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Abstract We study a multiscale scheme for the approximation of Sobolev functions
on bounded domains. Our method employs scattered data sites and compactly sup-
ported radial basis functions of varying support radii at scattered data sites. The actual
multiscale approximation is constructed by a sequence of residual corrections, where
different support radii are employed to accommodate different scales. Convergence
theorems for the scheme are proven, and it is shown that the condition numbers of the
linear systems at each level are independent of the level, thereby establishing for the
first time a mathematical theory for multiscale approximation with scaled versions of a
single compactly supported radial basis function at scattered data points on a bounded
domain.

Mathematics Subject Classification (2000) 65J10 · 46E35

1 Introduction

Radial basis functions form an important tool in modern approximation. They allow
the easy construction of approximation spaces in arbitrary dimensions and with arbi-
trary smoothness. These discretization spaces are known to lead to approximations
which exhibit both excellent approximation properties but, unfortunately, also poor
conditioning and a high computational cost. This is a well-known “trade-off” principle
which is related to the smoothness of the basis function and can briefly be summarized
as smoothness implies high convergence order plus ill conditioning [10].

Since the advent of compactly supported radial basis functions in 1995 in [18] and
particularly in [15], there was always the hope to overcome this “trade-off” principle.
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494 H. Wendland

However, early numerical tests (see for example [11]) indicated that an additional trade-
off principle comes into play, now depending on the choice of the support radius. The
general observation was that a small support radius leads to a very well-conditioned
sparse system but also a poor approximation rate, while a larger support radius yields
excellent approximation at the price of a badly conditioned, full system.

Consequently, some effort has been spent on finding the “optimal” support radius,
as it has similarly been spent on finding the optimal shape parameter for Gaussians
and (inverse) Multiquadrics. However, it seems unnatural to employ only one support
radius for all possible data sites. It seems more natural to allow different support radii
to capture, for example, multiscale phenomena within the data.

While it is, up to now, an open problem whether interpolation in scattered data
sites using a different support radius at every site leads always to an invertible inter-
polation matrix, another approach came up quite early [2,9,11], which reflects the
idea of possibly having multiple scales represented within the data. A multilevel type
algorithm has been employed, which proceeds in the following way. First, a coarse
data set and a large support radius are chosen and the target function is interpolated
in this data set. This is supposed to capture the large-scale variations of the target
function. This means, however, that the residual between the target function and this
first interpolant lives on a finer scale. This obviously leads to the strategy, next to
choose a finer data set and a smaller support radius and to interpolate the residual
at the finer data set, capturing now the finer details. The sum of both interpolants
obviously interpolates the target function at the data sites of the finer data set, which
was one motivation, in the original work [2,9,11] for choosing the data sites nested.
Obviously, the process does not have to stop after two such levels, but can be iterated
accordingly.

As simple as this approach is, besides numerical evidence of convergence, no proof
has been given until very recently, where it has been shown that this multiscale scheme
converges in the special situation that the data sites are located on a sphere, see [6].
Earlier papers by Narcowich, Schaback and Ward [7] and Hales and Levesley [5] are
dealing with completely different situations than the one we are interested in here.

It is the goal of this paper to show that the convergence analysis also holds for
bounded domains, giving a rigorous proof in this case for the very first time. Further-
more, in contrast to [6] we do not restrict ourselves to the case where the smoothness
of the target function is coupled to the smoothness of the radial basis function. We
also do not restrict ourselves to the case of interpolation but also study “smoothed
approximations”, which is important, for example, for noisy data. We show that even
in this situation the multiscale algorithm converges, provided the smoothing parameter
is chosen carefully.

The paper is organized as follows. In the next section we introduce the concept
of scaling and the multiscale approximation algorithm. In section three we discuss
function spaces relevant to this paper. The fourth section is devoted to the analysis of
the multiscale approximation algorithm for the interpolation of smooth target func-
tions, while the fifth section deals with the interpolation of rough target functions.
In section six, we replace interpolation with a penalized least-squares algorithm and
show convergence of the multiscale algorithm in this situation. The final section deals
with numerical efficiency and gives examples.
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Multiscale analysis in Sobolev spaces on bounded domains 495

2 Multiscale approximation

In this section we collect necessary material on what we mean by multiscale approx-
imation. We also introduce the necessary notation.

We start by introducing discrete approximation spaces. There are two ingredients
in building these approximation spaces: point sets and a scaled radial basis function.

Let Ω ⊆ R
d be given. Let X = {x1, . . . , xN } ⊆ Ω be a finite point set in Ω . We

will associate to this point set the following two measures:

h X,Ω := sup
x∈Ω

min
x j ∈X

‖x − x j‖2,

qX := min
j �=k

‖x j − xk‖2.

The first one is usually called fill distance or mesh norm and measures how well the
points in X cover the region Ω . It is the radius of the largest ball without a point from
X , entirely contained in Ω . The second one is called separation distance and measures,
together with h X,Ω uniformity of the data set.

We will, however, not deal with only one data set, but with a sequence of data
sets X1, X2, . . . with mesh norms h j = h X j ,Ω , which are monotonically decreasing.
To ensure a certain uniformity in decrease, we will assume that h j+1 ≈ μh j for
some fixed μ ∈ (0, 1). For some of our results we will require that the sequence is
quasi-uniform, which means that there is a constant cq such that, with q j = qX j ,

q j ≤ h j ≤ cqq j .

Next, we will pick a kernel Φ j : Ω × Ω → R for each level. In our application
this kernel will be given by the scaled version of a translation invariant function. To be
more precise, we assume that there is a compactly supported function Φ : R

d → R

with support in the unit ball B(0, 1) and that, for each level, there is a scaling parameter
δ j > 0 such that we can define

Φ j (x, y) = δ−d
j Φ((x − y)/δ j ).

If we consider y to be fixed, it follows that the function Φ j (·, y) has support in B(y, δ j ),
the ball with radius δ j and center y.

As we assume that the data sets become denser and denser, we will assume that
the support radii become smaller and smaller, usually in the same way, i.e., we will
assume that δ j = νh j with a constant ν > 0, which we will link to μ later on. Note
that this also leads to δ j+1 ≈ μδ j .

With the data sets and the associated kernels at hand, we can build approximation
spaces of the form

W j = span{Φ j (·, x) : x ∈ X j }.
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496 H. Wendland

representing details on level j . Thus, the approximation of our function will come
from the sum of these spaces, i.e., we have to investigate the approximation power of

Vn := W1 + W2 + · · · + Wn

for n → ∞.
So far, we have deliberately followed the path of a classical multiresolution anal-

ysis, though our sets W j are, by construction, finite dimensional, which is a major
difference to the classical wavelet theory. Moreover, to determine a concrete approx-
imation from Vn = W1 + · · · + Wn , we will proceed differently. We will use the
algorithm outlined in Algorithm 1.

