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Summary. The Griffith model for the mechanics of fractures in brittle
materials is consider in the weak formulation of S B D spaces. We suggest an
approximation, in the sense of I' — convergence, by a sequence of discrete
functionals defined on finite elements spaces over structured and adaptive
triangulations. The quasi-static evolution for boundary value problems is
also taken into account and some numerical results are shown.
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1 Introduction

The evolution of irreversible cracks in brittle materials can be effectively
described by Griffith’s theory ([23], [19]). The basic idea is the following
energy balance: let d/ be the infinitesimal variation of crack length and let
d E be the corresponding variation of linear elastic energy. Griffith suggested
that the energy required to increase the crack should be ydl, for a parameter
y > 0 depending on material toughness. Then he postulated that the fracture
evolves only when —dE > ydl, which simply means that the release of
elastic energy —d E must be greater then the energy yd! spent to increase
the fracture.

A rigorous mathematical formulation for these problems is given in the
framework of the functions with bounded deformation (see [2], [17] and
Section 2). Indeed, for these functions the symmetric part of the derivative
(in the sense of distributions) is the measure

(1) Eu=Du' +Du=Eul"+w" —u)QvH"'LJ,.
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This derivative is the sum of two singular measures: the n-dimensional
Lebesgue measure £, with density £u, and the (n — 1)-dimensional Haus-
dorff measure H"~!, concentrated on the discontinuity set J, and which
has density (u™ — u~) ® v. Thus this space seems to give the natural weak
framework for the formulation of fracture problems, in particular, for a two
dimensional isotropic material, the linearized elastic energy is given by the
Hooke low

/ W(u)dx = / (,u|5u|2 + &|tr(5u)|2> dx ,
Q Q 2

where © > 0 and A > 0 are the Lamé coefficients, while the fracture energy
of Griffith’s type is given by

yHU(J),

where y > 0 is called the material toughness.

In particular for the applications it is interesting to consider the evolu-
tion of the fracture when the displacement u, (at time ¢) satisfies a Dirichlet
boundary condition u, = g(¢) on a set 0Q2p C d€2 and when 92 \ 9<2p is
traction free (for the rigorous mathematical treatise of this problem see [16],
[18] and recently [10]). In this situation, knowing the displacement u, and the
corresponding fracture J,, at time ¢, the behavior at time ¢ 4-d is determined
as

2) Urrgr € argmin{ / W(Ev)dx +yH (J, \ Ju[)}
Q

under the boundary condition v = g(t 4+ dt) in d2p and the irreversibility
condition J, D J,,. Indeed, being u,4; a minimum point, for every function
w such that w = g(¢t + dt) in Q2p and J,, = J,, we have

/ W(gut+dt) + VHI(JLt,+d, \ Ju,) =< / W(EU)) dx
Q Q
and then
PH o\ ) = = ([ W0 = W(Ew) )
Q

which resembles the Griffith’s criterion —d E > ydl, and which suggests to
introduction of the weak Griffith energy

(3) / W(Eu)dx +yH (J,).
Q

Clearly, in view of realistic simulations of the model, which are being
developed (see [5]), we need first a discretization of the energy (3).
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Following [11] and [20], we propose in this work an approximation of
(3) by means of discrete functionals, defined on finite element spaces, and
converging (in the sense of I'-convergence) to energies of the form

4) /W(Eu)dx+y/ d(v)dH',
Q -Iu

where the function ¢ (v) depends on the choice of the mesh. In particular
the case ¢ (v) = 1, corresponding to isotropic fracture energies, is recovered
using an adaptive triangulation.

The discrete functionals are quite simple, indeed they are defined in the
spaces of piecewise affine functions and they are of the form

Ge(ve) =Z§ f f (e, Dvy)dx
T T

where T denotes an element of the mesh and v, belongs to a finite element
space of piecewise affine functions. The function f behaves as

eW(Ev,) when g| Dv,|> <
f(e, Dv,) =~ (Ev) | €|2 n

Joo when e[ Dv, |~ = 1,
for some constants n > 0. The physical interpretation is the following: in
the elements T where £| Dv,|*> < 1 the material remains elastic and does not
present any fracture, indeed its energy is

l/‘f(e, Dvg)a’x:/W(Evg)dx.
EJr T

On the contrary if ¢| Dv,|> > n then, being |T| = c&?,

1 7|

—/ f(e,Dv)dx ~ foo— = fooCE

EJr &
which means that the energy is concentrated in a fracture because f ce is
dimensionally equivalent to the Hausdorff measure H'(J, N T).

Unfortunately the proof of the convergence result relies on a density result

which is known to be true only in SBV spaces. Overcoming this technical
problem is possible but using another discretization [1], based on finite dif-
ferences. Nevertheless this approximation seems to be sufficiently general to

predict a realistic physical behavior, as shown by some numerical results for
a model problem.
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2 Preliminaries and notations

Let © be an open bounded polygonal set in R?. For a positive constant c,
denote by K (2) the set of functions u : € — R? such that |u(x)| < ¢
for a.e. x € Q. The set Q2 represents the initial configuration and K the
constrain. Moreover let M?*? be the space of 2 x 2 matrices with the norm
|M|? = Zi’ i |m;; |2 and let Mf;‘nf be the subspace of symmetric matrices.

The functional framework of the problem is given by the spaces SBV?>
(22, R?) and SBD?*(R2, R?). For a detailed theory of SBV and S B D functions
we refer to [3] and [2], [17] respectively, here we will recall some definitions
and basic properties.

For a function u € L'(, R?) let S, be the set of non-Lebesgue points
of u. The function u is a function of bounded variation if its distributional
derivative Du is a vector valued measure with finite total variation in 2. For
such functions it’s possible to prove that the set S, is countably rectifiable
and that for H! — a.e. x € S, there exists (in a measure geometric sense) a
normal v, and two one-sided traces ™", u~. The measure Du can be decom-
posed, by Radon-Nikodym theorem, as Du = Vu £?> + D*u where Vu L?
is absolutely continuous with respect to the Lebesgue measure and D*u is
singular. If the singular part can be written as

Du=@w"—u)@vH"'LS,,

where H"~! is the (n — 1)-dimensional Hausdorff measure, then we say that u
is a special function with bounded variation and we write u € SBV (2, R?).
If in addition Vu € L*(2, R?) and H'(S,) < oo then we say that u €
SBV3(Q,R?).

The case of S B D function is slightly more complicated due to the pres-
ence of symmetric gradients. For S B D function it is still not known if for
H!'—a.e. x € S, there exists a normal v, and the traces ut, u~. Nevertheless
we can define the set J, C S, to be the collection of points such that there
exist the one-sided approximate limits u™ and u~ with respect to a suitable
direction v,. This is enough to develop our theory, i.e. to prove compact-
ness and lower semicontinuity theorems. In particular we say that a function
u € L'(2,R?) is a function with bounded deformation if the symmetric
distributional gradient Eu = Vu + Vu” is a vector valued measure with
finite total variation. Moreover, as in the case of SBV functions, if Fu can
be written as

Eu=Eul"+wr—u)vH" L,
then we say that u is a special function with bounded deformation and we

write u € SBD(S2, R?). Finally, if £u € L*(Q, R?) and if H'(S,) < oo we
say that u € SBD?*(Q2, R?).
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Even if the I'-convergence holds in SBV?($2, R?) the proof of I'-liminf
requires the following compactness and lower semicontinuity resultin S B D?
(2, R?) which slightly generalizes Theorem 1.1 and Corollary 1.2 in [4] to
the case of anisotropic energies.

