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Abstract Based on the transformation y = g(x), some new efficient Filon-type
methods for integration of highly oscillatory function | ab £(x) €8 dx with an
irregular oscillator are presented. One is a moment-free Filon-type method for
the case that g(x) has no stationary points in [a, b]. The others are based on the
Filon-type method or the asymptotic method together with Filon-type method
for the case that g(x) has stationary points. The effectiveness and accuracy are
tested by numerical examples.

AMS Subject Classifications 65D32 - 65D30

1 Introduction

Highly oscillatory integral [ f(x) 8™ dx occurs in a wide range of practi-
cal problems and applications ranging from nonlinear optics to fluid dynamics,
plasma transport, computerized tomography, celestial mechanics, computation
of Schrodinger spectra, Bose-Einstein condensates (cf. [10]). Highly oscilla-
tory integrals are allegedly difficult to calculate by the standard classic inte-
gration formulas when the frequency is significantly larger than the number
of quadrature points. Many methods have been developed since Filon (cf.
[2-11,13-20,23]).
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634 S. Xiang

The Filon quadrature of the form | ab f(x) €8 dx, is achieved by approxi-
mating f(x) by a polynomial p(x) with degree v at interpolation nodes
€o,¢1,C2, . . .,Cy and calculating fab p(x) €8 dyinstead of fab f(x) el®8® dx. Re-
cently Iserles and Ngrsett [9,10] extended the approach of Iserles [7,8], defined
an asymptotic method and a Filon-type method for | ab f(x) e“8™ dx and ana-
lyzed the convergent behavior in a range of frequency regimes and showed that
the accuracy increases when oscillation becomes faster.

The foundation of the asymptotic method [10] lies in the observation that for
g (x) # 0 for all x € [a,b]

b
I = / £ 980 d

b
_ L[ TD) eies

g x)
b
[f(X) 1wg(x):| _l/ d |:f(_x):|eia)g(X)dx
g (x) o g
oA f(x)} clo8®) gy

Continue this process of approximating by integrating by parts and define oy as

fx) ok[f1'x)

o1lf1x) = 70 oke1[f1x) = 70 k=1 (17).

Then we get the s-step asymptotic quadrature [10]

N

1 . .
QLN == o [N 5 ol i@ @)
k=1

The error I] f]— Q;‘ [f] ~ O(w*~1) [10]. The shortcoming with using an asymp-
totic expansion as an approximation is that the quadrature in general diverges
for fixed w as s — oo. In other words, for fixed w the accuracy of approximating
an integral the asymptotic method is limited.

To work around this weakness, Iserles and Ngrsett [9,10] derived a Filon-
type method which extends the work of Filon: let s be some positive integer
and let {m} be a set of multiplicities associated with the node points a = ¢y <
c1 < --- < ¢y = b such that mg,m, > s. Suppose that v(x) = ZZ:O aixk, where
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n=>,_omg — 1,is the solution of the system of equations

v(cr) = fler), v (ek) = f(ck)s. .., v ™D (cp) = fr=Dep) (1.2)

for every integer 0 < k < v. Then
I1f1- O 1f1~ O™,

where OF[f] = I[v(x)] = > }_oarl[x*] and I[x*] = fub xKel@s® dx, k = 0,
1,...,n (ct. [10]).

In many situations the accuracy of the Filon-type method is significantly
higher than that of the asymptotic method, even though it is of the same order.
An entirely different approach without computing the moments I[x*], the Levin
collocation method, was proposed by Levin [13]. Based on the Levin colloca-
tion method, Olver [17] developed a Levin-type method that collocates func-
tion values and derivatives of f at the interpolation nodes. The Filon-type
method and Levin-type method with the approach of the standard basis of
polynomials are identical for the case that the oscillator g(x) is a linear func-
tion. Otherwise, the two quadratures are not identical [18,25]. Filon-type meth-
ods are often more accurate, affordable and much simpler to construct than
the corresponding Levin-type methods [12,18]. Unfortunately, the Filon-type
method requires that the moments are easily computable, which is not neces-
sarily the case.

Once g vanishes at one of more points in [a, b], the Levin-type method fails
for computing [ ab f(x) €18 dx. For treatment of stationary points, without loss
of generality, assume & € [a, b] is the unique stationary point of g. Iserles and
Ngrsett [10] generalized the asymptotic method Q4[ f] and Filon-type method
OF[ ] and extended to the case for any integer r > 1

gE) =g'® =---=g"®=0, gV #£0, gx) #0forx#¢, x € [a,b]

with error bounds

Q?[f] — ][f] ~ O(wfsfl/(rJrl)), Qf[f] _ I[f] ~ O(wfsfl/(r+1))’

based on the first few generalized moments

b
MM&@Z/@—H%WWM,m:QLmJ—l
a

can be computed explicitly. In the important case g(x) = (x — &)?, where £ €
[a,b] and p > 1 is an integer, the generalized moments are easily calculated. In
general, however, the moments are often unknown.
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636 S. Xiang

In this paper, by the transformation y = g(x), we present new efficient Filon-
type quadratures for highly oscillatory integral I[ f] = [ ab f(x) el8® dx.

