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Abstract

Let X be a weakly pseudoconvex, compact, and connected CR manifold with a transversal CR
Sl-action of real dimension 21 — 1, where n > 2. The Fourier components of the Kohn-Rossi
cohomology, with respect to the S!-action, introduced by Hsiao-Li [6], are closely related
to the embedding problem of CR manifolds. In this paper, we continue our previous study
[14] and provide a sharp estimate for the asymptotic growth order, denoted as O (m?), of the
dimension of the m-th Fourier components H, l?, ’Z (X) of the Kohn-Rossi cohomology H l? 4(X)
as m — +o00. Together with our previous work [14], we present a comprehensive complete
and sharp estimate for the growth order of the Fourier components Hﬁ 7 (X) and H,:";ll’q (X)

of the Kohn-Rossi cohomology Hl? “4(X) and an _l’q(X) as m — oo. Additionally, we
derive a Serre-type duality theorem for S'-equivariant CR vector bundles.
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1 Introduction

The aim of this paper is to continue our previous study [14] of the estimate of the dimension
of the Fourier components of the Kohn-Rossi cohomology with respect to the transversal
CR S!-action on a compact connected weakly pseudoconvex CR manifold. This is closely
related to the embedding problem of a CR manifold, see [1, 5, 7] and references therein.

We work in the following setting, see the work of Hsiao-Li [6] for the fundamental
construction. Let (X, T19X) be a compact connected weakly pseudoconvex CR manifold
of real dimension 2n — 1, n > 2, where T1:0X is the given CR structure on X. We assume
that there is a transversal CR S'-action on X. Let (L, i) be an S l—equivariant Hermitian CR
line bundle on X. Let [, be the associated 5b—Laplace operator on Q79 (X, L), with respect
to a rigid Hermitian metric on X and the S'-equivariant Hermitian metric / of L. Thanks to
the S!'-action, we have the Fourier decomposition Q79 (X, L) = @®,,ezQ57 (X, L), where
QP49(X, L) is the m-th Fourier component of Q79 (X, L) with respect to the S I_action, and
the 3, operator acts on the graded algebra &, QP9(X, L). One can thus define the m-th
Fourier component Hy/ (X, L) of (p, ¢)-th Kohn-Rossi cohomology group H,"?(X, L).
Let D;f,’,i’, be the restriction of the 3,-Laplace operator to the space 254 (X, L), which turns
out to be a self-adjoint operator. Let ’HZ,’ZIK 5, (X, L) be the linear span of the eigenforms of
Dg”:fl in Q/,7(X, L) with eigenvalues smaller than or equal to A. By a Hodge type theory (see
th work of Cheng-Hsiao-Tsai [3] for a nice presentation), ;" _(X, L) := H;'! (X, L) is
the space of Dg”Zl harmonic forms, and isomorphic to pr’ ;Z (X, L). In particular, Hlf ’rg (X, L)
is of finite dimension for every m € Z.

In [14], when L is a trivial line bundle, we extend the eigenvalue estimate technique of
Berndtsson for 8-Laplace operator on compact Hermitian manifold to the setting of compact
connected weakly pseudoconvex CR manifold with transversal CR S'-action, getting the
following

Theorem 1.1 ([14, Theorem 1.1]) Let X be a compact connected weakly pseudoconvex CR
manifold of dimension 2n — 1, n > 2. Assume that X admits a transversal CR S'-action.
Then for m sufficiently large and ¢ = 0,1, ..., n — 1, if0 <A <m,

dim Hz;n],’g,\ <CO+ )im" 174,
and if 1 <m < 2,
dim 4, < can
In particular, when ). = 0, we have that for m sufficiently large and ¢ = 0,1, ...,n — 1,
dimHZ,_mlyq(X) <Ccm" 11,

Remark 1.1 Recently, there have been other extensions of Berndtsson’s estimate. For instance,
in [13], we extend Berndtsson’s estimate to holomorphic line bundles with singular metrics.
Additionally, H. Wang extends Berndtsson’s estimate to non-compact, gq-convex complex
manifolds in [12] and to Nakano g-semipositive holomorphic Hermitian line bundles on
compact complex manifolds in [11].

We also get a Serre type duality theorem as follows.

Theorem 1.2 ([14, Theorem 1.2])
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Let X be a compact connected C R-manifold of real dimension 2n — 1, which admits a
transversal CR S'-action. Then we have the following conjugate linear isomorphism in the
cohomologcial level

, —1—pn—1—
HP (X))~ Hy _, "" (X)), 0< pg <n—1.

b,—m

Combing Theorem 1.1 and Theorem 1.2, we get

Theorem 1.3 ([14, Theorem 1.3]) Let X be a compact connected weakly pseudoconvex C R-
manifold of real dimension 2n — 1, n > 2, which admits a transversal CR S Laction. Then
we have that forq =0,1,--- ,n—1,

dim Hfﬁm(X) <Cmi, as m — +o0.

Remark 1.2 As pointed out in [14], combining Berndtsson’s example [2, Proposition 4.2] and
a Grauert tube type argument, we can see that the estimates of the growth order in Theorem
1.1 and Theorem 1.3 are sharp.

In this paper, we are concerning about the following question

Question 1.1 Whether we can get a sharp estimate of the growth order of dim H,?y’,'; (X)
(g=0,....,n—1)asm — +00?

To answer this question, we study the Kohn-Rossi cohomology valued in an S!-equivariant
CR Hermitian line bundle. By a careful study of the local behavior of an S'-equivariant CR
Hermitian line bundle, we see that the technique developed in our previous paper [13] can
also be applied to get the following

Theorem 1.4 Let X be a compact connected weakly pseudoconvex CR manifold of dimension
2n—1,n > 2. Assume that X admits a transversal CR S'-action. Let (L, h1) be a Hermitian
rigid CR line bundle over X. Then for m sufficiently large and ¢ = 0,1,...,n — 1, if
0<A<m,

dimH M (X, L) < CO+ 1)Im 14,

b,m,<A

and if 1 <m <A,

dimH, "9 (X, L) < ca"
Remark 1.3 Theorem 1.4 also holds for the case that L is an S'-equivariant CR vector bundles,
by applying the argument in [14].