Proposition 1 Let Q be an open bounded set in R?, let ¢ : R* — R be
convex, positively 1-homogeneous and pair, let f : Mfyxnf — R be convex

and lower semicontinuous, let {u ;} be a sequence in SBD?(2, R?) such that
) [ 1w 1) + sl < € < o
Q

then there exists a function u € SBD(2, R?) and subsequence (not rela-
beled) such that

(6) uj —>u in L}OC(Q,RZ) ,
(7 / f(Eu)dx < liminf / f(Euj)dx,
Q J—=+00 Jo
(8) H'(J,) < liminf H'(J,,,),
Jj—+0o0
9) p()dH' <liminf | ¢(v)dH'.
Ju J—>+00 Juj

Proof. From the compactness and lower semicontinuity result contained in
[4] follows the existence of a subsequence, denoted as {u ;} such thatu; — u
in L),.(Q, R?) and such that inequalities (7) and (8) holds.

To prove (9) let us first consider a function ¢ (v) defined as ¢ (v) = [(v, )|
for; € S'.For& e S'let Mg ={x € R? : (x,&) =0}, 2¢ be the projection
of Q2 on the line Il and 2, = {r e R : fory e [z y + 1§ € Q}. More-
over for y € Ilg and § € S!, given v € SBD(Q2, R?) let Joe=1{x e J,:
(vrx)—v7(x), &) #0},vy¢ : 2y ¢ — Rbedefinedasvy, s = (v(y+1£), &)
and finally let A, ¢£(v) and B, ¢(v) be respectively the total variation of the
absolutely continuous part and the counting measure of singular part of v/y’ £
in Q, ¢, namely

Aye) =10, [(Qye)  Bye(w) =H'(Jy,) =#(J,,) .

Being {u;} C SBD(£2, R?) then by Proposition 2.1 in [4] for every £ € S!
and for H'-a.e. y € Q¢ we have (u;), ¢ € SBV(Q2,¢) for every j and

(10) / Ay suj)dH (y) < +oo.
Qs
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Moreover for H!- a.e. £ € S! we have Juje = Ju;. Now take § € S! such
that J,,, ¢ = J,,; for every j, then

(11) /J (v, &)ldH' () = / Bys(u)dH'(y),

J QE

moreover, being ! (Ju;) < o0, there exist a subsequence, denoted {uy},
such that

lim By s (up)dH' (y) = liminf / By (u;)dH' (y) < +o0.
k—+00 Qe ' j——+o0 Q

Take ¢ € (0, 1) and take a subsequence {u;} of {u;}, such that

lim eAys(u;) + Byg(udH (y)
=400 Qs

- liminf/ eAy s (uj) + Bye(u)dH' (y) < +o0
$2

j—+00
and such that for H'-a.e. y € Q¢
uye € SBV(Qy) (ur)ye — uyg strongly in L], (Qy¢) .
By Fatou’s Lemma we get that

lim inf <8Ay’€(l/£1) + By,g(ul)> < +00
[—4o00

for H'-a.e. y € Q¢. Let y € Q¢ such that the previous inequality is satisfied,
then there exists a further subsequence {u,} such that

Jlim_ (aAy,g(un) + By,g(un)) = lim inf (mm(u,) + By,g(u,)) < +o0,

then by Ambrosio’s compactness and lower semicontinuity Theorem in
SBV (L2, ) [3] there exists a subsequence {uj} such that

By (u) <liminf By ¢ (up)
h—+o00 °

< liminf (8Ay,§ (up) + By,s(uh))

h—+00

< lim_ (A5 0u) + Bye(un))

< lim inf <8Ay§ ) + By,g(u,)> < 400,
[— 400
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The previous inequality holds for H!-a.e. y € Q¢ so by Fatou’s Lemma

/ HwSHdHWw==/TBy4deWy)
I

Qs

[—+o00

§hmhﬂ/‘8A%gm)+lgfw0dH%y)
Q¢

< elimsup/ Ay e (u)dH' ()
Qs

[—+o00

-+

+hmhﬁ/ By ¢ (u))dH' (y)

o Qf

<ce+ mn!/ By s (up)dH' (y)
k— 400 Qe

(12) 5@H@M[Hmmw.
J—>+to0 Ty
J
It remains to prove (12) forevery & € S'. Let¢ € S' and let§ > O then there
exist & such that |¢ — &;5| < 6 and

(13) [ tvgart <timint [ sian
Ty J—too Jg

llj

It follows that

|, O)ldH" < [ (v, &)ldH +c18
Jll ‘Ill

5mwfumwM+m
Juj

Jj—+oo

j—+oo

gmﬁf|m&—m+wxMW+m
Ju,.

gmw/|mmwwmﬁ
j—>+oo J“i
where ¢ and ¢, does no depend on §.

At this point the lower semicontinuity inequality is proved for every func-
tion ¢ (v) = |(v, ¢)| for ¢ € S'. If ¢ is convex, 1-homogeneous and pair it
can be written as

(14) @) =sup{yy(v) : Y ) =(u,n) —c and Y u) < ¢(u)}

In (14) it is not restrictive to take ¥ linear, indeed for every & € S!, being ¢
I-homogeneous, if (4, n) — c < ¢ (u) for every u then (u, n) < ¢(u). Thus
we can define a set ® such that

¢ (v) = sup [{(v, §)].

Ee®
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By the lower semicontinuity we have for every £ € ©®

(v, £)dH" < lim inf / (v, £)[dH!

T J—>+0o0 ‘]“j

<liminf | @¢W)dH!
Jj—>4o00 ‘]“j

and by a supremum of measures argument it is easy to deduce that

¢ (v)dH' < lim inf d()dH!
j—>+o00o

Ju Ju;

which gives inequality (9). |

Moreover the proof of the I'-limsup inequality relies on the following
approximation result which is known to be true only for SBV function. We
first introduce a set of regular functions with discontinuities.

Definition 1 Let W(2, R™) be the set of u € SBV (2, R™) such that

1. S, is essentially closed, i.e. H' (S, \ S,) =0
2. Sy is the union of a finite number of (n — 1)-simplexes
3. ue Wk (Q\ S,, R")Vk e N.

The following approximation result (proved under more general condi-
tions in [14]) shows the importance of the space W (2, R?).

Lemma 1 Let g(v) beanorminR? andletu € SBV?(Q2, R>)NL>®(22, R?),
then there exists a sequence wy € W(S2, R?) such that

(15) wy —> u strongly in L'(2, R?),
(16) Vw, —> Vu strongly in L>(2, R?),
(17) lim sup [[wlleo < fU]lco -

k— 00

For every open set A C Q2 we have

k— 00 WNA

(18) lim sup/ g()dH! 5/ g(W)dH'.
Su, NA SuNA

Moreover we can assume that for every k the jump set S, is a finite union
of disjoint segments which do not intersect the boundary 0S2.

An analogous result for boundary value problems is proved [21].
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3 Statement of the convergence result

Let © be an open bounded polygonal set in R?. For a positive constant k,
denote by K () the set of functions u € L'(2, R?) such that |u(x)| < k
for a.e. x € Q. The set 2 represents the reference configuration and K the
constraint. Moreover let M?*? be the space of 2 x 2 matrices with the norm
IM)? = Zi, ; Im;; |> and let M%yxnf be the subspace of symmetric matrices.
Fori = 1,2, 3, let T! be the triangulations of R? having the geometries
represented in Figure 1. The corresponding finite element spaces, denoted
by Vi(Q, R?), are the classical spaces of piecewise affine functions on T/
restricted to 2. Moreover given 6 € (0, Z) and an infinitesimal sequence
de > 6¢,let T? be the family of triangulations T, such that for every element
the amplitude of the internal angles 6; and the length of the edges ¢; satisfy

(19) 0<6, e<H\() <d..

