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Abstract We consider a regularized Levenberg—Marquardt method for solving
nonlinear ill-posed inverse problems. We use the discrepancy principle to terminate
the iteration. Under certain conditions, we prove the convergence of the method and
obtain the order optimal convergence rates when the exact solution satisfies suitable
source-wise representations.

Mathematics Subject Classification (2000) 65J15 - 65J20 - 47H17

1 Introduction
In this paper we will consider the equations

F(x) =y, (1.1)
arising from nonlinear inverse problems, where ' : D(F) C X +— Y is a nonlinear
Fréchet differentiable operator between two Hilbert spaces X and ¥ whose norms and

inner products are denoted as || - || and (-, -) respectively. We assume that (1.1) has a
solution xT in the domain D(F) of F such that

F(xT) =y.

Q. Jin
Department of Mathematics, The University of Texas at Austin, Austin, TX 78712, USA

Present Address:

Q. Jin (X))

Department of Mathematics, Virginia Tech, Blacksburg, VA 24061, USA
e-mail: qnjin@math.vt.edu; qjin@math.utexas.edu

@ Springer



230 Q. Jin

A characteristic property of such equations is their ill-posedness in the sense that
their solutions do not depend continuously on the data. Since the right hand side is
usually obtained by measurement, thus, instead of y itself, the available data is an
approximation y® satisfying

I =y| <8 (1.2)

with a given small noise level § > 0. Due to the ill-posedness, the computation of a
stable solution of (1.1) from y® becomes an important issue.

Many regularization methods have been suggested for solving (1.1) in a stable way
using the available data y5, see [1,3,6—11] and the references therein. In [3] Hanke
considered the Levenberg—Marquardt method which defines the iterative solutions

{xp} by
¥y =xb = (ol + F/GO F D) F e (FGd) — yP), (1.3)

where xg := xo € D(F) is an initial guess of x, F’(x) denotes the Fréchet derivative
of F at x € D(F), and F’(x)* denotes the adjoint of F’(x). Under certain condi-
tions on F, it has been shown in [3] that if the sequence {oy} of positive numbers is
determined by a suitable adaptive strategy during computations and the discrepancy
principle

|FGp) =y <18 < |[FGed) =y, 0<k<ks, (1.4)

with t > 1,isused as a stopping rule, then x,‘; convergestox ' as§ — 0. Further inves-
tigations have been made by Rieder in [11,12] by establishing rates of convergence
under the source conditions

xo—xf = (F’(xT)*F’(xT))U ® (15)
with v > 0. Under the condition
F'(z) = Q(x,2)F'(x) and |1 — Q(x,2)|l < Kollx —z|l (1.6)

for all x, z in a neighborhood of x¥, it has been proved in [12] that there is a problem
dependent number 0 < 1 < 1/2 such that the convergence rate O (§>V="/(1+2v))
holds if xg — xT satisfies (1.5) with n < v < 1/2. This is not the optimal rate of
convergence. It is not yet clear if the optimal convergence rate can be established
under weaker source conditions. Thus, the investigation on convergence rates is still
far from complete.!

1 Recently, Hanke established in [4] the order optimality of the regularizing Levenberg—Marquardt scheme
proposed in [3].
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Levenberg—Marquardt method for solving nonlinear inverse problems 231

On the other hand, one may consider the Levenberg—Marquardt method (1.3) with
{or} given in an a priori way. In the recent book [10] Kaltenbacher et al. considered
the choice

ax =aoprt, k=0,1,... (1.7)

for some ap > 0 and 0 < r < 1. By assuming the source condition (1.5) with
0 < v < 1/2, they terminated the iteration by the a priori stopping rule

N+ k)"0 <5 < (1 + 0702 0<k<ks (18)

with n > 0 and ¢ > 0. Under the condition (1.6), they proved in [10, Theorem 4.7]
that x,fs converges to x* with the rate O((5(1 + |log8|)!+¢)?"/(1+2)) which is only
almost optimal. Their result does not guarantee the convergence of x,‘ga to xT if no
source condition is assumed. Moreover, the stopping rule (1.8) depends heavily on the
information from (1.5) which is difficult to check in practice. In order to make (1.3)
and (1.7) to be a useful method in practical applications, (1.8) should be replaced by
an a posteriori stopping rule.

In this paper we will consider the Levenberg—Marquardt method (1.3) with {o4}
chosen as in (1.7). We will terminate the iteration by the discrepancy principle (1.4)
to produce an approximation x,fﬁ. Under the condition (1.6) on F, we will show that

x,fa always converges to xTas 8 — 0, and, if, in addition, X0 — xT satisfies the source
condition (1.5) with 0 < v < 1/2, we will establish the order optimal convergence
rate. Consequently, we improve the corresponding result in [10] significantly. The
method of the present paper is essentially different from those in [3,11,12] in that the
sequence {ax} is given in an a priori way. This has the advantage of saving the effort
of computing {ox} during computations.

This paper is organized as follows. In Sect. 2 we will state the main results on
the method given by (2.1), (2.2) and (2.3). After some preliminary estimates given in
Sect. 3, we then devote to the proof of the main results by establishing various esti-
mates in Sects. 4-8. Finally, in Sect. 9 we report some numerical experiments to test
our theoretical results.

2 Main results

The method we will consider is the Levenberg—Marquardt method
Xy =xb = (ol + F/GO) F (D) F ey (Fod) — y), 2.1
where {ay} is given by
o =aork, k=0,1,... (2.2)
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for some o > 0 and 0 < r < 1. We will produce a reasonable approximation to x '
by terminating the iteration (2.1) according to the discrepancy principle

IFGp) =yl <78 < IIF(x)) —y°ll, 0 <k <ks, (2.3)

where T > 1 is a given number.
In order to obtain the approximation property of x,‘zs tox™ as 8§ — 0, we need to
impose certain conditions on F'. We assume that

B,(x") == {x eX:lx—x < p} C D(F) 2.4)

for some p > 0 and there is a constant Ko > 0 such that for any pair x,z € B, (xT)
there is a bounded linear operator Q(x, z) : ¥ — Y such that

F'(x) =0, 2)F'(z) and |1 - Q(x,2)|l < Kollx —z||. (2.5)
For simplicity of the presentation, we assume that F’(x") is properly scaled so that
1/2
IF' DI < ey, 2.6)
This scaling condition can always be fulfilled by multiplying the equation (1.1) by a
sufficiently small constant.

To formulate the main results on xli; precisely, we introduce the two constants

1 1
co:=— and ¢ = ——

r =

For the sequence {«y} given by (2.2), it is easy to verify that

. —-1/2
_ 1/2
D] =eql @7
=0
and
% ! —1/2
—1/2 _
Z ozml/ Z o ! <c (2.8)
m=0 j=m

for all integers k > 0.
Now we are ready to state the main result of this paper.”

