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Abstract A class of explicit multistep exponential methods for abstract semilinear
equations is introduced and analyzed. It is shown that the k-step method achieves
order k, for appropriate starting values, which can be computed by auxiliary rou-
tines or by one strategy proposed in the paper. Together with some implementation
issues, numerical illustrations are also provided.

Mathematics Subject Classifications (2000) 65J15 - 65M12 - 65L05 - 65M20

1 Introduction

In the present paper we derive and analyze a family of explicit multistep exponential
methods for the time integration of abstract semilinear problems

u'(t) = Au(t) + f(t,u(®), u@©) =ug, 0<t<T. ey

Problem (1) is assumed to fit in Henry’s setting [6], which covers many inter-
esting applications. To be more precise, we assume that A : D(A) C X — X is
the infinitesimal generator of a Co-semigroup e'4, t > 0, of linear and bounded
operators in a complex Banach space X, with growth governed by

e’ < Me”', >0, )

forsome M > 0, w € R. The class of nonlinearities allowed in this setting depends
on the nature of the semigroup /4, > 0. If e'4, t > 0, is just a Co-semigroup,
we assume, by simplicity, that f : [0, T] x X — X is globally Lipschitz, i.e.

If@m—fEOl<Lin=5§1. né¢eX, 0=<t=T,
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for some L > 0. However, if the semigroup is analytic, we can afford for stronger
nonlinearities. In this case, for 0 < o < 1, let X, be the domain of the «-th frac-
tional power of (v — A), i.e. Xo = D((v — A)?%), for some fixed v > w, endowed
with the graph norm | - || of (v — A)* (different choices of v > w result in the
same space X, and equivalent norms || - ||). Then, for an analytic semigroup, the
nonlinearity f is assumed to be defined on [0, T] x X — X, forsome0 < o < 1,
and to be globally Lipschitz

If@m—fEOl<Lin—4§le, n§€Xe, 0=<r=T, 3)

for some L > 0.

In summary, f is always assumed to satisfy (3) for some appropriate 0 < @ < 1
depending on the nature of the semigroup. Although, by simplicity, we assume that
f is globally Lipschitz in the sense of (3), the proof of our main result (Theorem 1)
can easily be adapted to cover the case where f satisfies (3) only in some strip
along the exact solution.

It is well known that, under (2) and (3), problem (1) possesses a unique mild
solution u : [0, T] — X, forug € X, [6,24].

In this setting, time discretizations of (1), by means of either Runge-Kutta type
or linear multistep methods, have been widely considered in the literature [5,17-19,
23].

On the other hand, exponential integrators and related variants [4,16,21,22,
27-29] were proposed a time ago as an alternative to those classical methods. How-
ever, exponential integrators were considered of limited practical interest since they
require evaluations of the form

y(hA)v, velX, “)

where either y (hA) = /A or

1
y(hA) = /O e~ p(5) do, (5)

with p(o) a polynomial and / > 1 an integer (these integrals can be understood in
Bochner’s sense and they define bounded operators in X [7]). Thus, to implement
an exponential integrator we need to assume that evaluations in (4) can be carried
out, within some prescribed accuracy, by means of suitable auxiliary routines. Of
course, this is a strong assumption from the computational point of view. However,
noticing that the underlying entire functions

)
o) = / eI~ p(a) do,
0

behave like e, we can efficiently evaluate (4), by using a Krylov approach [8,
9], at least in case A is a sparse matrix. Moreover, for model problems involving
differential operators with constant coefficients, in canonical domains, this goal
can be achieved by using discrete Fourier techniques (see Section 6).