The corresponding finite element set, given by the union of the spaces V? (2, R?)
defined on T,, will be denoted by V? (2, R?).

Fig. 1. Geometries of the triangulations Té fori =1, 2, 3 respectively
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€ sinf

Fig. 2. Anexample of mesh T, € Tg adapted along a straight line

Let ¢ : [0, +00) — [0, 1] be a non decreasing function such that

(20) Y(@) =o0(t) fort =0,

I
1) (1 =y (1) = 0(;) for  — 400,

and such that for ¢ large the function (1 — ¥ (¢))¢ is non-increasing. Given
M € M?*? et the strain energy density be defined as

, A o
(22) W(M™™) = p| MO 4 Sler (MO
for w > 0 and A > 0, and let
(23) fle, M) = eW(M¥™) (1 — y(e|M|?) + y¥r(e|M|?).

Using the structured triangulations Tf'8 (fori =1, 2, 3), the discrete function-
als F!(u) are defined as

(24) Flu) =Y % _ (e Dv)dx
TN

TeT

if v. € VI(Q,R*) N K(Q) and F/(u) = +oo otherwise in L' (L2, R?). The
convergence result is the following.

Theorem 1 For every mesh T! let ¢; : R* — [0, +00) be the anisotropy
function (depending only on the geometry of the triangulation) defined in
Section 4. Let the limit functional be given by

(25) Fl(u) = f W(Ewdx +y | ¢i(w)dH!
Q

Ju
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ifu € SBD*(2,R?) N K(Q) and F'(u) = 400 otherwise in L' (22, R?).
Then for every u € L'(Q2, R?) and for every sequence Ve, € V;]_(Q, R?),
converging strongly to u in L' (2, R?), we have

i P i
F'(u) < hg-l—l%f st_ (ve;) -

Moreoverforeveryu € SBV*(Q, R?) there exists a sequence Ve, € Ve, (82, R?),
converging strongly to u in L' (2, R?), such that

F'(u) > lim sup F;’j (ve,) -

ej—>0
For the isotropic case, we consider the functional

1
t — -
(26) Fwe) =Y. - f(e, Dv,)dx

TeT! rna

if v, € Vf(Q, R?) N K() and fsg(vg) = +oo otherwise in L!(Q, R?).
Then the convergence result is the following.

Theorem 2 Let the limit functional be
27) Fou) = / W (Eu)dx + y sin0 H'(J,)
Q

ifu € SBD*(Q2,R*) N K(Q) and F?(u) = +oo otherwise in L' (22, R?).
Then for every u € L'(Q2, R?) and for every sequence Ve, € ij(Q, R?),
converging strongly to u in L' (2, R?), we have

Fw) < lim in Fi(ve,) -

Moreoverforeveryu € SBV?*(Q, R?) there exists a sequence Ve; € ij (2, R?),
converging strongly to u in L' (Q, R?), such that

F%u) > lim sup fg_ (ve,) -

ej—>0
Remark 1 The easiest choice for the function 1 is given by

0ifr <$§
1 otherwise,

V() = {

nevertheless conditions (20) and (21) allow the use of smooth functions (such
as % arctan(¢") for n > 2) which are much better for the numerical imple-
mentation.
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Note that the I'-limsup inequality is not complete because the proof
is based on a density argument which is not yet known for the case u €
SBD*(Q2,R?)\ SBV?(2, R?). Complete convergence results can be stated
as follows (but these formulations cannot ensure compactness for sequences
of minima).

Remark 2 Fori = 1, 2, 3 let the discrete functionals F 8’ (u) be defined as

Fiuwy =) % f (e, Dv,)dx

TeT} rng

if v, € V/(Q,R*) N K(Q) and F! (u) = +o0 otherwise in SBV?(Q2, R?).
The functionals F! T'-converge (as ¢ — 0), respect to the strong topology of
L'(2, R?), to the functional

Fl(u) = f W(Ewdx +y | ¢:(v,)dH'
Q

Ju
ifu e SBV*(Q,R?>)NK(RQ) and F' (1) = 400 otherwise in SBV?(2, R?).

Remark 3 Let the isotropic limit functional be given by

Fl(ve) = Z é f(e, Dv.)dx

rere £ /TN

if v, € V/(2,R*) NK(Q) and F! (v;) = 00 otherwise in SBV?(Q, R?).
The functionals FY I'-converge (as ¢ — 0), respect to the strong topology
of L'(€2, R?), to the functional

Fu) = f W (Eu)dx + y sin@ H'(J,)
Q

ifu e SBV>(Q2, R®) N K(RQ) and F(u) = +oo otherwise in SBV?(2, R?).

4 The anisotropy functions

The anisotropy functions appearing in (25) have been explicitly computed
and studied in [20] for a similar functional, here we report only the main
properties useful in the sequel. Let S C 2 be a segment and let v be its unit
normal, let

S!={TeT. : TNS#@Pand |T N(S+1tv)| #@fort e (0, 1)}

then we can define S’ as the covering of S given by the union of the elements
belonging to S.. The functions ¢; are defined as a Minkowsky content of S
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in the topology induced by T, indeed for every segment S with unit normal
v we have .

: | Se |
(28) ¢i(v) = lulsélp SHI(S)
so that ¢;(v) measures in the limit the ratio between the measure of cov-
ering S and the measure of the tubular neighborhood of S. Moreover it is
not difficult to verify that the same relation is valid also for piecewise affine
curves in the plane. In Figure 3 are reported the levels curves {¢;(v) = 1},
fori =1, 2, 3 respectively. It’s clear that ¢; reflects the symmetry properties
of the mesh and that the more the level curve is close to a circle the more the
triangulation is isotropic, thus the values

m; =inf{g;(v) : v| =1}  M; =sup{pi(v) : v =1}

suggests a possible measurement of the anisotropy, given by the ratio a; =
M;/m;. In our case a; = V2,0, ~1.118 and a3 = %g = 1.154.

These functions are convex, positively 1-homogeneous and pair. They
have an easy representation in terms of scalar products. Indeed let

E0=(1,0) &= 2/2,v2/2) &3=(0,1),

Fig. 3. The level curves compared with the unit circle
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Cl,1 =C13 = \/5/2 Clp = 1,

then we can write
(29) $1(v) = max ciel (v, €100l

Moreover let
by =& fork=1,23 &H4=(—v2/2,v2/2) &s5=(-1,0),

e =cii/2fork=1,2,3 ca=cr 5=0c21,

then
(30) $(v) = 1@}?}4{62,k|(w E i)l + i1 v, &2k 1)} -
Finally let

£1=(—1,00 &,=(1/2,v3/2) &3=(—1/2,v/3/2),
C3’k:1f01'k: 1,2,3,

then we have
31 $3(v) = max el (v, £l

On the contrary the idea for the isotropic approximation is to orient the
elements along discontinuities (see Figure 2) in order to have a tubular neigh-
borhood and consequently an isotropic approximation of the Hausdorff mea-
sure. This property is explained in the following lemma (for the proof see
Appendix A in [11]).

