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Abstract The problem of topology optimization is considered for free boundary
problems of thin obstacle types. The formulae for the first term of asymptotics for
energy functionals are derived. The precision of obtained terms is verified numer-
ically. The topological differentiability of solutions to variational inequalities is
established. In particular, the so-called outer asymptotic expansion for solutions of
contact problems in elasticity with respect to singular perturbation of geometrical
domain depending on small parameter are derived by an application of nonsmooth
analysis. Such results lead to the topological derivatives of shape functionals for
contact problems. The topological derivatives are used in numerical methods of
simultaneous shape and topology optimization.
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1 Introduction

In the engineering literature there are many results concerning the shape optimi-
zation of contact problems in elasticity. The boundary variations technique for
such problems is described in [31] in the framework of nonsmooth analysis com-
bined with the speed method. Nonsmooth analysis is necessary since the shape
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differentiability of solutions to contact problems is obtained only in the framework
of Hadamard differentiability of metric projections onto polyhedric sets in the
appropriate Sobolev spaces. However, to our best knowledge, there is no numerical
methods for simultaneous shape and topology optimization [37] of contact prob-
lems. The main difficulty in analysis of contact problems is associated with the
nonlinearity of the nonpenetration condition over the contact zone which makes
the boundary value problem nonsmooth. In the paper we propose a method for
numerical evaluation of topological derivatives for such problems. The notion of
topological derivative of a shape functional is introduced in [32], [33]. The knowl-
edge of topological derivatives is required for the optimality conditions of simul-
taneous shape and topology optimization. The topological derivative of a given
shape functional can be determined from the variations of the shape functional
created by the variations of the topology of geometrical domains. The topology
variations are defined by nucleation of small holes or cavities or more generally
small defects in geometrical domains. The modern mathematical background for
evaluation of such derivatives by the asymptotic analysis techniques of boundary
value problems is established in [26]. In [26] the error estimates for asymptotic
approximations of solutions to boundary value problems in singularly perturbed
geometrical domains are provided in the weighted Hölder spaces. The asymptotic
approximations of solutions are used in order to established the explicit formulae
for the topological derivatives of shape functionals.

The main idea we use to derive the topological derivatives for contact prob-
lems is the modification of the energy functional by an appropriate correction term
and subsequent minimization of the resulting energy functional over the cone of
admissible displacements. Such an approach leads to the outer approximations of
solutions to variational inequalities, and it is justified, by the applications to numer-
ical methods of topology optimization. For linear problems, outer approximations
are used e.g., in [8], see also [1], for derivation of topological derivatives for isotro-
pic elasticity. However, the complete asymptotic analysis necessary to justify the
derivation of topological derivatives for general linear boundary value problems is
performed in [26].

In the paper we derive useful formulae for the correction terms of the energy
functionals. We restrict ourselves to two dimensional problems and to singular
perturbations of geometrical domains in the form of small discs. Two representa-
tive problems are considered including the Signorini problem and the frictionless
contact problem in linear elasticity.

The correction terms are derived in such a form, that the numerical verification
of its precision is straightforward. On the other hand, the terms are directly used to
establish the topological differentiability of solutions to variational inequalities. As
a result, the one term outer expansion of solutions is derived for a class of nonlinear
problems. Outer expansion means that the expansion is precise far from the hole,
the expansion precise near the hole is called inner expansion and usually the match-
ing procedure is applied [9], [20] to construct the global asymptotic approximation
of solutions to boundary problems in singularly perturbed geometrical domains.

The topological differentiability of the energy functional for scalar Signorini
problem is obtained in [5] under some regularity assumptions. We obtain the results
on the topological differentiability of solutions to Signorini problem and to the con-
tact problem in elasticity in the framework of nonsmooth analysis. It means that
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we establish the first order outer asymptotic approximation of the solutions to
the variational inequality in the singularly perturbed geometrical domains. Such
an approximation is constructed by replacing the exact energy functional by its
asymptotic approximation and by subsequent minimization of the approximate
energy over the convex cone. Equivalently, it means that the approximate bilin-
ear form is constructed and the variational inequality is considered for such a
form. Since the singular perturbation of geometrical domain is replaced by the
regular perturbation of the bilinear form, we can apply the well established tech-
nique of conical differentiability of solutions to variational inequalities to derive
the required outer approximation of solutions. Actually, our approach consists of
two steps. First, the energy functional is analyzed in the domains including small
holes. The first term of asymptotics is identified for the energy functional, and the
form of the term is selected in such a way that the numerical computations are easy
to perform. We provide results of computations in order to compare the different
equivalent forms of the correction terms of the energy functionals. In the second
step, for the approximation of energy functional, the minimization problem over a
convex cone in the energy space is introduced. This problem leads to variational
inequality depending on the small parameter ρ, which admits the unique solution
for the parameter ρ ∈ (0, ρmin]. The parameter ρ describes the size of the opening
B(ρ) in the domain �ρ = � \ B(ρ), and ρmin is sufficiently small to assure the
existence of an unique solution for the variational inequality. The new result of
the paper is the proof, that the solutions of variational inequalities are Hadamard
differentiable with respect to ρ, at ρ = 0+. The conical differential of solution
to variational inequality is given by a unique solution of an auxiliary variational
inequality. The auxiliary variational inequality is explicitly determined. In partic-
ular, such a result on conical differentiability can be used for simultaneous shape
and topology optimization for contact problems in the way proposed in [37].

The procedure we use in the paper can be described in the following way. First,
let us consider the Signorini problem. It is a classical free boundary problem with
an obstacle on the boundary �s . The solution u(�) of such a problem with the
domain of integration � ⊂ IR2 satisfies the variational inequality

u = u(�) ∈ K :
∫
�

∇u · ∇(v − u) ≥ 0 ∀v ∈ K (1.1)

where

K(�) = {v ∈ H 1(�)|v = g on �0, v ≥ 0 on �s} . (1.2)

For the domain �ρ , with the small hole B(ρ) in the form of a disc B(ρ) = {x :
|x−O| < ρ} ⊂ �, O is the center of the hole, the solution of the Signorini problem
is denoted by u = u(�ρ), such a solution is unique for small ρ. We assume in the
sequel that O is the origin. In addition, u(�ρ) satisfies the homogeneous Neumann
condition on the boundary �ρ of the hole B(ρ).
We are interested in the asymptotic behavior of u(�ρ) ∈ H 1(�ρ) for ρ → 0+.
The energy functional for �ρ , ρ ≥ 0, ρ small enough,

E(�ρ) = 1

2

∫
�ρ

‖∇u(�ρ)‖2
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admits the asymptotic expansion [[5], p. 755, (4.28)]

E(�ρ) = E(�)− ρ2π

2
|∇u(�; O)|2 +O(ρ3−δ)

for some 0 < δ < 1. The first order correction term ρ2b(u(�), u(�)) = −ρ2π |∇u
(�; O)|2 in the energy functional can be represented in the equivalent form of a
line integral over a circle �R = {x : |x − O| = R} with the center at O

b(u, u) = − 1

2πR6

[(∫
�R

ux1 ds

)2

+
(∫

�R

ux2 ds

)2
]

(1.3)

Therefore, we can define the new energy functional defined on� and depending
on the small parameter ρ,

E0(ρ ;w) = 1

2

∫
�

‖∇w‖2 dx + ρ2b(w,w) (1.4)

Minimizing the functional E0(ρ ;w) over the set K = K(�) leads to the solution
uρ(�) ∈ H 1(�)which is an outer approximation of the solutionu(�ρ) ∈ H 1(�ρ).
For the outer approximation we have the following expansion in H 1(�), with
respect to the small parameter,

uρ(�) = u(�)+ ρ2q + o(ρ2) . (1.5)

Expansion (1.5) follows by an application of the conical differentiability of solu-
tions to variational inequalities. On the other hand, for the function u(�ρ)we have
the following relation

u(�ρ)|�R = u(�)+ ρ2q|�R + o(ρ2) ,

where q|�R is the restriction to �R of the element q from relation (1.5).
Now, let us consider the asymptotic analysis of solutions to variational inequal-

ities in the abstract setting.
We consider the variational inequality

uρ = uρ(�) ∈ K(�) : a(ρ; uρ, v − uρ) ≥ 0 ∀v ∈ K(�) ,
where the bilinear form is given by

a(ρ; u, v) = a(0; u, v)+ ρ2b(u, v) (1.6)

and ρ > 0 is a small parameter. The bilinear form a(ρ; u, v) is determined by
asymptotic analysis of the appropriate energy functional depending on the prob-
lem. The parameter ρ measures the size of small defect in the geometrical domain
of integration�ρ for solutions of the variational inequality. In particular, we show
that the perturbation b(u, v) can be expressed in two different ways.

