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Abstract We develop a general convergence analysis for a class of inexact Newton-
type regularizations for stably solving nonlinear ill-posed problems. Each of the meth-
ods under consideration consists of two components: the outer Newton iteration and
an inner regularization scheme which, applied to the linearized system, provides the
update. In this paper we give a novel and unified convergence analysis which is not
confined to a specific inner regularization scheme but applies to a multitude of schemes
including Landweber and steepest decent iterations, iterated Tikhonov method, and
method of conjugate gradients.
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1 Introduction

During the last two decades a broad variety of Newton-like methods for regularizing
nonlinear ill-posed problems have been suggested and analyzed, see, e.g. [2,13,20] for
an overview and original references. So similar some of the methods are so different
are their analyses, even when the same structural assumptions on the nonlinearity are
required.
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522 A. Lechleiter, A. Rieder

This situation is in contrast to the linear setting. Here, a general theory is known
when the (linear) regularization scheme is generated by a regularizing filter function,
see, e.g. [6,14,17,20]. Properties of the scheme can be directly read off from properties
of the generating filter function.

The present paper was driven by the wish to develop a similar general theory for a
class of regularization schemes of inexact Newton-type for nonlinear ill-posed prob-
lems. This class has been introduced and named REGINN (REGularization based on
INexact Newton iteration) by the second author [18,19,21]. Each of the REGINN-
methods consists of two components, the outer Newton iteration and the inner scheme
providing the increment by regularizing the local linearization. Although the methods
differ in their inner regularization schemes we are able to present a common con-
vergence analysis. To this end we compile five features which not only guarantee
convergence but are also shared by various inner regularization schemes which are
so different as, for instance, Landweber iteration, steepest decent iteration, implicit
iteration, and method of conjugate gradients.

Let us now set the stage for REGINN. We like to solve the nonlinear ill-posed
problem

F(x)=y (L.1)
where F : D(F) C X — Y operates between the real Hilbert spaces X and Y. Here,

D(F) denotes the domain of definition of F. The right hand side y? is a noisy version
of the exact but unknown data y = F(x™) satisfying

ly =¥’ lly <8. (1.2)
The nonnegative noise level § is assumed to be known. Algorithm REGINN for solv-
ing (1.1) is a Newton-type algorithm which updates the actual iterate x, by adding a
correction step s}f obtained from solving a linearization of (1.1):

Xnt1 =X + 5N, n e Ny, (1.3)

with an initial guess xo. For obvious reasons we like to have s) as close as possible
to the exact Newton step
+
Sp=x" — xp.

Assuming F to be continuously Fréchet differentiable with derivative F’ : D(F) —
L (X, Y) the exact Newton step satisfies the linear equation

F'(xp)sS =y — F(xy) — E(xT, xn) =: by (1.4)
where

E(w,w):=F@) — F(w) — F'(w)(v — w)
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General convergence theory for Newton regularizations 523

is the linearization error. In the sequel we will use the notation
Ay =F /(xn)-

Unfortunately, the above right hand side b, is not available, however, we know a
perturbed version

bf =" = F(xy) with [[b, = billy <8+ [EGY, x,)|y. (1.5)
Therefore, we determine the correction step s as a stable approximate solution of
Aps = b}, (1.6)

by applying a regularization scheme, for instance, Landweber iteration, Showalter
method, (iterated) Tikhonov regularization, method of conjugate gradients, etc. There-
fore, let {s,,,»}m C X be the sequence of regularized approximations generated by a
chosen regularization scheme applied to (1.6).

We now explain how we pick the Newton step s,Ij out of {s, ,}: For an adequately
chosen tolerance u, €10, 1[ (see Lemma 2.3 below) define

my =min{m € N : |Apsym — b5 lly < mallblly}, (L.7)
and set
sN = Spm, - (1.8)

In other words: the Newton step is the first element of {s, ,,} for which the residual
| Ansn.m — by lly is less than p, [|by ||y .

Finally, we stop the Newton iteration (1.3) by a discrepancy principle: choose R > 0
and accept the iterate x s as approximation to x* if

Iy = Fene)lly < RS < Iy° = Fx)lly, n=0,1,...,N@®) —1, (1.9)

see Fig. 1.

The remainder of the paper is organized as follows. In the next section we present a
residual and level set based analysis of REGINN requiring only three rather elementary
properties of the regularizing sequence {s, ,,} together with a structural restriction on
the nonlinearity F. In a certain sense, this restriction is equivalent to the meanwhile
well-established tangential cone condition, see, e.g. [13,20]. Under our assumptions
REGINN is well defined and terminates. Moreover, all iterates stay in the level set
L ={x € DIF): |F(x) — yly < [F(xo) — y*|ly}. Unfortunately, £ cannot be
assumed bounded, thus prohibiting the use of a weak-compactness argument to verify
weak convergence at least.

Local convergence, however, is our topic in Sect. 3. Provided the regularizing
sequence {s, » } exhibits a specific monotone error decrease (up to a stopping index)
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REGINN(zy(s), R, {tn})
n:=0; zo:= TN

while ||F(z,) —%°|ly > RS do

{ m:=0;
repeat
m:=m+1;

compute S, ,, from (1.6);

until [[F'(zn)snm + F(aa) =y lly < pnl | F(zn) = ¢y
Tntl = Tp + Spms
n:=n-+1;

}

IN(S) = Tns

Fig. 1 REGINN: REGularization based on INexact Newton iteration

all REGINN-iterates will stay in a ball about x . Finally, we prove strong convergence
of {xn()}s asd — 0.

Several regularization methods applied to (1.6) generate sequences {s, ,,} meeting
our assumptions. Some of the respective proofs, which do not fit comfortably in the
body of the text, are given in two appendices.

We did not include a section on numerical experiments as we do not present new
methods but a new and unified convergence analysis for these methods. The interested
reader should consult our paper [15] where we solved the inverse problem of imped-
ance tomography using REGINN furnished with the conjugate gradients iteration for
computing the Newton update (1.8).