Actually, as soon as the required evaluations (4) are considered a feasible task, at
least in the context of some relevant applications, exponential integrators have got
arenewed interest [1,2,10-15,21]. While most of these references deal with expo-
nential Runge-Kutta methods, in the present paper we consider a class of explicit



A class of explicit multistep exponential integrators 369

k-step exponential integrators, similar to those in [1,2,22], applied to abstract semi-
linear problems (1). We prove that the k-step method, for arbitrary k > 1, exhibits
full order k under the only assumption that the composition f (¢, u(¢)) in (1) is
smooth enough in time, so that no order reduction takes place cf. [13]. These meth-
ods might be very competitive, since no solvers are used whatsoever. However, in
the present paper we do not address the comparison of the efficiency of exponential
integrators against the one of classical methods.

The paper is organized as follows. In Section 2 we derive the family of k-step
schemes, whose convergence is analyzed in Section 3. It turns out that, to achieve
the full order, suitable starting values are required. This issue is studied in Section 4.
Section 5 is devoted to implementation details concerning the evaluations in (4).
Finally, some numerical illustrations are shown in Section 6.

2 Construction of the methods

We start by constructing a class of explicit multistep exponential integrators for (1)
in the spirit of [1,2,22].

Letu : [0, T] — X, be the solution of (1). In order to derive the k-step method,
let us consider a step-size h = T/N, N > k, and the corresponding time levels
t, = nh,0 < n < N.The variation-of-constants formula for the interval [,,, #,+«],
n+k < N, reads

Tntk
U(tyir) = etk =mAy ) + / etk =94 £ (5 u(s)) ds

In
k
= () + hf A f 6y + oh, u(ty + oh))do. (6)
0

Then, given approximations u,; ~ u(t,4;), 0 < j < k — 1, itis natural to define
the new approximation u,4r ~ u(t,+r) by

k
tnik =e"u, +h f el MAp, 1ty + oh) do, 7
0

where P, ;1 stands for the Lagrange interpolation polynomial of degree k — 1
through the points {(t,4;, f(tatj, Unt j))}];;(l). It is clear, under the proviso that
both "4y and

k
/ ek=Agivde, 0< J<k-—1,
0

are computable for any v € X, that (7) defines an explicit time integrator for (1).
Naturally, starting values uo, . .. , ux—1 should be provided (see Section 4).
Notice that in (7) the variation-of-constants formula is used from ¢, to 4,
while in the ETD integrators of Adams type [1,2,22] it is used from #,, ;1 to #,,4¢.
Both, for the practical implementation and for the analysis, it is convenient to
write

k—1
Pn,k—l([n +Uh) = Z (G) Ajfn»

j=0 g
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where f, = f(tm,um), 0 < m < N — 1, and A denotes the standard forward
difference operator. Thus, (7) becomes

k—1

tnik = Muy 1Y "y (k hAA fr, ®)
j=0

where

k
yj(k,x)zfo e(k_”))‘(j) do, 0<j<k—1.

In Section 3 it is proved that for given starting values ug, ... ,ur—1 € X, there
holds u,+x € X, forn > 0, so that (8) is well defined.

3 Convergence analysis

Before stating the main theorem of this paper, we need to introduce some notation
and preliminary results.
The product spaces X k, 0 < B < «, are endowed with the norm

— , _ T
IVig = 051}15317((71 lvillg,  V =1lvo, ..., vk—1]" € Xp.
The operator norm of a linear and bounded operator S : X ,151 —- X /’;2, 0<Bj=<a,
Jj =1,2,is denoted by [|S|lg,—p,-
On the other hand, for ¢ € C([0, T'], X), set ||¢|lco = OmaxT lle(®)]]. Using that
<t<

for0 <o <kand 0 < B8 < «a we know that
o) e o p < M, )

where w* = max {w, 0}, it is clear that for 0 < 8 < @, j > 0and 0 < o <,
1 <l <k,