• as the pointwise values of some differential expression;
• or equivalently, as a line integral over a circle in the domain of integration.
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Numerical examples confirm that the second expression is more suitable for the
numerical methods.

The paper contains two parts. In the second part the formulae are derived for the
perturbation b(u, v) for two different two dimensional problems by an application
of the asymptotic analysis.

In the first part of the paper, for the variational inequality depending on the
small parameter ρ > 0, the expansion of solutions is derived for ρ > 0 sufficiently
small

uρ = u+ ρ2q + o(ρ2) .

The term q is called the topological derivative of the solution u(�) to the varia-
tional inequality. In fact, our construction results in the first term of asymptotics
of solutions to variational inequalities, which is asymptotically exact far from the
geometrical singularity. However, we do not require any additional regularity on
the unknown solutions in order to derive the above expansion. Such a regularity
is usually required in the existing literature, and in general cannot be verified. We
refer the reader to [2], [3], [4], [5], [19], [20], [21], [22], [23] for the related results
on asymptotic analysis of energy functionals and of variational inequalities. Self
adjoint extensions of elliptic operators are analyzed in [7], [14], [28], for problems
with geometrical singularities. Applications of such asymptotic analysis to shape
optimization are given in [26], [27], [33], [37], [8].

1.1 Signorini problem

We establish the conical differentiability of solutions to Signorini problem with
respect to the small parameter. The obtained expansion of solutions to the Signo-
rini problem can be interpreted as the first order outer asymptotic expansion in
the spirit e.g., of [26]. So, in this way, we can define the topological derivatives
of some shape functionals, including the energy functional, for solutions of vari-
ational inequalities. To our best knowledge this is the first result in this direction
derived without any assumptions on the strict complementarity conditions for the
unknown solutions to the obstacle problems.

In order to introduce the Signorini problem in �ρ we need the bilinear form
a(·, ·) defined over the domain of integration�ρ , the convex setK(�ρ) ⊂ H 1(�ρ),
the linear form L(·) which is assumed to be zero in what follows. We are going to
define the variational inequality over the space H 1(�ρ), where �ρ = � \ B(ρ),
with the small ball B(ρ) = {x ∈ IR2|‖x − O‖ < ρ} excluded from �, here the
origin O is the center of the ball. So, the variational inequality reads :
Find u(�ρ) ∈ K(�ρ) = {v ∈ H 1(�ρ)|v = g on �0, v ≥ 0 on �s} such that
a(u, v − u) ≥ L(v − u) for all v ∈ K(�ρ).
The unique solutionu(�ρ)of the variational inequality depends on the small param-
eter ρ. In order to analyze the dependence of the solution u(�ρ) on ρ we proceed
in the following way. The bilinear form

a(u, v) =
∫
�ρ

∇u · ∇vdx (1.7)
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defined on the variable geometrical domain �ρ is linearized, with respect to the
parameter ρ, using the asymptotic expansions technique for the energy functionals.
The linearized bilinear form is denoted by a(ρ; ·, ·) and contains in two dimensions
the term of order zero with respect to ρ and the first order perturbation depending
on ρ2. In Section 2.1 the following bilinear form is identified as the first order
perturbation

b(w, v) = − 1

πR6

∫
�R

wx1 ds

∫
�R

vx1 ds − 1

πR6

∫
�R

wx2 ds

∫
�R

vx2 ds .

(1.8)

The bilinear form b(w, v) is continuous on the spaceH 1(�), where �R = ∂B(R),
and the ball B(R) ⊂ �.

1.1.1 Outer approximations of solutions with regular perturbations of bilinear
form

We explain in another way the presence of regular perturbation (1.8) of bilinear
form (1.7) in approximation procedure of replacing the singular perturbation B(ρ)
of the domain � by a regular perturbation of the bilinear form in the truncated
domain �R = � \ B(R). The variational inequality in the domain �ρ can be
replaced be the variational inequality in the domain �R , for f = 0 on B(R) pro-
vided that the appropriate boundary conditions are prescribed on �R . To this end
we need the Steklov-Poincaré operator Aρ , ρ ∈ [0, ρmin) which can be defined in
the following way.

We consider the mapping Aρ : H 1/2(�R) 	→ H−1/2(�R) defined by the
boundary value problem

−�wρ = 0 in C(R, ρ) ,

wρ = v on �R = ∂B(R), ∂nwρ = 0 on �ρ ,

and we set

∂nwρ = Aρ(v) on �R .

By an elementary evaluation of the associated energy functional [33] we find that

〈Aρ(v), v〉�R = 〈Aρ(v), v〉H 1/2(�R)×H−1/2(�R) =
∫
C(R,ρ)

|∇wρ(v; x)|2dx,

and for ρ > 0, ρ small enough,
∫
C(R,ρ)

|∇wρ(v; x)|2dx =
∫
B(R)

|∇w0(v; x)|2dx + ρ2b(v, v)+ R(v, v)

= 〈A0(v), v〉�R + ρ2〈B(v), v〉�R + R(v, v) (1.9)

with the remainder R of the order O(ρ4) on bounded sets in the space H 1/2(�R).
Therefore, we obtain the expansion

Aρ = A0 + ρ2B +O(ρ4) , (1.10)
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in the operator norm L(H 1/2(�R);H−1/2(�R)).
Thus, we can replace the initial problem in �ρ by the variational inequality in

�R , and we have the relation

uR = u(�ρ)|�R ,

where uR = u
ρ

R(�R) ∈ K(�R) depends on ρ and verifies the variational inequal-
ity: for all v ∈ K(�R)

∫
�R

∇uR · ∇(v − uR) dx + 〈Aρ(uR), v − uR〉H 1/2(�R)×H−1/2(�R) ≥ 0 (1.11)

Furthermore, for any R > ρ > 0 we have the following expansion of the solutions
with respect to the small parameter

Proposition 1.1 For R > ρ > o we have in the space H 1(�R) the relation

u(�ρ)|�R = u(�)+ ρ2q|�R + o(ρ2) ,

where q|�R is the restriction to�R of the unique solution to the variational inequal-
ity (1.15)–(1.16).

The proof of proposition follows by the same argument as used in proof of Theorem
1.2 and therefore, it is omitted.

1.1.2 Conical differentiability of solutions with respect to regular perturbations
of bilinear form

As it is explained above, the bilinear form a(·, ·) is replaced in the variational
inequality over � by the integral expression, depending only on ρ as a small
parameter,

a(ρ;w, v) =
∫
�

∇w · ∇vdx + ρ2b(w, v) ,

a(ρ;w, v) is defined over the domain of integration � ⊂ IR2 with the smooth
boundary ∂� = �0 ∪ �s , with w, v in the energy space H 1(�). We denote

H 1
�0
(�) = {v ∈ H 1(�)|v = 0 on �0}

and note that {K(�)−K(�)} ⊂ H 1
�0
(�), howeverK(�) ⊂ H 1(�), nevertheless

the tangent cone TK(v) ⊂ H 1
�0
(�) for all v ∈ K(�).

Thus, the singular perturbation of the geometrical domain�ρ is replaced in the var-
iational inequality under considerations by the regular perturbation of the bilinear
form. For such regular perturbation the standard sensitivity analysis of variational
inequalities over polyhedric sets in Dirichlet spaces applies (see e.g., [30], [12])
and the first order expansion of the solution with respect to the small parameter is
obtained. We refer the reader to [5] for the direct asymptotic analysis of the energy
functional for the Signorini problem.
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We show that for ρ small enough, bilinear form (1.12) is coercive on the space
H 1
�0
(�). To this end we observe that

ρ2

πR6

[(∫
�R

wx1 ds

)2

+
(∫

�R

wx2 ds

)2
]

(1.12)

≤ ρ2

πR6

∫
�R

w2 ds

∫
�R

(x2
1 + x2

2 ) ds

= 2ρ2

R3

∫
�R

w2 ds ≤ C(�)
2ρ2

R3

∫
�

‖∇w‖2 dx

hence

a(ρ;w,w) ≥
(

1 − C(�)
2ρ2

R3

)∫
�

‖∇w‖2 dx ≥ 1

2

∫
�

‖∇w‖2 dx

for ρ ∈
[
0, 1

2

√
R3

C(�)

]
, which completes the proof of the coercivity. Hence, for ρ

sufficiently small we can consider the variational inequality with the bilinear form
a(ρ;w, v) over convex set (1.2).
Let uρ = uρ(�) denotes the unique solution of the following variational inequality

uρ ∈ K(�) : a(ρ;w, v − w) ≥ 0 ∀v ∈ K(�) . (1.13)

Theorem 1.2 For ρ sufficiently small we have the following expansion of the solu-
tion uρ , with respect to the parameter ρ, at 0+,

uρ = u+ ρ2q + o(ρ2) , (1.14)

where the outer topological derivative q of the solution u = u(�) to the Signorini
problem is given by the unique solution of the following variational inequality

q ∈ SK(u) = {v ∈ H 1
�0
(�)|v ≥ 0 on �(u) , a(u, v) = 0} (1.15)

a(q, v − q)+ b(u, v − q) ≥ 0 ∀v ∈ SK(u) . (1.16)

The coincidence set �(u) = {x ∈ �s |u(x) = 0} is well defined [30] for any
function u ∈ H 1(�), and u ∈ K ⊂ V = H 1(�) is the solution of the variational
inequality for ρ = 0.

