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Abstract
We introduce a class of Hermitian metrics, that we call pluriclosed star split, generalising
both the astheno-Kähler metrics of Jost and Yau and the (n − 2)-Gauduchon metrics of Fu-
Wang-Wu on complex manifolds. They have links with Gauduchon and balanced metrics
through the properties of a smooth function associated with any Hermitian metric. After
pointing out several examples, we generalise the property to pairs of Hermitian metrics
and to triples consisting of a holomorphic map between two complex manifolds and two
Hermitian metrics, one on each of these manifolds. Applications include an attack on the
Fino-Vezzoni conjecture predicting that any compact complex manifold admitting both SKT
and balanced metrics must be Kähler, that we answer affirmatively under extra assumptions.
We also introduce and study a Laplace-like differential operator of order two acting on the
smooth (1, 1)-forms of a Hermitian manifold. We prove it to be elliptic and we point out its
links with the pluriclosed star split metrics and pairs defined in the first part of the paper.

1 Introduction

A central problem in complex geometry aims at classifying compact complex manifolds that
share certain properties, either metric or cohomological, with Kähler manifolds. In this paper,
we pursue the former approach to classification, the one aimed at studying the geometry of
thesemanifolds bymeans of investigating the types of special Hermitianmetrics they support.

Let X be an n-dimensional compact complex manifold. Recall that a Hermitian metric
on X is defined by any C∞ positive definite (1, 1)-form ω on X . Any such object can be
written locally, in terms of a system of local holomorphic coordinates z1, . . . , zn on X , as
ω = ∑

1≤ j, k≤n ω j k̄ idz j ∧ dz̄k , where the coefficient matrix (ω j k̄) j, k is positive definite at
every point of the local coordinate domain. Hermitian metrics always exist, but if an extra
condition is imposed thereon, the resulting type of metrics need not exist. When they do,
they often give useful geometric information on the underlying manifold X . Among the
best known types of special Hermitian metrics are the ones listed below, of which only the
Gauduchon metrics always exist by [10]. A Hermitian metric ω is said to be:

· Kähler, if dω = 0;
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· SKT, if ∂∂̄ω = 0 (see [12]);
· astheno-Kähler, if ∂∂̄ωn−2 = 0 (see [14]);
· (n − 2)-Gauduchon, if ω ∧ ∂∂̄ωn−2 = 0 (see [9]);
·balanced, if dωn−1 = 0 (see [11]);
· Gauduchon, if ∂∂̄ωn−1 = 0 (see [10]).
An interesting conjecture was proposed by Fino and Vezzoni in [8]. It predicts that a

Kähler metric ought to exist on any compact complex manifold X that carries an SKT metric
γ and a balanced metric ω. This is currently known to be true only when γ = ω (see [13],
also [17] for a shorter proof). If this SKT-balanced conjecture is borne out, it will provide an
efficient criterion for the Kählerianity of a given manifold X .

Throughout the paper, we will use the convenient notation

ηp := ηp

p!
for any positive integer 2 ≤ p ≤ n and any (semi-)positive (1, 1)-form η ≥ 0 on X .

In the first part of the paper, motivated by the classification problem for Kähler-like
compact complex manifolds from a metric perspective and, more specifically, by the above-
mentioned SKT-balanced conjecture of Fino and Vezzoni, we introduce a new class of
Hermitian metrics starting from the well-known fact that, for any Hermitian metric ω on
an n-dimensional complex manifold X and any non-negative integer p such that 2p +1 ≤ n,
the pointwise map of multiplication of (p, p)-forms by ωn−2p:

ωn−2p ∧ · : �p, pT � X −→ �n−p, n−pT � X

is bijective. In particular, there exists a unique (p, p)-form ρ
(p)
ω such that

i∂∂̄ωn−p−1 = ωn−2p ∧ ρ(p)
ω .

Applying the Hodge star operator � = �ω to ρ
(p)
ω , we get the (n − p, n − p)-form �ρ

(p)
ω

which can be computed explicitly in terms of ω.
In this paper, we concentrate on the case when p = 1. Setting ρω = ρ

(1)
ω , a computation

yields

�ρω = 1

n − 1
fω ωn−1 − i∂∂̄ωn−2,

where fω is the real-valued C∞ function on X defined by fω = (ω ∧ i∂∂̄ωn−2)/ωn . We say
(cf. Definition 2.2) that the Hermitian metric ω on X is pluriclosed star split, respectively
closed star split, if ∂∂̄(�ρω) = 0, respectively if d(�ρω) = 0.

The defining property i∂∂̄ωn−2 = 0 of astheno-Kähler metricsω (cf. [15]) is equivalent to
ρω = 0 since the map (1) is bijective, hence it is also equivalent to �ρω = 0 since the Hodge
star operator � = �ω is bijective. In particular, every astheno-Kählermetric is closed star split,
hence also pluriclosed star split. Besides generalising the astheno-Kähler metrics of Jost-Yau,
the pluriclosed star split metrics also generalise the (n −2)-Gauduchon metrics of Fu-Wang-
Wu. The defining property ω∧ i∂∂̄ωn−2 = 0 of the latter metrics (cf. [9]) is equivalent to the
function fω defined above vanishing identically, a fact that amounts to �ρω = −i∂∂̄ωn−2. In
particular, �ρω is d-closed, hence also ∂∂̄-closed, if ω is (n − 2)-Gauduchon. Therefore, we
obtain the following implications:
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ω is astheno−Kähler �⇒ ω is (n − 2)-Gauduchon �⇒ ω is closed star split

�⇒
ω is pluriclosed star split.

On the other hand, using a result from [10], we notice the following consequence of Propo-
sition 2.4:

Proposition 1.1 Let X be a compact connected complex manifold with dimCX = n and let ω

be a pluriclosed star split Hermitian metric on X. Then, its associated function fω satisfies
one of the following three conditions:

fω > 0 on X or fω < 0 on X or fω ≡ 0.

The case where fω is constant stands out (cf. Proposition 2.5).
Examples of compact complexmanifolds admitting pluriclosed star splitGauduchon (even

balanced) metrics ω include (cf. Sect. 2.2): the Iwasawa manifold I (3) (for which fω ≡ 1)
and its small deformations; the Nakamura manifolds (for which fω ≡ 2); the 5-dimensional
Iwasawa manifold I (5) (for which fω ≡ 3); the 3-dimensional Calabi-Eckmann manifold
(S3 × S3, JC E ) and its small deformations. The constant values the function fω assumes
in these cases seem to point to some intrinsic features of these manifolds that are yet to be
singled out. For example, in the cases of I (3), I (5) and the Nakamura manifolds, the constant
fω equals the number of holomorphic (1, 0)-forms that are not d-closed among the canonical
forms that determine the cohomology of these manifolds. While the actual value of fω may
change when ω changes, for example as described in (11), it is worth wondering if and when
the sign of fω depends only on the complex structure of X . Lemma 3.2 in [7]1 shows that
this is, indeed, the case for nilmanifolds of complex dimension 3: the sign of fω (= the sign
of γ1(	) in the notation of that paper) remains the same as ω ranges over all the invariant
Hermitian metrics on such a manifold.

As a consequence of the proof of Proposition 2.7 and other observations, we get the
following information about the relations between the balanced condition and the sign of the
function fω of a pluriclosed star split metric ω.

Theorem 1.2 (i) Let ω be a Hermitian metric on a compact connected complex manifold
X with dimCX = n ≥ 3. If ω is balanced and pluriclosed star split, the (necessarily
constant) function fω is non-negative.

(ii) There are examples of compact Hermitian manifolds (X , ω) such that the metric ω is
pluriclosed star split and non-balanced, while the function fω is a negative constant.

One of the results we get in Sect. 2.1 is the following characterisation of theKählerianity of
aHermitianmetricω in terms of the associated function fω. It is a consequence of Proposition
2.9.

Proposition 1.3 Suppose there exists a balanced metric ω on a compact complex manifold
X with dimCX = n ≥ 3.

Then, ω is Kähler if and only if
∫

X fω ωn = 0. If fω is constant, ω is Kähler if and only if
fω = 0.

1 The author is grateful to L. Ugarte for pointing out this result and this reference to him.
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Note that the condition
∫

X fω ωn = 0 is equivalent to fω being L2
ω-orthogonal to the

constant functions on X , in other words L2
ω-orthogonal to ker
ω since the Laplacian
ω :=

�ω(i∂∂̄) acting on functions is elliptic and X is compact. Thus, the condition
∫

X fω ωn = 0
is equivalent to fω lying in the image of 
�

ω, the adjoint of 
ω. On the other hand, when ω

is balanced, 
ω = 
�
ω, so in that case ω is Kähler if and only if fω ∈ Im
ω.

In Sect. 3, we generalise the pluriclosed star split and the closed star split conditions to
pairs (ω, γ ) of Hermitian metrics by performing the division of i∂∂̄ωn−2 by γn−2 (rather
than ωn−2) to obtain a unique smooth (1, 1)-form ρω, γ satisfying

i∂∂̄ωn−2 = γn−2 ∧ ρω, γ .

Taking the Hodge star operator � = �γ induced (again) by γ , we obtain the (n − 1, n − 1)-
form �γ ρω, γ on the given n-dimensional complex manifold X . It is expressed in terms of ω

and γ by means of a C∞ function fω, γ that has similar properties to those of fω.
As in the case of one metric, we say (cf. Definition 3.4) that the pair (ω, γ ) of Hermi-

tian metrics is pluriclosed star split, respectively closed star split, if ∂∂̄(�γ ρω, γ ) = 0,
respectively if d(�γ ρω, γ ) = 0.

Thanks to the extra flexibility they afford, (pluriclosed star split) pairs ofHermitianmetrics
seem better suited to investigating the SKT-balanced conjecture of Fino-Vezzoni than single
metrics. We get the following positive answer to this conjecture under the extra pluriclosed
star split assumption on the pair (ω, γ ) and the extra semi-definiteness assumption on the
(1, 1)-form ρω, γ that plays in this context a role analogous to that of the curvature.

Theorem 1.4 Let ω and γ be Hermitian metrics on a compact connected complex manifold
X with dimCX = n ≥ 3. Suppose that γ is SKT, the pair (ω, γ ) is pluriclosed star
split and the associated real (1, 1)-form ρω, γ is either positive semi-definite or negative
semi-definite.

Then, ω is astheno-Kähler. If, moreover, ω is balanced, then ω is Kähler.

In Sect. 4, we allow ourselves an even greater flexibility by extending the main con-
struction of this paper to the case where the two Hermitian metrics ω and γ exist on two
possibly different complex manifolds Y , respectively X , with dimX ≤ dimY , between which
holomorphic maps, supposed non-degenerate at some point, are considered:

φ : (X , γ ) −→ (Y , ω).

We extend the pluriclosed star split and closed star split conditions to the triple (φ, ω, γ )

by means of the same construction as in the case of pairs applied to the degenerate metric
ω̃ := φ�ω and the genuine metric γ on X . In particular, we associate a unique smooth
(1, 1)-form ρφ, ω, γ to any such triple (φ, ω, γ ).

When themanifolds X and Y coincide, we obtain the following generalisation of Theorem
1.4 that highlights the role of the automorphism group Aut(X) of a given compact complex
manifold X and may prove useful in a future attack on the SKT-balanced conjecture.

Theorem 1.5 Let X be a compact complex manifold with dimCX = n ≥ 3. Suppose there
exists an SKT metric γ and a balanced metric ω on X.

If there exists a biholomorphism φ : X −→ X such that the triple (φ, ω, γ ) ispluriclosed
star split and the (1, 1)-form ρφ, ω, γ is either positive semi-definite or negative semi-
definite on X, the metric ω is Kähler.

It turns out (cf. Corollary 4.5) that the γ -isometries of X (i.e. the biholomorphisms φ :
X −→ X satisfying φ�γ = γ ) for which the triple (φ, ω, γ ) is pluriclosed star split form a
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subgroup of the automorphism group Aut(X) of X . Theorem 1.5 is a special case of Theorem
4.2. The latter can be seen in the context of Siu’s Theorems 1 and 5 on rigidity in [18] – see
comments just after the statement of Theorem 4.2.

The second part of the paper (Sect. 5) is motivated by a desire to extend in the long run
the resolution of certain geometric PDEs, such as the celebrated Monge-Ampère equation,
from the case where the solution is a function (i.e. a differential form of degree 0) to the case
where it is a form of positive degree. Thiswould have numerous geometric appplications. One
such equation was proposed in [ [5], §.5, (�), p. 30]. In the same vein, functionals acting on
positive-degreed differential forms were introduced in [6], where the first variation of several
operators depending on Hermitian metrics and featuring frequently in complex geometric
problems was also computed.

Continuing this effort, we introduce in Definition 5.4 a differential operator

Pω : C∞
1, 1(X , C) −→ C∞

1, 1(X , C)

of order two that seems to be a natural analogue acting on smooth (1, 1)-forms of the
standard Laplacian 
ω : C∞(X , C) −→ C∞(X , C) acting on smooth functions ϕ by

ω(ϕ) = �ω(i∂∂̄ϕ). Once aHermitianmetricω has been fixed on an n-dimensional complex
manifold X , we define

Pω(α) = (ωn−2 ∧ ·)−1(i∂∂̄α ∧ ωn−3), α ∈ C∞
1, 1(X , C),

where (ωn−2 ∧ ·)−1 : C∞
n−1, n−1(X , C) −→ C∞

1, 1(X , C) is the inverse of the bijection that
multiplies (1, 1)-forms by ωn−2.

Lemma 5.5 reveals a natural link, in the form of an integral equality, between the operator
Pω and the (n−1, n−1)-form �γ ρω, γ that we associate with every pair (ω, γ ) of Hermitian
metrics on X via the construction leading to pluriclosed star split pairs of metrics.

On the other hand, Pω can be explicitly computed as (cf. Lemma 5.8):

Pω(α) = �ω(i∂∂̄α) − 1

2(n − 1)
�2

ω(i∂∂̄α) ω,

for every smooth (1, 1)-form α.
We then render Pω elliptic by adding to it certain terms that we compute in Sects. 5.2.1

and 5.2.2. We get an elliptic second-order differential operator Qω : C∞
1, 1(X , C) −→

C∞
1, 1(X , C) that differs from the usual ∂̄-Laplacian 
′′

ω = ∂̄ ∂̄� + ∂̄�∂̄ multiplied by −1
by lower-order terms (cf. Corollary 5.19):

Qω = −
′′
ω + l.o.t .

It is a key feature of this construction that the above-mentioned integral equality of Lemma
5.5 satisfied by Pω continues to be satisfied by the elliptic operator Qω when the metric ω

is balanced (cf. Lemma 5.22). In particular, Qω retains a link with the pluriclosed star split
pairs of metrics introduced in the first part of the paper.