(I—o)hA _
(I —o)BhP’

lle olep(@)p < Me” | p|l0o

This bound implies that there exists ¢; = ¢y (k, 8) > 0 such that

[
H / el=MAGigo)do| < et Mh™Pe g, (10)
0

B

forl <l <k,0<j <k—1,abasic estimate that will be used repeatedly. More-
over, (10) guarantees that y;(k, hA) maps X in X, since by (10) with ¢ constant
we get

ly; (L, hA)[lowp < coMh™Pe™*h, (11)

for some positive constant ¢; = c2(k, ). Thus u, € X, for n > k, when the
starting points lay in Xg.
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Now, given the exact solution u : [0, T] — X, of (1), set g(t) = f (¢, u(?)),
0<t<T.For0O <n < N —k,let P,x—1(¢) be the Lagrange interpolation
polynomial of degree k — 1 with I’;n’k_l(tnﬂ) = g(th1j), 0 < j < k—1.The
defects p, 4+« are then defined by

k
U(tnr) = "M uty) + h / eC AP 1ty + o) do + pugr. (12)
0

Assume that g € C k([O, T1, X). The elementary bound for the interpolation
error reads [25]
1g(tn + h) — Pui—i (ta + oB)|| < h¥[180 o, (13)

for 0 < o < k. Now, subtracting (12) from (6), we get

k
Ontk =h / ek A (g (ty + oh) — Pyi—1(ty + oh)) do,
0

whence, by (10) and (13), for 0 < 8 < «, there holds
lpnskllp < c1 Me KhpkE1=F ) g ®)) . (14)

For the subsequent analysis it is convenient to rewrite the k-step method as a
one-step scheme. To this end, let us denote U, = [uy, ..., upsx—117, U(ty) =
(), .. s uCtapi—D]", Ry =10, ..., 0, pars—11" € X5, E, = U(ty) — Uy and
finally, let M(hA), B(hA) : X k — X* be the operators defined by the operator
valued matrices

O I 0...0
0O 0 [
M(hA) = .0
0 .
ekhA 0 ... 00
and
0 0
BhAy=| <+ T ,
0 0
bo(hA) ... by_1(hA)
where

k—1 .
b,(hA)=Z;(—1)f—l(§>y,-(k,hA), 0<Il<k—1. (15)
J:

(Notice that b;(hA),0 <[ < k — 1, depend also on k, but we drop this dependency
in the notation).
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Throughout this section C > 0 stands for a constant depending only on k, «,
w, M and T, perhaps with different values at different places.
Now we establish the bounds for [h < T

IM(hA) |lgse < C, 120, (16)
IMGBAY lose < C-17% 1>k, (17)
IMRA) B(hA) oo < C 115, 1>0. (18)

To this end, we first notice that, due to the circulant structure of the matrix
M(hA), we have

MhAYPKHT = eP*hA  M(hAY, p=>0,r >0, (19)
which readily proves (16).

To prove (17), forl > k, we write ] = pk+r withp > 1,0 <r <k — 1.
From (19), (16) and (9) we deduce

|

C
R

l

IMhA Nosa < 1674 000 - IM(RA) lose < — <

t

~

k

T R

Finally, to prove (18) we distinguish two different cases.
If I > k, since clearly ||B(hA)|lo—0 < C, by (17) we obtain

C C
IM(hAY B(hA)|lo—q <

o= e
RS

IfO0<!<k—1weuse(11),(15) and (16) to get

C C
IM(hAY B(hA) oo < o S

-~
41
Now we are in a position to state and prove the main result.

Theorem 1 Ler u : [0,T] — X, be the solution of (1). Assume that A, f and
a satisfy conditions (2) and (3). Assume also that g(t) = f(t,u(t)), 0 <t <T,
belongs to Ck([O, T], X). Let u,, 0 < n < N, be the numerical approximation
to u(t,) obtained using the k-step method (8) with h = T /N and given starting
values ug, ... ,ui—1 € Xy satisfying

lutt;) —ujlle < Co-h*, 0<j<k—1. (20)
Then, there exists K > 0 such that
lu(tn) = tnlle < K B g0, 0<n<N.

