey), P, ¢ ), (6.50)
N
2 2
Y Y
Ile’é“ll%=(—f) leb 1% + 1—(—f) lgek |12
Vp Vp
Y
—2yr (1 + y—f) gap(ey, ep). (6.51)
)4

Following the same idea as in the previous section, we are now ready to demonstrate
the convergence of our serial Robin—Robin domain decomposition method. Again the
convergence analysis for yy = y, and yy < y,, will be treated separately.

Case I: yy =y, = y. In this case, we have

k+1 —k —k avy/d

k k
IS IE = le§iIt — 4yas(e,. €,) — 4y (P.(C, +KVeb), P.C,)
Vtrace(J])

k+1,2 2
ISt IR = lleh I — 4vgan(el, e).

Adding the two equations and summing over k from k = 0 to N, we deduce

N
N+1)2 N+1)2 02 02 —k —k k k
ey IR + lleg I = NeBIE + lleSIE — 4y D (as(€,, @) + g ap(ef, ef)

k=0
Oll)\/a
o

Jtrace(J])

k k
(P.(¢, +KVe}), P ¢,)).
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Suppose « is small enough such that (5.35) is true. Then,

N

N+1 N+ 02 02 i

0 < lley IR + lles ||rsIISDIIr+”8s“r‘4VC‘Z(”eu
0

2 2
k
k)

which leads to

2
+ Heg ”1) < ||8OD||% + ||eg||12~ for arbitrary positive integerN.

N . 2
4yclz(H7u 1
k=0

This implies that _e)’; and e(]; tend to zero in (H'(25))? and H'(2p), respectively.
With the same arguments in the previous section, we obtain the convergence for Case 1
as follows.

Theorem 3 Assume vy = y, = y, K is isotropic, and a is small enough such that
(5.35) is true. Then,

ny — yis - Hs—gpp=Ts T(hs.ps) - Hs)+yus: s,

_>k H—%(r) avd

e 77 Virace(I])

P.KV¢p.

Case 2: yr < yp. Multiplying (6.50) by ;:—; and adding it to (6.51), we get

k+1 k+1
|| IF + s g

14 )4
=(y—f) ||eD||r+y ek + ’"(y,,—y,on W sl

P P
Y =k 2k av/d
—2—=(yr +ypas(é,, )—2 L +vp)
Vi f P u Yo f P /7trace(]_[)

k k
x (Pe(C 3 +KVek), P2 )+ {1 (if) } lgel I

p

-
—2yy (1+—f) gap(ey, €)
Yp
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vr\ vy v K
—k —
= (—) leplif + Flle§lIE + == (g =y DI, - 7 sl
Yp Yp Yp

+ |:1 (Zf) :| Ilg €¢||r —2—f()’f +vp) |:as( é 5) ‘|'ga1)(e§,,e(];)

P
n avy/d
Jtrace(J])

(P (€ +KVeb), P,?I;):| . (6.52)

Then summing over k from k = 0 to N, we deduce

2
14 14
0 < f||e”“|| +Z[ L (—) ]||sD||r+||sN“||r+Z[ }u esI

14 4 k
= (y—f) ||s%||%+y—f||eg||%+ (v —yf>Z||‘> W sl
P

4 k=0
vV 1S Y k k
+[1- (—f) Z||gef;||%—2—f(yf+yp>2[as<—e’u,‘e’u)+gau<ef;,ef;>
Vp k=0 Yp k=0
avv/d —k k —k
+— Y (P (T ke, PN (6.53)
Vtrace(J]) o ¢ iE T u

