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Abstract

We introduce a class of Hermitian metrics, that we call pluriclosed star split, generalising
both the astheno-Kéhler metrics of Jost and Yau and the (n — 2)-Gauduchon metrics of Fu-
Wang-Wu on complex manifolds. They have links with Gauduchon and balanced metrics
through the properties of a smooth function associated with any Hermitian metric. After
pointing out several examples, we generalise the property to pairs of Hermitian metrics
and to triples consisting of a holomorphic map between two complex manifolds and two
Hermitian metrics, one on each of these manifolds. Applications include an attack on the
Fino-Vezzoni conjecture predicting that any compact complex manifold admitting both SKT
and balanced metrics must be Kéhler, that we answer affirmatively under extra assumptions.
We also introduce and study a Laplace-like differential operator of order two acting on the
smooth (1, 1)-forms of a Hermitian manifold. We prove it to be elliptic and we point out its
links with the pluriclosed star split metrics and pairs defined in the first part of the paper.

1 Introduction

A central problem in complex geometry aims at classifying compact complex manifolds that
share certain properties, either metric or cohomological, with Kédhler manifolds. In this paper,
we pursue the former approach to classification, the one aimed at studying the geometry of
these manifolds by means of investigating the types of special Hermitian metrics they support.

Let X be an n-dimensional compact complex manifold. Recall that a Hermitian metric
on X is defined by any C* positive definite (1, 1)-form @ on X. Any such object can be
written locally, in terms of a system of local holomorphic coordinates z1, ..., z, on X, as
w = ZlS.i, k<n @i idz;j A dzx, where the coefficient matrix (a)j,;)j, & 1s positive definite at
every point of the local coordinate domain. Hermitian metrics always exist, but if an extra
condition is imposed thereon, the resulting type of metrics need not exist. When they do,
they often give useful geometric information on the underlying manifold X. Among the
best known types of special Hermitian metrics are the ones listed below, of which only the
Gauduchon metrics always exist by [10]. A Hermitian metric  is said to be:

- Kdihler, if dw = 0,
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- SKT, if 3dw = 0 (see [12]);

- astheno-Kdhler, if 33" 2 = 0 (see [14]);

- (n — 2)-Gauduchon, if o A 330" ~% = 0 (see [9]);

-balanced, if dw"! = 0 (see [11]);

- Gauduchon, if 39"~ = 0 (see [10]).

An interesting conjecture was proposed by Fino and Vezzoni in [8]. It predicts that a
Kéhler metric ought to exist on any compact complex manifold X that carries an SKT metric
y and a balanced metric w. This is currently known to be true only when y = w (see [13],
also [17] for a shorter proof). If this SKT-balanced conjecture is borne out, it will provide an
efficient criterion for the Kéhlerianity of a given manifold X.

Throughout the paper, we will use the convenient notation

nP
Np = E
for any positive integer 2 < p < n and any (semi-)positive (1, 1)-form n > 0 on X.

In the first part of the paper, motivated by the classification problem for Kéhler-like
compact complex manifolds from a metric perspective and, more specifically, by the above-
mentioned SKT-balanced conjecture of Fino and Vezzoni, we introduce a new class of
Hermitian metrics starting from the well-known fact that, for any Hermitian metric @ on
an n-dimensional complex manifold X and any non-negative integer p suchthat2p+1 <n,
the pointwise map of multiplication of (p, p)-forms by w,—2p:

n2p A+ APPT*X —s A'"PI-PT*X

is bijective. In particular, there exists a unique (p, p)-form ,oc(up ) such that

iaéa)n,p,1 =wp-2p N ,OL(UP).

Applying the Hodge star operator x = x,, to pi,p ), we get the (n — p, n — p)-form *pé,p )
which can be computed explicitly in terms of w.

In this paper, we concentrate on the case when p = 1. Setting p,, = pé)l)
yields

, a computation

1 =
*0p = — fowu—1 — 00w, 2,
n—1

where f, is the real-valued C* function on X defined by f,, = (w A iaéwn_z) Jwy. We say
(cf. Definition 2.2) that the Hermitian metric w on X is pluriclosed star split, respectively
closed star split, if 39 (xp,,) = 0, respectively if d(xpy) = 0.

The defining property i ddw,_» = 0 of astheno-Kihler metrics o (cf. [15]) is equivalent to
po = 0 since the map (1) is bijective, hence it is also equivalent to xp,, = O since the Hodge
star operator x = x,, is bijective. In particular, every astheno-Kihler metric is closed star split,
hence also pluriclosed star split. Besides generalising the astheno-Kéhler metrics of Jost-Yau,
the pluriclosed star split metrics also generalise the (n — 2)-Gauduchon metrics of Fu-Wang-
Wau. The defining property w Aid dw,_» = 0 of the latter metrics (cf. [9]) is equivalent to the
function f,, defined above vanishing identically, a fact that amounts to *p, = —iddw,_>. In
particular, xp,, is d-closed, hence also 99-closed, if w is (n — 2)-Gauduchon. Therefore, we
obtain the following implications:
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w is astheno—Kihler — o is (n — 2)-Gauduchon — w 1is closed star split

l

o is pluriclosed star split.

On the other hand, using a result from [10], we notice the following consequence of Propo-
sition 2.4:

Proposition 1.1 Let X be a compact connected complex manifold with dimc X = n and let ®
be a pluriclosed star split Hermitian metric on X. Then, its associated function f,, satisfies
one of the following three conditions:

fo>0o0n X or fo <0on X or fo=0.

The case where f,, is constant stands out (cf. Proposition 2.5).

Examples of compact complex manifolds admitting pluriclosed star split Gauduchon (even
balanced) metrics w include (cf. Sect. 2.2): the Iwasawa manifold I (for which fo=1
and its small deformations; the Nakamura manifolds (for which f,, = 2); the 5-dimensional
Iwasawa manifold 7® (for which fo = 3); the 3-dimensional Calabi-Eckmann manifold
(S3 x 3, Jog) and its small deformations. The constant values the function fe assumes
in these cases seem to point to some intrinsic features of these manifolds that are yet to be
singled out. For example, in the cases of I, I and the Nakamura manifolds, the constant
fo equals the number of holomorphic (1, 0)-forms that are not d-closed among the canonical
forms that determine the cohomology of these manifolds. While the actual value of f,, may
change when w changes, for example as described in (11), it is worth wondering if and when
the sign of f,, depends only on the complex structure of X. Lemma 3.2 in [7]' shows that
this is, indeed, the case for nilmanifolds of complex dimension 3: the sign of f,, (= the sign
of y1(€2) in the notation of that paper) remains the same as w ranges over all the invariant
Hermitian metrics on such a manifold.

As a consequence of the proof of Proposition 2.7 and other observations, we get the
following information about the relations between the balanced condition and the sign of the
function f,, of a pluriclosed star split metric .

Theorem 1.2 (i) Let w be a Hermitian metric on a compact connected complex manifold
X with dimc X = n > 3. If w is balanced and pluriclosed star split, the (necessarily
constant) function f,, is non-negative.

(ii) There are examples of compact Hermitian manifolds (X, w) such that the metric @ is
pluriclosed star split and non-balanced, while the function f,, is a negative constant.

One of the results we get in Sect. 2.1 is the following characterisation of the Kéhlerianity of
a Hermitian metric w in terms of the associated function f,,. Itis a consequence of Proposition
2.9.

Proposition 1.3 Suppose there exists a balanced metric w on a compact complex manifold
X with dimcX =n > 3.
Then, w is Kdhler if and only lij fow @y = 0. If f, is constant, w is Kdhler if and only if

! The author is grateful to L. Ugarte for pointing out this result and this reference to him.
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Note that the condition [y f, w, = 0 is equivalent to f,, being L2 -orthogonal to the
constant functions on X, in other words Li—orthogonal toker A, since the Laplacian A, :=
Aw(i99) acting on functions is elliptic and X is compact. Thus, the condition f x Jown =0
is equivalent to f,, lying in the image of A}, the adjoint of A,,. On the other hand, when
is balanced, A,, = A7, so in that case w is Kéhler if and only if f, € Im A,,.

In Sect. 3, we generalise the pluriclosed star split and the closed star split conditions to
pairs (w, y) of Hermitian metrics by performing the division of i98w,—» by y,_2 (rather
than w, _») to obtain a unique smooth (1, 1)-form p,, , satisfying

[00wy_n = Y2 A Pw,y-

Taking the Hodge star operator x = *,, induced (again) by y, we obtain the (n — 1, n — 1)-
form «,, p,,, ,, on the given n-dimensional complex manifold X. It is expressed in terms of @
and y by means of a C*° function f,, , that has similar properties to those of f,,.

As in the case of one metric, we say (cf. Definition 3.4) that the pair (@, y) of Hermi-
tian metrics is pluriclosed star split, respectively closed star split, if 85(*y Po,y) = 0,
respectively if d(xy pw, ) = 0.

Thanks to the extra flexibility they afford, (pluriclosed star split) pairs of Hermitian metrics
seem better suited to investigating the SKT-balanced conjecture of Fino-Vezzoni than single
metrics. We get the following positive answer to this conjecture under the extra pluriclosed
star split assumption on the pair (@, y) and the extra semi-definiteness assumption on the
(1, 1)-form p,,, , that plays in this context a role analogous to that of the curvature.

Theorem 1.4 Let w and y be Hermitian metrics on a compact connected complex manifold
X with dimcX = n > 3. Suppose that y is SKT, the pair (w, y) is pluriclosed star
split and the associated real (1, 1)-form p, , is either positive semi-definite or negative
semi-definite.

Then, w is astheno-Kahler. If, moreover, o is balanced, then w is Kéhler.

In Sect. 4, we allow ourselves an even greater flexibility by extending the main con-
struction of this paper to the case where the two Hermitian metrics w and y exist on two
possibly different complex manifolds Y, respectively X, with dimX < dimY, between which
holomorphic maps, supposed non-degenerate at some point, are considered:

¢: (X, y) — (¥, o).

We extend the pluriclosed star split and closed star split conditions to the triple (¢, w, y)
by means of the same construction as in the case of pairs applied to the degenerate metric
® = ¢*w and the genuine metric ¥ on X. In particular, we associate a unique smooth
(1, 1)-form pgy, «, , to any such triple (¢, w, y).

When the manifolds X and Y coincide, we obtain the following generalisation of Theorem
1.4 that highlights the role of the automorphism group Aut(X) of a given compact complex
manifold X and may prove useful in a future attack on the SKT-balanced conjecture.

Theorem 1.5 Let X be a compact complex manifold with dimcX = n > 3. Suppose there
exists an SKT metric y and a balanced metric w on X.

Ifthere exists a biholomorphism ¢ : X —> X such that the triple (¢, , y) is pluriclosed
star split and the (1, 1)-form py, «», , is either positive semi-definite or negative semi-
definite on X, the metric w is Kihler.

It turns out (cf. Corollary 4.5) that the y-isometries of X (i.e. the biholomorphisms ¢ :
X — X satisfying ¢*y = y) for which the triple (¢, @, y) is pluriclosed star split form a
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subgroup of the automorphism group Auz(X) of X. Theorem 1.5 is a special case of Theorem
4.2. The latter can be seen in the context of Siu’s Theorems 1 and 5 on rigidity in [18] — see
comments just after the statement of Theorem 4.2.

The second part of the paper (Sect. 5) is motivated by a desire to extend in the long run
the resolution of certain geometric PDEs, such as the celebrated Monge-Ampere equation,
from the case where the solution is a function (i.e. a differential form of degree 0) to the case
where it is a form of positive degree. This would have numerous geometric appplications. One
such equation was proposed in [ [5], §.5, (%), p. 30]. In the same vein, functionals acting on
positive-degreed differential forms were introduced in [6], where the first variation of several
operators depending on Hermitian metrics and featuring frequently in complex geometric
problems was also computed.

