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Abstract We consider discretized Hamiltonian PDEs associated with a Hamiltonian
function that can be split into a linear unbounded operator and a regular nonlin-
ear part. We consider splitting methods associated with this decomposition. Using a
finite-dimensional Birkhoff normal form result, we show the almost preservation of
the actions of the numerical solution associated with the splitting method over arbi-
trary long time and for asymptotically large level of space approximation, provided
the Sobolev norm of the initial data is small enough. This result holds under generic
non-resonance conditions on the frequencies of the linear operator and on the step
size. We apply these results to nonlinear Schrédinger equations as well as the nonlin-
ear wave equation.
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1 Introduction

In this work, we consider a class of Hamiltonian partial differential equations whose
Hamiltonian functionals H = Hp + P can be divided into a linear unbounded oper-
ator Hy with discrete spectrum and a nonlinear function P having a zero of order at
least 3 at the origin of the phase space. Typical examples are given by the nonlin-
ear wave equation on a segment with Dirichlet boundary conditions or the nonlinear
Schrodinger equation on the torus. We consider discretizations of these PDEs and
denote by HK) = H(gK) + P the corresponding discrete Hamiltonian, where K is
a discretization parameter. Typically, K denotes a spectral parameter in a collocation
method.

Amongst all the numerical schemes that can be applied to these Hamiltonian PDEs,
splitting methods entail many advantages, as they provide symplectic and explicit
schemes, and can be easily implemented using fast Fourier transform if the spectrum
of Hy simply expresses in Fourier basis. Generally speaking, a splitting scheme is
based on the approximation

ho o h h
Pk = (pH(K) ° Ypx) (1.1)
0
for small time /&, and where go’Q denotes the exact flow of the Hamiltonian system
associated with the Hamiltonian function Q. For a given time ¢t = nh, n € N, the
solution starting at some initial value z° is then approximated by

n
‘PtH(K) (ZO) ~7"= (‘PZ(K) ° Q"};a(k)) (ZO)- (1.2)
0

The understanding of the long-time behavior of splitting methods for Hamiltonian
PDE:s is a fundamental ongoing challenge in the field of geometric integration, as the
classical arguments of backward error analysis (see for instance [20]) do not apply in
this situation, where the frequencies of the system are arbitrary large, and where reso-
nances phenomena are known to occur for some values of the step size. For example,
considering the case of the Schrodinger equation on the one-dimensional torus, the
eigenvalues of HéK) range from 1 to K2 and the assumption hK> << 1 used in the
finite-dimensional situation becomes drastically restrictive in practice.

Recently, many progresses have been made in the understanding of the long time
behaviour of numerical methods applied to Hamiltonian PDEs. A first result using
normal form techniques was given by Dujardin and Faou in [11] for the case of
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Birkhoff normal form for splitting methods applied to semilinear Hamiltonian PDEs 431

splitting methods applied to the linear Schrodinger equation with small potential.
More recently Debussche and Faou showed in [9] the existence of a modified energy
for implicit—explicit split-step methods applied to the linear Schrodinger equation.
Concerning the nonlinear case, results exist by Cohen, Hairer and Lubich, see
[7,8,19], for the wave equation and Gauckler and Lubich, see [14, 15], for the nonlinear
Schrodinger equation using the technique of modulated Fourier expansion.

Typically time discretizations of Hamiltonian PDE introduce numerical resonances.
Such effects are not physical and do not come from the structure of the spectrum of
the linear operator Hy. They are induced by interactions between the time stepsize
h and the frequencies of Hy. In the case where a CFL condition is satisfied, such
phenomenon will not be observed. We refer to Faou and Grébert [12] for results in
this direction. In Sect. 4.2.1 we give a numerical example of resonances effects due
to a resonant step size outside the CFL regime. To go beyond this CFL condition, one
has to rely on a non resonance assumption mixing the frequencies of Hy and the time
step size h, and being satisfied for a large set of & and frequencies.

Normal form techniques have proven to be one of the most important tools for
the understanding of the long time behavior of Hamiltonian PDEs (see [1-4,17,18]).
Roughly speaking, the dynamical consequences of such results are the following: start-
ing with a small initial value of size ¢ in a Sobolev space H?, then the solution remains
small in the same norm over long time, namely for time + < C,e™" for arbitrary r
(with a constant C, depending on r). Such results hold under generic non-resonance
conditions on the frequencies of the underlying linear operator Hy associated with the
Hamiltonian PDE, that are valid in a wide number of situations (nonlinear Schrédinger
equation on a torus of dimension d or with Dirichlet boundary conditions, nonlinear
wave equation with periodic or Dirichlet conditions in dimension 1 [4], Klein Gordon
equation on spheres or Zoll manifolds [3] or nonlinear quantum harmonic oscillator
on R? [18]).

This work is the first of a series of two.

In this paper, we consider full discretizations of the Hamiltonian PDE, with a spec-
tral discretization parameter K and consider the exact splitting method. In this case, we
show that under the hypothesis K < ¢~ for some constant o then the actions of the
initial value are almost preserved over a very large number of iterations n < C,e™",
provided the initial solution is small (of order &) in L? norm. The constant o depends
on the precision degree r (and of course decreases with r). These actions can be
interpreted as the oscillatory energies corresponding to an eigenvalue of HO(K). More-
over, the L? norm of this numerical solution remains small for this large number of
iterations.

The method used in this situation is by essence (for fixed K) a finite-dimensional
Birkhoff normal form result (explaining why we work here essentially with the L2
norm). Using a generic non-resonance condition on the step size that turns out to
be valid for many equations and that is independent of K, we mainly show that we
can take K asymptotically large (i.e. of order £ =) without altering the nature of the
classical result. Our main result is given by Theorem 4.1.

Roughly speaking, the method consists in applying techniques that are now standard
in normal form theory, by tracking the dependence in K of the constants appearing
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in the estimates. The use of a non-resonance condition that is independent of K is
however crucial, and reflects the infinite-dimensional nature of the initial continuous
problem without space approximation.