e For the case that g'(x) # 0 for all x € [a,b]: let p(y) = D }_,axy* with
n=>j_omg — 1satisfy that for k = 0,1,...,v,

pE(c)=011f1(c), p'g(c)) = ool flcr),....p"(gler) =om, [ F1(ck),

(1.3)
and define
g)
o [f1= / p(y) e dy. (1.4)
g(a)

From (1.3) we know that the interpolation polynomial p(y) at nodes g(cy),
g(c1),...,g(cy) is related to the values of oj[ f](cy) for j = 1,2,...,my and
k=0,1,...,v. From (1.4) the quadrature can be computed explicitly. The
advantage of this approach is that there is no need to compute moments
I[x*] and the inverse of g(x). The error bound for the new quadrature is

OF L Lf1 =111~ O™, (1.5)

e For the case that g'(¢§) = g"(¢) = --- = g&) = 0, g"tD (&) # 0 and
g'(x) # 0forx # £, x € [a, b], without loss of generality, assume g +1 (&) >
0, otherwise we consider I[f] = | ab f(x) e (=80 dx for —g(x) instead of
g(x). Theng(§) = xIeI%tilI}J] g(x) for r being an odd integer: let /+1 = g(x) —g(&).

Then ¢ *! is well-defined in each subinterval [a, £] and [&, b] for any positive
integer 7, and /[ f] can be represented by

)
I[f] = e'“8® / + / F(x) el@@®-8E) gy
a §

1 1

i (g(b)—g(&)) r+1 (gla)—g(&) r+1
= elog®) / Ao e™ dr - / fioe™ at
0 0

1 1
fo(g(a)*g(é))’“ fi@ el 4t and fo(g(b)ﬂ%’(‘f))”r1 H @) el 4t can be approxi-
mated by the Filon-type method respectively with forms

1 1

(gla)—g(&)r+! (g(b)—g (&) r+1

s+l Tt
D1 ([) elcz)t d[, 1wt dr

p2()e
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with an error bound O(a):s_l/ 1)y where py(¢) is the interpolation poly-
nomial corresponding to fi(f) (k = 1,2) satisfying a linear system like (1.2)
with mqg, m, > s(r + 1).

e For the case that g'(§) = g'(§) = --- = g”(© = 0,g" ™V (©) > 0,g'(x) #0
for x # &, x € [a, b] and the expressions x;(y) = gy —g&) (j=1,2) are
available for x € [a,&] and x € [€, b] respectively: the generalized moment
wm(w, &) can be written by y = g(x) — g(&) as

£ b
pm(@, &) = e98®) / + / (x — £)" el @0-8E) gy
a £
[ g(b)—g(®) g@)—g()
= / ha(y)y” 7T e dy— / hi(y)y 7 e dy| .
0 0

fog(a)_g@) hy (y)y_ﬂ%1 el®y dy and fog(b)_g(é) hz(y)y_r+Ll el®¥ dy can be approx-
imated by the Filon-type method with forms

g(@—g(®) g(b)—g()
pL(y)y T e dy, / p2(y)y” 1 e dy
0 0

with an error bound O(w~*~1/"+D) respectively, where py(y) is the inter-
polation polynomial corresponding to A (y)(k = 1,2) satistfying a linear
system like (1.2) with mq,m, > s. Together with the asymptotic method
[10], it presents a method with an error bound O(w—*~1/+D),

The above methods for g(x) involving stationary points are based on that the
generalized moments

y
. 1 m+1 m+1
_ m ,iwtP _ _ i P
vm@)_o/t A= Sy [F( p ) F( p )}

can be computed explicitly by the incomplete Gamma function I'(z,®)
(Abramowitz and Stegun [1], p. 260, Iserles and Ngrsett [10]).

In this paper, we assume f and g are smooth functions and without loss of
generality, assume w > 0.
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638 S. Xiang

2 Numerical analysis for the moment-free method (1.4) in case
that g’ (x) # 0 for all x € [a, b]

Let I[ ] denote the following integral

I[f1= / f(x) el@8® dx, (2.1)

where f and g are suitably smooth functions and g’(x) # 0, Vx € [a, b].
Lemma 2.1 Let s be some positive integer and let {my}g be a set of multiplicities

associated with the node pointsa = ¢y < ¢ < -++ < ¢, = b such that mg, n, > s.
Suppose that ¢ (x) € C*[a, b] satisfies

o(cp) = ¢/(Ck) — .= ¢(mk71)(ck) =0, k=0,1,...,v

Then ¢ (x) can be represented in the form

¢(n+1)(§-) v
px) = ——= [ (x — cp)™, (2:2)
n+D 4
n+D) gy vl
¢'(x) = ¢—,(§) [Te—co™  [Te—dp, (23)
o j=0
and
(n+1)(§) ) S =8+ 17 Mk
900 = o —— Wil H(x ™[] @—xw) xelabl,

m=0

2.4)

forsome &,¢, ¢ € [a,b] depending on x and dj, x,,, € [a,b] forj=0,1,...,v -1
and m = 0,1,...,s/J] — s + ngjmk, where J = {ilm; > s}, |J| denotes the
cardinal number of J and n = 3 ) _qmy — 1.

