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Abstract

We provide the Alexandroff-Bakelman—Pucci estimate and global C!-%-regularity for a class
of singular/degenerate fully nonlinear elliptic equations. We also derive the existence of a
viscosity solution to the Dirichlet problem with the associated operator.
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1 Introduction

In this paper, we are concerned with the existence and global regularity results for viscosity
solutions of a class of singular/degenerate fully nonlinear equations of the form

{d)(x, |Du|)F(D?*u) = f(x) in (L

u(x) = g(x) on 9%2,

where F : S(n) — R is a uniformly (X, A)-elliptic operator in the sense of (Al), ® :
Q x [0,00) — [0, 00) is a continuous map featuring degeneracy and singularity for the
gradient described as in (A2), f(-) and g(-) are suitable regular functions in the sense of
(A3), and € is a C2-domain as in (A4). We recall that, as a consequence of Krylov-Safonov
theory [32, 33], viscosity solutions to the homogeneous equation

F(Dzu) =0 in By, where F isuniformly (A, A) -elliptic,
belong to Cllo’f‘ (Bp) for a universal constant @ = a(n, A, A) € (0, 1).

Some special cases of (1.1), which are singular or degenerate PDEs in non-divergence
structure, have been widely studied in the past years. To be precise, the local C!*-regularity
results for degenerate fully nonlinear equations were developed in [2, 26] for ®(x, ) = t?
with p > 0,in[15,20] for ®(x, ) = t” +a(x)t4 with0 < p < g,in[11] for d(x, t) = P
with inf p(-) > —1, and in [6, 22] for ®(x, £) = 7% + a(x)19™® with 0 < p(-) < ¢(-). On
the other hand, comparison principle, Liouville type results, and the ABP estimate are found
mostly for @ (x, ) = tP with—1 < p < 0; wereferto [8,9, 18, 19, 25] for details. Recently,
the ABP estimate for fully nonlinear models with unbalanced degeneracy was established in
[6, 7]. Finally, for both singular and degenerate general operators which are considered in
this paper, the local C'**-regularity with the optimality was shown by the authors [5]. Global
counterpart of such local regularity results can be found in [10] for ®(x, 1) = P with p > 0
and in [6] for ®(x, 1) = tP™ + a(x)r9™® with 0 < p(-) < ¢(-). It is noteworthy that the
regularity theory for viscosity solutions to (1.1) plays a crucial role in the investigation of the
free boundary problems of singular perturbation type [3, 7], of obstacle type [16, 17], and of
one-phase Bernoulli type [14].

The goal of this paper is to investigate the global regularity, involving the ABP estimate
and C'*-estimate up to the boundary, for both singular and degenerate fully nonlinear elliptic
equations in a unified way. To begin with, the ABP estimate in our setting reads as follows:

Theorem 1.1 (Alexandroff-Bakelman—Pucci estimate) Suppose thatu € C(Q) is a viscosity
subsolution (resp. supersolution) of (1.1)in {x € Q : u(x) > 0} (resp. {x € 2 : u(x) < 0})
under the assumptions (A1)—(A2) (to be stated in Sect.2). Suppose that f € L"(2) N C(L2).
Then there exists a constant ¢ = c(n, A, i(D), s(P), L, vy) such that

1
@)+

1
Supu < sup g7 + cdiam(Q) (max { I~ e ey 1™ ;i?’(>;l(u+))} + 1) . (1)
(resp.
1 1
Supu” < supg” + ¢ diam(Q) (max { (Wi PSR s f,j’;}fi(u,))} + 1) ) (1.3)

In particular, we have

1 1
lull Lo @y < lI8llLoo(aq) + ¢ diam(S2) <maX {IIfII'L(f()g') , ||f||2<f})§; } + 1) (1.4)
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Global regularity results for a class... Page3of26 1

for some constant ¢ = c(n, A, i(P), s(D), L, vp) > 0.

We next establish the global C'*-regularity result for viscosity solutions of Dirichlet
problems.

Theorem 1.2 (Global C 1'O‘—regularity) Suppose the assumptions (A1)—(A4) (to be stated in
Sect.2) are in force. Let o be chosen to satisfy

0, n (0, ﬁ] N0, By) if i(®) =0

o €
0.8 0 (0. @@y | N 0. Be) if —1<i(@®) <0.

(1.5)

For any viscosity solution u of

®(x, |Du)F(D*u) = f in Q,
u=g on 092,

there exists a constant ¢ = ¢(n, A, A, i (D), L, &) such that u € C1¥(Q) and

1
lullcreg) < c (1 + llulloo(@) + 8l c1ss (50) + ||f/V0||£§((2)> .

Corollary 1.3 Suppose the assumptions of Theorem 1.2 are in force. Suppose further that F
is convex (or concave) and g € CLL(9Q). Then u € CH*(Q2), where

=) if i(®) =0
Corollary 1.3 immediately follows from Theorem 1.2, since viscosity solutions to con-
vex/concave equations belong to Cllo’cl (2) by Evans—Krylov theory [21, 30, 31]. We refer
to [2, Corollary 3.2] and [6, Corollary 1.2] for similar results to Corollary 1.3.

The last main theorem concerning the solvability of the Dirichlet problem follows from

Theorem 1.2 together with Perron’s method.

Theorem 1.4 (Existence of a viscosity solution) Suppose the assumptions (AD)—(A4) and
(A5) (to be stated in Sect. 6) are in force. Then there exists a viscosity solution u € C(S2) of
(1.1).

Our strategy is to improve the global regularity of a viscosity solution u gradually. For this
purpose, we begin with the ABP estimate to show the global boundedness of solutions. Then,
by constructing an appropriate barrier function near the boundary, we capture the boundary
behavior of solutions in terms of a distance function. The comparison with a distance function
allows us to achieve a global Lipschitz estimate. In the end, we prove the approximation
lemma by employing the compactness argument and then determine approximating linear
functions in an iterative manner.

The main difficulty arises due to different behaviors of solutions relying on the sign of i (P)
defined in (A2). To overcome such a challenge, we first discuss the degenerate case (i (®) > 0)
in Sect. 4 and then transport the regular properties to a viscosity solution of the singular case
(=1 < i(®) < 0) along with a suitable modification of equations in Sect.5. In addition, the
degenerate or singular character of PDEs leads to the lack of the comparison principle in
general settings. Therefore, we formulate special types of the comparison principle: one is
Lemma 4.2, where we exploit the smooth feature of barrier functions, and the other is Lemma
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1 Page4of26 S. Baasandorj et al.

6.3, in which we approximate the equations to have a monotone property with respect to
viscosity solution # of (1.1),

The paper is organized as follows. In Sect. 2, we present the assumptions (A1)—(A4) on the
equation (1.1) and data to be used throughout the paper, and then collect preliminary results
related to our main theorems. Section 3 is devoted to the proof of ABP estimate. The proofs
for global C%!-estimate and C!-%-estimate of viscosity solutions u of (1.1) are provided
in Sects.4 and 5, respectively. Finally, in Sect. 6, we prove the comparison principle under
an additional assumption (AS) to deduce the existence of a viscosity solution by Perron’s
method.

2 Preliminaries

Throughout the paper, we denote by B, (xp) := {x € R" : |x — xg| < r} the open ball of R"
with n > 2 centered at xo with positive radius r. If the center is clear in the context, we shall
omit the center point by writing B, = B, (xg). Moreover, B = B{(0) C R" denote the unit
ball. We shall always denote by ¢ a generic positive constant, possibly varying line to line,
having dependencies on parameters using brackets, that is, for example ¢ = c(n, i (P), vp)
means that ¢ depends only on n, i (®), and vg. For two positive functions f, g, we write
f < g when there exists a universal constant ¢ > 0 such that f < cg.