For each fixed K our normal form result could be deduced from existing nor-
mal form results for a close to linear symplectic map (see for instance [5,6,21]).
Nevertheless, in these works, it is not clear how to track the dependence in the dimen-
sion K and in the step size & (in particular in the non-resonance condition) which
is crucial for the dynamical consequences on the numerical scheme. That is the rea-
son why we prefer to present a new proof using the underlying infinite-dimensional
structure given by the PDE that we are discretizing.

In some sense, the second paper [13] studies the case where K > ¢~ by consid-
ering the splitting method where no discretization in space is made (i.e. K = 4-00).
The techniques used involve the abstract framework developed in [2,4,17]. However,
instead of being valid for the (exact) abstract splitting (1.1), we have to consider
rounded splitting methods (see [13] for definition and comments on this concept).
On the contrary, in the present article we deal with the true splitting algorithm, in the
regime K < &7 7.

Finally we notice that, in this present form, our results apply only to non resonant
Hamiltonian PDEs (see Sect. 4.2). However they could be extended to the finitely
resonant case, i.e. when the frequencies are finitely degenerated. This could be done
for the periodic nonlinear wave equation in the the spirit of [4], for the Klein Gordon
equation on the sphere in the spirit of [3] or for the nonlinear quantum harmonic
oscillator on R? (see [18]).

2 Description of the method

Before going on into the precise statements and proofs of this work, we would like to
give tentative explanations of the restrictions observed in comparison with the contin-
uous case.

In [4], in order to prove the long-time conservation of Sobolev norms for small
initial data, the authors consider a Hamiltonian H = Hy 4+ P depending on an infinite
number of complex variable (§;, n¢), j, kK € N endowed with the symplectic form
> j d&; A dnj, where Hy is the infinite dimensional harmonic oscillator:

Ho =" w;&nj,

jeN

and P is a nonlinearity of order at least 3. Typically, &; and n; represent the conjugate
components of the solution of the PDE in an orthonormal eigenbasis of the operator
Hjy and the Hamiltonian is assumed to be real which means that H (¢, n) € R when
& =1nj.

Then for a fixed number r, they construct a hamiltonian transformation t close to
the identity and such that, in the new variables, the Hamiltonian can be written

Ho+Z+R 2.1)
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where Z is a real Hamiltonian depending only on the actions /; = &;n; and R a real
Hamiltonian having a zero of order r.

The key for this construction is an induction process with, at each step, the resolution
of an homological equation of the form

{Ho, x}+Z=G (2.2

where G is a given homogeneous polynomial of order n, and where Z, depending only
on the actions, and x are unknown. Assume that the polynomial G has the form

G=Gjr&j &Mk Nk,

where G j is a coefficient, j = (ji,..., jp) € NP andk = (ky, ..., k;) € N?. Then
it is easy to see that Eq. (2.2) can be written

QU B xjk+Zjk=Gjk (2.3)
where

QUK =)+t o), — ok — - — o,
and Z i and y jx are unknown coefficients.

Itis clear that for j = k (up to a permutation), we have Q2 (j, k) = 0 which imposes
Zjx = G jx. When j # k (taking into account the permutation), the solution of (2.3)
relies on a non-resonance conditions on the small divisors (j, k).

In [4], Bambusi and Grébert use a non-resonance condition of the form

Vji#k QG =yu(. k) 2.4

where (1(j, k) denotes the third largest integer amongst | ji|, . . ., |k4|. They moreover
show that such a condition is guaranteed in a large number of situations (see [4,17] or
[2] for precise results).

Considering now the splitting method 90}1110 ogoj},, we see that we cannot work directly
at the level of the Hamiltonian. To avoid this difficulty, we embed the splitting into
the family of applications

[0.115 A > ¢}y o @)p

and we take the derivative of this expression with respect to A, in order to work in the
tangent space, where it is much easier to identify real Hamiltonian than unitary flows.

This explains why in contrast with [4] we deal here with time-dependent
Hamiltonians. Note that we do not expand the operator 90};10 in powers of h, as this
would yields positive powers of the unbounded operator Hy appearing in the series.
Unless a drastic CFL condition is employed, this method does not give the desired
results (and does not explain the resonance effects observed for some specific values
of h, see the numerical example in Sect. 4.2.1).
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Now, instead of (2.2), the homological equation appearing for the splitting methods
is given in a discrete form

Xowh —x+Z=G. (2.5)

In terms of coefficients, this equations yields
(eihQ(j’k) — 1) Xjk + ij = ij.

The main difference with (2.3) is that we have to avoid not only the indices (j, k) so
that Q(j, k) = 0, but all of those for which 22(j, k) = 2mm for some (unbounded)
integer m.

In the case of a fully discretized system for which V., P = 0 for |j| > K, then
under a CFL-like condition of the form 2 K™ < C where m depends on the growth of
the eigenvalues of Hy and C depends on r, then we have |h<2(j, k)| < m, and hence

IR 1| = hyp(j, k) (2.6)

is then a consequence of (2.4). Under this assumption, we can apply the same tech-
niques used in [4] and draw the same conclusions.

The problem with (2.6) is that it is non generic in & outside the CFL regime. For
example, in the case of the Schrodinger equation, the frequencies of the operator Hy
are such that w; =~ j2. Hence, for large N, if (ji,..., jp, k1,...,ky) is such that
j1 = N + 1, ki = N and all the other ones are of order 1 (N is large here), we have
Q(j, k) ~ (N + 1) — N> ~ 2N. Hence,

oh2G ) _ 1‘ ~ ‘EZihN _ 1‘

cannot be assumed to be greater than hy u(j, k)™ =~ h for all (large) N. Note that a
generic hypothesis on 4 would be here that this small divisor is greater than hy N =%
for some constants y and «: see Hypothesis 3.4 and Lemma 3.6 below. This example
shows that we cannot control the small divisors |¢/2U-%) _ 1| associated with the
splitting scheme by the third largest integer in the multi index (which is actually of
order 1 in this case), but only by the largest.