Proof Since (2.2) is trivially satisfied if x coincides with one of the interpolation
points cp, ¢y, . .., ¢y, we need be concerned only with the case where x does not
coincide with one of the interpolation points. We define w(r) = ITj_ (¢ — ¢x)"*
and, keeping x fixed, consider

e,
() = weD) w(p).
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By the assumption on ¢, ¢(f) is also in C*[a,b] and n(t) defined by n(f) =
o(t) — ¢ (¢) satisfies

ner) =n'(cx) = =" D) =0, k=0,1,...,0, n(x) = 0.

Then 7 (¢) has n+2 zeros in [a, b] if we consider the multiplicities. By Rolle’s the-
orem ([22], p. 288) inductively, it is not difficult to show that there is a & € [a, b]
such that

0= r](n+1)(s) ¢Ex;( + 1 — ¢(n+1)(%—)'

From this we obtain (2.2).
Since ¢(co) = ¢(c1) = --- = ¢(cy) = 0, by Rolle’s theorem in each subin-
terval [cj,cjy1], there is a d; € (¢j,cj41) such that ¢'(dj) = 0,j =0,1,...,0 — 1.

Thus ¢’(x) has n zeros in [a, b] if we consider the multiplicities. Similar to the
proof of (2.2), for ¢’(x) we have

(n)
¢/(x) = (¢) 0 H(x o) l1'[(x— d)

(n+1) v—1
PO = aom! [T = d
’ k=0 m=0

for some ¢ € [a, b] depending on x. By induction, it is not difficult to prove that
¢ (x) has n — s + 1 zeros in [a, b] if we consider the multiplicities. Similarly, we
have

S| =s+21gy M

(n+1)
P = ¢ ¢ — fl)),H(x ™[] @—xw) xelabl,

m=0

for some ¢ € [a,b] depending on x and x,, € [a,b], m = O0,1,...,s|J| —s +
ngjmk- O

Lemma 2.2 (van der Corput, [21]) Suppose g(x) is real-valued and smooth in
(a,b), and that |g(k) (x)] = 1 forall x € (a,b) for a fixed value of k. Then

b

/ el@8() gy

a

< c(k)w 1k

holds when
(i) k = 2, or (ii) k = 1 and g'(x) is monotonic.
The bound c(k) is independent of g and w, c(k) =5 - 2k=1_ 2,
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640 S. Xiang

Lemma 2.3 ([21], p. 334) Under the assumptions on g(x) in Lemma 2.2, we can
conclude that

b
/ €980 (1) dx

a

b
< c(kyo~ VK {w)(bn + / |¢’(x)|dx} :

Theorem 2.1 Let s be some positive integer and let {my}, be a set of multiplic-
ities associated with the node points a = ¢y < ¢; < --- < ¢, = b such that
mo,m, > s. Suppose that p(y) = 3 {_oaxy* with n = 3 }_omy — 1 satisfies
(1.3) for k = 0,1,...,v. Define Qﬁm[f] by (1.4). If g (x) is finitely N piecewise
monotonic in [a,b]. Then

_ n\ntl _ \ntl-s
E[f]=|1[f]—Q£m[f]|smin’cl(b o' Gb- ] (2.5)

n+Dws " (m+1—s5)wtls

where Cy = 3(n+2)N| [p(g(x))g/(x)—f(x)](mrl) lloo, C2=3(n—s+2)N|los[p(g)g —
f](”*SH)(X)Hoo and § = minxe[a,b] Ig’(X)I-

Proof First we show thatfork =1,...,m;—1landj=0,1,...,v
PEENE Wli=g; = fW)lr=;,  PEENG NP x=g; = P D) |x=;.  (2.6)

Since o[ f](x) = g ((’)?), then by the definition of o[ f](x), for y = g(x) we have

[
4(£5) _dotin & autsre

= = o2 f1(x).
dy & dy g Y

dk(f/(x))
Assume di 9 = o141 f1(x), then

k+1 ( f&)

d ( < )) _dog [ flx) dx o[ f1 ()

F o b wm k2 F1(X).
dk(f/(x))

Therefore by induction, #ﬁ‘) = o41[f1() for k = 1,2,...,my — 1. By the

assumption (1.3), we get

- [
(X) y=g(c)) d e -pW®) —g(c))

X=C]‘

(2.7)
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Then (p(g(x))g' () lx=¢; = f(x)]x=¢; and

F@-p(g(0))g ) f@) y=g(c))
d ( 7w ) e~ {d (g’(x) _P(V)) dy:|
x:cl - - . "

=0. 2.8
dx dy dx 28
X:C]‘
k(fQO-pEOE WY ge(f@ k —p)
Since l di,i“) ) (7 o ) , from the observation of (2.8), %
. . — & [f((x) —p(y)]
can be written as a linear combination of % forj=1,2,...,k. From

(2.7), we get

dk ([@=pE0))g )
g'(x)
dxk |x G = 0.