Lemma 2 Let S be the union of a finite number of disjoint segments S,,, then
there exists a family of triangulations T, € T such that

: IS71 1
(32) limsup —— =sin8 'H ' (S),
€

e—0

where S? is the covering of S in Tk.

5 I'-liminf inequality

The proof of the I'-liminf inequality is based on the measure theoretic
argument (see [7] Proposition 1.16), which requires the localization of
the functionals.

Definition 2 Let A C Q2 be an open set, the localized functionals are defined
as

Fiw., A=Y é/ f (e, Dv,) dx
TNA

TeT!

if ve € VI(Q, R*) N K(RQ) and F!(ve, A) = +00 otherwise in L' (2, R?).
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We consider first the case of the structured triangulations.

Proposition 2 Fori =1,2,3, denote by Fi(u) the T-lim inf,_, ng (u) and
takeu € L' (2, R?) suchthat F'(u) < +oo, thenu € K(Q)NSBD?*(22, R?)
and

(33) / W (Eu) dx + y/ i (v) dH! < lim inf Fl(ve)
Q Ju E—>
for every sequence v, € Vsi (22, R?) converging strongly to u in L' (2, R?).

The proof of Proposition 2 requires some preliminary lemmas on the
localized functionals.

Lemma 3 For some positive constants o, B, for every open set A C Q and
for every function v, € V! (2, R?) there exists v € SBD*(2, R?) satisfying

(34) W(Ev)dx +aH' (J,NA,) < ng (ve, A),
Ag

(35) {x € Q 1 v.(x) #v(0)} < BeF(ve, A)
where A, = {x € A : d(x,0A) > ¢}.
Proof. Let T > 0 such that

sup{eW(M*™) fore|M| < t} <y

and define

(36) V() = {

0 fort<rt
¥ (t) otherwise.

Then the function
(7)o M) =eWM™™) = e WM™ (1= (e[ MP)) + 7 elM)

satisfies f(e, M) > f(e, M). Indeed if e|M|> > t then ¥ (¢|M|?) =
Y (e|M|?), while for | M|> < T, being e W (M**™) < y we have

Fle, M) = eW ™) (1= (e[ M) + W (M) (o M)
= WM™ (1 =y EIMP) + y v EIMP) = f (e Du).

Moreover, being ¥ (¢) non decreasing, &(t) > Y (t) for t > t so that for
elM]>>1

Fle, M) = eW ™) (1= (el MP)) + y ¥ CIMP) = ¥ (7).
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Finally, given an open set A C € and given v, € V/(Q,R?) let AL = (T ¢
T) : T C A} and

A ={(T eAl :¢|lDv)* <t} AF={TecAl :T¢A'}.

Define A:* C  and A* C Q as the union of the elements belonging to A%’
and A%? respectively. Then it follows by the previous inequalities that

. 1
Fl(ve, &)= ) —f(e, Dvo)IT|

TeAl
1 - 1 -
> D —fEe DwITI+ 3 —fe Do
TeAifb TEAL‘j
1
(38) > > WEWITI+ Y —yy@IT].
TeAi‘b TGA";"j
Let v € SBD?*(Q2, R?) be defined as
v in AL
v= : ib
0 inQ\ A,
then from (38) follows
fx € Q1 ve(x) # v} = |AYF| = Z 7| <
TeAfpjﬁ

which proves (35) for 8 = 1/(y ¥ (t)). Moreover, being HY(AT) < cje, it
easy to check that for a positive value of o we have

&

y¥ (1)

F!(ve, A),

1

|7y () = «H'@T) .
Thus from (38) follows

Fl(ve, A)= > W(E)IT|+ Y oH'@T)
TeAi‘b TeAé‘:
> | W(Ev)dx +aH'(J,NA,),
Ag

which proves inequality (34). m|
Lemmad Leti = 1,2,3, for every § € (0, 1) there are some positive con-
stants «, B, n (depending only on §) such that for every v, € VE" (2, R?)

and for every vector & (appearing in (29) (29) (29)) there exists v €
SBD?*(2, R?) satisfying

(39) a | W(Ev)dx + BH'(J,N A.) < Fi(vg, A),
Ag



Finite element approximation of Griffith’s model 669

(40) lfx € Q 1 ve(x) # v} < ne Fl(ve, A),

andfori =1landi =3

@ a=oy [t saldH! < Fiw.A),
TyNAg

while fori = 2

42) (1-8)y /

(cikl (s &)1 ipin (00, i} ) AH! < FL(w, A)
JyNA

Proof. Step 1. For a given § € (0, 1) let 75 such that (1 — §) < ¥ (¢) for
t > 15. Let 1 < 1 such that for e|M|> < 15 we have a1 e W (M*™) < Y.
Moreover define

(43) V() = {

0 fort < 7
Y (t) otherwise,

and
Fle, M) = areW ™) (1= (el M) + y T e MP).

Being f (e, M) a convex combination of e W (M*¥") and y then f (e, M) >
min{e W (M*¥™), y}. By the choice of 5 and «; it follows that for | M|?> < 15
we have

fe, M) = aieW(M*™) < min{e W (M*™), y} < f(e, M).

Clearly f(s, M) < f(e, M) also for e|M|> > 15, being ¥ (¢|M|?) =

¥ (e|M|*) and @y < 1.As in the previous proof let AL = {T € T] : T C A}.
Let

AL ={T € A : ¢|Dv.” < 15},
AP ={T €Al : T ¢ A"},
and define A" and A}* as the union of their elements. For T € A}” we have
Y (e|Dv,|?) = 0, then
1 -~
—f(e, Dve) = a1 W(Eve) .
€

While for T € AL¥ we have ¢| Dv,|*> > 75 and then

1 - 1 .o 1
—f(e, Dvg) > —yy¥(e|Dve|) = —y(1 —9).
) & &
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Thus, arguing as in the previous Lemma we can write

, 1 -~
Fi(v,, A) > TZA — (e, Dvo)IT|
€AL

1
D aWEWITI+y ) —Y (DT
TeA;’b TeAi’ﬁ

1
D aWEITI+y(1=8) ) —IT].

TeAijb T eAf;jﬁ

Y

(44)

A%

Step 2. Consider the case i = 1 and i = 3. The function v is defined as
vV = v, on Ai’b thus by (44) follow inequality (40) for n = 1/y(1 — ) and
inequality

(45) o /_b W(Ev)dx < Fi(v, AL").
Ay
On A’¥ we proceed element by element and component by component, de-

fining v first on the boundary of the element and then in its interior, in such
a way that, for a suitable choice of §; and &, the following inequalities hold

T
(46) 052/ W(Ev)dx < u,
T £
A7 S, NoT =0,
T
(48) BH\(J,NT) < '8—'
T
(49) / cixlvn, &t am < L
JyNT &

Then from (44), (47) and (49) follows (41) while from (46)—(48) follows
a2y =9) / L W(Edx + BrH (N AF) < Flu, AF)
Al

and thus by (45) follows the existence of « and g8 such that (39) holds.

Let ¢; denote the edges of 0T and let a; and b; be the endpoints of ;.
We proceed by components. Let v be the n™ component of v, and let 9 A
be the slope of v" along ¢;. If T € AL it’s clear that

(50) e|d;v? < 21;.

Now, consider a triangle 7 € AL* and an edge ¢; then, proceeding by com-
ponents, we set v"* = vy on {; if £]9; v§’|2 < 275, otherwise we set

ve(b)) if 1 < 1/2

(51) Un(ta]+(1_t)bf):{v£(al) ift > 1/2
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In this way v" is no longer continuous on 97 but now its slope is uniformly
controlled on oT \ {m1, m», m3}, where m; denotes the middle point of the
edges ¢;.