Proof The result follows by an abstract result on the differentiability of metric
projection onto the polyhedric convex set in Dirichlet space. To apply the result
for the Signorini problem we have to verify that the set K satisfy property (1.19)
given below. First, we introduce the notation. Given u0 ∈ K we define

CK(u0) = {v ∈ V ; ∃t > 0 such that u0 + tv ∈ K}, (1.17)

TK(u0) = CK(u0) . (1.18)

TK(u0) is called the tangent cone to K ⊂ V at u0 ∈ K . For the convex sets with
unilateral constraints in function spaces, the tangent cones are determined in [30].
The spaceH 1(�) is a Dirichlet space, and the so-called capacity can be introduced
in such a space. However, we are going to define all necessary objects without
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referring to the capacity of sets. For any positive measure µ of finite energy [30]
living on the coincidence set � = {x ∈ �s |u0(x) = 0} we introduce the cone

�(µ) = µ⊥ = {v ∈ H 1
�0
(�)|〈µ, v〉 = µ[v] =

∫
v dµ = 0}

It is shown in [30] that in the Dirichlet space, which applies to the Sobolev space
H 1
�0
(�), the following condition is satisfied for allu0 ∈ K and all positive measures

µ of finite energy living on �,

TK(u0) ∩ �(µ) = CK(u0) ∩ �(µ) . (1.19)

We denote u0 = u(�) and define the positive measure µ of finite energy

〈µ, v〉 =
∫
�

∇u0 · ∇vdx .

Thus, applying the results of [30] we have

SK(u0) = TK(u0) ∩ �(µ)

= {v ∈ H 1
�0
(�)|v ≥ 0 on �(u) , a(u0, v) = 0}

Since the convex setK ⊂ H(�) is polyhedric, the Hadamard differential of metric
projection at u0 ∈ K in the spaceH 1(�) is given by the metric projection onto the
cone SK(u0). We can use an abstract result given by Theorem 1.3 proved in [[31],
Theorem 4.14, Section 4.2] for the sensitivity analysis of solutions to variational
inequalities. Theorem 1.3 is used for (1.13) with t = ρ2 and at (·, ·) = a(ρ; ·, ·).
The mapping	 in (1.23) is conically differentiable, with the differential	′h given
by the unique solution to the variational inequality

	′h ∈ SK(u0) : a(	′h, v −	′h) ≥ 〈h, v −	′h〉 ∀v ∈ SK(u0) ,

and with 〈A′w, v〉 = b(w, v) for all w, v ∈ V . Furthermore, we have ft = 0.
Hence all assumptions of Theorem 1.3 are verified and by (1.25) with (1.26), for
the variational inequality (1.13), the expansion (1.14) follows. ��

For the convenience of the reader we recall here the abstract result which is a
generalization of the implicit function theorem for variational inequalities.

Let K ⊂ V be a convex and closed subset of a Hilbert space V , and let 〈·, ·〉
denote the duality pairing between V ′ and V , where V ′ denotes the dual of V .

We shall consider the following family of variational inequalities depending on
a parameter t ∈ [0, δ), δ > 0,

yt ∈ K : at (yt , ϕ − yt ) ≥ 〈ft , ϕ − yt 〉 ∀ϕ ∈ K . (1.20)

Moreover, let yt = Pt (ft ) be a solution to (1.20). Let us note, that for ft = 0 and
yt = Pt (0) we obtain y ′ = 	′(−A′y0) in (1.26) which is the case for (1.13).
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Theorem 1.3 Let us assume that

• the bilinear form at (·, ·) : V × V → IR is coercive and continuous uniformly
with respect to t ∈ [0, δ). Let At ∈ L(V ;V ′) be the linear operator defined
as follows at (φ, ϕ) = 〈Atφ, ϕ〉 ∀φ, ϕ ∈ V ; it is supposed that there exists
A′ ∈ L(V ;V ′) such that

At = A0 + tA′ + o(t) in L(V ;V ′) . (1.21)

• for t > 0, t small enough, the following equality holds

ft = f0 + tf ′ + o(t) in V ′, (1.22)

where ft , f0, f
′ ∈ V ′

• K ⊂ V is convex and closed, and for the solutions to the variational inequality

	f = P0(f ) ∈ K : a0(	f, ϕ −	f ) ≥ 〈f, ϕ −	f 〉 ∀ϕ ∈ K
(1.23)

the following differential stability result holds

∀h ∈ V ′ : 	(f0 + εh) = 	f0 + ε	′h+ o(ε) in V (1.24)

for ε > 0, ε small enough, where the mapping 	′ : V ′ → V is continuous
and positively homogeneous and o(ε) is uniform, with respect to h ∈ V ′, on
compact subsets of V ′.

Then the solutions to the variational inequality (1.20) are right–differentiable with
respect to t at t = 0, i.e. for t > 0, t small enough,

yt = y0 + ty ′ + o(t) in V, (1.25)

where

y ′ = 	′(f ′ − A′y0) . (1.26)

Remark 1 Let us observe, that the first order correction of energy functional, and
therefore of the bilinear form is given by equivalent expression (2.29),

a(ρ; v, v) =
∫
�

‖∇v‖2 dx − πρ2 ev(O)

with the energy density ev(O) = |∇v(O)|2 evaluated at the origin.

1.2 Contact problem in elasticity

We establish the same result on the conical differentiability of solutions for two
dimensional contact problem in the elasticity. We consider the bounded domain�
with the boundary ∂� = �0 ∪ �c. On �0 the displacement vector of the elastic
body is given, on �c the frictionless contact conditions are prescribed. To specify
the week formulation we need an expression for the symmetric bilinear form and
for the convex set K ⊂ H 1(�)2.
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The method of analysis is the same as in the case of Signorini problem. We
start with the formulation of the free boundary problem in unperturbed domain�.
The form of variational inequality is straightforward.
1) Contact problem in �
Find u = u(�) = (u1, u2) and σ = (σ )ij , i, j = 1, 2, such that

−div σ = f in � , (1.27)

Cσ − ε(u) = 0 in � , (1.28)

u = 0 on �0 , (1.29)

uν ≥ 0, σν ≤ 0, σνuν = 0 στ = 0 on �c . (1.30)

Here

σν = σij νj νi, στ = σν − σν = {
σ iτ
}2

i=1 , σν = {
σij νj

}2
i=1 ,

εij (u) = 1

2
(ui,j + uj,i), i, j = 1, 2, ε(u) = (εij )

2
i,j=1,

{Cσ }ij = cijk�σk�, cijk� = cjik� = ck�ij , cijk� ∈ L∞(�).

The Hooke’s tensor C satisfies the ellipticity condition

cijk�ξjiξk� ≥ c0|ξ |2, ∀ξji = ξij , c0 > 0, (1.31)

and we have used the summation convention over repeated indices.
When the topology of� is changed, we have the following contact problem in

the domain �ρ with the small hole B(ρ).
2) Contact problem in �ρ
Find u = u(�ρ) = (u1, u2) and σ = (σ )ij , i, j = 1, 2, such that

−div σ = f in �ρ , (1.32)

Cσ − ε(u) = 0 in �ρ , (1.33)

u = 0 on �0 , (1.34)

σν = 0 on �ρ , (1.35)

uν ≥ 0, σν ≤ 0, σνuν = 0 στ = 0 on �c . (1.36)

We assume for simplicity that the case of isotropic elasticity is considered, thus the
symmetric bilinear form associated with the boundary value problem (1.27)–(1.30)
is given by

a(u,u) =
∫
�

[
(λ+ µ)(ε11 + ε22)

2 + µ(ε11 − ε22)
2 + µγ 2

12

]
dx , (1.37)

where the notation for isotropic elasticity is fixed in Section 3.
The problem (1.32)–(1.36) is approximated by the problem with modified bilin-

ear form in the following way.
3) Approximation of contact problem in �ρ
We determine the modified bilinear form as a sum of two terms, as it is for the energy
functional, the first term defines the elastic energy in the domain�, the second term
is a correction term, determined in Section 3.4 by formula (3.39). The correction
term is quite complicated to evaluate, and we do not provide its explicit form, such
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a form is actually defined by the formulae in Section 3. The values of the symmetric
bilinear form a(ρ; ·, ·) are given by the expression

a(ρ; v, v) = a(u,u)+ ρ2b(v, v) . (1.38)

The derivative b(v, v) of the bilinear form a(ρ; v, v) with respect to ρ2 at ρ = 0+
is given by the expression

b(v, v) = −2πev(0)− 2πµ

λ+ 3µ

(
σII δ1 − σ12δ2

)
, (1.39)

where all the quantities are evaluated for the displacement field v according to
formulae (3.7), (3.8), (3.10), (3.39), (3.27), we provide the line integrals which
defines all terms in (1.39) below.
Hence, we can determine the bilinear form a(ρ; v,w) for all v,w, from the equality

2a(ρ; v,w) = a(ρ; v + w, v + w)− a(ρ; w,w) .