Remark 1.4 The proof of Theorem 1.1 and Theorem 1.4 actually gives an upper bounde on the

m-th Fourier component of the Szeg6 kernel H"m_ <1’Aq (for definition, see Definition 3.1) rather
than just on the dimension of cohomology. The question of when there is a leading asymptotic
term or expansion for HZ’Z in the weakly pseudoconvex case is a natural and important
question, and is closely related to the embedding problem of a weakly pseudoconvex CR

manifold, see [9] and references therein.

Remark 1.5 1t is worthy pointing out that if the compact connected weakly pseudoconvex
CR manifold is the unit circle bundle of an semipositive orbifold bundle (see [3], see also
[14]), our result corresponds to Berndtsson’s estimate in the orbifold case.
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In the above theorem, let L = det 710X, we can answer the Question 1.1 by the following

Corollary 1.5 Let X be a compact connected weakly pseudoconvex CR manifold of dimension
2n — 1, n > 2. Assume that X admits a transversal CR S'-action. Then for m sufficiently
largeandq =0,1,...,n —1,if0 < X <m,

dim H,d _ (X) < CO.+ DIm" =174,
and if 1 <m < A,
dimH,4 _ (X) < canl
In particular, when A = 0, we have
dim Hy' (X) < Cm"~17
form — +o0.
From Theorem 1.2, we can get the following

Theorem 1.6 Let X be a compact connected weakly pseudoconvex CR manifold of dimension
2n — 1, n > 2. Assume that X admits a transversal CR S'-action. Then we have that for
qg=0,1,....,n—1,

dim anj,’lq(X) <Cmi, as m— +o0.
Remark 1.6 Examples in §7 show that Corollary 1.5 and Theorem 1.6 give sharp estimates
of the growth order of the cohomology groups Hﬁ :;11 (X) and H, "’__}1’1’1 (X) asm — —+oo.

In summary, Theorem 1.1, Theorem 1.3, Corollary 1.5 and Theorem 1.6 give a complete

sharp estimates of the growth order of the cohomology groups H,g ' (X) and H,:"jf (X) as
m — o0.

We also derive a Serre type duality theorem for S!-equivariant vector bundle.

Theorem 1.7 Let X be a compact connected C R-manifold of real dimension 2n — 1,n > 2,
which admits a transversal CR S'-action. Let L be an S'-equivariant CR vector bundle over
X, and L* be the dual bundle of L. Then we have the following conjugate linear isomorphism
in the cohomologcial level

HPO(X, L)~ HYy 7P L), 0< pog<n— 1.

b,m

Then as a direct consequence of Theorem 1.4 and Theorem 1.7, we have the following

Theorem 1.8 Let X be a compact connected weakly pseudoconvex C R-manifold of real
dimension2n—1, n > 2, which admits a transversal CR S'-action. Let L be an S' -equivariant
CR line bundle over X. Then we have

dim H,"?, (X, L*) < Cm¢

for0<g<n-—1.
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2 CR manifold with transversal CR S'-action

Let (X, TLOx ) be a compact connected CR manifold of dimension 2n — 1, n > 2, where
719X is the given CR structure on X. That is, 710X is a sub-bundle of the complexified
tangent bundle CT X of rank n — 1, satisfying 710X N 7% X = {0}, where T*' X = T1.0%,
and [V, V] C V, where V = C®(X, T'0X).

We assume throughout this paper that, (X, T'9X) is a compact connected CR manifold
with a transversal CR S!-action.

Denote by ¢/ (0 < 6 < 2x) the S'-action: §' x X — X, (¢!, x) — ¢? o x. Set
Xreg = {x € X : Vel € S if e/ o x = x, then ¢/? = id}. We call x € X,., a regular
point of the Slaction. It is proved in [6] that X, ., is an open, dense subset of X, and thus
the measure of X \ X, is zero.

Let T € C*(X, T X) be the global real vector field induced by the § Laction ¢'? (9 €
[0, 27)) given as follows

d .
(Tu)(x) = @(u(e’e 0x))|y_g- 4 € CZ(X).

We say that the S!-action is CR if it preserves the CR structure of X, i.e.
[T,C®(X, T"°Xx)] c c®(x, T'OX)

where [, ] is the Lie bracket between the smooth vector fields on X. Furthermore, we say that
the S!-action is transversal if for each x € X,

CTx) T ’X 1> X =CT, X.

Denote by wy the global real 1-form determined by (wo, u) = 0, for every u € T'0X @
701X and (wg, T) = —1.

Definition 2.1 For x € X, the Levi form £, associated with the CR structure is the
Hermitian quadratic form on TXI’OX defined as follows. For any U,V € Tx1 Ox, pick
U,V eC®X, T"OX) such that U (x) = U, V(x) = V. Set

— 1 —
Ly(U,V) = E([U, VI(x), wo(x))

where [, ] denotes the Lie bracket between smooth vector fields. Note that £, does not depend
on the choice of ¢/ and V.

Definition 2.2 The CR structure on X is called (weakly) pseudoconvex at x € X if £, is
positive semi-definite. It is called strongly pseudoconvex at x if £y is positive definite. If the
CR structure is (strongly) pseudoconvex at every point of X, then X is called a (strongly)
pseudoconvex CR manifold.

Denote by 7*-9X and 7*%! X the dual bundle of 710X and T%! X respectively. Define
the vector bundle of (p, ¢)-forms by T*P9X := APT*0X @ AIT*%1X Let D C X be
an open subset. Let 279(D) denote the space of smooth sections of 7*7-¢ X over D and let
Qg “1(D) be the subspace of P9 (D) whose elements have compact support in D.

Fix 0y € [0, 27). Let

de' : CT X — CTin X
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denote the differential map of ¢/% : X — X. By the property of transversal CR S'-action,

one can check that
0o . 71,0 1,0
de'™ T, "X — TMOXX,

de' 70X — 19! X (1)

ety

de'® (T (x)) = T (' o x).

Let (dei®)* : APTI(CT*X) — APTI(CT*X) be the pull-back of dei®, p g =
0,1,...,n— 1. From (7), we can check that for every p,q =0,1,...,n —1,

(de'®)* - Tt X — 177X )

Let u € QP9(X), define Tu as follows. For any X1,..., X, € Txl’OX and Yy,...,Y, €
0,1

T, X

0 .
Tu(X1,...,Xp; Y1,...,Y,) = ﬁ((de’e)*u(Xl, e X YL Y le=o

From (1) and (2), we have that Tu € QP9(X) for all u € QP4(X).