Algorithm 1: Multiscale approximation
Input : Right-hand side f , Number of levels n
Output : Approximate solution fn ∈ Vn = W1 + · · · + Wn

Set f0 = 0, e0 = f
for j = 1, 2, . . . , n do

Determine a local approximant s j ∈ W j to e j−1.
Set f j = f j−1 + s j .
Set e j = e j−1 − s j .

The algorithm does exactly what we explained in the introduction. It starts with a
coarse approximation, forms the residual, approximates the residual on a finer scale,
forms the residual and so on.

Note that, by induction, Algorithm 1 introduces local approximations s j , current
approximations f j and residuals e j , which are connected via

f j = s1 + · · · + s j , (1)

e j = f − (s1 + · · · + s j ). (2)

It is interesting to see what this algorithm means in matrix form. Since we assume that
each W j is finite dimensional, we can represent the approximant s j ∈ W j as a linear
combination of the basis functions in W j . To explain this in more detail, let us write

X j = {x( j)
1 , . . . , x( j)

N j
}. Then, we have a representation of the form

s j =
N j∑

k=1

α
( j)
k Φ j (·, x( j)

k ).

Let us assume that the process to determine the local approximant is a linear one.
Then, there exists a matrix A j ∈ R

N j ×N j such that

α( j) = A−1
j (e j−1|X j ). (3)
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Multiscale analysis in Sobolev spaces on bounded domains 497

Furthermore, if we introduce the evaluation matrices

B jk := (Φk(x
( j)
i , x(k)

� )) ∈ R
N j ×Nk ,

the representation (2) restricted to X j gives

A jα
( j) = f ( j) −

j−1∑

k=1

B jkα
(k),

with f ( j) = f |X j ∈ R
N j . Hence, if we collect all these equations in one linear system,

we obtain a triangular system of the form

⎛

⎜⎜⎜⎜⎜⎝

A1
B21 A2
B31 B32 A3
...

... · · · . . .

Bn1 Bn2 · · · Bn,n−1 An

⎞

⎟⎟⎟⎟⎟⎠

⎛

⎜⎜⎜⎜⎜⎝

α(1)

α(2)

α(3)

...

α(n)

⎞

⎟⎟⎟⎟⎟⎠
=

⎛

⎜⎜⎜⎜⎜⎝

f (1)

f (2)

f (3)

...

f (n)

⎞

⎟⎟⎟⎟⎟⎠
,

and Algorithm 1 simply solves this system by mimicking the standard forward sub-
stitution for classical lower triangular systems. However, since the diagonal elements
are now matrices, in each step we have to solve a linear system with a growing number
of unknowns. We will see that this can be done in linear time since the matrices A j

are positive definite, sparse, having roughly the same number of non-zero entries per
row, and their condition number is independent of the level.

In this paper, we will investigate two different types of approximation processes
to determine the local approximations s j , interpolation and a penalized least-squares
approach sometimes referred to as smoothing splines or smoothed approximation.

3 Function spaces

It is now time to specify the analytic setting in which our approximation scheme will
work.

We will assume that our functions are defined on a bounded domain Ω with a
Lipschitz boundary. This gives rise to an extension operator for functions defined in
Sobolev spaces. The following result comes from [13, Theorem 5, Section 3.1] for
integer τ and extends to real τ ≥ 0 by standard interpolation in Sobolev spaces, see
also [1].

Proposition 1 Suppose Ω ⊆ R
d is open and has a Lipschitz boundary. Let τ ≥ 0.

Then, there exists a linear operator E : H τ (Ω) → H τ (Rd), such that, for all f ∈
H τ (Ω),

1. E f |Ω = f |Ω ,
2. ‖E f ‖H τ (Rd ) ≤ Cτ‖ f ‖H τ (Ω),
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498 H. Wendland

i.e., E is a bounded extension operator. Furthermore, the same operator E can be
used for every τ ≥ 0.

It is important to see that only the constant may depend on τ but not the extension
operator, meaning that for a fixed Ω ⊆ R

d the same extension operator can be used
for all Sobolev spaces H τ (Ω), τ ≥ 0.

This allows us to identify a function f ∈ H τ (Ω) with its extension E f ∈ H τ (Rd)

and, since we obviously have,

‖ f ‖H τ (Ω) ≤ ‖E f ‖H τ (Rd ) ≤ Cτ‖ f ‖H τ (Ω),

we see that f �→ ‖E f ‖H τ (Rd ) effectively defines a norm on H τ (Ω), which is equiva-
lent to any other standard norm on H τ (Ω). This interplay between f and its extension
E f will be of quite some importance in our analysis of the multiscale approximation
scheme.

In particular, it allows us to restrict quite a large part of our analysis to H τ (Rd),
where, for g ∈ H τ (Rd), we have the alternative norm

‖g‖2
H τ (Rd )

=
∫

Rd

|̂g(ω)|2(1 + ‖ω‖2
2)

τ dω

using the Fourier transform

ĝ(ω) = (2π)−d/2
∫

Rd

g(x)e−ixT ωdx.

This alternative way of characterizing functions from H τ (Rd) gives us the neces-
sary leeway to work with compactly supported radial basis functions. There exist such
basis functions (see [12,15]), which have a Fourier transform satisfying

c1(1 + ‖ω‖2
2)

−τ ≤ Φ̂(ω) ≤ c2(1 + ‖ω‖2
2)

−τ , ω ∈ R
d , (4)

with two fixed constants 0 < c1 ≤ c2.
This means that the associated reproducing kernel Hilbert space (or native space)

NΦ(Rd) of Φ which consists of all functions g ∈ L2(R
d) with

‖g‖2
Φ =

∫

Rd

|̂g(ω)|2
Φ̂(ω)

dω < ∞

is norm-equivalent to the Sobolev space H τ (Rd). We will scale this basis function in
the following way. Let Φδ be defined by

Φδ(x) := δ−dΦ(x/δ), (5)
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Multiscale analysis in Sobolev spaces on bounded domains 499

such that it has a Fourier transform Φ̂δ(ω) = Φ̂(δω) satisfying

c1

(
1 + δ2‖ω‖2

2

)−τ ≤ Φ̂δ(ω) ≤ c2

(
1 + δ2‖ω‖2

2

)−τ

, ω ∈ R
d . (6)

Using a scaled basis function yields the following norm equivalence.

Lemma 1 For every δ ∈ (0, 1] we have NΦδ (R
d) = H τ (Rd) and for every g ∈

H τ (Rd), we have the norm equivalence

c1/2
1 ‖g‖Φδ ≤ ‖g‖H τ (Rd ) ≤ c1/2

2 δ−τ‖g‖Φδ ,

Proof For δ ≤ 1 we have

(
1 + ‖ω‖2

2

)τ = δ−2τ
(
δ2 + δ2‖ω‖2

2

)τ ≤ δ−2τ
(

1 + δ2‖ω‖2
2

)τ

.