Continuing this effort, we introduce in Definition 5.4 a differential operator

P, : C¥ (X, ©) — C(X, ©)

of order two that seems to be a natural analogue acting on smooth (1, 1)-forms of the
standard Laplacian A, : C®(X, C) — C%°(X, C) acting on smooth functions ¢ by
Ayp(p) = Ay(i0 5(,0). Once a Hermitian metric w has been fixed on an n-dimensional complex
manifold X, we define

Po(@) = (02 A )7 ([(00a Awy—3), o€ CPo(X, O),

where (wy_2 A )7L C;l’il,nfl(X, C) — Cff’l(X, C) is the inverse of the bijection that
multiplies (1, 1)-forms by w;_>.

Lemma 5.5 reveals a natural link, in the form of an integral equality, between the operator
P, and the (n — 1, n—1)-form %, p, , that we associate with every pair (w, y) of Hermitian
metrics on X via the construction leading to pluriclosed star split pairs of metrics.

On the other hand, P, can be explicitly computed as (cf. Lemma 5.8):

Py(@) = Ay(idda) — ﬁ A2 (idda) w,
for every smooth (1, 1)-form «.

We then render P, elliptic by adding to it certain terms that we compute in Sects. 5.2.1
and 5.2.2. We get an elliptic second-order differential operator Q,, : C7°/(X, C) —>
C°, (X, C) that differs from the usual d-Laplacian A, = 33* + 3*d multiplied by —1
by’lower-order terms (cf. Corollary 5.19):

Qw=—Al+1o.t.

It is a key feature of this construction that the above-mentioned integral equality of Lemma
5.5 satisfied by P, continues to be satisfied by the elliptic operator O, when the metric w
is balanced (cf. Lemma 5.22). In particular, Q,, retains a link with the pluriclosed star split
pairs of metrics introduced in the first part of the paper.

2 Pluriclosed star split and closed star split metrics

Let X be an n-dimensional complex manifold with n > 3. For any integer p = 1, ..., n and
any (1, 1)-form o on X, we will use the following notation throughout the text: oz, := a?/p!.
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2.1 Definitions and general properties

Fix an arbitrary Hermitian metric @ on X. Since the pointwise map
wna A AVIT*X — ATy 1)
is bijective, there exists a unique C* (1, 1)-form p,, on X such that
100Wn—2 = Wy—2 A Po. 2)

The (1, 1)-form p,, can be computed explicitly in the following way. The standard Lef-
schetz decomposition theorem ensures that p,, can be written in a unique way as

Pow = Pprim + § @,
where 0, 1s a primitive (w.r.t. w) (1, 1)-form and g is a function. Taking A,,, we get
Ao (pprim) = 0 (since pprip is primitive), hence g = (1/n) Ay, (pw), SO
1
Pw = Pprim + ; Aw(pw) 0. 3

Taking the Hodge star operator x = x,, in (3) and using the following standard formula
(cf. e.g. ( [20], Proposition 6.29, p. 150)) for this operator acting on primitive forms v of
arbitrary bidegree (p, ¢):

xv = (—DFEFD/25p=a ¢, A, where k= p+q, 4)

we get:

1
*Po = —Wnp—2 N Pprim + ; Ao (Pw) Wn—1, 5)
since it is well known that xw = w,_1.
On the other hand, after multiplying (3) by w,—2, we get
n—1
Wp—2 N P = Op—2 N Pprim + T Ao (Pw) Wp—1. (6)
So, adding (5) and (6) up and using (2), we get
*0w = No(Pw) Wn—1 — iaéwn—Z- @

Meanwhile, multiplying (2) by 1/(n — 1) w, we get the first equality below:

1 L=
710) Nid0wp—2 = Wp—1 N P = Ao(Pw) @n.

Together with (7), this proves the following

Lemma 2.1 The (1, 1)-form p,, uniquely determined by an arbitrary Hermitian metric w on
an n-dimensional complex manifold X via property (2) is given by the formula
1 wAiddwy_2

*Pp = Wn_1 — 13dwy_1. (8)
n—1 wp

Applying * again to (8), we get:

1 wAiddwy_ R nx
Po = w+i0"0%w,. 9
n—1 Wy
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In particular, we see that with each Hermitian metric @ on X we can associate the C*
function f,, : X — R defined by

®Aiddwy_2

fuoi= (10)

Wy

The above computations also show that f,, = (n — 1) A, (0w)-
Rescaling w by a positive constant A has the following obvious effect on the associated
function:

1
fro =5 Jo A € (0, 00). an

Note that the function f;, vanishes identically if and only if the metric w is (n — 2)-
Gauduchon in the sense of [9].

Definition 2.2 Let w be a Hermitian metric on an n-dimensional complex manifold X, let
* = %, be the Hodge star operator induced by w and let p,, be the (1, 1)-form on X uniquely
determined by w via property (2).

(a) The metric w is said to be pluriclosed star split if 99 (xpe) = 0.
(b) The metric w is said to be closed star split if d(xp,) = 0.

Thanks to formula (8), we see that the pluriclosed star split condition on w is equivalent
to

90(fw wn—1) =0, 12)
while the closed star split condition on w is equivalent to
d(fo wp—1) = 0. 13)

The closed star split condition obviously implies the pluriclosed star split one. Both are
implied by the (n — 2)-Gauduchon condition of Fu-Wang-Wu [9].
e Letus now recall a few facts from [10]. Consider the Laplace-type operator on functions:

Ay = iMy00 : C®(X, C) — C®(X, C).
Its adjoint is the operator A}, : C*°(X, C) — C*°(X, C) given by

AL (f) = i%000(f @n—1), (14
where * = *, is the Hodge star operator induced by w. This follows at once from the formulae
0* = —xdx, 0* = —xd* and x®w = wy,_1. Now, Gauduchon proves, as a consequence of his

Lemmas 1 and 2 of [10], the following key result.

Proposition 2.3 [10] Let X be a compact connected complex manifold and let w be a Her-
mitian metric on X. Let fo : X —> R be a C*™ function such that fy € ker AY,. Then

fo>0o0on X or fo<0on X or fo=0.
In our context, an immediate consequence of (12) and (14) is the following

Proposition 2.4 Let X be a compact connected complex manifold with dimcX = n and let
w be a Hermitian metric on X. The following equivalence holds:

o ispluriclosed star split < A’ (f,) = 0.

@ Springer



7 Page8of40 D. Popovici

Proposition 1.1 stated in the introduction follows as a corollary of Propositions 2.3 and
2.4.

We notice the following properties of pluriclosed star split metrics in relation to balanced
and Gauduchon metrics. Part (iii) implies part (ii), but we state both of them since the proofs
we give are slightly different.

Proposition 2.5 Ler (X, w) be a complex Hermitian manifold with dimc X = n.

(1) If the function f,, is a non-zero constant, the metric o is pluriclosed star split if and
only if it is Gauduchon.
(i1) Suppose X is compact and connected. If the metric w is balanced, then it is pluriclosed
star split if and only if the function f,, is constant.
(iii) Suppose X is compact and connected. If the metric  is Gauduchon, then it is pluriclosed
star split if and only if the function f,, is constant.

Proof Part (i) follows obviously from (12). To prove part (ii), we note that w being balanced
implies the first of the following equalities:

iaé(fw wp—1) = iaéfw NWp—1 = Aa)(iaéfw) wp = —Ay(fo) On.

Therefore, thanks to (12), w is pluriclosed star split if and only if A, (f,) = 0 on X. By
the maximum principle, this is equivalent to f,, being constant since X is compact and the
Laplacian —A,, = Ay (i 90) is elliptic of order two with no zero-th order terms.

We now prove part (iii). Suppose the metric w is Gauduchon.

“ = " If w is pluriclosed star split, then f,, > Oon X, or f, < Oon X, or f, =0.In
the last case, f,, is indeed constant. In the case where f,, > 0 on X, the pluriclosed star split
condition (12) translates to the metric (f,,) 1/@m=1) being Gauduchon (and also, obviously,
conformally equivalent to w). Since the metric w is already Gauduchon, this implies that
the function ( fw)l/ (=1 "hence also fo» 1s constant. Indeed, Gauduchon’s main theorem
(théoreme 1) in [10] stipulates that in every conformal class of Hermitian metrics on X there
exists a unique (up to multiplicative positive constants) Gauduchon metric. In the case where
fo < 0on X, —f, > 0 and the above argument can be repeated with — f,, in place of f,,.

“«="If the function f,, is constant, then either f,, is a non-zero constant, in which case
w is pluriclosed star split by (i); or f,, vanishes identically, in which case (12) holds in an
obvious way, so w is again pluriclosed star split. O

Formula (8) shows that if the metric w is both Gauduchon and pluriclosed star split, then

1
[*pwla = —— fo lon-1]a, (15)
n—1

while if w is both a balanced and a closed star split metric, then

1
[*pwlpc = —— fo lon-1lBC- (16)
n—1

In both of these cases, f,, is constant thanks to Proposition 2.5.
e The following immediate observation will come in handy later on.

Lemma 2.6 Let y be a positive definite (1, 1)-form and T a real (n — 1, n — 1)-form on a
complex manifold X with dimcX = n. The following equality holds:

Yy AT =%, Ay, a7

where *,, is the Hodge star operator induced by the Hermitian metric y .
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Proof Using the properties of x,, we have:

yAl =y /\*y*yr =(y, *yr>y Vn = <*y*yy, *yr>y Yn
(@)
= (Vn—1, F)y Yn = Vn—-1 N *yF,
where (a) follows from the fact that *,, is an isometry for the pointwise inner product induced
by y and from the standard identity x,y = y,_1. O

Independently, we make the following observation whose proof is very similar to the one
of Proposition 1.1 in [17]. The latter, weaker, part appeared in [15] with a different proof.

Proposition 2.7 Let w be a Hermitian metric on a compact complex manifold X with
dimcX = n > 3. If w is both balanced and (n — 2)-Gauduchon, i is Kihler.
In particular; if w is both balanced and astheno-Kéhler, it is Kihler.

Proof Taking y = w and I' = i9dw,_> in Lemma 2.6, we get the first equality below:
@A i00wy_2 = *(100wy_2) A w1 = —i (—*3%) (*Dwy_2) A Wy_1

=—id" <*(a)n—3 A 80))) N Wp—1, (18)

where we also used the standard identities x = 4Id on forms of even, resp. odd, degree,
and 9* = —x0*.

On the other hand, the balanced hypothesis on w is well known to be equivalent to dw
being primitive. Indeed, dw,—1 = w,—2 A dw and, since dw is a 3-form, the condition
wn—2 N dw = 0 expresses the primitivity of dw, by definition. Thus, using the standard
formula (4) for primitive forms of bidegree (p, ¢) = (2, 1), we get: x(dw) =i w,—3 N dw,
hence

*(wp—3 N dw) =1 dw (19)

when w is balanced.
Putting (18) and (19) together, we infer that

®WANiddwy_2 = 00w A wy—] = Ayp(0*0w) wy (20)

whenever a)_is balanced. In particular, if besides being balanced, w is also (n — 2)-Gauduchon
(i.e. w ANiddw,—o = 0), then A, (0*9dw) = 0. Taking the Lﬁ) inner product with the constant
function 1, we get in that case:

0= (Ap(3*00), 1)) = ((3*3w, w))w = [|30]|[3.
This implies dw = 0, hence w is Kihler. O

This discussion is summed up in the following

Corollary 2.8 Suppose w is a balanced metric on a compact complex manifold X with
dimc X = n > 3. The following equivalences hold:

w is Kihler <= o is (n —2)-Gauduchon

w is Kihler <= w is astheno-Kahler

w is Kahler <— p, =0

w is Kihler <= xpy, =0.
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7 Page 100f 40 D. Popovici

o Proof of (i) of Theorem 1.2. It is easily obtained from the proof of Proposition 2.7 in the
following way. Under the assumptions of (i) of Theorem 1.2, the function f,, is necessarily
constant by (ii) of Proposition 2.5.