2 Residual and level set based analysis

For the analysis of REGINN we require three properties of the regularizing sequence
{Sn.m}, namely

(AnSn.m, b5)y > 0 Ym > 1 whenever AbS # 0, 2.1
and
mlgnoo A,,s,,,m = Pm fl (22)
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General convergence theory for Newton regularizations 525

The latter convergence guarantees existence of anumber %, > 1 such that || A, s, ||y <
U165 ||y for all m. We, however, require also uniformity in n: There is a ® > 1 with

IAnsnmlly < ®llbylly Ym, n. (2.3)
Typically, {s, n} is generated by
Snm = gm (AL An)Auby,
where g, [0, [|A,]I*] — R is a so-called filter function. If

0<Agm) <Cq, >0, and limoogm(k) =1/x, A>0,
m—

then all requirements (2.1), (2.2), and (2.3) are fulfilled where ® < C,. Here are some
concrete examples:

e Landweber iteration: g,,(A) = A~' (I — (1 — wA)™) where w €10, ||A,||~2[ and
C, =1

e Tikhonov regularization: g, (1) = 1/(A+a,,) where {a,, },, is a positive sequence
converging strongly monotone to zero. Thus, C; = 1.

e Iterated Tikhonov regularization (implicit iteration): g,,(A) = At (1 - [T,
1+ akk)_l) where the positive sequence {o }x is bounded away from zero, typ-
ically {0} C [0fmin, @max] Where 0 < amin < omax. Here, C, = 1.

e Showalter regularization:

A - exp (—a;lk)) A >0,
gn(A) =
a,, 1 A=0,
where the positive sequence {«,, },, converges strongly monotone to zero. Again,
Ce=1.
e Semi-iterative v-methods (v > 0) due to Brakhage [3]: Let A, be scaled, that is,
14nll < 1. Then, g, G = (1= P () /3 where Py () = 227121 -

2))/ P,;zv_l/ 2=172) (1) with P,Ela‘ﬁ ) denoting the Jacobi-polynomials. As ﬁ,flv)
attains negative values in ]0, 1[ (all roots are within this interval) we have C, > 1.
Sharp estimates for C, or ® are hard to obtain.

Alsononlinear regularization schemes, which cannot be represented by filter functions,
satisfy (2.1), (2.2), and (2.3):

e steepest decent method where ® < 2.1 and
e method of conjugate gradients (cg-method) where ® = 1,

provided the staring iterate is 0, see Appendix A for the respective proofs.

I we strongly conjecture that ® = 1 for the steepest decent method, see Remark A.1 below.
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Remark 2.1 Recently, Jin and Tautenhahn [12] presented a subtle convergence anal-
ysis of (generalized) iteratively regularized Gau3—Newton methods,

Xn+1 = Xn + &m, (Az An) A;b,i + (I — 8m, (A: An) A:An) (x0 —xu), (2.4)

stopped by the discrepancy principle (1.9). The iteratively regularized Gau3—Newton
method (with Tikhonov regularization) has been introduced by Bakushinsky in his pio-
neering work [1]. The differences of (2.4) to REGINN consist in the rightmost term
and in the a priori choice of the sequence {m,}, which is assumed to be monotonically
increasing by a certain rate.

For a large class of filter functions (including Landweber and Showalter filters)
Jin and Tautenhahn proved deep and far-reaching convergence results. Under weaker
assumptions, not covered by Theorems 1,2 or 3 in [12], we obtain weaker convergence
results. However, the technique of Jin and Tautenhahn does not apply to REGINN [12,
Remark 3] and cannot be extended to other nonlinear regularization schemes in a
straightforward way.

Now we present first results. By (2.1) any direction s, ,, is a descent direction for
the functional ¢(-) = %Ily(S — FO)3.

Lemma 2.2 We have that
(Vo(xn), spm)x <0 form > 1 whenever Ayb;, # 0.
Proof By Vo(-) = —F'(-)* (y‘S - F(-)) we find that

. @.1)
(Vo(xn), Sum)x = —(b,, Apsum)y < 0

and the lemma is verified. O
If w, is not too small then the Newton step s,I:I = Sn,m, 1s well defined indeed.

Lemma 2.3 Assume (2.2) and || Pra,)L b, |ly < ||by|ly- Then, for any tolerance

:|||PR(A,l)lb2”Y 1]
" AT

the stopping index m, (1.7) is well defined.

Proof By (2.2)

. | Ansnm —blly  I1PRea,Lbnlly
m=—00 (A1 (ZA15%

n
which completes the proof. O
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General convergence theory for Newton regularizations 527

Remark 2.4 If the assumption in above lemma is violated then REGINN fails (as well
as other Newton schemes): under || Pr4,)1b; lly = ||b;, ||y we have that s, ,, = 0 for
all m.

Now we provide a framework that guarantees termination of REGINN (Fig. 1), that
is, we prove existence of xpys).
For xo € D(F) such that || F (xo) — y%||y > & define the level set

L(xo) := {x € D(F): [IF(x) = y’lly < IF (x0) = Y }.
Note that xT e L(xp).
Further, we restrict the structure of nonlinearity. Throughout we work with the

following bound for the linearization error:

IE(v,w)lly < L|[F'(w)(v—w)|y forone L <1

and for all v, w € L(xo) with v — w € N (F'(w)) ™. 2.5)

From (2.5) we derive that

lE(, wly <ol F(w)— F@)|ly where w =

T~ L (2.6)
which is the tangential cone condition introduced by Scherzer [22]. In the convergence
analysis of Newton methods for ill-posed problems, both (2.5) and (2.6) are adequate
to replace the Lipschitz continuity of the Fréchet derivative which is typically used to
bound the linearization error in the framework of well-posed problems, see, e.g. [13,
Sect. 2.1] for a detailed explanation.

Remark 2.5 Actually, (2.5) and (2.6) are equivalent in the following sense: (2.6) for

one w < 1 implies (2.5) with L = 2.

Moreover, we assume the existence of a o € [0, 1[ such that

| Preprat (FG™) = Fa) |, < ol FG™) = Flly
for all u € L(xg). 2.7)

Assumption (2.7) is quite natural as it characterizes those nonlinear problems which
can be tackled by local linearization (compare Remark 2.4): As (2.7) is equivalent to

1= QI F6H) = Fwlly < | Pagery (F&H) = Fw) |

the right hand side of the linearized system (1.6) has a component in the closure of the

range of A, and the magnitude of this component is uniformly bounded from below
by /1 — 02.
We give an example of a nonlinear operator where both (2.5) and (2.7) are satisfied

globally in the domain of definition.

@ Springer
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Example 2.6 Let f: R — R be a continuously differentiable function with a deriv-
ative bounded from below: f'(t) > f/. > 0. We define the operator F: X — Y
by

1
FOO =2~ f (%, vn)x) tn
n=1

where {v,} and {u,} are orthonormal bases in the separable Hilbert spaces X and Y,
respectively. The Fréchet derivative of F' is the compact operator

1
F'Gooh =2 — f" ((, vn)x) (s va) xttn

n=1

withrange R(F'(x)) = {y € Y : {n(y, un)y}n € €*}.Clearly, R(F'(x)) = Y.Hence,
(2.7) holds true with o = 0.

Now we further restrict the nonlinearity by imposing a bound from above on
the derivative of f: f'(r) < fr. with fi.. < 2f;. . For instance, f(r) = t +
0.25arctan(¢) + 1 or f(t) = 6t + cos(t). By the mean value theorem there is a
& €]s, t[ such that f(¢) — f(s) = f'(§)(t — s). Therefore, for all s, r € R

_ ' =16l

) = F(5) = F/)t = )] : () = 9)]
f(s)
< % ) - 9)]
=L <1

implying
IE@, w)lly < LI|IF'(w)(v—w)|y forallv,w e X.

For L small enough, (2.5) implies (2.7).

