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Abstract The paper presents the theory of the discontinuous Galerkin finite
element method for the space—time discretization of a nonstationary convection—dif-
fusion initial-boundary value problem with nonlinear convection and linear diffusion.
The problem is not singularly perturbed with dominating convection. The discontinu-
ous Galerkin method is applied separately in space and time using, in general, different
space grids on different time levels and different polynomial degrees p and g in space
and time dicretization. In the space discretization the nonsymmetric, symmetric and
incomplete interior and boundary penalty (NIPG, SIPG, IIPG) approximation of dif-
fusion terms is used. The paper is concerned with the proof of error estimates in
“L2>(L?)"- and “DG”-norm formed by the “L?(H")”-seminorm and penalty terms.
A special technique based on the use of the Gauss—Radau interpolation and numer-
ical integration has been used for the derivation of an abstract error estimate. In the
“DG”-norm the error estimates are optimal with respect to the size of the space grid.
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They are optimal with respect to the time step, if the Dirichlet boundary condition has
behaviour in time as a polynomial of degree < ¢.

Mathematics Subject Classification (2000) 65M15 - 65M60 - 65M12

1 Introduction

In a number of complex problems from science and technology (aerospace engi-
neering, turbomachinery, oil recovery, meteorology, environmental protection etc.)
we meet the requirement to apply new efficient, robust, reliable and highly accu-
rate numerical methods. It is necessary to develop techniques that allow to realize
numerical approximations of nonlinear partial differential equations in domains with
a complex geometry, whose solutions have a complicated structure.

In many cases, an excellent candidate for the solution of such problems is the
discontinuous Galerkin finite element (DGFE) method. of a number of problems.

The DGFE method uses piecewise polynomial approximations of the sought solu-
tion on a finite element mesh without any requirement on the continuity between
neighbouring elements and can be considered as a generalization of the finite volume
and finite element methods. It allows to construct higher order schemes in a natural
way and is suitable for the approximation of discontinuous solutions of conservation
laws or solutions of singularly perturbed convection—diffusion problems having steep
gradients. This method uses advantages of the finite element method and finite vol-
ume schemes with an approximate Riemann solver and can be applied on unstructured
grids, which are generated for most complex geometries.

The original DGFE method was first used in [47] for the solution of a neutron
transport linear equation and analyzed theoretically in [44] and later in [41]. Nearly
simultaneously the DGFE techniques were developed for the numerical solution of
second-order elliptic problems or parabolic problems [2,57] and a biharmonic problem
[6]. Further, the DGFE method was applied to transport-reaction problems [13], non-
linear conservation laws [17,40], convection—diffusion linear or nonlinear problems
[11,18,19,35,33], compressible flow [8§-10,21,23,36,56], simulation of compressible
low Mach number flows at incompressible limit [25,34], solution of incompressible
viscous flow [52,55], porous media flow [53], shallow water flow [20], the Hamilton—
Jacobi equations [38], the Schrodinger equation [42] and the Maxwell equations [37].
Theoretical analysis of various types of the DGFE method applied to elliptic problems
can be found, e.g. in [3-5]. In [48], DGFE analysis is performed in the case of a para-
bolic problem with a nonlinear diffusion. In [39], analysis of hp-version of the DGFE
method applied to stationary advection—diffusion-reaction equations is analyzed.

In the discretization of nonstationary problems, one often uses the space semidis-
cretization, also called the method of lines. In this approach, the DGFE discretization
with respect to space variables is applied only, whereas time remains continuous.
This leads to a large system of ordinary differential equations, which can be solved
numerically by a suitable ODE solver. (See, e.g., [11,17,24,26,27,48].) In CFD and
conservation laws, explicit schemes are often used, which are however condition-
ally stable. Therefore, it is suitable to apply implicit or semi-implicit methods. In [48]
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Analysis of space—time discontinuous Galerkin method 253

implicit 8-schemes are analyzed, [24] is concerned with the analysis of a semi-implicit
linearized scheme for a nonlinear convection—diffusion problem and in [23,34] an effi-
cient semi-implicit method for the solution of the compressible Euler equations was
developed. However, these methods have low order of accuracy in time. As for higher-
order time discretization methods, we can mention the well-known Crank—Nicolson
scheme, which is second-order in time. In computational fluid dynamics, Runge—
Kutta methods are very popular (cf. e.g. [19]).However, they are conditionally sta-
ble and in connection with the DGFEM the time step is strongly limited by the CFL
stability condition. An example of unconditionally stable method is the technique
using the backward difference formula (BDF). It was used for the solution of com-
pressible flow, e.g. in [23] and analyzed theoretically in the case of a scalar nonlinear
convection—diffusion equation in [28].

The numerical simulation of strongly nonstationary transient problems requires
the application of numerical schemes of higher-order of accuracy in space as well as
in time. In the paper [7], a time discretization of arbitrary order was proposed and
analyzed. Unfortunately, it is applicable to linear parabolic problems only.

One possibility, how to construct unconditionally stable numerical schemes of
higher-order of accuracy is to use the discontinuous Galerkin discretization with
respect to both space and time. The discontinuous Galerkin time discretization was
introduced and analyzed, e.g. in [29] for the solution of ordinary differential equa-
tions. In [1,30,31,50,51] the solution of parabolic problems is carried out with the
aid of conforming finite elements in space combined with the DG time discretization.
See also the monograph [54]. The works [40,56] apply on the other hand the full DG
discretization in the space—time domain. This requires to construct the mesh in the
space—time cylinder, which may be quite complicated task for 3D problems.

In this paper we are concerned with the space—time discontinuous Galerkin dis-
cretization applied separately in space and in time for the numerical solution of a
nonstationary nonlinear convection—diffusion equation. The time interval is split into
subintervals and on each time level a different space mesh may be used in general.
This approach is suitable particularly in the case when the space mesh adaptivity is
performed in the course of increasing time. Moreover, the triangulations used for the
space discretization may be nonconforming with hanging nodes. In the discontinuous
Galerkin formulation we use the nonsymmetric, symmetric or incomplete version of
the discretization of the diffusion terms and interior and boundary penalty (i.e., NIPG,
SIPG or ITIPG versions). For the space and time discretization, piecewise polynomial
approximations of different degrees p and ¢, respectively, are used. The main sub-
ject of the paper is the derivation of error estimates of the space-time DGFE method
for the nonstationary initial-boundary value problem with nonlinear convection and
linear diffusion. We do not consider a singularly perturbed case with dominating con-
vection, but assume that the diffusion coefficient is a fixed positive constant of order
O(1). Under the assumption that the triangulations on all time levels are uniformly
shape regular,and the exact solution has some regularity properties,error estimates are
derived for the space—time DGFE method. These estimates are optimal in time, if the
Dirichlet boundary conditions have behaviour in time as a polynomial of degree < g.
In a general case, these estimates become suboptimal.
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254 M. Feistauer et al.

The structure of the paper is as follows: First, the continuous problem is formu-
lated and the main assumptions are introduced. Further, the discontinuous Galerkin
discretization in space and time is described. In the next section, some auxiliary results
concerning properties of forms appearing in the definition of the approximate solution
are obtained and the abstract error estimate is derived. Then the error estimates of the
DG space—time discretization are proven. Finally an outlook of the future work is
given.

2 Continuous problem

Let @ € R? (d = 2 or 3) be a bounded polyhedral domain and 7 > 0. We consider
the following initial-boundary value problem: Find u : Q7 = @ x (0, T) — IR such
that

d

ou ofs(u) )
- —— —¢Au= =Q 0,7), 2.1
Py + ; o, eAu=g inQr X ( ) 2.1
u |aszx(o,T) =up, 2.2)
u(x,0) =u’(x), xeq. (2.3)

We assume that ¢ > 0 and f; € CI(H?), |fs/| <C, s =1,...,d. This means that
the fluxes f; are Lipschitz-continuous in IR.

Using techniques from [49], it is possible to prove the existence and uniqueness of
a weak solution to problem (2.1)—(2.3).