Hence, the definition of the Sobolev and native space norms and (6) yield for δ ≤ 1
that

‖g‖2
H τ (Rd )

=
∫

Rd

|̂g(ω)|2
(

1 + ‖ω‖2
2

)τ

dω

≤ δ−2τ

∫

Rd

|̂g(ω)|2
(

1 + δ2‖ω‖2
2

)τ

dω

≤ c2δ
−2τ

∫

Rd

|̂g(ω)|2
Φ̂δ(ω)

dω

= c2δ
−2τ‖g‖2

Φδ
.

This gives the upper bound. The lower bound simply follows from

‖g‖2
H τ (Rd )

=
∫

Rd

|̂g(ω)|2
(

1 + ‖ω‖2
2

)τ

dω

≥
∫

Rd

|̂g(ω)|2
(

1 + δ2‖ω‖2
2

)τ

dω

≥ c1‖g‖2
Φδ

,

which obviously holds for δ ∈ (0, 1]. �
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500 H. Wendland

Let us remark that the condition δ ≤ 1 can be relaxed to δ ≤ δ0 for any δ0 > 0 at
the price of having constants depending on δ0.

4 Multiscale interpolation of smooth functions

We will now start our analysis of the multiscale approximation algorithm. In this sec-
tion, we will assume that the local approximants s j are interpolants using the scaled
kernel

Φ j (x, y) = δ−d
j Φ((x − y)/δ j ), x, y ∈ R

d , (7)

where Φ satisfies (4). This means, we can write

s j (x) = IX j ,δ j e j−1(x) =
N j∑

k=1

α
( j)
k Φ j (x, x( j)

k ), x ∈ R
d ,

introducing the interpolation operator IX j ,δ j , which maps a continuous function,
known at the data sites X j to its interpolant based on the data set X j and the scaled
basis function Φ j .

The coefficient vector α( j) is determined by solving the linear system (3) with

A j = (Φ j (x
( j)
i , x( j)

k ))1≤i,k≤N j .

Though we only need f to be continuous to make interpolation possible, we will
here, in contrast to the next section, assume that f ∈ H τ (Ω), i.e., E f ∈ NΦ j (R

d) =
H τ (Rd).

It is important to note that, since we assume X j ⊆ Ω , we also have that the inter-
polant to e j−1 ∈ H τ (Ω) is identical to the interpolant to Ee j−1 ∈ H τ (Rd), meaning

IX j ,δ j e j−1 = IX j ,δ j Ee j−1.

Furthermore, optimality of the interpolation process guarantees

‖Ee j−1 − IX j ,δ j Ee j−1‖Φ j ≤ ‖Ee j−1‖Φ j .

Finally, we need the following result from [8].

Lemma 2 Let Ω ⊆ R
d be a bounded domain with Lipschitz boundary. Let τ > d/2.

Let X ⊆ Ω be a finite point set with sufficiently small mesh norm h X,Ω . Then, there
is a constant C > 0, independent of X, such that for all f ∈ H τ (Ω) vanishing on X,
we have

‖ f ‖Hμ(Ω) ≤ Chτ−μ
X,Ω‖ f ‖H τ (Ω).

for 0 ≤ μ ≤ τ .
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Multiscale analysis in Sobolev spaces on bounded domains 501

The next theorem is our main convergence result for target functions from the
associated reproducing kernel Hilbert space.

Theorem 1 Let Ω ⊆ R
d be a bounded domain with Lipschitz boundary. Let X1,

X2, . . . be a sequence of point sets in Ω with mesh norms h1, h2, . . . satisfying cμh j ≤
h j+1 ≤ μh j for j = 1, 2, . . . with fixed μ ∈ (0, 1), c ∈ (0, 1] and h1 sufficiently
small. Let Φ be a kernel generating H τ (Rd), i.e., satisfying (4) and let Φ j be defined
by (7) with scale factor δ j = νh j . Assume 1/h1 ≥ ν ≥ γ /μ with a fixed γ > 0. Let
the target function f belong to H τ (Ω). Then, there exists a constant C1 = C1(γ ) > 0
such that, with α = C1μ

τ ,

‖Ee j‖Φ j+1 ≤ α‖Ee j−1‖Φ j for j = 1, 2, 3, . . .

and hence there exists a constant C > 0 such that

‖ f − fn‖L2(Ω) ≤ Cαn‖ f ‖H τ (Ω) for n = 1, 2, . . .

Thus the multiscale approximation fn converges linearly to f in the L2 norm if α =
C1μ

τ < 1.

Proof First of all note that δ j+1 = νh j+1 ≤ νμh j = μδ j < δ j and hence δ j+1 <

δ1 = νh1 ≤ 1 such that we can apply Lemma 1 in the following. Using the extension
operator : E : H τ (Ω) → H τ (Rd) we have

‖Ee j‖2
Φ j+1

≤ 1

c1

∫

Rd

|̂Ee j (ω)|2
(

1 + δ2
j+1‖ω‖2

2

)τ

dω =: 1

c1
(I1 + I2)

with

I1 :=
∫

‖ω‖2≤ 1
δ j+1

|̂Ee j (ω)|2
(

1 + δ2
j+1‖ω‖2

2

)τ

dω,

I2 :=
∫

‖ω‖2≥ 1
δ j+1

|̂Ee j (ω)|2
(

1 + δ2
j+1‖ω‖2

2

)τ

dω.

We are now going to estimate both integrals separately. To this end, it is helpful to
observe that the interpolant at X j to e j−1 is the same as the interpolant to Ee j−1 since
both functions coincide on X j ⊆ Ω . From this, it follows that

‖e j‖H τ (Ω) = ‖e j−1 − IX j ,δ j e j−1‖H τ (Ω)

= ‖Ee j−1 − IX j ,δ j Ee j−1‖H τ (Ω)

≤ ‖Ee j−1 − IX j ,δ j Ee j−1‖H τ (Rd )

≤ Cδ−τ
j ‖Ee j−1 − IX j ,δ j Ee j−1‖Φ j

≤ Cδ−τ
j ‖Ee j−1‖Φ j , (8)
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502 H. Wendland

where we have used Lemma 1 and the fact that the interpolant is norm-minimal with
respect to the Φ j -norm. Consequently, the constant appearing here depends only on
the equivalence constants given in Lemma 1.

For the first integral we use δ j+1‖ω‖2 ≤ 1 and then Lemma 2, because e j vanishes
on X j . This yields

I1 ≤ 2τ

∫

‖ω‖2≤1/δ j+1

|̂Ee j (ω)|2dω

≤ 2τ

∫

Rd

|̂Ee j (ω)|2dω = 2τ‖Ee j‖2
L2(Rd )

≤ 2τ C0‖e j‖2
L2(Ω) ≤ Ch2τ

j ‖e j‖2
H τ (Ω)

≤ C

(
h j

δ j

)2τ

‖Ee j−1‖2
Φ j

≤ Cμ2τ‖Ee j−1‖2
Φ j

,

where the last two steps follow from (8) and since h j/δ j = h j/(νh j ) = 1/ν ≤ μ/γ .
Note that the constant appearing in the last line depends on the smoothness τ , the
extension constant from Proposition 1, the equivalence constants from Lemma 1,
the constant from Lemma 2 and on γ , i.e., it is of the form C = C(Φ,Ω, τ, γ ) =
C(Φ,Ω, τ)γ −2τ . The estimate itself is valid if h j is sufficiently small.

