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Abstract We consider the Navier—Stokes equations in a two- or three-dimensional
domain provided with non standard boundary conditions which involve the normal
component of the velocity and the tangential components of the vorticity. We write
a variational formulation of this problem with three independent unknowns, the
vorticity, the velocity and the pressure, and prove the existence of a solution for this
problem. Next we propose a discretization by spectral methods which relies on this
formulation. In the two-dimensional case, we prove quasi-optimal error estimates
for the three unknowns. We conclude with some numerical experiments.
Résumé: Nous considérons les équations de Navier—Stokes dans un domaine bi-
ou tri-dimensionnel, munies de conditions aux limites non usuelles portant sur
la composante normale de la vitesse et la ou les composantes tangentielles du
tourbillon. Nous écrivons une formulation variationnelle de ce probléme qui com-
porte trois inconnues indépendantes: le tourbillon, la vitesse et la pression. Nous
prouvons que ce probleéme admet au moins une solution. Nous proposons une dis-
crétisation par méthodes spectrales construite a partir de cette formulation. Dans le
cas bidimensionnel, nous établissons des majorations quasi-optimales de 1’erreur
pour les trois inconnues. Nous concluons par quelques expériences numériques.
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1 Introduction

We consider the Navier—Stokes problem in a two- or three-dimensional bounded
domain, when provided with boundary conditions on the normal component of the
velocity and the vorticity in dimension 2, on the normal component of the velocity
and the tangential components of the vorticity in dimension 3. This problem is first
studied in the pioneering paper [6], however the formulation that is considered in
this work deals with the velocity and the pressure as only unknowns and requires
the convexity or some regularity of the domain, both in dimensions 2 and 3. As
first proposed in [15] and [21] for the Stokes problem (see also [16] , [1] and
[3]), the Navier—Stokes equations with this type of boundary conditions admits
an equivalent variational formulation where the unknowns are the vorticity, the
velocity and the pressure. Relying on this formulation, we prove that the equations
admit a solution with no restriction on the regularity of the domain in dimension
2 and weak limitation in dimension 3. Note however that this existence result is
only established for large enough viscosity in dimension 3. We also investigate the
uniqueness of the solution.

The numerical analysis of discretizations relying on the vorticity, velocity and
pressure formulation has first been performed for finite element methods, see [21]
and [2]. In the much simpler case of the Stokes problem, it has been recently ex-
tended to the case of spectral methods in [7], where spectral analogues of Nédélec’s
finite elements [20] are used. Relying on this last work, we propose a discretization
of the Navier—Stokes equations in the basic situation where the domain is a square
or a cube. More complex geometries can be treated thanks to the arguments in
[19], however we prefer to avoid them for simplicity. The numerical analysis of the
nonlinear discrete problem makes use of the approach of Brezzi, Rappaz and Rav-
iart [11], the main difficulty being the lack of compactness of the nonlinear term.
Nevertheless, we prove the existence of a discrete solution. In the two-dimensional
case, by combining the results in [11] and [7], we establish upper bounds on the
error concerning the velocity, the vorticity and the pressure. These estimates are
fully optimal for the vorticity and the velocity and nearly optimal for the pressure.
However extending these results to the three-dimensional case seems much more
difficult.

In a final step, the algorithm which is used to solve the nonlinear discrete
problem is described. Some two-dimensional numerical experiments turn out to
be in good agreement with the numerical analysis and confirm the interest of this
formulation.

The extension of this discretization to more complex geometries handled by
the spectral element method has been performed for the Stokes problem in [4]. It
is under consideration for the Navier—Stokes equations.

An outline of the paper is as follows.

e In Section 2, we write the variational formulation of the problem and prove
existence and uniqueness results.

e Section 3 is devoted to the presentation of the spectral discrete problem and to
the proof of the error estimates.

e In Section 4, we describe the algorithm that is used to solve the discrete problem
and we present some numerical experiments.
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2 The velocity, vorticity and pressure formulation

Let € be a bounded connected domain in RY, d = 2 or 3, with a Lipschitz—
continuous boundary 9€2. We assume for simplicity that €2 is simply-connected
(we refer to [9, §2.5] for the treatment of more complex geometries in the three-
dimensional case). The generic pointin €2 is denoted by x = (x, y)orx = (x, y, 2)
according to the dimension d. We introduce the unit outward normal vector n to
2 on €2 and we consider the system of Navier—Stokes equations

—vAu+u-Vu+gradP = f in 2,

divu =0 in 2, @1
u-n=0 on 0€2,
y(curlu) =0 on 9L2.

To make precise the sense of the operator y;, we recall that

e in dimension d = 2, for any vector field v with components vy and vy, curl v
stands for the scalar function d,v, — 9dyvy, so that the operator y; is the trace
operator on 9€2,

e in dimension d = 3, for any vector field v with components vy, vy and v,
curl v stands for the vector field with components dyv, — 0;vy, 0;vx — 0, v, and
0y vy — 0y vy, and the operator y; is the tangential trace operator on 0€2, defined
by: yy(w) = wxn.

The unknowns in system (2.1) are the velocity u and the pressure P, while the data
[ represent a density of body forces. The viscosity v is a positive constant.

The basic idea in [21] consists in introducing the vorticity @ = curl u as a new
unknown. Then, it can be noted that the convection term u# - Vu can be written as

1
u -Vu:wxu+§grad|u|2,

where

e indimensiond = 2, for any scalar function 6 and vector field v with components
v, and vy, # x v stands for the vector with components —6v, and Ov,,

e in dimension d = 3, for any vector fields # with components 60y, 6, and 6, and
v with components vy, vy and v;, # X v stands for the vector with components
Oyv, — 0;vy, 0,0y — Orv; and Oy vy — Oy vy.

Thus, defining a pseudo-pressure p (usually called the dynamical pressure) by the
formula p = P + % lu|?, we observe that system (2.1) is fully equivalent to

veurlo + @ xu +gradp = f in ,

divu =0 in 2,
w=curlu in €2, 2.2)
u-n=0 on 0%2,

y(@) =0 on 2.
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Note that the operator curl in the first line of this system coincides with the previous
one in dimension d =3 while, in dimension d =2, it is applied to scalar functions
@: curl ¢ here denotes the vector field with components d,¢ and —d,¢.