Suppose « is small enough such that (5.35) is true. Then by (5.35), (5.39), (5.40), and
the above inequality we get

||sN“||F+Z[ ()}llsollrJrllSNHllrJrZ[ ]n 51T

Y Y k
< (y’") ley 12+ 2L ) L Q3 + f(yp —yf>c32||* I

p k=0

+[1 (:f” zc42||e¢||l z—<yf+yp)clz[|| u||%+||eg||§],

p k=0 k=0

Yp

Fix any number s € (0, 2). Suppose yr and y, are chosen such that

Yf Yf
L2 —yhcs—sLyy + v <o,
Yp Vp

vr\ vy
[1 - (—) } §2Cs— s L(yr +yp)C1 <0
Yp Yp
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which are equivalent to

sCy
Yp —Vf = o (6.54)
3
1 1 sCq

(6.55)

Then we get

o
/\

N+1||F+Z[ (%) }n bl + e N+1||r+2[ 2 e

4

(Vf) IR+ LRIt - (2—v>(yf+yp)clz[||‘>"u] + lesi]
P

Yp k=0

With similar argument in the previous section, we finish the convergence for Case 2.

Now we derive a geometric convergence rate for Case 2. We still need to assume
that « is small enough such that (5.35) is true; then, substituting (5.35), (5.39), and
(5.40) into (6.52) we get

VI k+1)2 k41,2
=llep T + lleg™ T
p

vr\* vy vr\
5(—) leb 17 + =L 1k + 1—(—) g%Calleb |1}
Yp Yp Vp

14 k v k
+ L2 =PIt = 2L vy + vp)Cr (1017 + ek 17
Yp Yp
Suppose yy and y), are chosen such that

Y
—f(y,f —yHCs — 5_(Vf +yp)C1 <0,

[1 - (yf) }g C4—sﬁ(yf+yp)C1 <0
Vp Vp

which are equivalent to

sCq

Yo =V = s (6.56)
C3

1 1 sCy

—_——— < (6.57)
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Then, we have

v k
( ol O R CO ||%) +@- s)y—fwf +7p)C1 (1017 + ek 1?)
p p

v (
leblIE + lle ||l")
Vp Vo €p S
k

: Yr k —k k .
Hence, we get the geometric convergence rate /% for ), &5, €, and €y Using

(5.22)—(5.26) and (6.49), we obtain the geometric convergence rate /Z—i for e'; and

_”‘ . Hence we have proved the following theorem.

Theorem 4 Assume yy < yp, Kis isotropic, and o is small enough such that (5.35)
is true. If y¢ and y, are close to each other such that (6.54) and (6.55) are true, then

X X :
oh g T T P2 gy,
Lz(l‘)
71’; Ypus- T s+gbp=—vKVop 7 p+gdp.
L2(I)
ﬂkf S ypds - Hs—gpp=ns - (T(Us,ps)-Hs)+yrus-ns,

_>k H™ Z(I‘) av\/_

Tie 77 Jtrace(]])

Specifically, if yy and y,, are close to each other such that (6.56) and (6.57) are true,

we then have the geometric convergence rate | Zf
P

— = P.KV¢p.

7 Computational examples

First we consider the model problem (2.1)—(2.7) on 2 = [0, 1] x [—0.25, 0.75] where

_ _ . av/d —
= [0, 1] x [0,0.75] and Qg = [0, 1] x [—0.25, 0]. Choose raceD) 1,

v=1,g = 1,z = 0, and K = KT where I the identity matrix and K = 1. The
boundary condition data functions and the source terms are chosen such that the exact
solution of the Stokes—Darcy system with the BJ interface condition is given by

¢p = [2 — 7w sin(mx)][—y + cos(m (1 — y)l,
Us =2y e, —2xyd+2 —msin(rx)]?,
ps = —[2 — mwsin(wx)] cos(2ry).

We use a uniform grid with grid size &. The Taylor—-Hood element pair is used for the
Stokes system and the quadratic finite element is used for the primary formulation of
the Darcy system.