For the second integral, I2, we observe that δ j+1‖ω‖2 ≥ 1 implies

(
1 + δ2

j+1‖ω‖2
2

)τ ≤ 2τ δ2τ
j+1‖ω‖2τ

2 ≤ 2τ δ2τ
j+1

(
1 + ‖ω‖2

2

)τ

,

such that, by (8),

I2 ≤ 2τ δ2τ
j+1

∫

Rd

|̂Ee j (ω)|2
(

1 + ‖ω‖2
2

)τ

dω = 2τ δ2τ
j+1‖Ee j‖2

H τ (Rd )

≤ Cδ2τ
j+1‖e j‖2

H τ (Ω) ≤ C

(
δ j+1

δ j

)2τ

‖Ee j−1‖2
Φ j

≤ Cμ2τ‖Ee j−1‖2
Φ j

.

This time the constant depends only on τ , the extension constant from Proposition 1
and the equivalence constant from Lemma 1, i.e., it is of the form C = C(Φ,Ω, τ).

Putting things together, we see that we have

‖Ee j‖Φ j+1 ≤ C1μ
τ‖Ee j−1‖Φ j ≤ α‖Ee j−1‖Φ j ,

provided C1μ
τ ≤ α, which is the first statement of our theorem. Note that the final

constant takes the form C1 = C1(Φ,Ω, τ, γ ) = C1(Φ,Ω, τ)(1 + γ −2τ ). Finally,
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Multiscale analysis in Sobolev spaces on bounded domains 503

since en = f − fn vanishes on Xn , we have by Lemma 2 and Lemma 1 that

‖ f − fn‖L2(Ω) = ‖en‖L2(Ω) ≤ Chτ
n‖en‖H τ (Ω)

≤ Chτ
n‖Een‖H τ (Rd )

≤ Chτ
nδ−τ

n+1‖Een‖Φn+1

= C‖Een‖Φn+1 ,

since hn/δn+1 = hn/(νhn+1) ≤ 1/(cγ ). Now we can apply the first step n times to
derive

‖ f − fn‖L2(Ω) ≤ Cαn‖E f ‖Φ1 ≤ Cαn‖E f ‖H τ (Rd ) ≤ Cαn‖ f ‖H τ (Ω),

which is the stated bound. �
It is now a good time to have another look at the context of multiresolution analysis.

As pointed out in Sect. 2, we define spaces

W j = span{Φ j (·, x) : x ∈ X j },
Vj = W1 + · · · + W j ,

where the W j take over the role of the detail spaces of a classical multiresolution
analysis. Furthermore, we have the following properties, which can be proven exactly
in the same way, as it has been done in [6].

Proposition 2 Let V0 = {0}. Then, for every j ≥ 0, V j is a closed and finite dimen-
sional subspace of L2(Ω), actually even of H τ (Ω), and

1. Vj ⊆ Vj+1,
2. ∪∞

j=0Vj = L2(Ω), where the closure is with respect to the L2(Ω) norm.

Furthermore, the following sum is direct for every j ≥ 1,

Vj = Vj−1 ⊕ W j ,

which also means that

∞⊕

j=1

W j = L2(Ω).

Obviously, because of the fact that we are working with scattered data sites, we cannot
expect a property of the form f ∈ Vj if and only if f (·/δ j ) ∈ V1. This will also
not be true for regular data sites and scaling, since compactly supported radial basis
functions usually do not satisfy any kind of refinement equation.

However, a refinement equation is only important for a specific algorithm to com-
pute best L2 approximations from Vj , which is not our goal. Instead, we are using
Algorithm 1.
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504 H. Wendland

5 Multiscale interpolation of rough functions

It is now our goal to extend the convergence results of Theorem 1 to the situation of
rougher target functions. To be more precise, throughout this section we will assume,
as in the last section, that our interpolants are formed using a reproducing kernel Φ of
H τ (Rd) but now the target function f belongs only to Hβ(Rd) with τ ≥ β > d/2.
The assumption β > d/2 is still necessary since we are talking about interpolation
and hence need continuous point evaluations. We will denote the reproducing kernel
of Hβ(Rd) by Ψ : R

d → R, which means that we have

Ψ̂ (ω) = (1 + ‖ω‖2
2)

−β, ω ∈ R
d .

We will scale this kernel exactly as we did it withΦ, i.e., we defineΨδ(x) = δ−dΨ (x/δ)

and

Ψ j (x, y) = δ−d
j Ψ ((x − y)/δ j ).

In deriving our convergence result, we will use the following essential result from
[8], which guarantees the existence of an interpolating and almost best approximating
band-limited function. Let B(0, σ ) ⊆ R

d denote the ball with radius σ and center 0
in R

d . Let

Bσ = { f ∈ L2(R
d) : supp( f̂ ) ⊆ B(0, σ )}

and

distHβ(Rd )( f,Bσ ) = inf
g∈Bσ

‖ f − g‖Hβ(Rd ).

Then, the following result holds.

Lemma 3 Let X ⊆ R
d be a finite point set. Let β, t ∈ R, β > d/2, t ≥ 0. If

f ∈ Hβ+t (Rd) then there exists an fσ ∈ Bσ such that fσ |X = f |X and

‖ f − fσ ‖Hβ(Rd ) ≤ 5 · distHβ(Rd )( f,Bσ ) ≤ 5κ−t qt
X‖ f ‖Hβ+t (Rd ),

with σ = κ/qX , where κ ≥ 1 depends only on d and β.

A consequence of this result is, for example, that we have

‖ fσ ‖Hβ(Rd ) ≤ 6‖ f ‖Hβ(Rd ).

We will now derive a series of auxiliary results. We start with a version of Lemma 3
for scaled Sobolev spaces.
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Lemma 4 Let f ∈ Hβ(Rd), β > d/2 and let X ⊆ R
d be a finite subset with separa-

tion distance qX . Let δ ∈ (0, 1] be given and σ = κδ/qX with κ ≥ 1 from Lemma 3.
Then, there exists a function fσ/δ ∈ Bσ/δ with fσ/δ|X = f |X and

‖ f − fσ/δ‖Ψδ ≤ 5‖ f ‖Ψδ .