Lemma 2.7 Assume (2.5) to hold with L < 1/2. Then, (2.7) holds for

Proof We have that

| Prcpranr (FGH) = Fan) [,
= || PRy (FG™) = Fu) — F'w)(x — u)) HY

<LIF &' =wly.
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General convergence theory for Newton regularizations 529

Further,
IF' )™ —wlly < |EGT, wlly + IF&™) = Fw)lly
< LIF & —wly + IF(x™) = F@)lly
yielding first
IF' () (x™ —w)lly < .7 IF(x™*) = Fu)lly
and then the assertion. O

Theorem 2.8 Let D(F) be open and choose xo € D(F) such that L(xg) C D(F).
Assume (2.1), (2.2), (2.3), (2.5), and (2.7) to hold true with ®, L, and o satisfying

OL+0 < A foroneA < 1. (2.8)
Further, choose
1
R>—-1¢ (2.9
A—-—O®L-p

Finally, select all tolerances {j1,} such that

. (14 0)8
Un € ]Mmin,n, A — @L], With [minn ‘= s—Q +o0
165 Il
Then, there exists an N (8) such that all iterates {xi, ..., Xy} of REGINN are well

defined and stay in L(xo). Moreover, only the final iterate satisfies the discrepancy
principle, that is,

ly® — Fxn)lly < RS, (2.10)
and the nonlinear residuals decrease linearly at an estimated rate

Iy — F(xng1)lly
ly3 — F(xa)lly

<Un+6,L<A, n=0,...,N@®) —1, @2.11)

where 0, = || ApsN |y /IIbE]ly < ©.

Proof Before we start with the proof let us discuss our assumptions on L, o, A, and R.
Condition (2.8) guarantees that the denominator of the lower bound on R is positive.
The lower bound on R is needed to have a well-defined nonempty interval for selecting
in. Indeed, as long as [|b%]ly > RS we get

(1+0)8 1+o 2.9)
- <——+4p0 <

A—OL. (2.12)
ey " ¢T TR

Mmin,n =
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530 A. Lechleiter, A. Rieder

We will argue inductively and therefore assume the iterates {xi, ..., x,} to be well
defined in L(xp). If ||p%]ly < R& then REGINN will terminate with N(§) = n.

Otherwise, [|b%|ly > RS and 1y, € Iftmin,n, A — ©L] will provide Newton step s,If:

I Prea,- b lly _ 8t I PRt (F () = F )y

b2 ||y - 6511y
e s+ ol F(xt) — F(xn)lly
- 16511y
(1+0)5+olbily
< Q - Q n — Mmin,n < Mn~ (213)
D511y

By Lemma 2.3 the Newton step s\ and hence x,+1 = x, + s € X are well defined.

We next show that x,,11 is in £ (xo). First, s} is a decent direction: Indeed A%b = 0
gives bl e R(A,)" contradicting (2.13). Hence, A}b: # 0 and Lemma 2.2 applies.
As D(F) is assumed to be open there exists a A > 0 such that x,, 5 = x, + A s,Ij is in
D(F) and

12 = Fa)lly < 1Y’ = Fxlly < 1y° — F(xo)lly.

Thus, x,.5 € L(xp). Further, x, ) —x, = A s,lf e R} C N(A,)"t. Accordingly we
may proceed by estimating

12 — Fan)lly = 1y’ = F(xn) — AMpsy — (F(xn3) — F(xn) — AAnsN)lly
2.5

[ 5]

)
< 1y° = F(xn) — AAusNlly 4+ L x| AnsN|ly
< (U= 2)BE + A5 — Ansi)lly + L 16, 1651y

(=B Ny + pn MBSy + L A6, 1B 1ly
(1= —=A)) b lly. (2.14)

A

IA

Define
Amax :=sup {A € [0, 1] : x, € L(x0)}.

Assume Amax < 1, thatis, x, .. € 0L8(xo) C D(F). By continuity we obtain from
(2.14) that

1Y° = F Gnpma) Iy < (1= Amax (1 = A)) 16511y < 1511y < 1Bl

contradicting x, 3., € 0L(xp). Hence, Amax = 1 and x,41 = Xy 00, € L(x0).
Finally, ||b; i lly < (tn + 60, L) ||b;; ||y by plugging A = 1 into (2.14). ]

A few comments are in order.
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Remark 2.9 Deuflhard et al. [5, formula (2.11)] have basically introduced the follow-
ing Newton—Mysovskikh-like condition

[(F'(v) = F'(w)) F'(w)*| < L forall v, w € L(xo) (2.15)

where F’(w)™ denotes the Moore—Penrose inverse of F’(w). They discovered
interesting relations to other structural assumptions used in the convergence analysis
of iterative methods for the solution of nonlinear ill-posed problems [5, Lemma 2.3].

If L(x0) is convex then (2.15) implies (2.5). Indeed, for v, w € L(xp) withv—w €
N(F’(w))1 we have

F'w)"F'(w)(v —w) = Pyt —w) =v—w

resulting in

1
IE. w)lly < / [(F/(w + 1 — w)) — F'(w)) (v — w)], d
0

1
= / [(F'(w + (v —w)) — F'(w)) F'(w)* F'(w)(v — w)|, dr
0

<L HF’(w)(v — w)”Y .
Remark 2.10 An assumption similar to (2.7) is

| Prerrys (1 — F@)||, <@lln— F@lly foroned < 1

and for all u € L(xp) and all n € Y with [ — F(xD)|ly < 8max. (2.16)

Under above property the hypotheses of Theorem 2.8 can be relaxed: Let § < §pax.
Since

||PR(A,,)lbf,||Y < 5
16511y -

the assertion of Theorem 2.8 remains true whenever o+©L < A, {u,} Clo, A—OL]

and R > 0 (no other restriction on R, compare (2.9)).

The mapping from Example 2.6 satisfies (2.16) with ¢ = O for any dpmax > 0. Nev-
ertheless, (2.16) is quite restrictive. While (2.7) holds trivially for any linear mapping
(with o = 0), (2.16) can only hold for a linear mapping with a dense range. Indeed,
let F: X — Y be a linear and bounded mapping with a non-closed range. Assume
(2.16) as well as R(F) # Y. Let y° ¢ R(F) (a natural assumption for noisy data).
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There is a sequence {u,} C X such that lim,_, o || Fu, — Pmy‘sHY = 0. Since

. s s 5
nli)néo IFun —y°lly = 1 PRp)L Y lly = ”PR(F)i(Fx+ —¥)ly <6
<IFxo = ¥"lly
we may assume the whole sequence {u,} is in L(xp). Now,

[Prcrye O = Fun)ly — [Pay ey’ ly noos

Ily® = Funlly Y8 = Fually

contradicts (2.16).

3 Local convergence

After establishing termination of REGINN the next question to answer is: Does the fam-
ily {xn(85)}o<s<sma CODverge to a solution of F(-) = y as the noise level § approaches
0°?

