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Abstract

The aim of this article devotes to establishing the L!-decay of cubic order spatial derivatives
of solutions to the Navier—Stokes equations, which is a long-time challenging problem. To
solve this problem, new tools have to be found to overcome these main difficulties: L' — !
estimate fails for the Stokes flow; the projection operator P : L! RY) = L Cl, (R) becomes
unbounded; the steady Stokes’s estimates does not work any more in L (R). We first give the
asymptotic behavior with weights of negative exponent for the Stokes flow and Navier—Stokes
equations in L1 (R"), and these are also independent of interest by themselves. Secondly, we
decompose the convection term into two parts, and translate the unboundedness of projection
operator into studying an L'-estimate for an elliptic problem with homogeneous Neumann
boundary conditions, which is established by using the weighted estimates of the Gaussian
kernel’s convolution. Finally, a crucial new formula is given for the fundamental solution of
the Laplace operator, which is employed for overcoming the strong singularity in studying
the cubic order spatial derivatives in L (RY).
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1 Introduction and main results

In this article, we are concerned with the asymptotic behavior of solutions to the Navier—
Stokes initial-value problem in the half space

u — Au+ (u-Vyu+Vp=0in R} x (0, 00),

V-u=0 in R x (0, 00),

u(x,t) =0 on AR x (0, 00), (1.1)
ux,t) — 0 as |x| — oo,

u(x,0) = ug in R,
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where n > 2, and R} = {x = (x’,x,) € R"| x, > 0} is the upper-half space of R”";
u= Uy, uz, - ,uy)(x,t)and p = p(x, t) denote unknown velocity vector and the pressure
respectively, while initial datum u¢ (x) is assumed to satisty a compatibility condition: V -ug =
0 in R and the normal component of u( equals to zero on dR’ ; and

9 d
h=—, V=000 9=-—(G=12- ,
= (91, 02 )y 0 o, ( n)

n n n

Au=Y"0;0u, (u-Vu=Y ujdju, V-u=Yy duj.

j=1 j=1 j=1

Throughout this paper, write
x =), =2, xm), Vo= V=01, 82,0, 8-1),
Cg°(R”) denotes the set of all C* real functions with compact support in R’} , and
CL R ={p = (@1, . ¢n) € CCRY): V¢ =0 in R}

Ll (RY) (1 < g < o0) is the closure of Co oo (R%) with respect to | - ||Lq(R"), where
L9(R’.) represents the usual Lebesgue space of vector-valued functions. The norm of

L9(R}) is denoted by ||M||Lq(R y = (fRn Iu(x)l‘fdx)q if 1 < ¢g < oo; and ||u||Lw(Rn) =

ess Slg) [l Nl ()u@) | Lo@n) = (fRn lw (x)u(x, t)lqu)" lw @) f e Mgy =
xeR:
(fm o (x) f (x, y)I"dX)E, 1 <g <o00,0(x)=xy, x| a>0.0(f(x)) = g(x) means
| f(x)|] < Clg(x)| for some constant C. By symbol C, it means a generic positive constant
which may vary from line to line.
A vector function u is called a weak solution of (1.1) if u € L%(0, oo; L2 R) N
lnc([O ); H0 (R)) satisfies problem (1.1) in the sense of distributions. Moreover, the
energy inequality holds for almost all ¢ € [0, oo) including ¢ = O:

) gy, +2 / IV 2 s < ol 2z

The weak solution u of (1.1) is so far known to be unique only if u belongs to a certain class of
functions which, however, does not cover the whole space L°° (0, co; L2 (R% Y)NL?2 i C([O oo)
Ho (R)). Furthermore if the Serrin’s condition holds: u € L4(0, co; L"(R'})) with 2 +
1,2 < g < oo,n < r < oo, then u is called a strong solution, which is smooth in
R” x (0, +00).

Before stating the main results, we first recall a small-data global existence of classical
solution in the half-space, see, e.g., Theorem 3.2 in [12].

Theorem 1.1 Let ug € L2 (RY) (n = 2). Then there exists a number €y > 0 such that if
||M0||Ln(R1) < € (smallness condition is unnecessary if n = 2), problem (1.1) admits a
unique strong solution u.

Let A denote the Stokes operator —PA in R’ , where the Laplacian A in R’ is
endowed with the homogeneous Dirichlet boundary condition, P is the projection opera-
tor: L"(R%) —> L7 (R"}), 1 < r < oo. Then the function e "4y solves the Stokes system,
that is, problem (1. 1) with u - Vu deleted, with the initial datum u(. The (weak or strong)
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solution u of problem (1.1) can be written as follows:
t
u(t) = e "up — / e~ TP (u(s) - Vu(s)ds.
0

Note that forz > s > 0, e 94 P(u(s) - V)u(s) is also a Stokes flow with the initial
data P(u(s) - V)u(s). That is, set w(r) = e~ DA P(u(s) - VIu(s), t > s > 0, then

oow—Aw+Vr =0 in R% x (s, 00),
V-w=0 in R% x (s, 00),
w(x, 1) =0 on R’ x (s, 00),

w(x, ]i=s = P(u(s) - Vu(s) in R,

Whence in order to establish the estimates of solutions to Navier—Stokes equations, it is
necessary to investigate the linear Stokes problem.

Ifug e L o (RY) satisfies some additional assumptions, Bae and Choe [3] proved the decay
rate for r > 0 |[Ve~tA M()”Lq(R") < Cr ' with 1 < g < oo. If the initial data u lies in an
appropriate weighted space, and satisfies the average condition: f ao1 uo (Y, yu)dy' = 0 for
a.e. y, > 0, Bae showed L' -decay of the Stokes flow in [1], and LH% —time estimate in [2] for
the gradient of Stokes flow, respectively. It is natural to ask whether the Stokes flow e~"4a
belongs to L' (R%), t > O for every a € L) o (R%). The answer to this question is negative,
see a specific counterexample given in the Appendlx

The first result focuses on the weighted L'-time decay estimate of the Stokes flow, as far
as we know, which is first considered for the negative exponent case. Of course, the following
Theorem 1.2 is also very interesting by itself.

Theorem 1.2 Leta = (aj, az, -+ ,ay) € L'(R"), ay lorr =0, V-a=0inRL (n>2).
Then the Stokes flow e~ a satisfies for t > 0

||| N —a —tA < C 7% 0 l,
x| e a||Ll(er+)_ t ||a||Ll(Ri), <o <n-—I1;

and

—a —tA < C —% O 1.
”xn e a”Ll(Ri) = t ||a||L1(R1), <o <1

where C depends only on n, o.

The decay problem for solutions to the Navier—Stokes equations was first proposed by
Leray [17] for the Cauchy problem. Schonbek [18, 21] attacked this problem and succeeded
for the first time in showing existence of weak solutions with explicit decay rate. In [22],
Schonbek first developed a very effective new method, Fourier splitting method, called also
Schonbek’s method, which has been applied extensively for studying decay properties of
solutions to various diffusive partial differential equations. This method does not depend
on the linearized underlying equations. In a series of articles (see [18]-[23]), Schonbek
completed systematic outstanding research work, made many innovative achievements on
decay properties of Navier—Stokes flows in the whole space, which subsequently have been
cited and generalized widely by many mathematical researchers.

All of these techniques employed in the whole space are not applicable directly to problem
(1.1), because the projection operator P : L 1 (RY) — L (1, (R) is not bounded any more, and
PA # AP, which causes many essential difficulties in treating the nonlinear term (u - V)u.
Here we mention briefly some known results obtained on the half-space. Bae and Choe [3],
Fujigaki and Miyakawa [12] studied asymptotic behavior for weak and strong solutions of
(I.)in L"(R’}) with 1 < r < oco. Starting from the proof of existence, Farwig, Kozono and
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David [10] get a weak solution satisfying ||v(¢)||;2 —> 0 as ¢ —> 00, and determine an
upper bound for the decay rate. Relevant topics are referred to see [4]-[9], [11, 15, 16] and
the references therein.

Our second result is to establish L!-decay rates for the Navier—Stokes flows with negative
exponent weights. To our knowledge, few weighted L'-decay estimates in such cases are
available on solutions of problem (1.1).

Theorem 1.3 Assume ug € L' RN L(z, (R%) (n = 2). Then the strong solution u of (1.1)
obtained in Theorem 1.1 satisfies fort > 0

o

Cr—2 ifn=3,

a ’ 0 <o <min{2,n —1};
Ct 2log,(1+1)ifn=2,

I 1)1y < {

and

Ccr 3 ifn >3,

_e X O<a<l.
Ct 2log,(1+1)ifn=2,

lx, “u@ll gy < =

Furthermore if x,uo € L' (R"), there holds
|||x/|7"u(t)||L1(R1) < CF%, 0 <a<min{2,n — 1};
and
||xn_“u(t)||L1(R1) <Cr'7, O<a<l.

Remark From the view point of mathematics, it is necessary to discuss how the classical
weighted function |x|% (o € R!) affects the large time asymptotic behavior of the Navier—
Stokes flows. Due to the fact that the Stokes flow e/4uq is not in L' space (see Appendix),
we do not expect the solution of the Navier—Stokes system to be in L' space with weighted
function |x|%, @ > 0. Therefore, it is natural to consider the case of @« < 0, for which no
conclusion has been found yet. The negative power « for the weighted function |x|“ implies
the energy increases in the spatial direction, and simultaneously in the temporal direction the
energy decreases as the power 7.

The L"—asymptotic behavior of higher-order spatial derivatives of solutions of problem
(1.1) is established for 1 < r < oo in [14]. However, up to now, the case for r = 1 remains
still open, because the a priori estimates on the steady Stokes system are not valid any more
in L' (R%). Applying the nonstationary Stokes’s estimates to the integral equation on the
solution of (1.1), we inevitably encounter the strong singularity. Exactly speaking, under
the assumptions of Theorem 1.4 below on the initial data u(, together with the following
Lemma 3.1, we conclude that for ¢t > 0

3 ! 3
IVl ey < CF?/R" |u0(y)|dy+C/0 (1 = ) P @) - V)l 1 gy ds
+

t
3 2 ! _3 2 2
<cr z/m |uo<y)|dy+c</o +/£><r—s) )22y + IV g s

In the above calculations, we made use of the Stokes’s estimate (see [14]):
Leta = (aj,ar, -+ ,a,) € LI(R’i),an |3R1 =0,V-a=0inR} (n > 2). Then

_ _3
IV3le™Aalll 1 gy, < Ct f la(y)ldy, Vi > 0.
Rn

+
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Since the strong solution # of problem (1.1) satisfies forany 0 < s < ¢

t
(172, + / IV 172 gy dT = 1) 172 -

A strong singularity arises from the following term for ¢ > 0:
! 3
ﬁ (0 =) 22y + 1Vu G2 s
2
- ft<r — ) ) 12 g s
-/ L2(R")

t
> / (1 = )72 dsu ()22 g, = +00.
2
It is almost impossible to avoid this kind of difficulty by making use of such a direct
method, new ideas and innovative approaches have to be found and employed. The following
result (i.e. Theorem 1.4) is an attempt on such topics. Schonbek and Wiegner [23] established
the decay estimates of arbitrary spatial derivatives of solutions in the whole space R", and their
method depends on the Fourier transform and on the commutativity between projection and
differential operators, neither of which seems to be effective directly in dealing with problem
(1.1). The following result is a long-time unsolved problem, which is inspired mainly by the
remarkable research work by Schonbek and Wiegner in the whole space, see [23].

Theorem 1.4 Assume ug € L' RN L(Zf (R'}) (n = 2). Then the strong solution u given in
Theorem 1.1 satisfies for any t > 1

cr3 ifn >3,

IV3u@) gy < ‘
EED =1 cr2log,(14+1) ifn = 2.

Suppose xpuq € L' (R, there holds for every t > 1
_3
IV u@ll gy < €172 (1.2)
Furthermore if xyug, (1 + x,)Vug € LQ(R’j_), then for0 < B < 1

2
Iy V2 u@l @y < Criti Vsl (1.3)

Remarks (1) As seen below, the proof’s procedure of 1V3u@®)| LIR™) is technical, compli-

cated and lengthy. However, it is still possible to establish the L!-time decay of higher
spatial derivatives VAu (k > 4) by using these methods employed in this article.