For a measurable map / : @ — R” with y € (0, 1] being a given number, we shall use
the following notation for the Holder semi-norm:

|h(x) — ()|
[Al 0.y 5 i= sup —————.
e x’yeﬁ |-x - yly
xXF#y

As in [24, Definition 2.1.1], we say that a function & : (0, co) — R is almost non-decreasing
with constant L > 1 if

h(s) < Lh(t) forall0 <s <t.

An almost non-increasing function with constant L > 1 can be defined in an analogous way.
We now state the main assumptions in the paper.

(A1) The operator F' : S(n) — R is continuous and uniformly (&, A)-elliptic in the sense
that

ME(N) < F(M + N) — F(M) < Atr(N)

holds with some constants 0 < A < A and F(0) = 0, whenever M, N € S(n) with
N > 0, where we denote by S(n) the set of n x n real symmetric matrices.
(A2) ¢ : Q2 x[0,00) = [0, 00) is a continuous map satisfying the following properties:

1. There exist constants s(®) > i(®) > —1 such that the map ¢ — ®(x, 1)/t!®
is almost non-decreasing with constant L > 1 in (0, co) and the map ¢ +—
O (x, 1)/t5® is almost non-increasing with constant L > 1 in (0, co) for all
x € Q.

2. There exists constants 0 < vy < v; such that vg < ®(x, 1) < vy forall x € Q.

(A3) feC(Q)NL®E) and g € C1P:(3Q) for some B, € (0, 1).
(A4) € C R” is a bounded C2-domain.
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Before we proceed, we provide several remarks on the assumptions. To begin with, the
Pucci extremal operators Pf A - S(n) — R are defined as

PIA(M):=AY e+r) e

(473 >0 (4 <0

and

PIAM):=1)Y e+A) e
e >0 ex <0
where {e;};/_, are the eigenvalues of the matrix M. The (1, A)-ellipticity of the operator F
via the Pucci extremal operators can be formulated as

P, \(N) < F(M+N) — F(M) < P}, (N)

forall M, N € S(n).
Moreover, let us present some concrete examples of @ (x, &) satisfying assumption (A2),
together with their respective exponents i (®) and s(P):

1) P(x,&) =|&|P for p > —1:i(®P) = s(D) = p.

i) ®(x, &) =P +ax)|él9for—1 < p<g<oocand0 <ae C(Q):i(d)=p
and s(®) = gq.

(i) ®(x,&) = [£]P™) for p € C(R) and —1 < infq p(x) < supg p(x) < o0: i(P) =
infg p(x) and s(®) = supq p(x).

(iv) ®(x.8) = 617 + a(x)[§|4%) for p,q € C(2) with —1 < info{p(x). ¢(x)} <
supo{p(x),g(x)} <ocoand 0 < a e C(Q):i(P) =info{p(x),g(x)} and s(P) =
supg{p(x), g(x)}.

Finally, the assumption (A4) was motivated by the approach developed in [10]. More

precisely, we may assume that 0 € 9€2, and there exist a ball B = Bg(0) in R"” and
¢ € C2(R"1) such that ¢ (0) = 0, V¢ (0) = 0, and

QNBC{yeB:iy,>¢0)), IQNB={yeB:y=¢0"}

Definition 2.1 (The ball condition, [1, Definition 2.1]) Let Q be a bounded domain in R”.
We say that D satisfies the exterior ball condition (with radius r) if there exists r > 0
satisfying the following condition: for every x € 92, there exists a point x¢ € R"\Q such
that B, (x¢) C R"\Q and x € 9B, (x¢). Similarly, we can define the interior ball condition.
Finally, we say that Q2 satisfies the ball condition (with radius r) if €2 satisfies both the exterior
and the interior ball condition (with radius r).

Lemma2.2 [1, Lemma 2.2] Let 2 C R" be a bounded domain. Then Q is a C''-domain if
and only if Q satisfies the ball condition.

On the other hand, for any vector £ € R", we consider amap G¢ : 2 x R" x S(n) - R
defined by

Gz (x, p, M) := @(x, |§ + pDF(M) — f(x)

under the assumptions prescribed in (A1)—(A3). In Sects. 4 and 5, we shall focus on viscosity
solutions of the equation

G(x, Du, D*u) := ®(x, |Du|)F(D*u) — f(x) = 0in 2.1)
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1 Page60f26 S. Baasandorj et al.

or
Ge(x, Du, D*u) = 0in Q. 2.2)

We now provide the following definition of a viscosity solution u of the Eq. (2.1), which was
introduced in [8, Definition 2.7] and [9, Definition 2.1].

Definition 2.3 A lower semicontinuous function v is called a viscosity supersolution of (2.1)
if for any xo € Q:

e cither there exists § > 0 such that v is constantin Bs(xp) and0 < f(x) forall x € Bs(xp),
e or for all ¢ € C2(2) such that v — ¢ has a local minimum at xg and Dg(xg) # 0, one
has

G (x0, Dp(x0), D*p(x0)) < 0.

In a similar way, an upper semicontinuous function w is called is a viscosity subsolution of
(2.1) if for any x¢ € Q:

e eitherthere exists § > 0 suchthat w isconstantin Bs(xg) and0 > f(x) forallx € Bs(xp),
e or for all ¢ € C2(2) such that w — ¢ has a local maximum at xo and D (xg) # 0, one
has

G (xo, Dp(x0), D*¢(x0)) = 0.

We say that u € C(2) is a viscosity solution of (2.1) if u is a viscosity supersolution and a
subsolution simultaneously.

Remark 2.4 Ttis noteworthy that Definition 2.3 is necessary only for the case —1 < i(®) < 0,
due to the fact that ® (x, | Du|) may not be defined when the gradient is zero. When i () > 0,
the classical definition of viscosity solutions coincides with Definition 2.3; see [12, 13] for
example. Moreover, a viscosity solution of (2.2) can be understood as a viscosity solution of
(2.1) by considering u(x) = u(x) + & - x.

We also recall a concept of superjet and subjet introduced in [13, Section 2].

Definition 2.5 Let v : 2 — R be an upper semicontinuos function and w : 2 — R be a
lower semicontinuous function. For every xo € 2, we define the second order superjet of v
at xo by

T2 u(xo) := {(p, M) € R" x 8(n) : v(x) < v(x0) + (p, x — x0)
—l—% (M(x — xq), x — x0) + o(|]x — x0|?) as x — xo}

and the second order subjet of w at x( by

J2"w(xo) == {(p, M) € R" x S(n) : w(x) = w(xo) + (p, x — xq)
+% (M(x — xp), x — x0) + o(Jx — x0|*) as x — xo} .

(1) A couple (p, M) € R" x S(n) is a limiting superjet of v at xo € Q if there exists
a sequence {xi, px, My} — {x, p, M} as k — oo in such a way that (px, My) €
J2Hu(x) and limy_s o v(x%) = v(x0).

(i1) A couple (p, M) € R" x S(n) is a limiting subjet of w at x € B if there exists
a sequence {xi, px, My} — {x, p, M} as k — oo in such a way that (pg, My) €
J2~w(xg) and limg— o0 w(xg) = w(xg).
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The following lemma is a consequence of stability results and ‘cutting lemma’. To prove
this, one can follow the lines of proof of [5, Theorem 4.1] or [22, Lemma 3.2].