Since

(2.10)
ly — Fxne)lly < (R+1)8 (3.1

the images of {xy )} under F converge to y. This, however, implies by no means con-
vergence of {xy(s)}. Indeed, {xy )} might explode as § — 0. There is no reason to
suppose compactness or boundedness of the level set L (xq). Contrary, for an ill-posed
problem L(xg) is expected to be unbounded.

In this section we will show boundedness and then convergence of {xy s)} provided
the regularizing sequence {s,  }o<m<m, €xhibits a fourth property in addition to those
from (2.1), (2.2), and (2.3). We require the following:

For anyn € {1, ..., m,}there is av, ,—1 € Y such that
Sum = Sn,m—1 t szn,m—l'

Further, let there be a continuous and monotonically increasing function

U: R — Rwitht < W (z)fort € [0, 1]such that ify, =

(3.2)
by, — Ansplly /by lly < 1then
Isnm — s1% — Isnm—1 — sSlI%
b — Ansnm—1lly
< CmIbs Iy lvpm—1lly { W (yn) — —2 b’é e
15,11y
form =1,..., m, where Cy > Ois a constant.
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A direct consequence of (3.2) is monotonicity, i.e.,

”bfl - Ansn,mfl ly
165 Iy

= W) = lsnm — spllx < lIsnm—1 —s3llx.  (3.3)

Examples of methods with property (3.2) are
e Landweber iteration and steepest decent: W (¢) = 2¢,

e Implicit iteration: W () = ZMt where s = sup, A, N1? and {og}x C

Qmin
[min, @max]s

e cg-method: W(¢) = V21,

the respective proofs are given in Appendix B.

3.1 Monotone error decay

Under (3.2) we formulate a version of Theorem 2.8 where all assumptions are related
to a ball about x T, that is, the implicitly defined, generally unbounded level set £ (xg)
is replaced by B, (x*). Especially, (2.5) is replaced by

IE@, w)|y <L||F'(w)(v—w)|y forone L <1

and for all v, w € B, (x") c D(F). 3.4)

Theorem 3.1 Assume (2.1), (2.2), (2.3), (3.2). Additionally, let (2.7) hold true in
B, (x") and assume (3.4) with L satisfying

L
7 (ﬁ) + OL < A forone A < 1.2 3.5

Further, define

1 1
Mmin = W ((E + L) m)

and choose R so large that
Mmin + OL < A. (3.6)

Restrict all tolerances {{t,,} to [min, A — OL] and start with xg € B, (x™).
Then, there exists an N(8) such that all iterates {x1, ..., xn(s)} of REGINN are
well defined and stay in B, (x1). We even have a strictly monotone error reduction:

xF —xullx < IxT = xozillx, n=1,...,N(@). (3.7)

2 As ﬁ +L < ﬁ +0OL <V (ﬁ) 4+ OL < 1 we have the necessary condition L < (3—x/§)/2 ~

0.38.
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Moreover, only the final iterate satisfies the discrepancy principle (2.10) and the non-
linear residuals decrease linearly at the estimated rate (2.11).

Proof Let us first discuss our assumptions. If (3.5) applies then, by continuity of W,
there exists a R such that pmip satisfies (3.6) and the interval for selecting the tolerances
is nonempty.

As before we use an inductive argument: Assume the iterates x1, ..., x, to be well
defined in B, (xT). If ||be]ly < RS REGINN will be stopped with N(§) = n.
Otherwise, ||b)|ly = RS and p, € [fmin, A — OL] will provide a new Newton
step. Indeed, in view of (2.13) and (2.12) we have that

| Prea,ytbplly 140 3.2) 1+o
> < 4o < Ul —=40) <
16511y R ¢= ( R 9) < [min

where the latter estimate holds true due to o < L/(1 — L) (Lemma 2.7) and the mono-
tonicity of W. By Lemma 2.3 the Newton step s}f and hence x,,+1 = x, + s,If € X are
well defined.

It remains to verify the strictly monotone error reduction (3.7). We will rely on
(3.3). By (1.5) and (3.4), we have

1
by — bylly <8+ Llibally < Ellbf,lly + L(lIbn — bylly + 16, 1ly)

yielding first
vy = b — by Ily < (l +L) 1
b5 11y R 1-L
and then
V(¥n) < Hmin < Mn-
Accordingly, |67 — Anspm—1lly = Uminlldilly, m = 1,...,m,, and we have by

repeatedly applying the monotonicity (3.3)

lx = Xnt1llx = lIs§ — Snm, I x
< |lsg = Snm,—1llx < sy — Spm,—2lx

<< sy = snollx = lIsgllx = lxT —xallx (3.8)
which is (3.7). o

Remark 3.2 Some nonlinear ill-posed problems (such as a model in electrical imped-
ance tomography, see [16]) satisfy a slightly stronger version of (3.4) where L is
replaced by C|lv — w]| x. In view of (3.7) we expect in this situation the reduction rate
(2.11) to approach u,, as the Newton iteration progresses.
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Remark 3.3 A stronger assumption than (3.4) is

IE@. wlly < L|F'(w)(v — w)|[;* for one & > 0

and for all v, w € B, (x™). (3.9)
Here, L is allowed to be arbitrarily large. If r is sufficiently small we have (3.4) with

L:=2/L max |Fw)|* <1.

ueB, (xt)

Now, let r be so small that all assumptions of Theorem 3.1 apply with L as above.
Additionally, choose xo € B, (x") satisfying ||y — F(xo)|l', < L/L.> Then, all
assertions of Theorem 3.1 remain valid with the stronger rate

5
- F
Iy , (xnt+Dly Eﬂn+9r}+’( A"L <A, n=0,...,N©®)—1. (3.10)
1y® = Fxn)lly

We only need to verify the rate. We have

(3.9

) - 1+
= 5]y + L | Ans]

bf, - Ansrll\] + E(xXp41, Xp)

”bfz+1 HY =

< (o + Lo 6315 ) 1651

Y Y

which inductively implies (3.10).

Remark 3.4 Both bounds (3.4) and (3.9) for the linearization error may be derived
from the following affine contravariant Lipschitz condition:

[(F'(v) = F'(w)) (v = w)|, < Le IF'(w)( — w) ||y
for one k € [0, 1] and for all v, w € B, (x™") (3.11)

where L, > 0 and in case x = 0 we require Lo < 1. Indeed,

lEQ@, w)|y

1
/(F’(w—i—t(v —w)) — F'(w)) (v — w)dr
0 Y

Ly

14+«

A

< IF' (w) (v = w)lly*™.

For a general discussion of the importance of affine contravariance for Newton-like
algorithms we refer to Sect. 1.2.2 of Deuflhard’s book [4]. In particular, Sect. 4.2 of
the same book treats Gau—Newton methods for (well-posed) finite dimensional least
squares problems under (3.11) globally in D(F) and with x = 1.