Since (f(x) —p(g(x))g’(x))|x=cl. =0andfork=1,2...,mj—1

g (f (x) — p(g(x))g’(x))
g'(x)

0= Ak

| g —peeg@) 1
o dx® g )

k—1

k—¢
=0 dx dx

- (1) $00 g ). “ (g%m)} ,
X:C]‘

we have (p(g(x))g’(x))/|x:C]. = f/ () [x=¢; forj =0,1,...,v and by induction we
have

PRI @) li=e; = F Olemejs- - (PN NV mg; = FUD (1) la=;-

To analyze the error bound (2.5), we first assume that g’(x) is monotonic in
. b i b i
[a,b]. Since Qf’m[f] fg((a))p(y) eYdy = [/ p(g(x)g(x) e8W) dx and

/ (f(x) — p(g(x))g (x)) 8™ dx| .

a

b
E[f1=[f1- Q% ,[f1 = |

Then by Lemma 2.3 for k = 1 and ¢(1) = 3, and noting that |S/EX)I > 1 for all
x € [a,b], we have

b
1
E[f]<ca()—)<(f(b) p(gb)g b)) | /(f(X) PE()E )| ) (29)

a
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642 S. Xiang

By Lemma 2.1 and (2.6),

Ip(8(x)g' (x) — F)I oo (b — a)" !
n+1)!

[f(0) — p(g(b))g' (b)| =

and

/ / — (n+1) 0 b_ n
| (F@) — plgeng ) | < HPEWIE0) f’(j)] lootb ="

These together with (2.9) complete the first part of (2.5) with N = 1.
Notice that (f(x) — p(g(x))g' () lx=a = (F(x) — p(g(x))g (X)) |x=p = 0 and

(F@) —p()g 0)® lema= (F)—p()E @)™ ,p=0, k=1,2,...,5—1.

Integrating by parts, we have

1
E[f]=5

b
/ o1lp(9)g — f1 (x) 8™ dx‘

a

C()S

/ os[p(9)g — f1(x) €8 dx

a

(2.10)

| ‘

By the assumption on {m}}_, it is not difficult to show that o5[ f — p(g)g'1(x)
has n — s+ 1 zeros if we consider multiplicities. By Lemma 2.1 o[ f — p(g)g’1(x)
can be written as

(r=s+1) ) SWI=s+2 gy mk
S

/ 9. my—s
Us[f—P(g)g](x)=mIH(X—Ck) k H (x—xm), xe€la,b],

el m=0

For some ¢ € [a,b] depending on x and x,;, € [a,b], m = 0,1,...,s|J| —s +
Zf¢] my. Similarly, by Lemma 2.1 and Lemma 2.3 for Kk = 1 and ¢(1) = 3, we
have

n—s+2)osp@g — 1" V@) oo (b — )" 5F1

3(
E
L= (n—s+ D't

(2.5) is satisfied in case that g’(x) is monotonic in [a, b].
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For the general case, without loss of generality, we assume g’(x) is monotonic
in [a,a1] and [aq,b] with a < a; < b. Note that for any positive integer k,
(@ — )% + (b —apk < (b —a) and

b

/ (f(x) — p(g(x))g (x)) 8 dx|.

aj

ap

/ (f(x) — p(g(x))g (x)) e8™) dx

a

E[f] < +

Together with the above analysis, (2.5) is satisfied for N = 2. We complete the
proof. O

Remark 1 From the proof of Theorem 2.1, quadrature (1.4) is a Filon-type
method based on the interpolation function p(g(x))g’ (x) which satisfies

(PE)E (D) lxmc, = F ) lxmps - - -» PEENE )™V i—p = F D (x) |y,

for k =0,1,...,v, where p(y) = S 7_, aryk.

Let ¢ (y) € Py be the kth cardinal polynomial of Lagrangian interpolation,

we) =g [ k=012
Set /
= fglek))
= Y4 . 211
Py k§:0 ) k() (2.11)

A quadrature of Filon-type method (1.4) for {my};_, being all ones is given by

gb)
oy1f1= / p(y) e dy. (2.12)
g(a)
Especially, for g(x) = x we have
Corollary 2.1 Leta =cy < ¢y < --+ < ¢y = b be interpolation nodes in [a,b],

g =X, p(¥) = Y4_o f(e)li(x) and QF[f1= [ p(x) e* dx. Then

b—a)V?
ELf1=I[f1- Q5111 < %’ (2.13)
where B =3 + D|f D x)]|0o-
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However, the condition that “g’(x) is finitely NV piecewise monotonicin [a, b]”
in Theorem 2.1 is strict and in some cases, N may be very large. In the following,
we give another error analysis for the Filon-type quadrature (1.4) without the
condition that “g’(x) is finitely piecewise monotonic in [, b]” in Theorem 2.1.

Theorem 2.2 Under the assumptions on s, {m}g, p(y) = > i_o ary* and Qf’m[f]
in Theorem 2.1, we can conclude that

3(n = s + VD Wlclg®) — g@)" !
E =1/ - F
[f] | [f] Qb,m[f” < (n —s+ 1)!ws+1

>

(2.14)

_ [y _ fm
where W (y) = 710y — F"

Proof Since

ELf]

L1 = Oyl f1]
b
= / (F(x) — p(g(x)g (x)) €™ dx

a
gb)

= / (f,(—x) —p(y)) el dy
g'(x)

g(a)
g)

_ / (W) — p(y)) e dy| (2.15)
gla)

From

P(g(c) = 011 f1(cr).p'(§(cr)) = ool F(cr)s - .. p "™ P (glex)) = om, [F1(ck),

for k = 0,1,...,v and the first part of the proof of_Theorem 2.1, we have
p(y)|y:g(ck) = ‘I’(y)|y:g(ck) and pU) ()’)|y:g(ck) = v0 (Y)|y:g(ck) for j = 1,
2,...,mp — 1 and k = 0,1,...,v. By Lemma 2.1, similar to the proof of
Theorem 2.1 and noticing that p®+1 (y) = 0, we derive that for (2.14)