If f,, were a negative constant ¢, we would have A, (0*9dw) = ¢ < 0 by (20), hence also

c / op = ((Ap(3*00), 1))0 = (0", )0 = 100]]},
X

which is impossible if ¢ < 0. O

However, it may happen that w be balanced and pluriclosed star split with the function f,,
a positive constant. Examples include the standard metric @ on the Iwasawa manifold, where
fo = 1 (see Proposition 2.10), any Nakamura manifold, where f,, = 2 (see Proposition
2.11).

e Proof of (ii) of Theorem 1.2. That the function f, may be a negative constant when
the pluriclosed star split metric @ is not balanced is shown by the examples of the small
deformations X; of the Calabi-Eckmann manifold Xy = (S3 x 83, J¢ g) corresponding to
complex numbers ¢ close enough to 0 for which Im () < O (see Proposition 2.14). O

e Let us now return to the function f,, : X — R associated via (10) with an arbitrary
Hermitian metric w. We get at once that

1 - 1
WA %Py = ﬁwAiaawnfz = ﬁfwwrp

Hence, integrating and applying Stokes, we get:

1 _
fwA*pw: - f 10w A 0w N wy—3.
X n—1Jx

Meanwhile, if @ is balanced, dw is primitive (as seen above f_or Jdw), so the stanglard formula
(4) for primitive forms of bidegree (p, q) = (1, 2) gives: *(dw) = —i w,—3 A dw. Together
with the last integral formula, this leads to

1 - 1
/wmpwzifaw/\*(aw):—nawui,
X n—1 X n—1

if w is balanced, where || ||, is the chu—norm.
We have thus proved the following

Proposition 2.9 Suppose w is a balanced metric on a compact complex manifold X with
dimc X = n > 3. The following equality holds:

/Xfw on = 130l @1)

In particular, w is Kdihler if and only iffX fo wn = 0. If f, is constant, then w is Kdihler if
and only if f, = 0.

Proposition 1.3 is an immediate corollary of Proposition 2.9.

2.2 Examples of pluriclosed star split and closed star split Hermitian metrics

All the examples we now point out are Gauduchon metrics w with f,, constant (see (i) of
Proposition 2.5). However, the value of the constant will vary from case to case.
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2.2.1 Example of the Iwasawa manifold

For the Iwasawa manifold X, dim¢ X = 3 and the cohomology of X is completely determined
by three holomorphic (1, 0)-forms «, 8, ¥ (so, da = 38 = dy = 0) that satisfy the structure
equations:

da =308=0 and OJdy=—-aAB#£0. (22)
We will show that the standard Hermitian metric
w=iaNa+iBAB+iy AT,

which is known to be balanced, is also pluriclosed star split. We know from (ii) of Proposition
2.5 that the function f,, will then be constant. We will compute this constant. )

Sincen—2 = 1, wehavetocomputeiddw. We getdw = iy A@AB,iddw = ia A&ANIBAP
and

oA ((30w) =ia NG ANIBABAIY AP = ws.

In particular, f,, = o A (i3dw)/w3 = 1.
On the other hand,

0 =ia ANGANIBABHIaAGANIYAY+iIBABAIY AT,
(so, we see that dwp = 0, which means that  is balanced, as is well known) and we get:
1 R Lo - = . L =
*pwzifwa)z—zaaa)zi ICANXANIYANY +IBABANIYy ANy —Ta A ANIBAB.

In particular, we see that 8_(*pw) = 0, hence also 5(*,0(0) = 0 because *p,, is a real form.
This, of course, implies 90 (xp,,) = 0, but we even have d(xp,) = 0. Meanwhile, from
Pw = **p,, and the above formula for xp,,, we get:

1 _
pw=§(ia/\&+iﬂ/\ﬂ—iy/\)7>.
The conclusions of this computation are summed up in the following

Proposition 2.10 The balanced metric w = i A& + i A B + iy Ay on the Iwasawa
manifold is closed star split, hence also pluriclosed star split, and its associated function
fo is constant equal to 1.

Moreover; the eigenvalues of the real (2, 2)-form %p,, with respectto w are 1,1, —1.

2.2.2 Example of the Nakamura manifolds

For the Nakamura manifolds X, dim¢ X = 3 and the cohomology of X is completely deter-
mined by three holomorphic (1, 0)-forms ¢1, @2, 3 (so, dp; = gz = dp3 = 0) that satisfy
the structure equations:

dp1 =0, Jdpx=9¢1 Agy and Jdp3=—@| A 3. (23)
We will show that the standard Hermitian metric

©=Iipi N1 +ip2 NP2 +ip3 A3,
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which is known to be balanced, is also pluriclosed star split. In particular, the function f,
will be constant (see (ii) of Proposition 2.5) and we will compute this constant.
We get:

0w = —igx A @1 A@2) — i3 A(—=@P1 A@3) = @1 N2 A2 — @1 Nig3 A @3
and
199w = —ig1 Ai(91 A2) A2 +if1 Ni(=91 Ag3) A G3
=PI AQL NP2 A @2+ iQL NP1 Aig3 A @3.
Hence
0 A ((30w) =2 ws.

In particular, f, = w A (i90w) /w3 = 2.
On the other hand,

@ =IPIAPLNIQ2 A2+ P01 AQLATP3 A Q3+ iQ2 A2 NiQ3 A @3,
(so, we see that dwp = i(@1 A @2) A @2 ANig3 A @3 +iga A Qo Ni(—@1 A @3) A gz =0,
which means that o is balanced, as is well known) and we get:
*Pp = % fowr —iddw =ips A @2 Nig3 A @3.
In particular, we see that
Akpw) =11 AN@2) NP2 N3 NP3 +iga NP2 Ni(—p1 A@3) A g3 =0,

hence also 3(*p,,) = 0 because *p,, is a real form. This, of course, implies 99 (xpg) = 0,
but we even have d(xp,,) = 0. Meanwhile, from p,, = **p,, and the above formula for xp,,,
we get:

Po =191 N 1.
The conclusions of this computation are summed up in the following
Proposition 2.11 The balanced metric w = i@ A1 +ipa AP +i@p3 A@3 on any Nakamura
manifold is closed star split, ience also pluriclosed star split, and its associated function

fw is constant equal to 2.
Moreover; the eigenvalues of the real (2, 2)-form %p,, with respect to w are 1,0, 0.

2.2.3 Example of the small deformations of the lIwasawa manifold

The small deformations X; lying in Nakamura’s class (i) of the Iwasawa manifold X have
the same properties as X, so we have implicitly discussed them in Sect. 2.2.1.

We now concentrate on the small deformations X, lying in one of Nakamura’s classes
(ii) or (iii). Their cohomology is completely determined by three smooth (1, 0)-forms «;,
B:, vr satisfying the structure equations (cf. [ [1], §.4.3]):

doy =dp =0,
Oryr = o2(t) o A B,
Oyr = o7 oy Ay +015(0) o A Br + 027(0) Br Aoty + 095(8) Br A By,
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where 017 and o; ;are C® functions of t € A that depend only on ¢ (so o12(t) and o, Jf(t) are

complex numbers for every fixed ¢ in the parameter space A) and satisfy 012(0) = —1 and
ai]f(O) =0foralli,j.
Now, for every t € A close to 0, the J;-(1, 1)-form
wy = iot, T +lﬁ[ /\Bt +l]/[ A?t

is positive definite, hence it defines a Hermitian metric on X, that varies in a C*> way with ¢.
Computing, we get:

S = ié,y, AV — iy Ny
=o g ig N Ayr+op@)iocg ABr Ay + 01 () iB ANy Ay + 005 B A B AV
—on@) iyt Na; /\Bn

hence
1300 = A(t) ity Ay NiBy A B,
where
A(t) = o) + oy (O + |oy3()]* — 2Re (ona) ozza)). (24)
Thus, we get:

o Niddrwr = At)ioy ANay AP A By Aive AT = A(t) (wr)3.

In particular, f,, = @ Ai0; 9w, /(w¢)3 = A(t), which is a real constant for every fixed .
On the other hand, we get:

()2 =iy ANy Nife A By +ice NG ANivi AT+ 1B A B ANive AT,

so we see that 3,9; (w;)2 = 0, proving that o, is a Gauduchon metric for every ¢ close to 0.
Thanks to (i) of Proposition 2.5, we conclude that w; is pluriclosed star split.
Explicitly, we further have:
A(?) o=
*Pw, = T (wr)2 — 10,0,

At - - = . - - -
= %(iat/\at/\lyt/\Vt+l,Bt/\ﬁt/\lyt/\Vt_lat/\at/\lﬂt/\ﬂz)-

We point out that, unlike in the cases of the Iwasawa and Nakamura manifolds, the form
*Pg, 18 not d-closed. To see this, we notice that ia; A & Aip; A By is d-closed and that

oy Ny Ny A7) = o) ioy AN Nir AP ATy
B AP Ny Av) = o) iy Aay NiBr A Br Ay
Hence

A(t)

O (*puw) = —— <01T(t) + 022(1)> ior NG N A B AT (25)

2
for all ¢ sufficiently close to O in one of Nakamura’s classes (ii) or (iii). In particular, we
see that there is no reason for 9, (xp,, ) to vanish when ¢ # 0 since o,7(¢) + 0,5(¢) need not
vanish in that case.

The conclusions of this computation are summed up in the following
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Proposition 2.12 For every t # 0 sufficiently close to 0 in one of Nakamura’s classes (ii)
or (iii), the Gauduchon metric w; = iy Ay + i A ,5, + iy; A y; on the corresponding
small deformation X; of the Iwasawa manifold X = X is pluriclosed star split and its
associated function fy, is constant equal to A(t) defined in (24).

Moreover, the 39-closed real (2, 2)-form *Pg, Need not be d-closed and its eigenvalues
with respect to w are 1, 1, —1.

2.2.4 Example of the 5-dimensional Iwasawa manifold

The cohomology of the 5-dimensional Iwasawa manifold X = I (53 is completely determined
by five holomorphic (1, 0)-forms ¢;, with j = 1,...,5, (so dp; = 0) that satisfy the
structure equations:

01 =092 =0, dp3 =91 A2, dpa=¢1 A3,  dps=@2Ag3.  (206)

The standard Hermitian metric on X is defined by w = Z;Zl ipj A@j.Sincen =5, we
need to compute i ddws. We get successively:

w3 = Z iQj NQj Nigg N @ Nigr N @,
1<j<k<I<5
dw3 = —iQI ANPL ANiQa AGa Nips NGy A @3 —iga Ay Niga AL AG3 N igs A s

I3 AQLA @2 NIQs N Q4 NIPQs N @5

and

o —

100w3 = ig3 A @3+ ig4 A P4+ i¢s A @s,

where i‘mj stands forthe_productofall the (1, 1)-forms imk withk € {1,...5)\{/}.
From this, we get: v A iddw3 = 3 ws, hence f, = w ANiddw3/ws = 3.
Meanwhile,

5
— =
w4 = Z 19 N@js
Jj=1
so we see that dws = 0 (which means that the metric w is balanced) and we get:

1 - 3 -
*0p = 7 fows —id0w3 = Za)4 —100w3

—_— — - -

3(. = - L/, = - -
=Z<l¢1/\<ﬂ1+l¢2/\<ﬂ2>—Z(1<P3/\§03+l§04/\<ﬂ4+1¢5/\§05>-

In particular, 3 (*p,,) = 0.
The conclusions of this computation are summed up in the following

Proposition 2.13 The balanced metric w = 22:1 i9j A @;j on the 5-dimensional Iwasawa
manifold /® is closed star split, hence also pluriclosed star split, and its associated
function f,, is constant equal to 3.