Let D C X be an open set. We say that a function u € C*(D) is rigid if Tu = 0. We
say a function u € C*°(X) is Cauchy-Riemann (CR for short) if dpu = 0, and is rigid CR if
dpu =0and Tu = 0.

3 S'-equivariant CR Hermitian vector bundles

Definition 3.1 ([8])

Let X be a CR manifold. A smooth complex vector bundle (F, w, X) of rank r over
X is called a CR vector bundle if F has the structure of a smooth CR manifold, the map
7w : F — X isa CR map, and for each point of X, there exists an open neighborhood U and a
smooth trivialization of F|y that is a CR diffeomorphism (that is the map and its inverse are
CR). We define a smooth CR section of F over an open subset D of X as a smooth section
s : D — F that is a CR map. A CR frame of F over an open subset D of X is a smooth
frame {fl, ..., f"} of F|p where each fk is a CR section.

Definition 3.2 ([8]) Let X be a CR manifold endowed with an S' action, and let (F, 7, X)
be a CR vector bundle of rank r over X. We say that the S I action on X can be lifted to F,
that is there exists an S'-action on F still denoted by ¢'? such that

n(em ov(x)) = el ox, v(x) e Fy, x € X.

A lifting is called a CR bundle lifting in F if for each ¢’?, the map ¢ : F — F isa CR
bundle map. Such a bundle is called an S'-equivariant CR vector bundle.

Proposition 3.1 ([8, Proposition 2.7, Theorem 2.14]) Let (F, 7w, X) be an s1 -equivariant CR
vector bundle. Then in a neighborhood of each point, there exists a righd CR local frame of
F. In particular, there exists an open cover (U;) j of X and trivializing frames {fj] s fj’}
on each U; such that the corresponding transition matrices are rigid CR. Furthermore, on
every S'-equivariant CR bundle F over X, there is a S'-equivariant hermitian metric on F.

Let L be an S'-equivariant CR line bundle over X. Let (U j)j be an open covering and
(s7); be a family of rigid CR frames s; on U;. Let s be arigid CR frame of L on an open
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subset D C X. For any u € QP9(X, L), write u = u ® s, with u € QP9(D), we define
Tu:=Ti®s.Letdy : QP9(X,L) - QP9TL(X, L) be the tangential Cauchy-Riemann
operator. Since the transition functions are rigid CR, Tu is well defined. Moreover, we have

T3, = 3T on Q79(X, L).

Let 1% be an S'-equivairant Hermitian metric of L. If s is a local rigid CR frame of L
on an open subset D C X, then the local weight of 4’ with respect to s is the function
® € C*°(D, R) for which

|s(x)|%lL =e %9 xeD.
Furthermore, from the S'-equivariant property of 47, we have that Td = 0 on D.

Remark 3.1 As pointed out in [8, Example 1.16], 710X and det(T19X) are both S!-
equivariant CR vector bundles on X, provided that X is a compact CR manifold with a
locally free transversal CR S'-action.

Let L be an S'-equivariant CR bundle with an S'-equivariant Hermitian metric /. For
m € 7, define

QPUX, L) :={ueQPUX,L): Tu=imu).

Let (-|-)5, be the L? inner product on 7-9(X, L) induced by &, {-|-) and let || - ||, denote
the corresponding norm. Let s be a local rigid CR frame of L on an open subset D C X. For
U=URS,V=VQs € Qg'q(D, L), we have

W), = / (@5)e® P dvy
X

where dvy is the volume form on X induced by the S 1 -equivariant Hermitian metric (-|-) on

X. Let L%p.q) (X, L) be the completion of QP (X, L) with respect to (-|)p, . Form € Z,
let o

obra . Lﬁp,q)(x, L) — L%P’q),m(x, L)

be the orthogonal projection with respect to (-|-)p, . Let 5[’: cQPItU(X, L) - QP9(X, L)
be the formal adjoint of 9, with respect to (+|-),, . Since (-|-) and Ay, are S 1—equivariant, we
can check that

To; =9;TonQp?(X,L),g=0,1,---,n—1,

and then
bt (X, L) > QPI(X, L), Vm € Z.

Put

O .= 8,0} + 950y : Q9(X, L) - QP9(X, L).
Then we have

O =0T on QP9(X, L), p,g=0,1,-+- ,n—1,

and

Oy :enX, L) — Qy(X,L),Vm € Z.
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We will write (I to denote the restriction of (I on the space 7, (X, L). For every
m € 7, we extend DZ’}Z to L%p,q),m(X, L) in the sense of distribution by

Oy : Dom(0) ) — pr, o X L),

where Dom((J;!) = {u € L%p. om X L) Opdu € L%p. o.mX: D)} The following

follows from Kohn’s L2-estimate (e.g. see [4, Theorem 8.4.2]).

Theorem 3.2 [3, Theorem 3.1] Foreverys € Ny := NU {0}, there exists a constant C such
that

lullyr1 < Co(IOPPulls + 1 Tulls + ulls), Vu € QPI(X, L),

where || - ||s denotes the standard sobolev norm of order s on X.

Theorem 3.3 [3, Corollary 3.2] Fix m € Z, for every s € Ny, there is a constant Cy ;, such
that

lullsr1 < Com (IO ully + llully), Yu € QLA (X, L).

,m

Theorem 3.4 ([3, Lemma 3.4 and Proposition 3.5]) Fix m € Z, Dépr’nq) : Dom(Dl(jp,;f)) C

L%p’q)’m (X,L) —> L%p’q)’m (X, L), is a self-adjoint operator. The spectrum ofDl(f,;lq) denoted

by Spec(DZ{),’nq)) is a discrete subset of [0, +00). For every A eSpec(D,gf),’f)) the eigenspace
with respect to \

Hpoh (X, L) = {u € Dom@0) : OfPu = e}

n

is finite dimensional with Hf.’zl ,(X, L) C QPU(X, L) and for A = 0 we denote by
Hfgl (X, L) the harmonic space Hf”:flgo(X, L) for brevity and then we have the Dolbeault
isomorphism

Hy @ (X, L)~ H (X, L).
In particular, we have

dim H) (X, L) < 00,Ym € Z,Y0O<p,qg <n—1.