2 Pluriclosed star split and closed star split metrics

Let X be an n-dimensional complex manifold with n ≥ 3. For any integer p = 1, . . . , n and
any (1, 1)-form α on X , wewill use the following notation throughout the text: αp := α p/p!.
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2.1 Definitions and general properties

Fix an arbitrary Hermitian metric ω on X . Since the pointwise map

ωn−2 ∧ · : �1, 1T � X −→ �n−1, n−1T � X (1)

is bijective, there exists a unique C∞ (1, 1)-form ρω on X such that

i∂∂̄ωn−2 = ωn−2 ∧ ρω. (2)

The (1, 1)-form ρω can be computed explicitly in the following way. The standard Lef-
schetz decomposition theorem ensures that ρω can be written in a unique way as

ρω = ρprim + g ω,

where ρprim is a primitive (w.r.t. ω) (1, 1)-form and g is a function. Taking �ω, we get
�ω(ρprim) = 0 (since ρprim is primitive), hence g = (1/n)�ω(ρω), so

ρω = ρprim + 1

n
�ω(ρω) ω. (3)

Taking the Hodge star operator � = �ω in (3) and using the following standard formula
(cf. e.g. ( [20], Proposition 6.29, p. 150)) for this operator acting on primitive forms v of
arbitrary bidegree (p, q):

� v = (−1)k(k+1)/2 i p−q ωn−p−q ∧ v, where k := p + q, (4)

we get:

�ρω = −ωn−2 ∧ ρprim + 1

n
�ω(ρω) ωn−1, (5)

since it is well known that �ω = ωn−1.
On the other hand, after multiplying (3) by ωn−2, we get

ωn−2 ∧ ρω = ωn−2 ∧ ρprim + n − 1

n
�ω(ρω) ωn−1. (6)

So, adding (5) and (6) up and using (2), we get

�ρω = �ω(ρω) ωn−1 − i∂∂̄ωn−2. (7)

Meanwhile, multiplying (2) by 1/(n − 1) ω, we get the first equality below:

1

n − 1
ω ∧ i∂∂̄ωn−2 = ωn−1 ∧ ρω = �ω(ρω) ωn .

Together with (7), this proves the following

Lemma 2.1 The (1, 1)-form ρω uniquely determined by an arbitrary Hermitian metric ω on
an n-dimensional complex manifold X via property (2) is given by the formula

�ρω = 1

n − 1

ω ∧ i∂∂̄ωn−2

ωn
ωn−1 − i∂∂̄ωn−2. (8)

Applying � again to (8), we get:

ρω = 1

n − 1

ω ∧ i∂∂̄ωn−2

ωn
ω + i ∂̄�∂�ω2. (9)
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In particular, we see that with each Hermitian metric ω on X we can associate the C∞
function fω : X → R defined by

fω := ω ∧ i∂∂̄ωn−2

ωn
. (10)

The above computations also show that fω = (n − 1)�ω(ρω).
Rescaling ω by a positive constant λ has the following obvious effect on the associated

function:

fλω = 1

λ
fω, λ ∈ (0, ∞). (11)

Note that the function fω vanishes identically if and only if the metric ω is (n − 2)-
Gauduchon in the sense of [9].

Definition 2.2 Let ω be a Hermitian metric on an n-dimensional complex manifold X , let
� = �ω be the Hodge star operator induced by ω and let ρω be the (1, 1)-form on X uniquely
determined by ω via property (2).

(a) The metric ω is said to be pluriclosed star split if ∂∂̄(�ρω) = 0.
(b) The metric ω is said to be closed star split if d(�ρω) = 0.

Thanks to formula (8), we see that the pluriclosed star split condition on ω is equivalent
to

∂∂̄( fω ωn−1) = 0, (12)

while the closed star split condition on ω is equivalent to

d( fω ωn−1) = 0. (13)

The closed star split condition obviously implies the pluriclosed star split one. Both are
implied by the (n − 2)-Gauduchon condition of Fu-Wang-Wu [9].

•Let us now recall a few facts from [10]. Consider the Laplace-type operator on functions:


ω := i�ω∂̄∂ : C∞(X , C) −→ C∞(X , C).

Its adjoint is the operator 
�
ω : C∞(X , C) −→ C∞(X , C) given by


�
ω( f ) = i�ω∂̄∂( f ωn−1), (14)

where � = �ω is theHodge star operator induced byω. This follows at once from the formulae
∂� = −�∂̄�, ∂̄� = −�∂� and �ω = ωn−1. Now, Gauduchon proves, as a consequence of his
Lemmas 1 and 2 of [10], the following key result.

Proposition 2.3 [10] Let X be a compact connected complex manifold and let ω be a Her-
mitian metric on X. Let f0 : X −→ R be a C∞ function such that f0 ∈ ker
�

ω. Then

f0 > 0 on X or f0 < 0 on X or f0 ≡ 0.

In our context, an immediate consequence of (12) and (14) is the following

Proposition 2.4 Let X be a compact connected complex manifold with dimCX = n and let
ω be a Hermitian metric on X. The following equivalence holds:

ω is pluriclosed star split ⇐⇒ 
�
ω( fω) = 0.
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Proposition 1.1 stated in the introduction follows as a corollary of Propositions 2.3 and
2.4.

We notice the following properties of pluriclosed star split metrics in relation to balanced
and Gauduchon metrics. Part (iii) implies part (ii), but we state both of them since the proofs
we give are slightly different.

Proposition 2.5 Let (X , ω) be a complex Hermitian manifold with dimCX = n.

(i) If the function fω is a non-zero constant, the metric ω is pluriclosed star split if and
only if it is Gauduchon.

(ii) Suppose X is compact and connected. If the metric ω is balanced, then it is pluriclosed
star split if and only if the function fω is constant.

(iii) Suppose X is compactand connected. If the metricω isGauduchon, then it ispluriclosed
star split if and only if the function fω is constant.

Proof Part (i) follows obviously from (12). To prove part (ii), we note that ω being balanced
implies the first of the following equalities:

i∂∂̄( fω ωn−1) = i∂∂̄ fω ∧ ωn−1 = �ω(i∂∂̄ fω) ωn = −
ω( fω) ωn .

Therefore, thanks to (12), ω is pluriclosed star split if and only if 
ω( fω) = 0 on X . By
the maximum principle, this is equivalent to fω being constant since X is compact and the
Laplacian −
ω = �ω(i∂∂̄) is elliptic of order two with no zero-th order terms.

We now prove part (iii). Suppose the metric ω is Gauduchon.
“ �⇒ ” If ω is pluriclosed star split, then fω > 0 on X , or fω < 0 on X , or fω ≡ 0. In

the last case, fω is indeed constant. In the case where fω > 0 on X , the pluriclosed star split
condition (12) translates to the metric ( fω)1/(n−1) ω being Gauduchon (and also, obviously,
conformally equivalent to ω). Since the metric ω is already Gauduchon, this implies that
the function ( fω)1/(n−1), hence also fω, is constant. Indeed, Gauduchon’s main theorem
(théorème 1) in [10] stipulates that in every conformal class of Hermitian metrics on X there
exists a unique (up to multiplicative positive constants) Gauduchon metric. In the case where
fω < 0 on X , − fω > 0 and the above argument can be repeated with − fω in place of fω.
“⇐�” If the function fω is constant, then either fω is a non-zero constant, in which case

ω is pluriclosed star split by (i); or fω vanishes identically, in which case (12) holds in an
obvious way, so ω is again pluriclosed star split. 
�

Formula (8) shows that if the metric ω is both Gauduchon and pluriclosed star split, then

[�ρω]A = 1

n − 1
fω [ωn−1]A, (15)

while if ω is both a balanced and a closed star split metric, then

[�ρω]BC = 1

n − 1
fω [ωn−1]BC . (16)

In both of these cases, fω is constant thanks to Proposition 2.5.
• The following immediate observation will come in handy later on.

Lemma 2.6 Let γ be a positive definite (1, 1)-form and � a real (n − 1, n − 1)-form on a
complex manifold X with dimCX = n. The following equality holds:

γ ∧ � = �γ � ∧ γn−1, (17)

where �γ is the Hodge star operator induced by the Hermitian metric γ .
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Proof Using the properties of �γ , we have:

γ ∧ � = γ ∧ �γ �γ � = 〈γ, �γ �〉γ γn = 〈�γ �γ γ, �γ �〉γ γn

(a)= 〈γn−1, �〉γ γn = γn−1 ∧ �γ �,

where (a) follows from the fact that �γ is an isometry for the pointwise inner product induced
by γ and from the standard identity �γ γ = γn−1. 
�

Independently, we make the following observation whose proof is very similar to the one
of Proposition 1.1 in [17]. The latter, weaker, part appeared in [15] with a different proof.

Proposition 2.7 Let ω be a Hermitian metric on a compact complex manifold X with
dimCX = n ≥ 3. If ω is both balanced and (n − 2)-Gauduchon, it is Kähler.

In particular, if ω is both balanced and astheno-Kähler, it is Kähler.

Proof Taking γ = ω and � = i∂∂̄ωn−2 in Lemma 2.6, we get the first equality below:

ω ∧ i∂∂̄ωn−2 = �(i∂∂̄ωn−2) ∧ ωn−1 = −i (−�∂̄�)(�∂ωn−2) ∧ ωn−1

= −i ∂�

(

�(ωn−3 ∧ ∂ω)

)

∧ ωn−1, (18)

where we also used the standard identities �� = ±Id on forms of even, resp. odd, degree,
and ∂� = −�∂̄�.

On the other hand, the balanced hypothesis on ω is well known to be equivalent to ∂ω

being primitive. Indeed, ∂ωn−1 = ωn−2 ∧ ∂ω and, since ∂ω is a 3-form, the condition
ωn−2 ∧ ∂ω = 0 expresses the primitivity of ∂ω, by definition. Thus, using the standard
formula (4) for primitive forms of bidegree (p, q) = (2, 1), we get: �(∂ω) = i ωn−3 ∧ ∂ω,
hence

�(ωn−3 ∧ ∂ω) = i ∂ω (19)

when ω is balanced.
Putting (18) and (19) together, we infer that

ω ∧ i∂∂̄ωn−2 = ∂�∂ω ∧ ωn−1 = �ω(∂�∂ω)ωn (20)

wheneverω is balanced. In particular, if besides being balanced,ω is also (n−2)-Gauduchon
(i.e. ω ∧ i∂∂̄ωn−2 = 0), then �ω(∂�∂ω) = 0. Taking the L2

ω inner product with the constant
function 1, we get in that case:

0 = 〈〈�ω(∂�∂ω), 1〉〉ω = 〈〈∂�∂ω, ω〉〉ω = ||∂ω||2ω.

This implies ∂ω = 0, hence ω is Kähler. 
�
This discussion is summed up in the following

Corollary 2.8 Suppose ω is a balanced metric on a compact complex manifold X with
dimCX = n ≥ 3. The following equivalences hold:

ω is Kähler ⇐⇒ ω is (n − 2)-Gauduchon

ω is Kähler ⇐⇒ ω is astheno-Kähler

ω is Kähler ⇐⇒ ρω = 0

ω is Kähler ⇐⇒ �ρω = 0.

123



7 Page 10 of 40 D. Popovici

• Proof of (i) of Theorem 1.2. It is easily obtained from the proof of Proposition 2.7 in the
following way. Under the assumptions of (i) of Theorem 1.2, the function fω is necessarily
constant by (ii) of Proposition 2.5.

If fω were a negative constant c, we would have �ω(∂�∂ω) = c < 0 by (20), hence also

c
∫

X
ωn = 〈〈�ω(∂�∂ω), 1〉〉ω = 〈〈∂�∂ω, ω〉〉ω = ||∂ω||2ω,

which is impossible if c < 0. 
�
However, it may happen that ω be balanced and pluriclosed star split with the function fω

a positive constant. Examples include the standard metric ω on the Iwasawa manifold, where
fω ≡ 1 (see Proposition 2.10), any Nakamura manifold, where fω ≡ 2 (see Proposition
2.11).

• Proof of (ii) of Theorem 1.2. That the function fω may be a negative constant when
the pluriclosed star split metric ω is not balanced is shown by the examples of the small
deformations Xt of the Calabi-Eckmann manifold X0 = (S3 × S3, JC E ) corresponding to
complex numbers t close enough to 0 for which Im (t) < 0 (see Proposition 2.14). 
�

• Let us now return to the function fω : X → R associated via (10) with an arbitrary
Hermitian metric ω. We get at once that

ω ∧ �ρω = 1

n − 1
ω ∧ i∂∂̄ωn−2 = 1

n − 1
fω ωn .

Hence, integrating and applying Stokes, we get:
∫

X
ω ∧ �ρω = − 1

n − 1

∫

X
i∂ω ∧ ∂̄ω ∧ ωn−3.

Meanwhile, if ω is balanced, ∂̄ω is primitive (as seen above for ∂ω), so the standard formula
(4) for primitive forms of bidegree (p, q) = (1, 2) gives: �(∂̄ω) = −i ωn−3 ∧ ∂̄ω. Together
with the last integral formula, this leads to

∫

X
ω ∧ �ρω = 1

n − 1

∫

X
∂ω ∧ �(∂̄ω) = 1

n − 1
||∂ω||2ω,

if ω is balanced, where || ||ω is the L2
ω-norm.

We have thus proved the following

Proposition 2.9 Suppose ω is a balanced metric on a compact complex manifold X with
dimCX = n ≥ 3. The following equality holds:

∫

X
fω ωn = ||∂ω||2ω. (21)

In particular, ω is Kähler if and only if
∫

X fω ωn = 0. If fω is constant, then ω is Kähler if
and only if fω = 0.

Proposition 1.3 is an immediate corollary of Proposition 2.9.

2.2 Examples of pluriclosed star split and closed star split Hermitianmetrics

All the examples we now point out are Gauduchon metrics ω with fω constant (see (i) of
Proposition 2.5). However, the value of the constant will vary from case to case.
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2.2.1 Example of the Iwasawamanifold

For the Iwasawamanifold X , dimCX = 3 and the cohomology of X is completely determined
by three holomorphic (1, 0)-forms α, β, γ (so, ∂̄α = ∂̄β = ∂̄γ = 0) that satisfy the structure
equations:

∂α = ∂β = 0 and ∂γ = −α ∧ β �= 0. (22)

We will show that the standard Hermitian metric

ω = iα ∧ ᾱ + iβ ∧ β̄ + iγ ∧ γ̄ ,

which is known to be balanced, is also pluriclosed star split. We know from (ii) of Proposition
2.5 that the function fω will then be constant. We will compute this constant.

Since n−2 = 1,we have to compute i∂∂̄ω.Weget ∂̄ω = iγ ∧ᾱ∧β̄, i∂∂̄ω = iα∧ᾱ∧iβ∧β̄

and

ω ∧ (i∂∂̄ω) = iα ∧ ᾱ ∧ iβ ∧ β̄ ∧ iγ ∧ γ̄ = ω3.