We use the standard notation of function spaces (see, e.g. [43]). If w is a bounded
domain, then we define the Lebesgue spaces

L (w) = {measurable functions ¢; [|¢||1o0(w) = €ssup, ¢, |@x)| < oo},

1/2
Lz(a)) = { measurable functions ¢; [l¢|l12(,) = / |(p|2dx < 00
o
and the Sobolev space
1/2
H ) = 19 € L2@); 6llgrwy = | D ID%0lI72,, | <ot

loe| <k

with the seminorm
1/2

2
elkw = | D 1D%0l32,,)
lo|=k
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Analysis of space—time discontinuous Galerkin method 255

We also use the Bochner spaces. Let X be a Banach space with a norm || - |x and a
seminorm | - |y and let s be an integer. Then we define:

C(0,T]; X) = y9:[0,T] - X, continuous, |l¢llc(o,7]:x) = sgp le®lx < 00} ,
1[0, T]

T
L2(0, T;X)=1¢:(0,T) — X, strongly measurable, ||<p||iz(O T:X) =/ ||<p||%{dt <oof,
0

aa(p 2

— dt < oo
ar%

T s
HY(0,T; X) = {9 € L*(0, T; X); 9 35 0.7 ) =/Z‘
' X
O 0[=0

Moreover, we set

1/2

te[0,T]

T
lolgs0,1;x) = /
0

3 Discretization

T
lelcqo,rixy = sup le@lx, lelp2o,7.x) = /|§0|§ng ;
0

1/2
2

dt
X

%
ors

3.1 Construction of a mesh in Q7

In the time interval [0, 7] we shall construct a partition formed by time instants 0 =
fo<--<ty=Tanddenote I, = (tbn—1,tm)s Im = [tm—1stml, Tm = tm — Im—1.
We have [0, T1 = UM, I, Ln N 1, = ¥ form # n.

For each I,,, we consider a partition 7j,_,, of the closure Q of the domain 2 into a
finite number of closed d-dimensional simplices (triangles for d = 2 and tetrahedra
for d = 3) with mutually disjoint interiors. We shall call 7}, ;, a triangulation of Q. We
do not require the standard properties of 7}, ,, used in the finite element method. This
means that we admit the so-called hanging nodes (and in 3D also hanging edges). The
partitions 7, ,, are in general different for different m.

Let K, K' € Tpm, K # K'. We say that K and K’ are neighbouring elements,
if the set 9K N 3K’ has positive (d — 1)-dimensional measure. We say that ' C K
is a face of K, if it is a maximal connected open subset either of 9K N dK’, where
K’ is a neighbouring element to K, or of 3K N dQ2. By Fj,, we denote the system
of all faces of all elements K € 7, ,,.Further, we define the set of all boundary faces
f;ﬁm = {F € Fum; T C 852} and the set of all inner faces .7-"}{7”1 =Fhm \]-"}fm.

ForeachI" € F ,, we define a unit normal vector . We assume that for I € F, ,f m
the normal nr has the same orientation as the outer normal to d2. For each face
I' e 7 }{‘m the orientation of nr is arbitrary but fixed. See Fig. 1.
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Fig. 1 Example of elements
K;, 1 =1,...,5, and faces
Iy, 1=1,...,8, with the
corresponding normals np,

In our further considerations we shall use the following notation. For an element
K € Tpp,m we set hg = diam(K), h,, = maxge7, , hg, h = max,—1 . m hy. By
pk we denote the radius of the largest d-dimensional ball inscribed into K and by | K |
we denote the d-dimensional Lebesgue measure of K. Further, by d(I") we denote the
diameter of I' € F}, .. Finally, we set T = max,,—=1,... .m Tm-

3.2 Forms defined on spaces of discontinuous functions

For a function ¢ defined in | ,A,;[:l I, we denote
G =9 (tnt) = M @@ {¢hn = ¢ (tnH) = ¢ (tn—). 3.1

Over a triangulation 7, , we define the broken Sobolev spaces
HYQ, Tym) = (v; vk € HY(K) VK € Ty} (3:2)

equipped with the seminorm

172

|U|Hk(Q,7;,,m) = Z |v|%_1k(K) . (33)
KeT) m

For each face I' € F, ,f ., there exist two neighbouring elements K IEL), K éR) € Thom
suchthat I’ C 0K FL) NJoK FR). We use convention that n is the outer normal to the

element KIQL) and the inner normal to the element KIQR). Forv e H 1(Q, Th.m) and
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Analysis of space—time discontinuous Galerkin method 257

I' e .7-';{ » We introduce the following notation:

L R
|( ) v|( )

= the trace of v| @ onl,

= the trace of U|K(L) on T,
Kr (3.4)

1
W =5 (o + o) e = ol ol

Now, let I" € f}fm and KEL) € Tj.m be such an element that ' C KFL) N og2.

For v € HI(Q,’]}“,,) we define v|§~R) by extrapolation, i.e. v|§~R) = v|§~L) =
the trace of le(L) onl.
r
If[-]r and (-) appear in an integral fr .dS,wherel" € fh' > We usually omit the

subscript I and write simply [-] and (- ). Moreover, if I" € fh,m andv € H'(Q, Thom),

then [ vdS means |- v|%L) ds.
Let Cw > 0 be a fixed constant. We introduce the notation

hyw +h,w
h(T) = % for T e 7/ .,
W (3.5)
hyw
h() = forI" € 72,
w
By (-, -) we denote the scalar product in L%(2) and by || - || we denote the norm in
L*(Q).Ifu, ¢ € H*(Q, Tj.m), we define the forms
apm.9)=¢ » [ Vi Vodx
KeTym K
- > /((vm -nrlel +6(Ve) - nr [u]) dS
refl,.T
—¢ Z (Vi -nr ¢ +6Vg-nriu)ds, (3.6)
Fe]—'B
Iam@ @)= > h(I)~ l/[u] 1dS+ > h()~ l/wds (3.7)
Fe]-',{m Fe]-'B r
Apm = anm + Jnm, (3.8)
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d

b (@, @) =— D /Zfs(ﬁ)%dx

KeThmyg s=1

— (L) — (R
+ > [ H @@ ar) el ds
Fef,{_mr

+ > [ H (@ al nr) ol as. (3.9)
FEJ:IEW r

Here H is a numerical flux. We assume that it has the following properties.

(H1) H(u, v, n) is defined in IR®> x By, where B; = {n € R%; |n| = 1}, and is
Lipschitz-continuous with respect to u, v:

|Hu,v,n) — Hw*,v*,n)| < Ly(lu —u*| + v —v*|),
u,v,u*,v* € IR, n € By.

(H2) H(u, v, n) is consistent:
d
H(u,u,n) = Zfs(u)ns, uelR, n=my,...,ng) € By.
s=1
(H3) H(u, v, n) is conservative:
Hu,v,n)=—H(v,u,—n), u,velR, necB.

Finally, the right-hand side form is defined on the basis of data:

Lhm(@) = (8, ¢) +¢ Z h(F)_l/uD(pdS—Q/V(p.nruDdS
PeFi,, r r
(3.10)

In the above forms we take 6 = —1, 8 = 0, 6 = 1 and obtain the nonsymmetric
(NIPG), incomplete (IIPG) and symmetric (SIPG) variants of the approximation of
the diffusion terms, respectively.

In the space H 1 (2, Ty.m), the following norm will be used:

172

lelloe,m = | D 16l + Ihm@. o) | (3.11)
K€771.m
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3.3 Discrete problem

Let p, ¢ > 1 be integers. For each m = 1, ..., M we define the finite-dimensional
space

St = {9 € L2k € PPE) VK €T} (.12)

By I1,, we denote the L?(2)-projection on S[:’m, ie.,ifg € L2(Q), then I1,,¢ € S}’Z’m
and

(Mg —¢.9) =0, Yy eS),. (3.13)

The approximate solution will be sought in the space

q

Sf,’f = {(p c LZ(QT)§§0|1m = Zl’ @i withg; € Sf,m, m=1, M] .
i=0

(3.14)

In what follows we shall use the notation U’ = dU/dt,u’ = du/dt, DIt =
3q+1/8tq+1_

Definition 1 We say that a function U is an approximate solution of problem (2.1)-
(2.3),if U € S;"% and

/ (U 9) + Apm(U. @) + b (U, ) dt + ({Uhnr. 0
Iy

=/zh,m(¢) dt.YoeS?, VYm=1,....M U;=Mu'. (.15

In

It is possible to show that the exact sufficiently regular solution u satisfies the
identity

/ ((u/’ ©) + Apm(, @) + by (u, <ﬂ)) dr + ({um—l}v 90;;_1)
In

=/£h,m(¢) dt,VoeSy!, Vm=1,..., M, (3.16)

Iy
if we set u(0—) = u(0).

Remark 1 Tt is also possible to consider g = 0. In this case, scheme (3.15) represents
a version of the backward Euler method. Since it can be analyzed in a similar way as,
for example, in [24], we shall be concerned only with g > 1.

@ Springer



260 M. Feistauer et al.

In the error analysis we shall use the Sf,’f -interpolation mof functions v €
H'(0, T; L?(Q))defined by

(a) mve Sf”f, (3.17)
(b) (mv) (ty—) =T vt,—),
(c) /(JTU—U, p*)dt =0, Vgo*eS,f”f*], Ym=1,...,M.