Given &; i let J; ; be the bold set represented in Figure 4 for TEl and in
Figure 5 for T2. It’s easy to see by a simple trigonometric argument that for
every k we have

7|
(52) / cial(v. &)l dH' < —
Jik €
and that for a sufficiently small parameter 8; > 0 we get
| T
(53) BH (JuNT) < —.
e

Given &; ;, both the components of v are defined is such a way that the
discontinuity set J,» C J;, so that J, C J;; and consequently inequalities
(48) and (49) hold as a consequence of (52) and (53). The construction is
the same for all the choices of &; ;. Let R, for m = 1, 2, 3 be the regions of
T\ Jix.-OnoR, \ Jiy = 0RNIT the component v" is already assigned,
by construction it is continuous because the middle points are all separated,
and its slope is uniformly bounded by /27s/¢. As a consequence, its value
on T defines in each region an affine function v" such that |[Vv"|> < c/e
(see [20] for details), where ¢ depends only on § and on the mesh. Then, for
a suitable constant o, inequality (46) holds and the proof is concluded.

g 1,1 &12/, E.~l ;
(a) (b) (©
Fig. 4. The sets of discontinuity for T,

é? 1
- i ; én/, : : 3 : :
(a) (b) (©)

Fig. 5. The sets of discontinuity for Tg3
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Step 3. Consider now the case i = 2. The function v is defined again as
vV = v, on Ai;b thus by (44) follows inequality (40) for n = 1/y(1 — 8)
and (45) holds. As before we can proceed component by component but this
time it is not possible to define v” element by element because the anisotropy
is the result of the orientation of all the triangles contained in the squares
QO (see Figure 6 (a)) which represent the smallest periodic structure of the
mesh. Thus let Q. be the set of squares O C A. We partition Q. into the
subsets Q; ,, form =0, ..., 4, according to the number of triangles T C Q
belonging to A%L*. In particular (44) becomes

i 1
Flwe, A) = Y aaWEWIT|+y(1=8) ) ~IT|

TeAi‘b TeAé‘n
T
- _ 71
> Z aW(EW)I|T|+y(1—8) Y ( ) e )
TGAQD 0€Q; TCQ:TeALr
u m|T|
(54) > Z alW(Evg)|T|+V(1—5)Z( Z © )
TGAIS‘D m:1 QeQa.m
Given k = 1, ..., 4 the function v" will be defined in such a way that for
0 €Q:m
(55) J,NaQ =49,
m|T |
(56) o) W(Ev)dx < —,
0 e
T
(57) pi'(s,n Q) = "

7
69 [ (carlvn &l + ol )aH <ml
S,NO &

@ )

Fig. 6. The periodic structure of T£2. Discontinuity set J; for the case Q € Q;
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If all the previous inequalities are satisfied then the proof is concluded, in-
deed, considering (54), from (55) and (58) follows (42) while from (55)—(57)
follows the existence of « and 8 such that (39) holds.

First of all note that by symmetry it is sufficient to consider the case
k=1(¢&,1=01,0),&,= (\/5/2, «/5/2)). As before, we proceed by com-
ponents, defining v” first in d Q and then the interior. Note that v is already
defined in Q N AL”. Let T C Q such that 7 € AL? and let ¢; be the edge
of 0T NaQ. If 8|8jv§’|2 > 275 then v} is defined in ¢; as in (51) otherwise
we take v" = vl. Let J,, be the sets represented in Figure 6-8. By a simple
trigonometric argument it easy to check that

T
69 [ (g0l + el gl )Jar <mt
JuNQ &

and clearly there exists 8; such that

(60) BIH (Jn N Q) < @

Note that the sets J,, are defined in such a way that for every connected
component C of Q \ A% the slope of v" is uniformly bounded by +/275/¢ on
0C N 9 Q. Thus we can extend the values of v” inside C in such a way that

(a) (b) (©)
Fig. 7. Discontinuity set J, for the case Q € Q¢ 2

(a) (b)

Fig. 8. Discontinuity sets J3 and Jy4 for the cases Q € Q. 3 and Q € Q; 4 respectively
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Joy C Jy, and

T
61) / Vo Pdx < ™M
0 &

Once the components are defined in this way, property (55) is clearly satis-
fied, (56) and (57) follows easily and finally inequality (58) is proved from
(59). O

Proposition 3 Letu € L'(Q2, R?) and let A be an open setin Q, if F'(u, A)
< 400 then u € SBD*(Q,R?) N K(Q) and

(62) H'(Ju N A) < +o0,
(63) /AW(Eu)dx < F'(u, A).
Moreover fori =1 andi = 3 and for everyk =1, ..., 3 we have
(64 v [ el glant < Flaa.
J.NA

Finally fori = 2 and for everyk =1, ...,4 we have

(65) y / (CZ,kHVuv &E )l + a1l (Vus 52,k+1)|> dH' < F'(u, A).
JuNA

Proof. Lete; N\ O and v;; € V;/(Q, R?) such that v, — u in L' (2, R?)
and lim inf £j—0 FE‘I, (ug;, A) < +o0. Up to taking a subsequence (denoted
again as Ve;) it is not restrictive to suppose that F ;]_ (Ve;, A) < ¢ < +00.

Let us first prove inequalities (62) and (63). For every Ve, let v; €
SBD?*(2, R?) be the function given by Lemma 3. From the convergence
in L'(Q2, R?) of Ve, and from (35) it follows that v; converges to u and by
(34) that

f W(Ev))dx +aH'(J,, N A)) < F (v, A) < c.
Ae, :

J
Letn > 0, if ¢; is small enough then A, C A;; and then

W(Ev))dx +aH' (Jy; N Ay) < Fl (v, A) < c.
Ay '

Then by the compactness and lower semicontinuity result of Proposition 1
we have that u € SBD?*(A,) and

/ W(Eu)dx + aH'(J, N A,) <liminf F! (v, A).
Ay j=too
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Since the previous inequality holds for every n we have

/ W(Eu)dx < liminf F' (v, A),
A j—+oo

(66) HY (J, NA) < +00.

Applying the same reasoning for every sequence ¢; ~\ 0 and for every
sequence v;; it follows that

(67) / W(Eu)dx < F'(u, A).
A

Finally, to show inequalities (64) and (65), let this time v; be the function
given by Lemma 4 then, as for the previous inequalities, (64) and (65) will
follow from the lower semicontinuity inequality (9). O

Proof of Proposition 2. The I'-liminf inequality follows applying the usual
supremum of measures argument and considering the representations (29)—
(31) of the anisotropy functions. The constrain u € K (£2) follows by point-
wise convergence. O

Consider now the isotropic case.

Proposition 4 Denote by F %(u) the T-liminf,_ .7-"89 (u) and take u e
L'($2, R?) such that F°(u) < +oc. Then u € K(Q) N SBD*(2, R?) and

(68) / W(Eu)dx + yH'(S,) <lim inf Fl (o),
Q E—>

for every sequence v, € V?(2, R?) converging strongly to u in L'(2, R?).