The constant K depends only on k, o, L, w, M, Cy and T but it is independent of
handg.
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Proof For V = [vg, ... , w117 € XX, set

Fo(V) = [f(tn. 00). - o f(tngk—1. ue—D]” € X,
Using the identity

k—1 k—1

hY vk, RAA fy =1y " bi(hA) faii,

j=0 1=0
it is clear that (8) becomes

Uny1 = M(hA)U, + hB(hA)F,(Uy).
Analogously, (12) becomes

U(tur1) = M(hA)U () + hB(hA)F, (U (1)) + Ryt 1,
so that, subtracting the last two expressions we get
Ent1 = M(hA)E, + hB(hA)(F, (U (1)) — Fy(Up)) + Rut1,

which, by the discrete variation-of-constants formula, results in

E, = M(hA)"E,
n—1
1Y MBAY T BRAYEU M) — FUY)
=0

n
+> MMBA) R
I=1
Taking norms in this expression leads to
lEnlle < () +UD+ U11),
where

(1) = [IM(hA)"Eolla-

n—1

(1) =hY_[IMHA" " BhA)osq - | F1U@H)) = FUD o,

=0
n
(1) =) IMMBAY Ryllo.
=1
To bound these three terms, we proceed as follows. By (16),
() = CllEo|le-
Besides, by (3) and (18),

1Er ]l
t*

n—I

n—l1
(II)<CLh)
=0

2D
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Finally, by decomposing

n—k k—1
11y = " IMGRAY" ' Rilla + D IM*AY Ry |la
=1 [=0
n—k k—1
<Y IMMBAY  osa - IRillo+ D IMGBA) g - [ Ru—illas
=1 =0
and recalling (14), (17) and (16), we get

n—k k—1

(1D = €Y 4 g+ € Y1 g0
1= n-l 1=0

<C-h* )1g®)

Now, inserting the last estimates in (21), we obtain

|El||a

1Ealla = € (1Eolla + 1 18 lc) + CLhZ

n l

and since || Eoll, = O(h*) by hypothesis (20), the proof ends after applying the
Gronwall’s lemma for discrete weakly singular kernels (see e.g. Lemma 4 in [20]
and Theorem 6.1 in [3]) and taking into account that |[u(t,) — un|le¢ < |Enlle- O

Notice that with obvious changes in the proof of Theorem 1, we can establish
a similar result for ETD methods of multistep type in [1,2,22].

4 Starting values

In Section 3 it has been shown that the proposed k-step method (8) has order k as
soon as the starting values uo, ... , ux—1 fulfil (20). This is always true for k = 1,
since ug = u(0) is given, but for k > 2, k — 1 starting values uy, ... , uy_1 satis-
fying (20) are required. Thus, let us assume that k > 2. One first possibility is just
to use an auxiliary method to compute u1, ... , ux—1.

However, in the context of (8), it is natural in the variation-of-constants formula,

. Zj
u(t;) =ethu0+/ el DA f(s,u(s))ds, 1<j<k-—1,
0

to replace f(s,u(s)) by its Lagrange interpolation polynomial of degree k — 1
through the nodes {(#;, f (1, ul))}é:ol. Then we are led to consider the starting

approximations uy, ... , ux—1 defined by the implicit system
k—1
wj=e"tug+h Yy hAA fo, 1<j<k-1, (22)

=0
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which certainly possesses a unique solution U* = [uy, ... , ux— 117 in Xg_l. To
see this, we rewrite (22) as a fixed point equation in X*~!

U* =NU").
The mapping A : Xk=1 — X*=1is defined by
NW) =& +hD(hAF(W), W =[wy, ..., w]",
where & = [£01, ... , &0.k—1]7 € Xk~! has components
§0; = eMuo + hyo(j, hA fO.u0), 1<j<k—1,
F(W) = [f(t1, w1), ..., f(tie1, wi—1)]T € X*1and, finally, I'(hA) is a certain
(k — 1) x (k — 1) operator valued matrix whose entries are linear combinations of

(G, hA), 1 <j<k—1,1<l<k-—1.
Notice that (9) and (11) guarantee that £y € XX~!. Moreover, by (3) and (11),

IN(W2) = N(W)lla < LR [Wa — Wil

where £ = cLMe® % for some ¢ = c(k) > 0, which shows that \V is a contraction
for sufficiently small 4.