We now introduce the variational spaces. We first consider the domain H (div, €2)
of the divergence operator, namely

H(div, @) = {v e L*()%; divv e L)}, (2.3)
and also its subspace
Ho(div, Q) = {v € H(div, Q); v - n =0o0n 0R}. (2.4)

Similarly, we define the domain of the curl operator

H(eurl, @) = {p € L2(@) T ; curlg e L2()4}, 2.5)
and its subspace
Hy(curl, Q) = {¢ € H(curl, Q); y:(¢) = 0on 0%}. (2.6)

It must be observed that the spaces H (curl, 2) and Hy(curl, €2) coincide with the
spaces H 1(Q) and HO1 (2), respectively, in dimension d =2, so that their approxi-
mation relies on more standard discrete spaces than in dimension d =3.

The spaces H (div, 2) and H (curl, €2) are provided with the graph norm. More-
over, both in dimensions d =2 and d = 3, the normal trace operator v — v - n
and the operator y; are continuous on H (div, €2) and H (curl, €2), respectively, see
[17, Chap I, Thms 2.5 & 2.11], so that the spaces Hy(div, 2) and Hy(curl, €2)
are Hilbert spaces for the scalar products associated with these norms. Finally, let
L%(Q) denote the space of functions in L2(2) with a null integral on .

We consider the variational problem

Find (0, u, p) in Hy(curl, 2) x Hy(div, 2) x L(Z)(Q) such that

Yv € Hyo(div, ), a(w,u;v)+ K(w,u;v)+ b, p) =(f,v),
Vg € L§(Q), bu.q) =0, 2.7)
VYo € Hy(curl, ©2), c(o,u;¢@) =0,

where (-, -) denotes the duality pairing between Hy(div, €2) and its dual space. The
bilinear forms a(-, -; -), b(-, -) and c(-, -; -) are defined by

a(@, u;v) = v /Q(curlw)(x) v(x)dx, b(v,q) = —/Q(divv)(x)q(x)dx,
c(w, u; @) =/Qw(x) - @(x)dx —/Qu(x) - (curl @) (x) dx. (2.8)
In contrast, the form K (-, -; -), defined by

K (@, u; v) =/Q(w x u)(x) - v(x)dx, (2.9)

is no longer bilinear but trilinear.
Exactly the same arguments as in [7, Prop. 2.1] lead to the next statement.
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Proposition 2.1 Problems (2.2) and (2.7) are equivalent, in the sense that any
triple (@, u, p) in H(curl, Q) x H(div, Q) x L%(Q) such that @ x u belongs to
L2()? is a solution of problem (2.2) if and only if it is a solution of problem (2.7).

In order to perform the analysis of problem (2.7), we recall some basic results from
[7, §2]. First, we note that the forms a(-, -; -), b(-, -) and c(-, -; -) are continuous on
(H (curl, ) x H(div, Q)) x H(div, Q), H(div, Q) x L§() and (H (curl, Q) x
H (div, Q)) x H (curl, ), respectively.

Let V be the kernel

V = {v € Hy(div, Q); Vg € L§(Q), b(v, q) = 0}. (2.10)

Since the divergence of any function in Hy(div, €2) belongs to L%(Q), it is readily
checked that V coincides with the space of divergence-free functions in Hy( div, €2).
We also introduce the kernel

W = {(19, w) € Hy(curl, ) x V; Vo € Hy(curl, ), c(¥#, w; @) = 0}.
(2.11)

As can easily be derived from density results (see [17, Chap. I, §2]), WV coincides
with the space of pairs (¢, w) in Hy(curl, 2) x V such that # is equal to curl w
in the distribution sense. Moreover it follows from the continuity properties of the
forms b(-, -) and c(-, -; -) that both V and WV are Hilbert spaces.

The following properties are established in [7, Form. (2.14) & (2.17)] thanks
to an extension of the arguments in [21]:

(i) There exists aconstanto > 0 such that the form a(-, -; -) satisfies the positivity
and inf-sup conditions

Yv e V \ {0}, sup a(w,u;v) >0,
(@.meW (2.12)
a(w,u;v)

Vw,u)eW, sup ——— > a (@l g + 1l 200);
vev vl 2y

(i1) There exists a constant 8 > 0 such that the form b(-, -) satisfies the inf-sup
condition
b(v, q)
Vg e Lj(Q),  sup  ————>Blgl2q.  (213)
veHo[iv,@) 1Vl Hdiv.Q)

We also need the more precise properties

V((x), u) € Wv a(“’? u,u + curl (0) = % ||w||2]:](curl’g2) + ﬁ ”u”%)(gz)da (214)

and

. v 2 v_ 2
Viw,u) e W, a(@,u;u) >3 ||(‘)”L2(Q)d(d2—l) + 232 ”u”L2(Q)d’ (2.15)

where cg denotes the smallest constant such that

Vv e VN H(eurl, Q2), [v]2qe < collcurl I)||L2(Q)d(d2—|) . (2.16)
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The existence of such a constant follows from [5, Cor. 3.16] since 2 is simply-
connected.

To go further, we now investigate the properties of the form K (-, -; -). We need
a further assumption for that in the three-dimensional case.

Assumption 2.2 In dimension d = 3, the spaces Hy(div, 2) N H (curl, 2) and
H (div, ) N Hy(curl, ) are compactly imbedded in H3/4()3.

Assumption 2.2 holds whenever €2 has a boundary of class C!*! or is convex,
see [5, §2], but seems less restrictive. However, we can build from the ideas in [13]
and [14] the following counter-example. Let €2 denote the L—shaped domain

Q={(x,y.2; (xr.y) €l — 1,1\ [0, 1[* and z €]0, 3[},

and let I" be the union of the two faces that share the edge y = {0} x {0} x]0, 3[. Let
also x be a smooth function with a compact support in Q UT" which is equal to 1 in
a neighbourhood of a part of y. Thus, when setting x = r cos6 and y = r sin9,
the gradients of the functions

2 26
S(x,y,2) = x(x,y,2)r3 cos (?)
2 . (20
and  S(x,y,z) = x(x,y,2)r3 sin (?) ,

belong to Hy(div, ) N H(curl, Q) and H (div, Q) N Hy(curl, ), respectively,
but not to H3/4(Q)3.