For A > 0, we collect the eigenspace of Dl(jp ,;f) whose eigenvalue is less than or equal to A
and define

Hipm, <1, 7= Bo 1M o (X, L),

4 = Kerdp NHY

b,m,< b,m,<\*

Definition 3.1 The Szeg6 kernel function of the space ffbp n;] <, Is defined as

dl?’l
e, ()= lgj(P,
j=1

where {g j}‘;’i | is any orthonormal basis for the space ij }:Z, <
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It is easy to see that

dim 27 _; =/ e dvy. A3)

Spq

The extremal function S, "_,

for y € X is defined by

Sh (= sup |u()
ue”(éwbm <i’ llull=1

The next lemma is classical in Bergman’s theory of reproducing kernels.

Lemma3.2 [c.f.[2]]
Foranyy € X,

—1 —
st =t = (") (" st
p q
In particular,

. n—1\(n—-1
/ Srft <a(y)de = dlm%p”?<k = ( )< )/ Snp1,q§a(y)dUX
X 4 q X

For the proof of the above Lemma, we refer to [2, Page 308, Lemma 4.1].

4 Canonical local coordinates

In this section, we draw the local picture for compact connected CR manifolds with transversal
CR S'-action. The following result is due to Baouendi-Rothschild-Treves [1].

Theorem 4.1 (c.f. [1]) Let X be a compact CR manifold of dimy = 2n — 1, n > 2 with
a transversal CR S!-action. Let (-|-) be the given T-rigid Hermitian metric on X. For any

point xg € X, there exists local coordinates (xy, - - , x2,—1) = (z,0) = (21, , Zn—1,0),
zj = x2j—1 +ixaj, j =1,---,n—1, xp1 = 0, defined in some small neighborhood
D ={(z,0): |z| <&, 10| < 8} of xg such that
0
T
ad B a
z;= 0 MO0
0z; 0z 30’

where {Z (x)}zf;} form a basis of TXI’OX foreachx € Dand¢(z) € C*®°(D, R) isindependent
of . Moreover, on D we can take (z, 0) and ¢ so that (z(xg), 6(xp)) = (0,0) and ¢(z) =
Z’;;} Ajlzj 1>+ 0(z1*),V(z,0) € D, where {)\j};f;{ are the eigenvalues of Levi-form of X
at xo with respect to the given 7 -rigid Hermitian metric on X.

Remark 4.1 It was proved in [6] that if xg € X,.¢, § can be taken to be 7, and if x¢ is not a
regular point, say xo € X, d can be taken to be any positive number smaller than %

It was pointed out in [14, Proposition 4.2] that in Theorem 4.1, if we assume that X is weakly
pseudoconvex, then idd¢ > 0 as a (1, 1)-form on D.

Fixxp € X andlet D = Dx (=8, 8) C C""! xR be a canonical local patch with canonical
coordinates (z, 6, ) such that (z, 6, ¢) is trivial at xo. The T -rigid Hermitian metric on D

@ Springer



24 Page 10 of 21 Z.Wang, X. Zhou

induces an Hermitian metric on 7*!-0 in a standard way. Up to a coordinate transformation if
necessary, we can find orthonormal frame {e/ };’;} of T*10 with respect to the fixed T-rigid
Hermitian metric such that on D, we have e/ (x) = ¢/ (z) = dz; + O(|z]), Vx = (z,0) € D,
j=1, — 1. Moreover, if we denote by dvy the volume form with respect to the 7' -rigid
Hermitian metnc on CT X, then on D we have dvy = A(z)dv(z)d6 with A(z) € C°°(D R)
which does not depend on 6 and dv(z) = 2"~ Y, - dxz,, 2. We identify D Wlth an
open subset of C"~! with complex coordinates z = (z1, - - , zp—1). Since {dzj} 1 is a
frame of T*19D over D, we will treat them as the frame of T*] 0D which is the bundle of
(1, 0)-forms over the domain D. Let (g*/ (z)) be the induced Hermitian metric on 7*1-0D.
It induces Hermitian metrics on 71D and T*79D in a canonical way. We denote by the
induced Hermitian metric on 71:0D by w. Moreover, on D,w= Z?;i el Ael,and w(xp) =

Z” ! 1dzj AdzZ. Then the volume form on D is given by " ! := (‘:”_7]1), = A(2)dv(z). For
the detalled discussions, we refer to [6].

5 Local representations of 9, 5: and Df,p;g)

Fix xp € X and choose canonical local patch D near x¢ with canonical coordinate (z, 6, ¢)
such that (z, 0, ¢) is trivial at xg. Write D = D x (=8, 8) D={zeC |z < e
In this section, we always see D as an open subset of C"~! with the complex coordinates
z=1(z1, ", zn—1). We choose the fixed Hermitian metric on 7*%! D induced by a T-rigid
Hermitian metric {-|-) on D, and extend it to T*P-4 D. We still use the notation (+]-) to denote
the Hermitian metric on T*P9D. Let u € Q59(X, L). Let e be a local rigid CR frame of
L on D, and ® be the local weight of the Hermitian metric /7 of L. From the definition
of QP4 (X, L) we have that Tu = imu. Then on D, u = iie'? @ e with ii(z) € QP4(D)
and u(z) = Z?1I=p,ll\=q iurjdzy ANdzy. Since hy is Sl-equivariant, we have T® = 0, i.e.
®(z,0) = O(z) is independent of & on D.

Similar with [6, Lemma 2.11], we have the following local representation of the operators
mentioned above.

Lemma5.1 Forallu € QE9(X, L), on D we have

= i —mos i ok i —mok2me+® —i
pu = elmG mq)a(emq)e lmé)u)’ abu — ezm(ie mey ¢ (emqoe lmGu)
(r.q) oimo g—mg (p.q) me ,—im6
Db,m u= D2mq)+<b(e ¢ u).

Proof The proof is a minor modification of that in the proof of [6, Lemma 2.11]. For the sake
of completeness, we include the proof here.