In practice, in view of Theorem 1, it is enough to approximate U* within the
order O (k%) in the norm of X {;—1. To this end, the fixed point iteration

U[V-H] =N(U[v]), (23)
starting from a suitable ylol — [u[lo], e, u,[gl]T € Xg_l can be used. Since, for

v>1,
|U* — UM, < (ch'=)"ju* — Uy,

it is of interest to have ||[U* — U!%||, as small as possible. In fact, assuming that
U1 is chosen in such a way that

I — u@plle < TOLo, 1<j<k-1, (24)

we prove below that
|U* — U, < cht1=2)¢®| o + TOLo, (25)

where C is a constant depending on k, o, L, w, M and tx_1, and g(¢) = f (¢, u(t)),
0<t<tp_.

Thus, one possibility to initialize the k-step exponential method could be:

(a) To apply some suitable auxiliary time integrator to obtain approximations
ugo] ~u(t;),1 < j < k — 1. For instance, in our numerical illustrations we use

the exponential Euler method for which TO Lo = O (h?).
(b) To use then the fixed point iteration (23) until | UM T — U, < TOL,
with TOL = O (hb).
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To prove (25), we set U = [u(t1), ... , u(tz_1)])" € X*~1. Inserting U in (22)
defines the defects d; € Xy, 1 < j <k —1,by

. i N
u(t)) = e/ug + h/ eV Py 1(chydo +d;, 1<j<k-—1,
0

where again P\(),k_l () is the Lagrange interpolation polynomial of degree k — 1
through the nodes {(z;, g(¢ j))}l;;]o. Using (13), and proceeding as in the proof of
(14), we readily obtain

ldjlle < c1Me” R g @)
This shows that
U=NU)+D,
where D = [dy, . .. ,dk_l]T € Xg’l has o-norm bounded by
1Dl < CH*171gW)oe,
withC =M e@"kh Therefore,

IU* = Ullg < INWU*) = NO)le + I Dlla
< L' U* = Ullg + Do

which results in

~ C _
10" = Ulla = 1— e PSS

,Chlﬂ!

for small enough %. This estimate combined with (24), leads to (25).

5 Implementation issues

In this section we derive a recurrence for the evaluation of the entire functions
yj(k, A), which allows us to evaluate y;(k, hA) in case A is a diagonalizable
matrix. Notice that this situation arises when the operator A itself is diagonalizable
or when the Krylov approach [4,8,9] can be used.

To this end we consider the generating function

o
Gk, n) =Y yilk, W)zl
j=0

Since for |z| < 1
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it is clear that, for A € C and |z| < 1, we have

k o
Gz, k2= | ek 7) | d
(2. k, 1) /Oe > E K

J=0

k
= / e® = (1 4+ )7 do
0

k
:/ e(kfa))»+alog(l+z) do
0

4k =t
T log(14+2)—A°

Therefore, comparing the coefficients in the power expansions
(log(1+2) = MGz, k, A) = (1 +2)F =, (26)

we get the recursion

|
k,A) = ,
vo(k, 1) Y
J m—1
=D k
=1
yik, 2) = —~— - L 1<j<k Q@D
J —1
=nm
> Vimk D)
m=1
yik, 1) = , >k

A

Although (27) is meaningful as a recurrence among entire functions, it does not
provide a practical way of evaluating y; (k, 0) and might result in a loss of accu-
racy for very small |A| (see e.g. [14]). It turns out that (26), with A = 0, yields the
analogous recursion

ok, 0) =k,

k Lo
(k. 0) = (j+1> ‘n;m—ﬂyf—m(k’(”’ l<j<k-1 (@28

L1y
Vi O == = yim(k0), =k =1
m=1

On the other hand, for very small |1|, we could use (27) replacing the right hand
sides by appropriate truncations of their Taylor expansions.