(2) To our knowledge, it is the first time to show the (weighted) decay estimates of the cubic
spatial derivatives in Ll(Rﬁ). Letx = (&, x),y=(', ) e R, and 0 < B < 1. It
is not sure whether similar decay results are true for || X 1BV3u@)| L1(®n)- Because in
the proof procedure of Theorem 1.4, we make full use of the special structure of the half
space, the weight x,‘f can be treated by (x, + y,,)5 in Solonnikov’s solution formula. On
the other hand, since |x’|? < |x’ — y'|# + |y/|P, and the strong singularity arises from
the term containing the weight |y’|# in Solonnikov’s solution formula, we readily find
that the methods employed in the proof of Theorem 1.4 does not work in the case of the
weight |x'|B. Up to now, the decay estimate of || |x’|ﬂV3u(t)||L1 ®™) is still unsolved.
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This article is organized as follows: In Sect. 2, we collect some basic known results, and
give the proof of Theorem 1.2. Section 3 devotes to establishing the weighted L'-time decay
of the strong solution of problem (1.1). By means of properties of the Gaussian kernel’s
convolution, we construct some crucial weighted estimates on a class of elliptic problem
relating to the convection term in problem (1.1), which will be frequently applied in the proof
of Theorem 1.4. In fact, such a study is of independent interest. Together with some known
decay estimates of solutions of (1.1), we establish L!-time (weighted) decays of solutions
of (1.1), see Theorem 1.3. In Sect. 4, we focus on studying the (weighted) decays of cubic
spatial derivatives of the strong solution of (1.1). To do this, we first find an important formula
on the fundamental solution of elliptic operator —A, which is important in overcoming the
strong singularity. Combining Theorem 1.3 and Solonnikov’s solution formula, we finally
achieve the desired results, e.g., Theorem 1.4.

2 Weighted L'-decay for the Stokes flow

In this section, we first introduce Solonnikov’s solution formula and related basic estimates.
Leta = (ay,az, - ,a,) € LI(R'_L), a |3R1 =0,V.-a=0inRY (n > 2). Then it
holds for r > 0 (see [24])

[e—tAa](x) = /R" M(x,y,t)a(y)dy, x € R'_‘P 2.1)
+
where M = (M;})i j=1,2,... n is defined as follows
Mij(x,y, 1) = 8;j(G/(x —y) — Gi(x = y"))

A IE(x —z
+4(1 - 5,,0—/ f OEX =D G, — y*ydz
8)6]' 0 Rn—1 0x;

1

=08ij(Gi(x —y) = Ge(x —y") + M (x, y, 1), (2.2)
n Xz
V=1 Y2, =), Gi(x) = (47‘[[)_76_% is the Gaussian kernel,
-t ifn>3
s [LiTi=i g n(2—n)wn{x|”_21 "=
T0ifi £ S .
’ ——log, — ifn=2,
2 |x|
wp = 1“(72731) denotes the volume of the unit ball in R”, E(x) is the fundamental solution
2

of the Laplace operator —A. Namely, —AE(x) = §(x) in the sense of distributions, where
8(x) denotes the Dirac function concentrating at x = 0.

Let £ denote 1,82, £y_1,4,) = (£, £,). Then the estimate for M;“j 1<i,j<n)
in (2.2) holds forx,y e R , ¢t > 0

n+lK | Hm'| e

9 VEVIME (x, v 0l < CoO 4 x) (= y P T e T (23)
Proof of Theorem 1.2. Lety = (¥, y,) € R’,. Then forr > 0

oo
Lo e =y VD
Rt=1J0O

/ 1 = Y T VDT
n—1

<
“n-—1
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IR

1
a1 /R LT =y T e

3 o

12 Y -3 T
|2 7%d7 + |z’ "dz
n —1 |Z/|<1 —1 ‘Z/|>l
-
1, _ "
X(/ (2" —172y'[+ D) ”dZ)
[z'[>1
o 1 [*3 o0 %
SCF?/ sTO 205 + Ct72 </ sfzds>
0 1
00 7rz(nfl)+n72 1_%
X / (s+1)" e« ds
0

<Ci(n,a)t™ %, O<a<n—1; (2.4)

IA

and
o0
fo /R 0 =Yy VDAY dy
o0
= / xn—a/ (|x/| + x, + \/;)_ndxldxn

%/ / (x| + xn + 1) 7"dx'dx,

<Ct~ 2[ / (s +xp, + D" 2dsdx,

/ / (s+x,+1)" 2dsd)c,,

<Ct~ z/ @ (x, + 1) ldx,
0

o 1 o0
<Ct 2 <f x, %dx, +/ x;“*ldx,,>
0 1

<G, %, 0<a<l. 2.5)

e 72 [xn
Set GV (x) = )" e 1 e R GV (x,y) = (drt)~te= 45 x, € RY. Then
Gi(x) = G;"_l)(x/)G,(I)(xn), x = (x/, x,). Whence for y = (y/, y,) € RY andt > 0

/ [T G (x — ) — Gi(x + y*)ldx
Ry

o0
= /0 /R WG = OIGE G = ) = Gi G+ yn)ld'dxy

o0
< / f 1 179GV = )G (= yp)dx'dx,
0 Rr—

IA

/ 4GV = yydx!
Rn—l

a — 1
f?/ TGV e
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zcr (/ 1o+ [ Gi"“kz/—f%y/)df)
lZ'I<1 l2'>1

1
<Ct7 2 </ st +/ ngfl)(z’)dz’>
0 Rn—1

<C3(n,a)t™ %, O<a<n—1; (2.6)

and

/ X7¥G(x — y) — Giy(x + y9)ldx
R
o0
= fo fR 5GP = OIGE G = ) = G G )l doxy
o0
< An—l G;"_l)(x/ — y/)dx//(; x;aGgl)(x,, — yn)dx,

o [ )
:t’i/o X, “G 7 (xp — yn)dxy,

1 o]
<Ct 2 (/ x, %dx, + / Ggl)(xn — y,,)dxn>
0 1

<Cin,a)t™%, O<a<l. 2.7

Using the representation (2.1) of the Stokes flow e’ A4, and the estimates of (2.3)-(2.7),
we find forr > 0

/ 4l Aa(x)ldx
R
< / / W 171G(x — ¥) — G (x + y9)a(y)ldxdy
2 Jer
e / / W17 = ']+ x4y + VD la(y)dxdy
+ YRy

< C(n,a)t_%||a||L1(R1), O<a<n—1;

and

[ wetie aiwias
Ry

= / / X, 4Gy (x = y) = Gi(x + yO)lla(y)ldxdy
+ 5

e f / X8 = 'L+ + 3+ VD a(y)ldxdy
n Jer

< C(n,oz)t_%HaIILl(Ri), O<a<l.

@ Springer



L' —decay of higher-order norms of solutions. .. Page 9 of 48

23

3 Asymptotic behavior for the Navier-Stokes flows in L' (R"})

Let g = A f denote the solution of the Neumann problem
—Ag=f inRY,
g(x) — 0 as |x| — oo,
g |8R1 =0.

Then (see [13])

o0
N = / F(T)df,
0
where the operator F(¢) is defined by

[F()f1(x) = / (Gi(x" =y, xn — yu) + G (X" — ¥, xn + y) 1 f (),

R}

n X 2
and G;(x) = (4nt)_ie_% is the Gaussian kernel in R”.

It follows from (3.1) that the solution g = A f can be written as follows

WNfHx) = /O /R” (Gi(x" =y %0 = yu) + G (X" — Y, xn + y) f (¥)dydr.
+

In addition, there holds for any u, v € L2 (R%) () H} (R") (see [13])
n
Pu-Viv=(u Viv+ Y VNd;v,)).
i,j=1

Lemma3.1 Let0 <0 < 1land0 < B <« < 1. Then for any u, v € C&U(Ri)

n
> xIVN;D;(uiv;)
i=l L'RY)
< Cllull 2@y lvll 2y + IVull 2@ IVl 2R )
g Pl o) 1yh vl 2y + =P Vil 2 18 Voll 2y
n
D xIVING; (uiv))
h=l L\®Y)
< € (Wl 2y IVl 2y + IVl 2 ol e
IVl 2 IV20l 2geyy + 1920l 2 IV Ul )

Pl e I1vE Voll 2y + 1y~ Vall 2y Iy vll 2y

3.1)

(3.2)

(3.3)

3.4

HIyg PV ull 2 158 V0l 2y + 1y V2l 2y 195 V0l 2y ); (3.5)

and

n
Z xn_QVNE),-Bj(u,»vj)

i,j:1 LI(R'J'r)
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< Clull 2@y vl 2@y + 1Vl 2@y VOl 22 ) (3.6)

Remark Replacing the weight x by |x|* in (3.4) and (3.5) respectively, the following esti-
mates hold (the proofs are 31mllar to these of (3.4) and (3.5)) for any u, v € C0 (R

n
D x| VN9 (v,))
b=l L'®Y)
< Cllull 2@y 0l 2y + VUl 2@y IV 2R
H P ull 2y 1P oll 2 gy + 1Y Vull 2y 1Y 1P VUl 2y
”
> xOVEN ;9 (i )
=l L'RY)
< (||M||L2(R")||VU||L2(R vy H IVl 2y vl 2 g )
+||VM||L2(R")||V vll2ge) + Iv? ull 2wy IVl 2R
HHI Pl oy 1Y 1PVl 2y + 191 P Vel oy 1Y 1P 0l 2

HIY PVl 2 131920l 2y + 11515 V2ul 2 Y1 Vol 2 )

Proof Denote the odd and even extensions of a function f from R’ to R", respectively by

%/ _ f(x/, xn) if Xp = 07
SO ) = { — F(x, —xn) if xp <O,

and

, | f& X ifx, >0,
Jel, xn) = { f&', —xp) if x, < 0.

Letu,v e COG(]R ). Then from (3.2), one has forany 1 <k <n

n
D xRN0 (uiv;) Z aak/ F(1)3;9;(uv)dt
i,j=1 LI(R") i,j=1 LI(R'_:_)
n 1 00
=C| > 0(x)xo </ +/ )GI 5 [8;0; (uiv))]udt
i,j=l 0 1 LI(R")

1 n
5C/A|xn—yn|“|akcf(x—y>|| S 0i0;wivg) | ()ldyde
0 n .

h=! =g LR

c / [ 106 =l 3ty | )ldydr

ij=l . LL(R)

+CZ

i,j=1

/ / ¥ 3:9;G (x — Wy (Wl yd

LLRM)
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n

+C )
i j=1
=M+ My + M3+ My, 3.7

o0
/ fR 19359 G (x — Y)llyal®lwi; O Idyde
1 n

LL(®R")

where 0(x,) = lifx, > 0,0(x,) =0if x, < 0; w;; = (wvj)if 1 <i,j <n-—1lor
i=j=n,wy=v) ifl <i<n—1w,;= @) ifl <j<n-1
LetO <8 <a < 1. Then

1
M+ M, < C/ H|xn|“8kGf(x/,xn)HL1(R,,)d‘r||Vu||Lz(Rn+)||Vv||L2(Rn+)
0
1
+C f 19k Gell L1 @ryd Ty =P Vaell oy 158 Vol 2 gy
0
1 a_ 1
= C/ 27 2de||Vull ) IVl 2
0

1 1
+C f t2dellyy P Vull g 1 Vol 2
0

< C(IVull 2 IVl 2@y + s~ Vull oy 195 Vol 2ey); - (3.8)

n o)
M3+ My <C E / /R IxnlalakaiajGr(x’,xn)ldxdtllwijlhl(m)
L. 1 n
i,j=1

n 00
+C Z/l /R 109:9; G (', xa)ldxd ||y wijll 1 g

i,j=1
00 n e
a_3 _3
SC T2 2d‘L'||w,j||L1 R +C T 2dT||yfl[wl]||Ll(R")
(R) "
1 i1
< Cllull 2y 10l 2y + CIyEPull oy 1B vl 2 gen - (3.9)
+ + + +