3 This bound implicitly forces ||y — yall’)‘, < L/Z.

@ Springer



536 A. Lechleiter, A. Rieder

3.2 Convergence

We now turn to the convergence of {Xn(s)}0<5<8ya, a5 8 — 0.

Corollary 3.5 Adopt all assumptions and notations of Theorem 3.1. Additionally let
F be weakly sequentially closed and let {$;} jeN be a positive zero sequence.

Then, any subsequence of {xn(s;)}jeN contains a subsequence which converges
weakly to a solution of F(x) = y.

Proof Any subsequence of the bounded family {xns;)}jen C Br (x*) is bounded
and, therefore, has a weakly convergent subsequence. Let £ be its weak limit. By (3.1)
the images under F of this weakly convergent subsequence converge (weakly) to y.
Due to the weak closedness of F' we have that y = F(§). O

The whole family {xx )} jen converges weakly to xF if x is the unique solution
of F(x) = yin B, (xT). This follows, for instance, from Proposition 10.13 (2) in [24].
However, under the assumptions of Theorem 3.1, the latter can only happen if N(A),
the null space of A = F’(x™), is trivial. In fact, if 0 # v € N(A) then

(34
IFF +1v) = ylly = [FOT +10) = FaH)lly < (L+ 1) t][Av]ly =0

for any t € [0, 7/|v|x].
On the other hand, if N(A) is trivial we even have semi-norm convergence.

Corollary 3.6 Under the assumptions of Theorem 3.1 we have that

+ R
1-L

8

IxT —xn@lla <

where || - |la = ||A - |ly is a semi-norm in general.

Proof From (3.4) we obtain that

xT —xn@lla < ly — F(xne)lly

~1—-L
which, in view of (3.1), implies the assertion. |

The above corollary yields norm convergence whenever N(A) = {0}. In general,
this norm is weaker than the standard norm in X.

However, strong convergence in X can be verified under an additional stability
assumption on the regularization scheme applied to the locally linearized system (1.6).
To formulate this assumption we introduce new notation: We subsequently need to
differ clearly between the noisy (§ > 0) and the noiseless situation (§ = 0). From now
on in this section, quantities referring to the noisy setting (i.e., y? # y) will be marked
by a superscript 8. Quantities without superscript indicate exact data (i.e., y = y°).
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We require the following stability of the regularizing sequence {sy m}o<m<m,

lim sd  =s,m forany fixedm < m,. (3.12)
m sy,

All four examples satisfying (3.2) share also stability:

e Landweber and implicit iteration are linear iterative schemes. Thus, stability (3.12)
can be shown straightforwardly by an inductive argument which we shortly pres-
ent for the implicit iteration: Let T', T}, € L(X, Y) with lim,, .o [|T — T, || = 0.
Further, let g, g, € Y withlim, ¢ ||g — gy lly = 0. Define implicit iteration with
respect to (7, g) and (T, g,) by

st = @ul +T*T) ™ (o fon + T*g)
and

v =l + T;T) am fif + Tjgy),
respectively, where fy = foy. Since

im |[(nl + T;T)) ™" = (el + T*T) 7' =0
y—0

convergence of f,y to f,, as y — 0 follows inductively for any m.

e Proof of stability is more complicated for the nonlinear steepest decent and cg itera-
tions. Fortunately, we only need to refer to previous work of Scherzer
[23, Lemma 3.2] and Hanke [10, Lemma 3.4] for steepest decent and cg, respec-
tively. Both lemmas apply to our setting because early termination of both iterations
does not occur before reaching the stopping index m,,.

Theorem 3.7 Assume (3.12) and adopt all assumptions and notations of Theorem 3.1,
however, restrict all tolerances {jin} to [, A — OL] for a p > pimin. Additionally let
x7 be the only solution of F(x) =y in B, (x™). Then,

lim ||x* — x3 =0.
550 [ N () Il x

For the proof of above theorem we basically generalize results of Hanke [10, Sects. 4
and 5] and [9] who, in turn, generalized ideas of Hanke et al. [11].

We start with some preparatory lemmas and validate first convergence of REG-
INN in the noiseless setting. In the remainder of this section we tacitly presume the
assumptions of Theorem 3.7.

Lemma 3.8 In the noiseless situation, that is, 5 = 0, we have that

lim [|x* = x,|lx = 0.
n—oo
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Proof Please note that REGINN is well-defined for § = 0 under the hypotheses of
Theorem 3.1, that is, if x,_; € B,(x™) does not solve F(x) = y then x, € B,(x})
exists and satisfies (3.7) as well as (2.11). Therefore, if REGINN terminates early with
xy then F(xy) = y implying xy = x™ due to the uniqueness of x¥ in B, (xy).
Otherwise, {x,},en, is a Cauchy sequence which we will show now.

Let/, p € Nwith/ > p. We observe that

b = xpl% = IsF = sI% = 2065 — s s + U515 = IsF1x  G.13)
and
-1 . -1 m;
Sf =8y =— Zsi,m[ 32 ZA;.‘E,» where 7; := — Z Vik1.
i=p i=p P
Hence,
-1 -1
(sf —sp8)x = Z('ﬁi, Aisfy < Z 1Ty 1 AisS 1l y-
i=p i=p
We proceed with
lAistlly = IF )&t = x)lly < IF 0 = x)lly + I1F () = xi)lly
G4 1
= 71— Uy = Felly +11F i) = Fxplly)

1
= 77 Gly = FGlly + Iy = Fnlly)

3
=< m”)’ — F(x)lly

where the last estimate holds true due to the monotonicity of the residuals (2.11) and
yields that

-1
3 ~
(sf —sp8)x < 1-L E lvillylly = F(x)lly-
i=p

For bounding ||v; ||y ||y — F (x;)|ly we will apply (3.2). Setting n = i in the inequality
in (3.2) and summing up both sides from m = 1 to m; results in
mi
Isim; = sSU% = IsS % < CmlB Ny D lvim—1lly (W) — i)
m=1
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where we have taken into account that [|bf — A;s; m—1lly > willbf|ly. Recall that
bi =y —F(xi), s, =8 — Sim;»and jt; > > pmin = W(y;). Thus,
Isgl% — lIsfyl%

m;
[villylly — F(xi)lly < lvim—1llylly = Fxi)lly <
' l Z o l CM(E_Mmin)

m=1
and

X = :
(- L)CM(E — Mmin)

2 2
(hsg % = Nsf1%) -

<sle - s;v le>

We plug the latter bound into (3.13) to obtain

6
I = xp % =< + 1) (g % = s 1%)
PR\ (= L)Cr( — fimin) pRx X

The monotonicity |[s;_llx < s, llx forces the convergence of ||s, [ x as n — oo.
So, [[x; — xpl|lx can be made arbitrarily small by increasing p. Due to the uniqueness
of x* in B, (x™) the limit of {x,},, which is in B, (xT), has to be x*. ]

Below we will prove kind of stability of x,‘z, n < N(5), as § — 0. To this end we
introduce sets {X, },¢N, defined recursively from REGINN-iterates for exact data y.