Im

In [33], Lemma 4, it was proven that u is uniquely determined. Moreover, by [33],
Lemma 9,

nu|1m =71(1'Imu)|1m. (3.18)

Our main goal will be the derivation of the estimation of the error e = U — u,
which can be expressed in the form

e=§&+m, (3.19)
where
E=U-nueS?, n=mnu—u (3.20)

Then, in virtue of (3.15) and (3.16),

/((é’,go)+Ah,m<é,<o)) dr + ({sm_l},wj,;_l) =/(bh,m(u,<p)—bh,m(U, @))de

Im Im
- / (') + Apm(n, @) di — ({n}mfl : go,j;,l) . Voespdo (321)
1"1
4 Abstract error estimate
In this section we shall be concerned with the derivation of error estimates in terms of
interpolation error.
4.1 Assumptions on the triangulation
In our further considerations, by C and ¢ we shall denote positive generic constants,

independent of &, 7, K, &, u, U, which can attain different values in different places.
In the sequel, we shall consider a system of triangulations 75 ,,, m = 1,..., M,
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Analysis of space—time discontinuous Galerkin method 261

h € (0, ho), ho > 0, which is shape regular and locally quasiuniform:

h

K<k, KeTim, m=1,....M, he(0, hp. @.1)
PK

hg < Cohg, for neighbouring elements K, K e Thom- “4.2)

Then there exist positive constants C_, C such that

C_hxg <h(')<Cihg, T €Fym, ' CK €Tym, he, hy), m=1,..., M.
4.3)

4.2 Auxiliary results

In the analysis of the DGFEM we use the following important tools.

Multiplicative trace inequality: There exists a constant Cp; > 0 independent of v, h,
K and M such that

—1
1012255, = Cor (1002 10y + i 100 )

ve H(K), K € Ty, h € (0,ho), m=1,..., M. (4.4)

Inverse inequality: There exists a constant C; > 0 independent ofv, 4, K and M such
that

gy < Crig vl 2y, vEPP(K), K€Tym h € (0,hg), m=1,...., M.

4.5)
(For proofs, see, e.g. [12,26].)
Coercivity of the form Ay, ,: It holds
€ a2
Apm(§,8) = EIISIIDGM (4.6)
provided
Cw > 0 for NIPG, 4.7
Cw >Cy(1+Cp)(1+Cgp) forIIPG,
Cw = 2Cy(1+Cy)(1+ Cp) for SIPG.
(See, [32].)

Consistency of by, For any ¢ € S,f’? and k > 0,

A

1/2
B4, @) = b (U, @)| = Cliglne.m (1617 + 55 0n)

A

C ~
< Clelbon + - (IEP+62m) . @8
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where

o= (Il + Wl - 49)
KE,ZEJTI

(The constant C in the last expression depends, of course, on k.) The proof can be
carried out in a similar way as in [22] or [27].

4.3 Derivation of estimates for &

Let us substitute ¢ := & in (3.21) and analyze individual terms. A simple calculation
yields

2/ (&,8) dr +2 (Ehne1s &) = [Em P = 16 i I” + 1E it 17 4.10)

I

Further, we shall be concerned with estimates of the right-hand side of (3.21). In the
same way as in [27], Lemma 9, using Cauchy inequality, multiplicative trace inequal-
ity, inverse inequality and Young’s inequality, we can show that for ¢ € Sf”f and
k > 0 we have

&
A, )| = 210l m + Ceon (), (4.11)
where
o) = nllbgm+ D, il (4.12)
KeThm

Now (3.21), where we set ¢ := &, relation (4.10) and estimates (4.6), (4.8), (4.11)
imply that

1&7 17 = Ngm—11% + H{é};,luz+a/ I€ 11D, dt

Inm

2
< —2/<n’,s>dr (et £ )+ 7‘9/ €13, di
Iy I

1
+ %/ €117 dr + C/ (sa,%,(n) + ;63!(71)) dr. (4.13)
I

m

Further, we shall be concerned with the expression

/ ', ) dt + (01, 0_,).
In
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Analysis of space—time discontinuous Galerkin method 263

Integration by parts yields

/ (. &)dr = (n,.6,) — (nh_ &5 ) - / (n, &) dt. (4.14)
Im

Since £’ € S;° 7™ ! & € S,’:j and n = wu — u, the definitions of 7 and IT,, imply
that

1
Jaroa+ (e )] < 300wl + 5 i [ @13)

7, m

This and (4.13) give

L ] (E AT

I

c
< ;/||$||2dt+2|}n,;_1||2+C/Rm(n)dt, (4.16)
L

In

where
1
Ru(n) = g0k (n) + géiw). (4.17)

In what follows, it will be necessary to estimate the terms with n and f g 1% dz.

4.4 Estimation of / €117 de

I

By P? we shall denote the set of all polynomialsin¢ € R of degree < g. In the interval
(0, 1] we shall consider the Gauss—Radau quadrature formula

1

g+1
/w(t)dt ~ D wi (), (4.18)
0 i=1
where 0 < ¥ < --- < ¥441 = 1 are the Radau integration points and w; > 0 are

the Radau weights. (We can refer, for example, to formulas from [46] and transform
them from the interval [—1, 1) to (0, 1].) Formula (4.18) is transformed to the interval
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264 M. Feistauer et al.

(tm—1, tm], which yields

q+1
/ga(t) dr ~ 1 Z Wi (t’"’i) , (4.19)
I i=1

where "' = t,,_1+1,, ¥;. Formulas (4.18), (4.19) are exact for polynomials of degree
< 2q. In [1], the following result was proven:

Lemma 1 Let p € P9 and let p € P9 be the Lagrange interpolation of the function
Ty p(t)/(t — tyy—1) at the points t"™', i =1,...,q + 1:

FE™) = 1 p (zm”') / (t"“' —tm_l) —p (z'"”') o7l =1 q+1.

Then
1 q+1 .
/ P Bt plon) plim) = 5 | P20 + D wi 072 2™ | (420)
I i=1

Now, by € we shall denote the Lagrange interpolation of 7,&(1)/(t — t,—1) at the

points ™! i =1,...,q+ 1. Then & € S}f”f. In what follows we shall denote
q+1 2
1612, =t > w07 e[ (421)
i=1

Letusset ¢ := § in (3.21). Then we get

J@ Bar (g + [ A bar
I

In

(a) (b)
= (61 &) —/(n’, dr — (1.8 —/Ah,mm, Ear
S—— In

I
(©)

@ ®)
t [ (ornt B = (. Brar). (422)

I

®

In what follows, we shall analyze individual terms (a)—(f).
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Analysis of space—time discontinuous Galerkin method 265

(a) By Fubini’s theorem and (4.20),

Im

/(g’,%) d+ (&1 61) =/ /E’%dt+é,}f,1§,j,l dx
; q+1 ; "

€0+ > w0 (50D ) ax
i=1

(4.23)

1
2
1 5 q+1 5
=5 (e P + w072 e
i=1
Hence, since 19171 > 1, using the notation (4.21), we get the inequality

[ 8o (ngi) = 5 (16 + i) @2

In

(b) We use the following lemma:

Lemma 2 Under assumptions (4.7) we have

/Ah,m(é7g)df > g/IIEIIZDc,,mdL (4.25)
I

I

Proof In view of (3.6) and (3.8),

/Ahm(g g)dt—s/ > /vg VE dxdt

I Ke’]},mK
—8/ 2 /(<VS>-nr[§J—9<V§>-nr[s]) dsd
m l-‘e'ﬁllm
2. / VE - nrk —OVE - nrédS)dt+ S/Jhm(é £)dr.
In TEFE, e

The expressions &

r [g]r,é r [é]p, V& and V§ are polynomials in 7 of degree < g.