From (3.7)—(3.9), we infer that (3.4) holds.
Now we give the proof of (3.5). Let0 < f <« < I, thenforany 1 <k <n

n
> xIVONd;(uiv;)

ivj:] LI(R'J’r)

1 n
<C f [ o = Yal“Ik G (x = DIV | Y 80 wivy) | (p)ldyde
0 n

i,j=1 * LJIC(R")

1 n
+C f f 106G (x = MIyal®IV | D 80 ivy) | (0)ldydr
0 JR®

ij=1 * LR

+CZ

o0
f f tn = ynl130:0; G2 (x — ) [[Vany; () ldyde
1 n

i j=1 LL(RM)
n 00

ey / /|aka,-a,GT<x—y>||yn|“|VwU<y>|dydr
2l S Lign)
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= N1+ Na+ N3 + Ny (3.10)
1
Ni+ Ny < cf a3 Ge (' ) 1 gy T
0
x (1Vall 2y I V20l 2 ety + 1V 20l 2y [ V01l L2 )
! 2
€ [ 10 aorde sVl I5f Vol
P Vull 2 138 V2 0ll 2 )

1
<c /O T3 T (1Yl IV gy + IV gy IV )

1
+C /0 ey PVl e 15 Vol 2
P Vull 2 18 V0l 2 )
< C(IVull 2@y V20l 2y + 1V2ull 2y V0l L2 y)
Hlyy PV ull 2 lyh Vol 2
P Vull 2 18 V0l 2y (3.11)

N3+ Ns<C Z/ / 6104010 G2 (', ) |dxd T || Vil 1

i,j=1
+C Z/ f 10¢0;9; G o (x', 0 | dxd T 1|y Vw11 o
i,j=1
a_3 e _3 o
<C Z eVl + | T T Vil
i,j=1

< C(||M||L2(R1)||VU||L2(R") + IVl 2@y vl 2ge )

g Pull 2 1yh Vol 2@y + 11~ Vull 2@ 1vF vl 2e)-
(3.12)

From (3.10)—(3.12), we conclude that (3.5) holds. Next we show the validity of (3.6).
Letu,v e C ~(R%). Then from (3.2), one has forany 1 <k <n

n
> x, PN ;0 (uivy)
b=l LR

n 1
Z xn_aakf G % [0;07 (ujvj)ledr
0

ij=1 LY®™=1%(0.1)

-+l Z x—eak/ G [3:9; (uiv ) 1edTll L1 1 0 0.1)

i,j=1

Z 8kN8i8j(uivj)

i,j:1 LI(RC’r)
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1 n
< C sup / X9 Go (x — y)dt > 00 (uivy)
yeR" 0 1(pn—1 .
ye LI®=1x0.0) ||; 5= LR
n 00
+C sup / X, 009, G (x — ATl L re-1%(0,1) ‘ wijllLr e
yeR"i,j:l 1
n
> N0 (uiu)) . (3.13)
hj=1 LI®Y)

Letl1 <i,j,k<n.0<6 < 1. Thenforanyy=(y,y,) € R"

1
H / X, 90 G o (x — y)dt
0

LY (R"=1x(0,1))

1 pl
_n _1 _ |x

< 4 3 p—h x0Tk Tk, "dxpd

_///R”](nr) T 2x, N Xpdt

1 _p _La— }n)
<C / / Ixfe dx,dt
2 ]'7()
1 1+no L atng)en—yn) +no
< C/ -1 (/ x; 9(1+no)dxn> / e S0t dx, dr
0 0 0

b m 1
< C/ T 1+2“*0"0)(11: <C, where 0 <ng < i 1; (3.14)
0

and

o0

x, 8,90, G(x — y)dt

LY (R"=1x(0,1))

1
1 o _3 _n lx’ ‘|2+\’6n ‘nl ,
< T2 (47‘[7.’) Ze™ dx'dx,dt
0 1 Rn— 1
o0 ! 2 —g —Lmn yn)
<C T xn dx,dt
1 0

00 1
< c/ r_zdr/ x, dx, < C. (3.15)
1 0

In addition, it follows from (3.4) with « = B = 0 that

n n
Z 3,‘3]'(1/{,‘1)]') + Z ”wij“Ll(]R'_j_)

i,j=1 LIRY) i,j=1
= C(||M||L2(]R )||U||L2(]R") + ||Vu||L2(R")||VU||L2(R" ) (3.16)
From (3.13)—(3.16), we conclude that for0 < 6 < 1,1 <k <n

n
> x f N0 (uivy) < Clull 2@y vl 2y + 1Vull oy V0l 2y )
b=t LI@®Y)

which is (3.6). o
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23 Page 14 of 48 P.Han

Lemma 3.2 [12-14]. Assume ugy € L(Z7 R L"(RL) (n = 2). Then the strong solution u
of (1.1) given in Theorem 1.1 satisfies fort > 1

IV 1@l 2y < €1 +07278, m=0,1,2,3;
18,V u ()l 2y < cr =% ¢ =0,1.
Furthermore, if ug satisfies

lxnteoll 2@y + (L4 x0) Vo ll g2 ey + (14 xn)uoll 1 gy < 00

Then following estimates are true for the strong solution u with t > 1

m _m+tl_n _ .
v M(f)”LZ(R'jr) <Ct7 274 m=0,12,3;

1,V u ()l 2y, < Cr737274, £=0,14
andfor0 <y <landt > 1

4
6y Va2, < Cm 27345 0 =0,1.

Proof of Theorem 1.3. The strong solution u of problem (1.1), which is given in Theorem 1.1,
can be represented as follows

u(t) = e uy — ./ol e DA Pu(s) - Vu(s)ds.
It follows from Theorem 1.2, Lemma 3.2 that for 0 < @« < min{2,n — 1} andr > 0
I 1@l gy < N1 Augll 1 e
+ /Ot |~ AP @ls) - Vyus)l 1 g yds
= Cr uoll gy + cfota =T IP@(s) - VUl 1 gy yds

o t o
< Ct77|lu0||L1(R’i) + C/(‘) (t—s)" 2 <||(u(§) . V)u(g)”Ll(Ri)

n
o DR T ds
By=l LI(RY)
1
<Cir i4C /2+ft (=) 2 (lul) 125 mn 4+ IVU@) 25 0 ) )ds
= 0 ; L2(R") L2(RY)

t
a o 2 n t a n
<Ct 2 +Ct77/2(1+s)77ds+c‘/; (t—s)"2(1+s) 2ds
0 2

_ cr 2 ifn >3,
“ | Tog,a+0)itn=2.

Similarly, we have forO < o < land? > 0
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— —a 1A
llx, au(Z)HLI(Ri) < lx, % u0||L1(1R1)

t
+ / lx, %™ AP (u(s) - Vyu(s) |1 ®")ds
0

t
o o 7 n 4 [*3 n
<Ct 2+4Ct 2 / (14+s) 2ds —I—C/ (t—s)"2(14s) 2ds
0 3

_ e ifn >3,
~lcr%10g,(1 4 1) it n=2.

Now suppose ||x,uoll 1 ®") < 0. Using Theorem 1.2, Lemma 3.2, we derive for ¢ > 0
I )l ey, < €175+ / (0 = )7 (U2 g, + V8O3 )ds

a a 2 n ! a n
<Ct 2 +sz7/ a +s)*1*7ds+cf (t—s)"2(1+s)"'"2ds
0 5

< Ct_%, 0<a<min{2,n —1};

and similarly

o “u @l ey < Ct™3, 0<a<l.

—behavior for cubic spatial derivatives of Navier-Stokes flows

The first preliminary result is an important identity, which plays a crucial role in avoiding
the strong singularity in the proof of Theorem 1.4.
Set Z(R") = {f € C*[R") | I l‘im |xTVY f(x)| =0 for any multi index 7, y}, where
X|—>00

XM= x' ) VY =007 0 = (2 M), Y = (V1 V2, V) are
multi indexes.

Lemma4.1 Letx = (x1,x2,--- ,x,) € R (n > 2). Then

8E 1
Z ) / / (x y) = -g(x), Vge SR,
Xi R 1 Xi 2

where E is the fundamental solution of the elliptic operator — A in R", its specific expression
is given in Sect. 2.

Proof Observe that for every 1 € ./ (R") and x = (x', x,) € R},
dE(x —y) oh dE(y) dh(x —

/ / IE(x —y) (y) / / () dh(x —y) , dy, 1<i<n:
Rr—1 xl' Rr—1 3yt 3xn

and 0 < € < xy,

/x,,/- E(y) 8h(x—y) / / IE(y) 3h(x—y)
€ Rr—1 Byn 8 Rn—1 3Yn 3)’n
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Xn 82E( )
= / / o h(x = ydy
€ Rr—1 8yn

AE (Y,
[ Gy 0y
Rn—1 axn

IE(Y,
+/ EG. O v~y 3 — )dy. (42)
Rn—1 3yn

In addition, it holds for € > O and n > 2,

AE(Y',e)  IE(QY, yn) 1 € 43)
Oyn B dyn Yn=¢€ B nwy (|y/|2 +€2)% . .
Let ¢ € .Z(R""") and n > 0 be small enough. Then
() =00) +y - Ve©O)+ 0y, ¥yl <n
Whence fore > Qandn > 2,
A A 0/
f €p(y’) i dy/:/ €p(y") ndy’+/ €p(0) a4y
Ri= (|y'|? + €2)2 y'1zn (1y'12 +€2)2 y'l<n (Iy'1? + €22
€ /. V/ 0/ € 712
+f yz“’iidywomf 2Iyl22 /
y'l<n (|y'|7 +€)2 y'l<n (|y'|7 +€)2
4
=Y (). (4.4)
j=1
Now we calculate and estimate each term /;(¢), j = 1,2, 3, 4.
@l = w7 [ 00)idy — 0 as e — 0 (45)
]Rn—l
/d /
@) = Ve [ 2
l<n (Jy']* +€9)2
noosn=lgg
< caveo)l [ S
0 (s2+€2)2
n 1
< c6|v’<p(o’)|/ (s> +€>)"2ds
0
< CIVp(0)lelog,(1+e'y) — 0 as € —> 0; (4.6)
ly'|2dy’
[14(e)] =< C€|f PR
Iy'l<n (|y']* +€7)2
n n
< Ce/ s'ds i
0 (s2+€2)2
< Cne— 0 as € —> 0; 4.7
edy’
e = o) [ S
Iyl<n ([y']7 +€°)2
1-—n /
€' "dy
= ¢(0)

Wi<n (e 1y 2+ 1)3
d /
= ¢(0) / =
1< (12> + 1)2
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d7

— ¢(0) — 4 e—>0. (4.8)

T
Re-t ([2']° + 12

m

Note that the volume w,, of the unit ball in R” (m > 1) is expressed by w,, =

m =n — 1, then
dZ/ 00 s”*zds
/ 7&=(n—1)wn71/ —
Ri-1 (|22 + 1)2 0 (2412

(n—Dr 2
S r(+)

T2
1—,(17_’_”17). Set

5 5
/ (sin©)"~*d0o
0

= (4.9)
r(3)

In the proof of (4.9), we used the known result: let m > 0 be an integer, then

1
% % ﬂir‘ m+l
/ (cos0)"do =/ (sin6)"d6 = M
0 0

2r (#32)

From (4.4)-(4.9), we find

. €p(y') , 5
! ———dy = )
eg%/wq (|y/|2 +€2)3 y <F (%) (Y) o(y )>

which, together with (4.3) and w,, =

71%
r+3)
_IEQG,e) ] €
lim ——— = lim T eE——
e—~0  dyy =0 nwy, (|y'|2 + €2)2
r(1+4%) =2

wtd T (%)

implies

8

1
= Eé(y’) in the sense of the distribution. (4.10)