— (n+1) B st
E[f] < 3(n—s+2)|¥ Mo lg(b) — g(a)| | ]
(n—s+ Dot
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Corollary 2.2 Leta = cp < ¢; < --+- < ¢, = b be interpolation nodes in |a, b],
letp(y) =2 1o %Ek@) and QF [ f1 be defined by (1.4) for {my}! _, being all
ones. Then

3w+ Db —a)" VPGl ll5
2 b

ELf1=I[f1- Q5Lfll < (2.16)

vlw

_ felo) _ f@
where ‘l’(y) = m = m

The Filon-type quadrature with the linear interpolation or Hermite interpo-
lation approximating is simple and commonly used. The Filon-type quadrature
with the linear interpolation approximating at co = a and ¢y = b is as follows:

_ f@ Q) — Yogb)—y1g(@)
letyo = @ Y1 = gy 1 = and d2 = S5~z > then

g(b) g(u)

(—iwg(b) + 1) e@8®) 4 ¢i¥8@ (igyg(a) — 1) p
> 1

of 1f1=

w
—iei®g(®) 4 jeiwg(a)
re T . 2.17)

w

The Filon-type quadrature with the Hermite interpolation approximating at
co = a and ¢y = b is as follows: let

pol@ IO [@g@ - f@g'@
g@’ gy’ g (@)3 ’
_[')g'(b) —f(b)g"(b)
B (g' (b))} ’
and
dy = y2 N 2y0 B 2y1 n Y3
(gb) —g@)? = (gb) —g@)?® (gb) —g@)?  (gb) — g@)*’
_ boyig@ 3y1 . y3 6yog@
T @) —g@)? T (gb) —g@)?  gb) —gla) gb) —g@)?
_ 3ysgla) 3y 2y 3yg(a)
gb) —g@)* () —g@)* gb) —gl@ (gb) —g@)?
ds = y2 4 —208@ 3y3g(a)* 6y0g(a) 4y28(a)
(g(b) —g@)®  (g(b) —g@)? ~ (g(b) —g(@)?  gb) —g(a)
2y38(a) 3yg@?  byig@?  6y1g(a)

g(b) —gla)  (g(b) —g@)?* (gb) —g@)®  (g(b) — g(a))?
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di— o 8@ 3yog@?  2yog(a)’ 2y18(a)°
gb) —g@)* (b)) —g@)? (gb) —g@)  (gb)—g@)?
gl - 2@ yg@®  y@’  yg@)
gb) —gla) gb)—g@ (gb)—g@)? (gb)—g@n*
Then
oF 1f] = (=i’ g(b)’ +3w2g(b)24+ 6iwg(h) — 6) e8® di
’ w
+ (i’ g(a)3 — ?m)zg(a)2 - 6iwg(a) + 6) elg@ d
w
| (Ci0’g0)+20gb)+2D) e8P + (wgla)=2og(@) ~20) 5
w
s iwg(b) | 3 _ iwg(a) - i, s Jwg(a
+( iwgb)+1)e gw-2|-(1a)g(a) 1)e'8 st —ie g(b)w-l-le g()d4

(2.18)

Example 2.1 Let us consider the Filon-type quadrature (1.4) with the linear
interpolation or Hermite interpolation at endpoints respectively to approx-
imate f()l cos(x) @@+ dx and compare with the corresponding asymptotic
method (see Figs. 1, 2) (Tables 1, 2).

. 2
Numerical Quadrature for Igcos(x)e'“’ ) gy
2.2 T T T 2
5 1.8
1.8 16
Ne ' Ns
26 g
3 7 2
§ § 1.2
s 4 e
o O §
g 1.2 %
> SZ [ —
3 2 08}
< <
0.6
0.8+ 04
0.6 - - - 0.2 I I |
0 500 1000 1500 2000 0 500 1000 1500 2000

o from 1 to 2000

Fig. 1 The absolute error scaled by w? for quadrature (1.4) with the linear interpolation at the
endpoints, compared with the asymptotic method Q’f‘ [cos(x)] (on the left)
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. 2
Numerical Quadrature for Jécos(x)e'“’(x gx
12 10
10 |
E 8 4 3
kS 3 6 |
E} [
2 3
S 6 1 5 5 ]
° 5
2 S 4l |
2 >
S 4} | 2
§ § 3t |
2 [ 4
2 [ 4
1 [ 4
0 L . . 0 ‘ ‘ ‘
0 500 1000 1500 2000 0 500 1000 1500 2000

o from 1 to 2000

Fig. 2 The absolute error scaled by w? for quadrature (1.4) with the Hermite interpolation at the
endpoints, compared with the asymptotic method Q’24 [cos(x)] (on the left)

Table 1 Error of Example 2.1 by the asymptotic method Q‘l“[ f1 and the Filon-type quadrature
(1.4) with the linear interpolation

w 1 10 102 103 104

E’l“ [f] 0.7084 0.0166 1.9250e—4 2.0533e—6 1.8931e—8
Relative error 0.9842 0.1832 0.0209 0.0019 2.2013e—4
ENewl f] 0.3050 0.0130 1.7501e—4 1.5085e—6 1.8219¢—8
Relative error 0.4238 0.1429 0.0190 0.0014 2.1185¢—4

3 Treatment of stationary points

Once g’ vanishes at one of more points in [a, b], without loss of generality,
assume & € [a, b] is the unique stationary point of g and

§ger=¢g'©=--=¢"¢ =0, g"E) >0, gx) #0 forx#E¢.