In any case, we need Assumption 2.2 to prove the continuity of the nonlinear
term.
Lemma 2.3 If Assumption 2.2 is satisfied,

(i) the following continuity property holds
V(w,u) e W, Vve LZ(Q)d,
K(w,u;v) < cx @ Hcurl,2)

(Ilwlle(Q)MZ—l) + el zaiv.2) 101l 220 (2.17)

for a constant c, only depending on 2;
(ii) for any (¢, w) in W, the operators: (o, u) — ® X w and: (0, u) — ¥ X u
are compact from W into L*(Q)%.

Proof Any pair (@, u) in W satisfies @ = curl u, so that the following imbedding
holds

W C (H(div, ) N Ho(eurl, Q) x (Ho(div, ) N H(curl, Q)), (2.18)

with obvious definition for the modified space H (curl, €2) in dimension d = 2.
Next, in dimension d = 2, the space Hp(curl, 2) is equal to HOI(Q), hence is
compactly imbedded in L?(2) for all p < 400, and the space Hy(div, ) N
H (curl, ©) is imbedded in H'/2(2)2, see [12], hence is compactly imbedded in
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L3(€2)? for instance. In dimension d = 3, from Assumption 2.2 and the Sobolev
imbedding theorem, the space W is compactly imbedded in L*(2)? x L*(2)3. So
both assertions of the lemma are a consequence of the Holder’s inequality

K(w,u;v) <clw dd-1 ||u da|lvll72c0vd,
( ) =cl IILP(Q)< ) el e @ye vllp2(q)

with p = 6 and ¢ = 3 in dimension d = 2, p = ¢ = 4 in dimension d = 3.
We skip the proof of the next lemma that relies on simple arguments.

Lemma 2.4 [f Assumption 2.2 holds, the form K (-, -; -) satisfies the antisymmetry
properties

V(w,u) e W, K(w,u;,u) =0, (2.19)
and also, in dimension d = 2,
V(w,u) e W, K(w,u;curlw)=0. (2.20)

We observe that, for any solution (w, u, p) of problem (2.7), the pair (@, u) is a
solution of the following reduced problem
Find (w, u) in VW such that

YveV, a(w,u;v)+ K(w,u;v)=(f,v). 2.21)

The main difficulty consists in proving the existence of a solution for this problem.
Moreover, due the previous lemma, the proof is much simpler in dimension d = 2.
So we begin with this case.

Proposition 2.5 Indimensiond = 2, foranydata f inthe dual space of Hy(div, 2),
problem (2.21) has a solution (@, u) in VW. Moreover this solution satisfies

ol curt.2) + lll 2 < v 11 f v, 2 (2.22)
where the constant ¢ only depends on 2.

Proof 1t is performed in several steps.
1) We first define the following mapping ® from WV onto its dual space by

V(w,u) e W, V(, w) € W,
(P(w, u), (#, w)) =a(w, u; w+ curl #)
+K(@,u; w+curl#) — (f, w + curl #).

It follows from part (i) of Lemma 2.3 that the mapping & is continuous on W.
Moreover, by combining (2.14) and Lemma 2.4, we have the property

v v
(@@, w), (@ 1) = 0} eno + 2 lael17 2 g0
— 1 f  Ho (v, (1@l Eeurt.) + 2l p2(qye)-
So, the quantity (®(w, u), (@, u)) is nonnegative on the sphere S,, with radius

B 22 max{l1, cg}

5 Il ey (div. 2y - (2.23)
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2) Since W is included in L?(2) x L%(2)?, it is a separable Hilbert space. So
there exists an increasing sequence (W,), of finite-dimensional subspaces W, of
W such that U, W, is dense in WW. The mapping & is continuous from W, onto its
dual space and satisfies

Yiw,u) e W, NS, (P(w,u), (o, u))>0.

So it follows from Brouwer’s fixed point theorem, see [17, Chap. IV, Cor. 1.1], that
there exists a (w,,, u,,) in YV, such that

V@, wy) € Wy, (P(@n,uy), (3, w,)) =0
1
and  (llon I3 curt,0) + 1#nl172.gpa) > < n. (224)

The sequence (w;, u,), is bounded by w, so that there exists a subsequence still
denoted by (®,,, u,),, which converges to a pair (w, ) weakly in W. Thanks to the
compactness result stated in part (ii) of Lemma 2.3, passing to the limit in equation
(2.24) yields for any n

V(@n, vn) € Wy, (P(w,u), (F,, wy)) =0. (2.25)
Finally, using the density of U, W, into W gives
V@, w) e W, (P(w,u), (@, w)=0.

Moreover, the pair (w, #) has its norm bounded by w, hence satisfies (2.22).
3) The pair (w, u) satisfies

V@, w) eW, a(w,u;w+curld)+ K(w, u; w+ curl )

= (f, w+ curl ¢). (2.26)
Let now v be any function in V. We consider the problem
Find (#, w) in W such that
VzeV, a@, w;z) =/ v(x) - z(x)dx, (2.27)
Q

where the bilinear form a(-, -) is defined by

a(¥, w; z) :/ w(x) -z(x)dx+/(curll?)(x) - z(x) dx.
Q Q

Exactly the same arguments as for [7, Lemma 2.3] yield that properties (2.12) stil
hold with a(-, -; -) replaced by a(-, -; -), so that problem (2.27) has a unique solu-
tion. Moreover, since w + curl ¢ belongs to V, v is equal to w + curl #. Thus,
applying equation (2.26) to this pair (#, w) implies that (@, u) is a solution of
problem (2.21).

The existence result in dimension d = 3 is only proved for v large enough
with respect to the data f. The main reason is that formula (2.20) does not hold in
dimension d = 3. We begin with a lemma where this difficulty is brought to light.
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Lemma 2.6 In dimension d = 3, if Assumption 2.2 holds, there exists a constant
¢y only depending on Q such that, for any data f in the dual space of Hy(div, Q2)

satisfying
v 2 I f g,y < 1, (2.28)
any solution of problem (2.21) satisfies
ol curt.) + Il 2@y < v ILf lHo@iv, s (2.29)
where the constant ¢ only depends on Q.

Proof We set

1
my (@, u) = ()17 gy + 1|72 gs)

1
ms (@, 1) = (10117 a0 + 1#172))

where the indices w and s stands for weak and strong, respectively. By taking v
equal to u in (2.21) and using (2.15) and (2.19), we have

2
S oy Mw(@, )T = (f,u) < v lul 2o,
2max(l, ) )T = (fou) = 1 f v el 2@

whence
my(@, w) <2 max{1, 2} v | £l gowiv.ay- (2.30)

Next, we take v = u + curl w in (2.21). Using now (2.14) and (2.19), we obtain

——————my(@, )" < || fllyaiv.0y ]2 — K (@, u; curl @).
2 max{l, c;}

From (2.17), we derive
IK (@, u; curl @)| < ¢ my (@, u) mg(o, u)?,
so that, thanks to (2.30),
K (@, u: curl )| < 2¢; max{1, ¢} v™" [Lf vy ms (@, w)’.