In addition, there holds that for any x = (x’, x,) € RY, xp > €,

*n 82 (y) I’E (y)
/E fRHh(x— / / h(x — )Z dy. (4.11)

Combining (4.2), (4.10) and (4.11) yields

/' / IE(y) 3h(x - y)
Ri—1 OYn Xn
. / / aE(y) =y,
= 1m
e—0 Rr-1 Oy Xy,

92 [
=—;M§/O [ EGme =y
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EG, 50
—f BEO )y oy )y’ + ShO ), 4.12)
Rr—1 8x,,

Differentiating with respect to x, > 0 in (4.12), we get

/ / IE(y) 0h(x — y)
axn Rr—1 3yn xn

ah 10h(x/,
/ / (x )dy+— (", xn)
Rn—1 Xn 2 an
n—1 .9 2 /
d “E(Y, xn)
— h(x'—y',0 —E( x) + ——" | dy
\/l;nfl ( y ) ; ayz (y n) 8)(}% y
ah 10h(x’,
/ / (x =) 4y 4 LG x0) (4.13)
Rr—1 Xn 2 axn

Combining (4.1) and (4.13) yields

"9 [ AE(x — y) 0h(y)
> TR T
iz 8x,~ 0 Rr—1 8X,’ Byn

/ f 3h(x / f IE(y) ah(x—y)
R-1 Xp Rn-1  0Xxp, ax;,

lah(x , Xn)

=5 4.14
2 oxy, ( )
Let g € Z(R"), take h(x) = x” g(x’, 1)dt in (4.14), we complete the proof of Lemma 4.1.
[m}
Lemma4.2 Letl < j, ¢ <n—1,1<k <n,n>2 Thenforanyt > 0,
82 / ! ! /
Gi(x" — 2, xp)VE(Z, zn)dz
0xj0xg Jro—t
< C T (1) g o 2+ VE) T e e R x> O;
(4.15)
and
83 / ’ ! /
T Gi(x" — 2, xp)VE(Z, zn)dz
0xj0x¢dx, Jro—1
7
<Cr' (W) 4+ 2+ VD) e, v e R x,, 2, > 0. (4.16)

Proof Let x = (x", x,) € Rl (n > 2), z, > 0 and set

0E(Z,
Ji(x’zn,t):/ IG’(X/_Z/’x”)$dz/
- i

Observe that for any A, > 0

IE(Z, ?»zn)dz,

Ji (Ax, Azy, A%1) :/ G2, (x' — 2, Axy)
Rr—1 d9z;
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E
=A—n/ G/ _Z,n)ﬂ
Rn— 1 Zi
=2""Ji(x,zp, 1), 1<i<n. “4.17)

A direct calculation shows that for z,, > 0,
/ |E(Z, za)|dz’ < C, where C isindependent of z,.
l2/|<1

Whence for 1 <i,j<n—1,1 <k <n,
3

TiGe. 2 1 ‘: ‘7
0xj0xg 06 zns 1) 0x;0x j0xg

</ i Gi(x " xn)
—G1(x =7, x
= Jre-1 10x;0x 0y ! “on

n

2
< Ce ?/ T E 2)|de
Rn—1

2 =22
<Ce ¥ (/ |E(, z,,)|dz’+/ e~ s dz’)
|z'|<1 =1

/ 1 Gi(x' =7, x)E(z)d7
R}l*

|E(Z, z)|dZ

<Ce ¥, Va=,x)eRl, z,>0; (4.18)
and
9? 9? IE(Z, zn)
v ’ ’ < Gi(x — 7, ‘7’n d7
0xj0xy @z, D = /]Rn—l 0xj0xy 1 =2 ) d0Zy
l% ¥ —7|2 /
< Ce_Y/ e AL, zn) d7
n—1 aZn

152 !/
< co ¥ (/' ‘3E(z , Zn)
l7]<1 0zn

= /‘2
/ —x=zl !/
dz +/ e 8 dz)
|2'=1
122
8

x2
=< Cei% Zn/ (S+Zn) " n 2ds+/ e ,>
Rn—1
2
<Ce 3. (4.19)
Combining (4.18) and (4.19) yieldsfor 1 < j <n—1,1<i,k<n
2 2
iz D] = Ce Ve = () € R 2,20, (4.20)
J
Similar to the proofs of (4.18) and (4.19), we findfor 1 < j, ¢ <n—1,1<i<n
93 <2
T e, 1)’ <Ce T, Vx=@.x)eRY, z,>0.  (421)

Letx = (x’,x,) € R, z, > 0, and set

2
M) = {2 e R ¢ ' =22 4x? < T} where p = VX P+ o + 2%

Using the triangle inequality yields for any z" € IT,(x), x € R}, z, > 0,

p= VWP Gnta? < I P42+ P2 < D = 2l =

"2

N\b
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Then for I < j,k <n—landx = (x',x,) € R}, z, >0,

82
Tu(x, zn, 1 ‘
0x;j0xk n (X, 2, 1)
P E(z
= ‘/ Gi(x' — 7, xp) ————— ) 7'
Re-! 8z,82kazn
J°FE
- ‘,/ Gi(x' = Z/axn)idzl
I, (x) 07;0zx0zp
E
O BRI
R=I\I1, (x) aZjSZkBZn
E
5/ Gi(x' =7, x,) _VEQ@)
I, (x) 07;0zx02n

+/ 32G1(x" — 2/, xn) )aE(Z)‘dz/
Ri-1\T1, (x) 0x;j0xk 0z,
?E(z
+/ Gi(x' =2, xn) © %
I, (x) 02,02,
G — JdE(z
+/ 1(x" =2/, xn) ‘ (z)‘dSZ,
AT, (x) dx; 9zp
 —2 |2 4x2
<ol [ et
p(x)
72 _n _m /
+ Zn(|z| J’_Zn) Ze dz
Rn— l\np(x)

2
te T[ lz|™ dSZ/+e‘§7/ 1zl 7" ds,
T, (x) T, (x)
2

—n—1 _x _W=2 ,
SC(P e 4 e~ % dz
Rn—1
\x/—z/\2+x,,

_2 _n
+e 6“[ w(Z PP +22) " 2e” 1 dZ
R" l\np(x)

2
+e~ /32 "2(p *’l_l_pfnJrl))
3
_n le——+e 32(,0 +p—l))

n /=22
+Ce™ ( Zn (|z/|2+zﬁ)—7dz’+/ e T dz/)
I I<1

lz'1>1

—n—1 7l 2 -2 —1 o
<Clp e A +e Z(p +Hp Vte &

7
<Ce o (14p7""); (4.22)
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andforl < j<n-—1

92 G (x" — 7, x,) O%E
AN 1)’ _ ‘/ 1 =2, x) (Z)dz’
0xj0xy, Rn—1 0x;, 070z,

axy, szazn

‘/ 3G (x' — 2, xp) 82E(z)
p(x)
/ 3G (X' — 2/, xy) *E(2)
+
R”*l\l'lp(x) 8x,, sz8zn

</ 3G 1(x' — 7/, x,) | °E(2)
I, dxn 0z;0zn
392G (x' — 7, dE
+/ 1(x" =2, x) ’ (Z)‘dz’
Rr—1 \IT, (x) ijax,, aZn
oE
() ‘dsz/

+/ 0G1(x" — 2/, xp)
p(x)

3xn aZn

.
Ix \+Xn ’

/ Z}1(|Z/|2+Zi)7%€ 8 Z
Rn—l\np(x)
P2 1
s [ atas,

T, (x)

3 '~/
§C<p*”e*?/ e~ 8 d7

Rn—1

2 \

_ b
+e 64/ w2 P +22) 3e
Rn_l\np(x)
/72 2
+e—3—2pn— p—n-H)

X)% l72 1 Dz
<C <107r167T +e Zp +eia)

—+

X 72/\2+x,%

6 d7

7
< Ce s (1+pM). (4.23)

In addition, for 1 < j, € <n —1

83
0xj0x¢0xp
‘/ 8G1(x -7, x,) PE@
= dz
Rnl

Ja(x, 2p, 1)

Xn 070740z,

_‘/ 061 =2 x) PE@)
M, (x) Xn 07;07¢0z

/ 3G (x' — 2/ x,) 0°E(2)
+
Rr-1 \I, (x) 8x,, 821 aZZ aZn
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)
I, (x)
/]Rn ]\H (x)

3G 1(x" — 7/, xp)
dxp

G (x' — 7, xp)
0x;j0xp

PE(2)
02;0z¢0zy
J0E(2)
|5,

0G1(x" — 2/, x,)

axy

PG (x' =2 xn)
0xj0xgdx,

/

o

92E(2)
0z¢0z,
‘ 0E(2)

0zp

ds.

Tl (x)

g

i
( 1 o112 452
J

as.

- =P
=C / 27" e s d7
p(X)
[x"=z" 1" +xj7

Zn(|Z| +z) Sem 8% d7

4
"=I\IT, (x)

2
e ‘2/ 2™ dSZ’JFe_%/ 217"+ ds,
0, (x) ATT, (x)

net w2
< C(,O e 8 e 5 dz
Rn—1
I/ =2/ |2 +x2

2 L
te 64/ Zn(|Z/|2+Z£) Ze 6 dz7
R\, (x)

o2
+e~ 32 p"T 2( —”+p—n+l))
x2 o2
= C‘(lo_n_le_T =+ 3_372(10_2 + p—l))
2 . . _N‘
ree s (f Z"('Z/|2+Z5)’7dz/+/ ¢ df)
Z[=1

|/|<1 ‘
1% 4 G (o2 4 o~ 2
=clr e 8 +e 2(p T+p )te ™

x5
=Ce (4.24)
From (4.20), (4.22) and (4.23), wehavefor1 < j <n—1,1<k <n
a2 2
.7Jn(X,Zn, 1)‘ <Ce o (14 p7 "y Wy = (', xy) €RY}, 24 > 0.
ax.,-axk
(4.25)

Combining (4.20) and (4.25) yieldsfor1 < j <n—1,1 <i,k<n
52

x5
’ Ji(x, Zn, )‘ §C€7m(l+p7"*1+5kn)
0x;j0xk

< Ce (Ut Y] 43, + ), Ve = () € RL, 2,2 0. (@426)
From (4.17) and (4.26), we find for 1 < j <n —1,1<i,k <nandt >0
2

1 1
Ji(tT2Ix, 172z, 1
axj'axk i Zns D)

Ji(x’ Zn, t) = [_%

8Xj3xk
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2

_ o _n_ _1 —n—1+4,
<Ce o T A 21X | 42y +20) M
T R CL I —n—148 , "
=Ce w12 (Ix| + X0 + 20 + V1) , Vx= x) eRY, z, >0,

which implies that (4.15) holds.
From (4.21) and (4.24), we derive for 1 < j, ¢ <n —1

33

2
a2, D] £ Ce (1 p ), Ve = () €RY, 2, > 0.
0xj0x¢0xp

4.27)

Combining (4.21) and (4.27), we conclude for 1 < j,{ <n—1land1 <i <n

93 7
Ui, D] = CeE A p ), Vx= () €RL, 2 > 0.
0xj0x¢dxp
(4.28)
From (4.17) and (4.28), we findfor 1 < j, £ <n—1,1<i <pnandt >0
‘ & Ji( t)‘ = t_%’ i T 2x, 172z, 1)
3xj0xpdxy, ool D) = xj0x¢0x, R
x,% n —n—
< Ce*mt*Q*%(l + tf%(|x/| + x, +Zn)) nl
X,% —_p —
=Ce ot (W +xu+ 2 +V0) " V=@ x) R, z, >0,
which implies that (4.16) holds. ]

Proof of Theorem 1.4. Let u be the strong solution of problem (1.1) given in Theorem 1.1.
Then u can be represented as follows for ¢ > 0 (see [24])

t
u(x,t) = / M <x, v, %) u (y, %) dy — / / M(x,y,t —s)Pu - Vu(y, s)dyds,
R} 5 Jmy
(4.29)

where the definition of M = (M;;); j=1,2,... » is given in Sect. 2.
Note that M}, =0, V1 <k <n.Thenforl1 <k <n