Lemma 2.6 Let {gi}r be a sequence of Lipschitz continuous functions such that gy — go-
Suppose that {uy}y is a sequence of uniformly bounded continuous viscosity solutions of

= Qi (y, |& + Dug) Fe(D?*ux) = fi(y) in Bi N {yn > ¢ ()}
ur(y) = gr(y) on BN {y, =¢("},

where & C RY, {(fidi C C(BI N {ys > 6O, and {File C C(S(n), R) is uni-
SJormly (A, A)-elliptic. Suppose further that & — &so, fr — O (uniformly), and Fy, — Fx.
Then one can extract a subsequence from {uy}r which converges uniformly to us, on
B1 N {y, > ¢ (y")}. Moreover, such a limit u, satisfies

{ Foo(D*uisg) = 0in By N {y, > ¢ ()}
Uoo(¥) = 8oo(¥) on Bi N {y, = ¢ (Y)}.

We finish this section by providing the interior regularity results shown in [5].
Theorem 2.7 [5, Theorem 1.1] Let u € C(By) be a viscosity solution of
®(x, |Du)F(D*u) = f(x) in By,

under the assumptions (A1) and (A2) with f € L°°(B1). Then u € Cllo’f(Bl)for all p >0
satisfying

0N (1|  Fi@=0
0.8 0 (i | i —1<i@®) <0,

Moreover, for every B in (2.3), there exists a constant ¢ = c(n, A, A, i(®), L, B) such that

[Du(x) — Du(y)|
Ix — y|#

B e 2.3)

1
lullzos o)+ sup <c (1 + lull e sy + ||f/vo||ité<<“2,>) :

xX,YEBi )2
XFEy

3 Alexandroff-Bakelman-Pucci estimate

Before we develop C!-regularity in Sect.4 and C'*-regularity in Sect.5, our study on the
global regularity starts with the Alexandroff-Bakelman—Pucci (ABP) estimate. In short, the
ABP estimate controls the supremum of # over €2 in terms of the supremum of «# on 92 and
the L"-norm of f. In this section, we deduce an appropriate version of the ABP estimate
for a viscosity subsolution of (1.1). We refer to [18, Theorem 1], [27, Theorem 1.1], [25,
Theorem 1], [7, Theorem 8.6], and [6, Theorem 2.1] for ABP estimates in different settings.

To prove ABP estimates, we need to define the notion of upper contact set of a function
u:

Definition 3.1 For v : 2 — R and R > 0, the upper contact set is defined by
' (v, Q) ={x € Q:3p € R" such that u(y) < u(x) + (p, y — x) forall y € Q},

F;(v, Q) = {x € Q:3dp € Br(0) such that u(y) < u(x) + (p,y —x) forally e Q¢.

We are now ready to prove the ABP estimate.
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1 Page80f26 S. Baasandorj et al.

Proof of Theorem 1.1 The proof consists of two parts. In the first part, we prove the above
theorem for the viscosity subsolution u € C 2(Q) N C(). In the second part, we consider
u € C(R) via approximation based on the sup convolutions.

Part 1. Suppose that the subsolution u belongs to C2(Q) N C(Q). Let us define

Ry = Ro(u) := sup u(x) — sup u"

1
diam(2) (xEQ xedQ >

The purpose is to obtain a certain estimate on Ry in terms of ‘ Sl (" (u+)) and data, from
which the estimate (1.2) follows. Applying [27, Lemma 3.1], for all R < Ry, we find

/ g(x)dz < / g(Du) |det (D*u)| dx (Vg € CR"), g > 0) 3.1

BR(0) I wh)
and
D*u<0onT}u™) C{x € Q:u(x) > 0} (3.2)

Let us now discuss the behavior of Du in the set F;f(u"'). Let xo € F;(u*') be any point.
If Du(xo) # 0O, then we are able to take u as a test function in the definition of viscosity
subsolution. In turn, we have

@ (xo, | Du(x0)) F(D*u(xo)) = f(x0).
Then we observe that
—f7(x0) £ f(x0) < ®(x0, [Dux0))F(D*u(xo)) < D (xo. | Du(xo)]) P;  (D*u(x0)).

Recalling D*u(xo) < 0by (3.2), we find P;f, (D*u(x0)) = A tr(D*u(xp)) and

2 n — n
(M) 5( J~ (xo) ) . (33)
n ni®(xo, |Du(xo)l)

If Du(xo) = 0 and D%u(xg) # 0, then xq is a critical point of u. On the other hand, recalling

again (3.2), we have D2u(xg) < 0, which means that x is a non-degenerate critical point of

u. However, the set of non-degenerate critical points of u is countable since u € C?(S).
Let us recall also the following classical inequality,

tr(AB)
n

n
det(A)det(B) < ( ) forall A, B € S(n) with A, B > 0.

In turn, the last display together with (3.2) and (3.3) yields

J () )"

_ (3.4)
nA®(x, |Du(x)|)

|det D?u(x)| < (

forall x € F;(»ﬁ)\u, where U = {x € F;(u‘*) : Du(x) = 0}. We now consider two steps
depending on the sign of i (D).

Step 1: i () > 0. Let us select g(z) = min {|z|"®", |z|*(®} in (3.1). In turn, recalling
(3.4), we find
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1

min {Izli(d))", Izls@)”} dz

I =
Br(0)
) f~ "
< / min | Dul®", [Dul @ ()
nA®(x, |Dul|)
I hH\U
Ll’l
—\n
S / (f)"dx,

where we have used (A2). On the other hand, by co-area formula, we have

R R
I = /min{ti@)n’tx(cb)n} / dSdt :nwn/min{ti(CD)n’ts(dD)n} 1 g
0 3B, (0) 0
@RI 6 (5(D)=i (@)
- { (T T DG@D iR =1
w s " .
W if R < 1.

Combining the last two displays, we arrive at (1.2).
Step 2: —1 < i(®) < 0. In this case, we select

|Z| —i(P)n - @
g( )_ <| |+8> min{|z|l( )n’|Z|A( )}’l]

for an arbitrary number § > 0. Clearly, g € C(R") and so we have

|Z| —i(®)n )
h(%) := /( ) min{|z|t<<l>>n,|Z|s(<1>>n]dZ

|z| + 6

Br(0)
—i(®)n _
- / < |Du| ) min{IDu|i(<l>)n,|Du|s(<D)n}( f
. |Du| + 6 nA®(x, |Dul)
r (u+)\u
o [ ora
r+(u+)

)dx

where we have used again (A2) and the fact that i (®) < 0. By using co-area formula and

recalling that —1 < i(®) < 0, we get

R [\ —i@n ‘ (
L) =n —_— min[l’(q))”,ts Cb)”}t”_ldt.
2®) w"/<t+8>

0

By applying Lebesgue’s dominated convergence theorem, we conclude

R
lim L(8) = = nw, / min{ti(d))”,t“(q))"]t"_l dt
§—0t
ORI ((@)—i(®)
- { i@FT -~ a@rneen R
wn RY " .
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1 Page100f26 S. Baasandorj et al.

Combining the last two displays, we get (1.2). -
Part2.Letu € C(S). Since we have ABP estimates for u € C2(Q)NC (), the remainder
of the proof can be argued similarly as in the proof of [27, Theorem 1.1] or [18, Theorem 1].
O

4 Local Lipschitz estimates up to the boundary

By Theorem 1.1, any viscosity solution of (1.1) is bounded in L°°(£2) under the assumptions
(A1)—(A3). In this section, to derive further Lipschitz estimates up to the boundary as in [6,
10], we consider a bounded viscosity solution of

{ ®(y, |Dul)F(D*u) = f(y) in BN {y, > ¢}
u(y) =g on BN{y, =¢()},

where the function ¢ is introduced in Sect. 2.