Definition 3.9 Set Xy := {x¢} and determine X,,+; from X,, in the following way:
for any &, € X, compute the Newton step s,lz\] = Sn,m, as explained in (1.8) and (1.7)
where, however, A, is replaced by F’(§,) and b5 by y — F(§,). Then, &, —i—s}f belongs
to xn+1 If

” F/(i:n)sn,mnfi -0 - F(Sn))”y = unlly — FElly

fori =1,...,ky <mp, (3.14)
then &, + sy m,—i- i =1, ..., ky, are also elements of X4 1.
We call &, the predecessor of &, + s, m,—i. i =0, ..., ky, and, in turn, call the latter

successors of &,.

Obviously, x, € X, and, generically, X, contains only this element. Assume that
X; ={xj}for j =0,...,n and that s, 5,1 as well as s, ;,, > satisfy (3.14) where
n = X of course. Then, X, 11 = {Xp41, Xn + Sn.m,—1, Xn + Sn,m,—2} and from now
on all sets X'; with j > n 4 1 will have three elements at least. By monotonicity (3.3),
see also (3.8), we have that

I = Engrllx < Ix™ —&llx

whenever &,11 € X4 is a successor of &, € X,. (3.15)
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Remark 3.10 For the four iterative methods Landweber, implicit iteration, steepest
decent, and cg the number k;, in (3.14) cannot exceed 1 for the following reason: the
residuals of these methods decrease strictly monotonically up to the iteration index
mpy.

The need for introducing the sets {X,;},en, becomes clear in the proof of the next
lemma.

Lemma 3.11 Algorithm REGINN is stable in the following sense: for fixed n € Ny
with n < N () for all § sufficiently small, the iterate x,‘z converges to X, as § — 0,

. 8 .
that is, for any zero sequence {8;}jcN the sequence {x,’}jcn splits into convergent
subsequences, all of which converge to elements of X,,.

Proof Before we start let us emphasize the difference of m, and m?. Both are defined
by (1.7), however, the former with respect to exact data and the latter with respect to
noisy data.

We employ an inductive argument. For n = 0 the only element in Xy is x( indepen-
dent of § > 0. Hence, the statement is true for n = 0. Assume now that xﬁ converges to
X, as§ — Oandthatn+ 1 < N(8) for § sufficiently small. Let {§;} be a subsequence
with lim; _ oo xﬁ[ = &, for one &, € X,,. By (3.12) and continuity the following limit
holds true:

; 8i Si &
Jim |y o

y = “F/(sn)sn,k - En”Y s k e {O, . ,m,,},

where b = y% — F(x)') and b, = y— F(&,). Since || ' () Sn.m, —bully < ttallbally
we conclude for i sufficiently large that

[ A% s, = B3y < 1 5]y

nn,my,

yielding mfl[ < my for large enough i. In case ;L,,||Z;,,||y < | F' (&n)Sn.my—1 — En||y
we also have

i < [ b

n n,m,—1

Y

provided large enough i. Thus, m, — 1 < m?j and mgi = m,, for sufficiently large i,

. . S: . . S: S; .
e, limioos™ 5 = Sum, whichgivesx,;' +5 ;. — & +sum, € Xpy1asi — o0.
n,my n,mpy

In case (3.14) applies, we have ||En ly < 1 F'(&n)Snmy—hy+1) — b |ly. Arguing
as above we obtain m,, — (k, +1) < mff implying the inclusion m, — k, < mf,i <
my, for i sufficiently large. Accordingly, {mfl"} might have the k, + 1 limit points
my — ky, ..., my,. In any case, all possible limit points of x,‘ii + 5% 5, are in Xy 41 by

. . 1,0y
construction of this set. O

The sets X, converge uniformly to x .

@ Springer



General convergence theory for Newton regularizations 541

Lemma 3.12 For any n > 0 there is an M (n) € Ny such that
IxT™ —&,llx <n foralln > M(n) and all &, € X,,.

Proof Assume the contrary. Then, there exists an n > 0 and a strictly increasing
sequence { ji, }neny C No such that forany j, thereisa¢j, € X;, with [|xT—¢; lx > 7.
Without loss of generality we may assume that j, = n. Indeed, if this not true then
there is one j, such that j, | # j, — 1. However, the predecessor ¢;,—1 € X, 1 of
¢j, satisfies also lxt — Ci—1llx > lxT — Ci lx = n, see (3.15), and we can add
Jn — 110 {jn}nen.

So, for any n € Ny we can assume existence of &, € X,, with |x* — &,]lx > 7.
Without loss of generality we may moreover assume, for any n, that ¢,41 is a pre-
decessgr of ¢,. Otherwise consider En, the actual predeces~sor of {u4+1. By (3.15),
lxF —=&ally > Ix™ = Zug1lly = 1 and we can replace ¢, by ¢, and even &, ..., {u—1
by the respective predecessors of ¢,.

Thus, the sequence {¢, },, originates from a run of REGINN with a modified rule for
picking m,: in (1.7) replace the less-than sign by the less-than-or-equal sign. Since
this modification of REGINN does not alter its convergence, Lemma 3.8 applies and
{Zn}n converges to xT contradicting ||x* — &, ||x > n for all n. m|

Now we are able to verify strong convergence.

Proof of Theorem 3.7 Let {§;} jen be a zero sequence. Assume first that N () = n

as j — oo. By Lemma 3.11 we may, without loss of generality, assume that xﬁj con-
verges to an element &, of X(;, as j — oo. In view of (3.1) we conclude that F (§,) = y.
Since X, C B, (x™") we have &, = x™ due to the uniqueness of x™ in B, (x™).

Next, let N(5;) be bounded as j — oo. Then, {N(§;)}; splits into convergent
subsequences and we can argue as in the case of constant N (3;).

Finally, we consider N(§;) — oo as j — oo. For any n > 0 there is an n = n()
such that for every &, € X, we have ||x* — &,|lx < /2 (Lemma 3.12). Further,
according to Lemma 3.11 and due to the finiteness of X, there is a J (1) € N such that

for any j > J(n) we can find a &,(j) € X, satisfying ||&,(j) — xﬁj lx < n/2. Thus,
for j > J(n) so large that N(6;) > n(n) we obtain from monotonicity the bound

+

8 8 . . 8
llx _xN](gj)”X < ||x+ =X llx < ||x+ —EDx +16.G) —x' llx <n

for a suitably chosen &,(j) € X,,. O

Remark 3.13 Without uniqueness of x ™ one can prove that {xf\,( 5)} splits into conver-
gent subsequences as § — 0, each of which converges to a solution of F(x) = y.
However, the arguments are more involved, compare [10].

Remark 3.14 Convergence of {xf\,(a)} with (sub-optimal) rates has been shown under
the usual abstract smoothness (source) conditions and under restrictions on the non-
linearity being stronger than (3.4), see [19] for some linear inner regularizations and
[21] for the cg-method as inner regularization. The next challenge, of course, is to
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explore how far convergence rates results can be obtained in our general setting of
this paper. To master this challenge fresh ideas are needed.