Proof Let us define g ∈ Hβ(Rd) by g(x) = δd/2 f (δx). Then we have ĝ(ω) =
δ−d/2 f̂ (ω/δ) and hence

‖g‖2
Hβ(Rd )

=
∫

Rd

|̂g(ω)|2
(

1 + ‖ω‖2
2

)β

dω

= δ−d
∫

Rd

| f̂ (ω/δ)|2
(

1 + ‖ω‖2
2

)β

dω

=
∫

Rd

| f̂ (ω)|2
(

1 + δ2‖ω‖2
2

)β

dω

= ‖ f ‖2
Ψδ

,

i.e., ‖g‖Hβ(Rd ) = ‖ f ‖Ψδ . Let us define the set Y = X/δ = {x/δ : x ∈ X}, which
obviously has separation distance qY = qX/δ. Lemma 3 guarantees the existence
of a gσ ∈ Bσ with σ = κ/qY = δκ/qX and gσ |Y = g|Y and ‖g − gσ ‖Hβ(Rd ) ≤
5‖g‖Hβ(Rd ). We can now define fσ/δ(x) := δ−d/2gσ (x/δ), which has Fourier trans-

form f̂σ/δ(ω) = δd/2 ĝσ (δω). Since gσ ∈ Bσ this means in particular fσ/δ ∈ Bσ/δ .
Furthermore, we have, for x j ∈ X ,

fσ/δ(x j ) = δ−d/2gσ (x j/δ) = δ−d/2gσ (y j ) = δ−d/2g(y j ) = f (δy j )

= f (x j ),

i.e., fσ/δ|X = f |X . Finally, since ‖ fσ/δ‖Ψδ = ‖gσ ‖Hβ(Rd ) and ‖g − gσ ‖Hβ(Rd ) =
‖ f − fσ/δ‖Ψδ , Lemma 3 yields also the stated bound. �

The next lemma is a sort of inverse inequality for our scaled spaces.

Lemma 5 Let f ∈ Hβ(Rd) and δ ∈ (0, 1]. Let X ⊆ R
d be a finite set with qX ≤ δ.

Choose κ , σ = κδ/qX and fσ/δ ∈ Bσ/δ according to Lemma 4. Then,

‖ fσ/δ‖Φδ ≤ Cσ τ−β‖ f ‖Ψδ .
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Proof Lemma 4 and σ = δκ/qX ≥ 1 give

‖ fσ/δ‖2
Φδ

=
∫

‖ω‖2≤σ/δ

|̂ fσ/δ(ω)|2
(

1 + δ2‖ω‖2
2

)τ

dω

=
∫

‖ω‖2≤σ/δ

|̂ fσ/δ(ω)|2(1 + δ2‖ω‖2
2)

β(1 + δ2‖ω‖2
2)

τ−βdω

≤ (1 + σ 2)τ−β‖ fσ/δ‖2
Ψδ

≤ 36(1 + σ 2)τ−β‖ f ‖2
Ψδ

≤ 36 · 2τ−βσ 2τ−2β‖ f ‖2
Ψδ

,

as required. �

The next lemma mimics estimate (8) in the situation of rougher target functions.
We need now, however, that our data sets are quasi-uniform.

Lemma 6 Let Ω ⊆ R
d be a bounded domain with a Lipschitz boundary. Let X j ⊆ Ω

with q j ≤ h j ≤ cqq j and q j ≤ δ j . Then,

‖e j‖Hβ(Ω) ≤ Cδ
−β
j ‖Ee j−1‖Ψ j .

Proof The idea is to use a band-limited interpolating approximant for Ee j−1. Hence,
we start by splitting the error in the form

‖e j‖Hβ(Ω) = ‖e j−1 − IX j ,δ j e j−1‖Hβ(Ω)

= ‖Ee j−1 − IX j ,δ j Ee j−1‖Hβ(Ω)

≤ ‖Ee j−1 − (Ee j−1)σ j /δ j ‖Hβ(Ω)

+ ‖(Ee j−1)σ j /δ j − IX j ,δ j (Ee j−1)σ j /δ j ‖Hβ(Ω),

where we chose σ j = κδ j/q j according to Lemma 4. The first term can be bounded
via

‖Ee j−1 − (Ee j−1)σ j /δ j ‖Hβ(Ω) ≤ ‖Ee j−1 − (Ee j−1)σ j /δ j ‖Hβ(Rd )

≤ δ
−β
j ‖Ee j−1 − (Ee j−1)σ j /δ j ‖Ψ j

≤ 5δ
−β
j ‖Ee j−1‖Ψ j ,

using Lemma 1 and Lemma 4. For the second term we use Lemma 2, Lemma 1, the
optimality of the interpolant in the ‖ · ‖Φ j norm, Lemma 5, and the definition of σ j ,
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respectively, to conclude that

‖(Ee j−1)σ j /δ j − IX j ,δ j (Ee j−1)σ j /δ j ‖Hβ(Ω)

≤ Chτ−β
j ‖(Ee j−1)σ j /δ j − IX j ,δ j (Ee j−1)σ j /δ j ‖H τ (Ω)

≤ Chτ−β
j δ−τ

j ‖(Ee j−1)σ j /δ j − IX j ,δ j (Ee j−1)σ j /δ j ‖Φ j

≤ Chτ−β
j δ−τ

j ‖(Ee j−1)σ j /δ j ‖Φ j

≤ Chτ−β
j δ−τ

j σ
τ−β
j ‖Ee j−1‖Ψ j

= Cδ
−β
j (κh j/q j )

τ−β‖Ee j−1‖Ψ j .

Taking both bounds together finally gives

‖e j‖Hβ(Ω) ≤ Cδ
−β
j

[
1 +

(
κ

h j

q j

)τ−β
]

‖Ee j−1‖Ψ j ,

which is the desired result since h j ≤ cqq j . �
Now we are in a position to prove that the multilevel algorithm also converges for

target functions from Hβ(Ω).

Theorem 2 Let Ω ⊆ R
d be a bounded domain with Lipschitz boundary.

Let X1, X2, . . . be a sequence of point sets in Ω with mesh norms h1, h2, . . . and
separation distances q1, q2, . . . satisfying

1. cμh j ≤ h j+1 ≤ μh j for j = 1, 2, . . . with μ ∈ (0, 1), c ∈ (0, 1],
2. q j ≤ h j ≤ cqq j for j = 1, 2, . . . with cq > 0.

Let Φ be a kernel generating H τ (Rd), i.e., satisfying (4) and let Φ j be defined by (7)
with scale factor δ j = νh j with 1/h1 ≥ ν ≥ γ /μ ≥ 1 with a fixed γ > 0. Let Ψ be
the kernel generating Hβ(Rd) with τ ≥ β > d/2 and let Ψ j be the scaled version
using the same scale factor δ j . Assume that the target function f belongs to Hβ(Ω).
Then, there exists a constant C1 = C1(γ ) > 0 such that, with α = C1μ

β ,

‖Ee j‖Ψ j+1 ≤ α‖Ee j−1‖Ψ j for j = 1, 2, 3, . . .

and hence there exists a constant C > 0 such that

‖ f − fn‖L2(Ω) ≤ Cαn‖ f ‖Hβ(Ω) for n = 1, 2, . . .

