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Abstract

We provide a general method for computing rational Chow rings of moduli of smooth com-
plete intersections. We specialize this result in different ways: to compute the integral Picard
group of the associated stack; to obtain an explicit presentation of rational Chow rings of
moduli of smooth complete intersections of codimension two; to prove old and new results
on moduli of smooth curves of genus < 5 and polarized K3 surfaces of degree < 8.

Introduction

The investigation of rational Chow rings of moduli spaces, whose first instances can be traced
back to the the work of Schubert on Grassmannians, is a domain that has been quite active
in the last years.

Among the most relevant results in this area, we have the determination of the Chow ring
of M3, the moduli space of stable curves of genus three, by Faber [14], and the computation
by several different authors of the Chow ring of M,, the moduli space of smooth curves of
genus g, for2 < g <9 [6, 15, 18, 20].

Let0 <r <nandletd = (dy, ..., d;) be an increasing sequence of positive integers: in
this paper, we study rational Chow rings of the moduli stacks .#" GL(d) of smooth complete
intersections of r hypersurfaces of degree dy, . .., d, in P" (see Definition 1.1 for a rigorous
definition).

Our interest in the Chow ring of these moduli stacks stems from the fact that they can be
used to gather information on the Chow ring of other moduli spaces, e.g. moduli of curves
of low genus or moduli of polarized K3 surfaces of low degree (see Remark 1.2 for more
on this). Moreover, stacks of complete intersections have already been the subject of some
study, e.g. in the series of work by Benoist [3-5] or in [2] when d = (2, 2).
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Main result

The main technical result of this paper is the following Theorem, which concerns a stack
denoted L//ZHGL (d) and from which all the statements on L//lf GL (d) are deduced.

We are aware that at first sight this Theorem might not strike the reader as very explicit;
for this reason, the remainder of the Introduction will be dedicated to explain its applications.

Theorem We have
CH* (25" (d)) ~ Q[c1, €2, -+ . Cat1s V1 - -5 ¥ 199/R.

The ideal of relations R is generated by cycles of the form

>yt (Coar, .. a) P(Br b by 1)

0<aj,....ar<s
where the coefficients in front of yla V... ¥ are obtained via GL, 4 1-equivariant integration
on a flag variety of some specific cycles Cs(ay, ...,ar)P(B1, b1, ...,bs—1). Moreover, in

degree 1 the presentation above holds with Z-coefficients.

The generators appearing above are certain symmetric functions in y, ..., ¥, and the proof
of this result is based on a vast generalization of a method introduced in [16]. A presentation
for the Chow ring of ///,f GL(d) can then be obtained by simply adding the relation ¢; = 0.
First quick applications of the Theorem are:

(1) the computation of the rational Chow ring of M5 (Proposition 2.10), already determined
by Izadi: this computation is based on the fact that the stack of smooth, non-trigonal
curves of genus five is isomorphic to ///f GL(Z, 2,2).

(2) the computation of the rational Chow ring of an open subset of Kg, the moduli space of
polarized K3 surfaces of degree eight (Proposition 2.11). This turns out to be trivial, hence
all the non trivial cycles on Kg of codimension > 0 come from certain Noether—Lefschetz
divisors.

The results above are obtained by applying localization formulas, implemented with Math-
ematica. Let us remark that once fixed n and d the rational Chow ring of .///,}) GL (d) can be
explicitly worked out by applying the same method.

Integral Picard groups and Benoist’s formula
Our Theorem can also be used to compute integral Picard groups. For instance, we prove the
following.
Theorem Suppose that the base field has characteristic # 2 or that n is odd. Then:
(";rl)rdr d — l)n—r+1

mem(n + 1,rd)

Pic(.#"(d,...,d)) ~Z/NZ, N =

More generally, in Theorem 3.6 we are able to determine the integral Picard group of
.///,f’ GL(d) for every d = (dy, ..., d;). Observe that the formula above, specialized to the
case d = (2, 2), recovers the main result of [2].

A second application consists of the following: consider a product of projective spaces of
the form PHO(P", 6(d1)) x - - - xPHO(P", €(d,)); inside this variety there is a divisor whose
points correspond to tuples of homogeneous forms ([ fi], . .., [ f-]) such that the projective
scheme defined by the equations f; = f, = --- = f, = 0 is singular.
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The multidegree of this divisor has been computed in [4] by Benoist using some toric
geometry and results of Gelfand—Kapranov—Zelevinsky. It turns out that the computation of
this multidegree is equivalent to the computation of the integral Picard group of //nSL(d).
We do this in Theorem 3.5, thus providing a different proof of Benoist’s formula.