In the same way the bilinear form b(v,w) is determined from the formula for
b(v, v).
The convex set is defined in this case by

K = {v ∈ H 1(�)2 | vν ≥ 0 on �c, v = g on �0} . (1.40)

Let us consider the following variational inequality which provides a sufficiently
precise, for our purposes, approximation uρ of the solution u(�ρ) to contact prob-
lem (1.32)–(1.36),

uρ ∈ K : a(ρ; u, v − u) ≥ L(ρ; v − u) ∀v ∈ K . (1.41)

The result obtained is the following, for simplicity we assume that the linear form
L(ρ; ·) is independent of ρ.

Theorem 1.4 For ρ sufficiently small we have the following expansion of the solu-
tion uρ with respect to the parameter ρ at 0+,

uρ = u(�)+ ρ2q + o(ρ2) in H 1(�)2 , (1.42)

where the topological derivative q of the solution u(�) to the contact problem is
given by the unique solution of the following variational inequality

q ∈ SK(u)
= {v ∈ (H 1

�0
(�))2|vν ≤ 0 on �(u) , a(0; u, v) = 0} (1.43)

a(0; q, v − q)+ b(u, v − q) ≥ 0 ∀v ∈ SK(u) . (1.44)

The coincidence set �(u) = {x ∈ �s |u(x).ν(x) = 0} is well defined [30] for any
function u ∈ H 1(�)2, and u ∈ K is the solution of variational inequality (1.40)
for ρ = 0.

The proof of Theorem 1.4 is similar to the proof of Theorem 1.2, and therefore it
is omitted.
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Remark 2 In the linear case, it can be shown that ‖u(�ρ) − uρ‖ = o(ρ2) in the
norm of an appropriate weighted space. We refer the reader to [26] for the related
error estimates in the Hölder weighted spaces. In general, we cannot expect that
uρ is close to u(�ρ) in the vicinity of B(ρ), therefore the weighted spaces should
be used for error estimates.

For the convenience of the reader we provide the explicit formulae for correction
terms in b(v, v) defined by (1.39), we refer to section 3.3 for details. We have

2π3R6ev(0) = (λ+ µ)

(∫
�R

(v1x1 + v2x2)ds

)2

+ (1.45)

+µ
(∫

�R

[
(1 − 9k)(v1x1 − v2x2)+ 12k

R2
(v1x

3
1 − v2x

3
2)

]
ds

)2

+

+µ
(∫

�R

[
(1 + 9k)(v1x2 + v2x1)− 12k

R2
(v1x

3
2 + v2x

3
1)

]
ds

)2

,

with

σII = µ

πR3

∫
�R

[
(1 − 9k)(v1x1 − v2x2)+ 12k

R2
(v1x

3
1 − v2x

3
2)

]
ds,

σ12 = µ

πR3

∫
�R

[
(1 + 9k)(v1x2 + v2x1)− 12k

R2
(v1x

3
2 + v2x

3
1)

]
ds,

and

δ1 = 9k

πR3

∫
�R

[
(v1x1 − v2x2)− 4

3R2
(v1x

3
1 − v2x

3
2)

]
ds,

δ2 = 9k

πR3

∫
�R

[
(v1x2 + v2x1)− 4

3R2
(v1x

3
2 + v2x

3
1)

]
ds.

2 Transformations of the energy functional for a 2D Laplace equation

2.1 Derivation using Poisson kernel

Let us consider the bulk energy functional of the form

E(u) = 1

2

∫
�

‖∇u‖2 dx, (2.1)

where u satisfies inside the domain � ⊂ IR2 the Laplace equation

�u = 0 (2.2)

with suitable boundary conditions. Our goal is to study the influence of the small
circular hole of the variable radius ρ contained in the domain, for simplicity we
put its center at x = 0. we do not want to study variable domains, so we isolate
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this hole inside the ring C(ρ,R) = { x | ρ < ‖x‖ < R } and replace E(u) by the
equivalent expression over �R = � \ B(R), with an additional boundary integral
term over �R = ∂B(R). On �ρ = ∂B(ρ) we assume homogeneous Neumann
conditions.
In the first step we modify E(u). Since

∫
�

‖∇u‖2 dx =
∫
�R

‖∇u‖2 dx +
∫
B(R)

‖∇u‖2 dx (2.3)

=
∫
�R

‖∇u‖2 dx +
∫
�R

u
∂u

∂n
ds,

where n is the outward normal vector on the boundary ofB(R), we may concentrate
on the expression

ER(u) =
∫
�R

u
∂u

∂n
ds. (2.4)

Here the values of A0(u) = ∂v/∂n on �R are given by the Steklov-Poincaré oper-
ator (i.e., the Dirichlet-to-Neumann map), where v is the solution of

�v = 0 in B(R), v = u on �R. (2.5)

Using the Steklov-Poincaré operator we rewrite the relation (2.4) in the equivalent
form

ER(u) = 〈A0(u), u〉H−1/2(�R),H 1/2(�R). (2.6)

Lemma 2.1 We have

〈A0(u), u〉H−1/2(�R),H 1/2(�R)

= − 1

2π

∫ π

−π

∫ π

−π

∂u

∂ψ
(R,ψ)

∂u

∂φ
(R, φ)H0(1, φ − ψ) dφdψ,

(2.7)

where

H0(t, α) = log(1 − 2t cosα + t2).

and φ,ψ denote angular polar coordinates on �R .

Proof The function v from (2.5) may be constructed with the help of Poisson
kernel. If the pair (r, φ) constitutes polar coordinates around 0, then

v(r, φ) = 1

π

∫ π

−π
u(R,ψ)

[
1

2
+

∞∑
n=1

( r
R

)n
cos n(φ − ψ)

]
dψ (2.8)
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for any r ≤ R. We shall assume for a moment that r < R. Differentiating (2.8)
gives

∂v

∂r
(r, φ) = 1

π

∫ π

−π
u(R,ψ)

[ ∞∑
n=1

n
1

R

( r
R

)n−1
cos n(φ − ψ)

]
dψ

= 1

πr

∫ π

−π
u(R,ψ)

[ ∞∑
n=1

n
( r
R

)n
cos n(φ − ψ)

]
dψ

= − 1

πr

∫ π

−π
u(R,ψ)

∂

∂ψ

[ ∞∑
n=1

( r
R

)n
sin n(φ − ψ)

]
dψ (2.9)

= 1

πr

∫ π

−π

∂u

∂ψ
(R,ψ)

[ ∞∑
n=1

( r
R

)n
sin n(φ − ψ)

]
dψ.

While integrating by parts we have used here the continuity of u over�R . Applying
the following trick (for |t | < 1):

∞∑
n=1

tn sin nα = 1

2i

∞∑
n=1

[(teiα)n − (te−iα)n]

= 1

2i

[
teiα

1 − teiα
− te−iα

1 − te−iα

]

= t sin α

1 − 2t cosα + t2
= H(t, α)

we arrive at

∂v

∂r
(r, φ) = 1

πr

∫ π

−π

∂u

∂ψ
(R,ψ)H(

r

R
, φ − ψ) dψ. (2.10)

We shall need also the value of ∇v(0). Let us rewrite (2.8) by means of Poisson
kernel,

v(r, φ) = 1

2π

∫ π

−π
u(R,ψ)K(

r

R
, φ − ψ) dψ, (2.11)

where

K(t, α) = 1 − t2

1 − 2t cosα + t2
. (2.12)

Now

∂v

∂x1
(0) = lim

r→0+

[
∂v

∂r
(r, φ) cosφ − 1

r

∂v

∂φ
(r, φ) sin φ

]
,

∂v

∂x2
(0) = lim

r→0+

[
∂v

∂r
(r, φ) sin φ + 1

r

∂v

∂φ
(r, φ) cosφ

]
, (2.13)
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and

lim
r→0+

∂K

∂r

( r
R
, φ − ψ

)
= 2

R
cos(φ − ψ),

lim
r→0+

∂K

∂r

( r
R
, φ − ψ

)
= − 2

R
sin(φ − ψ).