In particular, fω = ω ∧ (i∂∂̄ω)/ω3 = 1.
On the other hand,

ω2 = iα ∧ ᾱ ∧ iβ ∧ β̄ + iα ∧ ᾱ ∧ iγ ∧ γ̄ + iβ ∧ β̄ ∧ iγ ∧ γ̄ ,

(so, we see that ∂ω2 = 0, which means that ω is balanced, as is well known) and we get:

�ρω = 1

2
fω ω2 − i∂∂̄ω = 1

2

(

iα ∧ ᾱ ∧ iγ ∧ γ̄ + iβ ∧ β̄ ∧ iγ ∧ γ̄ − iα ∧ ᾱ ∧ iβ ∧ β̄

)

.

In particular, we see that ∂(�ρω) = 0, hence also ∂̄(�ρω) = 0 because �ρω is a real form.
This, of course, implies ∂∂̄(�ρω) = 0, but we even have d(�ρω) = 0. Meanwhile, from
ρω = ��ρω and the above formula for �ρω, we get:

ρω = 1

2

(

iα ∧ ᾱ + iβ ∧ β̄ − iγ ∧ γ̄

)

.

The conclusions of this computation are summed up in the following

Proposition 2.10 The balanced metric ω = iα ∧ ᾱ + iβ ∧ β̄ + iγ ∧ γ̄ on the Iwasawa
manifold is closed star split, hence also pluriclosed star split, and its associated function
fω is constant equal to 1.

Moreover, the eigenvalues of the real (2, 2)-form �ρω with respect to ω are 1, 1,−1.

2.2.2 Example of the Nakamura manifolds

For the Nakamura manifolds X , dimCX = 3 and the cohomology of X is completely deter-
mined by three holomorphic (1, 0)-forms ϕ1, ϕ2, ϕ3 (so, ∂̄ϕ1 = ∂̄ϕ2 = ∂̄ϕ3 = 0) that satisfy
the structure equations:

∂ϕ1 = 0, ∂ϕ2 = ϕ1 ∧ ϕ2 and ∂ϕ3 = −ϕ1 ∧ ϕ3. (23)

We will show that the standard Hermitian metric

ω = iϕ1 ∧ ϕ̄1 + iϕ2 ∧ ϕ̄2 + iϕ3 ∧ ϕ̄3,
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7 Page 12 of 40 D. Popovici

which is known to be balanced, is also pluriclosed star split. In particular, the function fω
will be constant (see (ii) of Proposition 2.5) and we will compute this constant.

We get:

∂̄ω = −iϕ2 ∧ (ϕ̄1 ∧ ϕ̄2) − iϕ3 ∧ (−ϕ̄1 ∧ ϕ̄3) = ϕ̄1 ∧ iϕ2 ∧ ϕ̄2 − ϕ̄1 ∧ iϕ3 ∧ ϕ̄3

and

i∂∂̄ω = −i ϕ̄1 ∧ i(ϕ1 ∧ ϕ2) ∧ ϕ̄2 + i ϕ̄1 ∧ i(−ϕ1 ∧ ϕ3) ∧ ϕ̄3

= iϕ1 ∧ ϕ̄1 ∧ iϕ2 ∧ ϕ̄2 + iϕ1 ∧ ϕ̄1 ∧ iϕ3 ∧ ϕ̄3.

Hence

ω ∧ (i∂∂̄ω) = 2ω3.

In particular, fω = ω ∧ (i∂∂̄ω)/ω3 = 2.
On the other hand,

ω2 = iϕ1 ∧ ϕ̄1 ∧ iϕ2 ∧ ϕ̄2 + iϕ1 ∧ ϕ̄1 ∧ iϕ3 ∧ ϕ̄3 + iϕ2 ∧ ϕ̄2 ∧ iϕ3 ∧ ϕ̄3,

(so, we see that ∂ω2 = i(ϕ1 ∧ ϕ2) ∧ ϕ̄2 ∧ iϕ3 ∧ ϕ̄3 + iϕ2 ∧ ϕ̄2 ∧ i(−ϕ1 ∧ ϕ3) ∧ ϕ̄3 = 0,
which means that ω is balanced, as is well known) and we get:

�ρω = 1

2
fω ω2 − i∂∂̄ω = iϕ2 ∧ ϕ̄2 ∧ iϕ3 ∧ ϕ̄3.

In particular, we see that

∂(�ρω) = i(ϕ1 ∧ ϕ2) ∧ ϕ̄2 ∧ iϕ3 ∧ ϕ̄3 + iϕ2 ∧ ϕ̄2 ∧ i(−ϕ1 ∧ ϕ3) ∧ ϕ̄3 = 0,

hence also ∂̄(�ρω) = 0 because �ρω is a real form. This, of course, implies ∂∂̄(�ρω) = 0,
but we even have d(�ρω) = 0. Meanwhile, from ρω = ��ρω and the above formula for �ρω,
we get:

ρω = iϕ1 ∧ ϕ̄1.

The conclusions of this computation are summed up in the following

Proposition 2.11 The balanced metric ω = iϕ1∧ϕ̄1+iϕ2∧ϕ̄2+iϕ3∧ϕ̄3 on anyNakamura
manifold is closed star split, hence also pluriclosed star split, and its associated function
fω is constant equal to 2.

Moreover, the eigenvalues of the real (2, 2)-form �ρω with respect to ω are 1, 0, 0.

2.2.3 Example of the small deformations of the Iwasawamanifold

The small deformations Xt lying in Nakamura’s class (i) of the Iwasawa manifold X have
the same properties as X , so we have implicitly discussed them in Sect. 2.2.1.

We now concentrate on the small deformations Xt lying in one of Nakamura’s classes
(i i) or (i i i). Their cohomology is completely determined by three smooth (1, 0)-forms αt ,
βt , γt satisfying the structure equations (cf. [ [1], §.4.3]):

dαt = dβt = 0,

∂tγt = σ12(t) αt ∧ βt ,

∂̄tγt = σ11̄(t) αt ∧ ᾱt + σ12̄(t) αt ∧ β̄t + σ21̄(t) βt ∧ ᾱt + σ22̄(t) βt ∧ β̄t ,
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where σ12 and σi j̄ are C∞ functions of t ∈ 
 that depend only on t (so σ12(t) and σi j̄ (t) are
complex numbers for every fixed t in the parameter space 
) and satisfy σ12(0) = −1 and
σi j̄ (0) = 0 for all i, j .

Now, for every t ∈ 
 close to 0, the Jt -(1, 1)-form

ωt := iαt ∧ αt + iβt ∧ β t + iγt ∧ γ t

is positive definite, hence it defines a Hermitian metric on Xt that varies in a C∞ way with t .
Computing, we get:

∂̄tωt = i ∂̄tγt ∧ γ̄t − iγt ∧ ∂tγt

= σ11̄(t) iαt ∧ ᾱt ∧ γ̄t + σ12̄(t) iαt ∧ β̄t ∧ γ̄t + σ21̄(t) iβt ∧ ᾱt ∧ γ̄t + σ22̄(t) iβt ∧ β̄t ∧ γ̄t

−σ12(t) iγt ∧ ᾱt ∧ β̄t ,

hence

i∂t ∂̄tωt = A(t) iαt ∧ ᾱt ∧ iβt ∧ β̄t ,

where

A(t) := |σ12(t)|2 + |σ21̄(t)|2 + |σ12̄(t)|2 − 2Re

(

σ11̄(t) σ22̄(t)

)

. (24)

Thus, we get:

ωt ∧ i∂t ∂̄tωt = A(t) iαt ∧ ᾱt ∧ iβt ∧ β̄t ∧ iγt ∧ γ̄t = A(t) (ωt )3.

In particular, fωt = ωt ∧ i∂t ∂̄tωt/(ωt )3 = A(t), which is a real constant for every fixed t .
On the other hand, we get:

(ωt )2 = iαt ∧ ᾱt ∧ iβt ∧ β̄t + iαt ∧ ᾱt ∧ iγt ∧ γ̄t + iβt ∧ β̄t ∧ iγt ∧ γ̄t ,

so we see that ∂t ∂̄t (ωt )2 = 0, proving that ωt is a Gauduchon metric for every t close to 0.
Thanks to (i) of Proposition 2.5, we conclude that ωt is pluriclosed star split.

Explicitly, we further have:

�ρωt = A(t)

2
(ωt )2 − i∂t ∂̄tωt

= A(t)

2

(

iαt ∧ ᾱt ∧ iγt ∧ γ̄t + iβt ∧ β̄t ∧ iγt ∧ γ̄t − iαt ∧ ᾱt ∧ iβt ∧ β̄t

)

.

We point out that, unlike in the cases of the Iwasawa and Nakamura manifolds, the form
�ρωt is not d-closed. To see this, we notice that iαt ∧ ᾱt ∧ iβt ∧ β̄t is d-closed and that

∂̄t (iαt ∧ ᾱt ∧ iγt ∧ γ̄t ) = σ22̄(t) iαt ∧ ᾱt ∧ iβt ∧ β̄t ∧ γ̄t

∂̄t (iβt ∧ β̄t ∧ iγt ∧ γ̄t ) = σ11̄(t) iαt ∧ ᾱt ∧ iβt ∧ β̄t ∧ γ̄t .

Hence

∂̄t (�ρωt ) = A(t)

2

(

σ11̄(t) + σ22̄(t)

)

iαt ∧ ᾱt ∧ iβt ∧ β̄t ∧ γ̄t (25)

for all t sufficiently close to 0 in one of Nakamura’s classes (ii) or (iii). In particular, we
see that there is no reason for ∂̄t (�ρωt ) to vanish when t �= 0 since σ11̄(t) + σ22̄(t) need not
vanish in that case.

The conclusions of this computation are summed up in the following
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Proposition 2.12 For every t �= 0 sufficiently close to 0 in one of Nakamura’s classes (ii)
or (iii), the Gauduchon metric ωt = iαt ∧ ᾱt + iβt ∧ β̄t + iγt ∧ γ̄t on the corresponding
small deformation Xt of the Iwasawa manifold X = X0 is pluriclosed star split and its
associated function fωt is constant equal to A(t) defined in (24).

Moreover, the ∂∂̄-closed real (2, 2)-form �ρωt need not be d-closed and its eigenvalues
with respect to ω are 1, 1,−1.

2.2.4 Example of the 5-dimensional Iwasawamanifold

The cohomology of the 5-dimensional Iwasawamanifold X = I (5) is completely determined
by five holomorphic (1, 0)-forms ϕ j , with j = 1, . . . , 5, (so ∂̄ϕ j = 0) that satisfy the
structure equations:

∂ϕ1 = ∂ϕ2 = 0, ∂ϕ3 = ϕ1 ∧ ϕ2, ∂ϕ4 = ϕ1 ∧ ϕ3, ∂ϕ5 = ϕ2 ∧ ϕ3. (26)

The standard Hermitian metric on X is defined by ω = ∑5
j=1 iϕ j ∧ ϕ̄ j . Since n = 5, we

need to compute i∂∂̄ω3. We get successively:

ω3 =
∑

1≤ j<k<l≤5

iϕ j ∧ ϕ̄ j ∧ iϕk ∧ ϕ̄k ∧ iϕl ∧ ϕ̄l ,

∂̄ω3 = −iϕ1 ∧ ϕ̄1 ∧ iϕ4 ∧ ϕ̄4 ∧ iϕ5 ∧ ϕ̄2 ∧ ϕ̄3 − iϕ2 ∧ ϕ̄2 ∧ iϕ4 ∧ ϕ̄1 ∧ ϕ̄3 ∧ iϕ5 ∧ ϕ̄5

−iϕ3 ∧ ϕ̄1 ∧ ϕ̄2 ∧ iϕ4 ∧ ϕ̄4 ∧ iϕ5 ∧ ϕ̄5

and

i∂∂̄ω3 = ̂iϕ3 ∧ ϕ̄3 + ̂iϕ4 ∧ ϕ̄4 + ̂iϕ5 ∧ ϕ̄5,

where ̂iϕ j ∧ ϕ̄ j stands for the product of all the (1, 1)-forms ̂iϕk ∧ ϕ̄k with k ∈ {1, . . . 5}\{ j}.
From this, we get: ω ∧ i∂∂̄ω3 = 3ω5, hence fω = ω ∧ i∂∂̄ω3/ω5 = 3.
Meanwhile,

ω4 =
5∑

j=1

̂iϕ j ∧ ϕ̄ j ,

so we see that ∂̄ω4 = 0 (which means that the metric ω is balanced) and we get:

�ρω = 1

4
fω ω4 − i∂∂̄ω3 = 3

4
ω4 − i∂∂̄ω3

= 3

4

(
̂iϕ1 ∧ ϕ̄1 + ̂iϕ2 ∧ ϕ̄2

)

− 1

4

(
̂iϕ3 ∧ ϕ̄3 + ̂iϕ4 ∧ ϕ̄4 + ̂iϕ5 ∧ ϕ̄5

)

.

In particular, ∂̄(�ρω) = 0.
The conclusions of this computation are summed up in the following

Proposition 2.13 The balanced metric ω = ∑5
j=1 iϕ j ∧ ϕ̄ j on the 5-dimensional Iwasawa

manifold I (5) is closed star split, hence also pluriclosed star split, and its associated
function fω is constant equal to 3.

Moreover, the eigenvalues of the real (4, 4)-form �ρω with respect to ω are 3/4, 3/4,
−1/4, −1/4, −1/4.
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2.2.5 Example of the Calabi–Eckmannmanifold (S3 × S3, JCE) and its small
deformations

As is well known, Calabi and Eckmann defined in [2] a complex structure JC E on the C∞
manifold S3 × S3, where S3 is the 3-sphere. In [19], Tardini and Tomassini studied a one-
dimensional deformation (Xt , Jt ), with t varying in a small disc D about 0 in C, of the
Calabi-Eckmann complex manifold X = X0 = (S3 × S3, JC E ), with dimCX = 3, whose
cohomology is determined by three smooth 1-forms ϕ1

t , ϕ2
t , ϕ3

t satisfying the following
structure equations:

∂tϕ
1
t = t̄ + 1

1 − |t |2 iϕ1
t ∧ ϕ3

t , ∂̄tϕ
1
t = t + 1

1 − |t |2 iϕ1
t ∧ ϕ3

t

∂tϕ
2
t = 1 − t̄

1 − |t |2 ϕ2
t ∧ ϕ3

t , ∂̄tϕ
2
t = t − 1

1 − |t |2 ϕ2
t ∧ ϕ3

t

∂tϕ
3
t = 0, ∂̄tϕ

3
t = (t − 1) iϕ1

t ∧ ϕ1
t + (t + 1) ϕ2

t ∧ ϕ2
t .