A numerical example of resonances effect due to a resonant step size outside CFL
regime is given in Sect. 4.2.1. Actually 4 is chosen such that k(w7 — w1) = 27 which
implies an exact resonance |e/"(“7=®1) — 1| = 0 in the numerical scheme while this
resonance does not exist for the continuous model since w7 — w; # 0.

The fact that the control of the small denominators involves the largest index makes
impossible a direct application of the method used for instance in [4]. In our case, for
a given frequency cut-off N, the homological equation can only be solved for muti-
indices with all indices smaller than N. As usual in such procedure (see [1,4]), it turns
out that this frequency cut-off N can be taken of order ¢ ~?. Now two situations can
be distinguished:
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e In the case of a full discretization of the Hamiltonian PDE with a spectral discret-
ization parameter K < N =~ ¢~9, then no frequencies higher than N are present
in the problem and the homological equation can be solved for all frequencies (up
to the actions terms). As a consequence the normal form term Z actually depends
only on the actions and long time preservation consequences can be drawn as in
the continuous case. This is essentially the result of the first part of this paper.

e Inthe case where K > &7, the normal form term Z is now made of terms depend-
ing only of the actions and additional terms containing frequencies greater than
N =~ ¢7%. As a consequence, we do not obtain preservation results for the exact
splitting but only for rounded splitting methods (see [13] for precise statements).
Moreover, we use a zero momentum condition to ensure the presence of at least
two large indices in the normal form. This is the result given in the second part
[13] of this work.

3 Setting of the problem
3.1 Hamiltonian formalism

We set N = Z4 or N. Fora = (ay, ..., aq) € N, we set

la| = .:maxd la;].

.....

Let K € N, and let Nk a finite subset of AV, included in the ball {a € N'||a| < K }.
Typically, we can take Nx of the form [—K, ..., K19 c Z%or [0, ..., K]¢ ¢ N? or
a sparse set of the form (see for instance [16,22])

J\/K:{a:(al,...,ad)eZd|(1+|a1|)~-~(1+|ad|)§K}CZd.

We consider the set of variables (&, np) € CNk % cNx equipped with the sym-
plectic structure

i > g, Adng. (3.1)
aeNk

We define the set Zx = N x {£1}. For j = (a, §) € Zk, we define |j| = |a| and

we denote by j the index (a, —38).
We then define the variables (z;) jez, € CZK by the formula

=& ifs=1,

Jz(a,S)eZK:[ijna if§ = —1.

By abuse of notation, we often write z = (£, n) to denote such an element.
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We set

2 2
lzl™ = > Izl

Jje2k
and for any p > 0,
Bx(p) = [z € CZ | Jz]) < p}.

Note that in the case where K = +00, we set by convention Zx = Z = N x {£1}
and the previous norm defines a Hilbert structure on E%J,. We denote by

Mg : 65— (C%,1-1)

the natural projection.
Let Uk be a an open set of CZk . For a function F in ClUk, C©), we define its
gradient as

vre - (F
o7 BZJ JEZK

where by definition, we set for j = (a, §) € N x {£1},

IF S ifs=1,
AL ifs = —1.

Let H(z) be a function defined on Uk . If H is smooth enough, we can associate with
this function the Hamiltonian vector field X g (z) defined as

Xu(2) =JVH(2)

where J is the symplectic operator induced by the symplectic form (3.1).
For two functions F' and G, the Poisson Bracket is defined as

dF G  9F 3G
(F.G}=VF'IVG=i Y ———————.
winr, Onj 085 9% o,

We say that z C2X is real when ;= zj forany j € Zk. Inthis case, z = (£, £)

for some & € CNk . Further we say that a Hamiltonian function H is real if H(z) is
real for all real z.
With a given function H € C*° Uk, C), we associate the Hamiltonian system

z=JVH(2)
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which can be written

{éa = —ifllE ) aeNk
(3.2)

na=i5E )  aeNk.

In this situation, we define the flow (p}, (z) associated with the previous system (for
times ¢+ > 0 depending on z € Uk). Note that if z = (£, &) and H is real, the flow
(€', 1") = ¢}, (2), for all time where it is defined, satisfies the relation &' = 7", where
&' is solution of the equation

éaz_i

aH -
3 (£.8), aeNk. (3.3)
Na

In this situation, introducing the real variables p, and g, such that

&, = %(pa +igq) and ga = %(pa —iqa),

the system (3.3) is equivalent to the system

09a

pa :_8H(q7p)v a ENK
C]aZ%(‘]vP)v aENK-

where H(q, p) = H(€. §).
Note that the flow ! = gp; of a real Hamiltonian x defines a symplectic map, i.e.
satisfies for all time ¢ and all point z where it is defined

(D7) 7 (Dx"). =7 (B4

Z Z

where D, denotes the derivative with respect to the initial conditions.
The following result is classical:

Lemma 3.1 Let Ux and Wk be two domains of C2k,andlett = (p)1< eC>®Uk, Wk)
be the flow of the real smooth Hamiltonian x. Then for H € C*°(Wkg, C), we have

VzelU Xpor(z) = (D;1(2) ' Xu(z(2).

Moreover, if H is a real Hamiltonian, H o T is a real Hamiltonian.
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3.2 Hypothesis

We describe now the hypothesis needed on the Hamiltonian H.
In the following, we consider an infinite set of frequencies (w,),e N satisfying

YaeN, |wg| <Clal™ (3.5)

for some constants C > 0 and m > 0.

Let U be an open domain of £2(CZ) containing the origin, and let g = gl its
projection onto CZ« .

We consider the collection of Hamiltonian functions

HE — H(K) + P(K) K >0, 3.6)

with

B = S wula(@

ae Ny

where for all a € Nk,

14(z) = &ana 3.7

are the actions associated with a € Nk . Note that if z = (£, ), then I,(z) = |&,|%.