4.1)

Remark 4.1 [Smallness regime] Here we verify that, for a bounded viscosity solution u of

{ ©(y. € + Dul) F(D*u) = f(y) in B O {y, > ¢ (")} 42)
u(y) =g on BN {y, =¢ ("} ’

we are able to assume

lullzoeBingu>¢ o = 1 I8l crse g ngu=pnp = 1> ad 1F e @ingn>¢ () < €0
4.3)

for some constant g9 € (0, 1) small enough, and also v9 = v; = 1 in (A2). In order to
consider the problem in a smallness regime as in (4.3), for a fixed ball B, (x) C B, we define

i: By N{y, > ¢} — Rby

for a function ¢_> and positive constants K > 1 > r to be determined later. It can be seen that
i is a viscosity solution of

{ O(y, [§ + D) F(D%i) = f(y) in By N {yn > $(y")} 4.4
u(y) =g on By N{y, = ¢(y"}, '
where
_ 2 (K a O (ry+x, Lr) r?
FM)=—=F(=M), ®U,t)i=——"""17 e ,
M) =+ <r2 ) (.0 (vt K) F» (b(ry+x’§)Kf(ry+x)
= i /+ ) — n — +
g.- = %5, ¢(y) = M’ andg(y) = w

Note that F is still a uniformly (%, A)-elliptic operator, the map ¢ — ®(y, 1)/¢/(® is almost
non-decreasing and the map ¢ > ®(y,t)/t*® is almost non-increasing with the same
constants L > 1 and s(®) > i(®) > —1 as in (A2), and ®(y, 1) = 1 forall y € By. Itis
immediate from the choice of r that | D%}l < ||D?¢|leo and

_ 1
g1l s BiNm=0(") = X llgllorpe 39"
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Moreover, the assumption (A2) implies
B Lr2ti(®)
i PRI VoK 1+ (®) 1 2oy

By recalling i (®) > —1 and setting

L @
K =21+ llullpo + ||g||clv/3g(ag2) + 70 WA

and

1
24+i(®
ri=gy Y,

we see that u solves the Eq. (4.4) under the smallness regime in (4.3).

If we have special conditions on a viscosity supersolution (or subsolution), then we can
apply the comparison principle without an additional structure condition such as (AS5) in
Sect. 6. See Sect. 6 for more comments on the comparison principle.

Lemma 4.2 (Comparison principle I) Let fi, f>» € C(Q) with f1 > f> and v eC (Q) be a
viscosity subsolution of ®(y, |Du|) F(D?u) = f1(y) in Q. Moreover, let w € C(S2) NCc(Q)
be a viscosity supersolution of ®(y, |Du|)F(D*u) = f>(y). If v < w on 9, then v < w in
Q.

Proof By contradiction, we suppose that

max(v(x) —w(x)) >0
xeQ

and the maximum is achieved at a point £ € . Since v is a viscosity subsolution, w € C(2)
and v — w has a local maximum at %, the definition of viscosity subsolutions yields

(&, IDwEDF(D*w®@)) = fiR).
On the other hand, since w is a viscosity supersolution, we have
O (£, |IDwE)F(D*w(®) < fr(R),
which leads to the contradiction. O

The following lemma describes the boundary behavior of a viscosity solution # in terms
of a distance function d. Indeed, our approach to obtain the boundary regularity (without
utilizing a change of variables) was strongly inspired by [10].

Lemma4.3 Let g € C1P<(3Q). Let d be the distance to the hypersurface {y, = ¢(y')}.
Then for every r € (0,1) and y € (0,1), there exists 8¢ > 0 depending on
| f L Binywsd (s A A, 2, 1, L, vo, and Lipg(BQ) such that for every 0 < & < o,
if u is a viscosity solution of (4.1) with |[u|| L= B,n(y,>¢ () = 1, then

6 d
(' ) — g0y < 240

= (Sm in B-(0) N {y, > ¢()’/)}

Proof We separate two cases: (i) g = 0, (ii) g is not identically zero.
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(i) (g = 0) In this case, we have

(', yn) = 8O = llulloo = 1

and so we will only consider the smaller set Q25 := {y € @ : d(y) < §}. Moreover,
we choose §; > 0 such that if d(y) < J1, then d belongs to C? and |D%d| < K for
some universal constant K > 0.

The proof relies on the construction of upper and lower barriers. For this purpose,
we define a function w € C2(Qs) by

2_dQy)
w(y) = g +d(y§ ) for |y| < r
2 IS + syl = 1) for [yl > .

By following the argument in [10, Lemma 2.2], we have w > u on 9(B; N
{yvn > &)} N Qs). Moreover, it is easily checked that |[Dw| > 1/(48) when
8 < (1 —r)/12 and so if we choose § < 1/4, then |Dw| > 1. Moreover, we can
calculate

14y 2 6nA
—_— nKA
Grae sA Y AT
Since y —2 < —1 < 0, we can further choose § € (0, 1) small enough so that
PZA(DZw) < 0. Then, by recalling (A2),

P A (D?w) < —2y87 2 —57 2 4571

@ (x, [Dw)P;  (D*w) S —Lvg| Dw|" P (8772 — 5§71 < —Lyg(s7 I P72 — 57 17i(®),

Since y —i(®) —2 < —1 —i(P) < 0, we finally choose § € (0, 1) small enough
so that

®(x, |DW)PY , (D*w) < —|flloo — 1
By applying Lemma 4.2, we conclude that

2 d(y) . /
u<w= 3 H—Ty() in B,(0) N {y, > ¢(y)}.

The lower bound for u# can be obtained in a similar argument.
(ii) (g is not identically zero) This case follows from the same argument as in [10,
Lemma 2.2].

[m}

The main result in this section is the following boundary Lipschitz estimate, whose proof
relies on Lemma 4.3 and the Ishii—Jensen Lemma [13, Theorem 3.2].

Theorem 4.4 (Lipschitz estimates for & = 0) Let g be a Lipschitz continuous function.
Suppose that u satisfies (4.1) with |[u| LB n{y,>¢(y)}) < 1. Then for every r € (0, 1), we
have u € CO%Y(B, N {y, > ¢(y")}) and

lull ot npn=ponn < C,d, A i(®), s(P), r, L, Lip, (9€2), | fllL(e2))- 4.5)
Proof Letry € (r, 1) be fixed. For xg € B, N {y, > ¢(y")}, we define

W(x,y) == ulx) —uy) — Mo(lx — y)) = L (Ix — xol* + [y — xol?),
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where

s —wos /2 if s < s0:= (2/Bawp))?
w(s) == )
w(sp) if s > s0.
We claim that for L, M > 1 large enough,
W(x,y) <0 forall (x,y) € (B, N Q) x (B, N Q). (4.6)

Note that this inequality implies the desired Lipschitz estimate.
First of all, suppose that y € B, N {y, = ¢(y")}. Then by Lemma 4.3, there exists a
constant Ky > 0 such that

lu(z) — g(2)| < Kod(z,d2) for z € By, N{y, > ¢ (YN},
which implies that

lu(x) —u)] = JuGx', %) —u@', N+ lu@x’, ¢ (x) —u(y', ¢ ()
< Kod(x, 9) + Lip, (3Q)|x" — y'| < (Ko + Lip, (3))|x — yl.