Hence, [ V& - VEdx, [LEIF[E]r dS, [-(VE) - n[E1dS, Jpm (&, £), etc. are polyno-
mials in 7 of degree < 2g. Therefore, we can express the integrals || L - dt with the

aid of the integration formula (4.19). We also use the relations f,:-(tm’i ) = £ )ﬁi_l,
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VE@™) = Ve, [E@™)] = [ )9, ]. Then, by (3.6)~(3.8) we get

q+1
/ Anm(E E)dt =5 D07 wi Apm (EG™), E@C™D)). (4.26)

i i=1

If we use (4.26), (4.6), inequality z?i_l > 1 and take into account that ||& ||%G1m is a
polynomial in # of degree < 2¢, we find that under assumption (4.7)

q+1

- € ; e
[ Ann(e Byt = S0 3 wi 6" o = 5 [ el .
In i=1 In
what we wanted to prove. O
(c) By the Cauchy inequality,
Gy [y E ity 3 427)

Lemma 3 There exists a constant c| independent of hx, T, & such that
- 2« 5
&0 ] = = nen, (4.28)
Tm

Proof The function £ is the Lagrange interpolant to t,,, £(¢)/(t — t,,—1) at points
" =ty—1 + Ty Vi, i =1,...,q + 1. This means that

+1 +1 ; +1 +1
b0 = 3 O ] i 3 S ] e e
m tmz_ fole i gm,j Tin pal Tm(ﬂi_ﬁj) :
'./aei Vi
Setting t = t,,,—1, we get
g+l g+l 9
pd iy g—1 —Yj
Er = @™o ] —
, L0 =0
i=1 ji=1
J#Ei
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and, thus, since 19171 < 19;1,
) q+1 3 ALY
£+ <C 911 H i H j
6] = (‘”; S HE) H Ty
h J#i
2
q+1 5 q+1 9
<C 9! H i ‘ J 4.29
< (q>;, £ Em—ﬁj (4.29)
B J i
The Radau weights are defined as
1
/ q+1 - 79]
w; = dz
i W — U
0 i
By [46], w* := min;—; . ,4+1w; > 0. Moreover, let us set
2
q+1 'y
*3k = max;_ J
w Xi=1,...,q+1 ]1:[1?9:'—19/
j#i
Hence, since w; > w*, using (4.23), we get
~ 2 7+l , w** w* a+! .2 cl
6| <C@ X o e H P < e 3 0! | = gl
i=1 i=1 "
with ¢; = C(g)w™ /w*. O
(d) Integration by parts implies that
/ (77/» g) dt + ({n}I’I’I717 5;71)
I
- —/ (n,é/) dr + ('7,;,5,77) - (772_1’%1—1)
Iy
+ (’7;—1’ é:r:—l) - (’7;;—17 g;;:—l) : (4.30)
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Since & € S)"47", &, € Sf . in virtue of (3.17), (c) and (4.30) we have

/(”/’é) dr + (Inhm—1,6,1) = — (’7;171’5;71) < | ng;il H .

I

(e) We use the following lemma:

Lemmad4 If k > 0, then there exists a constant C > 0 such that

~ &
/Ah,mw,s)dt < ;/ IE DG dt + Cs/o,i(n) dr.
L In I

Proof Using (4.11) with ¢ := &, we get

/Ah,m(n,é)dz < z/ Hsn;m dr+c8/a,%,(n)dr.
I

I Inm

4.31)

(4.32)

(4.33)

Now we shall estimate fl ||§ ”12)0 . dt. The function §(t) = Z?.:O oj t/, where aj €

Sf m is the Radau interpolation of the function t,,, £(¢)/(# — t,,—1). Hence,

IEC™ NG = IEC" N Dgm 072 i=1, g +1,

and ||€(¢) ||2DG’m is a polynomial in 7 of degree < 2¢g. Thus, we get

2
DG,m

[0l o= Swo fsam
1 ' i=1

m

q+1
<0770, > wi e
i=1

Hence,

/ ¢ HZDQ,,, dr=C / 1€ 1B, dr.
I i

From (4.33) and (4.34) we get estimate (4.32), which we wanted to prove.
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(f) By (4.8) and (4.34),

- - C
[onm.®r=brmwBrat < ¢ [+ S [ [ eiars [ a2
Im

Im m m
(4.35)
Now we prove the desired estimate.
Lemma 5 There exist constants C, C* > 0 such that
2 _ 2 _ 2
/ IEIdt < Com | |moi |7+ [ ™+ / Ryu(p)dr |, (4.36)
I I
provided
0 <1y < Cre. (4.37)

Proof If we proceed similarly as in the proof of (4.34), using (4.21) and the inequalities
1< l?l._l < 191_1, we get

q+1 2
Jrerzar = 3w o] < pei.
Iﬂl l:1
q+1 5
IE115, < 07" T D w; s(t’””d} =l‘/‘fl/llf§|l2dl- (4.38)
i=1 I

m

Now, (4.22), (4.24), (4.25), (4.27), (4.28), (4.31), (4.32) and (4.35) yield
I _ 11 €
LR Tl 1 s 5/ 1€ 11BG.m A7
I

2
<&l IISIIm\/j:nllJr [ ||§||m\/g+ %/“é”zDG,m dr
I

C C [.
+;/||§||2dt+ Cs/a,i(n)dwr ;/a,,%(n)dt.
Ly

1, m m
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This, (4.17), (4.38), Young’s inequality and the choice k := 8 imply that
—2 & 2 1 é 2
& 1"+ 5/ 1€ 136, dt+(E - ;)/ RS
I Iy

= {lenalF + i+ [ Rucrar | 439
Im

Let us put C* =1/ (4@) where C is the constant from (4.39), and assume that (4.37)
holds. Then »— — ¢ > and (4.39) implies (4.36). O

&

Summarlzmg estimates (4.16) with £k := 8 and (4.36), we find that for m =
1,..., M,

lel*+ 5 [ 0B dr < (14 S ) 1P+ C o1+ Rutrar,
Iy I
(4.40)

with constants ¢, C > 0.
Finally, we come to the abstract error estimate.

Theorem 1 Let (4.37) hold. Then there exist constants C, ¢ > 0 such that the error

e = U — u satisfies the estimate forallm =1,..., M:
- 2
ez ll? + Z/IIeIIDG]dt
J= 11/

< Cexp(ctn/e) Zun, 2+ [ R

1
Jj= I

w2 2 +sZ/||n||DG,dr . (41)

11]

Proof The application of the discrete Gronwall’s lemma to (4.40) gives the estimate

e+ 53 [ 16t

11]

< Cexpletn/e) | 65|17 +Z n H +Z / Ripdr |, (4.42)

/—1
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form =1,..., M. In view of the definition of U, , we have §;” = 0. Now, if we use
the relation e = & + n and the inequalities

lell? < 2N + Inll?), (4.43)
lelpe.; < 2UElDe,; + Il )

from (4.42) we immediately get (4.41). O

5 Interpolation error bounds and error estimation in terms of 2 and 7

This section will be devoted to obtaining error estimates in dependence on the mesh
sizes T and h. They will be obtained on the basis of estimate (4.41), the relations
e=U—-u==%&+n, nu’Imzrr(Hmu)}lm,
n|, =@u—w|, =1V +7?, with ¥ = Mu-w|, , 6D
n® = (M) — T |,
and estimates of individual terms on the right-hand side of (4.41) containing 1, which

will be proven in the sequel. To this end, we assume that the exact solution satisfies
the regularity condition

ue HIt! (0, T; Hl(sz)) NC(0,T]; HPTH(Q)) (5.2)

and that the meshes satisfy conditions (4.1), (4.2), (4.6) and (4.37). Obviously,
C([0, T1; HPTY(Q)) ¢ L2(0, T; HPT1(2)). Moreover, let

2

Tm > Chy,,, m=1,...,M. (5.3)
Let us note that this assumption is not necessary, if the space meshes do not depend
on time, i.e. all meshes 73, ,,,, m =1, ..., M, are identical—see Remark 3.

If » > 1 is integer and u = min(r, p), then form = 1,..., M and any v €
H"t1(Q)we have the standard estimates

+1
ITInv — vlir2k) < Chl [Vl gust ).
|HmU—U|Hl(K) < Cl’ll;é|v|H//,+l(K), (54)

-1
[Tl — vl g2y < Ch/;( V| g1k
for K € Ty m, h € (0, hp) and

@ [Tl < vlz2i) forve L*(K), K € Ty, h € (0, ho).
) Mol k) < Clolgig, forve H'(K), K € Ty, h € (0, ho).
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It is possible to find that
DI (Mpu) = (DI ). (5.6)

Actually, by (3.13), IT,,u(-, t) € S}[;’m and forall r € I,

/(Hmu(x, t)—u(x,1) p(x)dx =0, Vg e S{l’)m. (5.7)
Q

The differentiation with respect to ¢ yields

/ (D‘I+1(1'[mu(x, 1) — DM u(x, r)) p(x)dx =0, Voes;, . (58
Q

Moreover, obviously DI (IT,,u(1r)) € S}’;m and thus, (5.6) holds.
Similarly we can prove that

DTN (VIT,u) = VI, (D9 ). (5.9)

5.1 Time interpolation

Lemma 6 Let ¢ € C((tmq,tm],S,f’m),m =1..., M. Then for each x € K, K €
Thms t € Iy, m=1,..., M we have