Combining all this gives

——m(w,u) (1 —4c max],c2 272 v QY
2 max(1, 2} s(@,u) ( « (max{1, cg}) I £ 1l Ho div. 27)

< 1 f I Ho(div.2y -
So, assumption (2.28) with ¢z = 8c, (max{l, cg})2 leads to estimate (2.29).

Proposition 2.7 In dimension d = 3, if Assumption 2.2 holds, there exists a con-
stant ¢, only depending on Q2 such that, for any data f in the dual space of
Hy(div, Q) satisfying

v fllpiveey < 1, (2.31)

problem (2.21) has a solution (w, u) in W. Moreover this solution satisfies (2.29).
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Proof Setting (wo, uo) = (0, 0), we iteratively solve the problem, for n > 1:
Find (&", u'") in W such that

YoeV, a@' uv)=(f,v)— K@@ u""0). (2.32)

Thanks to (2.12) and also (2.17), this problem admits a unique solution. Now, let
w be defined by

V
 4e/2 max{l, 3}

m

where the constant ¢, is that in (2.17). We now check by induction on 7 that, for
an appropriate choice of ¢, in (2.31), the sequence (®", u™),, is bounded by w in
the norm of W, namely that

(10" 17 curt, ) + 18" 17 2gy3)* < h- (2.33)
Since this estimate obviously holds for n = 0, we now assume that it holds with n

replaced by n — 1. We now take v equal to #” + curl @” in problem (2.32) and we
easily derive from (2.14) and (2.17) that

1
2max{l, 2} (10" 177 curt, ) + 18" 17 20y3) % < If Nrpcaiv, @ + exv/2 1.
> +0

Thank to the choice of u, we have

2cev/2 max{l, 3} , 1
w==-pn
v 2
. . . 2 2 .
Similarly, when taking ¢, > 16¢5+4/2 (max{1, cg}), we obtain

2 max{l, c2) 2 max{1, c3}
- Y- _—V

A

I f Il o div. ) < o
v 1

T

8civ/2 max{l, ¢} 2

IA

So, we have proved the desired estimate. On the other hand, we have for alln > 2,

YveV, a(w'— " — V)

— K(wn72’ unfz; ,v) _ K((z)nil, unfl; v)
— _K(wl’l—] _ wn—2’ un—z; v) _ K(wn_l, un—l _ un—Z; v)'
Using once more (2.14) and (2.17) together with (2.33) thus leads to

S — T e —w )R
2 max{1, cj} H (curl, 2) L2(@)°

1
—1 —212 —1 2112 5
< cant (10" = 0" W eur) + 18" = 1" 172 005) 7
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whence, thanks to the choice of u,

1
—142 —12 7
(”wn - wn ”H(CUI‘I,Q) + ”ul’l - un ||L2(Q)3)2
1
1 n—1 _ n—22 n—1 _ ,n=2,2 2
= —Zﬁ(llw (] ”H(curl,Q) + llu u ||L2(S2)3) .

The sequence (@", u"), is a Cauchy sequence in W, so that it converges to a pair
(w, u). By passing to the limit in (2.32), it is readily checked that (@, u) is a solu-
tion of problem (2.21). Estimate (2.29) is finally derived from Lemma 2.6 since ¢},
is larger than c;.

Theorem 2.8 In dimensiond = 2, for any data f in the dual space of Hy(div, €2),
problem (2.7) has a solution (w, u, p) in Hy(curl, Q) x Hy(div, ) x L%(Q). In
dimension d = 3, if Assumption 2.2 holds, for any data f in the dual space of
Hy(div, ) such that (2.31) is satisfied, problem (2.7) has a solution (w, u, p) in
Hy(curl, ) x Hy(div, 2) x L%(Q). Moreover this solution satisfies

@l #eurt.e) + el g@v.e) + v Pl 2@
<cv M fllm@iv.ey (1+ 721 fllmo@iv.y),  (2.34)

where the constant ¢ only depends on Q.

Proof For any data f in Hy(div, ), it follows from Proposition 2.5 and 2.7
that there exists a solution (@, u) of problem (2.21). Moreover, since the norms
| - ”LZ(Q)d and || - || g div,) coincide on V, this solution satisfies (2.22) or (2.29),
whence the first part of (2.34). On the other hand, the pressure p must now satisfy

Yv € Hyo(div, ), b(v,p)=(f,v) —a(w,u;v) — K(o,u;v).

Since the right-hand side of the previous line vanishes for all v in V, see (2.21), the
existence of a solution p of this equation in L(Z)(Q) is a consequence of condition
(2.13), see once more [17, Chap. I, Lemma 4.1]. Moreover it satisfies

BlipliLz = 1 lHy@iv.ey + v II@l Hcurl.2)
2
+cx (1@l 7 curt,2) + 2]l 5 @iv.)
whence the second part of (2.34).

As usual for the Navier—Stokes equations, the uniqueness of the solution can
only be proven for small enough data or large enough viscosity.

Theorem 2.9 If Assumption 2.2 holds, there exists a constant cy only depending
on 2 such that, for any data f in the dual space of Hy(div, Q2) satisfying

v 2 f v,y < 1, (2.35)

przoblem (2.7) has at most a solution (w, u, p) in Ho(curl, Q) x Hy(div, 2) x
L5(R2).
0
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Proof Let (w1, u1, p1) and (w2, u2, p2) be two solutions of problem (2.7). In
dimension d = 2, it follows from (2.14), (2.19) and (2.20) that both (w;, u;) and
(w2, uy) satisfy (2.22). Similarly, in dimension d = 3, it follows from Assumption
2.2 and Lemma 2.6 that, wehn taking ¢y > ¢, both (w;, #1) and (w2, u2) satisfy
(2.29), On the other hand, the pair (@, u), with ® = @] —wy andu = u| — uy
belongs to W and satisfies
YveV, a(w,u;v) = K(wz,uz;v) — K(wy, ui;v)
= —K(,uz;v) — K(@1, u; v).