2 The choice of {or} in (2.2) is the most important case in applications. The main result, however, is still
true for any sequence {o} of positive numbers satisfying "‘k_-ell < coy, for all k, where o} = Zl;:() ozj_l
and c is a positive constant independent of k. This can be established by modifying slightly the arguments

in the present paper.
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Theorem 1 Let F satisfy (2.4)—(2.6) for some p > 0, let {ay} be given by (2.2), let
T > 1 be a given number and let yy > co/(t — 1). There is a positive constant ng
depending only on T and r such that if 2+c1yo)||lxo—x"|| < p and Ko|lxo—x"|| < no
then the method (2.1)—(2.3) is well-defined, the integer ks determined by the discrep-
ancy principle (2.3) satisfies

ks = O(1 4 |logé)), (2.9)
and if xo — xT € N(F'(x))* then

. s %
lim x}, = 2. (2.10)

If. in addition, xg — xT = (F'(x")*F' (x") w for some 0 < v < 1/2 and » €
NF' xY)YE c X, and if Kollw|| < n1 for some 1 > 0 depending only on ag and r,
then

lxd, = xT)l < Cylloof) /2 520/ A2 @2.11)

where C,, is a constant depending only on T, r and v.

Theorem 1 shows the order optimality of the method defined by (2.1)—(2.3) for
each 0 < v < 1/2. The inequality (2.9) indicates that the method has fast conver-
gence property. We emphasize that our main result is established for any fixed 7 > 1
for the number 7 in the discrepancy principle (2.3) provided that || xo — x| is suitably
small, which is important in practical applications.

When F is a linear operator, the method defined by (2.1)—(2.3) has been considered
in [5] in which it is called the nonstationary iterated Tikhonov regularization. The
detailed convergence analysis has been carried out there and the order optimality has
even been established for all v > 0. Due to the nonlinearity of F, in Theorem 1 we
are only able to show the order optimality for 0 < v < 1/2.

The proof of Theorem 1 will occupy the remaining part of this paper. Throughout the
paper we will use {x;} to denote the iterative solutions defined by (2.1) corresponding
to the noise free case, i.e.

—1
Xkt =Xk — (] + F' ) *F' ()™ F ()™ (F () — ). (2.12)
We will use the notations

ei=x—x,  A=FG)FG, A= F ) F W),
& =xl—xT,  B:=FuHFuhH*, A =Fu)F ).

For ease of exposition, we will use C to denote a generic constant depending only on
7 and r, we will also use the convention ® < W to mean that & < CW for some
generic constant C. Moreover, when we say Kgllegl is suitably small we will mean
that Kollegl| < n for some small positive constant n depending only on 7 and r.
Since the proof is somewhat involved, we give a brief outline of the arguments.
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e We first show the method given by (2.1)—(2.3) is well-defined. This is done in Sect. 4.
e We establish in Sect. 5 the stability estimate ||x,‘§ — x|l < 8/./ak together with
other crucial estimates. This enables us to write

8
5
llegs I < llexs |l + .

/O‘ka
e We then establish in Sect. 6 the various estimates on the noise-free iterates {x},
in particular we show that ||ex|| — 0 as k — oo. This, together with the above
estimates, is enough to prove x,fa — xTass — 0.

e In order to obtain the optimal convergence rates, in Sect. 7 we connect ||eg, || with
llex || for k > ks by establishing the inequality

1
llxis — xell < _k||F(xk5) =yl

S

Consequently, with the help of the definition of k5, we derive

b))
leg, I < llexll + —. & > ks.

e

When e satisfies (1.5) with 0 < v < 1/2, the optimal rate of convergence can be
obtained by choosing a k > kg carefully.

3 Preliminary estimates

In this section we will give some preliminary estimates which will be frequently used
during the proof of Theorem 1.

It is well-known that the condition (2.5) on F implies for x, z € B, (xT) that (see
(61)

1
|F(x) — F(z) — F'(2)(x —2)|| < EKOHX —z[IF' () (x — )|l 3.1
and
3
|F(x) — F(z) — F'(x)(x —2)|| < EKOHX —zIlIF'(2)(x = 2. (3.2)

The following result gives some additional consequences of (2.5).

Lemma 1 Ler F satisfy (2.5). For any x,z € Bp(xT) let Ay = F'(x)*F'(x) and
A; := F'(2)*F'(2). Then, for any o > 0, there hold

(@ + A~ — (@l + A)7 = (@l + A) 7 F/(2)*Ra(x, 2) (3.3)
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and

@ + A)"F')* = (@l + A) 7 F' @) = (@l + A) 7 F/(2)*Se(x, 2),
(3.4)

where Ry(x,2) : X — Y and Sy(x,z) : Y — Y are two bounded linear operators
satisfying

[Re(x, 2|l < Kollx — zlle™ % and |Sy(x, 2)Il <3Kolx —zll. (3.5
Proof With the help of (2.5), we have

(al + Ax)_1 — (al +.Az)_l
= (@l +A)7' [F'@* (F(0—F )+ (FQ*—F &) F @] @l +A)™"
=@l +A) ' F@*[(QGzx) =D+ (I — 0, 2")] F'(x) (@I + Ay~

and

(al + A)"'F'(x)* = (al + A) "' F (o)
= (al + A) " (F/(x)* — F'()*) + [(ocl FA) = (ol + AZ)—I] F(x)*
= (@l +A) " F @ (Q(x, 2)* — 1)
+ @l +A) T F @ [(Qx) =D+ (I — Q(x, 2)*)] Be (@l +By) ™',

where B, := F'(x)F’(x)*. We thus obtain (3.3) and (3.4) with

Ry(x,2) == [(Q(z.x) = D+ (I — Q(x,)*)] F'(x) (@l + A)" ",
Sa(x.2) = (Qx. 2" = 1) + [(Qz.x) = D)+ (I = Q(x.2)*)] Bx (@ + By)™"

which clearly verify (3.5). O

Lemma 2 Let {a;} be a sequence of positive numbers. Then for any bounded linear

operator A : X — Y there holds
X —V
-1
< < E a; ) (3.6)
Jj=m

forany 0 <v <1 and any integers 0 < m < k < oo.

k
[T e (1 +Aa%4)~" a*ay

j=m

Proof 1t is easy to see that

j=m

k k k
CTED =Y a7l o
e (z , )
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for all A > 0 since the right hand side is the first order term of the polynomial in A on
the left hand side. This inequality implies immediately that

-1

k k
T eie+0" < Dot
j=m

j=m

Thus for 0 < v < 1 and A > 0 we have

Vv —V

k k k
A”Haj(aj +07 < AHaj(aj +07 < Za;l
j=m

Jj=m Jj=m

Now the desired inequality (3.6) follows easily from the spectral theory of self-adjoint
operators. O

Remark 1 More general inequalities than (3.6) have been derived in [5], see also [2],
when {o} satisfies certain conditions. We will not use such general inequalities since
(3.6) is already enough for our purpose.