Theorem ([4]) Suppose that the base field k has characteristic # 2 or that n is odd. Let
dy=-=dy <dpy1 = =dripry < <dripotry+1 = = dpytotrys
be positive integers and set e; = d; — 1. Define aj 1 = Vrj+tr;_+1+ "+ + Vri+otr;. Then
Pic(./, () = (a1, ..., ae1)/(F)

where

r

r 1 e(l—&—l _ el‘f—i—]
-~ i
F:El d1d2"'di"'dr El e//( J ) Vi
= j=

1_[,‘/;&,‘ €j—¢€j e —¢€j

Our proof is based on Schubert calculus on a flag variety, combined with an interesting
polynomial identity coming from the localization formula.

Complete intersections of codimension two

From the main Theorem we are also able to derive a simple presentation of the Chow ring
of ///,f GL (d1, d2), the moduli stack of smooth complete intersections of codimension two.

Theorem Letn > 3 and dy > dy > 2 be integers such that the quantity (4.5) fore; = d; — 1
is not zero. Then

CH* (4Pt @) ~ QI 1/ (D),

where yy is a cycle of degree one.
If instead d\ = d and the quantity (4.6) for e = di — 1 is not zero, we have

CH*(.2FCt (1)) ~ Q.
We give two direct applications of these results:

(1) in Corollary 4.4 we compute the rational Chow ring of My, the moduli space of smooth
curves of genus four; this ring has already been computed by Faber in [15].

(2) in Corollary 4.5 we compute the rational Chow ring of an open subset of Kg, the moduli
space of polarized K3 surfaces of degree six. The points in this subset correspond to
polarized K3 surfaces whose polarization is very ample.

Outline of the paper

In Sect. | we define the stack .7 L (d) of complete intersections (Definition 1.1) and we
give a presentation of this stack as a quotient (Proposition 1.4). In the remainder of the section
we discuss the geometry of this stack.

In Sect. 2 we prove our main Theorem (Theorem 2.6) and we specialize it to two interesting
cases, namely to moduli of smooth curves of genus five and to moduli of polarized K3 surfaces
of degree eight.
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In Sect. 3 we compute the integral Picard group of (//ZnSL (d) (Theorem 3.5) and /[5 GL(d)
(Theorem 3.6).

In Sect.4 we focus on smooth complete intersections of codimension two and we give
a totally explicit presentation of the Chow ring of //{,f’ GL(d) in this case (Theorem 4.2 and
Theorem 4.3). We then apply these results to moduli of smooth curves of genus four and
moduli of polarized K3 surfaces of degree six.

In Appendix A we gather a couple of useful results on quotient vector bundles and Grass-
mannians.

Notation and conventions

All the schemes are schemes over a base field k. In most of the paper, we don’t need any
further assumption on the base field k. The only assumptions are the one stated for Theorems
3.5 and 3.6.

In the paper, the symbol n > 2 will always stand for the dimension of the projective space
P". The integer 0 < r < n will be the codimension of the complete intersections, and the
degrees d; < --- < d, will always be assumed to be > 2. The integers ry, ..., r;, will be
the ones such thatdy = --- =d; <dp41 = =drj4r, < -+ <drjgetro1+1 =+ =
dyy4...tr,- We will use d to indicate dy, 4, 4.4, and e; for the quantity d; — 1.

Every Chow ring is considered with Q-coefficients, unless otherwise stated.

1 Moduli of complete intersections

The main goal of this section is to give a presentation of the stack //{,F GL (d) of (polarized)
smooth complete intersections as a quotient stack (Proposition 1.4), presentation that will be
used in the next sections to perform intersection-theoretical computation.

We begin by recalling how //lf GL (d) is defined (Definition 1.1) and we list some examples
of ///,f GL (d) for specific values of d that are of particular interest (see Remark 1.2).

Proposition 1.4 is proved by showing that a certain Hilbert scheme is isomorphic to a tower
of Grassmannian bundles, that we define in 1.2. The remainder of the section is devoted to
connect the equivariant Chow ring of this tower of Grassmannian bundles to the equivariant
Chow ring of a much simpler object (Lemma 1.6).