By Darboux Theorem for derivatives [24], g(x) is strictly monotonic in [a, £]
and [&, b] respectively and g(§) = rr[nr;) ] g(x) for r being an odd integer.
x€la,
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Table 2 Error of Example 2.1 by the asymptotic method Q’24[ f1 and the Filon-type quadrature
(1.4) with the Hermite interpolation

w 1 10 102 103 104

Eé [f] 1.7455 0.0078 1.0868e—5 1.1025e—8 1.0944e—11
Relative error 2.4252 0.0861 0.0012 1.0214e-5 1.2726e—7
ENewl f] 0.2631 0.0063 7.3966e—6 8.5784e—9 7.2267¢—12
Relative error 0.3655 0.0695 8.0160e—4 7.9470e—6 8.4035¢—8

In the following, we will consider two cases for treatment of the stationary
point based on that

y
. 1 m+1 m+1 .
_ iwtP _ _ _ P
Wy)_o/ A= S [F( » ) F( p T )}

can be computed explicitly by the incomplete Gamma function I'(z, «) ([1,10]).
For the general case that g'(§) = 0: let ! = g(x) — g(&), then £*1 is
well-defined in each subinterval [a,£] and [, b], and I[ f] can be represented by

3 b
I1f] = eiog® / + [ ] Feo) eiwtso—=@ g
a
1
0 (g(b)—g(&)r+1
= ¢l8®) / FO )X, () "™ dit / Fla@O)xy@ e di

1 0
(8(@)—g(§))+1
— e —
0 gb)—g®) r+1
: ~ o1 ~ ioar+1
— elwg(é) / fl (t) elo)t + dt + / f2 (t) ela)t + d[
1 0
L(g(@)—g(§)) r+1 i
— 1 BN _
(g(b)—g(&)) r+1 (g(@)—g(&) r+1
; ~ il ~ soar+1
— elwg@) / fz (t) ela)t +1 dr — / fl (t) ela)t + dt
0 0
= 12 — 11, (31)

where f; () and f>(f) are smooth functions ([21], pp. 336-337).
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For simplicity, assume & = a, g(a) = 0 and g’(x) > 0 in [a, b], then

1 /g
= [ o
0
can be approximated by the Filon-type method with the form fOHW p()
¢! d¢ which can be calculated by the incomplete Gamma function, where p(f)
is the interpolation polynomial with degree n = > _om; — 1 and

mo, my, > s(r + 1) such that for 0 = WVga@) =dy <dy <--- <d, = "Vgb)
pdp) =fdp), P =Ffp),....p" V) =fm V. (32

Since ?(t) —p@) ~ O* +1) From van der Corput Lemma, similar to the proof
of Theorem 2.1, we obtain

OFIF (0] = ILf] ~ O~ 1/0+h), (33)

_ r+1/ Lo
where Qf [fHl = fo 8(b) p() et .

Example 3.1 Let I[f] = f_ll e“el@c™ dy. I[f] can be transferred by * =1—
cos(x) into

0 1
I f] = el / exe—iw(l—COS(X))dx+/ et e—iw(l—cos(x) 4y
1 0
A/ 1—cos(1 /1—cos(1
. . )e* arccos(1—1%) g —iwr? oo )earccos(lftz) e—ior?
=2e" / dr + / dr
V2 -2 r_ 12
0 0
+/1—cos(1
. cos() — arccos(1—12) arccos(1—12)
=2e"% / ¢ +e efla)l2 dr
4 V2 -1

— arccos(lftz) +earccos(lft2)

f(t) =& N is smooth in [0, /1 — cos(1)], which can be approx-
—t
imated by polynomial p(f) satisfying (3.2). I[f] can be approximated by the
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Filon-type method

F e~ arccos(1—12) + earccos(l—tz)
)
: V2=2

with an error bound O(w*~1/2) (see Fig. 3).

Remark 2 If the inverse of g(x) for = g(x) — g(&) is unavailable piecewise,
the derivatives of f()(f) can be computed by

dt [ (r+Df 1" ]

F4E9)
drt ’
where x is considered as a function of  and x'(f) = (;f(—lx))’r.

Another approach to approximating /[ f], which is of the same order as (3.3)
with the lower degree of the interpolation polynomials, is base on the asymptotic
method Q2[f][10] and that the inverse of y = g(x) is available piecewise.