Moreover, the eigenvalues of the real (4, 4)-form xp,, with respect to w are 3/4, 3/4,
—1/4, —1/4, —1/4.
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2.2.5 Example of the Calabi-Eckmann manifold (53 x S3, Jcr) and its small
deformations

As is well known, Calabi and Eckmann defined in [2] a complex structure Jcg on the C*
manifold S3 x §3, where S3 is the 3-sphere. In [19], Tardini and Tomassini studied a one-
dimensional deformation (X,, J;), with ¢ varying in a small disc D about 0 in C, of the
Calabi-Eckmann complex manifold X = Xo = (83 x 83, Jeg), with dimcX = 3, whose
cohomology is determined by three smooth 1-forms ¢/, <plz, (pt3 satisfying the following
structure equations:

L R sty
g, = =12 i, Ngy, o, = P ip, Ng;
1—1 - r—1
3 2: 3 5,02 = 2,3
1Py |t|2 §0t 2 1§y 1— |l‘|2 @y N¢y
dhp; =0, hp} =t —Dig! Ap; +(+ D) A

Fort € D, we consider the Hermitian metric w; = % 23!:1 io] A@! on X,. Computing,
we get

i i L L
by = S = D)ig) AGL AT + U+ 1) 6] AT AT,

and
o = © DE—1D = —=DGT+1D)io! NG A > Aig?
atatwt—z (t+ )(t ) (t )(t+ ) l(/)t Agﬂ[/\(pt /\lq)t-
Thus,
cad N | 2, 2
i0;0;0; =2Im ()i, NQ, N, NiQy,
hence

o Nid o, =Tm () ip ABY AP NG A @ A TG = 8Im (1) (wr)3.

In particular, f,, = w; Aid; 3wy /(w¢)3 = 81Im (¢), which is a real constant for every fixed 7.
On the other hand, we have

()2 = Zupt N8

whereig; A ; stands for the product of all the (1, 1)-formsigy A @ withk € {1, 2, 3]\ {/j}.
Hence,

3

1 - S e

*P0, = 5 for (@2 =iy =Im (@) Y ig) Ap] —2Im @) ig} AT}
j=1

=Im (1) (np) AQ +igl Ao — i} A@?)-

In particular, whenever ¢ is real, p,, = 0, or equivalently o, 9,w; = 0, which means that the
metric w; on X; is SKT.
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To compute 9; (0, ), we first compute separately the following quantities:

gl AGH = (1= Dig! NG} NigE NGEA Q]

du(ipr NG = (L+D)ig) NG Nig] NGT A}
%Gig7 AT = 0.

From this, we get:
0t (*Pw,) = 2Im (2) igo,l /\@t1 A i(ptz /\@2 A (p?.

In particular, 9;(*pe,) # 0 whenever 7 is not real.
Finally, taking 9; in the expression for 9; (xp, ), we get

30 (xpw,) = 2Im (1) ig! AL Nig? AT A 819}
=2Im (1) ip} NG Nig? AT A ((z —Dip! NG} + (1 + 1)¢,2A¢,2> =0

forevery ¢t € D.This means that the metric wy is pluriclosed star split, hence also Gauduchon
since f,, is constant on X; (see (i) of Proposition 2.5).
The conclusions of this computation are summed up in the following

Proposition 2.14 For every t € D, the Hermitian metric w; on the corresponding small
deformation X; of the Calabi-Eckmann manifold X = Xy = (S3 x 83, Je £) is pluri-
closed star split and its associated function f,, is constant equal to 8 Im (t).

The 99-closed real (2, 2)-form *Pg, is d-closed if and only if t € R, in which case
P, = 0 and the metric w; on X; is SKT. The eigenvalues of xp., with respect to w are
4Im (1), 4Im (t), —4Im (1).

2.2.6 Example of a Hermitian metric @ whose function f, is non-constant

Since f;, is constant in all of the above examples, we will now try to impress upon the
reader the relative ease with which one can produce examples of metrics whose associated
function is non-constant by varying a metric @ with constant function f,, in its conformal
class. If the original w is a Gauduchon metric and g is a non-constant smooth positive function
on the manifold, the new metric gw is no longer Gauduchon due to the uniqueness, up to
multiplicative positive constants, of a Gauduchon metric in its conformal class proved in
Gauduchon’s foundational work [10].

We start by noticing a general formula describing the variation of f;, under conformal
changes of a balanced w. For the sake of convenience, we will confine ourselves to the
3-dimensional case.

Lemma 2.15 Let w be a balanced Hermitian metric on a 3-dimensional complex manifold
X.
Then, for any C* function g : X — (0, +00), one has:

1 2
fga): Efw_ ngw(g): 27

where A, is the standard Laplacian defined on the functions h on X by A, (h) = — Ao (i99h).
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Proof In the case n = 3, formula (10) spells:
Fou = w A iaf_i(ga))
T gay
On the other hand, we get:
i33(gw) = giddw +iddg Aw+idg Adw —idg A dw.
Hence, we get:

1 2 iddg A w 1 idg Aw A dw 1 idg Aw A dw
fgw:*fw‘i‘*z +*2 -

8 8 w3 8 w3 8

1 2 o=
7fw+*2Aw(laag),
8 8

w3

where the balanced hypothesis on w was used to infer the latter equality in each of the pairs
of equalities w A dw = (1/2) dw? = 0 and w A dw = (1/2) dw? = 0. O

‘We are now in a position to describe our example. We choose X to be the Iwasawa manifold
equipped with the balanced metric w described in Sect. 2.2.1. We saw in Proposition 2.10
that f,, is the constant function 1 on X.

We will multiply w by the non-constant positive C* function g : X —> (0, +00)
induced by the function (denoted by the same symbol):

g:C — (0, +00),  g(z1. 22, 23) = SN Rezn), (28)

Recall that C? coincides, as a complex manifold, with the Heisenberg group G. On the other
hand, the action on G that defines the Iwasawa manifold X acts on the first coordinate as
the sum, namely z; € C is mapped to z1 + (p1 + iq1) with p; and g ranging over Z. This
implies that the above function g defined on C3 is constant along the orbits of the action.
Hence, g passes to the quotient and defines a function on X.?

In order to apply formula (27) to gw, we compute A, (g). We get successively:

dg = mg cos(2m Rezy) dz;

iaf_)g = nzg (005(271 Rez;) — sin(2w Rezl)> idzy A dzy

Ap(g) = —Ay(iddg) = —7g (cos(er Rezy) —sin(2w Rezl)>.

Thus, formula (27) and f,, = 1 yield:
1 272 :
few = —+ —— | cos(27 Rezy) — sin(2w Re zy)
8 8

1 + 272 (cos(Zn Rez;) — sin(2w Re Z]))

esin(2m Rez)

This function is readily seen to be non-constant. For example, the above formula shows that:

(i) if Rezy = 0, then fou(z1, 22, 23) = 1 +27%

1272
P

(i) if Rezy = §, then fou(z1, 22, 23) =

2 The author is grateful to L. Ugarte for pointing out this function to him.
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so fgw assumes different values at the above two sets of points.
We have thus proved the following

Proposition 2.16 Let (X, w) be the Iwasawa manifold equipped with the balanced metric
described in Sect. 2.2.1. Let g be the C* function g : X —> (0, +00) induced by the
function defined in (28).

Then, the function fg, associated with the Hermitian metric gw on X is non-constant.

3 The pluriclosed star split condition for pairs of metrics
Let X be an n-dimensional complex manifold and let @ and y be arbitrary Hermitian metrics
on X. Since the pointwise map
Yoo A+ AVIT*X — A"l (29)
is bijective, there exists a unique C* (1, 1)-form p,, ,, on X such that
100Wn—2 = Yn-2 A Po, y- (30)

In particular, p,, , = 0 if and only if w is astheno-Kéhler. Together with Proposition 2.7,
this implies the following

Observation 3.1 Let w be a Hermitian metric on a compact complex manifold X with
dimcX = n > 3. If w is balanced, then w is Kahler if and only if p,, , = 0 for some
(hence every) Hermitian metric y.

The form p,,, ,, can be computed in the same way as p,, was computed in Sect. 2.1. Without
repeating all the steps of that computation, we only mention that the Lefschetz decomposition
with respect to y spells:

1
Pw,y = Pw,y, prim + ; Ay(pw, y) Vs

where o, y, primisa (1, 1)-form thatis primitive withrespectto y,namely Ay, (0w, y, prim) =
0 or, equivalently, p,, y A ¥u—1 = 0. Then, using the Hodge star operator *,, induced by y
as we did for w in Sect. 2.1, we get the following analogue of Lemma 2.1.

Lemma3.2 The (1, 1)-form p,, , uniquely determined by an arbitrary pair (w, y) of Her-
mitian metrics on an n-dimensional complex manifold X via property (30) is given by the
formula

1 Yy ANiddwy—
n—1 Vi

*y Pw,y = Vn—1— iaéwn72- 3D

In particular, we see that with each pair (w, y) of Hermitian metrics on X we can associate
the C*° function f,, , : X — R defined by

Y A i00wy_n
Vi )

Jo, y = (32)

As with f,, in Sect. 2.1, we also get f,, , = (n — 1) Ay (pw, ). This immediately yields the
following
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Lemma 3.3 Let w and y be Hermitian metrics on a compact connected complex manifold X
with dimcX = n > 3.
The function f,, , vanishes identically if and only if A, (pw,,) = 0.

Note that this statement also follows from the following considerations.
On the one hand, we always have the following equivalences:

foy =0 & yAiddw,—2 =0 & A, (*y(iaéw,,_z)> =0, (33)

where the former follows from (32) and the latter from Lemma 2.6.
On the other hand, (iii) of (96) implies the first equality below:

Ay <*y (iaéa)n—Z)) =*y(y A iaéwn—2)=(n -1 *y V-1 N Po, y)=(n ) Ay(pw, y)»

(34)

where the second equality follows from (30) and the third from y;, 1 A pw, ) = Ay (Pw, ) Va
and from %)y, = 1.
Thus, putting (33) and (34) together, we get again Lemma 3.3.

Definition 3.4 Let (w, y) be a pair of Hermitian metrics on an n-dimensional complex man-
ifold X, let », be the Hodge star operator induced by y and let p,,, , be the (1, 1)-form on
X uniquely determined by w and y via property (30).

(a) The pair (w, y) is said to be pluriclosed star split if 85(*], Pw,y) =0.
(b) The pair (w, y) is said to be closed star split if d(x, 0., ;) = 0.

Thanks to formula (31), we see that the pluriclosed star split condition on the pair (v, y)
is equivalent to

aé(fw,y Yn—1) =0, (35)
while the closed star split condition on (@, y) is equivalent to
d(fw,y Yn—1) =0. (36)

In particular, if the function f,, , vanishes identically, the pair (@, y) is closed star split,
hence also pluriclosed star split. See Corollary 3.8 for a partial converse.
In the present two-metric context, the analogue of Proposition 2.4 is the following

Proposition 3.5 Let X be a compact connected complex manifold with dimcX = n and let
w and y be Hermitian metrics on X. The following equivalence holds:

(w, y) ispluriclosed star split <= A7 (f,,,) =0,

where A; is the adjoint, given by formula (14), of the Laplace-type operator on functions:
Ay :=iA,33: C®(X, C) — C*®(X, C).
Moreover, any of these equivalent conditions implies that

Jo,y >0o0n X or Jo,y <0on X or Jw,y =0.
The following statement is the analogue of Proposition 2.5.

Proposition 3.6 Letrw and y be Hermitian metrics on a complex manifold X with dimc X = n.
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() Ifthe function f,, , is a non-zero constant, the pair (o, y) is pluriclosed star split if
and only if the metric y is Gauduchon.
(i1) Suppose X is compact and connected. If the metric y is balanced, the pair (w, y) is
pluriclosed star split if and only if the function f,, , is constant.
(iii) Suppose X is compact and connected. If the metric y is Gauduchon, the pair (o, y)
is pluriclosed star split if and only if the function f,, , is constant.