During the proof of Theorem 1, we need the estimates on various sums formed by
the sequence {o} satisfying (2.2). All these estimates can be verified easily. In the
following result we give two such estimates which will be used in Sect. 6. These two
estimates are not sharp, but good enough for our purpose.

Lemma 3 Let {oy} be given by (2.2). For any 0 < v < 1/2 there hold

k k —1/2
2v—1/2 _
Sa D> o’ < Coafy, (3.7)
m=0 j=m
and
k k -
2v—1/2 1/2
St P> e = (3.8)
m=0 j=m

where Cy and C1 are positive constants depending only on r and o).

Proof The argument is elementary, we WiH only indicate the proof of (3.7). Let Jx(v)
denote the left hand side. Since o; = aipr’/ and 0 < r < 1, we have

k _
~1 R 1 1= —1
Z"‘j i S e e S e e T So

. rl
j=m
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This implies

k
1/2 2w—1/2

Jr(v) < [ak+1 am

When 2/5 <v < 1/2, we have 2v — 1/2 > 3/10. Thus
2w-1/2 Q212

k
20—-1/2 o 0
< <
2 o R T R VT

m=0

Therefore, with C» := 1/(/7(1 — r3/19)), we obtain

2v—-1/2 1/2 1/2—
Jr(v) < Cray o = Caagr / Yap . < Coagoy .

When 1/5 <v <2/5, we have 2v — 1/2 > —1/10. Thus
k k —(k+1)/10
20—1/2 20-1/2 —m/10 2w0-127T
m=0 m=0

Consequently, with C3 := 1/(/r(r~ /10 — 1)),

(V) <C3O{1/2 2v—1/2 —(k+l)/10 C3a5r(2/5_”)(k+1)a};+1 §C3a(l))all;+1'

When 0 <v < 1/5, we have 2v — 1/2 < —1/10. Thus

2v—1/2)(k+1
Z“zv 2 g2v pr@ T2 L e gu-ypgen
212 _ 1 = ;=110 _1%

Therefore

Je(v) < C3a2v 1/2 P =1+, 1/2 =G av vk+1)g v < CsaSOlZH.

Note that oy < max{1, aé/z} for 0 < v < 1/2, we complete the proof of (3.7). O

4 Justification of the method
In this section we will show, under the conditions in Theorem 1, that the method given

by (2.1)—(2.3) is well-defined. We will achieve this by proving that x,‘f € B, (xT) for
0 < k < ks and ks is finite. To this end, we introduce the integer IE(; defined by
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s \? By
ap < (—) <o, 0<k<ks, “.1)
s yolleoll

where, as in Theorem 1, Y9 > co/(tr — 1) is a fixed number.

Lemma 4 Let F satisfy (2.4)—(2.6) for some p > 0, let {ax} be given by (2.2), let
T > 1 be a given number, and let (2 + c1yo)lleoll < p. If Kolleoll is suitably small,
then

5 i 8 5 1/2
xp € By, llegl < lleoll and [[F'(:Hedll < ey ol

for all integers 0 < k < /23.

Proof Tt suffices to show for 0 < k < 125 that

1/2
el < @+ ciyo) leoll and [|F'(xP)ell < co + cano) lleoller’”,  (4.2)

where ¢ and ¢ are given in Sect. 2 such that (2.7) and (2.8) hold, and ¢; > O is a
constant such that

-1

k k
-1/2 — 1/2
E oy, / E ajl < czakil “4.3)
m=0

Jj=m
for all k > 0. By using (2.2) we can take ¢z = 1/(/r(1 — /r)).

From (2.6) it is easy to see that (4.2) is trivial for k = 0. Now for any fixed
0 <[ < ks we assume that (4.2) is true for every 0 < k </, and we will show it is

also true fork =1 + 1.
We set foreach0 <k <

ud = F(xp) —y — F'(x})el.
It follows from (2.1) that

-1 -1
e,‘zH = ay (!l + .Ai) e,‘z — (ol + Ai) F/(x,f)* (y— ¥+ ui)
_ -1 _
= oy (axl + A)~! e,f + ag [(akl + A,‘Z) — (oI + A) ]] e
— (el + AT F D (v =y + )
~1 _
- [(ockl +A) F ) — (el + A F’(x*)*] (v = +up).
With the help of Lemma 1 we then have

eh oy =ax (ol + A7 el + (el + A7 F (T wl, (4.4)
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where

wh 1= o Ry, (xp, xD)ed + (0° —y) —uf — Se, (xp, xT) (y — »° +ud).

By telescoping (4.4) we obtain

1
el+1—H°‘J oz]I+A 60+Za H (x]I+A) F/(xT)*wfn

j=0 j=m
4.5)

We multiply (4.5) by F’(x") and obtain

l l I
F'ahely = [T (i +B8)" Faheo+ > ap! [] e (a1 +8)7" Bu,.
j=0 m=0 j=m
(4.6)

By applying (3.2) to estimate u‘fn, and then using (3.5) and (1.2) we have
2 1/2 8 3 5 1N S
lwp, I < Kolle, I7en = + (1 + 3Kollep, I1) 8 + EKollemllllF (x eyl )-

From (4.1) we note that § < y0||e0||am for 0 < m < I, therefore we may use the
induction hypothesis to conclude

lwd 1l < (vo + CKolleoll) lleollo - 4.7
By using (3.6), (4.7), (2.7), (2.8) and (4.3), we can obtain from (4.5) and (4.6) that

; —1/2

l
8 —1 -1 §
leg il < leoll + D et [ D @5 llwg, |
j=m

m=0
—1,2

—1/2 —
< ||eo||+<yo+CKo||eo||)||eo||Za 2> ot

m=0 j=m
< (I +c1y0 + CKolleoll) lleoll
< 2+ c1v) lleoll

@ Springer



240 Q. Jin

and
1 —172 z . -1
IF' eDel oyl < [ D e leoll + D e [ Dot | lwd,l
j=0 m=0 j=m
! ! -
1/2 —1/2 _
< coo /11 lleoll + (o + CKolleoll) lleoll > om " [ D o
m=0 j=m
1/2
< (co+ c2v0 + CKolleoll) lleoller i
1/2
< (2¢0 + c20) lleoller ]
if Ko|leo|| is suitably small. The proof is therefore complete. O

By applying the same argument to the noise-free iterative solutions {x;} defined by
(2.12) we can obtain

Lemma 5 Let F satisfy (2.4)—(2.6) for some p > 0, let {aty} be given by (2.2) and let
2lleoll < p. If Kolleoll is suitably small then

1/2
xi € By(xD), llexll S lleoll and | F'(xDexrll S o) lleo] (4.8)

for all integers k > 0.