We moreover assume that the functions PK) e C® Uk, C) are real, of order at
least 3, and satisfy the following: For all £ > 1, there exists constants C(£) > 0 and
B() = 0 such that for all K > 1, (ji,..., je) € Z;} and z € Uk, the following
estimate holds:

ap&

()| < COKFD. (3.8)
9zjy -+ 92j,

(2)

The Hamiltonian system (3.2) can hence be written

(3.9)

éa=_iwu§u_
( )
Na = iwana +i %=, 1) a€Nk.

Denoting by ga’Q the exact flow of a Hamiltonian flow, splitting methods are based on
the approximation

h ~ N h
Yruw = a0 °Pp
0
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for a small time step 2 > 0. Note that in this case, the exact flow of H(;K) is explicit
and given by

h _ —iwgh iwgh
(0H(§K) &, n) = (e &, e na)aeNK

while the calculation of w};,( x) requires the solution of an ordinary differential equation,
whose solution is often given explicitly (see the examples below).

The goal of this paper is the study of the long-time behavior of the numerical
solution z" given by (1.2) for large number n of iterations.

Remark 3.2 Note that no hypothesis is made here concerning the preservation of the
L? norm by the flow of (3.9).

3.3 Non-resonance condition
In the following, for j = (ji, ..., j) € Z} withr > 1, we use the notation
2j =2 Ly

Moreover, for j = (ji,...,j,) € Z% with j; = (a;,8;) € Nx x {£l} fori =
1,...,r, we set

7:(7]’~~‘77r) With;iz(ai’_ai)’ i=19-~'ar7
and we define
Q) :(Slwal +"’+8rwa,~~

We say that j € Z} is resonant and we write j € A’ if r is even and if we can write
(up to a permutation of the indices)

Vi=1,...r/2, ji=1(a;,1) and j,~+,/2:(al~,—l)
for some a; € Ng. For odd r, A, is the empty set.

Associated with this resonant set we define the notion of polynomial in normal
form:

Definition 3.3 A polynomial Z on CZ¥ is said to be in normal form if we can write
it

.
ZZZ Z Zjzj.

=3 jeAl
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Note that if j € A’ then

Zj =2j - 2j, = Ea Ny "'Ear/znar/z

= Ial (Z) e Iar/z(z)

where for all a € Nk, 1,(z) denote the actions associated with a (see (3.7)). Thus a
polynomial in normal form is a polynomial that depends only of the actions.
As a consequence, the actions are invariant by the hamiltonian flow of a polynomial
in normal form.

We will assume now that the step size h satisfies the following property:

Hypothesis 3.4 For all r € N, there exist constants y* and o* such that for all
K e N*,

o ot
Glooes ) € ZANAL —> ‘1—e”’9(1>‘z%. (3.10)

The following Lemma 3.6 (see [20,23] for similar statements) shows that condition
(3.10) is generic in the sense that it is satisfied for a large set of & < hq (and in par-
ticular independently of K), provided that the frequencies w, satisfy a non-resonance
condition that we state now:

Hypothesis 3.5 Forallr € N, there exist constants y (r) and o(r) such thatV K € N¥,

. . . Y
Uts--nJr) € Zp\Axy = 1) = rh (3.11)
In the next section, we will check this condition in different concrete cases.
Lemma 3.6 Assume that Hypothesis 3.5 holds, and let hy and r be given numbers.

Let y and o be such that (3.11) holds and assume that y* < 2/7)y, a™ > a+mt+r
with T > 1 and m the constant appearing in (3.5), then we have

*
meas{ h < hqo | h does not satisfy (3.10) } < Cy—h(l)""r
v

where C depends on T and r. As a consequence the set
Z(ho) = {h < ho| h satisfies Hypothesis 3.4}

is a dense open subset of (0, ho).

Proof Denote

R(hg, y*, a*) = {h < ho | h does not satisfy (3.10)}.
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Assume that h € R(ho, y*, ). There exist K > 1 and j ¢ A’ such that
; . Qi hy*
il il S K and |1 =90 < 220
For this j, there exists an £ € Z such that
i) = 2 ;
‘l—e ‘z—|2n(i—h9(1)|. (3.12)
b4

If £ = 0, the previous inequality and (3.11) imply

2
X

)1 _eihQ(j)) .
~ T K¢

which is impossible with the assumptions on y* and «*. Hence, we can assume £ #~ 0.

Equation (3.12) implies

212(j)| | 2me ol < hy*
T Q) K"

and using (3.11)

*
)=
Moreover, we have for this ¢

27l —hQ(j)| =7
whence using (3.5)

27)l| < 7 + ChoK™

where C is a constant depending on r. This implies

1 C
0 — = < —hoK™.
el = 5 = 5,ho

Hence, R(hg, y*, «*) is included in the union of balls of center

2l 1 C
_—, ith |jil,....lj| <K, |€]—=<—hoK™, £#0
Q) with | i ljr| < €] 5 = 5N 7
and radius
hory* 1
2)/ Koz*—a
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Hence, we have for 7 > 1

hory* 1

* %

meas(R(ho, y*, a™)) < Z z 2y K@
il=K je|— 1< L hokm

=
- |e| _ % 2]/ Ko —a—mt 27 .
1

lji|<K ¢eZ*
< c’;héﬁm.
Furthermore
meas (Ny+~oR(ho, y*, a™)) =0
and thus Z (h¢) has full measure. O

4 Statement of the result and applications

4.1 Main results

Theorem 4.1 Assume that PX), the frequencies and h < hq satisfy the previous
hypothesis (cf. (3.8) and (3.10)). Let r € N* be fixed. There exist positive constants
o, C and gy depending only on r, hy and the constants B(£) and C(£), £ =0, ...r in
(3.8), such that the following holds: For all ¢ < go and K < =, and for all z° real
such that