T(x. 1) = Puo(x, 1), (5.10)
where f’m is defined in the following way: For w € C ((tym—1, tm]),

@ Puo e P!(Ly), (5.11)
(b) /(ﬁmw(t) —a)(t)) Hdt=0, Vj=0,....q—1,

I
© Puo(tn—) = o(tn—).
Proof Letm € {1, ..., M}. From the definition of the operators 7 and f’m it follows
that foreach K € 7, ,, the functions 7 ¢ and Py, ¢ are on K x I, polynomials of degree

=q int € I, and of degree < p in x € K. Moreover, 7@ (x, t,,—) = ¢(x,tyy—) =
Pno(x, t,—) for all x € K. Obviously, condition (3.17), (¢) is equivalent to

/ /(mp(x, N — e, )o@ dx |t/ dr =0,
1)?1 K
Vji=0,....q—1, YoeP’K), VK € Tpn. (5.12)
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Further, by (5.11), for any K € Tj ,

/(IS,ngo(x,t)—(p(x,t))tjdt=O, Vi=0,....q—1, VxeK. (5.13)
I

Let o € PP(K). Then (5.13) and Fubini’s theorem imply that

0:/ /(ﬁm<p(x,t)—<p(x,z))ﬂ'dt o (x)dx (5.14)
Im

K

_ / / (Buo(x.1) — o, D)o (x) dx) | 7 dr,
I K
Vi=0,...,q—1, Yo € PP(K), VK € Tpn.

Comparing (5.14) with (5.12) and taking into account the fact that the operator 7 is
uniquely determined by conditions (3.17), we immediately get (5.10). O

Lemma 7 Ifw € H1t\(1,), then

2 2
5 242
| =], = € [0

= (5.15)
L2(In)

9
L2(In)

where C > 0 is a constant independent of w, m and t,.

Similar result can be found in several works. For example, estimate (5.15) can be
obtained as a consequence of Corollary 3.13 in [11].
Lemmas 6 and 7 imply that for ¢ € H911(1,,, S}]L)m) we have

2
N 2 2g+2 qg+1 ‘
lre(x, ) =9, 2, < € tm HD OO 2y

xeK, KeTyy, m=1,...,M. (5.16)

5.2 Estimates of terms with n

Our further goal is to estimate the expressions

P [ Wby dr [0 dts 1 [t [ e mae.
I

Im I m

By (5.1),

1725, < 2001724 + 20021724 (5.17)

I3y < 20 sy + 2Pl ) s = 1.2,
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Lemma 8 The following estimates hold for K € Tp, ,,, m=1,..., M :

I I < CRPH ut) | o1 (- (5.18)
2(p+1
/ 1012248 < CRET Do oy (5.19)
Iy
1),2 2 2
/m( o d < CRElultag ok (5.20)
Iy
2 1,2 2 2
hK/'n( )|H2(K)dt = Cth|M|L2(Im,H1’+1(K))' (521)
I
Proof 1t is enough to use (5.4). O

The derivation of estimates of terms with ® is more complicated.

Lemma9 For K € 7j,,,, m=1,..., M, we have
/||n(2)||L2(K)dt < cfm("“)|u|m+l(, LKy (5.22)
/|n<2 Tt < cfm(q“)|u|m+l(1 &) (5.23)
h> /ln(2)|H2(K)dt <cfm(q+”|u|m+l(, K (5.24)

Proof (a) The use of Fubini’s theorem and (5.10),(5.6),(5.16), (5.5), (a) and (5.15)
yield the relations

/ 1912 g, = / | P (M) = Tl dx

I, m

<crz‘1+2/ /|Dq+1(l'[mu)|2dx dr

In \K
2q+2 +1,,2 2q4+2, 12
<Cr1py / /ID" ul*dx | dr = C o' lulyen g, 1200
In \K
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(b) Further, due to Fubini’s theorem, (5.10), (5.16), (5.9) and (5.5), (b), we find that

/In(z)lHl(K)dt=/ /‘V(l’[mu—ﬁm(l'lmu))‘zdx dr
I

In \K

2q+2
=< C‘Cmq /|V(Hmu)|§1q+l(1m)d-x

K
2
=cf3,q+2/ /‘DqulV(l'Imu)‘ dr | dx
K 1”1
2
=Cr,ﬁ’1+2/ /‘V(HmeHu)‘ dx | dr
In \K
2
< Crnzqurz/‘Dq“u‘
HY(K)
In
2q+2, 2
= Ctmq |u|Hq+1(lm,H1(K))'

(c) Using a similar process as in (b) and (4.5), we find that

2
2 dr < CTZ‘IJFZ/‘H (Dq—HM)
/|77 l2)dt = C 1 m .
Iy Im

2
2g+2, -2 q+1
< CT2 g /(D 4o
1’11

2g+2;, -2
=Ctn “hi lulge+i(q, v (k)

This yields (5.24). O

Finally, we shall be concerned with the estimation of f I, Jh.m(n, n) dt. It holds

Jh,m(’?» 77)
<C (Jh,m(nmu —u, pu —u) + Iy (7 (1) — Mpue, 7w (T u) — Hm“)) .
(5.25)

Using the multiplicative trace inequality (4.4) and (5.4), in the same way as in [22]
we get

(5.26)

/Jh,m (Tt — u, e — ) dt < CHP [ul3a; poii g, -

In
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Further, we shall estimate the expression

/ Jnm Gt (Tlit) — Ttt, 7 (Tptt) — Typit) di.

In

Lemma 10 Let the Dirichlet data up = up(x,t) have the behaviour in t as a
polynomial of degree < q:

q
up(x. 1) = > )t (5.27)

Jj=0

where yrj € HPY1/2(3Q) for j =0, ..., q. Then

/J(rr(l'lmu) — Mu, w(Il,,u) — I,,u) dt
Iln

< Cr20t? m=1,..., M. (5.28)

2
|u|H‘1+1(Im,H1(S2))’

For general data up, if there exists a constant C > 0 such that t,, < Chg for all
K e Tym, he O, hg)yandm =1,..., M, then

2
/](ﬂ(l'lmu) — Myu, 1(Iyuu) — M) de < Crmq|u|§{q+1(1m’H1(Q)), m=1,..., M.

Im
(5.29)

Proof We proceed in two steps.

(I Letl e fém, i.e. ' C Q.If weset ¢ := I1,,u and use the relation [f’mgo —¢] =
13,,, [¢] — [¢] and estimate (5.16), we find that

- 2
J{ [ - taias ) ar = [ atocen - 1o, as
I, \I' r "
2
<cof? [|origeol, , as.
r
(5.30)
If we take into account that
DI g(x, )] = D g(x, )], [DTTu] =0, (5.31)
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and use Fubini’s theorem, we obtain

/ /[n(nmu)—nmu]zds dt:/ /[JT(Hmu)—Hmu]zdt ds

In \TI' r \u,

2
5Cr,?ﬂ+2/ /’Dq+l[(p(x,t)] dr | ds

r Im
=C r,%ﬂ“/ /[Dq+l(l'lmu —w)1*ds | dr.
I, \I'

(5.32)

The application of the multiplicative trace inequality implies that

’ 2
> /[Dqﬂ(ﬂ,nu—“)] ds=c 3. HDqH(H’”u_M)‘H(aK)
ref) . T K<
q+1 —
=C 2 (HD (Tt ")‘L%K)
KeTym

X ‘DqH(Hmu - u)’
HI(K)

+ ! H DI (T, u — u)

2
. (533
L2<1<)) (5.33)

By (5.6),
DI (Mpu — u) = M, (D7 'w) — DIy, (5.34)

In virtue of (5.2),D9 'u € L%(I,,, H'(2)). This and the approximation properties
(5.4) of I1,,, imply that

T (DT u) = DIl 2y < Chig | DT ul 1 . (5.35)

|Hm(Dq'Hu) — Dq+lu|H](K) S C|Dq+1u|Hl(K).