For t ∈ D, we consider the Hermitian metric ωt = 1
2

∑3
j=1 iϕ j

t ∧ ϕ
j
t on Xt . Computing,

we get

∂̄tωt = i

2
(t − 1) iϕ1

t ∧ ϕ1
t ∧ ϕ3

t + i

2
(t + 1) ϕ2

t ∧ ϕ2
t ∧ ϕ3

t

and

∂t ∂̄tωt = 1

2

(

(t + 1)(t̄ − 1) − (t − 1)(t̄ + 1)

)

iϕ1
t ∧ ϕ1

t ∧ ϕ2
t ∧ iϕ2

t .

Thus,

i∂t ∂̄tωt = 2 Im (t) iϕ1
t ∧ ϕ1

t ∧ ϕ2
t ∧ iϕ2

t ,

hence

ωt ∧ i∂t ∂̄tωt = Im (t) iϕ1
t ∧ ϕ1

t ∧ ϕ2
t ∧ iϕ2

t ∧ ϕ3
t ∧ iϕ3

t = 8 Im (t) (ωt )3.

In particular, fωt = ωt ∧ i∂t ∂̄tωt/(ωt )3 = 8 Im (t), which is a real constant for every fixed t .
On the other hand, we have

(ωt )2 = 1

4

3∑

j=1

̂
iϕ j

t ∧ ϕ
j
t ,

where ̂iϕ j ∧ ϕ̄ j stands for the product of all the (1, 1)-forms ̂iϕk ∧ ϕ̄k with k ∈ {1, 2, 3}\{ j}.
Hence,

�ρωt = 1

2
fωt (ωt )2 − i∂t ∂̄tωt = Im (t)

3∑

j=1

̂
iϕ j

t ∧ ϕ
j
t − 2 Im (t) ̂iϕ3

t ∧ ϕ3
t

= Im (t)

(
̂iϕ1
t ∧ ϕ1

t + ̂iϕ2
t ∧ ϕ2

t − ̂iϕ3
t ∧ ϕ3

t

)

.

In particular, whenever t is real, ρωt = 0, or equivalently ∂t ∂̄tωt = 0, which means that the
metric ωt on Xt is SKT.
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To compute ∂t (�ρωt ), we first compute separately the following quantities:

∂t (
̂iϕ1
t ∧ ϕ1

t ) = (1 − t̄) iϕ1
t ∧ ϕ1

t ∧ iϕ2
t ∧ ϕ2

t ∧ ϕ3
t

∂t (
̂iϕ2
t ∧ ϕ2

t ) = (1 + t̄) iϕ1
t ∧ ϕ1

t ∧ iϕ2
t ∧ ϕ2

t ∧ ϕ3
t

∂t (
̂iϕ3
t ∧ ϕ3

t ) = 0.

From this, we get:

∂t (�ρωt ) = 2 Im (t) iϕ1
t ∧ ϕ1

t ∧ iϕ2
t ∧ ϕ2

t ∧ ϕ3
t .

In particular, ∂t (�ρωt ) �= 0 whenever t is not real.
Finally, taking ∂̄t in the expression for ∂t (�ρωt ), we get

∂̄t∂t (�ρωt ) = 2 Im (t) iϕ1
t ∧ ϕ1

t ∧ iϕ2
t ∧ ϕ2

t ∧ ∂̄tϕ
3
t

= 2 Im (t) iϕ1
t ∧ ϕ1

t ∧ iϕ2
t ∧ ϕ2

t ∧
(

(t − 1) iϕ1
t ∧ ϕ1

t + (t + 1) ϕ2
t ∧ ϕ2

t

)

= 0

for every t ∈ D. This means that the metricωt is pluriclosed star split, hence also Gauduchon
since fωt is constant on Xt (see (i) of Proposition 2.5).

The conclusions of this computation are summed up in the following

Proposition 2.14 For every t ∈ D, the Hermitian metric ωt on the corresponding small
deformation Xt of the Calabi-Eckmann manifold X = X0 = (S3 × S3, JC E ) is pluri-
closed star split and its associated function fωt is constant equal to 8 Im (t).

The ∂∂̄-closed real (2, 2)-form �ρωt is d-closed if and only if t ∈ R, in which case
ρωt = 0 and the metric ωt on Xt is SKT. The eigenvalues of �ρωt with respect to ω are
4Im (t), 4Im (t),−4Im (t).

2.2.6 Example of a Hermitian metric!whose function f! is non-constant

Since fω is constant in all of the above examples, we will now try to impress upon the
reader the relative ease with which one can produce examples of metrics whose associated
function is non-constant by varying a metric ω with constant function fω in its conformal
class. If the originalω is a Gauduchonmetric and g is a non-constant smooth positive function
on the manifold, the new metric gω is no longer Gauduchon due to the uniqueness, up to
multiplicative positive constants, of a Gauduchon metric in its conformal class proved in
Gauduchon’s foundational work [10].

We start by noticing a general formula describing the variation of fω under conformal
changes of a balanced ω. For the sake of convenience, we will confine ourselves to the
3-dimensional case.

Lemma 2.15 Let ω be a balanced Hermitian metric on a 3-dimensional complex manifold
X.

Then, for any C∞ function g : X −→ (0, +∞), one has:

fgω = 1

g
fω − 2

g2 
ω(g), (27)

where 
ω is the standard Laplacian defined on the functions h on X by 
ω(h) = −�ω(i∂∂̄h).
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Proof In the case n = 3, formula (10) spells:

fgω = ω ∧ i∂∂̄(gω)

g2ω3
.

On the other hand, we get:

i∂∂̄(gω) = gi∂∂̄ω + i∂∂̄g ∧ ω + i∂g ∧ ∂̄ω − i ∂̄g ∧ ∂ω.

Hence, we get:

fgω = 1

g
fω + 2

g2

i∂∂̄g ∧ ω2

ω3
+ 1

g2

i∂g ∧ ω ∧ ∂̄ω

ω3
− 1

g2

i ∂̄g ∧ ω ∧ ∂ω

ω3

= 1

g
fω + 2

g2 �ω(i∂∂̄g),

where the balanced hypothesis on ω was used to infer the latter equality in each of the pairs
of equalities ω ∧ ∂̄ω = (1/2) ∂̄ω2 = 0 and ω ∧ ∂ω = (1/2) ∂ω2 = 0. 
�

Weare now in a position to describe our example.We choose X to be the Iwasawa manifold
equipped with the balanced metric ω described in Sect. 2.2.1. We saw in Proposition 2.10
that fω is the constant function 1 on X .

We will multiply ω by the non-constant positive C∞ function g : X −→ (0, +∞)

induced by the function (denoted by the same symbol):

g : C
3 −→ (0, +∞), g(z1, z2, z3) = esin(2π Re z1). (28)

Recall that C3 coincides, as a complex manifold, with the Heisenberg group G. On the other
hand, the action on G that defines the Iwasawa manifold X acts on the first coordinate as
the sum, namely z1 ∈ C is mapped to z1 + (p1 + iq1) with p1 and q1 ranging over Z. This
implies that the above function g defined on C

3 is constant along the orbits of the action.
Hence, g passes to the quotient and defines a function on X .2

In order to apply formula (27) to gω, we compute 
ω(g). We get successively:

∂̄g = πg cos(2π Re z1) dz̄1

i∂∂̄g = π2g

(

cos(2π Re z1) − sin(2π Re z1)

)

idz1 ∧ dz̄1


ω(g) = −�ω(i∂∂̄g) = −π2g

(

cos(2π Re z1) − sin(2π Re z1)

)

.

Thus, formula (27) and fω ≡ 1 yield:

fgω = 1

g
+ 2π2

g

(

cos(2π Re z1) − sin(2π Re z1)

)

=
1 + 2π2

(

cos(2π Re z1) − sin(2π Re z1)

)

esin(2π Re z1)
.

This function is readily seen to be non-constant. For example, the above formula shows that:

(i) if Re z1 = 0, then fgω(z1, z2, z3) = 1 + 2π2;

(ii) if Re z1 = 1
4 , then fgω(z1, z2, z3) = 1−2π2

e ,

2 The author is grateful to L. Ugarte for pointing out this function to him.
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so fgω assumes different values at the above two sets of points.
We have thus proved the following

Proposition 2.16 Let (X , ω) be the Iwasawa manifold equipped with the balanced metric
described in Sect. 2.2.1. Let g be the C∞ function g : X −→ (0, +∞) induced by the
function defined in (28).

Then, the function fgω associated with the Hermitian metric gω on X is non-constant.

3 The pluriclosed star split condition for pairs of metrics

Let X be an n-dimensional complex manifold and let ω and γ be arbitrary Hermitian metrics
on X . Since the pointwise map

γn−2 ∧ · : �1, 1T � X −→ �n−1, n−1T � X (29)

is bijective, there exists a unique C∞ (1, 1)-form ρω, γ on X such that

i∂∂̄ωn−2 = γn−2 ∧ ρω, γ . (30)

In particular, ρω, γ = 0 if and only if ω is astheno-Kähler. Together with Proposition 2.7,
this implies the following

Observation 3.1 Let ω be a Hermitian metric on a compact complex manifold X with
dimCX = n ≥ 3. If ω is balanced, then ω is Kähler if and only if ρω, γ = 0 for some
(hence every) Hermitian metric γ .

The form ρω, γ can be computed in the sameway as ρω was computed in Sect. 2.1.Without
repeating all the steps of that computation, we onlymention that the Lefschetz decomposition
with respect to γ spells:

ρω, γ = ρω, γ, prim + 1

n
�γ (ρω, γ ) γ,

whereρω, γ, prim is a (1, 1)-form that is primitivewith respect toγ , namely�γ (ρω, γ, prim) =
0 or, equivalently, ρω, γ ∧ γn−1 = 0. Then, using the Hodge star operator �γ induced by γ

as we did for ω in Sect. 2.1, we get the following analogue of Lemma 2.1.

Lemma 3.2 The (1, 1)-form ρω, γ uniquely determined by an arbitrary pair (ω, γ ) of Her-
mitian metrics on an n-dimensional complex manifold X via property (30) is given by the
formula

�γ ρω, γ = 1

n − 1

γ ∧ i∂∂̄ωn−2

γn
γn−1 − i∂∂̄ωn−2. (31)

In particular, we see that with each pair (ω, γ ) of Hermitianmetrics on X we can associate
the C∞ function fω, γ : X → R defined by

fω, γ := γ ∧ i∂∂̄ωn−2

γn
. (32)

As with fω in Sect. 2.1, we also get fω, γ = (n − 1)�γ (ρω, γ ). This immediately yields the
following
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Lemma 3.3 Let ω and γ be Hermitian metrics on a compact connected complex manifold X
with dimCX = n ≥ 3.

The function fω, γ vanishes identically if and only if �γ (ρω, γ ) = 0.

Note that this statement also follows from the following considerations.
On the one hand, we always have the following equivalences:

fω, γ ≡ 0 ⇐⇒ γ ∧ i∂∂̄ωn−2 = 0 ⇐⇒ �γ

(

�γ (i∂∂̄ωn−2)

)

= 0, (33)

where the former follows from (32) and the latter from Lemma 2.6.
On the other hand, (iii) of (96) implies the first equality below:

�γ

(

�γ (i∂∂̄ωn−2)

)

=�γ (γ ∧ i∂∂̄ωn−2)=(n − 1) �γ (γn−1 ∧ ρω, γ )=(n − 1)�γ (ρω, γ ),

(34)

where the second equality follows from (30) and the third from γn−1 ∧ρω, γ = �γ (ρω, γ ) γn

and from �γ γn = 1.
Thus, putting (33) and (34) together, we get again Lemma 3.3.

Definition 3.4 Let (ω, γ ) be a pair of Hermitian metrics on an n-dimensional complex man-
ifold X , let �γ be the Hodge star operator induced by γ and let ρω, γ be the (1, 1)-form on
X uniquely determined by ω and γ via property (30).

(a) The pair (ω, γ ) is said to be pluriclosed star split if ∂∂̄(�γ ρω, γ ) = 0.
(b) The pair (ω, γ ) is said to be closed star split if d(�γ ρω, γ ) = 0.

Thanks to formula (31), we see that the pluriclosed star split condition on the pair (ω, γ )

is equivalent to

∂∂̄( fω, γ γn−1) = 0, (35)

while the closed star split condition on (ω, γ ) is equivalent to

d( fω, γ γn−1) = 0. (36)

In particular, if the function fω, γ vanishes identically, the pair (ω, γ ) is closed star split,
hence also pluriclosed star split. See Corollary 3.8 for a partial converse.

In the present two-metric context, the analogue of Proposition 2.4 is the following

Proposition 3.5 Let X be a compact connected complex manifold with dimCX = n and let
ω and γ be Hermitian metrics on X. The following equivalence holds:

(ω, γ ) is pluriclosed star split ⇐⇒ 
�
γ ( fω, γ ) = 0,

where 
�
γ is the adjoint, given by formula (14), of the Laplace-type operator on functions:


γ := i�γ ∂̄∂ : C∞(X , C) −→ C∞(X , C).
Moreover, any of these equivalent conditions implies that

fω, γ > 0 on X or fω, γ < 0 on X or fω, γ ≡ 0.

The following statement is the analogue of Proposition 2.5.

Proposition 3.6 Let ω and γ be Hermitian metrics on a complex manifold X with dimCX = n.
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(i) If the function fω, γ is a non-zero constant, the pair (ω, γ ) is pluriclosed star split if
and only if the metric γ is Gauduchon.

(ii) Suppose X is compact and connected. If the metric γ is balanced, the pair (ω, γ ) is
pluriclosed star split if and only if the function fω, γ is constant.

(iii) Suppose X is compact and connected. If the metric γ is Gauduchon, the pair (ω, γ )

is pluriclosed star split if and only if the function fω, γ is constant.

Proof It is the analogue of the proof of Proposition 2.5 with ω replaced by γ at the obvious
places. For example, when γ is balanced, the pair (ω, γ ) is pluriclosed star split if and only
if 
γ ( fω, γ ) = 0 on X , a condition that is equivalent to fω, γ being constant. 
�

The following statement is the analogue of Proposition 2.9.

Proposition 3.7 Let ω and γ be Hermitian metrics on a compact complex manifold X with
dimCX = n ≥ 3.

(i) If γ is SKT, then
∫

X fω, γ γn = 0.
(ii) If ω is balanced, then

∫

X
fω, γ γn = 〈〈∂γ, ∂ω〉〉ω. (37)

Proof From (31), we get

γ ∧ �γ ρω, γ = 1

n − 1
γ ∧ i∂∂̄ωn−2 = 1

n − 1
fω, γ γn .

Hence, integrating and applying Stokes twice, we get:
∫

X
fω, γ γn = i

∫

X
ωn−2 ∧ ∂∂̄γ .