Thus the multiscale approximation fn converges linearly to f in the L2 norm if α =
C1μ

β < 1.

Proof The proof is now very much the same as the proof of Theorem 1. As in the proof
of Theorem 1 we can conclude that δ j ≤ 1 for all j . Moreover, we have δ j ≥ h j ≥ q j .
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Thus, we can use Lemma 6. We start again with

‖Ee j‖2
Ψ j+1

=
∫

Rd

|̂Ee j (ω)|2(1 + δ2
j+1‖ω‖2

2)
βdω =: I1 + I2

with

I1 :=
∫

‖ω‖2≤ 1
δ j+1

|̂Ee j (ω)|2
(

1 + δ2
j+1‖ω‖2

2

)β

dω,

I2 :=
∫

‖ω‖2≥ 1
δ j+1

|̂Ee j (ω)|2
(

1 + δ2
j+1‖ω‖2

2

)β

dω.

For the first integral we use δ j+1‖ω‖2 ≤ 1 and then Lemma 2, because e j vanishes
on X j , and finally Lemma 6, to derive

I1 ≤ 2β

∫

‖ω‖2≤1/δ j+1

|̂Ee j (ω)|2dω

≤ 2β

∫

Rd

|̂Ee j (ω)|2dω = 2β‖Ee j‖2
L2(Rd )

≤ 2βC0‖e j‖2
L2(Ω) ≤ Ch2β

j ‖e j‖2
Hβ(Ω)

≤ C

(
h j

δ j

)2β

‖Ee j−1‖2
Ψ j

≤ Cμ2β‖Ee j−1‖2
Ψ j

.

For the second integral, I2, we observe that δ j+1‖ω‖2 ≥ 1 implies

(
1 + δ2

j+1‖ω‖2
2

)β ≤ 2βδ
2β
j+1‖ω‖2β

2 ≤ 2βδ
2β
j+1

(
1 + ‖ω‖2

2

)β

,

so that, again with Lemma 6,

I2 ≤ 2βδ
2β
j+1

∫

Rd

|̂Ee j (ω)|2
(

1 + ‖ω‖2
2

)β

dω = 2βδ
2β
j+1‖Ee j‖2

Hβ(Rd )

≤ Cδ
2β
j+1‖e j‖2

Hβ(Ω)
≤ C

(
δ j+1

δ j

)2β

‖Ee j−1‖2
Ψ j

≤ Cμ2β‖Ee j−1‖2
Ψ j
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Putting things together, we see that we have

‖Ee j‖Ψ j+1 ≤ C1μ
β‖Ee j−1‖Ψ j ≤ α‖Ee j−1‖Ψ j ,

provided that C1μ
β ≤ α, which is the first statement of our theorem. Finally, since

en = f − fn vanishes on Xn , we have by Lemmas 2 and 1 that

‖ f − fn‖L2(Ω) = ‖en‖L2(Ω) ≤ Chβ
n ‖en‖Hβ(Ω)

≤ Chβ
n ‖Een‖Hβ(Rd )

≤ Chβ
n δ

−β
n+1‖Een‖Ψn+1

= C‖Een‖Ψn+1 ,

since hn/δn+1 = hn/(νhn+1) ≤ 1/(cγ ). Now we can apply the first step n times to
derive

‖ f − fn‖L2(Ω) ≤ Cαn‖E f ‖Ψ1 ≤ Cαn‖E f ‖Hβ(Rd ) ≤ Cαn‖ f ‖Hβ(Ω),

as stated. �

6 Multiscale approximation with smoothing

In the case of non-exact data, interpolation usually is not the best choice. Instead, one
often tries to solve a penalized least-squares problem of the form

min

⎧
⎨

⎩

N∑

j=1

|s(x j ) − f (x j )|2 + ε‖s‖2
H τ (Rd )

: s ∈ H τ (Rd)

⎫
⎬

⎭

for given data X = {x1, . . . , xN } and f |X = ( f (x1), . . . , f (xN ))T and with a smooth-
ing parameter ε > 0. It is well known that the solution to this problem also has the
form

sε =
N∑

j=1

α jΦ(·, x j ),

with the reproducing kernel Φ of H τ (Rd). This time, however, the coefficients α are
determined by the linear system

(A + ε I )α = f |X

with A = (Φ(xi , x j )) and I the identity on R
N , see for example [14]. An immediate

consequence of this is that, as in the case of interpolation, the solution sε depends on
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the target function f only via its values at X , meaning particularly that the smoothed
approximation to f is the same as the smoothed approximation to E f .

Of course, it is possible to employ this reconstruction in the multiscale algorithm.
This means that the local reconstruction s j is given as the solution of

min

⎧
⎨

⎩
∑

x∈X j

|e j−1(x) − s(x)|2 + ε j‖s‖2
Φ j

: s ∈ H τ (Rd)

⎫
⎬

⎭ . (9)

Since s = Ee j−1 is a feasible candidate with s|X j = e j−1|X j , a direct consequence
of this is that the new approximation s j and the new residual e j = e j−1 − s j satisfy
the bounds

‖e j‖L∞(X j ) = ‖e j−1 − s j‖L∞(X j ) ≤ √
ε j‖Ee j−1‖Φ j , (10)

‖s j‖Φ j ≤ ‖Ee j−1‖Φ j . (11)

We also need the following sampling inequality, which comes from [17] and gen-
eralizes Lemma 2.

Lemma 7 Let Ω ⊆ R
d be a bounded domain with a Lipschitz boundary. Let τ > d/2.

Then, there is a constant C > 0 such that for all finite sets X ⊆ Ω with sufficiently
small mesh norm h and all f ∈ H τ (Ω) we have

‖ f ‖L2(Ω) ≤ C
(
hτ‖ f ‖H τ (Ω) + ‖ f ‖L∞(X)

)
.

With these ingredients, it is now easy to show that, assuming a certain choice of
the smoothing parameters, the multiscale algorithm converges also in this situation.

Theorem 3 Let Ω ⊆ R
d be a bounded domain with Lipschitz boundary.

Let X1, X2, . . . be a sequence of point sets in Ω with mesh norms h1, h2, . . . sat-
isfying cμh j ≤ h j+1 ≤ μh j for j = 1, 2, . . . with fixed μ ∈ (0, 1), c ∈ (0, 1] and
h1 sufficiently small. Let Φ be a kernel generating H τ (Rd), i.e., satisfying (4) and let
Φ j be defined by (7) with scale factor δ j = νh j with 1/h1 ≥ ν ≥ γ /μ with a fixed
γ > 0. Assume that the target function f belongs to H τ (Ω). Let s j be the reconstruc-
tion from (9) and assume that the smoothing parameters satisfy ε j ≤ κ(h j/δ j )

2τ with
a fixed constant κ > 0. Then, there exists a constant C1 = C1(γ ) > 0 such that, with
α = C1μ

τ ,

‖Ee j‖Φ j+1 ≤ α‖Ee j−1‖Φ j for j = 1, 2, 3, . . .

and hence there exists a constant C > 0 such that

‖ f − fn‖L2(Ω) ≤ Cαn‖ f ‖H τ (Ω) for n = 1, 2, . . .