Finally we conclude this section by showing that the integer ks defined by the dis-
crepancy principle (2.3) must satisfy ks < ks. This together with Lemma 4 shows that
the method given by (2.1)—(2.3) is well-defined.

Lemma 6 Under the conditions in Lemma 4, if Ko ||eo || is suitably small, then the inte-
ger ks determined by the discrepancy principle (2.3) satisfies ks < ks. Consequently
ks = O(1 + |log$§]).

Proof We first show ks < E,;. If 125 = 0, then g < (8/(yo||e0||))2. Thus, by using
(1.2), (3.1) and (2.6) we have

IF(x0) — y°Il <8+ IF(x0) —y — F'(xDeoll + 1 F'(x el

1 .
<&+ (1 + EKolleoll) IF'(x el

1 1,2
<85+ 1+§K0||€0|| ay' " leoll

1 —1
<8§+ 1+§K0||60|| Y O

Since yp > co/(r — 1) and co > 1, it is easy to see that if Kglleg] is suitably small
then || F (xg) — y°|| < 8. Thus ks = 0.
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In the followin~g we will assume 125 > 0. We will use (4.6). By Lemma 4 we note
that for 0 < k < ks there holds w) = y® — y + w} with

- 1/2
[IABS Kollfollzak/ + Kolleolld. 4.9)
Therefore, it follows from (4.6) that

F'xhel =y +y
k-1 k=1 k-1

= Haj (jl —l—B)_l F'(x"eo + Z(xnjl H aj (ajl —G—B)_l B}
Jj=0 m=0 j=m
k—1 k-1
+ | 1— Za;l H o (osz—I—B)_lB (y —y%).
m=0 j=m
Note that
k-1 k-1 k-1
1=> ap' [[ei(@i+B)" B=]]aj(@i+B)~". @10
m=0 j=m j=0

We may use (3.6), (2.7), (2.2) and (4.9) to obtain

k—1 k—1
1/2 — —
IF'Ned = v° 4 vl = coyleoll +8 + CKolleolls D e, | D e
m=0 j=m
k=1 k=1 !
—1/2 -
+CKolleol> D am'? [ Do}
m=0 j=m

1/2 1/2
< cooylleoll + 8 + € (Kolleolls + KolleolP'?).

By taking k = 125 in the above inequality, noting from (4.1) that of, = 8/ (volleo ||))2
with y9 > co/(tr — 1), and using Lemma 4, we have

A

SN 8 8N gty ,0 1,8 8
||F(x,;6) y||_||F(xk5) y—Fi(x )€k6||+||F(x )Ek5 Yo+l

1 8 PN 1/2
EKOII%IIIIF (x )e,;all +Coot,;(S lleoll + &

+¢ (Kolleol o> + Kolleol9)

< (1 +co/yo + CKplleoll) &
<16

if Kolleg|| is suitably small. According to the definition of ks, this implies that ks < 123.
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From the definition (4.1) of ks and (2.2) it follows that

- 2
agrb = ;> )
L1 = \yolleoll

Note that 0 < r < 1, we then obtain

ks —1< ! 1 i
s — 1 = 0g .
logr aoydlleoll?

Therefore ks < ks = O(1 + |log8)). O

5 Stability estimates

In this section we will derive the stability estimate on ||x,f — xi|| for 0 < k < ks. We
will set

up i= F(xp) —y — F'(xp)ex and uf := F(x}) —y — F'(x})ep.
It then follows from (2.1) and (2.12) that

-1
N — X =x — x4 (al +A) T F'a) 0" =)
-1 _
— (ol + A" F D) uf + (e + A~ F'(xi)*uk
_ -1
+ [(akl + Ap) ! Arer — (otkl + Ai) Aiez] .

Note that

(arl + Ak)_lAkek — (akl + A;z)_l A,ie;z
= (ol + A" Ak (v — xp) + [(akl + Ai)_l — (gl + Ak)fl] el
= (o] + A A (e —xf) + o [((xkl + A0 = (ol + A)—l] (x) — xx)

+ o [(Otk[ + A;z)il — (og 1 —i—.Ak)_]] e,‘z.

We therefore obtain

O]

_ 2
x1f+1 — X1 = o (o] + A7 (xlf — xk) + 5, )

3)
+ 5

) 5
+ 5

s s,
5.1

@ Springer



Levenberg—Marquardt method for solving nonlinear inverse problems 243

where

—1 _
s,ﬁl) = o [(akl +A2) — (ol + Ap) 1] e,‘z,

s,Ez) = o [(oekl + A7 — (ol + .A)_l] (x,f — Xk),

s = [l + AT F @0 = (el + D) F ),
s,£4) = ((xkl + Ai)_l F/(x,f)* (uk - u,‘i),

s = (el + AT F D (60— ).

Lemma 7 Under the conditions in Lemma 4, for all integers 0 < k < ks there hold

s = (I + AHTF !, i=1,.5, (5.2)
where
w1l S Kolleollllx — xelley’®, i=1,....4 (53)
and
w =y —y+a7. 571 < Kolleolls. (5.4)

Proof This result follows essentially from Lemma 1. We first consider s,&l). With the
help of Lemma 1 we have

s;ﬁl) = ak (ol + A~ F () Ry (), x0)ef

= ool + A7 F N[ S x| R (o 30ef.
Thus s,El) has the representation (5.2) with

1 T
w,E ) — o [I + Sy (xk, x )] R, (x,‘z, xk)e,‘z.

By using (3.5) and Lemma 4 we can see

1 1/2 1/2
lwPll < (1 + 3Kollex D Kolleg I l1xf — xilley’> S Kolleolllxf — xillee”>.

We thus obtain the conclusion on s ,El). With an application of Lemma 1 we also see that

= 6 Ry (xx, x 1) (x? — x¢) which clearly

satisfies (5.3). In order to show the conclusion on s,ES), we use Lemma 1 to write

s,Ez) has the representation (5.2) with w

3 _
s = —(ard + AT F () * Sy (], x0)ug

(el + A7 N[ 14 S s 6D | S (1 v
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Thus sf) is of the form (5.2) with
3 _ i )
w? = = [+ Sup (o 2] S (6F, 0.
It is clear from (3.2) and Lemma 5 that

3
lw | < 3(1+3Kollexll) Kollxp — xll lul

IA

9

5 (14 3Kollexl) K§lxd — xillllexllll F'(xPex |
1/2

< K2lleol? ) — xille.