Hence, after differentiating (2.11) and substitution intro (2.13), we obtain the final
result

∂u

∂x1
(0) = 1

πR

∫ π

−π
u(R,ψ) cosψ dψ = 1

πR3

∫
�R

ux1 ds, (2.14)

∂u

∂x2
(0) = 1

πR

∫ π

−π
u(R,ψ) sinψ dψ = 1

πR3

∫
�R

ux2 ds.

Let us now return toER(u).We considerEr(u)given for r < R and�r = ∂B(r)
by

Er(u) =
∫
�r

u
∂u

∂r
ds =

∫ π

−π
u(r, φ)

∂v

∂r
(r, φ)r dφ. (2.15)

After substituting (2.10),

Er(u) = 1

π

∫ π

−π

∫ π

−π
u(r, φ)

∂u

∂ψ
(R, φ)H

( r
R
, φ − ψ

)
dφdψ. (2.16)

Now we observe that H may be expressed as

H(t, α) = 1

2

∂

∂α
H0(t, α), (2.17)

where

H0(t, α) = log(1 − 2t cosα + t2).

Therefore (2.16) transforms to

Er(u) = 1

2π

∫ π

−π

∫ π

−π

∂u

∂ψ
(R, φ)u(r, φ)

∂

∂φ
H0(

r

R
, φ − ψ) dφdψ,

= − 1

2π

∫ π

−π

∫ π

−π

∂u

∂ψ
(R, φ)

∂u

∂φ
(r, φ)H0(

r

R
, φ − ψ) dφdψ. (2.18)

The function H0(1, α) has for α = 0 an integrable singularity of the type log |α|,
so we may pass to the limit with r → R obtaining

ER(u) = − 1

2π

∫ π

−π

∫ π

−π

∂u

∂ψ
(R,ψ)

∂u

∂φ
(R, φ)H0(1, φ − ψ) dφdψ. (2.19)

Now we want to take into account the influence of the small hole B(ρ). Assuming
the value of u on �R given, it will change the value of ∂u/∂n. In order to evaluate
this change we shall use the asymptotic expansion derived in [34].
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We introduce the Steklov-Poincaré operator Aρ for the annulus C(ρ,R) and
obtain the expansion

Aρ = A0 + ρ2B + o(ρ2)

in the operator norm L(H−1/2(�R),H
1/2(�R). To this end let vρ be the solution of

�vρ = 0 in B(R), vρ = u on �R,
∂vρ

∂n
= 0 on �ρ. (2.20)

We can associate with the solution of the above problem the bilinear form

〈Aρ(u), u〉H−1/2(�R)×H 1/2(�R) =
∫
�R

u
∂vρ

∂n
dS.

��

Lemma 2.2 We have the following expansion for the Steklov-Poincaré operator
with respect to the small parameter ρ

〈Aρ(u), u〉 H−1/2(�R)×H 1/2(�R)

= 〈A0(u), u〉H−1/2(�R)×H 1/2(�R) + b(u, u)+ R(u, u)
with

b(u, u) = − ρ2

πR6

[(∫
�R

ux1 ds

)2

+
(∫

�R

ux2 ds

)2
]
.

and R(u, u) of order o(ρ2) uniformly on bounded subsets of H 1/2(�R).

Proof Assuming that ρ < 1
2R, we have

vρ = v + sρ + o(ρ2),

∂vρ

∂r
= ∂v

∂r
+ ∂sρ

∂r
+ o(ρ2), (2.21)

for r > 1
2R. Here

sρ = ρ2

r

(
∂v

∂x1
(0) cosφ + ∂v

∂x2
(0) sin φ

)
, (2.22)

and therefore

∂sρ

∂r
= −ρ

2

r2

(
∂v

∂x1
(0) cosφ + ∂v

∂x2
(0) sin φ

)
. (2.23)

Substituting this correction into (2.15) gives

δEr(u) = −ρ
2

r2

∫ π

−π
u(r, φ)

[
∂v

∂x1
(0) cosφ + ∂v

∂x2
(0) sin φ

]
r dφ

= −ρ
2

r

[
∂v

∂x1
(0)
∫ π

−π
u(r, φ) cosφ dφ + ∂v

∂x2
(0)
∫ π

−π
u(r, φ) sin φ dφ

]
.
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Now passing to the limit with r → R and taking into account that u = v, we obtain
in view of (2.14)

δER(u) = − ρ2

πR6

[(∫
�R

ux1 ds

)2

+
(∫

�R

ux2 ds

)2
]
. (2.24)

By definition

b(u, u) = δER(u)

which completes the proof of the Lemma. ��

Remark 3 Using the Fourier analysis it can be shown [38] that R(u, u) is of the
order O(ρ4) on bounded subsets of H 1/2(�R).

This allows us to consider the following approximation of the energy functional.
Let uρ satisfies (2.2) inside �ρ = � \ B(ρ) and take

E(ρ ; uρ) = 1

2

∫
�ρ

‖∇uρ‖2 dx. (2.25)

Then we may consider uρ in a fixed domain �R and add boundary terms

E(ρ ; uρ) = 1

2

∫
�R

‖∇uρ‖2 dx + 1

2
ER(uρ)+ 1

2
δER(uρ)+ o(ρ2) (2.26)

= 1

2

∫
�R

‖∇uρ‖2 dx + 1

2
〈A0(uρ), uρ〉 + ρ2

2
b(uρ, uρ)+ R(uρ, uρ).

This means that in fact we have to do with some function wR , satisfying (2.2) in
�R , for which the bulk energy is given by

E(ρ ;wR) = 1

2

∫
�R

‖∇wR‖2 dx (2.27)

− 1

4π

∫ π

−π

∫ π

−π

∂wR

∂ψ
(R,ψ)

∂wR

∂φ
(R, φ)H0(1, φ − ψ) dφdψ

− ρ2

2πR6

[(∫
�R

wRx1 ds

)2

+
(∫

�R

wRx2 ds

)2
]
.

The first two terms give exact expression for the intact domain �, and the third
approximates the influence of the small hole. All of them are quadratic forms of
wR .

The representation (2.27) allows us to transform the task from solving the
boundary value problem for Laplace equation in variable domain �ρ to the same
problem in the fixed domain �R , but with energy parameterized by ρ. In fact,
since the first terms represent energy for the whole of�, we may even avoid using
�R (and the remeshing of � in order to get discretization of �R). This results
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from observation that outside B(R) the functionwR coincides withw given by the
solution of the boundary value problem with bulk energy given by

E0(ρ ;w) = 1

2

∫
�

‖∇w‖2 dx − ρ2

2πR6

[(∫
�R

wx1 ds

)2

+
(∫

�R

wx2 ds

)2
]
.

(2.28)

The weak form of this problem is easily obtained by taking variation of E0(ρ ;w),
adding external work and using boundary conditions on ∂�. As we see, modifica-
tion of bulk energy accounts to introducing source term concentrated on the fixed
circle �R and parameterized by ρ.

Remark 4 The last formula may be expressed also in another form. Let us denote
by eu(x) the energy density at the point x,

eu(x0) = ‖∇u(x0)‖2 .

If the function u is harmonic in B(R), then the expressions for derivatives

u/1(x0) = 1

πR3

∫
�R(x0)

u · (x1 − x1,0) ds,

u/2(x0) = 1

πR3

∫
�R(x0)

u · (x2 − x2,0) ds.

are exact. In view of this, formula (2.28) can be rewritten in the equivalent form

E0(ρ ;w) = 1

2

∫
�

‖∇w‖2 dx − 1

2
πρ2 ew(0). (2.29)

2.2 Numerical tests of the transformed energy approach

We consider the test problem

�uρ = 0 in �ρ = [0, 1] × [0, 1] \ B(x0, ρ),

uρ =




0 for x1 = 0,
1 for x1 = 1,
x2

1 for x2 = 0,√
x1 for x2 = 1.

(2.30)

∂uρ

∂n
= 0 on ∂B(x0, ρ).

Three types of approximations are used. Here by u we denote the solution in the
domain without void.