Since ∂∂̄γ = 0 when γ is SKT, this proves part (i).
On the other hand, integrating as above but applying Stokes only once, we get:

∫

X
fω, γ γn =

∫

X
i ∂̄ωn−2 ∧ ∂γ = −i

∫

X
∂γ ∧ ωn−3 ∧ ∂̄ω.

As we saw in the proof of Proposition 2.9, if ω is balanced, ∂̄ω is primitive, so �(∂̄ω) =
−i ωn−3 ∧ ∂̄ω. Thus, the last integral formula becomes:

∫

X
fω, γ γn =

∫

X
∂γ ∧ �(∂̄ω) = 〈〈∂γ, ∂ω〉〉ω,

as claimed under (ii). 
�
Corollary 3.8 Let ω and γ be Hermitian metrics on a compact connected complex manifold
X with dimCX = n ≥ 3.

If γ is SKT and the pair (ω, γ ) is pluriclosed star split, the function fω, γ vanishes
identically.

Proof Since γ is SKT,
∫

X fω, γ γn = 0 by (i) of Proposition 3.7. This implies that fω, γ ≡ 0
thanks to the pair (ω, γ ) being pluriclosed star split and to Proposition 3.5. 
�

Putting Corollary 3.8 and Lemma 3.3 together, we can now prove another result stated in
the introduction.
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Proof of Theorem 1.4 By Corollary 3.8, fω, γ vanishes identically. By Lemma 3.3, this
amounts to �γ (ρω, γ ) = 0. Thus, the trace of ρω, γ w.r.t. γ vanishes. Meanwhile, the
hypothesis also ensures that the eigenvalues of ρω, γ w.r.t. γ are either all non-negative
or all non-positive. Therefore, all the eigenvalues must vanish, which means that ρω, γ = 0.
Thanks to (30), this implies i∂∂̄ωn−2 = 0, which means that ω is astheno-Kähler.

The last statement follows from Proposition 2.7. 
�

4 Maps and the pluriclosed star split condition

In this section,we give the first applications of the constructions performed in the previous two
sections adapted to the context of holomorphic maps between complex Hermitian manifolds.

Let X , Y be complex manifolds of respective dimensions n and m with n ≤ m, let γ , ω
be Hermitian metrics on X , respectively Y and let

φ : (X , γ ) −→ (Y , ω)

be a holomorphic map supposed to be non-degenerate at some point x ∈ X . By this we mean
that the differential map dxφ : T 1, 0

x X −→ T 1, 0
φ(x)Y at x is of maximal rank (i.e. rank n). Since

the points where φ degenerates form a (possibly empty) analytic subset � ⊂ X , the map φ

is non-degenerate at least almost everywhere on X , namely everywhere on X \ �.
The pullback form

ω̃ := φ�ω ≥ 0

is a C∞ positive semidefinite (1, 1)-form on X that is positive definite on X \ �. Thus, it
is a degenerate metric on X and a genuine Hermitian metric on X \ �. We can rerun the
construction in Sect. 3 with ω̃ and γ in place of ω and γ .

Thus, there exists exists a unique C∞ real (1, 1)-form ρφ,ω, γ on X such that

i∂∂̄ω̃n−2 = γn−2 ∧ ρφ,ω, γ . (38)

Intuitively, ρφ,ω, γ can be thought of as a kind of curvature form for the triple (φ, ω, γ ). As
in Sects. 2 and 3, (38) implies that

�γ ρφ, ω, γ = 1

n − 1
fφ,ω, γ γn−1 − i∂∂̄ω̃n−2, (39)

where fφ,ω, γ : X → R is the C∞ function

fφ,ω, γ := γ ∧ i∂∂̄ω̃n−2

γn
= (n − 1)�γ (ρφ, ω, γ ). (40)

Definition 4.1 A triple (φ, ω, γ ) of a holomorphic map φ : (X , γ ) −→ (Y , ω) that is non-
degenerate at some point x ∈ X and Hermitian metrics ω and γ on the complex manifolds
Y , respectively X , is said to be pluriclosed star split if ∂∂̄(�γ ρφ,ω, γ ) = 0.

The triple (φ, ω, γ ) is said to be closed star split if d(�γ ρφ, ω, γ ) = 0.

As in Sect. 3, especially in Proposition 3.5, we have the following equivalences when X
is compact:

(φ, ω, γ ) is pluriclosed star split ⇐⇒ ∂∂̄( fφ,ω, γ γn−1) = 0 ⇐⇒ 
�
γ ( fφ,ω, γ ) = 0.

(41)
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Thus, the pluriclosed star split condition on the triple (φ, ω, γ ) is a kind of harmonicity
condition on the function fφ,ω, γ , hence also on the map φ.

When X is compact, any of the equivalent conditions (41) implies that

fφ,ω, γ > 0 on X or fφ,ω, γ < 0 on X or fφ, ω, γ ≡ 0.

Combining the arguments in Propositions 2.7, 3.7 and inTheorem1.4,we get the following
result where the map φ is supposed to be non-degenerate at every point of X , so ω̃ defines a
Hermitian metric on the whole of X .

Theorem 4.2 Let φ : X −→ Y be a surjective holomorphic submersion between compact
complex manifolds of the same dimension n ≥ 3. Suppose there exist an SKT metric γ on X
and a balanced metric ω on Y such that the triple (φ, ω, γ ) is pluriclosed star split.

If the (1, 1)-form ρφ,ω, γ is either positive semi-definite or negative semi-definite on
X, the metric ω of Y is Kähler.

It may be useful to compare this result with Siu’s rigidity results in ( [18], Theorems 1 and
5) to which it is, in a certain sense, complementary. In Siu’s case, the map φ (denoted by f
there) is supposed to be harmonic (a role played by our pluriclosed star split hypothesis) and
to satisfy a certain non-degeneracy assumption, while the curvature tensor of Y (denoted by
M there) is supposed to be strongly negative or negative of a certain order (a role played by
the semi-definiteness assumption on ρφ,ω, γ in our case). Both manifolds are supposed to be
Kähler in [18] and the conclusion is that the map φ is holomorphic or conjugate holomorphic.
In our case, the map φ is supposed to be holomorphic, but neither of the manifolds X and Y
is supposed to be Kähler. We obtain the Kählerianity of Y as the conclusion of our result.

Proof of Theorem 4.2 Since φ is non-degenerate everywhere, ω̃ is a Hermitian metric on
X , so the pluriclosed star split hypothesis on the triple (φ, ω, γ ) is equivalent to the pair
(ω̃, γ ) being pluriclosed star split. In particular, since γ is SKT, Corollary 3.8 ensures that
fφ,ω, γ = fω̃, γ vanishes identically on X . As in the proof of Theorem 1.4, this implies,
together with the semi-definiteness assumption on ρφ,ω, γ = ρω̃, γ , that ρω̃, γ = 0, a fact that
amounts to the metric ω̃ of X being astheno-Kähler.

On the other hand, the metric ω of Y is balanced, hence so is the metric ω̃ of X because
dω̃n−1 = dφ�(ωn−1) = φ�(dωn−1) = 0.

Now, Proposition 2.7 ensures that themetric ω̃ of X is Kähler. Thismeans thatφ�(dω) = 0
on X , hence s dω = φ�φ

�(dω) = 0 on Y , where s ∈ N
� is the number of elements in the

fibre φ−1(y) for any y ∈ Y . Thus, dω = 0, so ω is a Kähler metric on Y . 
�
By taking X = Y in Theorem 4.2, we get Theorem 1.5 stated in the introduction.
To further stress the possible relevance of the automorphism group Aut(X) to the SKT-

balanced conjecture and the relations among the various notions of pluriclosed star split
objects introduced above, we now digress briefly, starting from the following very simple
(and probably known) observation dealing with γ -isometries (i.e. automorphisms φ of X
that preserve a given Hermitian metric γ on X in the sense that φ�γ = γ ).

Lemma 4.3 Let (X , γ ) be a Hermitian complex manifold and let φ : X −→ X be a biholo-
morphism such that φ�γ = γ . Then

�γ ◦ φ� = φ� ◦ �γ , (42)

where �γ is the Hodge star operator defined by the metric γ and φ� : C∞
p, q(X , C) −→

C∞
p, q(X , C) is the pullback map under φ for smooth differential forms of any bidegree

(p, q) on X.
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Proof Recall that �γ is defined by the pointwise identity u ∧ �γ v̄ = 〈u, v〉γ dVγ required
to hold for all (p, q)-forms u, v on X , where 〈·, ·〉γ is the pointwise inner product and
dVγ = γ n/n! is the volume form defined by γ , n being the complex dimension of X . Thus,
we get:

φ�u ∧ �γ φ�v = φ�u ∧ �φ�γ φ�v = 〈φ�u, φ�v〉φ�γ dVφ�γ =
(

〈u, v〉γ ◦ φ

)

φ�(dVγ )

= φ�

(

〈u, v〉γ dVγ

)

= φ�

(

u ∧ �γ v̄

)

= φ�u ∧ φ�(�γ v),

where for the first equality we used the hypothesis φ�γ = γ . This proves that �γ (φ�v) =
φ�(�γ v) for every form v, as claimed. 
�

This leads to the following

Proposition 4.4 Let X be a complex manifold equipped with Hermitian metrics ω and γ .

(a) Let φ : X −→ X be a biholomorphism such that φ�γ = γ . If the pair (ω, γ )

is pluriclosed star split, the triple (φ, ω, γ ) is pluriclosed star split and we have
ρφ,ω, γ := φ�ρω, γ .

(b) Let φ,ψ : X −→ X be biholomorphisms such that φ�γ = γ and ψ�γ = γ . If the
triples (φ, ω, γ ) and (ψ, ω, γ ) are pluriclosed star split, the triples (φ ◦ ψ, ω, γ )

and (ψ ◦φ, ω, γ ) are again pluriclosed star split and we have ρφ◦ψ,ω, γ := ψ�ρφ,ω, γ

and ρψ◦φ,ω, γ := φ�ρψ, ω, γ .

Proof Let n = dimCX .

(a) The pluriclosed star split hypothesis on (ω, γ ) means that

i∂∂̄ωn−2 = γn−2 ∧ ρω, γ with ∂∂̄(�γ ρω, γ ) = 0.

Appying φ� to the first equality above and using the γ -isometry hypothesis, we get the
latter equality below, where the former equality follows from φ being holomorphic:

i∂∂̄(φ�ω)n−2 = φ�(i∂∂̄ωn−2) = γn−2 ∧ φ�ρω, γ .

Then, putting ρφ,ω, γ := φ�ρω, γ , we get:

∂∂̄(�γ ρφ,ω, γ ) = ∂∂̄

(

φ�(�γ ρω, γ )

)

= φ�

(

∂∂̄(�γ ρω, γ )

)

= 0,

where the first equality follows from Lemma 4.3, the second one follows from φ being
holomorphic and the third one follows from the hypothesis. This proves the contention.

(b) The pluriclosed star split hypothesis on the triples (φ, ω, γ ) and (ψ, ω, γ ) means that

i∂∂̄(φ�ω)n−2 = γn−2 ∧ ρφ, ω, γ with ∂∂̄(�γ ρφ, ω, γ ) = 0

i∂∂̄(ψ�ω)n−2 = γn−2 ∧ ρψ,ω, γ with ∂∂̄(�γ ρψ, ω, γ ) = 0.

Thus, we get:

i∂∂̄((φ ◦ ψ)�ω)n−2 = ψ�

(

i∂∂̄(φ�ω)n−2

)

= ψ�

(

γn−2 ∧ ρφ,ω, γ

)

= γn−2 ∧ ψ�ρφ,ω, γ ,

where for the last equalityweused theγ -isometry hypothesis onψ .Now, puttingρφ◦ψ,ω, γ :=
ψ�ρφ,ω, γ , we get:

∂∂̄(�γ ρφ◦ψ,ω, γ ) = ∂∂̄

(

ψ�(�γ ρφ, ω, γ )

)

= ψ�

(

∂∂̄(�γ ρφ, ω, γ )

)

= 0,
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where for the first equality we used the γ -isometry hypothesis on ψ , for the second equality
we used the holomorphicity of ψ and the third equality follows from the triple (φ, ω, γ )

being pluriclosed star split.
This proves that the triple (φ ◦ ψ, ω, γ ) is pluriclosed star split and its associated (1, 1)-

form ρφ◦ψ, ω, γ satisfies the claimed equality.
The analogous claim on the triple (ψ ◦ φ, ω, γ ) can be proved in the same way. 
�
Using the notation:

Autγ (X) :=
{

φ : X −→ X | φ is a biholomorphism such that φ�γ = γ

}

,

Autω, γ (X) :=
{

φ : X −→ X | φ ∈ Autγ (X) and (φ, ω, γ ) is pluriclosed star split

}

,

some of the above results can be restated as

Corollary 4.5 Let X be a complex manifold.

(a) For any Hermitian metrics ω and γ on X, Autω, γ (X) is a subgroup of Aut(X).
(b) For any pluriclosed star split pair (ω, γ ) of Hermitian metrics on X, we have

Autγ (X) = Autω, γ (X) ⊂ Aut(X).

It will probably be interesting to further study the subgroup Autω, γ (X) of automorphisms
at least in the case where X is compact, including as a tool to tackle the SKT-balanced
conjecture.

5 Further applications

The context will be mainly the one in Sect. 2, occasionally the one in Sect. 3.

5.1 Two types of operators associated with a Hermitianmetric

We begin with a simple general observation that will be used in what follows. It generalises
Lemma 2.6.

Lemma 5.1 Let α and β be differential forms on an n-dimensional complex manifold X
equipped with an arbitrary Hermitian metric ω such that deg α + deg β = 2n. The following
equality holds:

α ∧ β = �α ∧ �β, (43)

where � = �ω is the Hodge star operator induced by ω.

Proof Let k be the degree of α. We have:

α ∧ β = (−1)kα ∧ ��β̄ = (−1)k〈α, �β̄〉 dVω = 〈��α, �β̄〉 dVω = 〈�α, β̄〉 dVω = �α ∧ �β,

where we have used: (i) the definition of � requiring u ∧ �v̄ = 〈u, v〉 dVω; (ii) the property
�� = ± Id according to whether this is evaluated on even-degreed, resp. odd-degreed, forms;
(iii) the fact that � is an isometry for the pointwise inner product 〈 , 〉; (iv) (−1)k = (−1)2n−k .

�
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• Next, we introduce two linear operators defined pointwise that will be involved in
subsequent definitions.

Definition 5.2 Let X be an n-dimensional complex manifold equipped with an arbitrary
Hermitian metric ω and let

(ωn−2 ∧ ·)−1 : �n−1, n−1T � X −→ �1, 1T � X

be the operator of division byωn−2 of (n−1, n−1)-forms, namely the inverse of the bijection
(1).