Proof Tt is the analogue of the proof of Proposition 2.5 with w replaced by y at the obvious
places. For example, when y is balanced, the pair (@, y) is pluriclosed star split if and only
if Ay (fw,,) = 0on X, a condition that is equivalent to f;, , being constant. O

The following statement is the analogue of Proposition 2.9.

Proposition 3.7 Let w and y be Hermitian metrics on a compact complex manifold X with
dimcX =n > 3.

() Ify is SKT, then [y fu.y va = 0.
(ii) If w is balanced, then

/ fw,y Yn = {0y, 00))w. 37
X
Proof From (31), we get

1 o= 1
Y AN*yPw,y = njy Niddwy—n = mfw,yym

Hence, integrating and applying Stokes twice, we get:

/fw,yyn=i/wn—2/\85)/-
X X

Since 39y = 0 when y is SKT, this proves part (i).
On the other hand, integrating as above but applying Stokes only once, we get:

/fwy,,yn=/i5a),,_2/\3y=—i/ByAa)n_3/\E_)w.
X X X

As we saw _in the proof of Proposition 2.9, if w is balanced, dw is primitive, so *(dw) =
—i wp—3 A dw. Thus, the last integral formula becomes:

/ fw,y Yn = / ay /\*(éw) = ((dy, 0w))w,
X X
as claimed under (ii). ]

Corollary 3.8 Let w and y be Hermitian metrics on a compact connected complex manifold
X with dimcX =n > 3.

If vy is SKT and the pair (v, y) is pluriclosed star split, the function f,, , vanishes
identically.

Proof Since y is SKT, [ fu.y ¥a = 0by (i) of Proposition 3.7. This implies that f,, , =0
thanks to the pair (w, y) being pluriclosed star split and to Proposition 3.5. O

Putting Corollary 3.8 and Lemma 3.3 together, we can now prove another result stated in
the introduction.
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Proof of Theorem 1.4 By Corollary 3.8, f, , vanishes identically. By Lemma 3.3, this
amounts to Ay (0w, ,) = 0. Thus, the trace of p, , w.rt. y vanishes. Meanwhile, the
hypothesis also ensures that the eigenvalues of o, , w.r.t. y are either all non-negative
or all non-positive. Therefore, all the eigenvalues must vanish, which means that p,, , = 0.
Thanks to (30), this implies i 90wy—» = 0, which means that w is astheno-Kihler.

The last statement follows from Proposition 2.7. O

4 Maps and the pluriclosed star split condition

In this section, we give the first applications of the constructions performed in the previous two
sections adapted to the context of holomorphic maps between complex Hermitian manifolds.

Let X, Y be complex manifolds of respective dimensions n and m withn < m, let y, w
be Hermitian metrics on X, respectively ¥ and let

¢: (X, y) — (¥, 0

be a holomorphic map supposed to be non-degenerate at some point x € X. By this we mean
that the differential map d, ¢ : T, xl’ ' 1 ¢1 &f) Y at x is of maximal rank (i.e. rank n). Since
the points where ¢ degenerates form a (possibly empty) analytic subset ¥ C X, the map ¢
is non-degenerate at least almost everywhere on X, namely everywhere on X \ X.

The pullback form

®:=¢w>0

is a C™ positive semidefinite (1, 1)-form on X that is positive definite on X \ X. Thus, it
is a degenerate metric on X and a genuine Hermitian metric on X \ X. We can rerun the
construction in Sect. 3 with @ and y in place of w and y.

Thus, there exists exists a unique C* real (1, 1)-form pg ., on X such that

iaéa}an =VYn-2N Pp,w,y- (38)

Intuitively, py, », , can be thought of as a kind of curvature form for the triple (¢, w, y). As
in Sects. 2 and 3, (38) implies that

1 iR~
*y P, 0,y = I’lj f¢,w.y Yn—1 — 100wy -2, (39)

where fy o, : X = Ris the C* function

Y Aidd@p_n
f¢,w,y = T =n-1 Ay(p¢,w,y)- (40)
Definition 4.1 A triple (¢, w, y) of a holomorphic map ¢ : (X, y) —> (Y, w) thatis non-
degenerate at some point x € X and Hermitian metrics w and y on the complex manifolds
Y, respectively X, is said to be pluriclosed star split if 39 (x, pg, ;) = 0.
The triple (¢, w, y) is said to be closed star split if d (), 0y, », ) = 0.

As in Sect. 3, especially in Proposition 3.5, we have the following equivalences when X
is compact:

(¢, w, y) ispluriclosed star split <— 85(f¢7w71, Y1) =0 & A;(fqﬁywyy) =0.
(41
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Thus, the pluriclosed star split condition on the triple (¢, w, y) is a kind of harmonicity
condition on the function fy, «, ,, hence also on the map ¢.
When X is compact, any of the equivalent conditions (41) implies that

fo, 0,y >0 0n X or Jo,0,y <0 on X or Jfo. 0.y =0.

Combining the arguments in Propositions 2.7, 3.7 and in Theorem 1.4, we get the following
result where the map ¢ is supposed to be non-degenerate at every point of X, so @ defines a
Hermitian metric on the whole of X.

Theorem4.2 Let ¢ : X —> Y be a surjective holomorphic submersion between compact
complex manifolds of the same dimension n > 3. Suppose there exist an SKT metric y on X
and a balanced metric w on Y such that the triple (¢, w, y) is pluriclosed star split.

If the (1, 1)-form pg, «, , is either positive semi-definite or negative semi-definite on
X, the metric w of Y is Kihler.

It may be useful to compare this result with Siu’s rigidity results in ( [18], Theorems 1 and
5) to which it is, in a certain sense, complementary. In Siu’s case, the map ¢ (denoted by f
there) is supposed to be harmonic (a role played by our pluriclosed star split hypothesis) and
to satisfy a certain non-degeneracy assumption, while the curvature tensor of Y (denoted by
M there) is supposed to be strongly negative or negative of a certain order (a role played by
the semi-definiteness assumption on py, , , in our case). Both manifolds are supposed to be
Kihler in [18] and the conclusion is that the map ¢ is holomorphic or conjugate holomorphic.
In our case, the map ¢ is supposed to be holomorphic, but neither of the manifolds X and Y
is supposed to be Kihler. We obtain the Kéhlerianity of Y as the conclusion of our result.

Proof of Theorem 4.2 Since ¢ is non-degenerate everywhere, @ is a Hermitian metric on
X, so the pluriclosed star split hypothesis on the triple (¢, w, y) is equivalent to the pair
(@, y) being pluriclosed star split. In particular, since y is SKT, Corollary 3.8 ensures that
fo,0,y = f&,, vanishes identically on X. As in the proof of Theorem 1.4, this implies,
together with the semi-definiteness assumption on py, », , = 03, y that pz , = 0, a fact that
amounts to the metric @ of X being astheno-Kihler.

On the other hand, the metric @ of Y is balanced, hence so is the metric @ of X because
do"! = d¢* (") = ¢*(do" ) = 0.

Now, Proposition 2.7 ensures that the metric  of X is Kiihler. This means that ¢* (dw) = 0
on X, hence s dw = ¢,¢p*(dw) = 0 on Y, where s € N* is the number of elements in the
fibre ¢~ !(y) for any y € Y. Thus, dw = 0, so w is a Kiihler metric on Y. O

By taking X = Y in Theorem 4.2, we get Theorem 1.5 stated in the introduction.

To further stress the possible relevance of the automorphism group Auz(X) to the SKT-
balanced conjecture and the relations among the various notions of pluriclosed star split
objects introduced above, we now digress briefly, starting from the following very simple
(and probably known) observation dealing with y-isometries (i.e. automorphisms ¢ of X
that preserve a given Hermitian metric y on X in the sense that ¢*y = y).

Lemma4.3 Let (X, y) be a Hermitian complex manifold and let ¢ : X —> X be a biholo-
morphism such that ¢*y = y. Then

*y, 0" =@  oxy, (42)

where x,, is the Hodge star operator defined by the metric y and ¢* : C° (X, C) —>
C;?q (X, C) is the pullback map under ¢ for smooth differential forms of any bidegree
(p, q)on X.
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Proof Recall that *,, is defined by the pointwise identity u A x, 0 = (u, v), dV, required
to hold for all (p, g)-forms u, v on X, where (-, -), is the pointwise inner product and
dV, = y"/n!is the volume form defined by y, n being the complex dimension of X. Thus,
we get:

P U A xy PV = PMU A *gry PV = (D U, §FV) gy dVgry = <(u, v)y o ¢>) ¢*(dVy)

= d)*((u, v)y dVy) = d)*(u A *yﬁ) = Q" u A P*(xyv),
where for the first equality we used the hypothesis ¢*y = y. This proves that x, (¢*v) =
¢* (x,v) for every form v, as claimed. O
This leads to the following

Proposition 4.4 Let X be a complex manifold equipped with Hermitian metrics w and y .

(@) Let ¢ : X —> X be a biholomorphism such that ¢*y = y. If the pair (w, )
is pluriclosed star split, the triple (¢, w, y) is pluriclosed star split and we have

Pp.w.y =D Pw,y-

(b) Let ¢, : X —> X be biholomorphisms such that ¢*y = y and y*y = y. If the
triples (¢, w, y) and (¥, w, y) are pluriclosed star split, the triples (¢ o ¥, w, )
and (Y o, w, y) are again pluriclosed star split and we have pyoy, v,y = V*0p, w, y

and pyop, w, y = Py o, Iz
Proof Letn = dimcX.
(a) The pluriclosed star split hypothesis on (@, y) means that

100wn—2 = Yn-2 A Pur, y with 39 (xy py, ) = 0.

Appying ¢* to the first equality above and using the y-isometry hypothesis, we get the
latter equality below, where the former equality follows from ¢ being holomorphic:

100(¢" @2 = ¢ ((00wy—2) = Yu—2 N D" Po,y-
Then, putting pg, o,y = ¢* 0, y, We get:

aé(*ypq&,w,y) = 85(9{)*(*)/)00),)/)) = ¢*<aé(*ypw,y)> =0,

where the first equality follows from Lemma 4.3, the second one follows from ¢ being
holomorphic and the third one follows from the hypothesis. This proves the contention.
(b) The pluriclosed star split hypothesis on the triples (¢, w, y) and (¥, @, y) means that

i00(¢*"n-2 = Yn2APp.wy  With 33(xypp. 0 y) =0
100(Y " 0)n—2 = V-2 A Py, 0,y with 89 (xy Py w.) = 0.
Thus, we get:

l35((¢ oY) wh2=Y" <i85(¢*w)n—2> = 1p*(7/n—2 N Pp, w, y) =VYn-2N W*ﬂ¢,w, V>

where for the lastequality we used the y -isometry hypothesis on ¥. Now, putting pgoy, », y :=
Y*0p, w,y, We get:

aé(*yﬂ(bol//,w,y) = aé(‘/’*(*yqu,w,y)) = 1//*<85(*yp¢,w,y)> =0,
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where for the first equality we used the y-isometry hypothesis on v, for the second equality
we used the holomorphicity of ¢ and the third equality follows from the triple (¢, w, y)
being pluriclosed star split.

This proves that the triple (¢ o ¥, @, y) is pluriclosed star split and its associated (1, 1)-
form pgoy, , y satisfies the claimed equality.

The analogous claim on the triple (¢ o ¢, @, y) can be proved in the same way. O

Using the notation:

Aut, (X) = id) : X — X | ¢ is abiholomorphism such that ¢*y = y},

Auty (X) = {(j) X — X | ¢ € Aut,(X) and (¢, o, y) is pluriclosed star split},

some of the above results can be restated as

Corollary 4.5 Let X be a complex manifold.

(a) For any Hermitian metrics w and y on X, Aut,, ,(X) is a subgroup of Aut(X).
(b) For any pluriclosed star split pair (o, y) of Hermitian metrics on X, we have

Aut, (X) = Aut,,,,(X) C Aut(X).