Thus the multiscale approximation fn converges linearly to f in the L2 norm if α =
C1μ

τ < 1.
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Proof We proceed once again as in the proof of Theorem 1. Since we have the same
assumptions on h j and δ j we in particular have δ j ≤ 1.

First, we derive the following bound, using the now familiar extension operator E ,
Lemma 1 and (11),

‖e j‖H τ (Ω) = ‖e j−1 − s j‖H τ (Ω) = ‖Ee j−1 − s j‖H τ (Ω)

≤ Cδ−τ
j ‖Ee j−1 − s j‖Φ j

≤ Cδ−τ
j ‖Ee j−1‖Φ j . (12)

As in the proof of Theorem 1, we split

‖Ee j‖2
Φ j+1

≤ 1

c1

∫

Rd

|̂Ee j (ω)|2
(

1 + δ2
j+1‖ω‖2

2

)τ

dω =: 1

c1
(I1 + I2)

with

I1 :=
∫

‖ω‖2≤ 1
δ j+1

|̂Ee j (ω)|2
(

1 + δ2
j+1‖ω‖2

2

)τ

dω,

I2 :=
∫

‖ω‖2≥ 1
δ j+1

|̂Ee j (ω)|2
(

1 + δ2
j+1‖ω‖2

2

)τ

dω.

As in the proof of Theorem 1, we estimate both integrals separately. For I1, we use
Lemma 7, the bounds (10) and (12), Lemma 1, the upper bound on ε j and the general
assumption on μ, h j , δ j , respectively, to derive

I1 ≤ C‖Ee j‖2
L2(Rd )

≤ C‖e j‖2
L2(Ω)

≤ C
(

hτ
j ‖e j‖H τ (Ω) + ‖e j‖L∞(X j )

)2

≤ C

((
h j

δ j

)τ

‖Ee j−1‖Φ j + √
ε j‖Ee j−1‖Φ j

)2

= C

((
h j

δ j

)τ

+ √
ε j

)2

‖Ee j−1‖2
Φ j

≤ Cμ2τ‖Ee j−1‖2
Φ j

.

For I2, we follow the previous estimates and then use (12) to derive

I2 ≤ Cδ2τ
j+1‖Ee j‖2

H τ (Rd )
≤ Cδ2τ

j+1‖e j‖2
H τ (Ω)

≤ C

(
δ j+1

δ j

)2τ

‖Ee j−1‖2
Φ j

≤ Cμ2τ‖Ee j−1‖2
Φ j

.
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Taking both bounds on I1 and I2 together yields the first statement of the theorem.
The second part follows as for the upper bound of I1. We use Lemma 7 and bounds

(10) and (12) for en = f − fn to derive

‖ f − fn‖L2(Ω) = ‖en‖L2(Ω) ≤ C
(
hτ

n‖en‖H τ (Ω) + ‖en‖L∞(Xn)

)

≤ C

((
hn

δn

)τ

‖Een−1‖Φn + √
εn‖Een−1‖Φn

)

≤ Cμτ‖Een−1‖Φn

= α‖Een−1‖Φn .

Now we can apply the first step n − 1 times to derive

‖ f − fn‖L2(Ω) ≤ Cαn‖E f ‖Φ1 ≤ Cαn‖E f ‖H τ (Rd ) ≤ Cαn‖ f ‖H τ (Ω),

which is the stated result. �

7 Computational aspects and numerical examples

In this section we will look at the computational cost of the multiscale method and
provide examples. However, since the analysis of the computational cost is exactly the
same as it has been in the sphere case [6], we will only cite the corresponding result.
Moreover, since numerical evidence of the scheme, including real-world applications,
has already been given in [2] and [16], we will focus on verifying approximation
orders. To this end, we will rewrite the convergence results of Theorem 1 in terms of
the fill distance hn of the finest data set. So far, the resulting bound is not optimal,
since it contains a factor Cn

1 , where C1 is the constant in α = C1μ
τ .

The results on the computational complexity can be summarized as follows.

Theorem 4 Suppose that the data sets used in each step of the multiscale algorithm
are quasi-uniform. Then, the condition number of each interpolation matrix can be
bounded independently of the level. Hence, for a given precision, the conjugate gra-
dient method can solve the linear systems on each level in linear time after a prepro-
cessing step, which collects the necessary information about the non-zero entries in
the interpolation matrix and which costs O(N j log N j ) time, where N j denotes the
number of points at that level.

From now on, we assume that we have a fine data set X ⊆ Ω , on which the target
function f is known. To derive the different scales for our multiscale algorithm, we
create a, possibly nested, sequence of point sets

X1, X2, X3, . . . , Xn = X,

where, for simplicity, we will assume that h1 = μ and for 1 ≤ j ≤ n,

δ j = νh j and h j+1 = μh j
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with ν = γ /μ. Then, for every f ∈ H τ (Ω), we are, for example, interested in the
approximation problem

min
{‖ f − v‖L2(Ω) : v ∈ W1 + · · · + Wn

}
.

In the situation of Sect. 4, we have by Lemma 2 and the proof of Theorem 1 an upper
bound of the form

‖ f − fn‖L2(Ω) ≤ Chτ
n‖ f − fn‖H τ (Ω)

≤ Chτ
nδ−τ

n+1‖Een‖Φn+1

≤ Cαn‖ f ‖H τ (Ω).

To analyze this estimate, it is helpful to express it entirely in terms of hn . Now,
since α = C1μ

τ with a constant C1 > 0, of which we do not know very much, and
hn = μn , we have μ = C−1/τ

1 α1/τ and hence

hn = μn = C−n/τ
1 αn/τ , hτ

n = C−n
1 αn,

such that we can rewrite the previous estimate as

‖ f − fn‖L2(Ω) ≤ CCn
1 hτ

n‖ f ‖H τ (Ω). (13)

This shows that we have roughly the same convergence as in the non-stationary setting
if we consider the number n of levels fixed and let hn tend to zero. Otherwise, the
constant Cn

1 will spoil the convergence order in the following sense. From hn = μn

we have that log hn = n log μ and hence

Cn
1 = C

log hn
log μ

1 = elog C1
log hn
log μ = h

log C1
log μ

n =: h−σ
n

with σ = − log C1/ log μ ≥ 0. This leads to an estimate of the form

En := ‖ f − fn‖L2(Ω) ≤ Chτ−σ
n ‖ f ‖H τ (Ω).