Therefore, if we choose M /3 > Ko + Lipg(a 2), then

lx — yl
3

W@JOEM< —wﬂh—ﬂO—Lﬁx—mF+w—mﬂ)ga

We now prove (4.6) by contradiction; suppose that there exists some point (%, §) € (B, N
Q) x (By, N ) such that

W(x,y) = max _ W(x,y) > 0.
(Br Q)% (By, Q)

Here, we also choose L > max {8/(r1 —r)?, 1/Q2@r + rl))}. Then we can easily check that

(i) * #3;
(i) X,9 € By N{yn > &Y}
(iii) f’ ),\7 € B(r1+r)/2~

Thus, by applying Ishii-Jensen Lemma [13, Theorem 3.2], we see that, for every ¢ > 0
sufficiently small, there exist X, ¥ € S(n) such that

(Mo (13 — $Da +2L(E —x0). X) € T u(@),
f apa . —2,= .
(Mo'(|% = $Da — 2L — x0), =) € T u(3),

X 0 z -z I 0
<0 Y>§M(_Z Z)+(2L+s)(0 ,>, (4.7)
where
e e .
Z=o' (i —sha@at 2N aga) fora= 1Y
X =l Ix =3l

For simplicity, we write g, := Mo'(|x — y))a + 2L(X — xp) and g, = Mo/'(|Xx —
ya — 2 L(y — xgp). We first choose wy > 0 small enough so that s > 2 > r + r;. Note
that r > /() is decreasing on 7 € [0, so]. If we choose M > 0 large enough so that
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2L(r+r)) < Mo (r +r1)/2, then we have 2 L|x — xg|, 2 L|y — x| < Mo/ (|Xx — y])/2.In
particular, we obtain

Mo, A
Ew’(lx =3 = lgxl, lgy| = 2Mo' (1% = 3)), (4.8)

and by the choice of L, we also know that |g,/, |gy| > 1.
On the other hand, for X and Y, we will use the matrix inequality (4.7). First, by evaluating
a vector of the form (&, &) for any £ € R”, we have

(X +Y)& £ <6LIEI,

which implies that any eigenvalues of X + Y are less than 6L. Moreover, by applying the
matrix inequality (4.7) for (a, —a), we observe

(X4 Y)a-a<4Mo" (% —3|) +6L = —3Mawy|x — $|~1/* +6L.

In other words, at least one eigenvalue of X + Y is less than —3Mwg|% — §|~'/% + 6L.
Therefore, by the definition of the Pucci operator, we have

PIAX +Y) < A(=3Mawpls — $|7/2 +6L) + 6A(n — 1)L
= —3AMawo|% — $|7* +6[A(m — 1) + AIL.
We now employ the definition of limiting superjet and limiting subjet:

Q& lgxDFX) = f(£) = =11 flloo,

O3, lgyDF(=Y) < f() < flloo-
Since |gx|, |gy| > 1, an application of (A2) and (4.8) yields that
D, Ig:l) = Lwolgx ', @, lgyl) = Luolgyl'®.
Moreover, (A1) shows that
F(X) = F(=Y) <P}, (X +Y) < =3xMawo| — 5|7"/* + 6[A(n — 1) + A]L.

Combining these results, we have
11l (g7 + gy ) = =32Man| — 5172+ 6[A (1 — 1) + AL,
We now split into two cases depending on the sign of i (P):
(i) (i(®) = 0) Since |gx|, lgy| = 1 and |X — | < 1, we conclude that
3AMawo < 2| flleo +6[A(n — 1) + A]L,

which does not hold for sufficiently large M > 0.
(i) (=1 <i(®) < 0) Recalling that |g,|, |gy| < 2Mo' (| — J|) < 2M, we derive

3aMawy < 2| flloo@M) T £ 6[A(n — 1) + A]L.
Since —i(®) < 1, this inequality does not hold for sufficiently large M > 0.

This finishes the proof of (4.6). O

On the other hand, for a modified Eq. (2.2), we can prove the boundary Lipschitz estimate,
provided that |£] is large. In short, the boundary Lipschitz estimates hold when either
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(i) & =0 withi(®) > —1 (Lemma 4.3 and Theorem 4.4) or
(i1) |&] is large with i(®) > 0 (Lemma 4.5 and Theorem 4.6).

Lemma4.5 Let g be Lipschitz continuous on 02 and & € R" with |§| = 1. Then for every
r € (0,1)andy € (0, 1), there exists § > 0 depending on ©, A, s(®), r, and Lipg(BQ) such
that for 0 < b < §/6, any viscosity solution u of

{ ®(y, |§ +bDul)F(D*u) = f(y) in Bi N{y, > o)} (4.9)
u(y) =g() on By N {y, = ¢ ("} '
with

lullLoeBingypsony < 1 and || fllLeBiny.>e6n) < €0
satisfies

6 d(y) .
’ A ’
lu(y’, yn) — (Y < 3 TTd0) in By N{y, > ¢(y)}

Proof As in the proof of Lemma 4.3, we may suppose that g = 0 and construct a barrier

function in a local domain Q5 := {y € Q : d(y) < §}. If b = 0, then there is no degeneracy

with respect to the gradient Du and so the result holds. Thus, we may assume that b > 0.
We now define a function w € C2($25) by

2
7 (y

w(y) =1 2 +d ) 1
3 + s Iyl = 1) for [y] = 7,

for |y| <r

We recall that w > u on 3(B N {y, > ¢ (')} N Qs) and
14y 2 6nA

P (D*w) < =298 PA———— + “nKA R VN
naDiw) = =2y s KA T R -
On the other hand, since
2 14U=9)d” p for |y| <r

8 (1+d7)?
Dw(y) = [ 2 14

$ riranr Dd + g (vl =) for |y = r,

we have |Dw| < 3/§ provided that § < (1 — r)/3. As a consequence, we derive
1 3 8
Eflé—i-bDwaE f0r0<b<8,

and so we conclude that

D(y, |& +bDw|)F(D2w) < —|Iflloc — 1 for sufficiently small § > 0.

Lemma 4.2 yields the upper bound for #, and the remaining part can be done as in Lemma
4.3. O

Note that Lemma 4.5 holds for any i(®) > —1, while Theorem 4.6 holds only for the
degenerate case, i (®) > 0.

Theorem 4.6 (Lipschitz estimates for large |£|; degenerate case) Let g be Lipschitz continuous
on dQ and & € R". Assume that u is a viscosity solution of

{ @(y, |€ + Dul)F(D*u) = f(y) in By N {yn > ¢ ()}

u(y) =g() on By N {y, = ¢y} (4.10)
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with
lullzoosingy,>¢p = 1 and | fllL=@ing,>¢0n) < €o-
Then for all r € (0, 1), there exists po = po(r, A, n,i(P), s(P),r, eo,Lipg(BQ)) > 0,
such that if |&| > po, then u € c%(B. N {yn > ¢(¥)}) and we have the estimate
lullcor s>y < COu A, n i(P), s(P), r, €9, Lip, (3€2)).
Proof Since the proof is similar to the one of Theorem 4.4, here we concentrate on the
differences.

(i) We first need to show that if x or y belongs to B,; N{y, = ¢ (y")}, then ¥(x, y) < 0.
In the case of Theorem 4.4, this result immediately followed from Lemma 4.3. In a
similar manner, it is enough to apply Lemma 4.5 for a solution u. More precisely, if
u is a solution of (4.10), then u solves

{ ® (v, 16/I&] + bDul) F(D*u) = f(y) in By N {y, > ¢(»")}
u(y) =g on By N {y, = ()}

where ®(y, 1) 1= @(y, [£]0)/P(y, [ED), f(¥) := f(¥)/P(y, [§]) and b := 1/]§].
Thus, if we choose pg > max{1, 6/§}, then we can apply Lemma 4.5 for u.