It will probably be interesting to further study the subgroup Aut,, , (X) of automorphisms
at least in the case where X is compact, including as a tool to tackle the SKT-balanced
conjecture.

5 Further applications

The context will be mainly the one in Sect. 2, occasionally the one in Sect. 3.

5.1 Two types of operators associated with a Hermitian metric

We begin with a simple general observation that will be used in what follows. It generalises
Lemma 2.6.

Lemma 5.1 Let o and B be differential forms on an n-dimensional complex manifold X
equipped with an arbitrary Hermitian metric w such that deg o 4+ deg 8 = 2n. The following
equality holds:

oA B =x*xa A *p, (43)
where x = x,, is the Hodge star operator induced by w.
Proof Let k be the degree of «. We have:
aAB = (—Dra A xxf = (=D, xB)dV,, = (xxat, %B) dV,y = (xa, B)dV, = %o A B,

where we have used: (i) the definition of » requiring u A xv0 = (u, v) dV,; (ii) the property
*»*x = = Id according to whether this is evaluated on even-degreed, resp. odd-degreed, forms;
(iii) the fact that x is an isometry for the pointwise inner product (, ); (iv) (— Dk = (=1)2n—k,
]
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e Next, we introduce two linear operators defined pointwise that will be involved in
subsequent definitions.

Definition 5.2 Let X be an n-dimensional complex manifold equipped with an arbitrary
Hermitian metric w and let

(@pa AT AT Y AN T X
be the operator of division by w,_» of (n—1, n—1)-forms, namely the inverse of the bijection
(I)We consider the following w-dependent C-linear operators:

T,: AVIT*X — AVIT X, Ty = (Wn—2 A )" 0%p, (44)

and
Sy AT X s ATl S = %p 0 (@2 A7 (45)

Both 7, and S, are bijections. One notices the following properties right away:

Sw oy =% 0T, AMIT*X — A"~Lr=ITx (46)

and
%00 Sy = Ty 0 key = (wp_o A )L AP x 5 ALIT* X (47)

Resolving the division by w,_7, we get the explicit expressions in the following

Lemma 5.3 (a) For every (1, 1)-form o, we have:

1
Tp(@) = —a + pa— (Ap) w.

In particular, Ty,(w) = ﬁ .

(b) Forevery (n — 1, n — 1)-form 2, we have:
1
Sw(2) = —-Q + I’lj Ao (*x0$2) @y —1.

In particular, S, (wy—1) = nl_l Wp—1.

Proof (a) Let o be a (1, 1)-form. Taking * = %, in the Lefschetz decomposition ¢ =
Uprim + % (Apo) w, we get

* = —OWprim N\ Wp—2 + < (Apa) w) A Wp—2,

1
nin—1)

where we also used the standard formula (4) for the primitive (1, 1)-form e ,;;, and the
standard equality *w = w,_1. We infer that

Tu(@) = (@2 A )" (x0) = —<a,,r,-m + L rw w) +1 (1 + L) (Awet) o,
n n n—1

which is nothing but the formula claimed under (a).
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(b) Let 2bean (n — 1, n — 1)-form. There exists a unique (1, 1)-form « such that Q = *c.
Then, o = *$2 and formula (46) yields the first equality below:

S0(§2) = *(T (@) = —xa + niil(l\wot) Wp—1,

where the second equality follows from the formula for 7, («) proved under (a). This
proves the contention. O

e In the same vein, we introduce a differential operator of order two acting on (1, _1)-
forms. It can be seen as a higher-degree analogue of the standard Laplacian ¢ +— A, (i99¢)
acting on functions.

Definition 5.4 Let X be an n-dimensional complex manifold equipped with a Hermitian
metric w. We consider the following operator:

Py i CP(X, ©) — CP(X, ©),  Pu(@) = (@2 A ) (1002 A wy3). (48)
Thus, the definition of P, is equivalent to the equality
1900 A wp—3 = Po() A wp—n (49)

holding for every smooth (1, 1)-form .
We now observe a link with the discussion in Sect. 3, especially with the real (1, 1)-form
Pw, y associated with a pair of Hermitian metrics (w, y) via (30).

Lemma5.5 Let X be an n-dimensional compact complex manifold and let w, y be two
Hermitian metrics on X. Then, for every smooth (1, 1)-form n on X, we have:

n—1
/7) A *y P,y = P / Pw<Ty(fl)) ANwp_1, (50)
X X

where py, y = (Yn—2 A ')71 (iaéwn—Z)-

Proof We have:

—

Q) i) (iii)
/nA*wa,y = /*y*yn/\*ypw,y = /*ynpr,y = /Ty(n)AVn—ZAPw,y

X X X X
(iv) oz W [ .az
= /Ty(n) ANT100wy_o2 = /188TV(11) A Wy_2,
X X

where (i) follows from *,,x,, = Id on even-degreed forms, (ii) follows from (43), (iii) follows
fromT, (1) = (Yp—2A 91 (xy 1), (iv) follows from the definition (30) of p,,, , and (v) follows
from the Stokes theorem.

Now, writing

. nr n—1
i00T, () Nwp—2 = 00T, (M) Nwp—3 Nw = —— Pw<Ty(n)> A Wn—1,

n—2 n—2

where the last equality follows from (49), the above sequence of equalities (i)-(v) can be
continued and yields (50). O

@ Springer



Pluriclosed star split Hermitian metrics Page 27 of40 7

Corollary 5.6 Let X be an n-dimensional compact complex manifold and let w, y be Hermi-
tian metrics on X such that the pair (w, y) is pluriclosed star split. Then

/Pw<Ty(i85<p)> Awy_1 =0 (51
X

for every C* function ¢ : X —> C.

Proof The statement follows by taking n = i ddgp in (50) and using the Stokes theorem and
Definition 3.4 to get [} i00¢ A *ypw,y = [y 109 (xy pw, ) = 0. o

Note that the quantity featuring under the integral of (51) can be easily transformed. Taking
o =idd¢ in (a) of Lemma 5.3, we get

o o 1
T, (iddp) = —idde + P Ay(p)y.

Since Pw(iaé_)(p) =0, we get

_ 1
Pw<Ty(i88g0)) =7 Pw<Ay(¢) y)~

If we c_hoose @ = fw,, in Corollary 5.6, we can think of the (1, 1)-form ®,, , =
Py, (T, (i00 fy,,)) as a kind of curvature form for the pair of metrics (w, y). We get the
following

Corollary 5.7 Let X be an n-dimensional compact complex manifold and let w, y be Hermi-
tian metrics on X such that the pair (o, y) is pluriclosed star split. B

If P,(T), (id0 fo, 1)) = 00on X or P,(T),(i00 fo,,)) < 0on X, then P,(T,(i00 f, y)) =
Oon X.

Proof Suppose that ©, ;, := Py, (Ty(idd f.,y)) > 0 on X. Then
Oup,y ANp—1 = Apy(Oy, ) 0w, >0 on X.

Since fX Ou, y A wp—1 = 0, by Corollary 5.6, we must have A, (®,, ;) = 0. Thus, at every
point of X, the sum of the eigenvalues of ©,, , with respect to w vanishes.

Meanwhile, each of these eigenvalues is non-negative because ®,, , > 0. Therefore, all
the eigenvalues must vanish, so ®,, , = 0.

The case where ®,, , < 0on X is similar. ]

5.2 Properties of the differential operator P, : C(7°, (X, C) — C°, (X, C)
We start with the following observation.
Lemma 5.8 Let X be an n-dimensional complex manifold equipped with a Hermitian metric

w. Suppose that n > 3. The second-order differential operator P, : C7° (X, C) —>
CT° (X, C) defined in (48) is given by the formula:

Py(e) = Ay (iddar) — 5 A2(i30a) o, aeCP(X, C). (52)

1
(n=1
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Proof We will prove, more generally, that for every form I' € A>2T*X, the pointwise
formula holds:
_ 1
@12 A7 T A on3) = Ao(D) = 50 s AL o (53)
Then, (52) will follow from (53) by taking I = i99c.

Thus, we fix an arbitrary I' € AZ2T*X . If n > 4, the Lefschetz decomposition of I"
spells

r= 1—‘prim + oA Vprim + fan = 1—‘prim +oAV, 54

where I"pyjj is an w-primitive (2, 2)-form, V), is an o-primitive (1, 1)-form, f is a
function and we put V := Vi, + (1/2) f . Multiplying the last equality by w,,—3, we get:

CANwp—3 = 1—‘prim Nog-3+(n—=2)wp2AV=n-2)w,—2AV,

where the last equality follows from the previous one since I'yip A w,—3 = 0 thanks to
" prim being a primitive 4-form. Thus

(@n2 A) N T Aw—3) = (1 =2) V, (55)

so we are reduced to computing V.

If n = 3, the pointwise multiplication map @ A - : AL 1T*X — A% 2T* is bijective,
so (54) holds with I ,j;, = 0 and a uniquely determined (1, 1)-form V. In particular, (55)
holds as well.

On the other hand, we have A,(I') = Ay(w A V) = [Ap, Lol(V) + Ap(V)w =
(n—2)V 4+ Ay(V) w. So, taking A, again, we get: Az)(l") =m—-2)Au(V)+nA,V),
hence

Ao(V) =3 A2(T), hencealso A,(T)=(m—2)V + 5 A2(D)w.

1
(n—1) (n—1)
Together with (55), the last equality proves (53). O

We note that, if one works with V),,;,, and f in the above proof, one gets

_ 1 I'"w )

(@2 AT Awp3) = Apy(T) = —— ——= o
n—1 wp

Comparing with (53), this implies

1 I'Aw,—

SARD) = 2P e AR2TUX. (56)

2 (o

Together with (52), this implies the following property of P,,:

B
7 000 A w2, o€ Cfol(X, ©), 57

n
Py(a) Nwy—1 =
which is also an immediate consequence of (49).

Corollary 5.9 Under the assumptions of Lemma 5.8, the following equality holds:

) _
Ap(Py(a)) = s Ai(iaaa), a € C (X, ©). (58)

2(n—1) ;
Proof This follows at once by taking A, in (52) and using the fact that A, (w) = n. ]
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5.2.1 Computation of ({Pg (@), B)) for arbitrary smooth (1, 1)-forms a, B
From (52), we get

- 1 .
(Po(a), B)) = ((idda, @ A B)) — 20=1) ((A2(i0a), AwB)). a.Be CTo (X, ©).
(59)

The computation of the first term on the right-hand side of (59) will yield the following con-
clusion.

Lemma5.10 Foralla, B € C{°(X, C), we have

((i3da, @ A B)) = —((da, 3B)) + ((Aw(de), Aw(3B))) — ((ida, i® A IAwPB))

+((ida, *(B A Dwy—3))) — ((ide, (AwB) *(dwy_2))). (60)
Proof We have:
({00, w A B)) = ((i0a, 3*(w A B))) = —((idax, *x0*(w A B))), (61)
having used the standard formula 9* = —*dx*.

e We now prove the following formula:
*(wAa)=—aAwy_3+ (Apa) wy—2, aeAbIT*X. (62)
Leta € AL 1T*X befixed. The Lefschetz decomposition of o spells: & = & prim —|—% (Apa) .
Multiplying by o, we get o Ao = o A &t priy + % (Apa) w?* and then taking * we get:

2 2
*wAa) = Ao prim) + n (Ape) wp—2 = Aw(—Aprim N ©p—2) + n (Apor) wp—2

1 n_2 2
= —m [Aw, Lw ](Olprim) + ; (Apat) wy—2

2
= —Oprim N Wp—3 + " (Apa) wy—3.
On the other hand, multiplying the Lefschetz decomposition of « by w,_3, we get
n—2
Aprim N Op—3 =& Nwp_3 — L (Apor) wp—2.