¢ n
Wi (x,1) 1= /L /R" ZMkj(x, vt =) (P Vu(y, s))jdyds
2

Y=t
n t
=Y [ [ Gt =yt = ) = G = Yo )
— [ Jpn
j=1"2 +

X Okj (P(u -Vu(y, s))jdyds

t n—1
+[ /Rn ZMljj(x,y,l—S)(P(u . V)“(y,s))jdyds
2

b=l
t
=[ /]R” (Gi—s(x" =y, xp _Yn)_Gt—s(x/_y/vxn+Yn))
“

2
X (P(u -Vu(y, s))kdyds
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f/ ZMkj(x y, = )((u'V)uj(y,s)

+]1

+ Z 3y, N0 de(uiu)(y. s))dyds
i4=1

= Ii(x, 1) + Je(x,1).
Using the heat equation yields for any (x/, x,) € R” and r > 0,

n—1
0} i x) = [ 9 = Y07 | G ),
j=1

and

lim G,(x’, x,) = 8(x’, x,) in the sense of the distribution.
t—07t

Whence we have for x = (x', x,) € R and 1 > 0,

t
vx’axn Ik(x’ 1) = /: / vx’ax,, [Gt—x(x/ - y/, Xn — yn)
3 JRL

_ths(x/ - y/, Xp + yn)](P(u : V)u()’, s))kdyds

t
= / / ax,, [ths(x/ - y/, Xn = Yn)
r R
7 JRY

~Gi—s (X" = ¥, %0 + Y IVy (P - Vuly, 5)) dyds;

and

92 Tx(x, 1)

‘
/ / {a)%n [ths(x/ - y/, Xn — Yn)
¢ Jue

~Gyoy (& = ¥ 20 A+ )N (P - Vyu(y, )) dyds

t
/ f (_as)[Gt—s(x/ - y/vxn = Yn)
I

—G—s(x' — y/ Xn + yn)](P(” “Vu(y, S))kdyds

// Za (G (" =y xn = )

+]1

—Gis(" =y X0 + Y (P - Vu(y, s)),dyds

_(P(MVM)(xvt))k-"_/ [G%(X/—y/»xn—)’n)
R,

_GL(X/ - y/7xn + yn)l (P(u - Vu (y’ 5)) dy
2 2 s

(4.30)

(4.31)

/ /.n (G- s(x Yn) — Gt—s(x/ - y/, Xn + yn)l
2

(P(u -Vu(y, s))kdyds
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t
_/: /.n (Gis (X =Y X0 — yu) — Gi—s (X' — ¥, X0 + y)]
2 +

xy ayZJ, (P(u-Vu(y, s)),dyds. (4.32)
j=1

Whence, using (4.31), (4.32) and Lemma 3.1, we conclude that for | <k <mandz > 1
193, T G, Dl 1y + 1 V095, TG Dl ey + IV 0, Tk (6, Dl e

< IV(PG - V)uC.0), ey +/Rn 1V ]Gy =¥ = )
+

t
_G%(x’ -y, x + yn)] 1)l (P(u -Vu (y, 5)) |dy

k
t
+/: \/I:&" IVIG —s(x" = ¥, xn = yn) = Grs (X" — ¥/, 0 + )’n)]”Lvlv(Ri)
2 +

(185 (P(u - Vu(y, $)), | + |v§,(P(u Vu(y, s)),|)dyds

t
+/; / ”v[ths(x/ - y/, Xn — Yn)
3 JRY

n—1

—Gis (" =y + 31y D105 (P Vuly, ), |dyds
j=1

n
< IV (- VoG Ol + 1V Y VN30, i) D)l
ij=1

+C 2 (|l (u - Vo < ) ey + 1 Z BN 00 (wiuj) ( > i)

i,j=1
! 1
(=72 (18 (- Ve )y

2

n
Hl D 90N 9 i) ) 1 ey ) ds

ij=1

(r—s) 3 ||Zag - VyurC, )l

=1
n—1 n
HID D AN i), ) 11 gy ) s
=11i,j=1

< C(luOl 2@y IV uOl 2y + 1VuOI7 2,
+||u(f)||L2(R3_)||V’4(f)||L2(R1) + ||V”(f)||L2(Ri)||V2”(f)||L2(R1))

-1 2 2

t
1
€ [t =5 () gz IVl

2
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H10su () 2y VU ()l L2 rer )
(N 2@y 19su ()1l 2w )
FHIVu )l 2w 10s V) ll 2w )ds
e / (1 = )73 (1Y) L2 V20 201
) 2w )||V u(S)l 2wy
+||VM(S)I|L2(Rn) + IIM(S)lle(Rn)||VZM(S)||L2(R"
+|IV2M(S)||L2(Rn) + ||VM(S)||L2(R")||V u(S)l 2wy )ds.
Using Lemma 3.2 yields for | <k <nandt > 1
193, T G, Dl 1y + 1 V095, TG, DLy + IV, T, Dl g
t
<Cr 4 c/ (t —5) 25 "% ds
3
<Cr 273, (4.33)
Furthermore suppose ||xnu0||L1(R1) < 00, there holds for 1 <k <nand? > 1
103 TG, D1 gy + V.07, T, Ol 1 gy + 1V 30, TG, D1 gy
<cr iy C/ (t —s5) 2572 %ds (4.33)
~ 3_n 2
<(Ct 2172,
Set
8E(x -
Nij(x,y,1) = — Gi(z—y"dz, 1<i,j<n,
3){] Rr—1 Xi
and
n
bj(y,$) = (u-VIuj(y,s)+ Y 0y Noidp(uiug)(y, s).
it=1
Then
M;;(x, v, 1) = (1 —=38j,)Nij(x, y,1),
and
Ti(x,1) = / / ZNkj(x v, t —$)b;(y, s)dyds. (4.34)

+jl

Using Lemma 4.1, we get for x, y € ]R"+ andr > 0,
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d *n E(x —z
Npn(x, y, 1) = / A;{ . ¥Gt(z — yMdz'dz,
n— Xn

0xy,

8E(x 1
—Z Gi(z = y")d'dzy + 5 Gi(x = y")
ax] Rr—1 ]

Jj=1

oE 1
- Z / / (Z) Gt(x =V = 2)dZdzy + 5Gi(x — ")
8xJ Rr—1 2

j=1
n—1

1
_Zax/ Ji(x" =¥ %0 + Yn = 2ny 20y DAy + Gz(x—y)
J

(4.35)

where

3E(z’,zn)dz/
0z;
Letl <i <n—1.Thenforx = (x',x,),y = (¥, y,) € R} and 1 > 0,

oE
Nin(x, y, 1) = ax / fR ILG,( 2 — yNdz

= / f G,(x—y*—z)aE(Z)dz
8)6” Rr—1 i

0E
/ 3 / Gi(x —y" —2) (Z)
Xn JRr-1

/ ] Gi(x" =y =2y, E(Z, xp)dZ
R’L

1<i<n.

)

Ji(x xn, zn, 1) = / 1 G(x' — 7, xp)
Ri—

oy
:/ ax i /_y/axn+yn_Zn»zn’t)dzn+Ji(x/_y/ayn7xn7t);
0 n

(4.36)
and
8E(x
Npi(x,y,1) = — 5 / / Gi(z — y"dz
Xi Rn—1 Xn
oE (Z)
:/ / t(x_y —-2)
8xn Rn—1
- / J = Y0+ Y = 2 2 D, (4.37)
0 8)6"

Combining (4.36) and (4.37), together with Lemma 4.2 yields for 1 < i < n — 1,
x =" %),y =" ) eR}andr > 0,

IV N (x, 3, ) + Ve Nin (x, y, 1)

Xn
<2 / 9
N 0 dxp

*n Gn+yn—zn)?
< Crl =y VD [T
0

20 (" =Y X0 A Yn = 2y 20 Oldzn + V2T = Y, Yy X, 1)

2
1
FC (X = Y| 4 X+ Y+ VD) e
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< Cr (X — Y|+ x4 yo + D)L (4.38)

Using Lemma 4.1, we findfor 1 <k <n—1,x = (x',x,),y = (y/, y») € R, and 7 > 0,

33 IE(x —2)
7N ) 7t = —y* d 4
ax} k(X 3, 1) Bxkax 8xn/ /Rn I axn Gi(e = ydz
8E(x —2)
== Z / / Gi(z —yMdz
o 8xj8xk 8x Ro-1 Xj
PN
2 0x0x2
n—1
33 a [ IE(x —
I . — / / EC =3 o v
o 0xj0x;0xx 0xy Jo  JRe-1 0xy
—Z ! / EQ' =2, 00G/(Z' =y xu + yn)d2'
8x18x]8xk 0x, Jra-1
1 9
,7G _ ¥
+2 prpax2 Y

n—1

8E(x N
— vdz
Z 0x;0x;0xk axg / /Rn 1 Gi(z —y")dz

J =1

2
ad ad , ,
‘Za»axk*ax T =y xn + yu, 0,1)
j=1"" !

1l 33 3

1 9
3 2 i O T 3Gy (439)
i=1 Ju

andforl <k,m,qg <n-—1

9 VE(x —2)
LR // D -y
axmaxn Nk (x> 8xk8xm3xn 3xn Rr—1 Axp ! )

8E(x
_Z Ax ;0 0 9xp / /n 1 0x; Gz — ydz
=1 jOXkOXm 0Xp R bi

+1 93 G Y
2 9xg0xmdnn Y
Pl 0 ( 1)+ 1733 G ( )
= — —_— X, V, X — ;
— 90 Dxm Njn Gy D) 4 5 o o, O 7
(4.40)
33
— NGyt
3xm8xq3 Nk (6, v, 1)

/ /‘ 0E(x — G ( )
BkaXmaxq 8xn Rr-1 0xp re s
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n—1

N 9 [ IE(x —
_Zaiif / EC=3) o vy
— xljaxk8xm 3xq 0 Ri-1 8xj

1 33 G N
2 0xdxp 0xg =y

n—1

82 ad 1 83
:—Z 7qu(x,y,t)+776[(x_y*);

— 8xj8xk 0xXm 2 0xp 0xp 0 Xq
(4.41)
Using (4.36) and Lemma 4.1 yields for 1 <k,m <n—1,x,y € R, andt > 0
83 33 9 " IE(x —2)
7N 3 ,t = —————- 7(; _ *d
ax} (%, ¥ 8) 8xk8x,% an/() /Rn—l X 1z —y")dz
3xk3xn ax,, mn (X, 3, 1)
g a/xna”/ ' xn 4 1d
- ay X = » X, - s Xns 4
Axkdxn 0xn Jo Oxy " Y Xn + Yn = Zn,s Zn Zn
32
7Jm(x/_ /, n,x,,,t)
3x0xy 0y R
82 a Xn ]
- —_— 7‘, / _ /’ _ , ’t d
0xi 0x, 8xn/(; 0X;, n(x Yo Xn + Yn Zns Zn ) Zn
32
Bxkc')x WJ"(X/_y/’yn’xn»f)
n m
8E(x
Z 3xk3xm3xn axe / /ﬂ‘{n 1 I(Z y ) Z
3
77(; _ *
T b, O Y
32
dxox T I =Y e 0); (4.42)
n m

andforl < j,g <n-—1

93 93 9 IE(x — 2)
———Nu(x,y, 1) = ———— OEx=2) oy
3)Cj8xn2 me(x, ¥, 1) 0x;0xj0xy 0Xp /(; ./Rn—l X (2= yHdz