For s,£4) we easily see from Lemma 1 that it has the form (5.2) with

wf =1+ S o 61 | = ).
Note that (2.5), Lemma 4 and Lemma 5 imply

lug — ulll < | F(xp) — F(xx) — F' o) — x| + I1CF () — F/(xyel |
< Kollxp — xellIlF/ (i) (xf — xi)ll + Kollxg — xe I F/ (xe)el |
< Kollxp — xelllI1F'(x)(xf — x0) 1l + Kollxg — xllllF'(x e |

5 1/2
< Kolleollllxg — xxlle””.

Therefore

“) 5 1/2
lwi Il < Kolleollllxf — xelle,”>.

Finally, applying Lemma 1 to SIES)

(5.2) with w,is) =y —y+ IIJIES) and ﬁ),(CS) = So; (x,‘f, xM)(y® — y). It is clear that
~ (5

1B < 3Kolled 18 < Kolleolls. o

we can conclude that s,ﬁs) has the representation

Proposition 1 Under the conditions in Lemma 4, for all 0 < k < 125 there hold

)
s _ < 5.5
lxg —xkll < Jar (5.5
and
IF(xp) — F(xx) —y* + yl < (1 4+ CKolleols (5.6)

provided that Ko|\eo|| is suitably small.
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Proof We first prove (5.5) by showing that

beg = il < 2¢3 (5.7)
forall0 <k < 125, where c3 > 0 is a constant such that
' ' —-1/2
_ _ 1
Z aml Z o ! C30[k+{ (5.8)
m=0 j=m

for all k£ > 0. The existence of such c3 is guaranteed by (2.2).
It is clear that (5.7) is trivial for k = 0. Now for any fixed 0 <[ < ks we assume
that (5.7) is true for all 0 < k < [ and we will show that it is also true for k = [ + 1.
By telescoping (5.1) and using Lemma 7 we have

J=m

xl‘:_l — Xi+1 = Za H a]I—i-.A 'F "(xTy* (Zw(’)) (5.9)

With the help of (3.6), (5.3) and (5.4) we obtain

I I -1z
) -1 -1 [

ey = xll < D e [ D e; > widll
m=0 j=m i=1

; I —-1/2

—1/2 —1 §
< CKolleoll D am > { D« [
m=0 Jj=m

—-1/2

I !
+ 1+ CKolleol) § D e, [ D e
j=m

m=0

By using (5.8) and the induction hypothesis [[x8, — x,, || < 2c380,, /% for0 < m <1,
we have

, —1/2

s -1 -1
sy = xeill < CKolleolld > o | D o]

m=0
—1/2
+ (3 + CKolleoll) 8,
—1/2
< (c3 + CKolleolda |

< 26‘350[1 172

if Kolleo|| is suitably small. This completes the proof of (5.7).

@ Springer



246 Q. Jin

Next we prove (5.6). We first claim that for all 0 < k < 123
IF' (x")(xf — x) — ¥* + yll < (1+ CKolleol) 8. (5.10)

This is trivial when £ = 0. So we may assume 0 < k < 125. Then it follows from (5.9)
and (5.4) that

k—1 k—1
FloNeg —x) =y +y= 1= ' []aj@l+B7'B| -

m=0 Jj=m

k—1

k—1 4
+ Z a,! H aj(a;l + B)_IBZ wD
j=m i=1

m=0

k—1 k—1
+ Z o, H ajle;I+B)"'BuY.

m=0 j=m

Therefore, we may use (4.10), (3.6), the estimates in Lemma 7, (5.5) and (2.2) to
conclude that

—1
k—1 k—1 4
§ § -1 -1 i
IF' GG —x) =3 +yl <8+ Do [ et ] S iw@)
m=0 j=m i=1
k—1 k—1 -1
D DI Tl I
m=0 j=m
k—1 k—1 -1
<8+ CKolleols Do, [ D 7!
m=0 j=m

< (1 + CKoplleolDs.
We thus obtain (5.10). From (5.10) and (2.5) it follows that
IF'GHOR =20l S8 and [IF' () (o — xi0ll S 6.

Therefore

IF(x)) — Fxp) — 2 + vl < IF() — F o) — F/ () (x) — x|
+ICF () — F' () — xi)l
FIF N = x0) — ¥ + vl
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1 § ! §
< EKollxk = Xk [HHF (i) (. — xio) |

+ Kollex I F/ (xTy(xf — x|l
+ (1 + CKolleol)s
< (1 4+ CKolleol)s.

Thus we complete the proof of (5.6). O

6 Convergence of the noise free iterations

In this section we will prove the following result which in particular gives the conver-
gence of the sequence {x;} defined by (2.12) to xTifeg € N(F'(x")* and Koleoll
is suitably small.

Proposition 2 Assume that the conditions in Lemma 5 hold and ey € N (F'(x"))*.
If Kolleol| is suitably small, then

F'(xf
lim el =0 and tim G0l o ©.1)
k—00 k—o00 «/a_k

The proof of this result is a little involved. We first show that if ¢y € R(F’ (xT)*)
then x; — x' as k — oo. We then perturb the initial guess xg to be Xy such that
%0 — x" € R(F'(x")*) and define {%;} by

Rt =8 — (ol + F'G*F' ()~ F/Go* (FGo) — ). (6.2)

Since N'(F'(x"))L = R(F'(x)*), such %y can be chosen as close to x( as we want.
By comparing {x;} with {X;} we then get the convergence of {x;}.

Lemma 8 Assume that the conditions in Lemma 5 hold and that Ko||eg|| is suitably
small. If eg = A" w for some 0 < v < 1/2 and w € X, and if Ky||w| < n1 for some
n1 > 0 depending only on ag and r, then

1/2
lexll < 2coaflloll and [|F'(xDerll < 2c3er o] (6.3)

forallk > 0.

Proof We will use induction for the proof. From (2.6) it follows easily that (6.3) is
true for k = 0. Now we assume that (6.3) is true for every 0 < k < [, and we will
show that it is also true for k =1 + 1.

We may use (2.12) and follow the similar derivation of (4.5) and (4.6) to obtain

! ! i

e = Haj (ajl +A)71 eo + Zanjl H aj (o1 +A)71 F' (x"*wp,
j=0 m=0 j=m

(6.4)
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and

[ [ 1
F'Dernr = [Taj (1 +B) " Ftxheo+ 3 e [ s (o1 +B)™" Buy,

=0 m=0 j=m
(6.5)
where
Wi = iy Ra,, (X xT)em — um — Sa,, (Xm, xT)um.
By using (3.1), (3.5) and Lemma 5 it is easy to see
lwnll S Kollew IPen!* + Kollew |l F' (Ve (6.6)

We then use the induction hypothesis to obtain

2 2v+1/2
lwall < Kollwl2am /2.