(i) We next follow the contradiction argument of Theorem 4.4 and the difference occurs
when we employ the definition of limiting superjet and subjet:

QA 1§+ g DFX) = = flloo,
PG, & +ayDF(=Y) = | flloo-

This is due to the difference between Eqgs. (4.1) and (4.10), but we are still able to
derive a contradiction. Recalling that |g|, lgy] < 2Mo'(Ix — J|) < 2 M, if we
choose pp > 3 M, then we have

& + x| 1§ + gy = M.

Combining this estimate with

11 lloo (16 +axl 7@ 416 + )| 7 P) = —3aManl& — 5172 + 6[A G~ 1) + AL,

we conclude that
3aMwo < 2|| fllooM ™ P + 6[A(n — 1) + A]L,

which is a contradiction. In this step, we have exploited the condition i ($) > 0.

5 Global C'-?-regularity

We start this section with several reductions of the proof of Theorem 1.2. First of all, by
recalling Theorem 2.7 which provides the interior C-¢-estimate of viscosity solutions, it is
enough to develop the pointwise boundary C19 _estimate. Next, by following the proof of
[5, Theorem 1.1], we shall consider the degenerate case (i (®) > 0) first, and then utilize this
result for the singular case (—1 < i(®) < 0).
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We would like to emphasize that the optimal exponent o’ (given by (5.1)), which appears
in the pointwise boundary estimate, does not depend on & from the Krylov—Safonov theory.
Moreover, we can observe that the optimal exponent 8 (given by (2.3)) for interior estimates
is independent of the choice of B,. In the end, the optimal exponent o« = min{c’, 8} for the
global estimate should satisfy a stronger condition (1.5), which is a combination of interior
and boundary estimates. A similar consequence can be found in [4, Theorem 1.1].

Lemma 5.1 (Pointwise boundary C' estimate; degenerate case) Suppose the assumptions
(A1)-(A4) are in force with i (®) > 0. Let o’ be chosen to satisfy

, 1
o € <O, m] N (O, 138) (51)

Then there exist constants gy € (0, 1), p € (0,1/2), and Cy > 0 depending on o', n, A, A,
||D2¢||L00(Q), ||g||C1,ﬂg(BQ), i(®), and s(®) such that for any & € R" and a viscosity solution
u of

{ ®(y, |Du) F(D*u) = f(y) in Bi(x) N {y, > ¢}
u(y) =g on Bi(x) N {y, = ¢(y"},

the following holds: if

lwll oo B onm=gny = 1 and | fllLe®, oniy.>¢()H) = €0

then there exists an affine function l(y) = a + b - (y — x) with |a| + |b| < Cy such that for
each0 <r < p,

llu = Ul oo (B, onim=p o < Cr'te

Sfor some universal constant C > 0.

Before we prove Lemma 5.1 by using the induction, we first show the approximation
lemma.

Lemma 5.2 (Approximation lemma; degenerate case) Suppose (Al)—(A4) hold true with
i(®) > 0and vy = vy = 1. Let £ € R" be an arbitrary vector and u € C(By(x) N{y, >
¢ (Y} be a viscosity solution of

{ ®(y, |€ + Dul)F(D*u) = f(y) in Bi(x) N {yn > ¢ ()}
u(y) =g(y) on Bi(x) N{y, = (")},

satisfying |ull o8,y >p )y =< 1 and ||g||C1.ﬁg(Bl(x)ﬂ{yn:(b(y/)}) < 1. Then for any
> 0, there exists a constant ey = go(n, A, A, i (D), L, n) > 0 such that if

(5.2)

1/l Loo By )Nm=d ) = €0s

then one can find a viscosity solution h of an uniformly (\, A)-elliptic equation

{f(Dzh) =0 in B34(0) N {3 > ¢(y)) (53)

h=g on B3/4(x) N{yn = ¢ (YN}

such that

lu = hll oo By 0Nty >¢ () = M-
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Proof By contradiction, we suppose the conclusion of the lemma fails. Therefore, there exist
o > 0 and sequences of functions {F}72 . {®i}ge . {filoo» (&klie s luklfs . and a
sequence of vectors {£;}72, such that
(Cl) Fy € C(S(n), R) is uniformly (A, A)-elliptic; A
(C2) for &, € C(B; x [0, 00),[0,00)), the map t +— Pr(x, 1) /t1® is almost non-
decreasing and the map ¢ — ®y(x, t)/t*® is almost non-increasing with constant
L >1,and ®;(y,1) = 1forall y € Bi(x) N {y, > ¢(y)};

(C3) fi € C(B1(x) N{yn > ¢ Y)Y with || fill oo (B, )y >a ) < 1/k;
(C4) up € C(B1(x) N{y, > ¢(y)}) with lull oo By ()N(ya>d vy} < 1 solves the equation

{ Qi (y, & + Dug) Fe(D*up) = fi(y) in Bi(x) N {y, > ¢y}
up(y) = ge(y) on Bi(x) N {y, =¢ ()}

with llgellcr e sy contya=pp = 1> but

”I/lk — h”Lx(Bl/z(x)ﬂ{y,,>¢(y/)}) > o for any ke N, (54)
for any # satisfying (5.3).

The condition (C1) implies that Fj converges to some uniformly (A, A)-elliptic operator
F € C(S(n), R). Similarly, the condition (C4) implies that g; converges to g~ uniformly.
For a further discussion, we consider two cases:

(i) ({&}g2, is bounded) Upto a subsequence, & converges to some vector £. Then

we consider a sequence {iix )2 = {ug + x - & }72; satistying
{ @y (y, | Diig) F (D%iix) = fi(y) in By (x) N {yn > ¢()}
ui(y) = 8r(y) on Bi(x) N{y, = ¢(")}

for gi (x) := gr(x) + x - &. Therefore, we can apply Theorem 4.4 for it and so by
Arzela—Ascoli theorem, we conclude that uy — uso uniformly in B, (x) N {y, >
¢ (y")} forany 0 < r < 1. Then by Lemma 2.6, 1, satisfies

{ Foo(D?1e0) = 0 in B3a(x) N {yn > ¢ ()}

Uoo(¥) = goo(¥) 0nB3/4(x) N {yn = ¢(y)},
which leads to the contradiction with (5.4) (choose h = U0, g = goo,and F = Fio).

(i) ({&}72, is unbounded) In this case, for the constant pg > 0 chosen in Theorem 4.6,
we may assume |§x| > po and |§x| — oo (up to a subsequence). Thus, we can apply
Theorem 4.6 for u; and so by Arzela-Ascoli theorem, we conclude that uy — uq
uniformly in B, (x) N {y, > ¢(y")} forany 0 < r < 1. Again by Lemma 2.6, we
conclude that

{ Foo(D?use) = 0 in B3ja(x) N{y, > ¢ ()}
Uoo(¥) = goo(¥) on B3ja(x) N {y, = ¢ (¥)},

which leads to the contradiction with (5.4) (choose i = Uco, § = goo, and F = Fi).
O

Remark 5.3 Let us summarize the boundary regularity results for uniformly elliptic fully
nonlinear equations with Dirichlet boundary conditions. To be precise, suppose that £ is a
viscosity solution of an uniformly (A, A)-elliptic equation

F(D?h)=0 in B}
h = g on Bi,
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where g € C1A¢ (B}). Then h enjoys the boundary local C-F'_estimate for some B’ € (0, 1),
due to Milakis and Silvestre in [34, Proposition 2.2], and Winter in [35, Theorem 3.1].
However, we cannot guarantee that the Holder exponent g’ coincides with 8,. Recently,
[4, Theorem 2.1] derived the boundary local C 18" _estimate for B’ = min{a, Bg}, and the
pointwise boundary C'-fs-estimate in the sense that there exists a linear function / which
approximates / in C'-#s-manner.