Numerical Quadrature for [' e*e' *°*qx

x10°

1072 3.2

2.8 1

Relative error

267 1

Relative error scaled by ®

24 1

1 1 22 1 1
0 20 40 60 80 100 0 20 40 60 80 100
®=100+100(k—1) from 100 to 10000: k=1,2,...,100

107° ‘ :

Fig. 3 The relative error and the relative error scaled by w for fll ¥ el@cos(v) dy approximated

—arccos(1—£2) . -arccos(1—i2
by Qg [e arccos( :/gmm( ! )} at nodes 0 and /1 — cos(1)
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The asymptotic method (1.1) can be extended to the case for any integer
r>1[10]

der=g'®)=--=g"E =0, g"VE #£0, gx)#£0 forx#&
as follows
r— 1 s—j—1
0711 = Z = 1j(@, 6) Z )mpm '1F1&)
j= 0

elwg(d)
- Z( lw)m( {om-11F1B) = pm-1[ 1))

iwg(a)
7@ ———{om-10f1(a) — pm_l[f](é)}) (34
with an error bound
OQAf1— I1f] ~ O™ s~ 1/, (35)

where p,(w,&) = fab(x — &M elo8® dy ;m =0,1,...,r — 1 and

d L1 = X720 7okl AP ) (x = € L

pol f100) = f(),  pry1[f10) = —

dx g ) =0

(3.6)

For the case that g'(§) = 0 and the expressions xj(y) = g’1 y—gE&Ni=172)
are available for x € [a,&] and |&,D], respectively: the generalized moment
Wm(w, &) can be written by y = g(x) — g(§) as

Jm (@, &)
b
— elog® / n / (x — )" @ EO-5E) gy
a &
i g(b)—g(®) T
= elos® / (1 () — &)} () € dy+ / (2 () =&)X (y) €Y dy
| s(@)—g(®) 0 i
g(b)—g() ga)—g(§)
= elos®) / (02(y) — )"y () € dy— / (1 () — €)™, () € dy
0 0

=L —1.
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Notice that by Taylor’s expansion,

gt &) (x — &)+t

_ _ — _ &\l
y =8 —g¥) T+ 1) +o(x—8)""), 37)
(r+1) Yx — &) ’
Y =gu= # +o((x —&)").
Then
PR, y’*Ll 1
llnlox (,Y)YH-l = hn’é /( ) = =
— xX— X r r
’ S e+
and
8(xj)—g(&)
= [0 - 0" [go ] e dy
0
8(x))—g(§)
=: elos® / hj(y)y_r%l e?dy (=12 x =a, x=0>b) (3.8)
0
can be approximated by the Filon-type method with the form fg () =8@) pi(y)

y_r%l el®Y dy, which can be calculated by the incomplete Gamma function,
where pj(y) is the interpolation polynomial with degree n = > ;_my — 1 and
mg, m,, > s satisfying that for0 = dp < dy < --- < d, = g(x;j) — g(§)

pildi) = hi(dp),  pi(di) = K(dp),....p{"™ (di) = h{"™ D (dy).  (39)

. —p: . 1
Since }Lf(y) = O(y*"#1). From van der Corput Lemma, the proof of
yr-H
Theorem 2.1 and the observation
8(x)—g(€) /8 —g(®)
y T e dy| = / r+De ™ d ~0 (w—1/<r+1>) ’
0 0

(3.10)
similarly we obtain

OF (hj(y)] — I} ~ O~/ +D),
OF ()] — OF 1 ()] — pm(@.&) ~ O™~ 1/0+D),
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where Qf [hi(y)] = ()g(xf)_g(s) pj(y)y_ﬂ%] eley dy. Hence together with the

asymptotic method Q;“[ f1, it presents a quadrature with an error bound
O(w—s—l/(r+1)).

For example, for I[ f] = fil e¥ elwcos™ qx the generalized moment can be
transferred by y = 1 — cos(x) into

1 1
mo(w,0) = / el®c0s) qy — zeiw/ o—i@(1—cos(x) gy
1 0
1—cos(1) R 1—cos(1) )
iw e ' i 1 —iwy
= 26 - dy — 2 e

dy.
VI—(1—y)? 0/ 2-y 2

h(y) = \/;Ty is smooth in [0, 1 — cos(1)], which can be approximated by a poly-

nomial p(y) satisfying (3.9). Thus uo(w,0) can be approximated by Filon-type

method Qf[\/;Ty] =2¢el. (}*Cos(l)p(y)y—% e—loy dy and I[ f] can be approx-
imated by the asymptotic method Q%[cos(x)] defined by (3.4) with an error
bound O(w =~/ +D) (see Fig. 4).

Numerical Quadrature for the moment | e ®°*®dx Numerical Quadrature for |' e*e'® ®*®x
0.25 2
1.8 1
02p 1 o 16 1
9 %
3
z 314 1
°
B o15f 1 2
3 S 1.2
5 s
= ) 1t
o
o 01f 4 %
3 3
[} @ 08
@ 8
2 <
0.05 1 061
04r
0 L L L 0.2 L L L
0 50 100 150 200 0 50 100 150 200

o from 1 to 200

Fig.4 The absolute error scaled by w®> for the generalized moment / 1 1 1@ c0s™) qx approximated

by Qg [JZITy] at nodes 0 and 1 — cos(1), and fil e¥ elwcos) dy approximated by Q‘24 [e*]
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Example 3.2 Let us consider an example with the oscillator g(x) = ax +
BvV1—x2 a = —1 and b = 1, where o? + ﬂz = 1, which occurs in papers
of Huybrechs and Vandewalle [6] and of Iserles and Ngrsett [11] on multivari-
ate quadrature. The moments of such g are unknown but it is easy to derive the
inverse function. Without loss of generality, we assume « > 0 and 8 > 0, and
obtain