1. Double correction: the function uρ is represented in the form

uρ = u+ sρ(u)+ pρ + sρ(pρ),
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where sρ(u) is the first correction for u. However, sρ(u) disturbs the boundary
conditions on ∂� and we introduce second corrections. The function pρ solves
the Laplace equation with the boundary condition pρ = −sρ(u) on ∂�, and
then again sρ(pρ) nullifies the Neumann condition on the boundary of the void.
We consider this solution as nearly exact in �ρ .

2. “Exact” solution: here the right–hand side is augmented by the expression con-
taining derivatives of Dirac’s delta,

�uρ = 2πρ2(∇δ(x − x0) · ∇u).

In theory this solution is also exact in �ρ up to the higher than 2 powers of ρ,
see [24], but of course there are difficulties with numerical approximation.

3. Solution obtained by the modification of the energy term given by (2.29). This
should be exact up to the higher than 2 powers of ρ outside the ring of the
radius R > ρ.

The hole was positioned at x0 = [0.5, 0.7] and had the radius ρ = 0.05. The
figures show the results of computations for different positions of the void and
ratiosR/ρ, in the form of sections through the surface u(x1) = u(x1, x

0
2 ) along the

line x2 = x0
2 , i.e. going through the middle of the hole. Other sections look very

similar.
We may conclude, that the modified energy allows, in concordance with the

theory developed in last subsection, to compute accurately the solution outside the
ring �R .

Moreover we have seen a very good agreement of the solution with the singular
right–hand side with the nearly exact solution produced by double correction. This
justifies the use of singular solutions as an approximation of exact solutions in
singularly perturbed domains, what will be exploited in the next sections.

Fig. 1 Comparison of solutions for R = 1.2ρ. Visible slight loss of accuracy near boundary of
the ring, due to the small ratio of the radii.
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Fig. 2 The same as in Fig. 1, but with R = 2.5ρ.

Fig. 3 The blow–up of the important fragment of Fig. 2.

3 Transformations of the energy functional for the 2D elasticity system

3.1 Using Poisson kernel for computing strain

As it turns out, similar reasoning may be carried out in case of the 2D elasticity
system, even if it is much more complicated. In absence of volume forces such a
system (plain strain) takes the form

µ�u1 + (λ+ µ)(u1/1,1 + u2/1,2) = 0,

µ�u2 + (λ+ µ)(u1/1,2 + u2/2,2) = 0, (3.1)

where u = (u1, u2)
T denotes the displacement and λ, µ are Lame constants.

We use also the standard notation for the symmetric strain tensor ε = [εij ],



166 J. Sokołowski, A. Żochowski

ε11 = u1/1, ε22 = u2/2, γ12 = 2ε12 = u1/2 + u2/1 as well as stress tensor
σ = [σij ]. The Hooke’s law

σ11 = (λ+ 2µ)ε11 + λε22, σ22 = λε11 + (λ+ 2µ)ε22,

σ12 = µγ12 = 2µε12

links both objects. In these terms (3.1) reduces to

∇ · σ (u) = 0. (3.2)

For such a system there exists an analog to the Poisson kernel, see [6]. It is a matrix
G(x, y) allowing us to express the values of the solution inside the circle �R(x0)
by means of its values on the circumference:

u(x) = − 1

π

∫
�R(x0)

G(x − x0, y − x0) · u(y) dsy. (3.3)

Let us denote by I the identity matrix and

k = λ+ µ

λ+ 3µ
.

Then G(x, y) is given by

G(x, y) = �(x, y)+ A(x, y), (3.4)

where

�(x, y) =


(1 − k)I + 2k




(
∂d

∂x1

)2

,
∂d

∂x1

∂d

∂x2

∂d

∂x1

∂d

∂x2
,

(
∂d

∂x2

)2







∂

∂ny
log

1

d
, (3.5)

A(x, y)

= 1

2R


(1 − k)I − k



x1y1 − x2y2

R2
− 1 ,

x1y2 + x2y1

R2

x1y2 + x2y1

R2
, −1 − x1y1 − x2y2

R2





 ,

(3.6)

and d = d(x, y) = ‖x − y‖.
From now on we shall assume that x0 = 0. This simplifies formulae without any
loss of generality.

Using the representation of displacement as given by (3.3) we may compute
the values of its derivatives at 0. Before writing down the result, we must introduce
some notation. Let us define I1(k, l) and I2(k, l) as

I1(k, l) = 1

α(k, l)

∫
�R

u1x
k
1x

l
2 ds , I2(k, l) = 1

β(k, l)

∫
�R

u2x
k
1x

l
2 ds , (3.7)
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where

α(k, l) = Rk+l+2
∫ 2π

0
cosk+1 φ sinl φ dφ ,

β(k, l) = Rk+l+2
∫ 2π

0
cosk φ sinl+1 φ dφ ,

whenever these expressions make sense, i.e. if k is odd and l even or vice versa.
Observe that α(k, 0) = β(0, k) and

α(1, 0) = πR3, α(3, 0) = 3

4
πR5, α(1, 2) = 1

4
πR5,

α(5, 0) = 5

8
πR7, α(3, 2) = 1

8
πR7

and so on. Furthermore, let

δ1 = 9k ([I1(1, 0)− I2(0, 1)] − [I1(3, 0)− I2(0, 3)]) ,

δ2 = 9k ([I1(0, 1)+ I2(1, 0)] − [I1(0, 3)+ I2(3, 0)]) . (3.8)

In terms of these symbols one may obtain, after very lengthy calculations, the for-
mulae for the values of strain components at the point x0 = 0 which will constitute
the basis of our energy transformations:

ε11 + ε22 = I1(1, 0) + I2(0, 1) ,

ε11 − ε22 = I1(1, 0) − I2(0, 1) − δ1 , (3.9)

γ12 = I1(0, 1) + I2(1, 0) + δ2 .

Let us recall also the expression for the elastic energy density at the same point,

eu(0) = 1

2
σ :

ε = 1

2

[
(λ+ µ)(ε11 + ε22)

2 + µ(ε11 − ε22)
2 + µγ 2

12

]
. (3.10)

Thus, we find that

eu(0) = 1

2

[
(λ+ µ)(I1(1, 0)+ I2(0, 1))2 + µ(I1(1, 0)

−I2(0, 1))2 + +µ(I1(0, 1)+ I2(1, 0))2
]

(3.11)

and it follows that the quadratic form eu(0) is bounded on the space of traces
H 1/2(�R)

2. This remark is important for the derivation of the expansion of the
Steklov-Poincaré in what follows.
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3.2 Rationale behind the notation and another derivation

The origin of symbols I1(k, l), I2(k, l) and their role in evaluation of strains may
be explained also in another way, leading to a general procedure of asymptotic
analysis. To this end the formal series method can be used. We assume that the
components of displacement vector around x0 = 0 are in the form of power series

u1 = a0,0 + a1,0x1 + a0,1x2 + . . . =
∞∑
k=0

k∑
l=0

ak−l,l xk−l1 xl2 ,

u2 = b0,0 + b1,0x1 + b0,1x2 + . . . =
∞∑
k=0

k∑
l=0

bk−l,l xk−l1 xl2 . (3.12)

We are interested in a possibly accurate computation of

ε11 = u1/1(0) = a1,0 ,

ε22 = u2/2(0) = b0,1 , (3.13)

γ12 = u1/2(0)+ u2/1(0) = a0,1 + b1,0 .

Since the equations (3.1) must be satisfied at x = 0, after differentiating the series
and substitution we have

2µ(a2,0 + a0,2) + (λ+ µ)(2a2,0 + b1,1) = 0 ,

2µ(b2,0 + b0,2) + (λ+ µ)(a1,1 + 2b0,2) = 0 . (3.14)

Differentiating the first equation in (3.1) with respect to x1 and the second with
respect to x2 we obtain in a similar way

µ(6a3,0 + 2a1,2) + (λ+ µ)(6a3,0 + 2b2,1) = 0 , (3.15)

µ(2b2,1 + 6b0,3) + (λ+ µ)(2a1,2 + 6b0,3) = 0 .

By summing the above we get

3a3,0 + a1,2 + b2,1 + 3b0,3 = 0. (3.16)

Similar relations may be obtained for higher coefficients of both series, by further
differentiations.

In the first step, we shall compute ε11 +ε22. We integrate (3.12) over �R getting
∫
�R

u1 x1 ds = α(1, 0)a1,0 + α(3, 0)a3,0 + α(1, 2)a1,2 + . . . (3.17)
∫
�R

u2 x2 ds = β(0, 1)b0,1 + β(0, 3)b0,3 + β(2, 1)b2,1 + . . .