> 0 — Ny ( )
= X,
dxedx; o, MY

o /x” iy =y X+ d
- r = > X - 5 5
a)Ckan 0x, 0 0xy, m y n Yn ZnsZn Zn

R Dy )
x > Yns Xn,
9xx9xj 9xy Y In Xn
2 9

Xn a
= J /’ _ , ’ t d
0xp0x; dxy /(; 0X WG = X+ Y = Zns 2ns D2
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92 J.(x =y 1)
P X — Y, Yn,Xn,
8xk8xj 9%, n Vs Yns Xn
8E(x "
_ —y5d
Z Bxkaxmaxj 3xe / /Rn 1 Gi(z —y")dz
+1 P G-+ (' ; (443)
— X — X — y Xn, .
2 0xcdxmox; T o ax, By =Y
33 N N 93 /‘ / 0E(x — Z)G ( )
—_— x, . = _— —
0xj0x40xy k(X Y 0xp0x;0xg 0xp Jo  Jmro- Xy, e YT
32
)1 4.44
BXkax] v, Ny (x, ¥, 1). (4.44)

It follows from (4.34) and (4.39) that for x € R, and ¢ > 0
33 - t 83
Txho,Jn(x, 1) = 4/% '/Rl ]; afx;Nnk(x, v, 1 —$)br(y, s)dyds

1 n—1 n—1 ag
=4[ [ S X g Mty =9
o\ 0xj0x;0xk

—Ji(x =y xn v, 0,1 =)
n

1'a 9 9

1
—— —— G, —— G — v | bi(y, s)dyd
2].71 5x,0%, 90 r—s(x =y + 3 Frcox,an, Ot s(x—y )) k(y, s)dyds

n—1 2

0
N, , —bi(y, s)dyd
. xidx, vo(x, y,t S)ayj «(y, s)dyds

t n—1 32 )
S IN> =34 3,001 = 5) i3, s
n k

£ Jre Pyt 0x;0x;
t n—1 32 3
2 [ S Gt =y by sdyds
3 JRY D) 0RO Yi
ol 2 3
+2 f ] Y ———Gi(x = y) b (y, s)dyds; (4.45)
4o 0x,0X, 0k

From (4.34), (4.40) and (4.41), we have for 1 <m,q <n—1,x e R andt > 0,
¥~ 93
——Jy(x, 1) =4 ——N , v, t —8)br(y, s)dyd
P el // 3 Gy 301 = L0 s

d
= —4 St —
/ /n Z jzlax,axk 00X, Njn(x, y $)

+ k=1
93
2 Bxkaxm 0xp

Giog(x = ) )bi(y. s)dyds
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a
— 4 in(x,y, t —s)—Dbi(y, s)dyd
/ / (maxj N, 3.t = )5 =iy, dyds

ropol g2 B
+2 / / > Gis(x — y*) —bi(y, s)dyds;  (4.46)
¢ IRy 0X0Xp OYm

and
T e =4 L yot = $)bi(y, s)dyd
0,04 0xy (1) //i;axmaxq Nk (x, y $)bi(y, s)dyds
=4 RN
[, 2 (s st
thk=l j=
13

———— G,(x— y)) )b (y, $)dyd
2 D0y (x—y )) k(y, s)dyds

t n—1 32 9
:—4 71\] , ,l— 7b ’ d d
/; /Z—kg::l 0x0X; '/q(x Y S)aym k(y, s)dyds

1 n—1 82
+2/ / G s(x —y")
£ Jre ]; 0x;0x4 ’

s)dyds. (4.47)

Let1 < j,m,q <n — 1. Using (4.34) and (4.42)—(4.44) yields for x € R’} and ¢ > 0,

83 - t n—1 83
@Jm(x,t) =4/:2 /R" Z@Nmk(x,y,l—S)bk(y,S)dyds
n— 1

n—1
=4 N, , 0 —
/ /n Z X; 8xk8xm8xg n(x,y 5)

+ k=1
1 93

L Gi(x —yF
2 Ixpdngdx, @ T

% 9
— I " =y yn X 1 — S))bk(y, s)dyds
0x 0y, me

d
= —4/ / Nen(x, y,t —8) —br(y, s)dyds
Al 8x58 Oym

2

S 9 9
+4/ / Z T In (O =Yy st = )= bi(y, 9)dyds
3 JRY o 9¥mOXn Yk

2

t n—1
] a
w2 [ [ Y Gt = )5ty s)dvds: (4.48)
L JR o 0X,0X, 0 Yk
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P~ ! PE
Txga2 mle ) =4 5 Nk (x, v, = )by (y, s)dyd
dx;j0x; ne [/ Zaxjaxg mk(X, ¥, 1 = $)br(y, s)dyds

- aE(x .
_4/ /Z Z xkaxmax,ang /Rnl Gi(z —y")dz

+ k=1
1 93
Z G, .(x —v*
2 Bxgdgax, O T
82 / /
— D =Y, Y X, t — S))bk(y, s)dyds
0x0x; 8xm
9
_— / / Nee (e, vt — )= by (3, $)dyds
n 8xk8xj 0Ym
! 92 ., 9
+4 Zijn(x -y vynaxn’t_s)ibk(yv S)dyds
t Jpn dxxdx; Oym
2 + k=1
¢ n—1 32 P
+2 / / 3 Gy (x = ¥ = by (3, $)dyds: (4.49)
¢ IRy 0xp0x; OYm

and

Pt =4 ———N , V. — b 5 d d
dx;j axqaxn In(x,) / f" < 0x; axqax,, mk (X, Y $)bi(y. s)dyds

n—1 2
_4/ / > — T -Non (X, ¥, t—s)—bk(y s)dyds.
+ k=1
(4.50)
Using (4.38) yields forevery 1 <i,k, ¢ <n—1,y=(y,yn) € Ri andr > 0,
2
(Xn + yn)© Nin(x, y,1)
axkaxz LI(R )
_1 €14t ’ R I
<Ct 2 (xXn + yn) (Ix _)’|+xn+yn+\/;) dx'dx,
R
<Ccr'tI e (0 ). (4.51)
By Lemma 4.2, we getforevery | <k, £ <n—1,y= (', ) € ]Ri andr > 0,
2
(xXn + yn) (X =Y, yu, xn, 1)
axkaxz LI(R )
_1 €14t ’ —n—1 4.7
<Ct 2/ (xXn + yn) (|x_)’|+xn+yn+\/;) dx'dx,
R
<Cr'tI e (0 1); (4.52)
and
2
(xn +yn)€ Jn(x/_y/»ynaxnvt)
3Xg3xn L}c(Ri)
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—1 €014/ ’ —n _lwaw?
< Ct (xn + yn)(|x _y|+xn+yn+\/;) e o dx'dxy,
RY
-1 R —n+e+n—2 _Gntw)?
<Ct s+x,+y,+ ﬁ) e 64 dsdx,
0 0
—1 0 —l4e 7(«\‘n+,\'n)2
<Ct (xXn + yn + \/;) e o dxy,
0
€ o0 ‘[2
<Ctr 'tz / (t+ 1) Hewdr
0
,1+§
<Ct 2, €ee(0,1). (4.53)

From (4.45)—(4.47) and (4.51)-(4.53), we get for t > 0

33 ~
Haxy/n(xy 1)

n

LIRY)

n—1 t 2
)
O I A e R R T TS
2 +

0X0X;
kjt=1 kL)

. 0
X|yn egbk(y,sﬂdyds
J

n—1 t 2
a
+4 E / / I Cen 4 yn)© 2Jn(x/_y/vxn+ynaovt_s)”L‘,(]R”)

k,j=1 3 JRY 8xj o

0
X|yn C——br(y, s)|dyds
Yk

n—1 ¢ 2
d _. 0
2y f i N 00 G5 G = Y iy 5 el

P 0xp0x; yj
n—1 t 32 3
€ * —e
23 / / 090056 =Y g 5 09

t
<€ [ =9 I Vbl ds, € € 0.1
2

moreover, for | <m,q <n—1,

3
Ju(x, 1)
‘8xm8x,% ! L(R)
t n—1 82
54/; / Z (xn‘i‘yn)éWNjn(x»ys[_s)
3 JRY D HhOXj L'(R")

. 0
ynéibk(ya S) dyds

0 ym

X

82

(4.54)

t n—1
d
€ * —€
+2 / fR DM CRED) e G &=y Mg v 5 —bi(y, 9)ldyds

Y=l Ym
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t
< cﬁ (=S Iy Vb )l ds, € € O, 1);
2

(4.55)
and

3
— Ju(x, t
“meaxqaxn n(x. 1)

t n—1

<4

SN >
7 +k,j=1

0
e 0
Vu v x(y,8)

af [ 5

+ k=1

LI(RY)

82

(xn + yn)€ T Njg(x,y,t =)
J

LI(RY)
X

dyds

82
0xx0xg

(xn + yn)€

Gr—s(x —y")

(S}

0
|yn€5;fl%(Y»SNdde

<

L'@®Y)
<C [ =9 Vb Dl ds, € € 0.1,
2

(4.56)
From (4.48)-(4.53), we derive thatfor 1 < j,m,g <n—1landf >0

33 ~
—J, 1
H 8x2 m(x )

LIRL)

n—1 t
ey [
Ke=1Y5 JRL
3
—€
Yy C—Dbi(y,s)
" Oym

2
(xp + yn)é

N Ly, t—
dxpdxs on(x,y s)

LL(RY)
X

dyds

n—1 t
4y ]

k=177 YRy
X|y‘f—jszk(y s)|dyds

"k '

n—1 t
+2Zf/
=177 R}

X

2

(xn + yn)e

Jo (X =Y yu, xp, t — s
9%, n ( Y YnsXn )

LL(RY)

2
(xn + yn)6

Gf‘ _ *
9%, 0 r—s(xXx —y%)

LL(RY)

0
ygeé};bk(y,s) dyds

t
<c / (t =) 2y VbC. 9) pinyds. € € (0, 1); (4.57)
2
3

— Ta(x,t
dx;ox2 m(x, 1)

LIRY)

t n—1
54/5/]1@ >

b k=1
d
0
Yn v (¥, 8)

2
(x, + YH)é

Nee(x, vy, t—s
T30, ve(x, y )

LL(RY)
X

dyds
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t n—1 2
+4f / (4 ) e Ty & — ¥ Y — )
9
X ynegbk(y,s) dyds
m
! = € 82 * —€ 9
+2 D |Gt ) GG = y%) Vi 5= bi(y, )| dyds
3 RS MO LR o
t
<C t(t—s)’”flly;ev/b(-,s)lly(m)ds, €€ (0, 1) (4.58)
2
and
93 ~
‘7Jm(x,t)
0xj0x,0x, LIRY)
54/ / (xn +yn)€7Nmn(x’ y,t—S)
5 ey i xidx; LL®Y)
9
X |y € —bi(y,s)|dyd
Y ™ k(y,s)|dyds
t
gcf (t—s)—“fi||y;fv’b(-,s)||L1(Rbds, € €(0,1). (4.59)
1
2

From (4.54)-(4.59), we obtain for r > 0
t
V3T 0l @ < Cﬁ (t = )75y Vb, ) pignyds, € € (0, 1). (4.60)
2
Recall that
n
bj(y,s) = -Vu;(y,s)+ Z Ay, N0 de(uiug)(y,s), 1<j=<n.
it=1
Whence we conclude for € € (0, 1),
3w V'BC )y < vy €V (@ Dut, )l

n

iy V| D VN wine) (o 8) | e
i0=1

< Ny, “(V'u - Vyu(, SO L )
+ly, - V'V)u(, SO L1 ey

n

1y € D VNV wine) (5 )l 1y 4.61)
i4=1

To proceed, let 0 < € < 1. Then for s > 0

1y OV D D ey + 1 €@ V' Vul )l
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< [ VGVt iy + / [t 19 Vaty. iy
+IV' (- Vyu(, S))”Ll(]Ri) + 1l - V'V)u(, “))”Ll(Ri)
< IIy,fV/u(S)IILz(Rn—lX(o,l))IIVM(S)IILz(R@ + 1z Ul L2®e-1%0,1) IIV/VM(S)IILz(Ri)
+||V/’4(S)||L2(R3_)||VM(S)||L2(R1) + ||M(S)||L2(R"+)||V/VM(S)||L2(R3_)~
One-dimensional Hardy inequality yields for s > 0 and € € (0, 1),

_ 2 — 2
”yn GV/M(S) ”LZ(Rn—l X(O,l)) + ”yn €M(S) ”LZ(Rn—l X(O,l))