Writeu = 37|/ 1_ ) /1= #17d21AdZ j®e. Then pu = XX (a‘u-” - agz(Z) e ) dzjn

a7

dz; NdZzy ® e. Since Tu = imu, we have agéj imuyy on D forevery I, J. Thus

/ n—1
= ury dp(2)
opu = dz; Ndzy NdZ
bt Z Z(E?Zj +m 2z urjy ) dz; z1 Qe
[1=p.,lJ|=q j=1

’
) ou ap(2) .
=etm9 E E ( J +m ¢ )u[j)dZ]AdZ[/\dZJ®€ 4)

97
=p,|J|=q j=1
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Set v(z) 1= ™ii(z) = Ziﬂ:p“l:q vy,7(2)dz; Adzy ® e. Then

vy gy d me m <8ﬁ1] 0¢(2) . )
= urje =e — +m——1u . 5
0z~ oz, ) 0z oz, ®

Substituting (5) to (4), we can get the first identity of Lemma 5.1.
Since d;u € QP47 (X, L) on D, we write dfu=e"(z2)®e, B(z) € QP41(D). Take
X(6) € C((—8, 8) with [°, x(6)d6 = 1. Let g € Q07" (D). We have

Bfule 2D g(2)x (@)™ @ ) = (™ i(2) ® ele D g(2)x (0)e™ @ e)

= (U(2)|g(@))2mp+- (6)
On the other hand, from the first identity of Lemma 5.1, we have
Bpule™Dg)x (0)e™ @ €) = (u]dp(e "D g(2)x (0)e™) ® e) @)

= (ulx (@)™ e D(e ™™ g(2)) ® €) + (u|(=i)x ()™ e D A g(2) ® €)
= ("a@)]3e "D g@Nampro = @ TV D) e g (2))amp+o

= (eIt (0 |0 (2))2me-t-
Combining (6) and (7), we obtain that

(e—n1(p(z)é*,2m(p+<l> (em(p(z)

(V(2)8(@)2mp+0 = 1)18(2)2mp+a-

This gives the second identity in Lemma 5.1, and the third identity follows directly from the
the above two identities.
[}

Based on Lemma 5.1, we go a little bit further by direct computations to get the following

Lemma 5.2 Suppose that u € QPx L) satisfies D(p q)u = Au. Let e be a local CR rigid

frame of L on D. We define u ® e := emve=imdy, then i € QP9(D) and the following
equality holds on D:

(r.q) ~
O g+l = \.

Furthermore, for any u € Hb <o (X, L), we get a form u € Hg;nq‘p_‘_q,‘q (D, L), where
’Hb . <U (X L) (resp. H2m(p+<l> <U(D L)) is the linear span of the eigenforms of Dg{’r’f)

(resp. m% o ) with eigenvalue less than or equal to o on X (resp. on D).

2m¢+

Now we recall the so-called Siu’s d3-formula. Let (L, h) be a holomorphic Hermitian
line bundle over a compact complex n-fold (X, w) and o be a L-valued (n, g)-form. The
Hodge-x* operator is defined by the formula

o AFE = |o| o, )

where w, = " /n!. We define an (n—q, n—q)-form Ty, associated to « in alocal trivialization
as

Ty = cnqy AVE YV, )

where y = *a, ¢,y = j(n—q )? and ¢ defines the metric of L. Note that the form 7, is well
defined globally.
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Lemma5.3 (c.f.[2]) Let a be an L-valued (n, q)-form. If a is d-closed
i00(Ty A wg—1) = (—2Re(0a, @) + (O A Aa, &) — clar|?)wn,

where O is the curvature of (L, h) and locally ® can be written as O = 1881/f if is
the local potential of h, i.e. h = e~V . The constant c is equal to zero lfawq 1= 8a)q =0.

6 A preparation for localization procedure: the scaling technique

In this section, we prepare necessary tools for the localization precedure needed in the proof
of Theorem 1.4. This is a modification of results in [6].

Fix xo € X, we take canonical local patch D = D x (=45,8) ={(z,0) : |z] <&, 0] <8}
with canomcal coordinates (z, 0, ga) such that (z, 8, ¢) is trivial at x¢. In this section, we iden-
tify D with an open subset of C"~! = R?"~2 with complex coordinates z = (z1, -+ , Zp—1)-
LetL, e T" OD, L,_1eTh 0D be the dual frame of e' Jo-o, " with respect to the
T-rigid Hermman metric (-|-). Let w be the induced Hermman metric on T1:0D.

Let Q7- q(D) be the space of smooth (p, g)-forms on D and let QP q(D) be the subspace

of QP4 (D) whose elements have compact support in D. Let ( |- )2(/; be the weighted inner

product on the space 22"/ (D) defined as follows:

(flg) = /~<f|g>e‘2¢<z)k(z)dv(z>

where f, g € Qp q(D) We denote by L(p q)(D, 2¢) the completion ong’q (5) with respect
to ( | - )2¢' Forr > 0,let D, = {z € C"' : |z] < r}. Here {z € C""! : |z| < r} means

that {z € C"~! : lzjl <r,j=1,---,n—1}). Form € N, let F, be the scaling map
Fu(z) = (;}'71, e i’qfl) Z € Dlogm From now on, we assume m is sufficiently large such

that F), ([N)log m) CC D. We define the scaled bundle F, TP D on Dlog m to be the bundle
whose fiber at z € Diog is

Far Dl ={ Y e (=) nel(;
[=p,|J1=q

aryg € C, 1,J strictly increasing].
We take the Hermitian metric (-|-) g on FyT*r4 D so that at each point z € 510gm,

1(_ % T % . _ . . . . }
e (—)nel(—) : |I|=p,|J| =gq, I, J strictly increasin
[e'(c=) Al (=) s =pls1 =g y g

is an orthonormal frame for F,; T*P: 4D on Dlogm

Let F Qp a (D,) denote the space of smooth sections of F, Q27 q(D,) whose elements
have compact support in D Given f € QP q(D ). We write [ = Z‘leq frrel A e!. We
define the scaled form F,} f € F*QP4 (Dlogm) by

Fif@) =Y fi(—=)e!
IR

) A;(i),z € l~)10gm.