! 1
oo, @) = / gio(@xtp/1=%) gy  gio / oio(1mar—py/122) 4,

—1 -1

1
— eiw/ e—iwg1(x) dx,
-1

where g1(x) = 1 —ax — V1 —x%, g1(a) =0,y = g (@) =0, g/(@) > 0and
g’1 (x) # 0 for x # «. The generalized moment uo(w, ) can be rewritten as

o 1
no(w,a) = ei“’/ e 08100 gy 4 ei‘”/ e 081™ qx .= [, + I.
~1 o

Set x1(y) = gl_l(y) =a(l —y)—BJ/1—(1—y)?2fory e [0,1+ ], then I] can
be represented by

0 14+o 1+a 1 iy
I} =€ / X1 () e Y dy = ael® / e 1 dy + B el / Y ¢C dy.
2—y WY
14o 0 0

Setx2(y) = g, '(») = a1 —y) + /1 — (1 —y)? fory € [0,1 — ], then I can
be represented by

1—« 1—« 1—
L =e® / x5(y) e iy dy = —«a el / e loy dy+ 8 el
0 0

a .
1—y e ioy

/ V2=y Y

dy.
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Here h(y) =

mial pi(y) (k = 1,2) in each subinterval respectively, which satisfies (3.9) in each
subinterval. Note that the first term in [; and I respectively can be
computed explicitly. Then the generalized moment uo(w,0) can be approxi-

Fl 1=y Iy |- oF | 1z
mated by Filon-type method Oy |:\/_y] where QF [m] =044 I:\/ZTyi| +

= is smooth in [0, 1 £ «] and can be approximated by polyno-

I
and
o[ 35]
- 1 E 14« 14« _iwy
Qfl y — aqe® / e lwy dy + :3 el® / pi (y) dy,
Sy Vy
- - 0 0
r 1 B 1—«a 1-a iy
—lw
F - iw —iw iw
52| 75 =—ue / e 'Ydy+Be /pz(y) dy
—y Sy
- - 0 0
(see Fig. 5).
. 2,1/2
Numerical Quadrature for the moment 111 6! (@x+B(12) gy 0=0.6,8=0.8
0.8 1.6 6
0.7 1 1.4 ] ‘
5 4
o 06 ‘ 1 e 12 ‘ 1
8 “s 3
Fy z &4 )
ko] 0-5 1 - 1 4 -
K} Q@ %
3 8 2
5 04 “‘ 5 08 s 3
o 5 o
: : |
>
2 03 1 206 ‘ e
8 .8 g 2 |
< < <
0.2 R 0.4
1
0.1 R 02
0 ' 0 ! 0 |
0 100 200 0 100 200 0 100 200

o from 1 to 200

Fig. 5 Scaled error for the moment pg(w,e) = f} elo@x+pV1-x%) 4y approximated by
QF[J;] (on the left) 05 [Fj| and O3 [F] (on the right), respectively
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For the case that g’(§) = 0 and the expression x(y) = g_l(y — g(&)) is not
available piecewise, similar method can also be used to compute I[ f]. In this

case, I[f]= [, ab f(x) el“8™® dx can be rewritten as

E—h £ E+h b
I1f]l= / + / + / + / fx) el8™) dx = LH+Lh+1L+1,
E—h &+h

for some fixed small 4. [ and 14 can be efficiently computed by the moment-free
method (1.4). And I, and /3 can be transferred by y = g(x) — g(¢) into

y_r%l el dy (3.11)

0 r
I = eivg® / F(x)(gx) — g(&)r+1

g (x)
gE—h)—g(&)
gE+h)—g ()
. r 1 r .
I; = e@8®) f@)(g) — gEN ™ - T el dy. (3.12)
/ g (x)

Numerical Quadrature for Jg'1 1/(14x2)e® K-Sk gy

|
14
©

-
o
L

Relative error

|
14
IS

>
.
. 0.62
Relative error scaled by ®
>
.

0 50 100 150 200 0 F;O 1 60 1 ;30 200

©=10000+5000k from 10* to 10%: k=0,1,2,...,199

Fig. 6 Relative error analysis for [I[f]= 00 1 ﬁeiw(x*sm(x))dx approximated by

2
oF (x—sin(x))3
(14+x2)(1—cos(x))

:| with the linear interpolation at y = 0 and y = 0.1 — sin(0.1)

@ Springer



Efficient Filon-type methods for | ab fx) @80 dx 657

Since from (3.7),
i OG0 —gEN™T [
x—¢ g'(x) o+ 1) Ee

(r+1)!

We can select linear interpolations at the endpoints to approximate

]W+FW in each subinterval, respectively. Then /> and /I3 can be approx-

imated by the Filon-type method. Here, x is considered as a function of .

Example 3.3 Let I[f] = 00'] ﬁ elo(=sin() dx Define y = x — sin(x), then
I[ f] can be rewritten as

0.1—sin(0.1) P 0.1—sin(0.1)
(x — sin(x))3 _2 / 2
I — 3 lwyd = h 3 lwyd .
[f] T+ Dd—cosmy’ ¢ Y ()y 3 e“dy
0

Let p(y) = ag + a1y such that #(0) = p(0) and £(0.1) = p(0.1 — sin(0.1)) and

consider the Filon-type quadrature foo’l_sm(o'l) p(y)y_% el®¥ dy to approximate

11 f] (see Fig. 6).
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