Proof. Following the proof of Lemma 3 we can easily obtain (34) and (35).
Arguing as in the proof of Proposition 2, we get (66) and (67). It remains
to consider the H'-term. We prove first a result on the localized functional
similar to Lemma 4. For every § € (0, 1) there are some positive constants
a, B, n such that for every v, € Vf(Q2, R?) and for every & € S! there exists
v € SBD?*(2, R?) satisfying

(69) a | W(Ev)dx+BH'(J,NAp) < F/ (v, A),
Ag
(70) {x € Q 1 v(x) # v} < neFl (e, A),
(71) sin @ (1 —5))// |(vy, &) dH' < FP(ve, A).
JyNAg
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Following exactly the proof of Proposition 4 we get again inequality (44).
Define v, = v on Aé’b, so that from (44) we have (70) and

a /M W(Ev)dx < FP (v, A?").
A

We want to define v on A%¥ in such a way that (46)—(48) and

T
(72) sine)/ (e, £} dH! < 1!
JoNT

&

are satisfied. We can proceed element by element and component by com-
ponent. Note that for a constant ¢ > 0if T € Af*b then 8|8jv2'|2 < ct; for
every edge ¢; C dT.Letnow T € Az’u and let ¢; C 9T. Istijgl2 > CTs
then we define v" on ¢; as in (51) otherwise we set v" = vy.

Given £ € S', following the idea of [11], let the edges of 3T be ordered
according to

(my, &) < (my, &) < (m3,§),

where m ; denotes the middle point of ;. We define the discontinuity set J
as the union of the segments [m, m;] and [m,, m3]. Then by [11] we have

(73) My < 2L
esind
T
74) /|<vv,s>|dHl S
J esind

Note that J contains all the middle points 2 ; and that the components v" are
continuous on 97 \ {m1, my, ms} and that their slope is uniformly bounded
by +/cts /€. Consequently for every connected component of 7'\ J the value
of v" on 9T defines an affine function whose gradient is controlled by c/¢
(see [11] Remark 3.5) and for a suitable choice of o; we have (69). Moreover
in this way Jy» C J and then (72) follows from (74). Then the I'-liminf
inequality is obtained following the proof of Proposition 2. O

6 I'-limsup inequality

Proposition 5 Let i = 1,2, 3 then for every u € SBV?*(Q,R?) N K(RQ)
there exists a sequence v, € V; (2, R?) such that

(75) v, —> u strongly in L'(Q,R?) ,

(76) lim sup F/ (ve) < F'(u).

e—0
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Proof. Step 1. Consider ﬁri u € K(Q) N W, R?) with compact sup-
port, then, by Definition 1, S, is the union of the disjoint segments S,,, for
1 <m < k. Let S, , be the coverings of S,, and consider ¢ sufficiently

small in such a way that they are pairwise disjoint. Let Sfl’g be their union

and Q. = Q\ ! . Being S, C S, by regularity we have u € C*(Qi, R?),
thus v, can be defined in Q_fe as the Lagrange interpolation of u. Moreover Q_fs
contains all the knots of the mesh T/ because the sets S., , are disjoint and
their interior do not contain any vertex by definition. Thus the function v, is
defined in the whole set €2, it clearly belongs to V/ (2, R?) and it satisfies
also the constraint v, € K (£2).

By a standard result on finite elements (see [12]) there exists a constant
C, which does not depend on ¢ and u, such that

1_1
11 5
(77) I = vellmgr < CITI4 Pe™" Julop,r -

Then for every triangle T ¢ Sf{’s, form =0,qg = 1 and p = oo we have

2
/;Ivg—uldx§C|T|8 |”|2,oo,(sz\§) .

v, converges strongly to u in L'($2, R?). Moreover form = 1, g = 2 and
p = oo for every triangle T ¢ S;,s we have

Considering that ||v.|lcoc < ||#]|0c and that |S;’8| — 0 it follows easily that

2 2,12
/TlDUE —Du|“dx <C|T|e |”|2,oo,(s2\§) .
Denote by D, the function Dv, 192 (where 192 is the characteristic function
of Qé). Then D, converges strongly to Du in L*(2, M?>*?), indeed from
IS};, .| = O(¢), the regularity of u and the previous inequality it follows that

/|D£—Du|2dx§ |Dv5—Du|2dx—|—/ |Du|* dx
Q QL Si

u,e

2 2 i 2
(78) S ce Iu|2,oo,(Q\Siu) + |Su’s| |u|1,00,(§2\siu) .

To prove (76) we must consider separately the behavior in Q! and S/, ,. We
start with Q’. By the previous inequality it follows that

limsup [ W(Dv}™)dx =lim sup/ W (D™ dx
Q

£—0 QL e—>0

(79) - f W(Eu) dx .
Q
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Moreover, being (1 — ¥ (¢)) < 1, we have
lim sup /
e—>0 QL

(80) < f W(Eu)dx
Q

(1= v (elDu))W(Du™) dx < limsup | W(DvP™) dx
e—0 Qi‘

Asu € Who(Q\ S,, R?) then | Dv,| < c uniformly in € and thus by (20)

@1) timsup | Ly (e|Dv?) dx <limsup | Lw(sc?)dx =0.
e—0 QL & e—0 QL &

Let us consider now the behavior in S] . If § C Q is a segment and S is
its covering, then, being (1 — ¥ (¢))t bounded in [0, +00), it follows that

e—0

limsup/ (1 — w(levglz))W(Dvgym)dx
s

< limsup/ E(1 - W(8|Dv8|2))8|Dve|2dx
si €

e—0 JA
. 5L |
(82) <climsup — < cH ().
e—0 &

Letnow § > 0, let S;f ={xeS, :|ut—u"|>68and (S,f)i be its covering.
Being u € WH>°(Q\ S,, R?), for ¢ sufficiently small we have |Dv,| > %
for T C (S%).. Then, considering that ¢|Dv,|? diverges in (S°)! and that

(1 — v (¢))t is decreasing for ¢ large we deduce that

lim supf (1 _ w(g|Dvs|2))W(Dvg>‘m)dx
(5L

e—0

1
< lim supf —(1 — 1//(8|DU8|2)>C8|DU8|2dX
CH

e—0
) 1(S.)L] 82 82
Sy ()
= Hmsp '\ T6e )16sc
52 \\ 82
83 < cH' (S 1 (1— —)—zo
(83) = RS H?j(l)lp w<168 )168

Then, for every § > 0, by inequalities (82) and (83), we have

limsup/ (1 _ W(8|Dv€|2))W(Dv2ym)dx
(Su)i

e—0

< limsup/ (1 — w(ele5|2))W(vay’”)dx
(5D

e—0

+lim sup/ (1 _ w(8|Dve|z))W(vaym) dx
(Su)\(SDHE

e—0

< CH'(S,\ %),
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which proves (for 6 — 0) that

(84) lim sup/ (1 — 1//(8|Dv£|2)>W(vay’”)dx —0.
e—>0  J(Sy)i
Finally, for every segment S,,,, from (28) follows
Duv,|? Syl
lim sup/ )/M dx < y lim sup M =y ¢ (V)dH" .
e—0 S,’n e & e—0 & S

(85)
Then by inequalities (80)—(81) and (84)—(85) it follows that

(86) limsup F'(v,) < / W(Ewydx +vy | ¢i(w)dH' = Fi(u).
e—>0 Q Ju

So the I'-limsup inequality is proved foru € K (Q)NW(Q, R?) with compact

support. Here the compact support is not strictly necessary, it just prevents

technical problems near the boundary 9€2.