Adding these relations and using properties of functions α, β gives

I1(1, 0)+I2(0, 1)=a1,0 + b0,1+R
2

4
(3a3,0 + a1,2 + b2,1 + 3b0,3)+ . . . (3.18)
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The term in parenthesis vanishes due to (3.16) and in a similar way one can check
that farther terms disappear as well. This gives exact relation

ε11 + ε22 = a1,0 + b0,1 = I1(1, 0)+ I2(0, 1) (3.19)

as expected. On the way we have seen the origin of I1(1, 0) and I2(0, 1), which
appear naturally due to integration of the series.

In the next step we compute the difference

ε11 − ε22 = a1,0 − b0,1.

Proceeding similarly as above we get

I1(1, 0)− I2(0, 1)=a1,0 − b0,1+R
2

4
(3a3,0 + a1,2 − b2,1 − 3b0,3)+ . . .

(3.20)

and by subtracting the equations in (3.15)

µ(3a3,0+a1,2−b2,1−3b0,3)+(λ+µ)(3a3,0 − a1,2 + b2,1 − 3b0,3) = 0.

(3.21)

This is insufficient to cancel farther terms in (3.20) and we need additional equa-
tions. To this end we compute higher order integrals

∫
�R

u1 x
3
1 ds = α(3, 0)a1,0 + α(5, 0)a3,0 + α(3, 2)a1,2 + . . .

∫
�R

u2 x
3
2 ds = β(0, 3)b0,1 + β(0, 5)b0,3 + β(2, 3)b2,1 + . . . (3.22)

From the above follows

I1(3, 0)− I2(0, 3)=a1,0 − b0,1+R
2

6
(5a3,0+a1,2−b2,1−5b0,3)+ . . . (3.23)

where again we see the origins of definitions for I1(3, 0) and I2(0, 3).
Combining (3.23) with (3.20) as well as (3.21) gives, after some calculations,

the second formula in (3.9). In the same way one can get the third formula for
γ12 = a0,1 + b1,0.

Observe, that if displacement components were harmonic, then the corrections
δ1 and δ2 would vanish, as we have seen in section concerning the Laplace equa-
tion. In practice, as we shall see from numerical experiments, they are very small,
but not negligible.

We have presented this alternative derivation because it may have some advan-
tages. The knowledge of Poisson kernel is not required, and anisotropic nonhomog-
eneous equations fall into the same schema, assuming sufficient differentiability
of volume forces. In such a case on the right–hand side of equations there appear
series representing these forces.



170 J. Sokołowski, A. Żochowski

3.3 Distortion of the stress field caused by small circular hole

We shall recall here some formulae describing the stress field around circular hole
in the infinite 2–D elastic medium. If we assume that at infinity only σ11 is not
zero, and the hole B(ρ) is centred around origin, then the stresses for r ≥ ρ have
the form

σrr = 1

2
σ11

[
(1 − ρ2

r2
)+ (1 − 4

ρ2

r2
+ 3

ρ4

r4
) cos 2φ

]
,

σφφ = 1

2
σ11

[
(1 + ρ2

r2
)− (1 + 3

ρ4

r4
) cos 2φ

]
, (3.24)

σrφ = −1

2
σ11

(
1 + 2

ρ2

r2
− 3

ρ4

r4

)
sin 2φ .

Here (r, φ) constitute the polar coordinate system around origin and the σ–compo-
nents are give in the orthogonal coordinates defined by {er , eφ}, with base versors
at any given point directed along radius and perpendicularly to it, anticlockwise.

Using these expressions we may immediately construct the solution corre-
sponding to nonzero σ22 at infinity, by substituting φ := φ + π

2 , σ11 := σ22
(exchange of axis):

σrr = 1

2
σ22

[
(1 − ρ2

r2
)− (1 − 4

ρ2

r2
+ 3

ρ4

r4
) cos 2φ

]
,

σφφ = 1

2
σ22

[
(1 + ρ2

r2
)+ (1 + 3

ρ4

r4
) cos 2φ

]
, (3.25)

σrφ = 1

2
σ22

(
1 + 2

ρ2

r2
− 3

ρ4

r4

)
sin 2φ .

Furthermore, we may exploit the fact that the pure shear stress σ12 is equiva-
lent to simultaneous stretching and compression with the same intensity σ12 and
−σ12, but along the axis rotated by the angle π/4. Thus we make substitutions
φ := φ + π

4 , σ11 := σ12, then φ := φ − π
4 , σ11 := −σ12 in (3.24) and add both

solutions together obtaining:

σrr = σ12

(
1 − 4

ρ2

r2
+ 3

ρ4

r4

)
sin 2φ ,

σφφ = σ12

(
1 + 3

ρ4

r4

)
sin 2φ , (3.26)

σrφ = σ12

(
1 + 2

ρ2

r2
− 3

ρ4

r4

)
cos 2φ .

Let us now denote

σI = 1

2
(σ11 + σ22), σII = 1

2
(σ11 − σ22). (3.27)
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Then adding (3.24),(3.25),(3.26) gives the solution corresponding to the general
stress field at infinity:

σrr = σI + σII cos 2φ + σ12 sin 2φ

−σI ρ
2

r2
− σII

(
4
ρ2

r2
− 3

ρ4

r4

)
cos 2φ − σ12

(
4
ρ2

r2
− 3

ρ4

r4

)
sin 2φ ,

σφφ = σI − σII cos 2φ − σ12 sin 2φ (3.28)

+σI ρ
2

r2
− 3σII

ρ4

r4
cos 2φ − 3σ12

ρ4

r4
sin 2φ ,

σrφ = −σII sin 2φ + σ12 cos 2φ

−σII
(

2
ρ2

r2
− 3

ρ4

r4

)
sin 2φ + σ12

(
2
ρ2

r2
− 3

ρ4

r4

)
cos 2φ .

Recalling the rules for the transformation of stresses under rotation of the coordi-
nate system, we get the distortion of the stress due to the circular hole:

σ̂rr = −σI ρ
2

r2
− σII

(
4
ρ2

r2
− 3

ρ4

r4

)
cos 2φ − σ12

(
4
ρ2

r2
− 3

ρ4

r4

)
sin 2φ ,

σ̂φφ = σI
ρ2

r2
− 3σII

ρ4

r4
cos 2φ − 3σ12

ρ4

r4
sin 2φ , (3.29)

σ̂rφ = −σII
(

2
ρ2

r2
− 3

ρ4

r4

)
sin 2φ + σ12

(
2
ρ2

r2
− 3

ρ4

r4

)
cos 2φ .

3.4 Transformation of the energy functional

Now we shall consider the contribution, in the absence of volume forces, of the
energy integral over the circle surrounding the origin (i.e. the potential location of
the small hole)

eR(u) = 1

2

∫
B(R)

(σ : ε) dx = 1

2

∫
�R

uT (σ .n) ds (3.30)

to the global elastic energy.
At this point we may introduce forB(R) the Steklov-Poincaré operator defined

by

A0(u) = σ(v).n on �R

(displacements to tractions mapping), where v solves (3.1) in B(R) and v = u on
�R . Thus (3.30) translates to

eR(u) = 1

2
〈A0(u),u〉H−1/2(�R),H1/2(�R). (3.31)

Furthermore, considering the annulus C(ρ,R), we define the disturbed Steklov-
Poincaré operator

Aρ(u) = σ(vρ).n on �R
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where vρ now solves (3.1) in C(ρ,R) with boundary conditions vρ = u on �R ,
σ(vρ).n = 0 on �ρ .

It is our goal to obtain again the expansion

Aρ = A0 + ρ2B + o(ρ2). (3.32)

Similarly as in the case of Laplace equation, we shall leave the displacement as
it is and consider the distortion to the stress field caused by introducing the small
hole. Due to (3.29) it may be expressed as

δeR = 1

2

∫
�R

uT (σ̂ .n) ds. (3.33)

At every point on the �R we shall use the same coordinate system {er , eφ} as in
the last section. In this system u = [ur, uφ]T , n = [1, 0]T . As a result, we have to
compute the integral

δeR = 1

2

∫
�R

(σ̂rrur + σ̂rφuφ) ds. (3.34)

Now we observe that x2
1 + x2

2 = R2 on �R and

ur = 1

R
(u1x1 + u2x2)

uφ = 1

R
(−u1x2 + u2x1) ,

sin φ = 1

R
x2 cosφ = 1

R
x1 .

To simplify the calculations we introduce notations:

f = I (1, 0)+ I (0, 1), a = I (1, 0)− I (0, 1), b = I (3, 0)− I (0, 3),
c = I (0, 1)+ I (1, 0), d = I (0, 3)− I (3, 0).