By using once more (2.14), taking v equal to u + curl w in the previous line gives

2 2
Tty Ielnana + 1152 qy)

< |K(w,uy; u+ curlw)| + |K (@1, u; u + curl )|.
A simple extension of Lemma 2.4 gives
K(wi,u;u) =0.
So applying Lemma 2.3 together with (2.22) or (2.29) yields

2 2
a2y elnana) + 1152 qy)

< v I mo@v.ey (1905 a0y + 12172 gy0)-

Thus, if condition (2.35) holds with ¢; > 2¢ max{l, c(z)}, both @w and u are zero.
Finally, we have

Vv € Ho(div, €2), b(v, p1 — p2) =0,

so that p; — p» is zero thanks to condition (2.13). This yields the uniqueness of
the solution.

Clearly condition (2.35) is rather restrictive in dimension d = 2, so we try to
avoid it in the numerical analysis of the discretization. To conclude, we state some
regularity properties of the solution of problem (2.7) which can easily be derived
from [5, §2], [13] and [14] together with a bootstrap argument.

Proposition 2.10 When Q2 is convex, the mapping: f +— (@, u, p), where (w, u, p)

is the solution of problem (2.7) with data f, is continuous from H™*{0-s=1}(Q)d
dd—1
into H* ()5 x HY(Q)? x H5(Q), forall s < 1.

A stronger property holds in dimension d = 2.

Proposition 2.11 In dimension d = 2, the mapping: f +— (w,u, p), where
(w,u, p) is the solution of problem (2.7) with data f, is continuous from
H™05H ) jnto HSTH(Q) x HS(Q)? x HTY(Q), for

(i) all s < % in the general case,

(ii) all s < 1 when Q is convex,

<
(iii) all s < % when Q is a polygon with largest angle equal to .
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Proof Let ¢ denote the stream function associate with u, namely the fonction
in HO1 (€2) such that u = curl . The desired regularity properties follow from the
fact that ¥ et @ are a solution of the problems

—-AY =w inQ, —vAw=curl(f —® x u) inQ, (2.36)
Y =0 ondg, w=0 onaQ,
combined with the formula
Vo € H(Q), YueV, curl(w x u) =gradw - u, (2.37)

see [18, Chap. 4] for instance.

3 The spectral discrete problem

From now on, we assume that €2 is the square or cube ] — 1, 1[4,d = 2 or 3. The
discrete spaces are constructed from the finite elements proposed by Nédélec on
cubic three-dimensional meshes, see [20, §2]. In order to describe them and for
any triple (¢, m, n) of nonnegative integers, we introduce

e in dimension d = 2, the space Py ,,, (£2) of restrictions to 2 of polynomials with
degree < ¢ with respect to x and < m with respect to y,

e in dimension d = 3, the space Py, ,(€2) of restrictions to €2 of polynomials
with degree < ¢ with respect to x, < m with respect to y and < n with respect
to z.

When ¢ and m are equal to n, these spaces are simply denoted by P, (€2).

Let N be aninteger > 2.In all that follows, ¢ denotes a generic constant that may
vary from one line to the next but is always independent of N. The discrete spaces
that we use are exactly the same as in [7, §3]. The space Dy which approximates
Ho(div, 2) is defined by

Dy = Ho(div, Q)

. [IPN‘N_I(Q) X Py-1,8(2) ifd=2,

i 3.1
Py n—1,n-1(2) X Py_1, v N—1(R2) x Py_1 n—1,n(R2) ifd = 3.

The space Cy which approximates Hp(curl, €2) is rather different according to the
dimension of; it is defined by

Hy () NPy (Q) ifd =2,
Cny = 1 Ho(curl, 2) (3.2)
N(Py-1.8 N (Q) X Py y—1.N(R) X Py yn-1(R)  ifd=3.

Finally, for the approximation of L%(Q), we consider the space My:
My = L3(R2) NPy_1(R). (3.3)

Setting &) = —1and §y = 1, weintroduce the N —1nodes§;,1 < j < N—1,
and the N + 1 weights p;, 0 < j < N, of the Gauss—Lobatto quadrature formula.
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Denoting by P,(—1, 1) the space of restrictions to [—1, 1] of polynomials with
degree < n, we recall that the following equality holds

1 N
Vo1, [ e@dr =3 o) (3.4)

J=0

We also recall [10, form. (13.20)] the following property, which is useful in what
follows

Yoy € Pn(—1,1),

N
lon 172 ypy < 20N ED pj < 3llenlTa ) (3.5)
j=0

Relying on this formula, we introduce the discrete product, defined on contin-
uous functions # and v by

SN0 g ul EDvELE) pip; ifd =2,
(CHUIER PP IS Yill (3.6)
w(Ei, &7, EOV(EL &, ) pipjpe ifd =3,

It follows from (3.5) that it is a scalar product on Py (€2). Let finally Zy denote the
Lagrange interpolation operator at the nodes (§;,§;),0 < i, j < N, in dimension
d = 2, at the nodes (§;, &}, &), 0 <1i, j,k < N, in dimension d = 3, with values
in Py (2).

We now assume that f is continuous on . The discrete problem is constructed
from (2.7) by using the Galerkin method combined with numerical integration. It
reads

Find (wy,uy, py) in Cy x Dy x My such that

Voy € Dy, an(@n,un; vn) + Ky(on, uy; vn) +by(vy, pn)

= (f,on)nN,
Vgy € My, by(uy,gn) =0, (3.7)
Voy € Cy, cn(wn,uy;oy) =0,

where the bilinear forms ay (-, -; -), by (-, -) and cy (-, -; -) are defined by

an(@n,uy;vy) =v(curloy, vy)y, by(vy,gn) = —(divoy, gn)n,
en(@n, un; @y) = (0N, oy)N — (un, curl o)y, (3.8)

while the trilinear form Ky (-, -; -) is now given by
Kn(@on,un; vy) = (0N X Uy, UN)N. (3.9

In order to prove that problem (3.7) admits a solution, we introduce the discrete
kernels

Vy = {vy € Dy; Vgn € My, by(vy. gn) =0}, (3.10)
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and

Wy ={(@n.vn) € Cy x Vi Yoy € Cy, en(@n, vy: @y) =0}
(3.11)
As noted in [7, Cor. 3.2], the space Vy is contained in V, but the space Wy is not
contained in W in the general case. We observe that, for any solution (wy, Uy, py)

of problem (3.7), the pair (@, uy) is a solution of the reduced problem
Find (oy, uy) in Wy such that

Yoy € Vv, an(wn,un;vy) + Kn(eoy, uy;vy) = (f,on)n. (3.12)

The existence of a solution to this problem is proved thanks to the same arguments
as for Proposition 2.5 for instance.