Step 2. Denote by Fi(u) the I"-limsup. By the previous step, if u € K(£2) N
W(2, R?) with compact support then F(u) < F'(u). Consider now u €
K () N SBV?(2, R?) with compact support. By Proposition 1 there exists
a sequence of functions wy € K(2) NW(L, R?) with compact support such
that (15)—(18) hold. Then by the lower semicontinuity of F' it follows that

Fi(u) <liminf F/(wy) < limsup Fi(wy) < limsup F(we) < F' ().

k— o0 k—+00 k——+o0
It remains to remove the hypothesis on the compact support. Letu € K (£2) N
SBV?*(2, R?), from Lemma 4.2 in [11] follows the existence of a func-
tion ' € SBV?(R? R?) with compact support such that u’ = u in ,
[4'loc = llut]loo and H'(S,y N 3R) = @. Let Q' be a rectangle containing
the support of u’, then there exists a sequence v, € V/(Q, R?) such that
lim sup,_, o F'(ve, Q') < F'(u, Q). Considering the I'-liminf inequality, we
have

Fle(u, Q) > limsup F! (ve, Q)

e—0
> lim sup F, (ve, Q) + lim inf Fl(ve, 2\ Q)
e—>0 £~

> Flu, Q)+ FuQ\Q).
Then
Fiw)=Fi(u,Q) < Fl(u,Q) — Fl(u, 2\ Q) = Fl(u,Q) = F'(u),
which completes the proof. O

Consider now the isotropic approximation.



680 M. Negri

Proposition 6 For every u € SBV?(Q,R?) N K(Q) there exists a
“sequence” v, € Vf(Q) such that

(87) v, —> u strongly in L'(Q,R?) ,
(88) lim sup 7 (ve) < FP(u).
e—0

Proof. Step 1. Let u € K () N W(2, R?) with compact support, and let
S, be the union of the disjoint segments S,,. By Lemma 2 there exists a mesh
T. € T? such that (32) holds. Using this mesh we can repeat the proof of
Proposition 5 and we get (80),(81) and (84). Finally, by (32) we have

Smi .
1Gn)el 8)8| =y sinf H'(S,)

D 2
lim sup/ yM dx < ylimsup
Si, €

£—0 e e—0

and then the I"-liminf inequality is proved for u € K () N W(R2, R?) with
compact support.

Step 2. See the proof of Proposition 5. O

7 Boundary value problems

Let Q be an open, bounded, connected set in R? having Lipschitz bound-
ary and let 2y be an open bounded set. Suppose that 2 N Qy # @ and that
0Qp = QN Qo # P is polygonal. Let g € W>*°(Qp, R?). Finally let
Q' =QUQ, Q)= \ Q.

For a constant k > ||g||c, define the constrain K (") = {|jullec, < k
u = gin }. Being g € W>>(Qy, R?) we can clearly define its Lagrange
interpolation and we denote it by g.. Denote by €2 , the union of the elements
T e T. such that T C €. Then we can introduce the discretized constrain
Ko(Q) ={llulloc, =k u=ginh }.

The discrete functional is now defined as

(89) GL(v) =§ > | fe.Dvdx,

TeT,i v TN

if v. € V/(,R? N K:(Q') and G’ (v;) = 400 otherwise in L'(Q', R?),
while the limit functional is

Q/

(90) G'(u) = W(Eu)dx-i—/ & (V) dH',
Su

ifu e SBD*(Q',R?>) N K(R') and G’ (u) = 400 otherwise in L' (', R?).
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Proposition 7 For every mesh T. let ¢; : R*> — [0, +00) be the corre-
sponding anisotropy function. Then for every u € L'(Q2, R*) and for every
sequence vg; € V;j_ (22, R?), converging strongly to u in L' (2, R?), we have

1) G'(u) < lim inf GL(ve).

Proof. Up to extracting a subsequence we can suppose that G’ (v,) < ¢ < 00
and then by L'-convergence follows u € K (R2). Inequality (91) is proved as
in Proposition 2. o

Proposition 8 For everyi = 1,2, 3 and for every u € SBV*(Q, R?) there
exists a sequence vg; € V;j (22, R?), converging strongly to u in L' (2, R?),
such that
G'(u) > limsup G (v,) .
=0
Proof. Ttfollows by a density result with respect to boundary value problems,
proved in [21], and by Proposition 5 . O

Remark 4 Note that this formulation takes into account the case of a fracture
along the set 92p where the boundary condition is assigned. Indeed we can
write

W(Eu)dx:/ W(Eu)dx—l—/ W(Eg)dx:/ W(Eu)dx + C,
Q Q Q) Q

/ s dH = [ giwdH + / 6 (v) dH'
Su

SN S$uNd2p

Then the minimum problem min{F’ ()}, for u € SBV?*(Q/,R?) N K (),
becomes

min{Fi(u, Q)+ )//

S.N3p

b (dH'|
foru € SBVX(Q,R>) N K(Q) .

Proposition 9 Let ¢; ~\ 0 and we; be a sequence of minima of G, (ve,),
then there exists a subsequence which converges strongly in L' (Q', R?) to a
function u € SBD*(Q', R?).

Proof. Using the technique of Lemma 3, we know that for every ¢; there is
a functionv; € SB D*(', R?) such that

| W(Ev)dx + aH' (1, N Q) < GL (w))
&

(r e @+ we;(x) # v} < Be Gl (we)).
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By Proposition 1 v; is compact in SB DZ(Q;j, R?) and then (up to a subse-
quence) it converges to a function u; € SB DZ(Q’SI,, R?). The convergence
result follows by a diagonal procedure for an increasing sequence of sets Q’gj
converging to €2'. O

By a standard argument in the theory of I'-convergence [15] we have the
following result on the convergence of minima.

Proposition 10 Let w,, and u as in Proposition 9. If u € SBV*(Q', R?) then
it is a minimum of the functional G'(u) restricted to SBV*(' R*) N K().

Remark 5 Clearly, using the same arguments, we can prove similar conver-
gence and compactness results for the isotropic case.

8 Numerical results for a quasi-static evolution
of a pre-existing fracture

This section presents some numerical results obtained for a model problem. A
detailed analysis of the numerical implementation and a comparison between
benchmark experimental results is out the purposes and will be the subject
for a further investigation [5].

Considering the notations of Section 7 and following [18] let the boundary
condition be given by a monotonically increasing function g(z, x) = rg(x)
for g(x) € W?*(Q,R?) and let S C Q be a segment representing the
initial fracture. Moreover let 0 =ty < t; < ... < t, = T be a uniform
discretization of the time interval [0, 7] and let g.(x) € V; (R0, R?) be the
Lagrange interpolation of g(x). Finally fora givenk > 0,let K, ,(Q2") = {u €
LY (2, R?) : lulloo <k, u=tg(x) in €.} and S, ;, be the covering of
S in the mesh T:. Then for ¢ = £, our discrete functional becomes

(92) Gi . (ve) = % > f(e, Dv,)dx .

/
TeTi\S.,, "1 %
Given

93)  wey € argmin{G;tO(ug) foru, € V.(Q,R>) N K, ., ()},
the discrete set of crack, denoted by J; ,,, is given by the elements T € T
such that the local Griffith’s criterion e W (Ew, ) > y is satisfied. In order
to ensure the irreversibility of the fracture we define S, ;, = S; 4 U Je 4, and
consequently G, ;, as in (92). Proceeding by induction, the evolution will be
given by the sequence of functions w, , fori =0, ..., n.
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By an obvious rescaling argument it is not restrictive to suppose that
=1l.Letc = (u+ %) and s > 1, then a good choice for the control
function ¥ (z) is

v(z) = — arctan ((cz) )

which gives

v (e|Du,|*) = %arctan( (M+ ) |Du€|2v>

Indeed, considering (4 %) | Du,|? as an approximation of the energy W (Eu,),
the local Griffith’s criterion becomes

A 2
e(n+ §)|Dusl >1l=y,

suggesting that the function 1/ (z) should change its behavior around z = 1.