1 / ’ 2 1 ’ 2
Vu(y', yn, s e Uy, Yn, S
< [ ([ ey, [y gy ) ay
]Rn—l 0 yn 0 yn

NV Uy, yu, $)|2 © u(y, yu, $)2
S/ </ [Viu(y 2yn )| dyn-i-/ lu(y )’Zn )| dyn> 4y
Rr—1 0 yn 0 yn

o / / 2 o / 2 /
=c| [0, V'u(y', yu, )| 7dyn + [ 924y, yu, )| "dyn ) dy
R 0 0

2 2 2
Whence we obtain for0 < e < lands > 0
ly, €V (- Vu(., SO L1 ey + ly, € - V'V)u(-, SO L e
2 2 2 2
< U2y, + 1V 2@ + VU2 )- (4.62)

In addition, it follows from Lemma 3.1 that for0 <€ < lands > 0

n

1y, € Y VN9V @wise) )1 gy
=1

< CUu® 72y + 1O 2y + 1V24 6 2 ) (4.63)
Inserting (4.62) and (4.63) into (4.61), we find for0 <€ < l and s > 0
137 VG )iy < CUUS 2y + 1V2UO 72 )- (4.64)

Combining (4.60) and (4.64), we obtain for0 < € < l andt > 1
t
37 —1+£ 2 2 2
V3T 0l ) < C/L("S) S 2, + 192062z )
2
t
< c/ (t—s) g 1245
2

< Cr'75ts, (4.65)
From (4.29), (4.30), (4.33) and (4.65), together with Theorem 1.3, we conclude for ¢ > 1

3 r\ _ t
ViM XY 5 ) o Yo uly. 5 dy

n
+ ) UVTC Ol + IV TG DI @)
k=1

=

IVl < /R

i LLRY)
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_1 t n n €
< Ct_%"'%llyn 2u <5> ||L1(R1) +C (t_%_f +t_1_7+7) where 0 <€ < 1

<

cr3 if n >3,
Ct=3 log,(1 1) if n = 2.

In addition, suppose ||x,uo|l 11 ®") < 00, together with (4.33'), there holds for any r > 1

3 t % t
ViM x,y,i Vi u y,i dy

n
+ ) UV TG Dl iy + IV GOl ey
k=1

3,1 —5 t 3_n n
< Ct 24|y, 2u (5) gy +C (t‘f‘7 +e7tme

Nl

Yn

3
IVl < [

n

! LLRY)

(Sl

)

_3 1t
<CltT2+4t1 272 where 0 <€ <1
~ 3
<Ct 2.

which is (1.2).
Now suppose

||XnM0||L2(R1) + 1 +xn)vu0||L2(R1) + ||xnu0||L1(R1) < 0.
We give the proof of ||fo3u(t)||L1(Rn+), where u is the strong solution of (1.1), given in

Theorem 1.1.
From (4.31), we have for x = (x/, x,) € RY andt > 0

t
Vo, Ix(x, t) = ﬁ / 8yn[_Gt—s o y/, Xn — Yn)
3 JRY
+Gt7s(x/ - y/, Xn + yn)]vy’(P(u ~Vu(y, S))kdyds

t
—Zﬁ / 05, Grs (X" = ¥ xu + y) Vi (P - Vu(y, 5)), dyds
3 JRY

t
= ﬁ - [Gt—s(x/ - y/, Xn = Yn)
2 +

—Gios (' =¥ 30 + )| Vydy, (P - VIu(y. 5)) dyds

t
_2/ / 8antfs(x/_y/7 Xn +yn)vy’(P(u ' V)M(Y,S))kdyds’
5 Jme
which implies

t
Vx’axn ax,, Ip(x, 1) = / / ax,, [Gtﬁv(x/ - y/» Xp = Yn)
s Je
—G—s(x' — y/» Xn + yn)]vy’ayn(P(u “Vu(y, S))kdyds

t
—Zﬂ /R" O, O, Gr—s (X" = ¥, X0 + y) Vy (P - VYu(y, 5)) dyds, (4.66)
2 YR

@ Springer



23 Page 380f48 P.Han

and
~ 12
vx’vx’axn I (x,1) = /; / Vx’[ths(x/ - y/’ Xn — yn)
7 JRY
—Gis(" =y X0 + y)IVydy, (P - Vu(y, s)),dyds

'
_2/ /n 0y, Gi—s(x" — ¥, xy +yn)Vy,Vy/(P(u . V)u(y,s))kdyds. (4.67)
+
From (4.32), we get for any x = (x",x,) € R} and# > 0

9 T, 1) =~y (P(u - Vi (x, 1), + f 0,165 (' = 3. %0 — )
®Y

=G (" =y xn + yu)] (P(u -Vu (y, E)) dy
2 k

t
+/; /n 8x,1[Glfs(x/ - y/, Xp — Yu) — ths(x/ - y/, Xp + Yn)]
s(PQu - Vu(y,s)),dyds

/ / axn[Gt s(x _y Xp —Yn) — Gi— s(x _y Xn + yn)]

2
Z (P Vu(y,s)),dyds. (4.68)

In addition, applying Lemmas 3.1, 3.2 to the strong solution u of problem (1.1), we find for
anyl <¢,m<n—1land0<y <1l,5s >1

||y 05 P (u - Vu(, s)||L1(]Rn)+||y,)1/3)7[3y,nP(u Vu(., S)||L1(R"
1k By, By, P - V) )1

n
<lyy > O VN0 (uiuj) (. )l 1 e
i j=1
n
HIYE Y By, 8y, VN0 (i ), 9) 1
i, j=1

n
Hlyi D vy, VN9 i ) )l e
i j=1

i 35 @ - VuC ey + 197 8y By, - VuC, )1 g
Hl1yY By, By, - Vo, )l

n
<llyn D VN, uidsuj + u;dsui) (9l ey
i,j=1
n
vk > VN0 (uidy, By, uj + 10y, dy,, i
ij=1
+3yzu,»3ymuj + 3),,3uj8ymu,')(~, S)”LI(]R'j_)

@ Springer



—decay of higher-order norms of solutions... Page390f48 23

n
+lyY Z 3y, VN9 (uidyouj + w0y ui) ¢, $)ll L1y
ij=1
vy @y - Vyu + (u - 9sV)u(, gy
Iy By, dy,, - VI + (u -y, dy,, Vu
+(0y,u - 0y, VIu + (dy,,u - 3y, VIu)(-, S)”L‘(Rb
9 (By, By, - VY + (u - 3y, 8y, Vu
+(0y,u - 0y, VIu + (9y,u - 3y, VIu)(-, S)”LI(R'Q
< C(lu)ll 2@y 18su ) L2y + VU 2 18, Vi)l 2w
+lyy w2y 19su () 2@y + llyir Vu ()l 2y 105 V() [l 2.
+||M(S)||L2(R1)||V2M(S)||L2(pr + ”VM(S)HLZ(]R'DHV u()lL2we)
Y w2y IV 2y + 137 Vi) 2 1V u) 2@
+||Vu(s)||L2(Rn) + ||V2”(S)||L2(Rn) + IIyi/Vu(S)IILZ(R VUl 2wy
+llyy V2 u(s)lle(R )||v ”(S)”LZ(R y T ||YZVM(S)||L2(R ) 195 M(S)”LZ(R"
+lyy ’/i(S)”LZ(]R")”a VM(S)”LZ(R") + Iyl VM(S)||L2(]R")||V M(S)“LZ(R"
i w2 Va2 )
<CsTETE (4.69)

From (4.66)—(4.69), using Lemmas 3.1, 3.2, we obtain for | <k <n,0 < 8 < 1 and
t>1

bef 03 TeCe, D1 ey + 165 V03, TG, Ol ey + 165 V300, T (e, Dl 1 e

< IV (P D)y + [ (=5l VaGy =550 = 3l

+

t
G+ )P VG & = 30 + 3 L) )| (PG - Vyu (y, 5) )ildy

(o (-3)),

+C/ / |||xn_yn| VG- v(x - /7 n_yn)”L](]Ri)

dy

+/ IViG: (x =X =yl e vy

+ 1 Gen + yn) Vth—s(x - y , Xp + )’n)“Ll(]R'_j_))
X (105 (P - V)u(y, $)), |+ 1(Ay 4+ Vydy, ) (P - VIu(y, s)),|)dyds

t
+C f / 192Gy = s = vl ey
L JRr?
2 +
< (P15 (P - Vyu(y. ), | + ¥ 1(Ay + Vyy, +v2,)(P(u.V)u(y,s))k|)dyds
+C/ / Il Cxn +yn) V0, G- s =y, xp +)’n)||L1(]R”
2

(P(u -Vu(y, s))k|dyds
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n
< Ixf V(- Vul Dl + 16V Y VN3 i )¢ 0l gy
i,j=1

+Crmith 2 (11 (e - V)uk< )llLl(m)‘i‘ll Z 3kN3i3j(uiuj)< >||L‘(R )

ij=1

+Ct—%(||yf(u - Vug ( ) o wey + lly% Z 0N 00 (i j) ( > oty )

i,j=1

! 1y _3_n ! 1 3ag
+C | (t—s5) 2725727 2ds+C | (t—5) 25 272

t 1

2 2

[S1=Y

ds

t
+C [ L= V(@ D) )
2

HIV Y VNG9 iu ) (-, Dipren))

i,j=1
< CrEE L B g V2Ol 2y + I3E V(O 2 VOl 2y
@) 2 | Vi@l 2y + 1V 2 V20Ol 2
+||yn uOll 2@ IVu®ll 2@ey + ||y V”(I)HH(RQHV uOll 2@

+orith (’) T 4w ( )ll
u\ =< u 2 (mn
2 LZ(R ) L (R )
2
_1 B t t t
+Ct 2 { |yFul = Vu | = +|\Vu | =
2 2 L2R7) L2(R7) 2 L2(RY)
t t t t
— Bul = Vul - Byu( =
u<2) ‘ynu(2> ‘ u<2> ‘ o u<2) L2(R" ))

t
+C / (0 = )7 E (lu) 2y IV 2y, + V)17
2

2
+

(3)

L2(RY)

L2(RY)

+
L2(RY)

_|._

L2(RY)

+llu(s) ||L2(R”+) [Vu(s) ||L2(]R1) + [[Vu(s) ||L2(R1) IV 2u(s) ||L2(R1))ds

t
_1_noB 1B _3_n
<ct! z+2+c/(r—s) H3s 27245

[STheY

< Ce1-5+
which implies for0 < f < landt > 1
~ n, B
IxBV3 T (x, Dy < ct 732, k=1,2--- ,n. (4.70)

Let0 < B8 < 1, from (4.45)—(4.47), (4.51) and (4.52), we get for any t > 0

33 ~
x,’?ﬁ]n(x, f)H

n L'®Y)
n—1
<C ‘x+ ﬂ Nx, s‘ —b ,8)|dyds
//1k,2e:1 (Xn + ¥n) (x,y )LIR,,) ) k(. $)|dy

@ Springer



—decay of higher-order norms of solutions... Page 410f48 23

+c/ / Z oo+ 30 5%

><|—bk(y, s)|dyds
9 yk

t n—1 52
c / / Y e 8Xk3xjctfs<x—
+Cf f ZH(xn—i-yn)ﬁ Gz s(x =%

<c / (=) 19,b (3 )1 e ds:

J ', ,0,t —
n(x YisXn+ Yn s) LLE)

a—bk@, s)|dyds

LL(RY)

rbk(% $)|dyds

LL(RY)

@71

and there holds for 1 <m,q <n —1,
3

xﬁaifn(x, t)’
" 9xp 0x?2

d
<C/ /n Z H(Xn‘*'yn X ]n(x v, t— )HLJC(]R ) 3

82
Gi—s(x
Xn

t n—1
p
+C,/; / ZH(X””") xrd
2 + k=1

t
148
< c[ (t =) T2 NVyb(y, 9l ds;

LI(RY)