In these terms ∫
�R

ur ds = πR2 f,

∫
�R

ur cos 2φ ds = πR2

(
3

2
b − a

)
,

∫
�R

ur sin 2φ ds = πR2

(
2c − 3

2
d

)
, (3.35)

∫
�R

uφ cos 2φ ds = πR2

(
3

2
b − 2a

)
,

∫
�R

ur cos 2φ ds = πR2

(
3

2
d − c

)
.

Now, due to (3.8),(3.9),

f = ε11 + ε22, a = ε11 − ε22 + δ1, b = ε11 − ε22 + (1 − 1
9k )δ1,

c = γ12 − δ2, d = γ12 − (1 + 1
9k )δ2.
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Substituting this into (3.34) gives

δeR = −1

2
πρ2

[
σI (ε11 + ε22)+ σII (ε11 − ε22)+ σ12γ12

+
(

1 − 1

k
+ ρ2

R2

1

k

)
(σII δ1 − σ12δ2)

]
. (3.36)

Since from Hooke’s law follows

σI = (λ+ µ)(ε11 + ε22), σII = µ(ε11 − ε22), σ12 = µγ12 (3.37)

then, because of (3.10),

δeR = −πρ2eu(0)− 1

2
πρ2

[(
1 − 1

k
+ ρ2

R2

1

k

)
(σII δ1 − σ12δ2)

]
. (3.38)

This makes it different from the Laplace equation case, where the additional term
vanished, see (2.29). Observe, that in order to solve the elasticity problem in the do-
main containing the hole with accuracy (outside�R) up to o(ρ2), we don’t need, due
to (3.38), the solution in the intact domain. Simultaneously all the terms in (3.38) are
quadratic with respect to u and introduce no difficulty into numerical procedures.

If we restrict ourself to the terms depending strictly on ρ2 and take into account
the value of k, the energy corrections take on the form

δeR = −πρ2eu(0)− πρ2 µ

λ+ 3µ

(
σII δ1 − σ12δ2

)
. (3.39)

The above quadratic form is used in order to obtain the expansion of the Steklov-
Pioncaré operator in the elasticity case. To this end we introduce the bilinear form

b(u,u) = −πeu(0)− π
µ

λ+ 3µ

(
σII δ1 − σ12δ2

)
, (3.40)

which is bounded on the space H 1/2(�R). In order to make clear that the energy
correction ρ2b(u,u) is indeed an integral bilinear form of u defined over �R ,
we collect below the dependences given by (3.8),(3.9),(3.10) and write down the
explicit expression for the terms appearing in (3.39):

ε11 + ε22 = 1

πR3

∫
�R

(u1x1 + u2x2)ds,

ε11 − ε22 = 1

πR3

∫
�R

[
(1 − 9k)(u1x1 − u2x2)+ 12k

R2
(u1x

3
1 − u2x

3
2)

]
ds,

γ12 = 1

πR3

∫
�R

[
(1 + 9k)(u1x2 + u2x1)− 12k

R2
(u1x

3
2 + u2x

3
1)

]
ds,

δ1 = 9k

πR3

∫
�R

[
(u1x1 − u2x2)− 4

3R2
(u1x

3
1 − u2x

3
2)

]
ds,

δ2 = 9k

πR3

∫
�R

[
(u1x2 + u2x1)− 4

3R2
(u1x

3
2 + u2x

3
1)

]
ds.

These expressions are easy to compute numerically, but unfortunately the cor-
rection formula is not so compact as in the Laplace operator case. We can re-
turn to the Steklov-Poincaré operator on �R and introduce the bounded operator
B ∈ L(H 1/2(�R)

2;H−1/2(�R)
2) given by the relation



174 J. Sokołowski, A. Żochowski

〈Bu,u〉H 1/2(�R)2×H−1/2(�R)2 = b(u,u) ∀u ∈ H 1/2(�R)
2 .

Lemma 3.1 We have the first order expansion (3.32) of the Steklov-Poincaré oper-
ator with respect the the parameterρ2 which results from the expansion of quadratic
forms

〈Aρ(u),u〉 = 〈A0(u),u〉 + ρ2b(u,u)+ R(u,u) ,

where the remainder R(u,u) is of order o(ρ2) uniformly on bounded subsets of
H1/2(�R).

3.5 Testing the accuracy of the corrections

In this section we shall see how the formulae for stress components behave in
practice. As a test example we take the square domain � = [0, 1] × [0, 1] discret-
ized with 100×100 grid using bilinear finite elements. It is fixed on�0 = [0, 1]×{0}
and loaded with the traction T = [15, 15] (all after rescaling) along part of the
upper edge �1 = [0.45, 0.55] × {1}. The Lame coefficients are equal, λ = µ.
This defines the problem up to the proportionality factor. The horizontal line men-
tioned in the captions links the points [0.075, 0.925] and [0.925, 0.925], while the
vertical one connects [0.5, 0.075] and [0.5, 0.925]. They have 50 nodes, in which
we compute stresses. The exact values are obtained simply from solutions of the
discretized problem. Computing the values "before correction" we assume δ1 = 0,
δ2 = 0 and take into account only the first integrals over the circles �R(x) with
R = 0.05. The corrected values contain nonzero δ1, δ2.

As we see from Fig. 4–6 the corrections are an order of magnitude smaller than
the real values, but are important in the regions of higher stresses. As a byproduct
we have obtained the formula for computing stresses at a point, which is more labo-
rious than simple differentiation of the discrete solution, but also more accurate
(not discussed in detail here).

3.6 Testing the modified energy

We shall check numerically, how the modification of the elastic energy allows us
to approximate the influence of the small hole inside the domain. To this end we
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Fig. 4 Graphs of the ε11 stress component along the horizontal line near the upper edge (left)
and the vertical line in the middle.
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Fig. 5 Graphs of the ε22 stress component along the horizontal line near the upper edge (left)
and the vertical line in the middle.
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Fig. 6 Graphs of the ε12 stress component along the horizontal line near the upper edge (left)
and the vertical line in the middle.

consider the same domain as in the last section with the same external loading.
In this domain we shall make the hole at the point x0 = [0.5, 0.7] of the radius
ρ = 0.05. The surrounding ring �R will have radius R = 2ρ. In order to make
comparisons, we shall need the “exact” solution. As an approximation of such a
solution up to the terms of the third order in ρ will serve us the solution of the
inhomogeneous problem with the singular right–hand side (force term) depending
on the solution in the intact domain u0:

f = −2πρ2

[
ε(φ1) : σ (u0)
ε(φ2) : σ (u0)

]

where φ1 and φ2 are the column vectors of the form

φ1 =
[
δ(x − x0)
0

]
, φ2 =

[
0
δ(x − x0)

]
.

The validity of such an approach is proved in [24] and has been verified numer-
ically in the sections concerning Laplace equation. In the weak formulation the
term involving f reduces to the point value of −2πρ2 ε(u) : σ (u0).
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Fig. 7 On the left the domain in initial and deformed states (exaggerated). The positions of
the ring �R computed in different ways nearly indistinguishable due to scale. On the right the
blow–up of the part of the ring.

0 1 2 3 4 5 6 7
0.4

0.45

0.5

0.55

0.6

0.65

0.7

0.75

without hole 

using correction 

using singular term 

0 1 2 3 4 5 6 7
0.55

0.6

0.65

0.7

0.75

0.8

0.85

0.9

without hole 

using correction 

using singular term 

Fig. 8 The values of u1 (left) and u2 (right) components of the displacement along the ring �R
computed in different ways.

First we shall compare the values of displacement along the boundary of the
ring, where the errors should be the greatest.

As we see in figures 7,8, the corrected energy gives results being in a very good
agreement with the “exact” ones.

Next we shall investigate the influence of an additional term containing δ1 and
δ2 in the modification of energy, see (3.38). As “simple” modification we shall call
the one assuming δ1 = δ2 = 0. The figures 9 and 10 show the values of rela-
tive corrections to the displacement, i.e. divided by max[|ui |] computed along the
appropriate line. One can see that this influence is small, in practice negligible.
Nevertheless, the additional term is needed for the asymptotic correctness of the
formulae. Let us stress here that the values of ε and σ appearing in the principal
part of the energy correction depending on eu(0) do contain δ1 and δ2 in agreement
with (3.9). Smaller by two orders of magnitude turned out the influence of energy
correction term in which δ1 and δ2 appear alone as multiplicative factors.
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Fig. 9 The relative corrections to the displacementsu1 (left) andu2 (right) along the line x2 = 0.8,
which touches the ring �R .
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Fig. 10 The relative corrections to the displacements u1 (left) and u2 (right) along the line
x1 = 0.6, which touches the ring �R .
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