Proposition 3.1 For any data f continuous on Q, problem (3.12) has a solution
(wn, uy) in Wy. Moreover this solution satisfies

||wN||L2(Q)d(d2—1) + llunll 2y < cv ™ IZn Fll L2y (3.13)

Proof Here, we introduce the mapping @y defined from Wy into its dual space
by

Y(woy,uy) € Wy, Y@y, wy) € Wy,
(Py(wn,uy), Py, wy)) =an(@y, Un; Wy)
+Ky(wn,un; wy) — (f, wy)n.

We provide Wy with the weak norm

2 2 3
lonl _n +llunllya )’
( L2y e L2(S) )

However, since Wy is finite-dimensional, it is readily checked that @y is continu-
ous. Next, noting by the same arguments as for Lemma 2.4 that Ky (wy, uy; uy)

is zero, we have

(Pn(oy,uy), (@y,uy)) =v(curloy, uy)y — Iy f,un)y.

Combining (3.5) with the definition of Wy gives

(curloy, un)y = (@n, @N)N = llovl? sy -
L2(Q) 2
So using once more (3.5) leads to
d 1
(Py(wn,uy), (Wy,un)) > v ”wN”iz(Q)d(dz_l) —32 ”INf”LZ(Q)d(uNa uN)12V-

On the other hand, it follows from [7, Lemmas 3.4 & 3.5] that, for any uy in Vy,
there exists a ¥  in Cy such that uy = curl ¥ 5, and which moreover satisfies

II'PNIILZ(Q)MZ—U <cllunlzqy-
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Inserting this ¥ 5 into the definition of Wy and using once more (3.5) give

(uy,uy)y = (uy,curl ¥ )y = (@n, YN

d
<3 onl ad-v [Pyl dd-1) ,
L2(Q) 2 Yy L2(Q) 2
whence
1
(uy,un)y <cllonll | aa-. (3.14)
L2Q) 2

Combining all this yields

2
(Pn(wn,uy), (wy,uy)) =V |loy] dd—1)
L2(Q) 2

—c||Z, 200yd | @ d@d—1) -
IZv S z@plonl, o s

So, setting

2¢ max{1, c}
N = = Iy f 2oy

and noting from (3.5) and (3.14) that

1
(lonl®  say + lunll72ige)® < V2 max{l, c} lonll | au-,
L2(Q) 2 L2(Q) 2

we observe that (Py (wy, uy), (@n, uy)) is nonnegative on the sphere of Wy
with radius py. So applying Brouwer’s fixed point theorem, see [17, Chap. 1V,
Cor. 1.1], gives the existence result together with estimate (3.13).

The following inf-sup condition is proved in [7, Lemma 3.9]: There exists a
positive constant B, independent of N such that the form by (-, -; -) satisfies the
inf-sup condition

by(vy, gn)
Vgy € My,  sup NIV GND Bxllgn Il 2(q)- (3.15)
vyeDy 1N g div.o)

So the full existence result follows from Proposition 3.1 and this condition thanks
to exactly the same arguments as for Theorem 2.8.

Theorem 3.2 For any data f continuous on 2, problem (3.7) has a solution
(wn,uy, py) in Cy x Dy x My. Moreover, the part (wy, uy) of this solution
satisfies (3.13).

Note that the previous existence result still holds when Ky (-, -; -) is replaced
by K (-, -; -) in problem (3.7). This means in practice that a more precise quadrature
formula, exact on P3y_1(€2), is used to evaluate the integrals that appear in the
treatment of the nonlinear term. The corresponding discrete problem reads
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Find (wy,uy, py) in Cy x Dy x My such that

Voy € Dy, an(@n,un;vy) + K(oy,uy; vy) +by(vy, py)

= (f, NN,
Vgny € My, by(uy,qn) =0, (3.16)
Yoy € Cy, cn(wy,uy;oy) =0.

Similarly, the reduced problem (3.12) becomes
Find (wy, uy) in Wy such that

Yoy € Vv, an(@y,un;vy) + K@y, uy;vy) =(f,on)y.  (3.17)

We now intend to prove an error estimate between the solutions of problems
(2.7) and (3.16) only in dimension d = 2 for simplicity. Since the proof of this
result relies on the theorem due to Brezzi, Rappaz and Raviart [11], we set X =
Hy(curl, ) x V. We write both problems (2.21) and (3.17) in a different form.
Let S denote the following Stokes operator: For any data f in the dual space of
Hy(div, ), S f denotes the solution (w, u) of the reduced problem

Find (w, u) in W such that

YveV, a(w,u;v)={(f,v). (3.18)

The fact that S is well-defined follows from [7, Cor. 2.4]. We also introduce the
mapping G defined from X into the dual space of Hy(div, 2) by

V(w,u) e X, Vv e Hy(div, Q), (G(w,u),v)=K(w,u;v)—(f,v).
(3.19)

Then, problem (2.21) can equivalently be written as
(w,u) +SG(w,u) = 0. (3.20)

Similarly, we set Xy = Cp x V. We thus define the discrete Stokes operator:
For any data f in the dual space of Hy(div, 2), Sy f denotes the solution (@, uy)
of the problem

Find (wy, uy) in Wy such that

Yoy € Vi, an(@n,un;vy) = (f, on). (3.21)

It is nearly the same problem as considered in [7, §3], only the discrete product in
the right-hand side is replaced by the duality pairing. We also recall from [7, Cor.
3.8, Thm 4.6 & Cor. 4.7] the following results:

(i) The operator Sy satisfies the stability property

ISy flla < sup Lo

, (3.22)
vyevy VN Il2(@)e
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(ii) The next error estimate for all £ such that S f belongs to H511Q) x H* (Q)?,
s>1,

IS = Sn)fllx = e N7 IS fllgs+ia)xms 2 (3.23)

Finally we consider the mapping Gy defined from Xy into the dual space of
Dy by

Yoy, uy) € Xy, Yoy € Dy,
(Gn(wn,un), vn) = K(on, uy; vy) — (f, o)y, (3.24)
Then, problem (3.17) can equivalently be written as
(@y,un) +SvGn(@y,uy) =0. (3.25)

We are led to make the following assumption. Here, D stands for the differential
operator.