0
Iz°] <e

if we define
n
&= (go;;m ow’;m) @) 1)
0
then for all n, 7" is still real, and moreover
1
2"l <2¢ forn < g 4.2)

and

1
Vae Nk, [l.(z") —1,(2")| < Ce?* forn < — (4.3)
€

The proof of this result relies on the following Birkhoff normal form result, whose
proof is postponed to Sect. 5:
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Theorem 4.2 Assume that P'5)| the frequencies and h < hq satisfy hypothesis (3.8)
and (3.10). Let r € N* be fixed. Then there exist constants  and C depending on
r, ho, B(L) and C(£), £ = 0, ...r in (3.8) and a canonical transformation tx from
Bx (p) into Bg (2p) with p = (CK)™P satisfying for all z € Bk (p),
Biizi? —1 Bz
Itk (z) —zll = (CK)"llzll™ and |t (2) —zll = (CK)"lizl -, (4.4)
satisfying the following result: For all z € Bk (p),

1 h h _h
Tg © @Hék) °¥pk) © % (2) = (PH(gk) oYk (2)

where Vg satisfies:

o Y (z)isreal if 7 is real,
e Forall z € Bx(p),

Ik () -zl < (CKP |z, 4.5

e Forall z € Bk (p),
LWk (2) — La()] < (CK)P |z . (4.6)

Proof of Theorem 4.1 First, let us note that as the Hamiltonian functions HéK) and
P& are real Hamiltonians, it is clear that there exist £” € CN such that for all n, we
have 7" = (€7, &"), that is 7" is real.
Let B given by Theorem 4.2 and let 0 = 1/(28). We have for K < &7,
(CK)P < P12,

Let g be defined by Theorem 4.2, and let y" = 7 1(2). Using the property of
Tk, we see that y” is real, i.e. we have y" = (¢", ¢™) for all n. By definition, we have

Vn>0, y"= (‘PZ(;K) ° I/fK) o". 4.7

Using the fact that K < ¢~ and (4.4), the transformation tg in the previous Theorem
satisfies the following: for all z such that ||z|| < 2e,

ltg @ —zll < CPe 2 z)” < 4CPe¥? < Le 438)
provided g is sufficiently small. Hence we have 1Ol = ||r,?l @O < %8.
Note that we have p = (CK)"g > CBel/2 > 2¢ provided that &g is small enough.
Using (4.5) we get that as long as ||y"| < 2¢, we have

Iy < 1"+ (CRP Iy I < Iy" + 27 cPer=1/?
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By induction, we thus see that for
n< 27r71 C7ﬂ€3/27r

we have [|y"] < %8 < 2e¢. Assuming that &g is such that 2_’_1C_’38$/2 < 1, this

1—r

shows that for n < &'~ we have ||y"|| < Ze. Using (4.4) and an inequality similar to

(4.8), we conclude that

1
"]l <2e, forn<——
&

which yields to (4.2).
Now using (4.6) and the fact that ||y"|| < 2& we see that for n < e!~" we have

< 2r+lcﬁ8r+1/2

Va e Nk, |LO"™) —1,G"

whence

Ya GNK,

Ia(yn) _ Ia(y())‘ S 2r+]cﬂn8r+]/2
Now we have for all a € Nx

|Ia(yn) - Ia(Zn)} =

I

e = g 2| = [1ea = 1ga] x ez + 1ez|
whence
L") = L] < 18 = ESAY" I+ 121 < e ") = ¥ I A" IF + 112"1D)-
Using (4.4) we see that forall n < ¢! and all a € Nk,
Itk ") =yl < 4CPe2.
and hence, as ||Z"|| < 2e,
[1a(y") = La(2")] < 8CPe.
Using (4.8), we thus see that

Vn<e™" Vae Nk,

Ia(Zn) _ Ia(ZO)‘ < 2r+4cf3 (85/2 + n8r+1/2)

and this easily gives the result. O

Remark 4.3 As usual in such procedure, the previous constructive proof yields a very
small constant o for large parameter r. The estimation of the optimal o is a very
difficult problem and may depend on the particular case considered.
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4.2 Examples
In this section we present two examples, other examples like the Klein Gordon equation

on the sphere (in the spirit of [3]) or the nonlinear Schrodinger operator with harmonic
potential (in the spirit of [18]) could also be considered with these techniques.

4.2.1 Nonlinear Schrodinger equation
We first consider nonlinear Schrédinger equations of the form

iy =AY + Vg +dg@¥), xeT? 4.9)
where V € C®(T¢,R), g € C®U, C) where U is a neighborhood of the origin in

C2. We assume that g(u, i) € R, and that g(u, #) = O(Ju|’). The corresponding
Hamiltonian functional is given by

HW. ) = / VY2 -V %) + g ) dx.
'Ird

Let ¢, (x) = €'“*, a € Z% be the Fourier basis on L?(T¢). With the notation

)2

1\9/? _ 1 _
Y = (E) D Ea(x) and P = (Z) D Nada(x)
aeZd acZd
the (abstract) Hamiltonian associated with the equation (4.9) can be formally written

HE n) = D wdbana + P& n). (4.10)

aeZ4
Here w, = |a|? + V, are the eigenvalues of the operator
Y= =AY+ Vxy,

and we see that w, satisfy (3.5) with m = 2. Moreover, the nonlinearity function
P (&, n) possesses a zero of order 3 at the origin. In this situation, it can be shown that
the Hypothesis 3.4 is fulfilled for a large set of potential V (see for instance theorem
5.7in [17]).

Following [14], a space discretization of this equation using spectral collocation
methods yields a problem of the form (3.6) with

Nk =[-K,...,K —1]¢
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and, with

1 \4/2 1 \4/2 _
uK=(E) D Euda(x) and vk=(g) D Nabalx)

aENK aENK
4.11)

the nonlinearity reads

PG = [ Qlgtur. v
Td
where, for a function ¢ = (%)“l/2 > wezd Vaba(x)

QW) = D | D Varaks | $ax)

aeNk \bezd

is the collocation operator associated with the points x, = a% € T, a € Ng. Itis
easy to verify that PX) satisfies (3.8) for some constants C(£) depending on g and
B(£) depending on g and the dimension d.