(G

For brevity, we denote F,’ f (z) by f (ﬁ). Let P be a partial differential operator of order one

on F, 510g m with C coefficients. We write P = Z?" 12 aj (z) ax; . The scaled partial differ-
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ential operator P(, on 510gm is givenby Pgny = > 3”;12 Fra; —ai_ .Let f € C®(F, (51Og ).
h J
We can check that

1
Py (F, f) = TF,Z(Pf). (10)

Let 9 : QP4 (D) — QPat(D ) be the Cauchy-Riemann operator and we have

- n—1

Z i@ AL+ (@el)(2) A (el () A)*

j=1 j=1

where (g(z)/\)* c T*P4 é — T*P4=1D s the adjoint of Z(z)A with respect to the Hermi-
tian metric (-|-) on T*P4D, j =1,--- ,n — 1. That is

(e (@) Aulv) = (ul(e! (2)A)*v)

forallu € T*P 9= lD v € T*P4 D. The scaled differential operatora(m) Fy Qp’q(ﬁlogm) —
FiQpatl (Dlogm) is given by

n—1 n—1

) = J(==)AL; m+ del)(—= J(—= 11
) ,Zle(f) o) Z (e)(fm(e(f» (1)

Similarly, (eJ( )/\)* CFRTHP ip — FyT*pa- IDisthe adjomtofel( )/\ with respect

o () px, J = 1, -,n — 1. From (10) and (11), 8(,,1) satisfies that
B Forf = TF;Z(af), ¥/ € QP (Fy(Diogm)).
Let ( .- )2m Fip+Eid be the weighted inner product on the space F; Qg 4 (5log m) defined

as follows:

(flg)ZmFlj(p—}—F,;‘lfD = ﬁ <f|g>F,;"leisz'z ¢A(f)dv(2)

Dl&)gm

Let 5?,”) D FrQpatl (5logm) — FrQprd (l~)10gm) be the formal adjoint of 3, with respect

to the weighted inner product ( [)2mFrp+Fro- Let El 2mere L QPatlp 5 Qpra (5) be
the formal adjoint of 3 with respect to the weighted inner product ( o] )Zm(p +o- Then we
also have

= 2mp+d ~

VomyFnf = —=Fp @ """ ), Vf € QP4 (Fpy(Drogm))-

f m
We now define the scaled complex Laplacian D(p @ D FrQpd (Dlog m) = FQpP ‘I(Dlog m)
which is given by D(Z)q = 8(,11)8(,,,) + a(m)a(m). Then we can see that

1 ~
Oy o f = — Fp (@0 o ). Vf € 2P (Fy(Drogm)). (12)
Here
D;ZZL¢_88*2m<p+d>+a*2m(p+¢ qu(D)%qu(D)
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is the complex Laplacian with respect to the given Hermitian metric on 774 (D) and wei ght
function 2me¢(z) + ® on D. ~
Since 2m Fryg = 2®0(2) + 7= 0(z’) and Fj;® = ®(0) + 7=0(z]). ¥z € Diogm

where ®(z) = Z'};i Ajlzj1?, we have

. 2n-2
mh_r)noo sup [0 2m Fpp + Fj ® — 2®0)| =0, Yo € Nj' ™.

D]og m

Consider C"~1. Let (-|')cn—1 be the Hermitian metric with constant coefficients on

T*P-4C"~!, such that at the origin, it is equal to w(0). Let ( - - )2% be the L? inner

product on 57 (C"~!) given by

(£18)2a, = /C (F18)e PP OM0)dv (). fLg € 2T,

where A(0) is the value of the function A(z) at xg.
Put

7*,2@0

(p.q) _ F%.2Po7
Dz% =00 49

3:QPeCl > raCth, (13)

where 3% is the formal adjoint of 9 with respectto (| -)
It is not difficult to check that

2@y "

DD = D8 + em P (14)
on 5logm, where P is a second order partial differential operator and all the coefficients of
Py, are uniformly bounded with respect to m in C*(Djqg,)-norm for every u € Ny and &,
is a sequence tending to zero as m — 0.

From Garding’s inequality together with Sobolev estimates for elliptic operator DEZ’;’),

one can get the following

Proposition 6.1 (c.f. [2]) Letu € F;Qp*q(ﬁlogm). For every r > 0 with 5, ccC 510gm,

and every k € Nt and k > % there is a constant C, i independent of m such that

2 2 (P.9)\k -
u(0)] scr,k(||u||2mw+m5y+||(D(m) )unzwww,a)

m

7 Proof of the Theorem 1.4

The proof is a modification of that in [14], which is an adaption of Berndtsson’s technique
[2] to CR setting.

Proof of Theorem 1.4 Step 1. Fix a point xo € X. From Sect. 4, up to a coordinate transfor-
mation, we can choose a canonical local patch D = D x (=45,8) ={(z,0) : |z] <&,10] <8}
with canonical coordinates (z, 6, ¢) such that (z, 0, ¢) is trivial at xo and the metric @ induced
by the T-rigid Hermitian metric on X be the Hermitian metric satisfies w = %Eﬁlzlz =
at xo. Let e be a local CR rigid frame of L on D, and ® be the local weight of the Hermitian
metric hy of L. Since hy, isrigid, we have T® = 0, i.e. ®(z,0) = P(z) is independent of 6

onD.Letu € HZ;,:’Z/\(X, L) such that |lu|| = 1 and 3pu = 0. Set ¥ @ e = "M%y on
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D, then from Lemma 5.1 and Lemma 5.2, we know that # € H_ "% (D) and 3% = 0. By

2me,<i
the definition and Lemma 5.1, it is easy to show that
luf? = Jii?e=2"¢ %, (15)
=1.9) 2 _ =L ~2 —2mp—d
|Db,m ul© = |D2m¢+<1>”| e . (16)

[m}

The aim of this step is to generalize Berndtsson’s submean value inequality [2, Theorem
2.1] to the CR setting.

Theorem 7.1 Under above notations, and under the assumption of Theroem 1.1, we have
that forr < A™Y2 and r < ¢y,

/ [@] w1 < Cr20.+ 1)4/ lu)?.
|z|<r X

The constant co and C are independent of m, A amd the point x.