Summarizing (4.3),(5.32),(5.33),(5.34) and (5.35), we get

Z h(l")_l/[n(l'[mu)—l'[mu]z ds | dr
I

1
I r‘6“7:h,m

2qg+2
<t Z ‘Dq+lu‘
I KG%.»I

2
_ 2g+2, 12
&) dt =Crpy |u|H‘1+1(1m,H1(S2))' (5.36)
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(IT) In what follows, we shall assume that I" € Ffm, ie. ' C 902N JdK for some
K € Ty 1, and estimate the expression

B :=/ h(r)—1/|n(nmu)—nmu|2ds dr. (5.37)
r

I

Proceeding in a similar way as above, we find that

8 < CT (" I/HD({H(H u)‘

:Cr,%:f”h(r)—l/ /‘nm(Dq

In \I

Lz(lm)

2
u)| dS | dr. (5.38)

If we apply the multiplicative trace inequality and use the assumption that 7,, < Chg
for all K € 7p ,,, we get

> hm /|n(nmu) Muu?dS | dr < Cral Ul 1y
In Fe]—"

(5.39)

Now let us assume that the Dirichlet data up = up(x, ) satisfy (5.27). Then
DIt y|yq = DIy p = 0. This and (5.38) imply that

2
g <cC 24”/ h(r)—l/)nm(m“u)—m“u ds|de.  (5.40)
In
Again we use the multiplicative trace inequality and estimates (5.35) and get the esti-

mate

2qg+2
> (@)~ l/m(nmm Myul® ds | dr < C T lulfgn ;i
In Fe]:hm
5.41)

Finally, summarizing estimates (5.36), (5.39) and (5.41), we get (5.28) and (5.29).
O
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5.3 Main results

In this section we shall conclude the analysis of the error estimate.

Theorem 2 Let u be the exact solution satisfying the regularity condition (5.2) of
problem (2.1)—(2.3) with Dirichlet data up defined by (5.27). Let U be the approxi-
mate solution to problem (2.1)—(2.3) obtained by scheme (3.15) over spatial meshes
Th.m and time partition I, m = 1,..., M, satisfying conditions (4.1), (4.2), (4.37)
and (5.3). Then there exist constants C, ¢ > 0 independent of h, T, m, €, u such that

llen + /IIe’IIDG/dt

] 1[
1
< Cexp(ctm/e) ((h2p|“|i2(o,r;11p+l(sz)) + Tzq+2|“|H‘1+‘(O,T;H](§Z))) (8 + g)

+ h?r m=1,...,M, h e (0, hp) (5.42)

|M |2 p+1 )
C([0,T]1+HP*(Q))
and

leli?2p,, < C (h2p+2 +ecT/sh2p)

e ( + g) (1+e77)

2112 242, 12
X(h uli2 ey TT '”'Hq“(o,r;Hl(sz)))

2p+2y,.12 2q+2¢,,12
+C (h PNl a0 1o @) T T |”|Hq+l<o,T;L2<Q>>) ’
m=1,....M, he@,ho). (5.43)

2
Ul oy ar (@)

Proof (1) In order to prove (5.42), we start from (4.41) and estimate the terms con-
taining 7. In virtue of (4.17), (4.12), (4.9),

) = £62(n) 4 L 52
Rjm) =eoj(n) + 2 0J ()

=e X (B +HkInBpgk,) + i 01 0)
Ke’]},,j

1
= 0 (I + HkInl ) - (5.44)
KeT),

Now, (5.44) together with (5.17) and Lemmas 8 and 9 yield the estimate

1 2p [2a+2
/RJ(U)dl§C<€+g) Z (hK |M|L2([ HP+I(K))+ IulHq+1(1 HI(K)))
I KeT,,;

(5.45)
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This and the inequalities 7; < 7, hx < h; < hlead to

1 2
. - P12 242,12
/Rj(n) dr = C (8 + 8) (h |M|L2(1j7Hp+l(Q)) + |M|H‘1+l(lj,Hl(Q))) .
1

(5.46)

Similarly, we get

2
/nnnDG, dt<Ce D Wdlullag, yrny < CenPlulizg, nriay).
KeTy,

(5.47)

Further, by (5.18) and (5.3),

m M

_ 2
DN IP = C Dt P ) i gy = C TR WG o 1y i gy (5-48)
- P

Finally, using (4.42) and (5.46)—(5.48), we arrive at estimate (5.42).
(2) It follows from (4.36) and (4.43) that

T M T
/||e||2dt <C> IIS,;_1I|2+||77,;_1II2+/Rm(n)dt +2/I|n||2dt-
0 m=1 0

I
(5.49)

Now we use (4.42) withm :==m —1 <M, & =0, ny = 1u® — u° and get

T M
el g, =/||e||2dt <CY ||n;_1||2+/Rm(n>dt
0 m=1

In

+CeTlr Znn, I? +Z/R(n)dt +20nll750, -
J= 1]

(5.50)

Estimating the individual terms in (5.50) depending on 1, with the aid of (5.45), (5.48),
Lemmas 8, 9 and 10 and the relation Znﬁle T, = T, we obtain (5.43). O

Remark 2 As we see, estimates (5.42) and (5.43) are not uniform with respect to
& — 0. Just on the contrary, the constant in this estimate behaves as Cexp(cT/¢),
which blows up to oo as ¢ — 0. This is a consequence of the application of Young’s
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inequality used for the treatment of nonlinear terms and Gronwall’s lemma. The ques-
tion, how to avoid this bad behaviour of the error estimate, remains open.

Using estimate (5.29) from Lemma 10, we conclude that in the case of general
Dirichlet data u p, under the additional assumption that 7, < Chg,K € Thmsh €
(0, hp), we get suboptimal error estimates of order O () with respect to the time step
T instead of optimal error estimates of order O (t? +1y obtained in the case, when up
is given by (5.27).

Remark 3 The case of identical meshes on all time levels. If all meshes 7}, ,,, m =
1..., M, are identical, which means that 7, ,, = 7, for allm = 1,..., M, then
all spaces S,‘zm and forms aj, ., by m, - .. are also identical: Sf,m = S, apm =
ap,bpm = bp, ... forallm = 1,..., M. This implies that {{},,—1 € S;[,) and by
(3.20), (3.17), (a), and (3.13), we have (1,,_;, {€}n—1) = 0. Hence, by (4.14),

/ (', &) dt + ({nhm—-1.&1 ;) =0. (5.51)
Im

Moreover, similarly it is possible to show that the expression Z;": 1 ||n; I does
not appear in estimate (4.42) and instead of (4.41) we get the estimate

m
_ &
lenlP+ 53" [ el ar

jzlb

< Cexp(cty/¢) Z/R,-(n) dr
jZIQ

m
+2||n;||2+282/||n||§)aj dt, m=1,..., M. (5.52)
j:lb

From this we deduce that in the case of identical meshes on all time levels the assertion
of Theorem 2 is valid without assumption (5.3).

6 Appendix: Alternative proof of Lemma 7

Lemma 11 Let z € C*°([0, 1]), z(0) = 0 and

1

/z‘/‘iz(x)dﬂzo, i=0,....q—1 (6.1)
0

Then

Izllz200.1) < C DI 2l 1201y (6.2)
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where C is a constant independent of the function z.

Proof Let us develop the function with the aid of the Taylor formula with integral
remainder:

(@) — 1)
z(®) =z(O0) +---+ Zq& 9 + / %z(“l)(t)dt, 9 e [0, 1].

0
(6.3)

In the space L2(0, 1) we choose an orthonormal system of polynomials ¢;, i =
0,1, ..., such thatyp; is a polynomial of degree i and ¢;(0) # 0. (At the end of
Appendix we show how this system can be constructed.) Obviously,

1 1
/ﬂiz(ﬂ)dﬁ=o, i=0,....q—1 /wi(ﬂ)z(ﬁ)dﬁzo, i=0,....q—1.

0 0
(6.4)
In virtue of the properties of the system ¢;, i =0, 1, ..., the expansion (6.3) can be
written in the form
2(9) = Zc, i (9) + / v (‘1+1)(r) de, ¥ €[0,1], (6.5)
where ¢; are constants depending on the values z(0), z/(0), ..., 729 (0). From assump-
tion (6.3) and equivalence (6.4) for j =0, ...,qg — 1 we get
1 1 »
_ [ . (19 L@+
0= [ iz dd =c; + [ ¢; () () dr do.
0 0 0
The use of Fubini’s theorem yields
1 B
v —
cj= /goj (19)/ ( (‘H'l)(r) drdy = / ¥ (029 () dr,  (6.6)
0 0

where

1
Vi(r) = /(p](ﬁ)(ﬂ—r)qdﬂ, j=0,...,q—1.

T
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Since ¢, (0) # 0, from the assumption that z(0) = 0 and expansion (6.5) we get

q—1 !
tg=—— > cigi(0) = / Y (029 (1) dr
(ﬂq(O) P )
with
Yy (7) = (0) Zw, Oy (2).

Substituting in expansion (6.5) for ¢;, i =0, ..., g,we find that

1

2(®) = / k@9, 7)) (7) dr, 6.7)
0
where
@) f)" + g ()Y (T) — Zq o ¢iMYi(r) for 1= >1=>0,
k@@, 1) =

0Ny (T) — Z, 0 ©i (MY (T) for 1>7>9>0.