We consider the following ω-dependent C-linear operators:

Tω : �1, 1T � X −→ �1, 1T � X , Tω = (ωn−2 ∧ ·)−1 ◦ �ω, (44)

and

Sω : �n−1, n−1T � X −→ �n−1, n−1T � X , Sω = �ω ◦ (ωn−2 ∧ ·)−1. (45)

Both Tω and Sω are bijections. One notices the following properties right away:

Sω ◦ �ω = �ω ◦ Tω : �1, 1T � X −→ �n−1, n−1T � X (46)

and

�ω ◦ Sω = Tω ◦ �ω = (ωn−2 ∧ ·)−1 : �n−1, n−1T � X −→ �1, 1T � X . (47)

Resolving the division by ωn−2, we get the explicit expressions in the following

Lemma 5.3 (a) For every (1, 1)-form α, we have:

Tω(α) = −α + 1

n − 1
(�ωα)ω.

In particular, Tω(ω) = 1
n−1 ω.

(b) For every (n − 1, n − 1)-form 	, we have:

Sω(	) = −	 + 1

n − 1
�ω(�ω	)ωn−1.

In particular, Sω(ωn−1) = 1
n−1 ωn−1.

Proof (a) Let α be a (1, 1)-form. Taking � = �ω in the Lefschetz decomposition α =
αprim + 1

n (�ωα)ω, we get

�α = −αprim ∧ ωn−2 +
(

1

n(n − 1)
(�ωα)ω

)

∧ ωn−2,

where we also used the standard formula (4) for the primitive (1, 1)-form αprim and the
standard equality �ω = ωn−1. We infer that

Tω(α) = (ωn−2 ∧ ·)−1(�α) = −
(

αprim + 1

n
(�ωα)ω

)

+ 1

n

(

1 + 1

n − 1

)

(�ωα)ω,

which is nothing but the formula claimed under (a).
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(b) Let 	 be an (n − 1, n − 1)-form. There exists a unique (1, 1)-form α such that 	 = �α.
Then, α = �	 and formula (46) yields the first equality below:

Sω(	) = �(Tω(α)) = −�α + 1

n − 1
(�ωα)ωn−1,

where the second equality follows from the formula for Tω(α) proved under (a). This
proves the contention. 
�

• In the same vein, we introduce a differential operator of order two acting on (1, 1)-
forms. It can be seen as a higher-degree analogue of the standard Laplacian ϕ �→ �ω(i∂∂̄ϕ)

acting on functions.

Definition 5.4 Let X be an n-dimensional complex manifold equipped with a Hermitian
metric ω. We consider the following operator:

Pω : C∞
1, 1(X , C) −→ C∞

1, 1(X , C), Pω(α) = (ωn−2 ∧ ·)−1(i∂∂̄α ∧ ωn−3). (48)

Thus, the definition of Pω is equivalent to the equality

i∂∂̄α ∧ ωn−3 = Pω(α) ∧ ωn−2 (49)

holding for every smooth (1, 1)-form α.
We now observe a link with the discussion in Sect. 3, especially with the real (1, 1)-form

ρω, γ associated with a pair of Hermitian metrics (ω, γ ) via (30).

Lemma 5.5 Let X be an n-dimensional compact complex manifold and let ω, γ be two
Hermitian metrics on X. Then, for every smooth (1, 1)-form η on X, we have:

∫

X

η ∧ �γ ρω, γ = n − 1

n − 2

∫

X

Pω

(

Tγ (η)

)

∧ ωn−1, (50)

where ρω, γ = (γn−2 ∧ ·)−1(i∂∂̄ωn−2).

Proof We have:
∫

X

η ∧ �γ ρω, γ
(i)=

∫

X

�γ �γ η ∧ �γ ρω, γ
(i i)=

∫

X

�γ η ∧ ρω, γ
(i i i)=

∫

X

Tγ (η) ∧ γn−2 ∧ ρω, γ

(iv)=
∫

X

Tγ (η) ∧ i∂∂̄ωn−2
(v)=

∫

X

i∂∂̄Tγ (η) ∧ ωn−2,

where (i) follows from �γ �γ = Id on even-degreed forms, (ii) follows from (43), (iii) follows
from Tγ (η) = (γn−2∧·)−1(�γ η), (iv) follows from the definition (30) of ρω, γ and (v) follows
from the Stokes theorem.

Now, writing

i∂∂̄Tγ (η) ∧ ωn−2 = 1

n − 2
i∂∂̄Tγ (η) ∧ ωn−3 ∧ ω = n − 1

n − 2
Pω

(

Tγ (η)

)

∧ ωn−1,

where the last equality follows from (49), the above sequence of equalities (i)-(v) can be
continued and yields (50). 
�
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Corollary 5.6 Let X be an n-dimensional compact complex manifold and let ω, γ be Hermi-
tian metrics on X such that the pair (ω, γ ) is pluriclosed star split. Then

∫

X

Pω

(

Tγ (i∂∂̄ϕ)

)

∧ ωn−1 = 0 (51)

for every C∞ function ϕ : X −→ C.

Proof The statement follows by taking η = i∂∂̄ϕ in (50) and using the Stokes theorem and
Definition 3.4 to get

∫
X i∂∂̄ϕ ∧ �γ ρω, γ = ∫

X ϕ i∂∂̄(�γ ρω, γ ) = 0. 
�

Note that the quantity featuring under the integral of (51) can be easily transformed. Taking
α = i∂∂̄ϕ in (a) of Lemma 5.3, we get

Tγ (i∂∂̄ϕ) = −i∂∂̄ϕ + 1

n − 1

γ (ϕ) γ.

Since Pω(i∂∂̄ϕ) = 0, we get

Pω

(

Tγ (i∂∂̄ϕ)

)

= 1

n − 1
Pω

(


γ (ϕ) γ

)

.

If we choose ϕ = fω, γ in Corollary 5.6, we can think of the (1, 1)-form �ω, γ :=
Pω(Tγ (i∂∂̄ fω, γ )) as a kind of curvature form for the pair of metrics (ω, γ ). We get the
following

Corollary 5.7 Let X be an n-dimensional compact complex manifold and let ω, γ be Hermi-
tian metrics on X such that the pair (ω, γ ) is pluriclosed star split.

If Pω(Tγ (i∂∂̄ fω, γ )) ≥ 0 on X or Pω(Tγ (i∂∂̄ fω, γ )) ≤ 0 on X, then Pω(Tγ (i∂∂̄ fω, γ )) =
0 on X.

Proof Suppose that �ω, γ := Pω(Tγ (i∂∂̄ fω, γ )) ≥ 0 on X . Then

�ω, γ ∧ ωn−1 = �ω(�ω, γ ) ωn ≥ 0 on X .

Since
∫

X �ω, γ ∧ ωn−1 = 0, by Corollary 5.6, we must have �ω(�ω, γ ) = 0. Thus, at every
point of X , the sum of the eigenvalues of �ω, γ with respect to ω vanishes.

Meanwhile, each of these eigenvalues is non-negative because �ω, γ ≥ 0. Therefore, all
the eigenvalues must vanish, so �ω, γ = 0.

The case where �ω, γ ≤ 0 on X is similar. 
�

5.2 Properties of the differential operator P! : C∞
1, 1(X, C) −→ C∞

1, 1(X, C)

We start with the following observation.

Lemma 5.8 Let X be an n-dimensional complex manifold equipped with a Hermitian metric
ω. Suppose that n ≥ 3. The second-order differential operator Pω : C∞

1, 1(X , C) −→
C∞
1, 1(X , C) defined in (48) is given by the formula:

Pω(α) = �ω(i∂∂̄α) − 1

2(n − 1)
�2

ω(i∂∂̄α) ω, α ∈ C∞
1, 1(X , C). (52)
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Proof We will prove, more generally, that for every form � ∈ �2, 2T � X , the pointwise
formula holds:

(ωn−2 ∧ ·)−1(� ∧ ωn−3) = �ω(�) − 1

2(n − 1)
�2

ω(�)ω. (53)

Then, (52) will follow from (53) by taking � = i∂∂̄α.
Thus, we fix an arbitrary � ∈ �2, 2T � X . If n ≥ 4, the Lefschetz decomposition of �

spells

� = �prim + ω ∧ Vprim + f ω2 = �prim + ω ∧ V , (54)

where �prim is an ω-primitive (2, 2)-form, Vprim is an ω-primitive (1, 1)-form, f is a
function and we put V := Vprim + (1/2) f ω. Multiplying the last equality by ωn−3, we get:

� ∧ ωn−3 = �prim ∧ ωn−3 + (n − 2) ωn−2 ∧ V = (n − 2) ωn−2 ∧ V ,

where the last equality follows from the previous one since �prim ∧ ωn−3 = 0 thanks to
�prim being a primitive 4-form. Thus

(ωn−2 ∧ ·)−1(� ∧ ωn−3) = (n − 2) V , (55)

so we are reduced to computing V .
If n = 3, the pointwise multiplication map ω ∧ · : �1, 1T � X −→ �2, 2T � is bijective,

so (54) holds with �prim = 0 and a uniquely determined (1, 1)-form V . In particular, (55)
holds as well.

On the other hand, we have �ω(�) = �ω(ω ∧ V ) = [�ω, Lω](V ) + �ω(V ) ω =
(n − 2) V + �ω(V ) ω. So, taking �ω again, we get: �2

ω(�) = (n − 2)�ω(V ) + n �ω(V ),
hence

�ω(V ) = 1

2(n − 1)
�2

ω(�), hence also �ω(�) = (n − 2) V + 1

2(n − 1)
�2

ω(�)ω.

Together with (55), the last equality proves (53). 
�
We note that, if one works with Vprim and f in the above proof, one gets

(ωn−2 ∧ ·)−1(� ∧ ωn−3) = �ω(�) − 1

n − 1

� ∧ ωn−2

ωn
ω.

Comparing with (53), this implies

1

2
�2

ω(�) = � ∧ ωn−2

ωn
, � ∈ �2, 2T � X . (56)

Together with (52), this implies the following property of Pω:

Pω(α) ∧ ωn−1 = n − 2

n − 1
i∂∂̄α ∧ ωn−2, α ∈ C∞

1, 1(X , C), (57)

which is also an immediate consequence of (49).

Corollary 5.9 Under the assumptions of Lemma 5.8, the following equality holds:

�ω(Pω(α)) = n − 2

2(n − 1)
�2

ω(i∂∂̄α), α ∈ C∞
1, 1(X , C). (58)

Proof This follows at once by taking �ω in (52) and using the fact that �ω(ω) = n. 
�
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5.2.1 Computation of 〈〈P!(˛), ˇ〉〉 for arbitrary smooth (1, 1)-forms˛,ˇ

From (52), we get

〈〈Pω(α), β〉〉 = 〈〈i∂∂̄α, ω ∧ β〉〉 − 1

2(n − 1)
〈〈�2

ω(i∂∂̄α), �ωβ〉〉, α, β ∈ C∞
1, 1(X , C).

(59)

The computation of the first term on the right-hand side of (59) will yield the following con-
clusion.

Lemma 5.10 For all α, β ∈ C∞
1, 1(X , C), we have

〈〈i∂∂̄α, ω ∧ β〉〉 = −〈〈∂̄α, ∂̄β〉〉 + 〈〈�ω(∂̄α), �ω(∂̄β)〉〉 − 〈〈i ∂̄α, iω ∧ ∂̄�ωβ〉〉
+〈〈i ∂̄α, �(β ∧ ∂̄ωn−3)〉〉 − 〈〈i ∂̄α, (�ωβ) �(∂̄ωn−2)〉〉. (60)

Proof We have:

〈〈i∂∂̄α, ω ∧ β〉〉 = 〈〈i ∂̄α, ∂�(ω ∧ β)〉〉 = −〈〈i ∂̄α, �∂̄�(ω ∧ β)〉〉, (61)

having used the standard formula ∂� = −�∂̄�.
• We now prove the following formula:

�(ω ∧ α) = −α ∧ ωn−3 + (�ωα) ωn−2, α ∈ �1, 1T �X . (62)

Letα ∈ �1, 1T � X befixed. TheLefschetz decomposition ofα spells:α = αprim+ 1
n (�ωα) ω.

Multiplying by ω, we get ω ∧ α = ω ∧ αprim + 1
n (�ωα)ω2 and then taking � we get:

�(ω ∧ α) = �ω(�αprim) + 2

n
(�ωα) ωn−2 = �ω(−αprim ∧ ωn−2) + 2

n
(�ωα) ωn−2

= − 1

(n − 2)! [�ω, Ln−2
ω ](αprim) + 2

n
(�ωα)ωn−2

= −αprim ∧ ωn−3 + 2

n
(�ωα) ωn−2.

On the other hand, multiplying the Lefschetz decomposition of α by ωn−3, we get

αprim ∧ ωn−3 = α ∧ ωn−3 − n − 2

n
(�ωα)ωn−2.

Plugging this expression of αprim ∧ ωn−3 into the above expression for �(ω ∧ α), we get (62),
as claimed.

• Next, we prove the following formulae:

�(ω ∧ η) = iωn−2 ∧ η, η ∈ �0, 1T �X , (63)

�(ωn−3 ∧ �) = iω ∧ �ω� − i�, � ∈ �1, 2T � X . (64)

Let η ∈ �0, 1T �X . (iii) of (96) gives the first equality below:

�(ω ∧ η) = �ω(�η) = i�ω(ωn−1 ∧ η) = i

(n − 1)! [�ω, Ln−1
ω ](η) = i ωn−2 ∧ η,

where the second equality follows from the standard formula (4) applied to the primitive form η

of bidegree (p, q) = (0, 1), the third equality follows from �ωη = 0 and the last one follows
from (ii) of (96) applied with r = n − 1 and k = 1. This proves (63).
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To prove (64), let � ∈ �1, 2T �X . The Lefschetz decomposition spells: � = �prim +ω∧η for
a (0, 1)-form η and a primitive (1, 2)-form �prim . Taking � and applying the standard formula
(4) to �prim and (63) to η, we get:

�� = −i�prim ∧ ωn−3 + iωn−2 ∧ η = −iωn−3 ∧
(

�prim − 1

n − 2
ω ∧ η

)

= −iωn−3 ∧
(

� − n − 1

n − 2
ω ∧ η

)

,

where the last equality follows from �prim = � − ω ∧ η. Taking � and using the equality
��� = −�, we get the first equality below:

i �(ωn−3 ∧ �) = (n − 1)�(iωn−2 ∧ η) + � = −(n − 1) ω ∧ η + �,

where the last equality follows by taking � in (63) and using the equality ��(ω ∧ η) = −ω ∧ η.
Hence

�(ωn−3 ∧ �) = (n − 1) iω ∧ η − i�. (65)

Now, to compute η, we take �ω in the Lefschetz decomposition � = �prim + ω ∧ η. We get:
�ω� = [�ω, Lω](η) = (n − 1) η (see (i) of (96) for the last equality). Together with (65), this
proves (64).