To proceed, we construct a trivial holomorphic Hermitian line bundle (L := DxC,h:=
e=2m9=®) gver D. From (15) and (16), one can identify & with an L-valued (n — 1, ¢) form on

5, i.e. a section of the bundle "~ ® L over 5, and Dg,ln;l_;qqz

operator on D with respect to the induced Hermitian metric w and the Hermitian metric Ay,
of L on D. For this consideration, we make the following notations throughout this section

with the formal 9-Laplacian

[17]2 — |m2€72mzpf® (17
(n—1.)~12 _ \——Lg)~2 —2mp—®
[D2m<p+(l>u] T ||:’2m¢7+<l>u| e T (18)

Since X is pseudoconvex, then from [14, Proposition 4.2] we have thati®;, =i 99¢ > 0.
From Lemma 5.3, we get that

i00(Ty A wg—1) > (—2Re(Dg,;i,‘f¢ﬁ, i) — c[@])on—1. (19)

For r > 0 small, we define
~12 2
o(r) ::/ [i] wn—1 :/ Ty A wg =: s7(r),
lzl<r lzl<r

nelg 2\ /2
A(r) == </|;|<r [DZm;_Zq)u]z) .

From Cauchy’s inequality, we get that

[ Ot = o)

Without loss of generality, we may assume that A > 1.
From (19) we see that

/ (r* — |2)idd(Ti A wg—1) = —crio(r) — 2r2/ (Dt o] [ ]en-1.  (20)
jel<r j2l<r

Applying Stokes’ formula to the left hand side of (20), we get that

2/ iTy Nwg—1 A B
|z|<r
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< / iTy Awg—1 AdIz* + crlo (r) + 2r%a () 2(r). 1)
|z|=r
Since w is smooth and w(0) = B, up to shrinking the local patch if necessary, we have
that
I-0M)w=p=1-00)o. (22)

Note that if w = B, the boundary term in (21) can be estimated by an integral with respect

to surface measure
r / [21%dS,
|z]=r

and this implies that in our case

/ iTy Awg1 AP <r(1=0) | [#] (@n1/Ba-)dS.  (23)
|z|=r

lz|=r

However,
/ _ (7] @n—1/Ba—)dS = o (1). (24)

From (21), (22) and (24), by incorporating the term cr?o(r) in O(r)o (r), we get that
2q(1 — O(M)a (r) < ra’(r) + 20 (1) /2 4(r). (25)
Dividing by 2rs(r) to both sides of (25), we obtain
q(1/r = 0)s(r) <5'(r) +ri(r). (26)
We are going to prove
s(r) < Criaki2

for k < g by induction over k.
The statement is trivial for k = 0. In fact, from (15) and (17), we have that

~12 1 ) 1
o= [ [iori =5 [ uldvy < —,
|z\<r[ ] " 28 |z|<r,—6<6<$8 26

since we have assumed that ||u| = 1.
Now we assume that it has been proved for a certain value of k < g. Then (26) implies

(k+D(A/r — O0M)s(r) = 5'(r) +rir). 2N

Since u € H;;Lﬁq) <A(5), the form Dgn:;ﬁdJ;Z also lies in Hgn:;’_,q_q, <)\(5), then by the

induction hypothesis we get that
A(r) < Cripk/2rt (28)
From (27) and (28), we obtain that
(k+ D(1/r — O()s(r) < s'(r) + CriHIRk/2HL (29)

Set

U(r)=(k+ 1)/(1/r —Oo()dr ~ (k+ 1)logr
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and multiply (29) by the integrating factor e =¥, The result is that
(se™V) > —Cak/FT,

1/2

Integrate this inequality from r to A~1/2. Since e =¥ ~ 1/r¥*1, we get that

F Dy < CARZH2 4 g3 = 1/2)3k/241/2 < o k/241)2
By induction, we obtain that
s(r) < Crind/?,

After squaring both sides, we obtain that

/ [E]za),,_l < Cra)4,
|z|<r

(30)

Go through the proof given above line by line, one can see that the constant C only depends
on the local coordinates, ¢ in Siu’s formula (which depends only on the metric w), O (1) and
8, but from the compactness of X, one can get a uniform constant C independent of r, m, A

and the point xp. The proof of Theorem 7.1 is complete.
Step 2. In the sequel, we shall use the scaling technique in Sect. 6.

For any form u € Qb -l (X, L), we express u in terms of the trivialization and local

canonical coordinates on D and write 7 ® e = ¢™e~™%y on D as in Step 1. Firstly we

assume that A < m. Put

~ ~ ~ Z
u(m)(z) — F;M(Z) = u(ﬁ ,
so that 7 is defined for |z| < 1 if m is large enough.

(19 and from (12), it satisfies

(n—=1,9)~( (n—1,q)~ (n—1,9)
mD(m) u " = F:l |j2m<p+<l> )_ (D2m<p+d>~)(m)'

We also have the scaled Laplacian [

From (14), D(zz_l’q) converges to a m-independent elliptic operator as m — oo on a

neighborhood of |z| < 1.
Therefore, from Proposition 6.1, we obtain that

[uw)]z m 4 / [Dgzl)lq))kﬁ(m)]zw’(:i)])’

o) = @O = o [ )

lz]<1

n

(€19}

for m sufficiently large and k > 11 where C,  in Proposition 6.1 depends on r and k, but

2 b
here C, y = C1 x =: Cy only depends on k since r = 1 in (31).
By coordinate transformation formula, we have that

/‘Z‘<1 [’,I(m)]Zwr(lﬂ_l)l _ mn—l/ B [ﬁ]zwnfl’

|Z‘<ﬁ
and

(n—1.9)\k~(m)]2 (m) _ on—1-2k n—1.q \k~12
/ [D(m) ) (m)] =m" / . [(D2m¢+q>) u] Wp—1-
lz]<1 |Z|<W
From (30) in Step 1, we get that

" / [@on-1 < Cm" 179+ 19,
lz|<

(32)
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and

11— — ~12 —1—
m" 12k /| " [(ngg};ﬁq))"u] Wn_1 < Cm" 7900+ DI /m)*. (33)
ZI<—7

I
Combining (31), (32) and (33), we obtain that

u©)> < Cm™ "9 (n 4 1)4.

Secondly, if A > m, we apply the above procedure to the scaling #» instead, and trivially
get

lu(0))* < canl.
D(P,L])

Step 3. Since 9, commutes with b

we have the following exact sequence

n—1,q inclusion ,Hn—l,q ifn—l,q—kl.