Finally, assuming that A generates a Cp-semigroup, due to the fact that the
entire functions y;(k, A) are the Laplace transforms of measures of bounded var-
iation, the operators y;(k, hA) can also be defined by means of the Hille-Phillips
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holomorphic calculus [7]. This means that the derived recursion (27) remain valid
at the operator level i.e. for A = hA. Thus, in case ehAv, v € X, is computable
and a linear solver for equations hAv = w, w € Xy, is available, (27) provides a
practical way of computing y; (k, hA)v.

6 Numerical illustration

In this section we provide numerical results obtained with the k-step exponential
method (8) for k = 2, 3, 4. We have considered two different test problems.
The first one is the semilinear parabolic problem

ou 9%u 1 ou
E(x, 1) = W(x, 1)+ (/0 u(x,t) dx) a(x, )+ d(x, 1), (29)

for x € [0, 1] and ¢ € [0, 1], subject to homogeneous Dirichlet boundary condi-
tions. The source term @ (x, ) is chosen in such a way that u(x, ) = x(1 — x)e' is
the exact solution of (29). This problem fits in our framework with X = C ([0, 1]),
endowed with the maximum norm, & = 1/2 and w = 0 (see e.g. Theorem 4.3.3 in
[26]).

For the spatial discretization of (29), given J = 512, we define the uniform
gridx; = j/J,1 < j < J — 1. The spatial derivatives are approximated by using
the standard three-point finite differences and the integral has been aproximated
by using the composite Simpon’s rule. In this way, since the exact solution is a
polynomial of degree two in x, there are no spatial errors.

For the time integration we use (8) with k = 2, 3, 4, applied to the semidis-
cretization in space of (29). Then we have to compute y;(k, hA) for the matrix
A e CU-DxU=D,

A = J*ridiag([1, =2, 1]).

This computation is made after diagonalizing matrix A by means of discrete Fou-

rier techniques and using then the recurrence equations (27) obtained in Section 5.

In Fig. 1 we plot errors against the step-sizes # = 27/, 2 < [ < 9. The errors

are measured at each time level #,, k < n < N, using the discrete o-norm with

o = 1/2. We observe that the slopes of the three lines are 2, 3 and 4, as expected.
The second test problem is the semilinear transport equation

ou ou 3
—@, ) ===, 1) +ulx, 1) —u(x, 1)+ P(x,1), (30)
ot 0x

for x € [0, 1] and ¢ € [0, 1], subject to periodic boundary conditions. The source
term @ (x, ¢) is such that u(x, r) = e ' sin? (rx) + (1 — e ™) is the exact solution
of (30). This problem fits in our framework with X = wb2([0,1]), « = 0 and
w = 0/[24].

Problem (30) is first approximated by a 512-point Fourier spectral discretiza-
tion in x. Then, the exponential k-step method (8), with k = 2, 3, 4, is used for the
resulting ODE system in C’, with J = 512. The application of (8) to this system of
ODEs requires the evaluation of y;(k, hA), where A is the spectral discretization
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Fig. 1 Time error vs. step-size for example (29)

of —d/0x. In this example O is an eigenvalue of A. Thus, together with (27), we
also need to use the recurrences (28).

Since the periodicity of u in x guarantees that the spatial error is negligible,
we compute errors due to the time integration comparing with the exact solution u
of (30) at the grid points. As in the previous example, these errors are measured at
each time level #,, k < n < N, using the discrete counterpart of the w2 norm.
In Fig. 2 again for h = 27/, 2 < 1 < 9, we plot errors against the step-sizes. The
plot confirms the predicted orders.
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Fig. 2 Time error vs. step-size for example (30)
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