Note that starting from a real initial value ”(1)< (x) (see (4.11)) this system reduces
to solving the system of ordinary differential equation

d _ -
VaeN, iguk(en = Fox QFyduk (xq, 1) + 328 (uk (xq, 1), ug (xq, 1))

where € is the matrix (wq)en;, and Fok the Fourier transform associated with Ng.
In this case, the numerical solution (1.2) is easily implemented: The linear part is
diagonal and can be solved explicitly in the Fourier space, while the non-linear part
is an ordinary differential equation with fixed parameter x, at each step. If moreover
g(u, it) = G(|u|?) for some real function G then the solution of the nonlinear part is
given explicitly by ‘Pﬁm) (u) = exp(—2ihG’(|u|?))u using the fact that |u|? is constant
for a fixed point x,.

For high dimension d, the previous discretization is usually replaced by a discreti-
zation on sparse grid, i.e. with

N =fa=(@,....a0 € 2|1+ ar) - (1 + laa) < K| € Z°.

As explained in [22, Chap III.1], methods exist to write the corresponding system
under the symplectic form (3.6), upon a possible loss in the approximation properties
of the exact solution of (4.9) by the solution of the discretized Hamiltonian H ).
Note that this does not influence the long time results proven here: In some sense we
do not impose the nonlinearity PX)(z) to approximate an exact nonlinearity P(z).
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200 400 600 g0 1000 80
TIME TIME

Fig. 1 Plot of the actions for non-resonant and resonant step size

We first give a numerical illustration of resonance effects. We consider the equation
iy = —AY + Vg + &y Py

in the one-dimensional torus T!, with initial value

_ 2
Yolx) = m~

Note that this problem is equivalent to solving (4.9) with a small initial value of order €.
We take ¢ = 0.1, V with Fourier coefficients V, = 2/(10 + 24%) and K = 200
(i.e. 400 collocation points). In Fig. 1, we plot the actions of the numerical solution
given by the Lie splitting algorithm (1.2) in logarithmic scale. In the right we use the
resonant stepsize h = 27 /(w7 —w1) = 0.17459 . . .. In the left we plot the same result
but with the non resonant stepsize & = 0.174.

In Fig. 2, we show the long time almost conservation of the action in the case where
h = 0.1 (non-resonant), and ¢ = 0.1 and ¢ = 0.01 after 10° iterations.

4.2.2 Nonlinear wave equation
As a second concrete example we consider a 1-d nonlinear wave equation
Uy — gy +mu =gw), xeS', reR, (4.12)

with Dirichlet boundary condition: u(0, t) = u(w,t) = 0 for any . Here m > O is a
constant and g is a C* function in a neighbourhood of the origin in R. We assume that
g has a zero of order two at u = 0 in such a way that g («) appears, in the neighborhood
of u = 0, as a perturbation term.
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Fig. 2 Conservation of the actions for ¢ = 0.1 (left) and ¢ = 0.01 (right)

Defining v = u;, (4.12) reads

o (") = v
"\v)  \upr —mu+gx,u))"

Furthermore, let H : H'(S!) x L%(S') > R defined by

1 2 1 2 1 2
H(u,v) = EU +§ux+§mu + G(x,u) )dx 4.13)
s1
where G is such that 9,G = —g, then (4.12) reads as an Hamiltonian system
9 u (0 1 —Uxy + mu + 0,G
"\v)  \-10 v
= JV, H@u,v) (4.14)
O 1 . VL[
where J = 10 represents the symplectic structure and where V,, , = v
- v

with V,, and V,, denoting the L? gradient with respect to u and v respectively.
Define the operator A := (—d,, +m)'/?, and introduce the variables (p, g) given by

q = A2y , pi= A2y,

Then, on H*(S') x H*(S') with s > 1/2, the Hamiltonian (4.13) takes the form
Hy + P with

Ho(q. p) = = ((Ap. p)2 + (Aq. q)12)

1
2
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and

P(q.p) = / G, A~ q)dx
Sl

Now denote by (w,).cn the eigenvalues of A with Dirichlet boundary conditions
and ¢, a € N* =: N/, the associated eigenfunctions. We have ¢, (x) = sinax and

wy = a4+ m.

Plugging the decompositions

g = D" quda(x) and p(x) = D patpa(x)

aeN* aeN*
into the Hamiltonian functional, we see that it takes the form
2 2
DPa T4
H= > o~ P
acN*

where P is a function of the variables p, and g,. Using the complex coordinates

1 . 1 .
&, = E(Qa +ipy,) and n, = E(qa —ipa)

the Hamiltonian function can be written under the form (4.10) with a nonlinearity
depending on G. As in the previous case, it can be shown that the condition (3.11) is
fulfilled for a set of constant m of full measure (see for instance Theorem 4.18 in [2]).
A collocation discretization on equidistant points of [0, 2] yields the same kind of
discretization as before (with d = 1).

In this situation, the symmetric Strang splitting scheme

h/2 h h/2
o (o)
Ypx) (pHéK) Yp
corresponds to the Deuflhard’s method [10]. If moreover we consider the Hamiltonian
H® () = H® (2) + PE (@ (h2)2)

where €2 is the matrix with elements w,, a € Nk, and ®(x) a smooth function that
is real, bounded and such that ®(0) = 1, then the splitting schemes associated with
this decomposition coincide with the symplectic mollified impulse methods (see [20,
Chap. XIII] and [8]).
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5 Proof of the normal form result

The rest of the paper consists in proving Theorem 4.2.
In the following, we denote by 7, the set of polynomial of order r on CZ« (for sake
of simplicity, we do note write the dependance in K in the notation 7). If

-
0=> > 0y
=0 jezt
is an element of 7,, we set

= max max il
0l = max max Q|

=U5eees _]EZK

If moreover Q € C([0, 1], 7,) we set

= max A .
101l = max |00,

Using the assumptions on P we can write a Taylor expansion of P around 0,

PO =P+ 0, = Z Z Pjzj+ 0r(2)

(=3 jez}
where
|Pj] < CKP

where C and By depend on B(¢) and C(£), £ =0, ..., r in (3.8).
Notice that Q,(z) € C*® (CZk | C) admits a zero of order r + 1 and satisfies