Remark 2 In order to ensure the convergence of the proposed domain decomposition
methods, the parameters y ¢ and y,, should be chosen carefully. One way is to choose
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Fig. 2 L? errors in hydraulic head (left) and velocity (right) versus the iteration counter k for the parallel
Robin—Robin domain decomposition method withv =1, K = 1, vf = 1.5,and h = 1/32

yf = yp = y for some y. It works for practical coefficients, but the convergence
may be slow, see Figs. 2-7. In order to obtain a better convergence rate, we need to
use different yr and y,,. If Yy < y,, then they need to be chosen so that the sufficient
conditions in Theorems 2 and 4 are satisfied. There are some discussions in detail
with different numerical experiments for this issue in [25]. Here we will discuss how
to choose yy and y, by using (5.42), (5.43) and the parameters given before. Note
that C1 depends on v = 1 and K = 1 linearly and C; depends on K = 1 linearly.
Hence they are of order 1. In addition, by the domain and interface chosen above, C3
and Cjy are also of order 1. Therefore, the right-hand-side of (5.42) and (5.43) are of
order 1. In the following we will see the convergent numerical results with y, = 1.5
and y, = 1.5, 3, 4.5. More discussion about y,, = 11—0 and yy = 11—0, 21—0, 31—0 can be
found in [25]. As for the practical coefficients v = 107%and 1077 < k < 10~ 2 in the
international system, the corresponding Stokes—Darcy model becomes more difficult
to solve. Hence yr and y, may need to be chosen more carefully. The results in Figs. 6
and 7 suggest that we should choose yy > y,. But a more careful analysis needs to
be carried out to provide more information and details about how to choose y; and
¥p- In order to overcome the difficulty of the Neumann-Dirichlet domain decompo-
sition method [31,32] for realistic applications, [43] proposed an approach based on
the recovery of the Neumann—Dirichlet iteration operator for the error. Meanwhile, as
suggested in [43], the Robin—Robin domain decomposition method with two relaxa-
tion parameters in [28] is one alternative method for realistic scenarios. These lead to
some interesting future work for Stokes—Darcy model with realistic parameters.

Figures 2 and 3 show the L? errors of hydraulic head, velocity, pressure and 7 r
for the parallel DDM with v = 1,K = 1,yy = 1.5, and h = 1/32. We can see
that the parallel domain decomposition method is convergent for yy < y,, which
computationally verifies the conclusions given in Sect. 5.
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Fig.3 L? errors in pressure (left) and n ¢ (right) versus the iteration counter k for the parallel Robin—Robin
domain decomposition method withv =1, K =1, yy = 1.5,and h = 1/32
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Fig. 4 L2 errors in hydraulic head (left) and velocity (right) versus the iteration counter k for the serial
Robin-Robin domain decomposition method withv =1, K =1, yy = 1.5, and h = 1/32

Tables 1 and 2 list some L2 errors in hydraulic head, velocity, pressure and r for
the parallel domain decomposition method withv =1, K =1,y = 1.5,y, = 4.5,
and h = 1/32. Let e(i) denote the error at the i’” iteration step. We can see all the

6 6
error ratios are less than ( /;:—-; ) = (\@) ~ 0.037, which numerically confirms

the geometric convergence rate in Theorem 2.

Figures 4 and 5 show the L? errors of hydraulic head, velocity, pressure and 7 r
for the serial domain decomposition method with v = 1, K = 1,yy = 1.5, and
h = 1/32. We can see that the serial domain decomposition method is convergent for
¥r < ¥p, which computationally verifies the conclusions given in Sect. 6.
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Fig. 5 L2 errors in pressure (left) and n ¢ (right) versus the iteration counter k for the serial Robin—Robin
domain decomposition method withv =1, K =1,y = 1.5,and h = 1/32
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Fig. 6 L2 hydraulic head (left) and velocity (right) errors of the iterates versus the iteration counter k
for the parallel Robin—Robin domain decomposition method with v = 10*6, K = 10*6, vr = 1.5, and
h=1/32

For the serial domain decomposition method, we observe very similar performance
to Tables 1 and 2. Additionally, for both the parallel and serial methods, we have simi-
lar observations for the errors in other proper norms, including the errors of hydraulic
head and velocity in H' norm and discrete maximum norm and the errors of pressure
and 7 ¢ in discrete maximum norm. Hence we omit the related plots and tables here to
reduce the presentation.