Thus, by using eg = A’w with 0 < v < 1/2, (3.6), (2.7) and Lemma 3, we obtain
from (6.4) and (6.5) that

i v I I -1z
-1 2 20—-1/2 ]
lersill < | D e; loll + CKollol® > am ™ [ > a;
j=0 m=0 j=m
< (co + CKollwlhey, el
and
, —v—1/2 ; ; -1
1ot -1 2 2v—1/2 -1
IF' el < | D e lol + CKollol* > o >
j=0 m=0 j=m

+1/2
= (e + Ckollol) a1 ol

where C > 0 is a constant depending only on «g and r. Thus if Ko||w|| < 1 for some
n1 > 0 depending only on o and 7 then |le;11| < 2C0alu+1 lw|l and ||F/(xT)e1+1 | <
2 v+1/2

2chey "ol We thus obtain (6.3). m]
Remark 2 Since the results in Lemma 8 require Ko|lw| to be small, they cannot be
used to prove Proposition 2 directly. However, by modifying the argument we can
show that if Kg|lepl| is suitably small and if ey € R(F’(xT)*) then

I F'(x ekl
—_— %

llex]l — 0 and
LT

0 (6.7)
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as k — oo. To see this, by noting that R(F’(x)*) = R(AY?) c R(AY*), we have
eo = AY*w for some w € X. We will establish (6.7) by showing that if Kol|eg|| is
suitably small then

1/2 1/4 3/4
lexll < 2¢) e ol and || F'(xyerll < 2¢5 ) * ||| (6.8)

for all k > 0. In fact, it is obvious for k = 0. Suppose that it is true for all 0 < k < [.
Then from (6.6) and Lemma 5 we have

3/4
lwnll < Kolleollllollan*, 0<m <.

Thus, using ey = A%, it follows from (6.4), (6.5), (3.6), (2.7) and (2.2) that

; —1/4 ; I —-1/2
—1 —1/4 -1
lersill < [ D o5 loll + CKolleolllloll Y e [ D
j=0 m=0 j=m
1/2 2 1/4
< (cg/* + CKolleoll) ey ol = 26
and
=34 ! I -1
- —1/4 _
IF Dl < | D e loll + CKolleolllll > am™* [ D e}
j=0 m=0 Jj=m
< 3/2,,3/4

3/2
(0 + CKolleoll) ol = 23 e ]

if Kolleo|| is suitably small.

In the next result, we take %o to be a perturbation of x¢ and let {X;} be defined by
(6.2). We set

e = Xk — x" and fik = F'G)*F'(Xp).
According to Lemma 5, it follows that
A< 18 reia < 17208
llexll < lleoll and || F (xDerll S e lleoll

for all k > 0 provided Ky||éo|| is suitably small.

Lemma 9 Assume that the conditions in Lemma 5 hold. If both Ky||eo|| and Kg||éo|
are suitably small, then

llxk — Exll < 2llx0 — Xoll (6.9)
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and
IF/ ) G = 201 < 2600 1x0 — Foll
forallk > 0.
Proof We will use the essential idea in the proof of Proposition 1. Let
ug i= F(xp) —y — F'(xp)ex, g := F(Xp) —y — F'(Zp)éx.
Similar to the derivation of (5.1), we can obtain from (2.12) and (6.2) that

1

. _ . 2
X1 — Xe1 = ak (el + A7 (v — &) + 1 @)

(3) [C))
+ 1,

+u+
where

RO -1 AP

PRRE7" (ol + Ap) arl + Ag ek,

2 ._ -1 —1 A

ty ._otk[(akl-i—/lk) — (I + A) ](xk—xk),

3 AT s 1o k| A

1 = | (e + Ad) FGO = (el + A0 F (0" ik,

t,£4) = (] + A~ F ()" (i — ug).
The analogous argument in Lemma 7 gives
1 =l + HTVFGH R, =14
with
IR S Ko (leoll + 1éoll) ek — filley®, i =1, 4.
Consequently
Xt — ka1 = g (ol + A7 (g — &) + (o + A7 F (),

where & := h,({l) + h,({z) + h,?) + h,E4> satisfies

~ ~ 1/2
Il < Ko (lleoll + 120ll) 1 — Sllor .
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Now we prove (6.9) by induction. It is obvious for k = 0. Suppose it is true for all
0 < k <. By telescoping (6.12) we have

l
X[+1 —)21_;_1 = HOlj (Oljl +.A)71 ()C() —)’50)
j=0
! l

+ > ' [ s (e +4) 7" Fafysn. (6.14)

Thus, by using (6.13), the induction hypothesis, and (2.8), we have

X141 — X141l

, —1/2

1
A~ A~ A —1/2 _
< llxo — Zoll + CKo (leoll + l12oll) llxo — Zoll D e [ D a7

m=0 j=m
< (14 CKo (lleoll + lloll)) llxo — ol
< 2|lxo — Xol|

if both Ko|leo|l and Kgllég|l are suitably small. This shows (6.9).
Next we prove (6.10). By (2.6) it is obvious for k = 0. In the following we will
consider the case k > 0. It follows from (6.14) that

k—1
F' (Mo = 80) = [ (el +B) 7 F' (") (xo — %0)
j=0
k—1 k—1
+ Z ot,;1 H aj(a;l + B)~'Bg,,.
m=0 j=m

Thus, by using (3.6), (2.7), (4.3), (6.13) and (6.9), we have

k—1 -2
IF G0 =80l < { Dait ] llxo — ol
j=0
k—1 k—1 -1
+CKo (leoll + 12011} llxo = Soll D" e * { D!
m=0 j=m
< (co + CKo (lleoll + léoll)) llxo — Folley’*
< 2collx0 — Folle”
if both Koy|leo|l and Kgl|ég|l are suitably small. We therefore obtain (6.10). O
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Proof of Proposition 2 Let 0 < & < |leo|| be an arbitrarily small number. Since xo —
xT e N(F'(xT)t = R(F'(x")*), there is an X9 € X such that £g—xT € R(F'(x")*)
and ||xg — Xo|| < &. Note that xg € Bp(x%) and Koleoll < 2Kplleoll. Thus, if Kgllegl|
is suitably small, then for the sequence {X;} defined by (6.2), it follows from Lemma
9 that

Xk — Xill < 2llxo — Xoll < 2¢
and
P\ F (xF ? 2 foll <2
I F°(x") (xr — X))l < 2collxo — Xoll < 2coe

for all k > 0, while by Remark 2 we have |[¢;| — 0 and o, -2 IF' (x)ex]l — 0 as

k — o0. Thus, there is a ko such that [|&]| < & and o "/*|| F'(x)éy]| < coe for all
k > ko. Consequently

lexll < llxe — Sl + llexll < 3e

and

_1/2 —-1/2

1F' (el < o PPIF N — 20l + o P IF el < 3eoe

for all k > kq. Since ¢ > 0 is arbitrarily small, we therefore obtain (6.1). O

7 A crucial inequality

In this section we will establish the following important inequality.