1Xo, @I < CKMz))"

for z € Uk, provided By = Bo(r, d) is large enough.
Before giving the proof of Theorem 4.2, we give easy results on non autonomous
polynomial Hamiltonians.'
Lemma 5.1 Letk > 1 and let P(X) € C([0, 1], Tx+1) be a homogeneous polynomial
of degree k + 1 depending on )\ € [0, 1]. Then
(i) There exists a constant C depending on k such that for all z € CZ¥ and all
A € [0, 1], we have

k+1
PO )l < CKASTDIPY izl
k+1

U In[13] we study the case K = 400 which requires much more elaborate tools about class of polynomials
with infinite number of variables.
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(ii) There exists a constant C depending on k such that for any z € C2% and all
1€ [0, 1],

k
IXpay @I < CKIEDIPI Ll

Moreover, let k1 and ky two fixed integers. Let P and Q two homogeneous polynomials
of degree ki + 1 and ky + 1 such that P € C([0, 1], Tx,+1) and Q € C([0, 11, Ty +1).
Then {P, Q} € C([0, 1], Ty, 4k,) and we have

1P Qlly < CIPly 10l |

for some constant C depending on ki and k».

Proof We have

PO =<IPly D Izl

jezki!
where we have set for j = (ji,..., j¢) € Zf;,
lzjl = lzj |- |zl

Using |z;| < ||z we easily obtain (i) using 1 Zx < 2K + 1)“. The second statement
is proven similarly. The estimate on the Poisson brackets is trivial. O

Lemma 5.2 Letr > 3,

0 =D > 0z

=3 jez}

be an element of C([0, 1], 7,). Let go)é()\) be the flow associated with the non auton-
omous real Hamiltonian Q()). Then there exists a constant C, depending on r such
that

p<inf (12, K0l ) = Viel0. 1l gh(Bk(p) C Bk (2p).
(5.1)

Moreover, if F(A) € C([0, 1], C*°(Bg (p), C)) has a zero of order r at the origin, then
F(A) o (p)é(k) has a zero of order r at the origin in Bk (p).

Proof Let z* = 9"6(;\) (z%). Using the estimates of the previous lemma, we have

d

2
d—knzln =2(" Xoa(@H)

d A x2 P e
< o K0l 1241 (12417 +12417)

@ Springer



452 E. Faou et al.

for some constant ¢, depending on . Hence, as long as ||z*|| < 1, we have

d 2 3
S 17 = 26 KIQI 1M

By a standard comparison argument, we easily get that for z0 € Bx (p) we have
Vaelo 1], N2 <2010 .

This shows (5.1) and the rest follows. m|

We now give the general strategy to prove the normal form Theorem 4.2, showing in
particular the need of working with non autonomous Hamiltonians and of considering
the non-resonance condition (3.10).

We consider a fixed step size £ satisfying (3.10). As in this section K will be con-

sidered as fixed, we denote shortly PX) by P and HéK) by Hp. We consider the
propagator
h h h 1
Pr, ©Pp = PHy © Pup-
We embed this application into the family of applications

Ol o erp. Ael0.1].

Formally, we would like to find a canonical change of variable, go;(x), constructed as
a time A flow of a real Hamiltonian x = x (A) and a real Hamiltonian under normal
form Z = Z(A) and such that

v € [0, 1] (p}lflo o (p,)l‘P ) ‘/’;(A) = 90;()0 o 90}1510 o ‘/’22()\)- 5.2)

Let 20 € C?% and 7* = <p§10 °@ip oWy (z%). Deriving the previous equation with
respect to A yields

- (0] g )
drn — \7H Vi &) nP \Po

+ (Dz(‘P}[fIO o (Pzp)) a

Xeoo (00t 0 0t ))
whpw;}g(Z*) XM \%np Hy

Using Lemma 3.1 that remains obviously valid for non autonomous Hamiltonian, we
thus have

dZ)L A

R ‘e Z

O A0 (")

where A(A) is the time dependent real Hamiltonian given by
_ —h -A _—h
A(A)=hP °Qp, T x(A)ow,p ° Py, -
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Using the same calculations for the right-hand side, (5.2) is formally equivalent to the
following equation (up to an integration constant)

Vi el0.1]1 hP oy +x(Mog b opy! = x()+hZ(M) 0w s opy!.
(5.3)

which is equivalent to

Vi e [0.1] x(W)ogly —x(G)ogys=hP —hZ()og (5.4)

x)°
In the following, we will solve this equation in x (A) and Z(X) with a remainder term

of order r 4 1 in z. So instead of (5.4), we will solve the equation

Vi€ (0,11 x(W) o — x() o @yp =hP —(hZ() + R()) o ¢y ().
5.5

where the unknown are x (1), and Z () are polynomials of order r, with Z under
normal form, and where R(X) possesses a zero of order r + 1 at the origin.
We formally write

x0) = wa](k) = Z > xizj

= 31635

and

Z(\) = sz(x) = Z > Zj0z;

= 31625

where here the coefficients Z (1) are unknown and where we denote by y[¢(1) and
[¢1(A) the homogeneous part of degree ¢ in the polynomials x (1) and Z(1).
Identifying the coefficients of degree £ < r in equation (5.5), we obtain

() 0 oy — x1e/(W) = h Py — hZgg(A) + hGrey(hs Y. P Zs).

where G is a real Hamiltonian homogeneous of degree ¢ depending on the polynomi-
als x[x1, Pk and Zyg) for k < £. In particular, its coefficients are polynomials of order
</ of the coefficients x;, Pj and Z; for j € zZk k<.

Writing down the coefﬁcients, this equation is equivalent to

viezZy (M) 1)y =hP;—hZ;+hG,

and hence we see that the key is to control the small divisors ¢//) — [ in order to

solve these equations recursively.
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We first give two results on the change of variables generated by the flow of a non
autonomous real Hamiltonian.