Proof of Lemma 5.1 By the smallness regime in Remark 4.1, we may assume that u € C(S2)
is a viscosity solution with
lull=Bintya>¢0nn = 1o 18l ctbe (ginpy=g oy = 1 I lLe@ingya>¢0n) = €0
and v9p = v; = 1. Asin [5, 6, 11], the proof is based on the induction argument: we claim
that there exist universal constants 0 < p <« 1, Co > 1 and a sequence of affine functions
k(y) == ax + by - (y — x),
where {a;}72 | C Rand {br}72 | C R” satisfy, for every k € N,

B $UPyep , conpy=o00) 140 = k)] < pHH;
(B2) |ax — ax—1] < Cop®=VD0+) and |by — by_1| < Cop*—De".

(1) (Initial step) Without loss of generality, we may assume x = 0. Let & be the approx-
imation function coming from Lemma 5.2 for a constant u > 0 to be determined
later. Then, by the pointwise boundary estimate for uniformly elliptic fully nonlinear
operators obtained in [4, Theorem 2.1], there exist an affine function /; and a universal
constant Co > 0 such that

sup  |h(y) —hi(y)| < Cop'™P¢ forevery 0 < p < 1/2,
YEB,N{yn>0 ()}
and
111 (0)| + |DI1(0)] < Cyp.
Then the triangle inequality yields that
sup |u(y) —hi(y)| < Cop' P 4 .

YEB,N{yn>0 ()}

We now select a universal constant 0 < p < 1 small enough so that
Cops < %p”" and p! ¢ (H@) <, (5.5)

which is possible due to the choice of @’. In a sequel, we choose a constant p :=
p1+°‘//2 and setagp = 0, b9 = 0, a; = 11(0), and by = DI;(0), which completes the
proof of the initial step.

(ii) (Iterative procedure) We now suppose that (E1) and (E2) hold true for k > 1. We then
verify (E1) and (E2) for k + 1. For this purpose, we define a rescaled function

_u(pky) =k (p*y)
w0 = = e

Then uy satisfies

{ (v, |& + Dug)F(D*up) = fi(y) in By N {y, > ()}
ur(y) = gr(y) onB; N {y, = ¢ (Y)},
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where

o " D (pky, p*'n)
Fe(M) == pF = F(p@=Dpp) - @y, 1) 1= —2 227

D (pky, pk')”

k(1—a') k k
P k _ 8W"y) — Lk (p"y)
Je(y) = Wf(ﬂ V. &)= W

$e(y") = p P ('Y, and & := o~ by
It can be easily checked that

(a) Fy satisfies (A1) with the same constants (A, A);
(b) ®y satisfies (A2) with the same constants (i (D), s(P)) and P (y, 1) = 1;
(©) lukllzooBingyn>¢i(yh) < 1 by the induction hypothesis;

@ N fellLoBinpm>de o)) = Legpk0=¢'0+5(®)) < ¢ by (5.5);
© 1D*@xll L1ty < PXID* Pl LBy (=) < 1Dl LBy (y,>6 ()

Moreover, for g, we can compute

1D (y) — Dgi(2)l = p™* |Dg (0" y) — Dg(p* )| < ligll 1 gy - 0~ 10" (v — 2)1F2
< llgllcie g - 1y — 21"
By recalling the fact that u = g on 92 together with the induction hypothesis, we
observe that
Il gx ||C1"33(B1ﬂ{y,,>¢k(y’)}) = ||g||cl.ﬂg(3g) <L

Hence, we now apply Lemma 5.2 for ux and then follow the argument in the initial
step to ensure the existence of an affince function /(y) := a + b - y such that

sup lug(y) —I(y)| < p'** and |al, |b] < Co.
YEB,Nyn>dr ()}

By scaling back, we conclude that

sup lu(y) — g1 ()] < p&FDA+eD

YEB it 10{yn >0 (¥}
where
L1 () = Le(y) + KT T(p7Fy).
Here note that
a1 — a| = pTO (@] < CoptHe),
b1 — bil = p*'[B] < Cop*.
Therefore, (E1) and (E2) hold for k + 1.

[m}

Proof of Theorem 1.2 We first consider the degenerate case, i.e., i () > 0. We note that, by
applying Lemma 5.1, a viscosity solution can be approximated by an affine function with
an error of order 7'*¢" at boundary points. By following the argument in the proof of [4,
Theorem 1.1], we can derive the desired global C!*-estimate with o satisfying (1.5).
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On the other hand, for the singular case (i(®) < 0), we employ the idea of [5, Theorem
1.1].Indeed, we claim that Lemma 5.1 still holds for the singular case. Theorem 4.4 guarantees
that

||u||C0~] (B340 {yn>¢ (")} =¢

for a universal constant ¢ > 0. Then u is a viscosity solution of

{ ®(y, [Dul)F(D*u) = f(y) in B34 N {yn > o)}
u(y) =g on B34 N {y, = ¢ (¥)},

where
Dy, 1) =17 Po(y, 1) and f():=Dul P f(y).

Here ® satisfies the condition (A2) with i (®) = 0, s(®) = s(P) — i (D), and

I flle@) < ¢ @e.
Thus, one can repeat the argument in the proof of Lemma 5.1 to obtain the global C'*-
estimate. O

6 Comparison principle and Perron’s method

The purpose of this section is to study the classical result of comparison principle and as a
consequence, to deduce the existence of a viscosity solution to (1.1) by Perron’s method. Nev-
ertheless, the assumptions (A1)—(A4) are not sufficient to obtain the aforementioned results.
Therefore, we require an additional assumption (A5) which guarantees the comparison prin-
ciple for approximated Dirichlet problems. Before we precisely state this new assumption,
we summarize known results regarding the comparison principle.

Remark 6.1 (Comparison principle) Let H : R” x R x R" x S(n) — R be a proper map.
In other words, H satisfies

Hx,r,p,X) <H(x,r,p,Y) whenever X <Y, 6.1)
Hx,r,p,X) < H(x,s, p,X) whenever s <r. (6.2)

Then we say that H satisfies the comparison principle if the following holds:

Let v € USC(R) [resp. w € LSC(R2)] be a subsolution [resp. supersolution] of H = 0 in
Qand v < won dQ. Then v < w in Q.

We refer to [8, 13,23, 28, 29] for several sufficient conditions of the comparison principle.
In short, H satisfies the comparison principle if H (x, r, p, X) is independent of x, and one
of the following conditions holds:

(1) H(x,r, p, X) isstrictly decreasing in r and H is degenerate elliptic (i.e., H satisfies
(6.1)), or
(i) H(x,r, p, X) is non-increasing in r and H is uniformly elliptic.

It is noteworthy that the condition that H is independent of x can be relaxed to some extra
structural conditions on H, which display a kind of smoothness on H with respect to x-
variable; see [13, 23, 28] for details.
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We now consider a proper map
H(x,u, Du, D*u) := ®(x, |Dul)F(D*u) — f(x).

It is easily checked that H is degenerate elliptic, nonincreasing in », and H depends on
x. In view of the previous remark, we cannot expect the comparison principle for H and
Perron’s method for the associated Dirichlet problem. To overcome this challenge, we will
impose an additional structure condition on H and approximate the map H to ensure the
strict monotonicity with respect to r-variable:

(ifAS) There exists a continuous function w : [0, c0) — [0, co) such that w(0) = 0
and

®(x, 0lx — yDF(X) — (y, 0lx — yDF(=Y) < w(@lx — yI* + |x — y]),

whenever 6 > 0,x,y € Q, X,Y € S(n) and

I 0 X 0 I -1
—39(0 I)§<O Y>§30(_I 1). (6.3)

(i) Let us consider the approximated problem given by
H,(x,u, Du, D*u) := ®(x, |Du|)F(D*u) — f(x) —eu =0 in £ (6.4)
for ¢ > 0. Clearly, H is strictly decreasing in r.
Remark 6.2 'We would like to provide a concrete example of (P, F) that satisfies the condition
(AS). Indeed, suppose that F is degenerate elliptic and ® is independent of x-variable, that

is, ®(x, &) = ®(&). Then for X, Y satisfying the relation (6.3), we have F(X) < F(-Y).
Therefore, we observe that

Qx,0lx = yDF(X) = @(y,0lx — yDF(=Y) = ®(Ix — yD(F(X) — F(=Y)) < 0.