• Computation of �∂̄�(ω ∧ α). Applying �∂̄ to formula (62), we get:

�∂̄�(ω ∧ α) = −�∂̄(α ∧ ωn−3) + �∂̄

(

(�ωα)ωn−2

)

= −�(∂̄α ∧ ωn−3) − �(α ∧ ∂̄ωn−3) + (�ωα) �∂̄ωn−2 + �(ωn−2 ∧ ∂̄�ωα)

= i ∂̄α − iω ∧ �ω(∂̄α) − �(α ∧ ∂̄ωn−3) + (�ωα) �∂̄ωn−2 + iω ∧ ∂̄�ωα,

where for the last equality we used (64) and (63).
• Taking the L2-inner product of −i ∂̄α against the above expression for �∂̄�(ω ∧ β) (in which

we substitute β for α) and using (61), we get (60). 
�

The computation of the second term on the right-hand side of (59) will lead to the following
conclusion.

Lemma 5.11 For all α, β ∈ C∞
1, 1(X , C), we have

〈〈�2
ω(i∂∂̄α), �ωβ〉〉 = −2 〈〈i ∂̄α, iω ∧ ∂̄�ωβ〉〉 − 2 〈〈i ∂̄α, (�ωβ) �(∂̄ωn−2)〉〉.

Proof We have:

〈〈�2
ω(i∂∂̄α), �ωβ〉〉 = 〈〈i∂∂̄α, (�ωβ) ω2〉〉 =

〈〈

i ∂̄α, ∂�

(

(�ωβ)ω2
)〉〉

= −
〈〈

i ∂̄α, �∂̄�

(

(�ωβ)ω2
)〉〉

= −2

〈〈

i ∂̄α, �∂̄

(

(�ωβ)ωn−2

)〉〉

= −2

〈〈

i ∂̄α, �

(

∂̄�ωβ ∧ ωn−2

)〉〉

− 2

〈〈

i ∂̄α, �

(

(�ωβ) ∂̄ωn−2

)〉〉

.

Formula (63) with η = ∂̄�ωβ yields �(∂̄�ωβ ∧ ωn−2) = iω ∧ (∂̄�ωβ) and the contention
follows. 
�

The computation of the first term on the r.h.s. of the equality in Lemma 5.11 leads to
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Lemma 5.12 For all α, β ∈ C∞
1, 1(X , C), we have

〈〈i ∂̄α, iω ∧ ∂̄�ωβ〉〉 = −〈〈i(∂ + τ)�ω(∂̄α), β〉〉 + 〈〈�ω∂̄α, �ω∂̄β〉〉. (66)

Proof Using the commutation relation (i) of (95), we get:

〈〈i ∂̄α, iω ∧ ∂̄�ωβ〉〉 = 〈〈i�ω(∂̄α), i ∂̄�ωβ〉〉=〈〈i�ω(∂̄α), i [∂̄, �ω](β)〉〉+〈〈�ω∂̄α, �ω∂̄β〉〉
= −〈〈i�ω(∂̄α), (∂ + τ)�(β)〉〉 + 〈〈�ω∂̄α, �ω∂̄β〉〉.

This proves the contention. 
�
Putting (59) and Lemmas 5.10, 5.11 and 5.12 together, we get the following preliminary

conclusion.

Lemma 5.13 For all α, β ∈ C∞
1, 1(X , C), we have

〈〈Pω(α), β〉〉 = −〈〈∂̄�∂̄α, β〉〉+ 1

n − 1
〈〈�ω(∂̄α), �ω(∂̄β)〉〉 +

(

1 − 1

n − 1

)

〈〈i∂�ω(∂̄α), β〉〉

+〈〈i ∂̄α, �(β ∧ ∂̄ωn−3)〉〉 −
(

1 − 1

n − 1

)

〈〈i ∂̄α, (�ωβ) �(∂̄ωn−2)〉〉

+
(

1 − 1

n − 1

)

〈〈iτ�ω(∂̄α), β〉〉. (67)

5.2.2 The differential operator R! : C∞
1, 1(X, C) −→ C∞

1, 1(X, C)

We will now add terms to Pω to make it elliptic, while preserving equality (50) for the resulting
operator. The first such term is described in the following

Definition 5.14 Let X be an n-dimensional complex manifold equipped with a Hermitian metric
ω. We consider the following differential operator:

Rω : C∞
1, 1(X , C) −→ C∞

1, 1(X , C), Rω(α) = (i∂�∂̄�α) ω. (68)

The first observation is that, if we replace Pω with Pω + Rω, equality (50) remains valid.
Specifically, we have

Lemma 5.15 For every α ∈ C∞
1, 1(X , C), the following equality holds:

∫

X

Rω(α) ∧ ωn−1 = 0. (69)

Proof We successively get:
∫

X

Rω(α) ∧ ωn−1 = n
∫

X

(i∂�∂̄�α) ωn = n
∫

X

(i∂�∂̄�α) �ω1 = n 〈〈i∂�∂̄�α, 1〉〉 = n 〈〈i ∂̄�α, ∂1〉〉 = 0.

This proves the contention. 
�
Lemma 5.16 Let (X , ω) be a compact Hermitian manifold. For all α, β ∈ C∞

1, 1(X , C), we have

〈〈Rω(α), β〉〉 = −〈〈∂̄ ∂̄�α, β〉〉 + 〈〈i∂�(ω ∧ ∂̄�α), β〉〉 − 〈〈∂̄�α, τ̄ �β〉〉,
where τ : �p, q T �X −→ �p+1, q T � X is the torsion operator definied pointwise by τ = τω =
[�ω, ∂ω ∧ ·].

If α is real, we have 〈〈Rω(α), α〉〉 = −||∂̄�α||2 + 〈〈i∂�ω(∂̄α), α〉〉 − 〈〈∂̄�α, τ̄ �α〉〉.

123



7 Page 32 of 40 D. Popovici

Proof Computing, we get:

〈〈Rω(α), β〉〉 = 〈〈i ∂̄�α, ∂�ωβ〉〉 = 〈〈i ∂̄�α, [∂, �ω]β〉〉 + i 〈〈∂̄�α, �ω(∂β)〉〉
= 〈〈i ∂̄�α, −i(∂̄� + τ̄ �)β〉〉 + i 〈〈∂�(ω ∧ ∂̄�α), β〉〉,

where for the last equality we used (ii) of (95). This proves the first claim.
The second claim follows from this after we notice that 〈〈∂�(ω∧ ∂̄�α), α〉〉 = 〈〈α, ∂̄�ω(∂α)〉〉

= 〈〈α, ∂̄�ω(∂α)〉〉 = 〈〈∂̄�ω(∂α), α〉〉 = 〈〈∂�ω(∂̄α), α〉〉 for every real (1, 1)-form α. 
�

The term 〈〈i∂�ω(∂̄α), β〉〉 featuring in (67) can be transformed as follows.

Lemma 5.17 Let (X , ω) be a compact Hermitian manifold. For all α, β ∈ C∞
1, 1(X , C), we have

〈〈i∂�ω(∂̄α), β〉〉 = 〈〈�ω(∂̄α), �ω(∂̄β)〉〉 − 〈〈∂̄��ω(∂̄α) ω, β〉〉 − i 〈〈�ω(∂̄α), τ�β〉〉.

Proof We have:

〈〈i∂�ω(∂̄α), β〉〉 = 〈〈i�ω(∂̄α), ∂�β〉〉 = 〈〈i�ω(∂̄α), i[�ω, ∂̄]β − τ�β〉〉
= 〈〈�ω(∂̄α), �ω(∂̄β)〉〉 − 〈〈�ω(∂̄α), ∂̄�ωβ〉〉 − i 〈〈�ω(∂̄α), τ�β〉〉.

The contention follows from this afterwe notice that 〈〈�ω(∂̄α), ∂̄�ωβ〉〉 = 〈〈ω∧∂̄��ω(∂̄α), β〉〉.

�

Putting together Lemmas 5.13, 5.16 and 5.17, we get

Lemma 5.18 Let (X , ω) be a compact Hermitian manifold. For all α, β ∈ C∞
1, 1(X , C), we have

〈〈(Pω + Rω)(α), β〉〉 = −〈〈
′′α, β〉〉
+〈〈i∂�ω(∂̄α), β〉〉 + 〈〈i∂�(ω ∧ ∂̄�α), β〉〉 + 1

n − 1
〈〈∂̄��ω(∂̄α) ω, β〉〉

+〈〈i ∂̄α, �(β ∧ ∂̄ωn−3)〉〉 −
(

1 − 1

n − 1

)

〈〈i ∂̄α, (�ωβ) �(∂̄ωn−2)〉〉

+
(

1 − 1

n − 1

)

〈〈iτ�ω(∂̄α), β〉〉 + 1

n − 1
i 〈〈�ω(∂̄α), τ �β〉〉

−〈〈∂̄�α, τ̄ �β〉〉, (70)

where 
′′ := ∂̄ ∂̄� + ∂̄�∂̄ is the ∂̄-Laplacian induced by the metric ω.

Proof The conclusion is straightforward after splitting the term (1−(1/(n−1))) 〈〈i∂�ω(∂̄α), β〉〉
on thefirst line of (67) into thedifferencebetween 〈〈i∂�ω(∂̄α), β〉〉 and (1/(n−1)) 〈〈i∂�ω(∂̄α), β〉〉
and expressing the latter part using Lemma 5.17. 
�

Corollary 5.19 Let (X , ω) be a compact Hermitian manifold. The second-order differential oper-
ator Qω : C∞

1, 1(X , C) −→ C∞
1, 1(X , C) defined by

Qω(α) := Pω(α) + Rω(α) − i∂�ω(∂̄α) − i∂�(ω ∧ ∂̄�α) − 1

n − 1
∂̄��ω(∂̄α) ω, (71)

is elliptic.
When ω is Kähler, we even have Qω = −
′′

ω.
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Proof Except for 
′′ = 
′′
ω, the only terms on the r.h.s. of (70) that involve expressions of order

two in α are the three terms on the second line. They have been incorporated into Qω. Thus,

Qω = −
′′
ω + l.o.t ., (72)

where l.o.t. stands for terms of order ≤ 1. In other words, Qω has the same principal part as the
elliptic operator −
′′

ω. It is therefore elliptic.
We also note that all the terms (all of which are of order ≤ 1) on lines 2-4 on the r.h.s. of (70)

vanish if ω is Kähler. This implies the last statement of the corollary in the Kähler case. 
�
An immediate consequence of (71) is that the restrictions to ker
′′

ω of Pω and Qω coincide.

Corollary 5.20 Let (X , ω) be a compact Hermitian manifold. Then

Qω(α) = Pω(α)

for every α ∈ ker
′′
ω.

Proof This follows at once from (71) and from the well-known fact that ker
′′ = ker ∂̄ ∩ ker ∂̄�.

�

Thenext observation is that equality (50) remains valid under certain conditions ifwe replace Pω

with Qω since the expressions Rω(α) (for which we have Lemma 5.15), i∂�ω(∂̄α), i∂�(ω∧ ∂̄�α)

and ∂̄��ω(∂̄α) ω have trivial contributions to the integral on the r.h.s. of (50). Specifically, we
have

Lemma 5.21 Let (X , ω) be a compact Hermitian manifold. For every α ∈ C∞
1, 1(X , C), we have

∫

X

∂̄��ω(∂̄α) ω ∧ ωn−1 = 0. (73)

If ω is balanced, we also have
∫

X

i∂�ω(∂̄α) ∧ ωn−1 = 0 and
∫

X

i∂�(ω ∧ ∂̄�α) ∧ ωn−1 = 0. (74)

Proof To prove (73), we note that
∫

X

∂̄��ω(∂̄α) ω ∧ ωn−1 = n
∫

X

∂̄��ω(∂̄α) ωn = n
∫

X

∂̄��ω(∂̄α) �ω1 = n 〈〈∂̄��ω(∂̄α), 1〉〉

= n 〈〈�ω(∂̄α), ∂̄(1)〉〉 = 0.

To prove the first part of (74), we start by using the balanced assumption on ω to get the first
equality below:

∫

X

i∂�ω(∂̄α) ∧ ωn−1 = i
∫

X

∂

(

�ω(∂̄α) ∧ ωn−1

)

= 0,

where the second equality follows from the Stokes theorem.
To prove the second part of (74), we use the equalityωn−1 = �ω to get the first equality below:

∫

X

i∂�(ω ∧ ∂̄�α) ∧ ωn−1 =
∫

X

i∂�(ω ∧ ∂̄�α) ∧ �ω

= 〈〈i∂�(ω ∧ ∂̄�α), ω〉〉 = 〈〈i ∂̄�α), �ω(∂ω)〉〉 = 0,

where the last equality follows from the balanced assumption on ω which is equivalent to ∂ω

being ω-primitive (see e.g. proof of Proposition 2.7, meaning that �ω(∂ω) = 0. 
�
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One of the conclusions of this discussion is the following version of Lemma 5.5 where Pω is
replaced with the elliptic operator Qω.

Lemma 5.22 Let X be an n-dimensional compact complex manifold and let ω, γ be two Hermitian
metrics on X. Suppose that ω is balanced.

Then, for every smooth (1, 1)-form η on X, we have:
∫

X

η ∧ �γ ρω, γ = n − 1

n − 2

∫

X

Qω

(

Tγ (η)

)

∧ ωn−1, (75)

where ρω, γ = (γn−2 ∧ ·)−1(i∂∂̄ωn−2).

Proof Corollary 5.19 and Lemmas 5.15 and 5.21 show that
∫

X

(

Qω(α) − Pω(α)

)

∧ ωn−1 = 0

for every (1, 1)-form α whenever the metric ω is balanced. The contention follows from this and
from Lemma 5.5. 
�

It goes without saying that Corollaries 5.6 and 5.7 have obvious analogues when Pω is replaced
with Qω and ω is balanced.

We now notice that formula (71) simplifies when α = ω.

Corollary 5.23 Let (X , ω) be a compact Hermitian manifold. The following equality holds:

Qω(ω) = Pω(ω) + n

n − 1
Rω(ω) + ∂∂�ω − i∂�(ω ∧ ∂̄�ω). (76)

If ω is balanced, then Qω(ω) = Pω(ω).

Proof We transform, one by one, the third and the fifth terms in (71) when α = ω. We get:

i∂�ω(∂̄ω) = ∂

(

i [�ω, ∂̄] ω

)

= ∂∂�ω + ∂τ�ω = −∂∂�ω,

where the first equality follows from �ω(ω) = n (which implies ∂̄�ω(ω) = 0), the second
equality follows from the commutation relation (i) of (95) and the third equality follows from (i)
of (97).