Lemma 5.3 Let x(A) be an element of C([0, 1], 7;). Let T(A) = (p;(k) be the flow
associated with the non autonomous real Hamiltonian x (1). Let g € C([0, 1], 7,),
then we can write for all o¢ € [0, 1],

g(0g) o T(00)

o0

|
—

r

o
= g(oo) + // (Ady(0) 0 -+ 0 Ady(61)8(00)) do - - - dog + R(op)
k=07 0

Il
=}

(5.6)

where by definition Adp(Q) = {Q, P}
00 oy
R(op) = / . / (Adx(o'r) 0---0 AdX(gl)g(G())) ot(oy)doy---do.. (5.7
0 0

Each term in the sum in Eq. (5.6) belongs (at least) to the space C([0, 1], Tx,). The
term R(oy) defines an element of C([0, 1], C*® (C2%, C)) and has a zero of order at
least r + 1 at the origin.

The classical proof of this lemma is for instance given in [13].
As mentioned previously, for a given polynomial x € C([0, 1], 7,) with r > 3, we
use the following notation

XL =D ) =D D xRz (5.8)
=3 (=3 jezt

where xr (1) € C([0, 1], 7;) is a homogeneous polynomial of degree £. We now
precise the result of Lemma 5.3:

Proposition 5.4 Let x (L) be an element of C([0, 1], 7;) having a zero of order at
least 3 at the origin. Let goim be the flow associated with the non autonomous real
Hamiltonian x (1). Let g € C([0, 1], 7;), then we can write for all A € [0, 1],

g 0@l =52 +TV M)

where

e ST e C([0, 11, 7;). Moreover, if we write
S = Z Sper(d)
=3
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where Spp)(A) is a homogeneous polynomial of degree £, then we have for all
L=3,...,r,

St = gy + Gro(A; X, 8+)

where Goj(A; Xx, 8+) Is a homogeneous polynomial depending on A and the coef-
ficients S are polynomials of order < £ of the coefficients appearing in the decom-
position of g and x. Moreover, we have

-1 £—1
4 4
IG 11 (hi X 20 5(1+ > lgiml )(1+ > il ) (5.9
m=3

m=3

o TW (1) € C([0, 1], C®(C3K, C)) has a zero of order at least r + 1 at the origin
and satisfies for all z € By (1/2),

1X700) @I < CrK74Cr (e, g 12l

where

r r
Cr(Xs: 84) < c(l +> ||g[m]||;)(1 +2 ||X[m]||;) (5.10)

m=3 m=3
with C depending on r.

Proof Using the previous lemma, we define S as the polynomial part of degree less
or equal to r in the expression (5.6): this polynomial part may be computed iteratively,
from the homogeneity degree 3 to r. Actually, every Poisson bracket appearing in (5.6)
is taken with a polynomial y (o} ), which decomposes into homogeneous polynomials
with degree 3 at least. The terms appearing in the sum in (5.6) hence have an increas-
ing valuation, and this allows the iterative computation. The remainder terms, together
with the term R(%) in (5.7), define the term T") (which is an element of C([0, 1], 72,.)).
The properties of S (1) and T (1) are then easily shown using Lemma 5.1. O

The next result (Proposition 5.5 below) yields the construction of the normal form
term g of Theorem 4.2.

Proposition 5.5 Assume that H := H%) satisfies (3.6) with P := P%) fulfilling
(3.8) and assume that h < hg satisfies the hypothesis (3.10). Then there exist

e a polynomial x € C([0, 1],7;)

r

X =D xa®) = D xjhzj
=3

=3 jez}
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e apolynomial Z € C([0, 1], 7,)
Z(\) = Z Zig() = Z > Zj(z;
=3 jeAl
in normal form,
e afunction R(1) € C([0, 11, C*®(Bk (p), C)) with p < coK ~* for some constant

co > 0and B > 1 depending on r and d, and having a zero of order at least r + 1
at the origin

such that the following equation holds:

Vi el0.1] x(W)owly — x(W)owp=hP—(hZGR) + RO) o gl
(5.11)

Furthermore there exists a constant Cy depending on r and d such that

xllz +1Zll; < CoK?

and such that for all p < coK P and all z € By (p), we have
Vi€ 0,11, I Xro @I < CoKPllz]"
Proof Identifying the coefficients of degree £ < r in Eq. (5.11), we get
Xie1 © @y, — Xie1 = hPiey = hZje) + hGey (s P, Zs).
where G is a real Hamiltonian homogeneous of degree ¢ depending on the polyno-
mials [k}, Px) and Z) for k < £. In particular, its coefficients are polynomials of

order < ¢ of the coefficients xj, P; and Z; for j € Z]I‘{, k < £ and satisfy bounds
like (5.9). Writing down the coefficients, this equation is equivalent to

VieZ (M) —1)yj=hP;—hZ;+hGj.
We solve this equation by setting
Zj=Pj+G; and xj=0 forje A%
and

Z;j=0 and x; = (Pj +Gj) forj ¢ Ab.

ehQ() — |

Using (3.10) and the result of Proposition 5.4 we get the claimed bound for some S
depending on r.
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To define R, we simply define it by Eq. (5.11). By construction and the assumption
on P = P and using bounds of the form (5.10), it is easy to show that it satisfies
the hypothesis. O

Proof of Theorem 4.2 Integrating the equation (5.11) in A, it is clear that the following
equation holds:

h A A A h A
VA €l0, 11 @p, 0 @hp © 3y = Py © Phy © PhzGy+RG):

Note that using Proposition 5.4 and (5.1) we show that for z € Bg (p) with p = cK P
we have

2
%6y @) — 2l < CKP 2]
This implies in particular that

lzll < g}y @Il + CK P z]]

For K sufficiently large, this shows that (p; o) is invertible and maps Bg (p) to Bx (2p).
Moreover, we have the estimate, for all A € [0, 1],

(CANCE

We. then define Tk = (p)l(()») and Yx = (p,ll Z0) 4ROV and verify that these applications
satisfy the condition of the theorem for suitable constants C and 8. O

2
< CKP|z)”.
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