The function k (¥, t) is continuous on the set [0, 1] x [0, 1] and from (6.7) we get (6.2).

O
Lemma 12 Ler z € H111(0, 1), z(0) = 0 and
1
/ﬁiz(ﬁ)dﬁzo, i=0,...,q9—1. (6.8)
0
Then
Izl 20,1y < C 1D 2]l 120,19, (6.9)

where C > 0 is a constant independent of the function s.

Proof The space C*([0, 1])isdensein H9*!(0, 1). Therefore, there exists a sequence
€ C*°([0, 1] such that

Jim iz =zl e+ 1) = 0
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This and Lemma 11 imply that

+1 +1
||Zn||L2(o,1) - ||Z||L2(o,1), | DY Zn||L2(o,1) — | D? Z||L2(o,1) asn — 0o,

1
lznll20,1) < CIDT  znll 20y, n=1,2,....

Hence, (6.9) holds. O

Now, we can finish the proof of Lemma 7. We transform the reference interval [0, 1]
onto the interval [#,_1, #,, ]by the mapping

t =ty — V1, U €l0,1] (6.10)
Ifw e H1(1,) and s(9) = w(ty — 91p), then s € H411(0, 1) and
(Po)(tyy — 9 Tp) = (P5)(D), (6.11)
where the operator P is defined by

(a) PsePi0,1),
1

(b) /(Ps(z?)—s(z?))ﬁjdﬁzo Vji=0,....,q—1, 6.12)
0

(¢) Ps(0+) = s(04).
Moreover, if we set

Zn(t) = Ppoo(t) — (1), t € (ty—1,tm), 2(9) = Ps(®) —s(9), 9 € (0, 1),

(6.13)
we have
2(0) = Zn(ty — D), DIHz(®) = (—1)7+ 1!
DIt Z, (ty — 9T), O € (0,1). (6.14)
We can see that z € H911(0, 1), z(0) =0,
2 _ Zm |2 6.15
”Z”L2(0,1) - a” m”LZ([m)s ( . )

1_12 2g+1 1 2
IDTH 212500 1, = @l T ID 2,12,

0,1) (Im)*
and

1
/z(z‘/‘)ﬁjdﬂzo for j=0,...,q— 1.
0
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By Lemma 12, the function z satisfies (6.9) and, in virtue of (6.15), estimate (5.15)
holds, what we wanted to prove. O

Finally, we show how to construct in the space L?(0, 1) the system of orthonormal
polynomials ¢;, i = 0,1, ..., such that ¢; is a polynomial of degree i satisfying
©; (0) # 0. It is possible to put

o) =v2P29 1), i=0,1,...,
where P; is the Legendre polynomial of degree i, defined as

1 1 d

) — i D8 82y
P (¥) = l+22ii!d19i(0 DY, i=0,1,....
The system P;, i =0, 1, ...,is a complete orthonormal basis in the space LZ(—l, 1).
It is possible to verify that ¢;, i = 0, 1, ..., form a complete orthonormal basis in
L%(0, 1) and
; 1 d 2 i
0i (D) =2 + l;@ @ —v)', v el01].
Since
di 2 7 [ -
FrY 0" =) |y=o = (=D"i!,
foralli =0, 1, ... we have
0i(0) = (=)' V2i +1#0.
Conclusion

In this paper we have presented an analysis of error estimates of the space—time discon-
tinuous Galerkin discretization of an initial-boundary value problem for a nonstation-
ary convection—diffusion equation with nonlinear convection and Dirichlet boundary
condition. In the space discretization, we use polynomial approximations of degree
p > 1 and NIPG, IIPG and SIPG versions of the diffusion terms are considered. In
time the discontinuous approximations of degree ¢ > 1,in general ¢ # p, are used. On
different time levels, different space meshes may be used. Under the assumption that
the Dirichlet data behave in time as polynomials of degree < ¢, the derived estimates
in L2(H')-norm are optimal in space and time. The error estimate in L%(L?)-norm is
optimal in time, but suboptimal in space. In the case of general Dirichlet data, the error
estimates are suboptimal in time. The technique applied in this paper can be extended
to the case the discontinuous Galerkin time semidiscretization combined with the hp
discontinuous Galerkin space discretization.The error estimates have been obtained
with the aid of a “parabolic machinery” for problems with “dominating diffusion”.
This means that our technique is not applicable to conservation laws and does not
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allow to obtain results similar to [14—16], where the finite difference or finite volume
methods were used.
There are the following subjects for further work:

— derivation of optimal error estimates in space and time in the case of the SIPG
method and general Dirichlet data,

— numerical realization of the discrete problem and the demonstration of results by
numerical experiments,

— analysis of the effect of numerical integration in space and time integrals,

— extension of the results to problems with nonlinear convection as well as diffusion,

— analysis of the combination of the time DGFEM with other space DG discretiza-
tions, as e.g. the LDG method (cf. [11,18]),

— application of the space—time DGFEM to the numerical solution of some techni-
cally relevant problems, as, e.g. interaction of compressible flow with structures.

References

1. Akrivis, G., Makridakis, C.: Galerkin time-stepping methods for nonlinear parabolic equations.
ESAIM: Math. Model. Numer. Anal. 38, 261-289 (2004)

2. Arnold, D.N.: An interior penalty finite element method with discontinuous elements. SIAM J. Numer.
Anal. 19, 742-760 (1982)

3. Arnold, D.N., Brezzi, F., Cockburn, B., Marini, D.: Discontinuos Galerkin methods for elliptic prob-
lems. In: Cockburn, B., et al. (eds.) Discontinuous Galerkin Methods. Theory, Computation and Appli-
cations. Lecture Notes in Computational Science and Engineering, vol. 11, pp. 89-101. Springer, Berlin
(2000)

4. Arnold, D.N., Brezzi, F., Cockburn, B., Marini, D.: Unified analysis of discontinuous Galerkin methods
for elliptic problems. STAM J. Numer. Anal. 39, 1749-1779 (2001)

5. Babuska I., Baumann C.E., Oden J.T.: A discontinuous /p finite element method for diffusion prob-
lems, 1-D analysis. Comput. Math. Appl. 37, 103—122 (1999)

6. Baker, G.A.: Finite element methods for elliptic equations using nonconforming elements. Math.
Comput. 31, 45-59 (1977)

7. Baker, G.A., Bramble, J.H., Thomée, V.: Single step Galerkin approximations for parabolic prob-
lems. Math. Comput. 31, 818-847 (1977)

8. Bassi, F., Rebay, S.: A high-order accurate discontinuous finite element method for the numerical
solution of the compressible Navier—Stokes equations. J. Comput. Phys. 131, 267-279 (1997)

9. Bassi, F.,, Rebay, S.: High-order accurate discontinuous finite element solution of the 2D Euler equa-
tions. J. Comput. Phys. 138, 251-285 (1997)

10. Baumann, C.E., Oden, J.T.: A discontinuous /p finite element method for the Euler and Navier-Stokes
equations. Int. J. Numer. Methods Fluids 31, 79-95 (1999)

11. Castillo, P., Cockburn, B., Schétzau, D., Schwab, C.: Optimal a priori estimates for the 4p-version of
the local discontinuous Galerkin method for convection-difussion problems. Math. Comput. 71, 455—
478 (2001)

12. Ciarlet, P.G.: The Finite Element Method for Elliptic Problems. North-Holland, Amsterdam (1979)

13. Cockburn, B., Dong, B., Guzman, J.: Optimal convergence of the original DG method for the trans-
port-reaction equation on special meshes. SIAM J. Numer. Anal. 46, 1250-1265 (2008)

14. Cockburn, B., Gremaud, P.-A.: A priori error estimates for numerical methods for scalar conservation
laws. Part I: the general approach. Math. Comput. 65, 533-573 (1996)

15. Cockburn, B., Gremaud, P.-A.: A priori error estimates for numerical methods for scalar conservation
laws. Part II: flux-splitting monotone schemes on irregular Cartesion grids. Math. Comput. 66, 547—
572 (1997)

16. Cockburn, B., Gremaud, P.-A., Xiangrong Yang, J.: A priori error estimates for numerical methods for
scalar conservation laws. Part III: multidimensional flux-splitting monotone schemes on non-Cartesion
grids. SIAM J. Numer. Anal. 35, 1775-1803 (1998)

@ Springer



Analysis of space—time discontinuous Galerkin method 287

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

3s.

36.

37.

38.

39.

40.

41.

42.

43.