Plugging this expression of ., A @,—3 into the above expression for x(w A @), we get (62),
as claimed.
e Next, we prove the following formulae:
*(WAN) =iw,—2 A1, neA»1T*x, (63)
*(@y_3 AT) = iow A AT —iT, reAlb27r*x. (64)

Let n € A% 1T*X_ (iii) of (96) gives the first equality below:
i _ .
oA = Aot = iho(@n—1 A = 5 (e L N =iwpa An,

where the second equality follows from the standard formula (4) applied to the primitive form
of bidegree (p, g) = (0, 1), the third equality follows from Ay,n = 0 and the last one follows
from (ii) of (96) applied with r = n — 1 and k = 1. This proves (63).
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To prove (64), letT" € AL2T*X . The Lefschetz decomposition spells: I' = I" i, + @ A for
a (0, 1)-form 7 and a primitive (1, 2)-form I}, . Taking » and applying the standard formula
(4) to ' i and (63) to n, we get:

. . . 1
* = =il prim ANop—3 tiog_3 AN =—ioy_3 A (Fprim — ma) A n)

) ( n—1 )
=—iop3N|[———=wAn],
n—2

where the last equality follows from I'pyj; = I' — @ A 5. Taking » and using the equality
*[" = —I", we get the first equality below:

ix(wp3AD)=m—Dx(iogoA"n)+T=—-m—-1)wAn+T,

where the last equality follows by taking * in (63) and using the equality »x(w A ) = —w A 1.
Hence

*(wp_ 3 AT)=m—1ioAn—il. (65)

Now, to compute 1, we take A, in the Lefschetz decomposition I' = I" iy, + @ A 1. We get:
Apl = [Aw, Lupl(n) = (n — 1) n (see (i) of (96) for the last equality). Together with (65), this
proves (64).

o Computation of xdx(w A a). Applying xd to formula (62), we get:

*5*(w Aa) = —*5(0{ Awy—3) + *0 <(Awot) w,,_z)

= —*(50( A wp—3) —*(a A 5wn_3) + (Apa) *50),,_2 + *(wp—2 A E_)Awot)
=i0a —iw A Ap(Ba) — *(a A dwy_3) + (Apa) *0wy—_2 + iw A dApa,
where for the last equality we used (64)_and (63). B
e Taking the L2-inner product of —i d against the above expression for xdx(w A B) (in which

we substitute 8 for o) and using (61), we get (60). O

The computation of the second term on the right-hand side of (59) will lead to the following
conclusion.

Lemma5.11 Foralla, B € Cfol(X, C), we have
((Afo(iaéa)» AwB)) = =2 ({ida, iw A DALY — 2 ((ide, (Awp) *(Dwp—2))).
Proof We have:

(A2 (i030), AwB)) = ((i8da, (AwB)®?)) = <<iéa, 3*<(Aw/3) w2)>>

ol i)
i)

Formula (63) with = dA,B yields *(DAwB A wp_2) = iw A (0AyB) and the contention
follows. m]

The computation of the first term on the r.h.s. of the equality in Lemma 5.11 leads to
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Lemma5.12 Foralla, B € C{°/ (X, C), we have
((i0a, iw A OAWB)) = —((i(d + 1) Au(Ba), B)) + ((Awda, Awpdp)). (66)
Proof Using the commutation relation (i) of (95), we get:

(ida, i AIAWB)) = ((iAw@a), 1d0ALB))=((iAw(@a), i [d, Axl(B))+{{Awde, AudB))
—((iAw@a), (34 )" (B)) + ((Awda, Awdp)).

This proves the contention. O

Putting (59) and Lemmas 5.10, 5.11 and 5.12 together, we get the following preliminary
conclusion.

Lemma5.13 Forall a, B € C{°/(X, C), we have

- 1 - - 1 =
((Po(@), B)) = —((3%3a, B))+—— ((Aw(d), Aw(3B))) + (1 - m) (i0Aw(da), B))

n—1

_ _ 1 _ _
+{{ida, *(B A dwp—3))) — (1 - m) ({ida, (ApP)*x(dwy—2)))

+<1 - ;) ({itAw(da), B)). ©7
n—1

5.2.2 The differential operator R, : C{’,"1 X, C) — Cff1 X, ©
We will now add terms to P, to make it elliptic, while preserving equality (50) for the resulting

operator. The first such term is described in the following

Definition 5.14 Let X be an n-dimensional complex manifold equipped with a Hermitian metric
. We consider the following differential operator:

Ry : CT% (X, C) — C{° (X, O), Ry(e) = (i9*0*a) 0. (68)

The first observation is that, if we replace P, with P, + R, equality (50) remains valid.
Specifically, we have

Lemma 5.15 For every a € C{°; (X, C), the following equality holds:

f Ruy(ct) Aoy = 0. (69)
X

Proof We successively get:

/Rw(oz) A Wp_1 :n/(ia*é*a) wn :n/(ia*é*a) *ol = n ((i3*9*a, 1)) = n ((id*a, 81)) = 0.
X X X

This proves the contention. O
Lemma5.16 Let (X, w) be a compact Hermitian manifold. For all o, B € Ci’ol (X, ©), we have

((Ro(@), B)) = —((00™a, B)) + ((id* (@ A "), B)) — (3%, T*B)),

where T : AP-9T*X —> APTLAT*X is the torsion operator definied pointwise by T = 1, =
[Aw, 0w A -]. B B B
If a is real, we have ((Rp(a), o)) = —|[0*a|? + ((i0Ae @), a)) — ((3*a, T*a)).
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Proof Computing, we get:

({Ro(), B)) = ((id*a, dALB)) = ((i0*a, [3 AwlB)) +i ((0%a, Aw(3B)))
= ((id*a, —z(8*+f*)ﬂ (0% (w A %), B))
where for the last equality we used (ii) of (95). This proves the ﬁrst_claim. B
The second claim follows from this after we notice that ((0* (w A 0*«), a)) = (o, A, (0)))

= (&, dAL(0))) = ((dA4(A), @) = ((dAw(da), «)) for every real (1, 1)-form . o

The term ((id A (dr), B)) featuring in (67) can be transformed as follows.
Lemma5.17 Let (X, w) be a compact Hermitian manifold. For all o, B € Cf?l (X, C), we have
({{dAw(0), B)) = (Ap(0@), Aw(@B)) — (" Ap(da) @, B)) — i ((Aw(da), T*B)).
Proof We have:

(idAw@), B)) = (iAw(@), 3*B)) = ((iAwda), i[Aw, I]B — T*B))
= ({(Aw(@), Aw(3P))) — ((Ap(3a), dAwp)) =i ((Aw(da), T*B)).

The contention follows from this after we notice that (A4 (), dAxB)) = ((0A* Ay (Be), B)).
O

Putting together Lemmas 5.13, 5.16 and 5.17, we get

Lemma5.18 Let (X, w) be a compact Hermitian manifold. For all a, § € Ci’ol (X, C), we have

({((Py + Ru)(@), B)) = —((A"e, B))
- - 1 - -
+{(i0Aw ), B)) + (3" (@ A %), B)) + p— (0" Ap (@) @, B))

_ _ 1 _ _
+{{ida, x(B A dw,-3))) — (1 - m) ((i0a, (AwB)*(dwp—2)))

1 1 =
+<1 - ni) ((iTAw(da), B)) + ! {(Aw(da), T*B))
_<<5*0{7 T ﬁ))! (70)

where A" := §0* + 0% is the d-Laplacian induced by the metric o.
Proof The conclusion is straightforward after splitting the term 1—=1/(n—=1))) ((i aAw(éa_), B))
on the firstline of (67) into the difference between ((i 0 A, (dr), B))and (1/(n—1)) ((i0 Ay (), B))

and expressing the latter part using Lemma 5.17. O

Corollary 5.19 Let (X, w) be a compact Hermitian manifold. The second-order differential oper-
ator Qg : C7° (X, C) — CT° (X, C) defined by

Qu(@) := Py(ar) + Ry(@) —id Ay (da) — id*(w A %) — ﬁ *Ap(@)w, (71)

is elliptic.
When w is Kéhler, we even have Q. = —AZ).
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Proof Except for A” = A/, the only terms on the r.h.s. of (70) that involve expressions of order
two in « are the three terms on the second line. They have been incorporated into Q. Thus,

0w = —A! + Lo, (72)

where l.o.t. stands for terms of order < 1. In other words, Q,, has the same principal part as the
elliptic operator —A/. It is therefore elliptic.

We also note that all the terms (all of which are of order < 1) on lines 2-4 on the r.h.s. of (70)
vanish if w is Kéhler. This implies the last statement of the corollary in the Kihler case. O

An immediate consequence of (71) is that the restrictions to ker A]) of P, and Q,, coincide.
Corollary 5.20 Let (X, w) be a compact Hermitian manifold. Then
OQu(a) = Py(a)
for every a € ker Al

Proof This follows at once from (71) and from the well-known fact that ker A” = ker d N ker 9*.
O

The nextobservation is that equality (50) remains valid under certain conditions if we replace Py,
with O, since the expressions Ry, () (for which we have Lemma 5.15), id Ay (da), i 3™ (w A 9% ax)
and 0* A, (da) w have trivial contributions to the integral on the r.h.s. of (50). Specifically, we
have

Lemma 5.21 Let (X, w) be a compact Hermitian manifold. For every o € Clool (X, C), we have

/ 0*Ap(da) w A wy—1 = 0. (73)
X
If w is balanced, we also have
/iaAw(éa) Awp_1 =0 and /ia*(w Ad*a) Awy_1 = 0. (74)
X X

Proof To prove (73), we note that

/S*Aw(éa)wAwn,] = n/S*Aw(éa) wn =n/5*Aw(5a)*wl =n ((*Aw @), 1))
X X X
n ((Aw(da), (1)) = 0.

To prove the first part of (74), we start by using the balanced assumption on w to get the first
equality below:

/iaAw(E_)a)Aa)n_l =i/8<Aw(5a)Aa)n_1> =0,
X X

where the second equality follows from the Stokes theorem.
To prove the second part of (74), we use the equality w,,_1 = *w to get the first equality below:
/ia*(w AN Awy_] = /ia*(w A 0¥ A *w
X X
= ((id" (@A ), ) = (i8*0), Ap(dw)) =0,

where the last equality follows from the balanced assumption on w which is equivalent to dw
being w-primitive (see e.g. proof of Proposition 2.7, meaning that A, (dw) = 0. O
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One of the conclusions of this discussion is the following version of Lemma 5.5 where P, is
replaced with the elliptic operator Q.

Lemma 5.22 Let X be an n-dimensional compact complex manifold and let w, y be two Hermitian
metrics on X. Suppose that o is balanced.
Then, for every smooth (1, 1)-form n on X, we have:

-1
/7) A*yPo,y = b / Qw(Ty(U)) A Wp—1, (75)
X X

where po,y = (ya-2 A~ i99w,-2).

Proof Corollary 5.19 and Lemmas 5.15 and 5.21 show that

/ (Qw(a) - Pw(Ol)> ANwy,—1=0
X

for every (1, 1)-form o whenever the metric w is balanced. The contention follows from this and
from Lemma 5.5. ]

It goes without saying that Corollaries 5.6 and 5.7 have obvious analogues when P,, is replaced
with O and w is balanced.
‘We now notice that formula (71) simplifies when o« = w.

Corollary 5.23 Let (X, w) be a compact Hermitian manifold. The following equality holds:
Ou(w) = Py(w) + o 1 Ry(@) +00*w — id* (0 A 0*w). (76)
n—

If w is balanced, then Q,(w) = Py(w).

Proof We transform, one by one, the third and the fifth terms in (71) when o = w. We get:
i0Ay(Bw) = B(i [Aw, 3] w> =300+ 0t*w = —00*w,

where the first equality follows from A, (w) = n (which implies Ay (w) = 0), the second
equality follows from the commutation relation (i) of (95) and the third equality follows from (i)
of (97).