Proposition 3 Let the conditions in Lemma 5 be fulfilled. If Ko|leg|| is suitably small,
then

X X, _f F(x
fOI all integels 0<k<l<oo

The proof is based on the following result which shows that {||F(xz) — y||} is
monotonically decreasing with respect to k.

Lemma 10 Let the conditions in Lemma 5 be fulfilled. If Ko|leo|| is suitably small,
then

| F(xkq1) =yl < NF Q) =yl

forallk > 0.
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Proof We first have

IF Gersr) = Y12 = I1F () — I
= | F(xks1) — F)1? + 2 (F (xg41) — F(xp), F(x) — y)
= IF (k1) — FOI? + 2 (vt — xe, F () (F(xe) — )
+2 (F(xig1) — FOxp) — F/ () (1 — xi), F(xg) — ). (7.1)

By using (2.12) we have for s := 2 (xg41 — xx, F/'(x3)*(F (xx) — y)) that

s = =2 (X1 — Xk, (ol + F' () *F' () (K1 — x0))

= =20 ||xk1 — Xk ll* = 201 F (o) oagr — 20112

Note that the elementary inequality a” > !

Z mpla+ b)* — ibz for any u > 0, we
obtain

2
s < —20lxp1 — xll* — m”F(xk—H) — F(xpl?

2
L IF (i) = Fo) = F') G = sl
Combining this estimate with (7.1) yields

IF (k1) — ¥I* — 1 F () — yII?

2
< =20l xk11 — xkll* — (m — 1) IF (xi41) — F (x|

2
L IF (i) = Fxw) = F(xi0) (i1 — x0) I

+2 (F(xgq1) — F ) — F (i) (rgr — x0), F(xp) — ). (7.2)

Note that (3.1) implies

IF (xk+1) — F () — F' (i) (g1 — x) |
1
= > Kollxes = X F o) o — 2011 (7.3)
With the help of Lemma 5 we then obtain

IF (k1) = F ) — F' () (e = 2011 S Kolleo lHIHF (o) (o1 — x|

which implies that if Ko|leg|| is suitably small then
I1F" o) (x1 — Xl < 201 F (x1) — F ()|l
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Consequently, it follows from (7.3) that

IF (k1) — F () — F Qo) (k1 — 2011 < Kollxert — xe [l F (1) — F )l
Applying this inequality to (7.2) yields
IF Cer1) = Y11 = I1F G = ylI?

2
< —2agllxesr — xll? — (m - 1) IF (xk1) — F (x>

20 2 _ 2
+MK0||Xk+l X7 F (1) = F )|

+2Koll F(xx) = yllllxes1 — xilll F Ge1) — F Qe
Using the inequality

2Kl F (xx) — yIHIxkr1 — xe N F Geeg1) — F o)l

1
< el FCieyn) = FOi)I + —KGIF () = ¥ e — xel?,
where ¢ > 0 is an arbitrary number, we then derive that

IF (xks1) — yI* = 1 F(x) — ylI?

(22 2 _ 2
< l—¢ MK()”karl Xl ) IF (k1) — F Qe

1
- (Zak — EK§||F(xk) ~ y||2) 21 — xi )l

With the help of Lemma 5 we have ||xxy1 — xk|| < Clleoll and || F(xx) — y|| <
CIIF'(xMexll < Ca;’*leoll. Thus

IF (1) — yI% — I F () — yII?

2 2
<-— (— —1-&-— ;czlq%neon?) I F (xxt1) — F (o)

1
—ay (2 —~ ;czKéneonz) 21 — xe ]l

This inequality suggests that if we take © > 0 and & > 0 so small that ﬁ —1l—-e>0
and if Ko|leg| is small enough, then there holds

IF (xk41) — yI* = I F(xx) — ylI* < 0.

This is exactly what we want to prove. O
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Proof of Proposition 3 From (2.12) it follows that forany j =0, 1, ...

Ixj1 = x5 = e I + A~ F (xp)*(F(xj) — »)ll <

1
=< 2\/(x_j||F(xj) =yl

Therefore
-1 -1

1
e = xill < Dl =0 < D0 —I1F @) = yll.
= j:k2 or

By using the monotonicity of {||F(x;) — y||} proved in Lemma 10 we then have
-1

1
e —xell < D IF () = yll.
2 /Olj

j=k

Since {«} is given by (2.2), it is easy to see that Zl]_:lk aj_l/z < al_l/z. We thus
complete the proof. O

8 Proof of Theorem 1

The conclusion (2.9) is proved in Lemma 6, where we also obtain ks < 12,3. In the
following we will prove (2.10) and (2.11). From the definition of ks and Proposition 1
we have

IF (o) = vl < IFGR) = Y I+ IIF () — Flxig) =Y + 31 S8 (8.1)
and for 0 < k < kg

T8 < [IF(x)) — |
<IFG) — Fx) = y* + vl + IF () — yll
< (14 CKolleol) 8 + | F (xx) — ylI.

Since T > 1, if Kgllep|| is suitably small, then
8§ SIFG) =yl SIF Merll, 0 <k <ks. (8.2)

We now prove (2.10). Assume first that there is a sequence 6, \, O such that
ky = ks, — k as n — oo for some finite integer k. Without loss of generality, we
can assume that k,, = k for all n. It then follows from (8.1) that F(x;) = y. Thus,
from (2.12) we can conclude that x; = x; for all j > k. Since Proposition 2 implies
Xj — x" as Jj — oo, we must have x; = xT, which together with Proposition 1

n

implies x,‘j — xTasn — oo.

n
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Assume next that there is a sequence §, ~\ 0 such that k, := k5, — ooasn — oo.
Then Proposition 2 and (8.2) imply that |leg, || — O and 8 n/ /%, — 0asn — oo.

Consequently, by Proposition 1 we again obtain xi — xTasn — oo.
We next prove (2.11). By using Lemma 8 and (8.2) there is a positive constant
Co > 0 such that
§ < Coay TP wll, 0 <k < ks.

Therefore

5 2/(142v)
o > ( ) , 0<k <ks.
Collw|l

Now we define the integer ks by

S 2/(142v) B
- < , 0<k<ks.
%—(@wo S TERER

Then it is clear that ks < ks. Thus we may use Proposition 1, Proposition 3, (8.1) and
Lemma 8 to obtain

8 Fla) =y 8
el S Netll+ —— < fleg, ||+ AE S =7, 0
Ve VT
af llwll + .
' V%,

With the help of the definition of ks and (2.2), it is now easy to obtain the desired
estimate (2.11).