Appendix A: Proof of (2.1) and (2.2) for cg and steepest decent

LetT € L(X,Y)and0 # g € Y. The cg-method is an iteration for solving the normal
equation T*Tf = T*g. Starting with fy € X the cg-method produces a sequence
{fm}men, with the following minimization property

lg = Tfuly =min{llg—Tfly|feX, f—fo€Un}, m=1,
where U, is the mth Krylov space,
U, := span {T*ro, (T*T)TO, (T*T* T, ... (T*T)m_lT*rO} c N(T)*

with 70 := g — Tfy. Here, N(T)* denotes the orthogonal complement of the null
space N(T') of T. Since

(g —Tfm, Tu)y =0 forallu € Uy, (A.1)
see formula (5.19) in [20], we have that
(g —Tfm, Tfm)y =0 forallm € Ny provided fy = 0. (A2)
Therefore,
0 <llg = Tfuly = gy = ITSully
which is (2.3) with ® = 1. Further,

(A.2)
(& Thu)y =" ITfnl3.

To establish (2.1) we validate that 7 f,;, # 0 under T*g # 0. Assume 7 f;, = O then
lglly = lrmlly < lrelly < llgll foranyk =0, ..., m.So, fy =0,k =0, ..., m,but

/1 is a non-zero multiple of 7*g and cannot be zero. Thus, (2.1) holds true for cg.
It is a well-known property of cg-iteration that

it T = PRy

whenever fy € N(T)t, see, e.g., page 135 ff. in [20]. Hence, (2.2) holds for cg-
iteration.

@ Springer



General convergence theory for Newton regularizations 543

Let us now consider steepest decent. Starting with fy € X steepest decent produces
the sequence { fin}nen, by

fma1 = fm + A T*r,, where rm =g —Tfy and
7% rm 1% X
Lo Imly T
Ay = 4 ITT rm 70,

IT|~2 : otherwise.
We first validate monotonicity of the residuals:

Irmttlly < lrmlly- (A.3)

Define fL. | := fu + @T*r, with 0 < @ < 2/||T||* and observe
g—TfE = —oTT"r,.
Due to the optimality of the step size A, we have

Irms1lly < llg = Thiilly = 10 = @TTrully < lIrmlly.

Whence (A.3) holds true.
Let fo = 0. Then,

(A.3)
T fully — 2(T f, )y + IglF = llrmlF < lrolly = lglly

leading to
T fnll? < 2(T fin, &)y (A.4)

By Cauchy—-Schwarz inequality we deduce that

ITfmlly <2llglly
which yields (2.3) with ® < 2.

Remark A.1 We strongly suspect that ® = 1. Indeed,

IT*gl13
ITfilly = mu”*gny

Tl (TT*g. )y
ITT*glly — 1TT*glly

=< llglly-

Further, from (A.3) we obtain
ITf2ll3 < 2(T*g, mT*r1)y + ITAIF = 1T
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Thus,

ITRI < ITAI =< gl
However, we are not able to give a complete proof of our conjecture.
As we do not know an adequate reference for the convergence

we give a short proof. First we replace g € Y by Prry8 which does not change the
steepest decent method. The monotonicity (A.3) now reads

I1Prezy8 — Thm+tlly < 1Prezy8 — Thmlly-

Thus,
mlijlw IPrzy8 — Thmlly =&

It remains to confirm that ¢ = 0. Assume the contrary: ¢ > 0. Then, there exists an
f¢ e X with

e
1PReyg = Tf Ny < -

Straightforward calculations yield

I ot = W= o= e =20 (s Pregry8 —=TF%) =2hlirn 134251 Tl
Let T*r,, # 0. Then,

A | T Fm ”%{ = Am (TT*rm, rm)y

(TT*rp, rm)y

< Al TT*r T =
< Aull m Y 17 Iy T Iy

2
lrmlly < lrmlly.
The latter inequality remains true for 7*r,, = 0 and, hence, implies

£
I fet — FEU% = W — FEU% < 2 Amllrmlly i Amllrm I3

&
= hnllrally (5 = Irully)

As ||[rmlly > ¢ for all m we have
£
I fntr = FEN% = Ifm — FENI% < =3 Pl
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Adding both sides of the above inequality fromm = 0tom =k — 1 gives

k—1

&
1fe = FN% =1 N% <=5 22 Amlirmlly

m=0

Since A,, > |72 we end up with

k—1 2 2
> rmlly < 2 (1790 = 1 = £9IR) = 21 R
m=0
The upper bound does not depend on k contradicting |7y, ||y > ¢ > 0.
Property (2.1) follows from (A.4) as soon as we have verified that 7 f,,, # 0, m > 1.
Assume Tf,, = 0. Then, Tf,, = 0 and T f,,+1 = Tf which yields 7 f,,,+; = Tf;,
i € No. Especially, T fr,, =0, k € N, contradicting (A.5) under the requirement 7* g #0.

Appendix B: Proof of (3.2) for Landweber, steepest decent, implicit iteration
and cg

We profit from results of Himarik and Tautenhahn [7].
Applied to the normal equation T*T f = T*g (notation as in Appendix A) the four
methods under consideration produce iterates { f;,; },,cn by

fons1 = fu + T 2, fo =0, (B.1)

where

Landweber: z,, = wry, @ €10, || T |72,

steepest decent: z,, = Aptm,

implicit iteration: z,, = (et + TT*)"'r,,, and

cg: zm = Wyt1(TT*)g for a polynomial wy,+| of degree m + 1, see Hanke [8,
formula (2.7)].

Observe that (B.1) proves the first part of assumption (3.2).
For any f € X we have that

I for— FU% =N fnm1 = FI% =208 =T F' Zm—1)y — Fmet1 +7ms Zm—1)y,  (B.2)

see [7, formula (3.211. _
Lety = |lg — T flly/llglly denote the relative residual of f.

B.1. Landweber and steepest decent

Plugging in z,,, = Bmtm With B, € {w, A, } we obtain from (B.2)
I =PI =1 fonr =PI =B (20 =T F- by = 11 = G iy )-
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By
(rmstm=1)y = (L = Bu=1TT")rm—1,rm—1)y >0
we end up with
I fm = FI% = I fmet = FI% < Bu=tllrm—tlly (2llg = T flly — lrm=1lly)

I7m—1lly
= llzm-1lylgly (wy) -
lglly

where W (r) = 2¢. Thus, we have established (3.2) with Cyy = 1 for Landweber as
well as steepest decent.