Assumption 3.3 The pair (@, u) is a solution of problem (2.21) such that the
operator Id + SDG(w, u) is an isomorphism of X.

Note that this assumption can equivalently be written as follows: The operator
Id + SDG(w, u) is an isomorphism of Hy(curl, 2) x Hy(div, €2). It means that,
for any data g in the dual space of Hy(div, €2), the linearized problem

Find (%, w, r) in Ho(curl, Q) x Ho(div, ) x L3(Q) such that
Yv € Ho(div, ), a(@, w;v)+ K(w, w; v) + K@, u;v) +b(v,r)
= (g, v),
Vg € L3(), b(w, g) =0, (320
Yo € Hy(curl, Q), c(#, w; @) =0,

has a unique solution with norm bounded by a constant times || g || 4, (div, ) - It yields
the local uniqueness of the solution (@, u, p) but is much less restrictive than the
uniqueness condition (2.35). We first prove a basic continuity property.

Lemma 3.4 In dimension d = 2, the following property holds
Yoy € (CN, VYuy € Dy, Yoy € Dy,

1
|[K(wn,un; vN)| < cllog N|2 [lonlHeurto)llunllz2@p2lvn L2 )2
(3.27)

Proof We have
IK(on, un; vN)| < lloy X unllp2@pellvnliz2@)2s
whence, for all p > 2 and ¢ > 2 such that % + ql = %,
|K(wn,un; vn)| < ||wN||LP(Q)||uN||Lq(9)2||vN||L2(Q)2~

Finally, we recall from [22] that, for any p < oo, the imbedding from H (curl, 2) =

HY(Q) into L? () is continuous, with norm < ¢ p%. We also use the following
inverse inequality (see [8, Prop. I11.3.1]), for ¢ > 2,

4011
Viy € Py(Q), llzwlizo@ < c N7 lzn llz2(q)-
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This yields

14
|[K(wn,un; vN)| < cp2 N? [lon | Heur @) lun 2@ 1N | 2202

Finally, taking p = log N gives the desired result.

It follows from Proposition 2.11 that, if f is smooth enough, there exists an sg >
1 such that the solution (@, u) of problem (2.21) belongs to H*0+1(Q) x H% ().
We now prove some lemmas which make use of this property. Let also £ denote
the space of linear operators from X into X

Lemma 3.5 In dimension d = 2, if Assumption 3.3 holds, there exists an integer
Ny such that, for all N > Ny, the operator 1d+ Sy DG y(w, u) is an isomorphism
of X. Moreover the norm of its inverse operator is bounded independently of N.

Proof The idea consists in writing the expansion
Id+SyDGy(w,u) =1d+ SDG(w, u) — (S — Sy) DG (w, u)
—Sn (DG(w, u)— DGy(w, uN)). (3.28)

Moreover it is readily checked from the definitions of G and Gy that the terms
DG (w, u) and DG y(w, u) are equal, so that the last term in this expansion disap-
pears. We now check that the second term in the right-hand side tends to zero. We
have, for any (¢, w) in X,

DG(w,u) - (W, w)=w x w+ 9 X u,
whence, owing to (2.36),
curl (DG(w,u) - (%, w)) =gradw - w+grad? - u.
Then, the same arguments as used in the proof of Proposition 2.11 yield that
SDG(w, u) - (¥, w) belongs to H?*(Q) x H'(€)? and satisfy
ISDG (@, u) - (%, W)l 2@y x 11 (@2 <€ (@l o+t (@) + 2l o 2) 1, w)llx-
Thus, using (3.23) yields

lim (S —Sy)DG(w,w)llz =0. (3.29)
N——+o0

From Assumption 3.3, if y denotes the norm of the inverse of Id + SDG(w, u),
choosing N large enough for the quantity in (3.29) to be smaller than % gives

the desired property with the norm of the inverse of Id + Sy DG y (@, u) smaller
than 2y .

Remark More technical arguments prove that Lemma 3.5 still holds if the solution
(@, u) of problem (2.21) only belongs to H** 1 (Q) x H%()? for some sy > 0.
However we do not need this extension here.

Lemma 3.6 In dimension d = 2, the following Lipschitz—property holds
V(@, i) € X, [|Sy(DGn(@,u) — DGN(@, &)

1 - -
<c|logN|? (@ — @l Hcurt,) + It — Bl 12 (gya)-
(3.30)
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Proof We have
(DG N (@, W) — DGN@, ) (#, w), vy) = K(@—d, w; vy)+K (@, u—u; vy).

So the same arguments as in the proof of Lemma 3.4 (but with the inverse inequality
now applied to vy) and (3.22) lead to the desired property.

Lemma 3.7 In dimension d = 2, assume that the data f belong to H° (Q)?,
o > 1, and that the solution (@, u, p) of problem (2.7) belongs to H*'(Q) x
H' ()% x H (), s > 1. The following estimate holds
(@, u) + SnGN (@, w)llx

<c(f) (N7 1@ Wl gsrigyxms @2 + N7 N fllgop).  (3.31)

for a constant c( f) only depending on the data f.
Proof From equation (3.20), we derive
(@, u) + SNGN (@, w)llx
< I(S—8n)G@ wlx + ISy (C@,u) — Gy(w,u))| x.

The bound for the first term in the right-hand side is now a direct consequence of
(3.23). Finally, if ITy_; denotes the orthogonal projection operator from L?(£2)
onto Py _1(£2), adding and subtracting the term [Ty _1 f in the last term and using
(3.22) lead to
ISy (G, uy) — Gy (@y. ui)llx

<c(lf =Tv-1fllz@e + 1f = In flla@p)-

Thus the standard approximation properties of the operators I1y_ and Zy [10,
Thms 7.1 & 14.2] give the bound for this last term, which concludes the proof.
We are now in a position to prove the error estimate.