From the numerical point of view the difficulties come from the minimi-
zation of the function G’ . Indeed in order to reproduce accurately Griffith’s
criterion we should use a function 1/ (z) having a fast transition between 0
and 1. This is clearly obtained taking s large, indeed in this way the bulk and
surface energies are computed carefully, because the function f(e, M) has
the following behavior

| ewasmy for ec|M|? < 1
e, M) = { y otherwise.

Unfortunately the numerical minimization for s large is very difficult due to
the sharp layer at z = 1 (the algorithm seems to be unable to overcome the
layer and thus the solution does not exhibit any motion of the crack). For
this reason we need a graduated-non-convexity strategy (in short GNC). For
every time step #; let 1.5 = s < ... < sg = 8.5 with 5,41 — s, = 1 and
let Gi’i" be the corresponding discrete functional Starting from s; the idea
consists in computing a solution of G takmg as initial guess the solution

of Gls ;’( ", Clearly for Gg,tj the initial guess is the solution at time #;_;, while
for G?,O itisu, = 0, being g(0, x) = 0.

For every time t; and every value s; the minimization is performed by
a quasi-Newton algorithm for non-convex functions using a quadratic back-
tracking as line search strategy (we refer to [22] and to the references therein
for the details).

Our model problem is defined in the set Q2 = (0, 2) x (0, 1), the initial
fracture is the segment with extrema (0, 0.5) and (0.55, 0.5). The boundary
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condition g(x) is given on the sets 922, = {(x1, 1) forx; € (0,2)} and
94" = {(x1,0) for x; € (0,2)} and it is defined as

A 0,0.5) forx € 9Q}
gx) = .
(0, =0.5) forx € aQ7"".

The Lamé constants are & = 9 and A = 12 and the fracture toughness is
y = 1. Let us try to give a rough estimate of the critical time ¢, when the
crack should start to move. Suppose that the crack tip is located at the point
(L, 0.5), we expect the fracture to evolve horizontally from left to right. We
will restrict our analysis to the set (L, 2) x (0, 1) because the value of the ener-
gy in (0, L) x (0, 1) remains basically constant until loss of cohesion occurs.
Considering the geometrical symmetries of the problem we can approximate
the elastic energy by

wt D2 e -1
H 2 8x2 ’

where #1(x) is the affine fl{nction in © having boundary condition g(x) on
dQ2p. Letc, = (n + %)I%F and let dI, the increase in fracture length, be
the unknown. Then the energy is

G.(dl) = c,t?’2— L —dl) + ydl =di(y — cot?) + cot*2— L),
which is a linear function of dI. The minimum problem becomes

min  dl(y — c.t?) +c.t*’2—L).
0<dl<(2-L)

Thus for (y — c.t?) > 0 the minimum is attained in d/ = O (the crack does
not move) while for (y — c,t?) < 0 it is attained at dl = (2 — L) (loss of
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Fig. 9. Initial configuration
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Fig. 10. Configurations from ¢t = 0.250 to t = 0.266 with dr = 0.002

cohesion). Even if the real behavior is not so simple, because of the influ-
ence of lower order terms, we can take as critical time the value 7. such that
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Fig. 11. Comparison of elastic, fracture and total energies

¥ = c.t>. In our case #. ~ 0.258. The computed results seem to obey to this
estimate, being the numerical critical time ¢! = 0.252.

Finally, Figure 10 and 11 show the evolution of the fracture and the

behavior of the energies. It is clear that at time ¢ = 0.262 the fracture starts
“running” in order to reach the global minimum corresponding to the loss of
connection.

References

. Alicandro, R., Focardi, M., Gelli, M. S.: Finite-difference approximation of energies

in fracture mechanics. Ann. Scuola Moun. Sup. 4, 671-709 (2001)
Ambrosio, L., Coscia, A., Dal Maso, G.: Fine properties of Functions with Bounded
Deformation. Arch. Rational Mech. Anal. 139, 201-238 (1997)

. Ambrosio, L., Fusco, N., Pallara, D.: Special Functions of Bounded Variation and

Free Discontinuity Problems. Oxford University Press, Oxford 1999

Bellettini, G., Coscia, A., Dal Maso, G.: Compactness and lower semicontniuity
properties in S B D(£2). Mathematische Zeitschrift 228, 337-351 (1998)

Bourdin, B., Negri, M.: (Title to be defined)

Bourdin, B., Francfort, G., Marigo, J.J.: Numerical experiments in revisited brittle
fracture. J. Mech. Phys. Solids 48, 797-826 (2000)

Braides, A.: Approximation of free discontinuity problems. Springer, Berlin 1998
Braides, A., Dal Maso, G.: Non-Local Approximation of the Mumford-Shah
Functional. Calc. Var. Partial Differential Equations 5, 293-322 (1997)

Buliga, M.: Enegry minimizing brittle crack propagation. J. Elasticity 52, 201-238
(1999)



Finite element approximation of Griffith’s model 687

10.

11.

12.

13.

14.

15.
16.

17.

18.

19.

20.

21.

22.

23.

Chambolle, A.: A density result in two-dimensional linearized elasticity and applica-
tions. Preprint CEREMADE 012

Chambolle, A., Dal Maso, G.: Discrete approximation of the Mumford-Shah
functional in dimension two. Math. Model. Numer. Anal. 33, 651-672 (1999)
Ciarlet, P.G.: The Finite Element Method for Elliptic Problems. North-Holland,
Amsterdam 1978

Cortesani, G.: Strong approximation of GSBV function by piecewise smooth
functions. Ann. Univ. Ferrara, Sez. VII 43, 27-49 (1997)

Cortesani, G., Toader, R.: A density result in SBV with respect to non-isotropic
energies. Nonlinear Anal. 38, 585-604 (1999)

Dal Maso, G.: An Introduction to I'-convergence. Birkhéuser, Boston 1993

Dal Maso, G., Toader, R.: A model for the quasi-static growth of a brittle fracture:
existence and approximation results, Arch. Ration. Mech. Anal. 162, 101-135 (2002)
Ebobisse, F.: Fine properties of functions of bounded deformation and applications
in variational problems. Ph. D. Thesis, University of Pisa (1999)

Francfort, G., Marigo, J.J.: Revisiting brittle fracture as an energy minimization
problem. J. Mech. Phys. Solids 46, 1319-1342 (1998)

Liebowitz, H., Sih, G.C.: Mathematical theories in brittle fracture, Fracture: An
advanced treatise. vol. II: Mathematical Fundamentals, ed. Liebowitz 67—-190, Ac-
ademic Press, New York, 1968

Negri, M.: The anisotropy introduced by the mesh in the finite element approximation
of the Mumford-Shah functional. Numer. Funct. Anal. Opt. 20, 957-982 (1999)
Negri, M.: A discontinuous finite element approach for the approximation of free
discontinuity problems. (to appear)

Negri, M., Paolini, M.: Numerical minimization of the Mumford-Shah functional.
Calcolo 30, 957-982 (2001)

Rice, J.: Mathematical analysis in the mechanics of fracture, Fracture: An advanced
treatise. vol. II: Mathematical Fundamentals, ed. Liebowitz 191-311, Academic Press,
New York, 1968