B.2. Implicit iteration

Next we address implicit iteration. Since z;,—1 = ozn;llrm we deduce (1, Zm—1)y > 0.
Further, (rp—1.Zm—1)y = dminllzm—113. By (B.2),

I — FI% = et — FI% < Nzm=tlly (2lg = T Flly — cminllzm—1lly)-

The lower bound [|z—1lly > (etmax + 1712~ [rm—1lly yields

~ ~ Umin ”rmfl”Y
I fonr— FUI% =Nl e = FlI% < Iz 1||y||g||y—(w)——
X X e Umax + 1T 12 lglly

with W(t) =2 %ﬂy”z t and (3.2) with Cy < g‘ﬁ follows for implicit iteration.

B.3. cg-Method

We follow arguments by Hanke [10, Theorem 3.1]. Here (B.2) reads

1 fn = F 1% =1 fonm1 = FI% =208 =T Fo win (TT)g)y = (rm—1 47, win (TT*)g) .
To proceed we rewrite w;, as w, (t) =w,, (0) +1q(¢t) where g € I1,,,—1 and w,, (0) > 0.

Hence, w,,(TT*)g = w;;,(0)g + Tu withu = T*q(TT*)g € U,,—1. Applying (A.1)
and (A.2) we obtain

(rm—1, W (TT*)g)y = wm(0)(g — Tfin—1.8)y + (8 = T fm—1, Tu)y

Wi O) 71113 -

Analogously,
(Fs Wi (TT*)g)y = Wi (0|7 I3
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Thus,4

I fom = FI% = I fnet — FII%

. 1w, (0) )
< lwn(TT)g]| (2|| — Ty = | )
T8l \ 28 = Ty = e gy 1rmtlly

The normalized polynomial wy, /wy,, (0) is denoted p,[,% ! by Hanke [8]. By his Theo-
rem 3.2 we have

lwn (TTglly  Nlwo(TT*)glly

so that

< = lgly,
wm (0) w(0)
f1 7 ~ el
Il fin — f”%( — N frn—1 — f||§( < ||wm(TT*)g||Y 2lg =T Flly — |r|ng||yy
Irm—11I3
= llzm-tlrligly { ¥()* — ——~
lgll%

with W (¢) = +/2t and we have established (3.2) for the cg-method where

lrm—1lly
Cv=¥(y)+———<W(+1
lglly
References
1. Bakushinsky, A.B.: The problem of the convergence of the iteratively regularized Gauss-Newton

2.

3.

method. Comput. Math. Phys. 32, 1353-1359 (1992)

Bakushinsky, A.B., Kokurin, M.Y.: Iterative Methods for Approximate Solution of Inverse Problems.
Vol. 577 of Mathematics and its Applications. Springer, Dordrecht, The Netherlands (2004)
Brakhage, H.: On ill-posed problems and the method of conjugate gradients. In: Engl, H.W., Groetsch,
C.W. (eds.) Inverse and Ill-Posed Problems. Vol. 4 of Notes and Reports in Mathematics in Science
and Engineering, pp. 165-175, Boston. Academic Press, New York (1987)

. Deuflhard, P.: Newton Methods for Nonlinear Problems. Vol. 35 of Springer Series in Computational

Mathematics. Springer, Berlin (2004)

. Deuflhard, P., Engl, H.W., Scherzer, O.: A convergence analysis of iterative methods for the solution

of nonlinear ill-posed problems under affinely invariant conditions. Inverse Problems 14, 1081-1106
(1998)

Engl, H.W., Hanke, M., Neubauer, A.: Regularization of Inverse Problems. Vol. 375 of Mathematics
and its Applications. Kluwer Academic Publishers, Dordrecht (1996)

Hiamarik, U., Tautenhahn, U.: On the monotone error rule for parameter choice in iterative and con-
tinuous regularization methods. BIT 41, 1029-1038 (2001)

Hanke, M.: Conjugate Gradient Type Methods for IlI-Posed Problems. Vol. 327 of Pitman Research
Notes in Mathematics. Longman Scientific & Technical, Harlow, UK (1995)

4 As m is less or equal to the ultimate stopping index of cg, see, e.g. [8, Sect. 2.1] or [20, Sect. 5.3], we
have that w;, (TT*)g # 0.

@ Springer



548

A. Lechleiter, A. Rieder

10.

11.

12.

13.

14.

15.

17.
18.
19.
20.
21.
22.
23.

24.

. Hanke, M.: A regularizing Levenberg-Marquardt scheme, with applications to inverse groundwater

filtration problems. Inverse Problems 13, 79-95 (1997)

Hanke, M.: Regularizing properties of a truncated Newton-CG algorithm for nonlinear inverse prob-
lems. Numer. Funct. Anal. Optim. 18, 971-993 (1998)

Hanke, M., Neubauer, A., Scherzer, O.: A convergence analysis of the Landweber iteration for non-
linear ill-posed problems. Numer. Math. 72, 21-37 (1995)

Jin, Q., Tautenhahn, U.: On the discrepancy principle for some Newton type methods for solving
nonlinear ill-posed problems. Numer. Math 111, 509-558 (2009)

Kaltenbacher, B., Neubauer, A., Scherzer, O.: Iterative Regularization Methods for Nonlinear I11-Posed
Problems. Radon Series on Computational and Applied Mathematics. de Gruyter, Berlin (2008)
Kirsch, A.: An Introduction to the Mathematical Theory of Inverse Problems. Vol. 120 of Applied
Mathematical Sciences. Springer-Verlag, New York (1996)

Lechleiter, A., Rieder, A.: Newton regularizations for impedance tomography: a numerical study.
Inverse Problems 22, 1887-1967 (2006)

. Lechleiter, A., Rieder, A.: Newton regularizations for impedance tomography: convergence by local

injectivity. Inverse Problems 24, 065009 (2008)

Louis, A.K.: Inverse und schlecht gestellte Probleme. Studienbiicher Mathematik, B.G. Teubner, Stutt-
gart, Germany (1989)

Rieder, A.: On the regularization of nonlinear ill-posed problems via inexact Newton iterations. Inverse
Problems 15, 309-327 (1999)

Rieder, A.: On convergence rates of inexact Newton regularizations. Numer. Math. 88, 347-365 (2001)
Rieder, A.: Keine Probleme mit Inversen Problemen. Vieweg, Wiesbaden (2003)

Rieder, A.: Inexact Newton regularization using conjugate gradients as inner iteration. SIAM J. Numer.
Anal. 43, 604-622 (2005)

Scherzer, O.: The use of Morozov’s discrepancy principle for Tikhonov regularization for solving
nonlinear ill-posed problems. Computing 51, 45-60 (1993)

Scherzer, O.: A convergence analysis of a method of steepest descent and a two-step algorithm for
nonlinear ill-posed problems. Numer. Funct. Anal. Optim. 17, 197-214 (1996)

Zeidler, E.: Nonlinear Functional Analysis and its Applications I: Fixed-Point Theorems. Springer-
Verlag, New York (1993)

@ Springer



	Towards a general convergence theory for inexact Newton regularizations
	Abstract
	1 Introduction
	2 Residual and level set based analysis
	3 Local convergence
	3.1 Monotone error decay
	3.2 Convergence



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [5952.756 8418.897]
>> setpagedevice