0— “@Pb,m,f)\ b,m,<A b,m,<A
Thus we obtain that
. n—1,q . n—1,q . n—1,q+1
dim#) 1, < dim 2" 14 +dim 2 1T (34)

From Lemma 3.2, we see that, for any y € X

. —1\[(n—1 .
dim 219 < (" , ><” , )/XS;’SI}?(y)dvx om0+ D! (39)

with A < m, and

_ -1 -1 _
dim 214 < (" )(” )/ S (dvy < ! (36)
= p q x "=
with A > m.
From (34), (35) and (36), we obtain that for A < m
dim Y, < C(m”_l_‘f(k F 1) 4 m" 2 1)‘1“)
<Cm" I+ 1)1,
and for A > m,

dim MM < oan,

b,m, <\ —

In conclusion, we complete the proof of the Theorem 1.4. O

Remark 7.1 Let L = det T10X, then Q"~14(X, det T10X) = Q%4 (X), Corollary 1.5 is a
direct consequence of Theorem 1.4, and Theorem 1.6 is a direct consequenc of Theorem 1.2
and Corollary 1.5.

In the following, we will show that the estimate of the growth order of dim Hbo”:i (X) in

Corollary 1.5 and thus the estimate of the growth order of dim H; :;;q (X) in Theorem 1.6
are sharp. For 0 < g < n — 1, let 71 be an abelian variety of dimensionn — 1 — ¢ and 7> be
a complex tori of dimension ¢. Let E be a strictly positive line bundle over 77, and let L be
the pull-back of E’ to M := Ty x T. Itis easy to see that

dim H%9(M, L™) > dim H*4(T») - dim H®°(Ty, E™) > em" 174,
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by noting that H%9(T») ~ H?9(Ty) = H*(T», K1,) = C (since K7y, is trivial), and
dim H%O(T;, E™) > em" 174,

Let X be the circle bundle {v € L* : |U|27| = 1} over M. X is a real hypersurface in the
complex manifold L* which is the boundary of the disc bundle D = {v € L* : |U|i*' < 1},
with the defining function p = |v |271 —1. The Levi form of p restricted to the complex tangent
plane of X coincides with the pull-back of ® (i.e. the curvature of L which is semipositive)

through the canonical projection 7 : X — M. It is a well-known fact (e.g. see [14, Remark
3.1]) that

o the space Q57(X) can be identified with the space Q74 (M, L™),

e for each integer m, we get a subcomplex (Q5,°(X), d,) which is isomorphic to the
Dolbeault complex (Q7:*(M, L™), ), thus we get that the Kohn-Rossi cohomology
group Hé” ;Z (X) is isomorphic to the Dolbeault cohomology group H”9(M, L™).

Then dim Hl? ’;’l(X) > cm"~179, this shows that the estimate of the growth order of

dim H, b()’ ’Zl (X) in Corollary 1.5, and thus the estimates of the growth order of dim H;,:;q (X)
in Theorem 1.6 are sharp.

8 Serre type duality theorem for S'-equivariant CR Hermitian vector
bundles

Let X be a compact connected C R-manifold of real dimension 2n — 1, n > 2, which admits
a transversal CR S!-action. Let (L, i) be an S 1-equivarian‘[ CR Hermitian vector bundle
over X. Let w be the global 1-form associated to the S'-action. In the following, we prove
the Theorem 1.7 and Theorem 1.8. We follow the counterpart for complex manifold case in
[10].

As in [14], we define the Hodge-* operator in the CR level by the following

(ulv)dvy = u A %V A wy, (37)

where u, v € Q29(X), dvy is the volume form on X defined in §4. Let D = D x (-3, 8)
be a canonical local patch with canonical coordinates (z, 6, ¢) such that z, 6, ¢, and let

(f',---, f7) be alocal rigid CR frame of L, and (g) be the Hermitian metric hz of L on
D. Let L* be the dual bundle of L and ((fH*, -, (f7)*) be the dual rigid CR frame of
(fl, -+, f") for L* on D. Then (gfk) is the induced Hermitian metric of L* on D. For any

ue QX L), wewriteu =3 u;f/, where u; € Q4 (D). Put
Wt =" g xin(f)*. (38)

It ican be checked that u* € Q""" (X, L*) and the definition of u* is independend of the
local frame.

From [14, Proposition 8.3], we know that * is a complex linear map and xxu = (— )Py,
then one can derive that

= (=P gk

where u;‘ =>g i * uy. It can be checked that this is also independent of the local frame.
Thus the map u — u* maps Q57 (X, L) onto Q" 7"~ (X, L*) bijectively, and this is a
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R-linear map. Furthermore, for u € Q59 (X, L) and v* € Q"_:np’"_q (X, L%,
Z v;f Auj A wo
J

is a globally defined volume form on X. Now we define an inner product of u € pr ;Z (X, L)
and v* € H;'.__‘D’"_q (X, L*) by

(v*, u) :/ > uj AV Aw. (39)
X
From (37) and (38), one can see that
W) = [ oo = v (40)
X
One can also check that
W |v*) = (ulv), (41)

for any u*, v* € Q" P"7(X, L¥).
For u € Qﬁ'q_l(X, L) and v* € Q::_p‘"_l_q(X, L¥), Zj uj A v;’f is a smooth (n —
1, n — 2)-form on X. Hence

A ( u-/\v*f/\wo)=/d( u; A Awg) =0.
/x Z J J v X]: J J

This implies that

Bb(zuj /\vjf/\a)o) = Za,,uj /\vj A wy — (_1)p+q Z“j /\3bv7 A w0
J j I
on X, thus

(v*, pu) = (=P (30", u).
On the other hand, we have
(v*, dput) = (Bpu, v) = (u, I;v) = (FFv)*, u*) = (B4, u).
hence, we get that
Wpv* = (=P (05v)* (42)
forv* e Q1P 19X, LY.
Similarly, from
W*, 95 (™) = (@B (v*), u*) = (=P (@Fv)*, u™)
= (=P @Fv, u) = (=1)PHI (0", (Opu)*),
we have that
Iy ™) = (=)’ (0u)*
foru e @' (X, L), thus
I ") = (=P Go)y* (43)
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for v* € Q'i;f’"_q (X, L*). From (42) and (43), we get that v* is harmonic if and only if v

is harmonic. Thus v — v* maps Hj,? (X, L) bijectively onto 1", 7"~ (X, L*).

It is easy to see that the inner product (39) is not degenerate. Thus we complete the proof
of Theorem 1.7. Theorem 1.8 is a direct consequence of Theorem 1.7 and Theorem 1.4.
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