Meanwhile, we get:

∂̄��ω(∂̄ω) = ∂̄�

(

[�ω, ∂̄] ω

)

= −i ∂̄�∂�ω − i ∂̄�τ �ω = i ∂̄�∂�ω,

where the arguments given above were repeated to transform the quantity [�ω, ∂̄] ω.
Putting these pieces of information together and using (71) combined with the definition (68)

of Rω, we get (76).
Ifω is balanced, ∂�ω = 0 and ∂̄�ω = 0, hence also Rω(ω) = 0. Together with (76), this proves

the last claim. 
�

5.3 Link between the function f! and the operator P!

Let X be an n-dimensional complex manifold on which an arbitrary Hermitian metric ω has been
fixed. We will compute the associated C∞ function fω : X → R defined in (10). We have:

fω = ω ∧ i∂∂̄ωn−2

ωn
= �(i∂∂̄ωn−2) ∧ ωn−1

ωn
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=
�

(

i∂(ωn−3 ∧ ∂̄ω)

)

∧ ωn−1

ωn
= �(i∂∂̄ω ∧ ωn−3) ∧ ωn−1

ωn
+ �(i∂ω ∧ ∂̄ω ∧ ωn−4) ∧ ωn−1

ωn
,

(77)

where the second equality follows from Lemma 5.1.
Since i∂∂̄ω is a (2, 2)-form and i∂ω ∧ ∂̄ω is a (3, 3)-form, we will need the results of the

following two computations.

Lemma 5.24 For any (2, 2)-form � on an n-dimensional Hermitian manifold (X , ω), we have:

�(� ∧ ωn−3) = −�ω� + 1

2
(�2

ω�)ω (78)

if n ≥ 3.

Proof We saw in the proof of Lemma 5.8 that if we use the Lefschetz decomposition of � to write

� = �prim + ω ∧ Vprim + f ω2 = �prim + ω ∧ V ,

where �prim is an ω-primitive (2, 2)-form if n ≥ 4 and �prim = 0 if n = 3, Vprim is an
ω-primitive (1, 1)-form, f is function and we put V := Vprim + (1/2) f ω, then we have:

V = 1

n − 2
�ω� − 1

2(n − 1)(n − 2)
(�2

ω�)ω. (79)

On the other hand, we have:

� ∧ ωn−3 = (n − 2) V ∧ ωn−2 = (n − 2) Vprim ∧ ωn−2 + (n − 2)(n − 1)

n
(�ωV ) ωn−1,

where V = Vprim + (1/n) (�ωV ) ω is the Lefschetz decomposition of V . (We used the fact
that �prim ∧ ωn−3 = 0, a consequence of �prim being a primitive 4-form.) Since �Vprim =
−Vprim ∧ωn−2 (see the standard formula (4)), we infer that �(Vprim ∧ωn−2) = −Vprim , hence

�(� ∧ ωn−3) = −(n − 2) Vprim + (n − 2)(n − 1)

n
(�ωV ) ω

= −(n − 2)

(

Vprim + 1

n
(�ωV ) ω

)

+ (n − 2) (�ωV ) ω

= −(n − 2)

(

V − (�ωV ) ω

)

. (80)

Now, taking �ω in (79), we get �ωV = 1
2(n−1) �2

ω�. Plugging this and (79) into (80), we get
(78), as claimed. 
�
Lemma 5.25 For any (3, 3)-form 	 on an n-dimensional Hermitian manifold (X , ω), we have:

�(	 ∧ ωn−4) = − 1

2!�
2
ω	 + 1

3! (�3
ω	) ω (81)

if n ≥ 4.

Proof If n ≥ 6, let 	 = 	prim + 	1, prim ∧ ω + 	2, prim ∧ ω2 + f ω3 be the Lefschetz
decomposition of 	. Thus, 	1, prim and 	2, prim are primitive forms of respective bidegrees
(2, 2) and (1, 1), while f is a function. The same decomposition of 	 holds with 	prim = 0

when n ∈ {4, 5}. Indeed, the pointwise multiplication map ω ∧ · : �2, 2T � X −→ �3, 3T �X is
surjective and non-injective when n = 4 (so the decomposition of 	 is not unique), while it is
bijective (yielding a unique decomposition of 	) when n = 5. This means that 	 can be divided
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by ω when n = 4 or n = 5. The Lefschetz decomposition can then be applied to the resulting
quotient (2, 2)-form.

Multiplying by ωn−4 and then taking �, we get

�(	 ∧ ωn−4) = �

(
(n − 3)(n − 2)

2
	2, prim ∧ ωn−2 + (n − 3)(n − 2)(n − 1)

6
f ωn−1

)

= − (n − 3)(n − 2)

2
	2, prim + (n − 3)(n − 2)(n − 1)

6
f ω, (82)

where the standard formula (4) was used to get: �	2, prim = −	2, prim ∧ ωn−2, hence
�(	2, prim ∧ ωn−2) = −	2, prim .

On the other hand, we can take �ω successively in the Lefschetz decomposition of 	 to
compute 	2, prim and f . After one application of �ω, we get:

�ω	 = [�ω, Lω](	1, prim) + 1

2
[�ω, L2

ω](	2, prim) + 1

3! [�ω, L3
ω]( f )

= (n − 4) 	1, prim + (n − 3) ω ∧ 	2, prim + (n − 2)

2
f ω2,

where the last equality follows from (i) and (ii) of (96).
Taking �ω again, we get:

�2
ω	 = (n − 3) [�ω, Lω](	2, prim) + (n − 2)

2
[�ω, L2

ω]( f )

= (n − 3)(n − 2)	2, prim + (n − 2)(n − 1) f ω, (83)

where the last equality follows from (i) and (ii) of (96).
Taking �ω one final time, we get: �3

ω	 = (n − 2)(n − 1)n f , hence

f = 1

(n − 2)(n − 1)n
�3

ω	. (84)

Plugging this into (83), we get

	2, prim = 1

(n − 3)(n − 2)
�2

ω	 − 1

(n − 3)(n − 2)n
(�3

ω	) ω. (85)

Putting together (82), (84) and (85), we get (81), as claimed. 
�

We are now in a position to conclude the following

Proposition 5.26 Let (X , ω) be an n-dimensional Hermitian manifold. The C∞ function fω :
X → R associated with ω as defined in (10) is given by the formulae:

fω = n − 2

2! �2
ω(i∂∂̄ω) + n − 3

3! �3
ω(i∂ω ∧ ∂̄ω) (86)

= (n − 1) �ω(Pω(ω)) + n − 3

3! �3
ω(i∂ω ∧ ∂̄ω). (87)

Proof Thanks to (58), (87) is an immediate consequence of (86).
To prove (86), we take � = i∂∂̄ω in (78) and 	 = i∂ω ∧ ∂̄ω in (81) and use formula (77)

obtained earlier for fω. 
�

123



Pluriclosed star split Hermitian metrics Page 37 of 40 7

5.4 Link between the (1, 1)-form�! and the operator P!

Let X be an n-dimensional complex manifold on which an arbitrary Hermitian metric ω has been
fixed. We will compute the associated C∞ (1, 1)-form ρω defined in (2). We already know that
it is given by formula (9), which can be rewritten as

ρω = 1

n − 1
fω ω + i ∂̄�∂�ω2. (88)

Since fω was computed in (87), we implicitly get a formula for ρω. However, we will prove a
different formula better adapted to our purposes.

Proposition 5.27 Let (X , ω) be an n-dimensional Hermitian manifold. The C∞ (1, 1)-form ρω

associated with ω as defined in (2) is given by the formula:

ρω = Pω(ω) + 1

2
�2

ω(i∂ω ∧ ∂̄ω) − 1

3(n − 1)
�3

ω(i∂ω ∧ ∂̄ω) ω. (89)

Proof Definition (2) gives the first equality below:

ρω = (ωn−2 ∧ ·)−1(i∂∂̄ωn−2)

= (ωn−2 ∧ ·)−1(i∂∂̄ω ∧ ωn−3) + (ωn−2 ∧ ·)−1(i∂ω ∧ ∂̄ω ∧ ωn−4)

= Pω(ω) + (ωn−2 ∧ ·)−1(i∂ω ∧ ∂̄ω ∧ ωn−4). (90)

Since i∂ω ∧ ∂̄ω is a (3, 3)-form, we will need the following analogue in this bidegree of the
pointwise formula (53).

Lemma 5.28 For every form 	 ∈ �3, 3T �X on an n-dimensional complex manifold X with n ≥ 4,
the pointwise formula holds:

(ωn−2 ∧ ·)−1(	 ∧ ωn−4) = 1

2
�2

ω(	) − 1

3(n − 1)
�3

ω(	) ω. (91)

Proof Let 	 be a (3, 3)-form. When n ≥ 6, from its Lefschetz decomposition we get

	 = 	prim + ω ∧ �,

where 	prim is an ω-primitive (3, 3)-form and � is a (not necessarily primitive) (2, 2)-form. As
explained in the proof of Lemma 5.25, the same decomposition of 	 holds with 	prim = 0 when
n ∈ {4, 5}.

Then, 	prim ∧ωn−5 = 0, hence also 	prim ∧ωn−4 = 0, so 	∧ωn−4 = (n − 3) � ∧ωn−3.
Thus,

(ωn−2 ∧ ·)−1(	 ∧ ωn−4) = (n − 3) (ωn−2 ∧ ·)−1(� ∧ ωn−3)

= (n − 3) �ω(�) − n − 3

2(n − 1)
�2

ω(�)ω, (92)

where the last equality follows from (53).
We are thus reduced to computing�ω(�) and�2

ω(�). Taking�ω in the above formula defining
� and using �ω(	prim) = 0, we get �ω(	) = [�ω, Lω](�) + ω ∧ �ω(�) = (n − 4) � + ω ∧
�ω(�), where the last equality follows from (i) of (96). Taking �ω again, we get

�2
ω(	) = (n − 4)�ω(�) + [�ω, Lω](�ω(�)) + ω ∧ �2

ω(�) = 2(n − 3) �ω(�) + �2
ω(�)ω,

where the last equality follows again from (i) of (96). Taking �ω again, we get

�3
ω(	) = 2(n − 3) �2

ω(�) + n �2
ω(�) = 3(n − 2) �2

ω(�).

123



7 Page 38 of 40 D. Popovici

This yields

�2
ω(�) = 1

3(n − 2)
�3

ω(	). (93)

Using this and another of the above formulae, we get:

�ω(�) = 1

2(n − 3)

(

�2
ω(	) − 1

3(n − 2)
�3

ω(	) ω

)

. (94)

Putting (92), (93) and (94) together, we get (91), as claimed. 
�
End of proof of Proposition 5.27. Taking 	 = i∂ω ∧ ∂̄ω in (91) and using (90), we get (89). 
�
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Appendix: Commutation relations

We briefly recall here some standard formulae that were used throughout the paper.
Let (X , ω) be a compact complexHermitianmanifold. Recall the following standardHermitian

commutation relations ( [3], see also [ [4], VII, §.1]):

(i) (∂ + τ)� = i [�, ∂̄]; (ii) (∂̄ + τ̄ )� = −i [�, ∂];
(iii) ∂ + τ = −i [∂̄�, L]; (iv) ∂̄ + τ̄ = i [∂�, L], (95)

where the upper symbol � stands for the formal adjoint w.r.t. the L2 inner product induced by
ω, L = Lω := ω ∧ · is the Lefschetz operator of multiplication by ω, � = �ω := L� and
τω = τ := [�, ∂ω ∧ ·] is the torsion operator (of order zero and type (1, 0)) associated with the
metric ω.

Other standard formulae (see e.g. [20]) are the following:

(i) [�, L] = (n − k) Id on k-forms, for every non-negative integer k;
(ii) [Lr , �] = r(k − n + r − 1) Lr−1 on k-forms, for all integers k ≥ 0, r ≥ 2;
(iii) � L = � � and �� = L �. (96)

We also used the following result involving again the torsion operator τω.

Lemma 6.1 Let (X , ω)be a compact complex Hermitian manifold with dimCX = n. The following
identities hold:

− 1

2
τ̄ �
ωω

(i)= ∂̄�
ωω

(i i)= i �ω(∂ω). (97)

In particular, ω is balanced if and only if τ̄ �
ωω = 0.

Proof • To prove identity (i) in (97), we will show that the multiplication operators by the (1, 0)-
forms τ̄ �ω and −2∂̄�ω acting on functions, namely

τ̄ �ω ∧ ·, −2∂̄�ω ∧ · : C∞
0, 0(X , C) −→ C∞

1, 0(X , C),

coincide by showing that their adjoints

(τ̄ �ω ∧ ·)�, (−2∂̄�ω ∧ ·)� : C∞
1, 0(X , C) −→ C∞

0, 0(X , C)

coincide.
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Let α ∈ C∞
1, 0(X , C) and g ∈ C∞

0, 0(X , C) be arbitrary. We have:

〈〈(∂̄�ω ∧ ·)�α, g〉〉 = 〈〈ḡα, ∂̄�ω〉〉 = 〈〈∂̄(ḡα), ω〉〉 =
∫

X

∂̄(ḡα) ∧ �ω =
∫

X

ḡα ∧ ∂̄ωn−1,

(98)

where we put ωn−1 := ωn−1/(n − 1)! and we used the standard identity �ω = ωn−1.
Meanwhile, we have:

〈〈(τ̄ �ω ∧ ·)�α, g〉〉 = 〈〈ḡα, τ̄ �ω〉〉 = 〈〈ḡ τ̄ (α), ω〉〉 = 〈〈ḡ �(∂̄ω ∧ α), ω〉〉
= 〈〈∂̄ω ∧ α, g ω2〉〉 =

∫

X

∂̄ω ∧ α ∧ �(ḡω2) = −2
∫

X

ḡα ∧ ∂̄ω ∧ ωn−2

= −2
∫

X

ḡα ∧ ∂̄ωn−1, (99)

where for the third identity on the first line we used the definition τ̄ = [�, ∂̄ω ∧ ·] of τ̄ and the
fact that �(α) = 0 for bidegree reasons, while for the third identity on the second line we used
the standard identity �ω2 = ωn−2, where ω2 := ω2/2!.

Comparing (98) and (99), we get 〈〈(τ̄ �ω ∧ ·)�α, g〉〉 = −2 〈〈(∂̄�ω ∧ ·)�α, g〉〉 for all α and g.
Hence (τ̄ �ω ∧ ·)� = −2 (∂̄�ω ∧ ·)�, which proves (i) of (97).

• To prove identity (ii) in (97), we start from the Hermitian commutation relation (ii) in (95):

[�, ∂] = i (∂̄� + τ̄ �)

that we apply to ω. We get the equivalent identities:

[�, ∂] ω = i ∂̄�ω + i τ̄ �ω ⇐⇒ �(∂ω) − ∂(�ω) = −i ∂̄�ω ⇐⇒ �(∂ω) = −i ∂̄�ω,

the last of which is (ii) of (97), where for the first equivalence we used the identity τ̄ �ω = −2 ∂̄�ω

proved above as (i) in (97), while for the second equivalence we used the fact that �ω = n, hence
∂(�ω) = 0. 
�
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