9 Numerical examples

In this section we present some numerical examples to test the convergence result in
Theorem 1 on the method (2.1)—(2.3) by considering the estimation of the coefficient
a in the two-point boundary value problem

—u" +au=f, te(,1)
w0 =g, u()=g 0
from the L2 measurement u® of the state variable u, where g0, g1 and f € L2[0, 1]
are given. This inverse problem reduces to solving Eq. (1.1) with the nonlinear oper-
ator F : D(F) C L?[0, 1] — L2[0, 1] defined as the parameter-to-solution mapping
F(a) := u(a), where u(a) denotes the unique solution of (9.1). It is well known that
F is well-defined on

D(F) = {a € L2[0,1]: lla — all;» < y for some d = 0 a.e.}
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Table 1 Numerical results for Example 1 with o = 1.0 x (1 .5)~% and three different values of 7, where

ks denotes the integer determined by (2.3), error := Ha/‘iS —at [l ;2. and ratio := error/&l/ 2
) T=1.1 T=25 =50

ks Error Ratio ks Error Ratio ks Error Ratio
107! 10 1.69¢ — 1 0.53 1 7.20e — 1 2.28 1 7.20e — 1 2.28

1072 13 7.16e — 2 0.72 11 l.lle—1 1.11 9 2.56e — 1 2.56
1073 19 1.79e -2 0.57 15 4.77e -2 1.51 13 7.16e — 2 2.26
104 24 5.40e — 3 0.54 21 1.09¢ —2 1.09 19 1.79e —2 1.79
1073 29 1.60e — 3 0.50 26 3.30e — 3 1.04 24 5.40e — 3 1.70
1076 34 4.53e — 4 0.45 31 9.60e — 4 0.96 29 1.60e — 3 1.58

with some y > 0. Moreover, F' is Fréchet differentiable, the Fréchet derivative and
its adjoint are given by

F'(a)h = —A(@)” (hu(a)),
F'(a)'w = —u(a)A(a) 'w,

where A(a) : H> N HOl > L? is defined by A(a)u = —u” + au. It has been shown
in [6] that if, for the sought solution a', |u(a")(r)| = « > 0 for all t € [0, 1], then
(2.5) is satisfied in a neighborhood of a™. In the following we report some numerical
results on the method (2.1)—(2.3). During the computation, all differential equations
are solved approximately by finite difference method by dividing the interval [0, 1]
into n + 1 subintervals with equal length # = 1/(n 4 1); we take n = 200 in our
actual computation.

Example 1 We estimate a in (9.1) by assuming f(t) = 1 + ¢, go = 1 and g = 2.
If u(a™ =141, thena™ = 1 is the sought solution. In our computation, instead of
u(a’), we use the special perturbation

ud =141+ 8+/2sin(w1/8)

with high frequency. Clearly [u® — u(a®)|| 12[0.1] < 0. As a first guess we choose
ay = 1 +4t(1 — 1). One can show that ag — a’ € R(F'(a®)*). Thus, according to
Theorem 1, the expected rate of convergence should be O (8'/?).

In Table 1 we summarized the numerical results obtained by the method (2.1)—(2.3)
with o = 1.0 x (1.5)7. In order to see the effect of 7 in the discrepancy principle
(2.3), we consider the three values T = 1.1, 2.5 and 5. In order to indicate the depen-
dence of the convergence rates on the noise level, different values of § are selected.
The rates in Table 1 coincides with Theorem 1 very well. Table 1 indicates also that
the absolute error increases with respect to 7. Thus, in numerical computation, one
should use smaller 7 if possible.
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Table 2 Numerical results for Example 2, where error := ”“25 —af ;2
) ap=1+12=21(1 =0)(1 +1 —1?) apg =12
ks Error Error/8 172 ks Error

1072 12 6.98¢ — 2 0.70 1 324e -1
1073 16 4.50e — 3 0.14 20 1.86e — 1
104 17 3.80e — 3 0.38 30 1.04e — 1
1075 23 6.68¢ — 4 0.21 38 6.7le —2
10-° 27 1.84¢ — 4 0.18 47 3.15¢ -2
1077 31 6.04e — 5 0.19 55 7.50e — 3
Table 3 Numerical results on the effect of {cr; }, where error := ||a,‘z{S —af Il 2
) o =1.0x27% o =1.0x 47k ap = 1.0 x 87k

ks Error ks Error ks Error
1072 9 2.77e — 2 6 1.70e — 2 5 4.77e — 2
1073 11 4.50e — 3 7 6.30e — 3 6 3.68e — 2
1074 12 3.10e — 3 8 2.40e — 3 7 2.38¢ —2
1073 15 5.80e — 4 9 8.66e — 4 7 2.40e — 3
107° 17 1.92e — 4 11 6.45¢ — 4 8 7.50e — 4

Example 2 In this example we consider the estimation of a in (9.1) with f = 1 + ¢>
and go = g1 = 1. Ifu(a™) = 1, then a™ = 1 + 12 is the sought solution. When apply-
ing the method (2.1)—(2.3), we use the special noise data ud =14 /28sin(1071),
ar = 1.0 x (1.5)”‘ and T = 1.5. In Table 2 we summarize the numerical results
corresponding to two different choices of the initial guess

ay=1+1>=2t(1—0)(1+1—1%) 9.2)
and
ag = 1.2. 9.3)

For the ag given by (9.2) one can check ag — a’ € R(F'(a")*F’(a")). However,
Table?2 indicates that the convergence rate is only O(8!/?). This perhaps suggests
that the best possible rate that the method (2.1)—(2.3) can provide is 0(8'/%) even if
ao — a' has higher regularity, which sharply contrasts to the linear situation. On the
other hand, for the ag given by (9.3), ap — at o4 R(F/(a%)*), and in fact ag — a' has
no source-wise representation ag — a’ € R((F'(a")*F’(a"))") with a good v > 0.
However, Table 2 clearly indicates the convergence of the method although it could
be slow.
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Example 3 In this example we give numerical results to indicate the effect of {cy}.
We consider the estimation of a in (9.1) with the same data as in Example 2, i.e.,
f=1+t*g0=g =1l u@) =1,a" =1+4%and u® = 1 + /28 sin(1071).
Table3 summarizes the numerical results obtained by the method (2.1)—(2.3) with
T = 2.0 and the first guess ap given by (9.2) but with several different choices of
{or}. Tt can be seen that the choices of {«y} affects the convergence speed. A faster
decreasing sequence {cy} could give the final results using fewer iterations, but the
risk of worse convergence could arise. In general it is hard to tell how to choose the
sequence {a} to achieve the best efficiency; an ideal approximation, however, should
be able to obtain if {o} does not decrease too fast.
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