Cockburn, B., Shu, C.-W.: TVB Runge—Kutta local projection discontinuous Galerkin finite element
method for scalar conservation laws II. General framework. Math. Comput. 52, 411435 (1989)
Cockburn, B., Shu, C.-W.: The local discontinuous Gelerkin method for time-dependent convection-
diffusion systems. SIAM J. Numer. Anal. 35, 2440-2463 (1998)

Cockburn, B., Shu, C.-W.: Runge—Kautta discontinuous Galerkin methods for convection-dominated
problems. J. Sci. Comput. 16, 173-261 (2001)

Dawson, C., Aizinger, V.: A discontinuous Galerkin method for three-dimensional shallow water
equations. J. Sci. Comput. 22-23, 245-267 (2005)

Dolejsi, V.: Semi-implicit interior penalty discontinuous Galerkin methods for viscous compressible
flows. Commun. Comput. Phys. 4, 231-274 (2008)

Dolejsi, V., Feistauer, M.: Error estimates of the discontinuous Galerkin method for nonlinear non-
stationary convection-diffusion problems. Numer. Funct. Anal. Optim. 26, 2709-2733 (2005)
Dolejsi, V., Feistauer, M.: A semi-implicit discontinuous Galerkin finite element method for the numer-
ical solution of inviscid compressible flow. J. Comput. Phys. 198, 727-746 (2004)

Dolejsi, V., Feistauer, M., Hozman, J.: Analysis of semi-implicit DGFEM for nonlinear convec-
tion-diffusion problems on nonconforming meshes. Comput. Methods Appl. Mech. Eng. 196, 2813—
2827 (2007)

Dolejsi, V., Feistauer, M., Kucera, V.: On the discontinuous Galerkin method for the simulation of
compressible flow with wide range of Mach numbers. Comput. Visual. Sci. 10, 17-27 (2007)
Dolejsi, V., Feistauer, M., Schwab, C.: A finite volume discontinuous Galerkin scheme for nonlinear
convection-diffusion problems. Calcolo 39, 1-40 (2002)

Dolejsi, V., Feistauer, M., Sobotikovd, V.: A discontinuous Galerkin method for nonlinear convection-
diffusion problems. Comput. Methods Appl. Mech. Eng. 194, 2709-2733 (2005)

Dolejsi, V., Vlasdk, M.: Analysis of a BDF-DGFE scheme for nonlinear convection-diffusion prob-
lems. Numer. Math. 110, 405-447 (2008)

Eriksson, K., Estep, D., Hansbo, P., Johnson, C.: Computational Differential Equations. Cambridge
University Press, Cambridge (1996)

Eriksson, K., Johnson, C.: Adaptive finite element methods for parabolic problems I: a linear model
problem. SIAM J. Numer. Anal. 28, 43-77 (1991)

Estep, D., Larsson, S.: The discontinuous Galerkin method for semilinear parabolic problems. Math.
Model. Numer. Anal. 27, 35-54 (1993)

Feistauer, M.: Optimal error estimates in the DGFEM for nonlinear convection-diffusion problems.
In: Kunisch, K., Of, G., Steinbach, O. (eds.) Numerical Mathematics and Advanced Applications,
ENUMATH 2007, pp. 323-330. Springer, Heidelberg (2008)

Feistauer, M., Hajek, J., Svadlenka, K.: Space-time discontinuous Galerkin method for solving non-
stationary linear convection-diffusion-reaction problems. Appl. Math. 52, 197-234 (2007)

Feistauer, M., Kucera, V.: On a robust discontinuous Galerkin technique for the solution of compress-
ible flow. J. Comput. Phys. 224, 208-221 (2007)

Feistauer, M., §Vadlenka, K.: Discontinuous Galerkin method of lines for solving nonstationary sin-
gularly perturbed linear problems. J. Numer. Math. 2, 97-117 (2004)

Hartmann, R., Houston, P.: Adaptive discontinuous Galerkin finite element methods for the compress-
ible Euler equations. Technical report 2001-42 (SFB 359). IWR Heidelberg

Houston, P., Perugia, I., Schotzau, D.: Mixed discontinuous Galerkin approximation of the Maxwell
operator. Technical report 2002/45. University of Leicester, Department of Mathematics (2002). SIAM
J. Numer. Anal. (to appear)

Hu, C., Shu, C.-W.: A discontinuos Galerkin finite element method for Hamilton-Jacobi equa-
tions. SIAM J. Sci. Comput. 21, 666-690 (1999)

Houston, P., Schwab, C., Siili, E.: Discontinuous /p-finite element methods for advection-diffusion
problems. STAM J. Numer. Anal. 39, 2133-2163 (2002)

Jaffre, J., Johnson, C., Szepessy, A.: Convergence of the discontinuous Galerkin finite element method
for hyperbolic conservation laws. Math. Models Methods Appl. Sci. 5, 367-386 (1995)

Johnson, C., Pitkdranta, J.: An analysis of the discontinuous Galerkin method for a scalar hyperbolic
equation. Math. Comput. 46, 1-26 (1986)

Karakashian, O., Makridakis, C.: A space-time finite element method for the nonlinear Schrodinger
equation: the discontinuous Galerkin method. Math. Comput. 67, 479-499 (1998)

Kufner, A., John, O., Fucik, S.: Function Spaces. Academia, Praha (1977)

@ Springer



288 M. Feistauer et al.

44. Le Saint, P, Raviart, P.-A.: On a finite element method for solving the neutron transport equation.
In: de Boor, C. (ed.) Mathematical Aspects of Finite Elements in Partial Differential Equations,
pp- 89-145. Academic Press, New York (1974)

45. Oden, J.T., Babuska, 1., Baumann, C.E.: A discontinuous /p finite element method for diffusion prob-
lems. J. Comput. Phys. 146, 491-519 (1998)

46. Ralston, A.: A First Course in Numerical Analysis. McGraw-Hill, New York (1965)

47. Reed, W.H., Hill, T.R.: Triangular mesh methods for the neutron transport equation. Technical report
LA-UR-73-479. Los Alamos Scientific Laboratory (1973)

48. Riviere, B., Wheeler, M.F.: A discontinuous Galerkin method applied to nonlinear parabolic equations.
In: Cockburn, B., et al. (ed.) Discontinuous Galerkin Methods. Theory, Computation and Applications.
Lecture Notes in Computational Science and Engineering, vol. 11, pp 231-244. Springer, Berlin (2000)

49. Roubicek, T.: Nonlinear Partial Differential Equations with Applications. Birkhiuser, Basel (2005)

50. Schotzau, D.: hp-DGFEM for parabolic evolution problems. Applications to diffusion and viscous
incompressible fluid flow. PhD Dissertation ETH No. 13041, Ziirich (1999)

51. Schotzau, D., Schwab, C.: An hp a priori error analysis of the discontinuous Galerkin time-stepping
method for initial value problems. Calcolo 37, 207-232 (2000)

52. Schétzau, D., Schwab, C., Toselli, A.: Mixed hp-DGFEM for incompressible flows. SIAM J. Numer.
Anal. 40, 2171-2194 (2003)

53. Sun, S., Wheeler, M.E.: LZ(H')-norm a posteriori error estimation for discontinuous Galerkin approx-
imations of reactive transport problems. J. Sci. Comput. 22-23, 501-530 (2005)

54. Thomée, V.: Galerkin Finite Element Methods for Parabolic Problems. Springer, Berlin (2006)

55. Toselli, A.: HP discontinuous Galerkin approximations for the Stokes problem. Math. Models Methods
Appl. Sci. 12, 1565-1597 (2002)

56. Van der Vegt, J.J.W., Van der Ven, H.: Space-time discontinuous Galerkin finite element method
with dynamic grid motion for inviscid compressible flow. Part I: general formulation. J. Comput.
Phys. 182, 546-585 (2002)

57. Wheeler, M.E.: An elliptic collocation-finite element method with interior penalties. STAM J. Numer.
Anal. 15, 152-161 (1978)

@ Springer



	Analysis of space--time discontinuous Galerkin method for nonlinear convection--diffusion problems
	Abstract
	1 Introduction
	2 Continuous problem
	3 Discretization
	3.1 Construction of a mesh in QT
	3.2 Forms defined on spaces of discontinuous functions
	3.3 Discrete problem

	4 Abstract error estimate
	4.1 Assumptions on the triangulation
	4.2 Auxiliary results
	4.3 Derivation of estimates for ξ
	4.4 Estimation of int Im ||ξ||2 dt

	5 Interpolation error bounds and error estimation in terms of h and τ
	5.1 Time interpolation
	5.2 Estimates of terms with η
	5.3 Main results

	6 Appendix: Alternative proof of Lemma 7
	Conclusion
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