}dyds

br(y, s)|dyds

LL(RY) 8

(4.72)

and

)
xXP . (x,
" 92X, 0xg 0 X, "

n—1
<C/ f Z H(x,,+yn)f’ Nyt =)
t n—1 p 82
+c// ”(x ) G, i (x
o Jeo 21 G O

t
148
<cC f (¢ =) V(v )l 1y s
2

L'(RY)
s)|dyds

LLRY) Oy,

s)|dyds

LLRY) Oy,

(4.73)

Combining (4.71), (4.72) and (4.73) yields for0 < § < landt > 0

t
~ 148
e V2 T (e, Dl 1y < € f (t =) F2NVyb(, 9l @ ds. 4.74)
2

Letl < j,m,q <n—1.Using (4.48)—(4.53) yieldsO < 8 < land ¢ > 0

83
=17, (x t)”
max3"" T o

n
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<c/ / Z H(xn+yn)’3

+ k=1
! — ﬁ 82 I /
+C Hx—i— Jn (X" =¥, Yns X, £ —
/;/]R’jr,; (xn + yn) 35 0 n( Y Yn» Xn LL®Y)

ad
><|—bk(y,s)‘dyds

br(y, s)|dyds

N ‘- H
(X, Y, s) LI 3

c H p Gyos(x — dyd
+ / /1; (xn + yn) BXna . 1—s(x LL®Y) 3 bi(y, S)| yas
=c / =) IV, b0y )11 s 475)
2
g0
LA
1 o052 D L
ad
<cf L 5 e (=9 | o e s
+ k(=1
t - p 82
c H Jn & =¥, Vs s
+ /;/]R’jrl; (Xn + Yn) ax 3Xj 0 (x Y YnsXn LL®Y)
d
x’—bk(y,s)’dyds
+c / / ZH(xn+yn> Gis( d [dyds
n 0xg0x; LLYRY) Oy
e / =)V, b, )l e s (4.76)
2
and
s O 5
S
n 9xj0x40x, m(x, 1) LYRL)
<C H + )P ' — H dyd
//; (X + ) axka Non (%, ¥, )Ll(Rn) At $)|dyds
(4.77)

148
= Cﬁ (t—s5)7 112 [ Vyb(y, S)”L‘(Ri)ds-
2

From (4.74)-(4.77), we derive for0 < f < 1l and ¢t > 0

t
148 B
EARZCD] _C/éa—s) FIVyb O Dlgnyds, m=1,2 ,n.
(4.78)

Recall the definition of b(y, s) = (b1(y, s), b2(y, 5), -+, b (y, )):

n
- Vyuj(y,s)+ > 0y Noide(uine)(y,s), s>0, 1<j<n.

bj(y,s) =
i=1
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Whence using Lemma 3.1 yields for s > 0,

IVBC i@y < IV (- VyuG, )Ly
n

HIV' | D VNade@iuo) s | )
if=1

< I(V'u - Vyu(, SOy + Nl G- V'Vu(, SO L)

n
HI D VN0V (iue) G 9l e
i=1

< CUluO 2y + IV 2, + IVuG 2@y )- 479

Inserting (4.79) into (4.78), using Lemma 3.2, we find for 0 < 8 < land ¢ > 1

t
35 —1+8 2 2 2
IIX,'fV Jm(x,t)||Ll(R1) < C/L t—s) +2(|IM(S)IIL2(R1) + IV M(S)Ile(Ri))dS
2

t
148 _q_n
SC/(Z—S) 425 1=24s
t

2

<Cr '3 =12, (4.80)
Combining (4.30), (4.70) and (4.80), we conclude for0 < f < land ¢ > 1
1) V3 (e, Dl gy < 168 V2 T, Dl gy + I V2 T G, D1 ey
<Cr ' m=1,2,- ,n. 4.81)

Observe that for ¢ > 0, u(y, %)|3R1 =0.Sofort > 0,

t t
/Ri 0x; G (x — y)u (y, 5) dy = /Ri(—ay,.)Gz(x —Yu (y, 5) dy

t
:/ Gi(x — y)dyu (y, 7>dy, 1<j<n.
R" 2

+

Combining the estimate (2.3), Theorem 1.3 and Lemma 3.2, we derive for 0 < 8 < 1 and
t>1

t t
/n XEV;M (x, Vs 5) u <y, 5) dy
RY LI®Y)

o 1BV2G, (x — I
5/]1&1 (|xn ynl”ViGr(x y)”L(lv(]Ri)lvu ()’» 2)|dy

2 _ B r
+/M 1936103 = gy 00 (5. )
1
! B+1 o3 ok 2 L )
JrfRn+ G+ )™ 72V Grx =yl 1 gy [ u(y, 7 )14y
B3 w3 M+ ! -3 "Nig
+ R I Gen =+ yn) X Ry ”L)lc(Ri)lyn uly. 3 ldy

£ t t g4 1
-1+5 —1y,8 —l+5 2
<Ct 2||Vu (E) ”LI(RIJF)JFCI llyn Vu (E) ||L1(Rﬁlr)+Ct 2| yn u(i) ”Ll(Rﬁr)

@ Springer



23 Page 44 of 48 P.Han

<Grth (4.82)

Let 0 < B < 1. Combining (4.29), (4.81) and (4.82) yields for r > 1

3.8 n B 3.8
||X£V3M(t)||L1(R1) <C (1_7+7 + t—1—7+7) <Cr 277,

which is (1.3). O

Appendix

This section devotes to finding a counterexample for the Stokes flow ¢4

datum ug € L} (R™). That s,

uqo with initial

Proposition A There exists an initial vector function ug = (uo1, Up2, -+ ,Uon) €
LI(R’_L) (n > 2), which satisfies V - uy = 0 in R} and ug, lor: = 0, such that

e Mug ¢ L (R%) for each t > 0.

We first give some notations and introduce some known results.
Let F, (F,, 1) be the (inverse) Fourier transform in R™ given by

. 1 .
_ —i&-x —1 _ i&-x
Fal1® = [ ar (511010 = i [ peos).

. . . 2, .
A direct calculation shows that for the function f(x) = e~ in R™ with a > 0,
_b2

Ful 1) = (g)* o

The Riesz operators S; (j = 1,2,---,n — 1) are defined by

Fa-1lS; f1EN = %ﬂ—ﬂf](é’),

where &' = (&1, &, -, &-1) e R*7L
In the following arguments, for simplicity, we denote the Fourier transform F,_;[g]
n X 2
in R*~! by 2. Recall G,(x) = (4m)_7e’%, x = (x',x,) € R" satisfies G;(x) =
G" V)G (x,), where

|x’ 2 \Xz\z

G V) = ()T e, 6V (ny) = (drr)te

Define the operator E (t) by

(EMg)(x) = /Rn [Gi(x" =y xn = yn) — Gi(x" — ¥, x4+ y)]g(»)dy
+

1 1 |

= /R” GV =G (o = ) — GV (o + y)1g ().
n

By the solution formula in [25], the Stokes flow e *4ug = (u’, u,,) can be represented

as

{Mn =UE(t)V1M(), (Al)

u' = E(t)Voug — SUE(t) Viu,
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where

Viug = —S - uy + uon,  Vouo = uy+ Suon, S =(S1, 8, , Sp—1),
Xn , R
Ta(&'x) = I€ / NSy, dy.
0

Proof of Proposition A. Set

€118 if 5 > 0,

f=EW®Viug = E(Ouon — S -ugl, h(',s) = { ifs <0

Thenu,, = Uf and fort > 0
x” ’ o~
i xp 1) = UF(E, xy) = |E] /0 e E1Cn =) £ &y, dy,
OO -~
= / h(%_/v Xn — )’n)f(s/» yn)dyn~
0

Whence using the definition of 4 yields for ¢t > 0
oo o [e.¢] e
| @€ s nan = | ( G yn>dxn) FE 3oy,
0

h(g', s)ds) FE, yu)dyn

(L
( h(g, s)ds) FE y)dyn

|s’|e—'$/'3ds> FE, ydy,

/
I
/ ", yn)dyn. (A2)
Note that
FE v = EOluon — S - w1, y)
=" ) / 16D G = ) = GO + 2]
0 i%—

x[ion (8", zn) — 2] (€ 20z (A.3)

Inserting (A.3) into (A.2) yields forz > 0
* ~(n-1) R Y By )
/ @(s/, X, Ddx, = th (%“/)f (/ (G, (n —z0) — G, + Zn)]d)’n)
0 0

xdon (6, 2) = - 5 ; (&, z)1dzs
— G )/ (/ G (s)ds — /oo Gﬁ”(s)ds>
i 7
X[”On(g s Zn) — & | ()(E s Zn)ldzn

=267 @) [T ([ 6 was)
0 0
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X[II()\,,(E/,Z,,) |§| uo(é}_ Zn)]ldzn

— 26 D) /0 ( /0 "Gﬁ"(s)ds)@(sdzn)dzn

_2551(7:1)(5/) ) /(; (/(‘)Zn G,(I)(s)ds> lZ)(S” 2)dzn

= 5(§) + I (E). (A4)
Set
uor (', %) = G{' V() (e — 27,
Xn
uon (x', xp) = _3x1G§n_l)(x/)/ (e™* —2¢ ¥)ds.
0
Then ug = (uo1,0, - -, 0, uon) satisfies [luoll L1 g < 0o and

V- ug = duor + dntton =0,  upn(x’,0) =0, Vx' eR".
For the given ug, from (A.4), we have for t > 0

17, l[Ilt]”L'(R” D)

o0 Zn
/ GV =y / ( / G?”(s)ds) won (', zn)dzndy’
Rr-1 0 0
(n—1) R Bt
<216 Pl @ / 1 / ( / G| (s)ds) lton (¥, 2n)|dzndy’
Re=1J0O 0

< 2[luonllL1ger)- (A.5)

=2

Ll(Rn—l)

In addition,
) ([ e
ne) =256 @) [ ([ 60 was ) i e’ zovaz,
0 0
=) o =) ([ La
= 250660 e [ ([T 6 was) e -2,
0 0

o Zn
=28 Gfil”(g’)f (/ G}‘)(s)ds> Qe~%n — ¢in)dz,,
0 0

from which, we get fort > 0

| log, 2 Zn |
F U6 = 201516 >](x/)|(/0 ( /0 G (s)ds ) 2e ™% — e~ M)dz,

00 Zn
+ / ( / GV (s)ds ) (™™ — 2e75M)dz,
log, 2 0

n
= 215161, 16 (/ GE”(s)ds) (€™ — 2e7%n)dz,
og62 0

o0
> 2/[51G," 1) / "6 sy | 2,
0 log, 2
(n—1) /
> Ol Gl I (A6)
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where
log, 2 | 00 1 [log.2 !
C(t)= / GV (s)ds / (e7 —2e M)z, = - / GV (s)ds.
0 log, 2 4 Jo

Observe that for &’ = (£1,0,---,0),

lim Sl eGP | pm Sl DR _
§—0t €] §—0- |&']

This shows that for # > 0, the following function

=i & _ P
Sth(j-l '€ = Tk +DiEl

isnot continuous at§” = 0. Whence S} G;'_:__ll) ¢ LR, Together with (A.6), we conclude
fort > 0
n—1

1F Ul ety = CONSIGET VL gty = +o00. (A7)

From (A.4), (A.5) and (A.7), we derive for r > 0

00
/ / 1 |Mn(x/s xn,t)|dx/dxn
0 R2=
00

> / / un(x', xpn, )dxy
Rr—1 0

> f l|f,:_‘1[12,]<x’)|dx’— f l|f,;_‘1[11,](x’)|dx’
Rll* Rn*

dx’

—1
> 17, 2 el pr -1y — 2||u0n||Ll(R1) = +o00,

then by (A.1)
A ~ 2 2\3
e~ MO”L‘(Ri) = ”u”L‘(JRi) = /(; /R | (|u/(x/,ant)| + lun (X', X0, 1) )de/dxn

o0
> / / ltn (2, X, 1)|dx'dx, = +00.
0 n—1
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