If we assume equality here, we can estimate τ −σ from two consecutive computations
via

E j+1

E j
=

(
h j+1

h j

)τ−σ

and hence

(τ − σ) =
log

h j+1
h j

log
E j+1

E j

. (14)
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Table 1 Number of points in each level and h j

Level 1 2 3 4 5 6 7 8 9 10

N 9 25 81 289 1089 4225 16641 66049 263169 1050625

h 0.5 0.25 0.125 0.0625 0.03125 0.015625 0.0078125 0.0039063 0.0019531 0.0009766

Table 2 Basis function = φ2,1 ∈ C2, expected order = 2.5

Level γ = 1.5 γ = 2

Error Order CG Error Order CG

1 1.774e−01 7 1.841e−01 7

2 2.691e−02 2.72 17 2.818e−02 2.71 20

3 4.957e−03 2.44 31 5.085e−03 2.47 45

4 3.994e−04 3.63 38 3.428e−04 3.89 67

5 8.270e−05 2.27 41 6.565e−05 2.38 84

6 1.866e−05 2.15 40 1.340e−05 2.29 85

7 4.261e−06 2.13 40 2.757e−06 2.28 86

8 9.772e−07 2.12 39 5.695e−07 2.28 85

9 2.241e−07 2.12 39 1.176e−07 2.28 84

10 4.929e−08 2.18 39 2.321e−08 2.34 84

A closer look at the proof of Theorem 1 shows that the constant C1 is of the form

C1 = C̃1

(
1 + γ −2τ

)1/2
,

where γ = νμ controls the size of the support radius relatively to the fill distance.
Hence, we can reduce this constant C1 by choosing a larger constant γ at the cost of
more non-zero entries in each row.

In our first example, we will test the influence of γ on the approximation order
τ − σ and hence on C1. To this end, we use a smooth target function, defined on the
unit square Ω = [0, 1]2 and we will distribute our points on a regular grid of size
h j = 2− j , i.e., we choose X j = h j Z

2 ∩Ω . Table 1 lists the number of points and h j .
Our target function is the standard Franke function, which is a sum of four expo-

nential terms, see [3]. To build our approximants, we use Φ = φ2,1(‖ · ‖2) ∈ C2(R2),
which is the standard C2 Wendland function, generating H2.5(Rd). We stopped the
iterations of the non-preconditioned CG method if the relative error falls under 10−6.
We tested even higher accuracies but the approximation errors stayed approximately
the same, only the number of CG iterations increased.

We ran a series of tests with varying γ . The results are shown in Tables 2, 3, 4, where
we have given, for each γ , the L2(Ω) error, discretized on a fine 2049 × 2049 grid,
the resulting approximation order according to (14) and the number of CG iterations
required.
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Table 3 Basis function = φ2,1 ∈ C2, expected order = 2.5

Level γ = 2.5 γ = 3

Error Order CG Error Order CG

1 1.888e−01 7 1.918e−01 7

2 2.861e−02 2.72 20 2.894e−02 2.73 23

3 5.174e−03 2.47 53 5.113e−03 2.50 61

4 3.332e−04 3.96 96 3.287e−04 3.96 125

5 5.893e−05 2.50 132 5.510e−05 2.58 197

6 1.125e−05 2.39 141 1.009e−05 2.45 227

7 2.170e−06 2.37 144 1.862e−06 2.44 229

8 4.201e−07 2.37 143 3.448e−07 2.43 231

9 8.126e−08 2.37 142 6.379e−08 2.43 231

10 1.502e−08 2.44 142 1.127e−08 2.50 231

Table 4 Basis function = φ2,1 ∈ C2, expected order = 2.5

Level γ = 3.5 γ = 4

Error Order CG Error Order CG

1 1.939e−01 8 1.954e−01 8

2 2.923e−02 2.73 24 2.948e−02 2.73 25

3 5.140e−03 2.51 68 5.175e−03 2.51 74

4 3.120e−04 4.04 147 3.166e−04 4.03 172

5 5.101e−05 2.61 260 4.965e−05 2.67 336

6 9.004e−06 2.50 329 8.514e−06 2.54 438

7 1.606e−06 2.49 347 1.474e−06 2.53 480

8 2.876e−07 2.48 347 2.561e−07 2.52 484

9 5.145e−08 2.48 345 4.447e−08 2.53 486

10 8.788e−09 2.55 346 7.367e−09 2.59 484

It seems that we can get the expected approximation order, or even better, if we
just choose γ sufficiently large. The number of CG iterations necessary to achieve the
desired accuracy becomes constant with a constant obviously depending on γ . It is
remarkable that even in the case of a larger γ like γ = 4, which leads already to a
maximum number of 289 non-zero entries per row, the number of iterations required
is still very low.

In our second example, we want to study the behavior for non-smooth functions.
To this end, we employ an example often used in the context of elliptic problems.
We use the L-shaped domain Ω = (−1/2, 1/2) × (−1/2, 1, 2) \ [0, 1/2) × [0, 1/2),
on which we introduce polar coordinates x = r cos φ, y = r sin φ with r ≥ 0
and φ ∈ [π/2, 2π ]. Our target function is a solution to �u = 0 on Ω given by
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Table 5 L-shaped domain, basis function φ2,0 ∈ C0

Level N l2 l∞ l2 order l∞ order CG

1 21 1.383194e−02 4.904724e−02 14

2 65 4.660419e−03 3.134300e−02 1.57 0.65 32

3 225 1.476477e−03 1.983347e−02 1.66 0.66 58

4 833 4.517391e−04 1.243790e−02 1.71 0.67 89

5 3201 1.406569e−04 7.834898e−03 1.68 0.67 109

6 12545 4.469146e−05 4.855611e−03 1.65 0.69 114

7 49665 1.451548e−05 2.999504e−03 1.62 0.69 115

8 197633 4.552532e−06 1.493392e−03 1.67 1.01 115

Theory 1.5 0.5

u(r, φ) = −r2/3 sin((2φ − π)/3), which belongs to Hs(Ω) for s < 1 + 2/3, see for
example [4].

Again, we choose h j = 2− j and X j = h j Z
2 ∩ Ω . Due to the reduced smoothness

of the target function, we take Φ to be the kernel Φ = φ2,0(‖ · ‖2), where φ2,0 is the
C0(R2) compactly supported function from [15]. Furthermore, we choose μ = 1/2
and ν = 3. We stop the unpreconditioned CG method if the error drops under a relative
bound of 10−8. The error is measured on a fine grid of width h = 2−9.

This time, we also look at the L∞ error. The results are summarized in Table 5.
Again, after the first few levels, the number of steps necessary for the CG method to
achieve the desired precision is constant. Interestingly, in this example, we have even
for a small γ already a better order than theoretically predicted. This is the case for
both the L2 and the L∞ order.

This example leads to the natural question of local refinement. It seems not to be
necessary to choose the data sites for the next level distributed on all of Ω . An imme-
diate adaptive strategy would be to evaluate the error on a finer data set but to include
only those points, on which the error is larger than a certain threshold. If in addition a
certain quasi-uniformity is maintained, convergence of the CG method should remain
unaltered. However, this will be part of future research.
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