We also refer to [8, Condition 2], [13, Condition (3.14)], and [6, Remark 2.2] for the corre-
sponding assumptions in different settings.

We are now ready to present the second version of a comparison principle, which can be
seen as a variant of [6, Theorem 2.3].

Lemma 6.3 (Comparison principle Il) Suppose that the assumptions (A1), (A2), (A5) are in
force and f € C(Q). Then H; satisfies the comparison principle:

Let v and w be a viscosity subsolution and a supersolution of (6.4), respectively. Ifv < w
on 02, thenv < w in Q.

Proof By contradiction, we suppose that

Lo = sug(v(x) —w(x)) > 0.

xeQ

For any 6 > 0, we define

Lo := sup [v(x) —w(y) — 0/2)]x — yI]
x,yeR

and clearly Ly > Lg. Suppose that the maximum Ly is attained at a point (xg, yo) € Q2 x Q.
It implies from [13, Lemma 3.1] that

lim 6|xg — yo|* = 0.
0—00
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This one and the fact that v < w on 92 yield that xg, yg € Q2 for & > 0 large enough. At this
moment, we are able to apply Ishii—Jensen lemma, [13, Theorem 3.2], to ensure that there
exist a limiting super-jet (8 (xg — vp), Xg) of v at xg and a limiting sub-jet (8 (xg — y9), —Yo)

of w at yp so that
I 0 Xo O 1 -1
=30 (0 1) = ( 0 Y9> =30 (—1 I )

[d> (x9, x5 — yol) F(Xg) — £v(xp) > f(xp)

and

D (yg,0lxg — ygl) F(=Yg) —ew(yg) < f(ys).

By using the relation Lo = limg_ oo[v(xg) — w(yg)] and the assumption (AS5), we have, for
sufficiently large 6 > 0,

L
870 < e[v(xg) — w(yg)]
< f(yo) — f(x0) + @ (x5, 0lx0 — yol) F(X9) — P (yo, €lxo — yol) F(=Yp)
< f(e) — f(xg) + w(@lxg — yoI* + |x0 — yol).

Since f € C(Q) and w(0+) = 0, we arrive at a contradiction when 6 — oo. O

We now turn our attention to showing the existence of viscosity sub/supersolutions to
(6.4); we refer to [6, Lemma 2.2] for a similar result.

Lemma 6.4 (Existence of sub/supersolutions) Suppose the assumptions (A1)—(A4) are in
force. Then for every e € (0, 1), there exist a viscosity subsolution v; € C () and a viscosity
supersolution w, € c(Q) of (6.4)withv, = w, = g on dQ2. Moreover, there exists a positive
constant ¢ = c(n, A, A, vy, L, r, diam(Q), || fllL> (), lIgllL>~g)) such that

—c < v, <wg<c forany 0 <e < 1.

Proof Letz € Q2 be afixed point. There exists a point x, € R"\Q such that B, (x,)NQ = {z}
withr = |Z_XZL since 2 satisfies the exterior ball condition; see Lemma 2.2. We now consider
a function v; : Q — [0, oo) defined by

v (x) == K (r70 — |x — x;| )

for positive constants kg := (nA +1)/A and K > min {1, Rrot+l //co} to be determined later,
with R := r + diam(€2). Note that v;(z) = 0, v, > 0in €2, and direct calculations yield that

X — Xz

Dv;(x) = Kkp————
Z( ) |X—XZ|KO+2

and

(x —x) ® (x — xz)

D?v,(x) = Kk
|x — xz|K0+4

— Kko(kg +2)

|x _ xZ|K0+2
Due to the choice of «(, we have
Kko Kko

F(D*:(0)) < s ((n = DA = (o + DA) < -

= - v — x [0+
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On the other hand, for a fixed § € (0, 1), we further define
Uz,5(x) 1= g(2) + 8 + Msvz(x),

where the constant M5 > 1 can be chosen so that v, 5 > g on 0€2. This is possible because
K > 1 and g is continuous on 9<2. Indeed, M; depends only on the modulus of continuity
of g, and is independent of z. Then we see that

O (x. [Dv: s () F (D0 5(x) — £v:,5(x)
- vo . Kk i@ Ko 5(®) M Kk +ellgl
—min{ | ——— N N -Ms——— € . (39Q) -
“L = x0T I — x0T P a0t gl

Here if we let A := K«o/|x — x,“0*!, then

min [Ai(q’), AS(‘I’)] — A 'min [Ai(q’)+1, As(<1>)+1]

. KK() —1 ) KK() i(P)+1 KK() s(®)+1
— \ pro+l min Rro+1 *\ Rro+l :

Note that we need to select K so that Kkg > R Since 0 < i(®) + 1 < s(®) + 1, we

conclude that
. i(D) 4 s(D) ko ! ( Ko )i(‘b)Jrl i (D)
min {A LA ] (To—#l ) Py K .

A%

Hence, we deduce that
®(x, | D, 5(0))F(D*v, 5(x)) — v;,5(x)

vo / ko \—! ko \i(®+1 kg i(®)+1
=7 Gon) (gon) K@ +leliman

Therefore, we can choose K = K (n, A, A, vo, L, r, diam(82), || fllL> (), lIgllL>@e)) large
enough so that

D (x, [ Dv. s ()N F (D 5(x)) — ev.5(x) < = fllLe) in 2,

i.e., vz 5 1s a viscosity supersolution to (6.4).
Finally, we define

we(x) :=inf {v_5(x) : 2 € 0Q and § € (0, 1)}.

It is easy to check that w; is a viscosity supersolution to (6.4) in 2 and enjoys the boundary
condition w, = g on d2. Moreover, it immediately follows from the construction of w, that

we < C(n, A, A, vg, L, diam(R2), || f L), l1€llLepe)) in 2

for any ¢ € (0, 1). The existence of a viscosity subsolution v, and its lower bound can be
shown in a similar manner. Finally, since v = w, = g on 92, Lemma 6.3 implies that
Ve < w, in Q. O

Proof of Theorem 1.4 An application of Perron’s method [13, Theorem 4.1] together with

Lemma 6.3 and Lemma 6.4 yields the existence of a viscosity solution u, to the approximated
equation (6.4) with the boundary condition u, = g.

@ Springer



Global regularity results for a class... Page250f26 1

We now understand u, as a viscosity solution of

®(x, |Dug|)F(D%uz) = fo(x) in
ug(x) = g(x) on 9%,

where fe(x) := f(x) + eus(x). Here note that { f; }sc(0,1) is uniformly bounded in L*> ()
by Lemma 6.4. Then, by applying [5, Lemma 3.1] and Theorem 4.4 (or just by applying the
stronger result Theorem 1.2), we have that {u¢}¢¢c(0,1) is uniformly bounded in C 0.7 (Q) for
some y € (0, 1). Therefore, we can extract a uniformly converging subsequence such that
Ug;, = Uoo when ¢; — 0, and by Lemma 2.6, we conclude that u, solves (1.1). O
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