Table 3 shows the number of iterations M for different grid sizes for both domain
decomposition methods. Here, we set yy = 1.5,y, = 3yy,v = 1, and K = 1. Let

q)fl, 7’;1 and pfl denote the finite element solutions of qb]z), 7’§ and pgi at the k" step
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Fig. 7 L2 hydraulic head (left) and velocity (right) errors of the iterates versus the iteration counter k
for the serial Robin—Robin domain decomposition method with v =

h=1/32

1076, K = 1075,y = 1.5, and

Table 1 L2 errors in hydraulic head and velocity for the parallel Robin—Robin domain decomposition

methods

h L2 hydraulic head errors z 5@6) L? velocity errors Z 5@6)
e(0) 3.8660 x 102 8.7996 x 102

e(6) (i = 6) 3.9456 x 10~4 0.0107 2.4444 x 10~4 0.0028
e(12) (i = 12) 43271 x 107° 0.0110 4.9673 x 10~° 0.0203
e(18) (i = 18) 1.3567 x 1077 0.0314 1.0885 x 10~/ 0.0219
e(24) (i =24) 43338 x 107 0.0319 2.5597 x 1079 0.0237
e(30) (i = 30) 1.2128 x 10710 0.0280 6.4020 x 10~ 11 0.0250

Table 2 L2 errors in pressure and 7 # for the parallel Robin-Robin domain decomposition methods

h L? pressure errors e(ei(i)ﬁ) L2 errors in nf e(i'(i)6)
(0) 1.3845 x 100 2.1170 x 10°

e(6) (i = 6) 9.2183 x 1073 0.0067 6.6009 x 10~2 0.0312
e(12) (i = 12) 1.8428 x 10~4 0.0200 2.1057 x 1073 0.0319
e(18) (i = 18) 4.2966 x 10~° 0.0233 6.8941 x 1073 0.0327
e(24) (i =24) 1.1031 x 1077 0.0257 23119 x 107° 0.0335
e(30) (i = 30) 3.0076 x 1072 0.0273 79111 x 1078 0.0342

of the two proposed domain decomposition algorithms. The criteria used to stop the
. L . o=k —rk—1 k—1

iteration, i.e., to determine the value M. is | %75 — %} 'llo+ llof — & 'llo+ I pf —
pz_l lo < &, where the tolerance ¢ = 107>. We can see that the number of iteration
steps M is independent of the grid size .
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Table 3 The iteration counter

1 1 1 1
K versus the grid size & for both h 8 16 32 64
the parallel and the serial
Robin—Robin domain M for the parallel DDM 18 18 18 18
decomposition methods M for the serial DDM 19 20 20 20

Practical coefficients v = 107% and 10~7 < k < 102 in the international Sys-
tem may produce severe computational difficulties [43]. Therefore, in the following
we present a numerical example with real world coefficients. We choose the same
domains, boundary condition data functions, source terms and parameters as before,
but v = 107% and K = 10°. From Figs. 6 and 7, we can see that the proposed
domain decomposition methods are also applicable for real world coefficients with
some proper choices of parameters y ¢ and y).

8 Conclusions

This article discusses two iterative domain decomposition methods, “parallel and
serial”, for solving the steady Stokes—Darcy system with the Beavers—Joseph interface
condition based on the two decoupled sub-problems. Both the analyses and numerical
experiments demonstrate that the domain decomposition solutions converge to the
solution of the coupled system and the geometric rate of convergence of the iterative
schemes is confirmed. More extensive computational testing on more complicated
geometries and with nonuniform meshes is underway. So far, most studies concerning
domain decomposition methods for the Stokes—Darcy system address only the steady-
state case. The domain decomposition method for the time-dependent Stokes—Darcy
system is a subject of future research.
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