Meanwhile, we get:

3* Aoy (F) = 5*([Aw, 3l a)) 0 — i3 T = i3,

where the arguments given above were repeated to transform the quantity [A,, 9] w.

Putting these pieces of information together and using (71) combined with the definition (68)
of Ry, we get (76).

If w is balanced, 3*w = 0 and 3*w = 0, hence also Ry, (w) = 0. Together with (76), this proves
the last claim. O

5.3 Link between the function f;, and the operator P,

Let X be an n-dimensional complex manifold on which an arbitrary Hermitian metric w has been
fixed. We will compute the associated C° function f,, : X — R defined in (10). We have:
0 Aiddw, g * (00w 2) A wy

> = =
wp wp
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*<i8(wn,3 A 540)) A Wp—1

_ *({00w A Wp_3) A wy_1 n *(i0w A dw A wy—a) A wp_i

Wn Wn Wn

(77

where the second equality follows from Lemma 5.1.
Since iddw is a (2, 2)-form and idw A dw is a (3, 3)-form, we will need the results of the
following two computations.

Lemma 5.24 For any (2, 2)-form I on an n-dimensional Hermitian manifold (X, ), we have:
*(T Awy_3) = —Apl + % (AZD) w (78)

ifn > 3.

Proof We saw in the proof of Lemma 5.8 that if we use the Lefschetz decomposition of I to write

1_‘=Fprim +wAVprim+fw2=Fprim +toAnV,

where T'pip 1s an w-primitive (2, 2)-form if n > 4 and [y = 0if n = 3, Vppipy is an
w-primitive (1, 1)-form, f is function and we put V := V,,,.;;, + (1/2) fw, then we have:

1

Ve — A ———— (A2D)w. 79
P T Y AR (79)
On the other hand, we have:
n—2)(n—1)
FNop3=0—-2)V Awy—2=(0n—-2) Vorim A on—2 + -, (ApV)op-1,

where V. = Vppim + (1/n) (ApV) @ is the Lefschetz decomposition of V. (We used the fact
that T'pyim A @y—3 = 0, a consequence of Iy, being a primitive 4-form.) Since *Vppip =

—Vprim AN @p—2 (see the standard formula (4)), we infer that x(V i A@p—2) = —Vppim, hence
n—2)(n—-1)
*(TCAwy—3) = —(n—2) Vprim + — (ApV) @

=—-(n-2) <Vprim + % (AwV) w) + (-2 AV

—(n—2) <v - (AwV)a)>. (80)

Now, taking A, in (79), we get A,V = 2(%71) AZ)F. Plugging this and (79) into (80), we get
(78), as claimed. O

Lemma 5.25 For any (3, 3)-form Q on an n-dimensional Hermitian manifold (X, w), we have:
1 1
*(QA Wp_g) = _5A59+ 5(A;Q)w (81)
ifn>4.

Proof 1f n > 6, let Q = Qprim + Q1 prim A © + Q2 prim N @2 + fw3z be the Lefschetz
decomposition of €2. Thus, Q1 i, and Q2 ppip are primitive forms of respective bidegrees
(2, 2) and (1, 1), while f is a function. The same decomposition of €2 holds with €2, = 0
when n € {4, 5}. Indeed, the pointwise multiplication map w A - : AZ2T*X — A33T*X s
surjective and non-injective when n = 4 (so the decomposition of €2 is not unique), while it is
bijective (yielding a unique decomposition of €2) when n = 5. This means that 2 can be divided
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by w when n = 4 or n = 5. The Lefschetz decomposition can then be applied to the resulting
quotient (2, 2)-form.
Multiplying by w,,—4 and then taking *, we get

(n=3)(n-2) (n=3)n-=2)(n—-1)
*(Q2Awp—g) = *(f 2, prim N @p—2 + 6 Son—1
n—=3)(n—-2) n—=3)n—-2)(n—1)
= _f QZ, prim T+ 6 fo, (82)
where the standard formula (4) was used to get: *Q prim = —$2, prim N @y—2, hence
*(822, prim N op—2) = =2, prim-

On the other hand, we can take A, successively in the Lefschetz decomposition of Q2 to
compute 22 prip and f. After one application of A, we get:

1 1
ApQ = [Aw, Lw](Ql, prim) + E [Aw, sz](QZ, prim) + 5 [Aw, Lz,](f)

(n—12)
2

= —4)Q prim+ 1 =3)0ANQ prim + fwz’

where the last equality follows from (i) and (ii) of (96).

Taking A, again, we get:

-2
AZQ = (1= 3) [Aw. Lol prim) + ("—2) (Ao, L3I

=0=3)n=2)Q prim+ 0 =2)n—-1) fo, (83)

where the last equality follows from (i) and (ii) of (96).
Taking A one final time, we get: AS’UQ =(n—2)(n— 1)n f, hence

v s
f= (n—2)y(n—1n ApSt. &4)

Plugging this into (83), we get

1 2 1 3
Q im=—"—-.AQ— ————— (A) Q) w. 85
Zoprim = TR —2) @ m—am—mn(w)w (85)
Putting together (82), (84) and (85), we get (81), as claimed. O

We are now in a position to conclude the following

Proposition 5.26 Ler (X, w) be an n-dimensional Hermitian manifold. The C*° function fy :
X — R associated with w as defined in (10) is given by the formulae:

n—3

3!

_ 2 A2 7

Al 0w A dw) (86)

— (11— 1) Ap(Pu(@)) + "3;,3 A3 (3o A dw). 87)

Proof Thanks to (58), (87) is an im{nediate consequence of (86).
To prove (86), we take I' = iddw in (78) and Q2 = idw A dw in (81) and use formula (77)
obtained earlier for f,. [m]
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5.4 Link between the (1, 1)-form p, and the operator P,

Let X be an n-dimensional complex manifold on which an arbitrary Hermitian metric w has been
fixed. We will compute the associated C*° (1, 1)-form p,, defined in (2). We already know that
it is given by formula (9), which can be rewritten as

fow+id*0*w). (88)

pw:n—l

Since f,, was computed in (87), we implicitly get a formula for p,,. However, we will prove a

different formula better adapted to our purposes.

Proposition 5.27 Ler (X, w) be an n-dimensional Hermitian manifold. The C*° (1, 1)-form pq,
associated with w as defined in (2) is given by the formula:

1 _ i}
Po = Po(@) + 5 A2 (0w A dw) — 3 Al 0w A dw) o. (89)

1
(n—1)
Proof Definition (2) gives the first equality below:
o = (@p—2 A )" (i00wy_2)
= (Wp—a A ) V1900 A wp_3) + (g2 A )" (0w A dw A wy_s)
= Pop(@) + (@2 A )" 10w A do A wp—a). (90)

Since idw A dw is a (3, 3)-form, we will need the following analogue in this bidegree of the
pointwise formula (53).

Lemma 5.28 Foreveryform Q € A33T*X onann-dimensional complex manifold X withn > 4,
the pointwise formula holds:

@nz AN QA wy_g) = LAZ(@) - 3 AN (Q) w. 1)

1
2 (n—1)
Proof Let Q2 be a (3, 3)-form. When n > 6, from its Lefschetz decomposition we get
Q= Qprim +ow AT,

where i, is an w-primitive (3, 3)-form and I' is a (not necessarily primitive) (2, 2)-form. As
explained in the proof of Lemma 5.25, the same decomposition of €2 holds with €2,.j;; = 0 when
n e {4, 5}.

Then, Q2 i A @, —5 = 0, hence also Qi Awy—g4 = 0,50 QLAwpg4 = n—3)T ANwy_3.
Thus,

(@2 A" HRAWu—1) = (1 = 3) (g2 A ) I A wy—3)

=<n—3>Aw<r>—2”_3

2
=T M De (92)

where the last equality follows from (53).

We are thus reduced to computing A, (I") and ALZU (I"). Taking A, in the above formula defining
I" and using A (2prim) = 0, we get Aw(Q) = [Aw, Lol +t oA AT =n—HT +o A
Ay (), where the last equality follows from (i) of (96). Taking A, again, we get

AZ(Q) = (1 —4) Ao (D) + [Aw. Lol(Au(D) +o A AZT) =201 — 3) Ap(D) + AL o,
where the last equality follows again from (i) of (96). Taking A, again, we get

AD(Q) =2 —3) A2(T) +n AZ(T") = 3(n — 2) A2(T).
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This yields
AZ(M) = — A (). 93
o) = 50— Ao@ (93)
Using this and another of the above formulae, we get:
Agp(D) = b (a2 Q) —-—— A Qo). (94)
2(n —3) @ 3n—2) @
Putting (92), (93) and (94) together, we get (91), as claimed. m]

End of proof of Proposition 5.27. Taking Q = idw A dw in (91) and using (90), we get (89). O
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Appendix: Commutation relations

We briefly recall here some standard formulae that were used throughout the paper.
Let (X, w)beacompactcomplex Hermitian manifold. Recall the following standard Hermitian
commutation relations ( [3], see also [ [4], VII, §.1]):

) @+ =ilA, 3], () @+D)*=—i[A, dl;
(iii) d4+7=—i [0*, Ll; (v)d+T=i[d* L), (95)

where the upper symbol » stands for the formal adjoint w.r.t. the L? inner product induced by
o, L = L, := o A - is the Lefschetz operator of multiplication by w, A = A, = L* and
Tw = T :=[A, dw A -] is the torsion operator (of order zero and type (1, 0)) associated with the
metric .

Other standard formulae (see e.g. [20]) are the following:

1) [A, L]=n—k)Id on k-forms, for every non-negative integer k;
G) [L", Al=rtk—n4+r—1) L1 on k-forms, for all integers k > 0, r > 2;
(iii)) * L=A% and *A = L. (96)

We also used the following result involving again the torsion operator 7.

Lemma 6.1 Let (X, w)beacompactcomplex Hermitian manifold withdimc X = n. The following
identities hold:

— 023

*0 2550 D i Ay(dw). 97)
In particular, @ is balanced if and only if T} = 0.

Proof e To prove identity (i) in (97), we will show that the multiplication operators by the (1, 0)-
forms T*w and —20*w acting on functions, namely

oA, =200 A - Ce% (X, ©) — C% (X, ©),
coincide by showing that their adjoints
o A", (20" A )" CT%(X, ©) — C% (X, ©)

coincide.
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Leta € C7% (X, C) and g € C§%, (X, C) be arbitrary. We have:

(@0 A D', g) = ((ga, 3*0)) = ((3(3a), ®) = [5@0!) AHw = /E’a A dwy -1,
X X
(98)

where we put w,, | := "~ 1/(n — 1)! and we used the standard identity *w = w;, 1.
Meanwhile, we have:

(T A )*a, g) = ((ga, T'0)) = ((ET(@), ©)) = (g A(Bw A ), ®))
= (0w A, ga)z)) = /(’_M)Aa A*(ng) =-2 /ga Adw A wp_2
X X

~ / Go A B, (99)
X

where for the third identity on the first line we used the definition 7 = [A, dw A -] of T and the
fact that A () = O for bidegree reasons, while for the third identity on the second line we used
the standard identity xw> = wy,_3, where w) := w? /21, .

Comparing (98) and (99), we get {T*oA)*a, g)) = —2{(0*w A )*a, g)) forall ¢ and g.
Hence (T*w A -)* = =2 (3*w A -)*, which proves (i) of (97).

e To prove identity (ii) in (97), we start from the Hermitian commutation relation (ii) in (95):

[A, 8] =i (0" +77)

that we apply to w. We get the equivalent identities:

[A, ]w=id*w+iT"0 < Aw) — I(Aw) = —id*0 < Aw) = —id*o,

the last of which is (ii) of (97), where for the first equivalence we used the identity T*w = —2 *w
proved above as (i) in (97), while for the second equivalence we used the fact that Aw = n, hence
d(Aw) =0. O
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