Theorem 3.8 In dimension d = 2, assume that the data f belong to H° (Q)d,
o > 1, and that the solution (@, u, p) of problem (2.7) belongs to HTH(Q) x
HS(Q)? x H(Q), s > 1, and satisfies Assumption 3.3. Then, there exists an inte-
ger N, and a constant ¢, such that, for all N > N, problem (3.16) has a unique
solution (wy, uy, py) such that

1
lo —oyllHEurlo) + 1t —uyllH@v,Q) < co|log N|72. (3.32)

Moreover this solution satisfies the following error estimate

_1
lo — onllHur.Q) + 4 — unllH@iv.Q + 11og NI72 [|p — pNlir2q)

= e(f) (N7 (0l i@ + Il @ + 1P las@) + N7 1l o)
(3.33)

for a constant c( f) only depending on the data f.
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Proof Combining Lemmas 3.5 to 3.7 with the Brezzi—Rappaz—Raviart theorem
[11] (see also [17, Chap. IV, Thm 3.1]) yields that, for N large enough, problem
(3.17) has a unique solution (@wy, uy) which satisfies (3.32) and the first part of
(3.33). Moreover, thanks to the discrete inf-sup condition (3.15), there exists a
unique py in My such that

Yoy € Dy, bn(vn, pn) = (f, on)N —an(@n, un; vy) — K(on, un; vN),
whence the existence and local uniqueness result. Moreover, we have for any gy
in MN

by(wn, pn —gN) = b(on, p —gn) — (f,vn) + (f, on)N

+a(w — oy, u—uy;vy) + (a —ay)(@y, uyn; vy)

+K(w,u;vy) — K(wy, uyn; vy),

so that the estimate for ||p — pnllz2(q) follows from (3.15), a triangle inequality,
the same arguments as in the proof of Lemmas 3.6 and 3.7 and the first part of
(3.33).

Estimate (3.33) is fully optimal, up to the | log N |% which only occurs for the
pressure and is most often neglectable. However proving even a weaker estimate in
dimension 3 seems rather difficult, first because the existence of (w, u, p) is only
proved for v large enough in Section 2, second because such an estimate would
require some regularity properties of this solution which are not likely.

4 The solution algorithm and numerical experiments

In view of the results of the previous analysis, the numerical experiments have only
been performed in the two-dimensional case, on the square =] — 1, 1[2. Problem
(3.7) is solved via the following iterative algorithm. In what follows, we omit part
of the indices N for simplicity.

STEP A. We first solve the Stokes problem
Find (&°, u?, po) in Cy x Dy x My such that

Yoy € Dy, an(@’ u’; vy) +by(wy, p) = (f, vy)n,
Vgy € My, by@® gy) =0, (4.1)
Yoy € Cy, en (@0, ul; oyn) =0.

STEP B. Assuming that the triple (w”_l, u ! p”_l) is known, we now solve
the problem
Find (&",u", p") in Cy x Dy x My such that

Yoy € Dy, an(@", u";oy) + Ky@" L u"oy) + Ky(@", u"" ' oy)
+bn oy, P = (f, o8N + Ky (@'~ a1 oy,
VYgny € My, by@",gn) =0,

Voy € Cy, con(@",u";9y)=0.
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Fig. 1 The errors for the solution issued from (4.5)

Step B is iterated until the following condition holds

" — " N eurto) + 0" — @ g@iv.o) <7, (4.3)

[l
for a fixed tolerance 7.

The convergence of this algorithm is not proved but likely, at least for v large
enough (we recall from [11] that, if the assumptions of Theorem 3.8 hold, Newton’s
method converges for any initial guess in the neighbourhood of (w, u, p) defined in
(3.32)). The interest of such an algorithm is that both problems (4.1) and (4.2) are
Stokes-like problems. The details concerning the implementation of the discrete
Stokes problem (i.e. with Ky (-, -; -) replaced by zero) are given in [7, §6].

The first two experiments are aimed to check the convergence of the method.
The viscosity v and the tolerance n are given by

v=5.10"%, n=10""2 (4.4)

We work with two solutions (@, u, p) defined by @ = —Avyr, u = curl i, where
Y and p are

e first, very smooth functions given by

Y(x,y) =sin(mx)sin(wy), px,y) =sin(x +y), 4.5)
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Fig. 2 The errors for the solution issued from (4.6)
e second, functions of limited regularity, defined by
2,3 N
yx,y)=0—-x9)7(1—y9)2,
2.3 2.1
px,y) =x(I —x)2(1+y7) 2. (4.6)

Figure 1 for the solution issued from (4.5) and Figure 2 for the solution issued from
(4.6) present the convergence curves of the relative errors on @, u and p in the
L*(2) or L?(£2)? norm, both in standard and semi-logarithmic scales, as a function
of N, for N varying from 5 to 25 or 30.

It can be noted that the number of iterations in order that condition (4.3) is
satisfied does not increase with N. On the other hand, the error is much larger
(and the slope of the error as a function of N is lower) for the singular solution
issued from (4.6) than for the regular solution issued from (4.5), which is in good
coherency with the results of Theorem 3.8. However there is no doubt about the
convergence of the discretization.

The last numerical experiments deal with the more realistic case of a Poiseuille
like flow, i.e. with the fourth line of problem (2.2) replaced by

u-n=g ondR. 4.7)

The way of handling this nonhomogeneous boundary condition is the same as
proposed in [7, §5] for the Stokes problem.
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Fig. 3 Isovalues of the vorticity, the two components of the velocity and the pressure

Still for the parameters v and n given in (4.4), we first work with the data f =
(fx, fy) and g given by

frxoy) =y, fylx,y) =0, (4.8)
g(£1,y) = £(1 —y»)3, g(x,£1) =0. (4.9)

Figure 3 presents, from top to bottom, the curves of isovalues of the vorticity, the
two components of the velocity and the pressure, as obtained with N = 38.

In a second step, we investigate the influence of the viscosity on the flow. We
take 7 = 10~!2 and work with the data g given by
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Fig. 4 Curves of the velocity fields for different viscosities
(—1.y) 0 if —1<y<0,
g\—1,y) = .
-yl -y ifo<y<l, @.10)
y(I+y) if —1<y<0,
g(l,y) = . g(x,+1) =0.
’ 0 if0<y<l1, ’

Figure 4 presents, from left to right, the curves of the velocity field, in the case
of a zero datum f (in which it is readily checked that the vorticity e is zero) and

in the case where f is given by (4.8),
(i) in the top part, with v = 10~! (obtained with N = 20),
(i1) in the bottom part with v = 10~2 (obtained with N = 30).
Note that, as scheduled, the vorticity is zero in the two left curves. The influence of

v is more important in the case where it is not zero (see the equations) and, in this
case, the importance of the boundary condition on # diminishes in comparison to

that on @ when v decreases.
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