1.1 The stack of complete intersections

Let k be a field. Fix two integers n and » with 0 < r < n, and a sequence of positive integers
d=(,...,d) withd; < djy; and d; > 2 for all i. If K is an extension of k, a closed
subscheme X C P% is a complete intersection of type d if it has codimension 7, and is the
scheme theoretic intersection of r hypersurfaces of degrees dj, ..., d,. If K’ is an extension
of K and X C P% is a closed subscheme, then X g+ C P}, a complete intersection of type d
if and only if X C P} is [3, Proposition 2.1.11].

We denote by Hilby Hllbgm the subfunctor of the Hilbert scheme Hilbpn.« . such that if S is a
k-scheme, H11bSm (S) C C Hilbpn 1 (S) consists of closed subschemes X C PP¢ that are finitely
presented and ﬂat over S, Whose fibers are smooth complete intersections of type d. This is
a smooth open subscheme of @Pn/k [3, §2.2.3].
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There is a natural action of PGL,1 over Hilbg",, coming from the action of PGL, | on
P"; if R is a k-algebra, A € PGL,, 11 (R), and X C IP’” isin HilbSm (S), we define A - X to be

the inverse image of X under A~!: P — P
Definition 1.1 We set .- (d) := [Hilb}", /PGL,11].

Another way of interpreting ///,F GL(d) is as follows. If P — S is a Brauer—Severi scheme
of relative dimension n, a closed subscheme X € P is a complete intersection of type d if
for S — S a fully faithful finitely presented morphism, and P, =~ S’ x g P an isomorphism
of §’-schemes, the inverse image of X in P, is in Hilbg", (8. If T — S is a morphism and
X C P is alocal complete intersection of type d, the inverse image of X in T x ¢ P is also
a local complete intersection of type d.

An object ///,fGL (d)(S), where S is a k-scheme, is a pair (P — S, X), where P — Sisa
Brauer—Severi scheme of relative dimension n, and X € P is a smooth complete intersection
of type d. A morphism (P’ — S, X') — (P — S, X) in .# C(d)(S) is an isomorphism

@ : P’ = P of Brauer-Severi varieties over S, i.e. an isomorphism that on an étale cover
§" — S, after picking trivializations Pg, ~ IP’S, and Py =~ P, is given by a projective linear

isomorphism P, >~ P,; moreover, we require this isomorphism to induce an isomorphism

] | x X ! —) X.

The stack ///,F GL (d) was introduced by Benoist in [3]; he determines, in particular, when
///f GL(d) is a separated Deligne—Mumford stack, and when it has a quasi-projective moduli
space.

Remark 1.2 ///,:) GL (d) can be thought of as a stack of polarized algebraic varieties. In many
cases the polarization is uniquely determined, and in this case (///”P GL(d) is in fact a stack of
algebraic varieties, which in several cases is of considerable geometric interest.

€)) ,//ZZP GL (4) is the open subset of .#3 consisting of non-hyperelliptic curves of genus 3.

2) Ifd > 4 then it is well known that every smooth plane curve of degree d has a unique
linear g2 (see for example [1, Exercise 18, p. 56]). This means that the natural forgetful
map ///({JGL(d) — My, where . is the stack of smooth curves of genus g = d—
1)(d — 2)/2, is injective on geometric points. One can show that this map is in fact a
locally closed embedding.

(3) .#FG(2,3) is the stack of smooth non-hyperelliptic curves of genus 4, while
My GL (2,2, 2) is the stack of curves of genus 5 that are neither hyperelliptic nor trigonal
(see the discussion in [8, §3]).

(4) .#FCL(4) is the stack of K3 surfaces with a very ample polarization of degree 4,

3PGL (2, 3) is the stack of K3 surfaces with a very ample polarization of degree 6, and
/// PGL(2,2,2) is the stack of K3 surfaces with a very ample polarization of degree 8,
which do not contain a curve of arithmetic genus 1 and degree 3: see [9, §3].

®) ///f GL(2,2) is the stack of smooth complete intersections of two quadrics, which has
been studied by Asgarli and Inchiostro in [2].

(6) If n —r > 3, then if X C P} is a complete intersection of type d, the Picard group
of X is generated by the class of €x(1). Furthermore, a simple deformation-theoretic
arguments reveal that a small deformation of a complete intersection of dimensionn — r
and type d is still a complete intersection of the same type. Using this, and the fact that
dimg H°(X, 0x(1)) = n+1anddimg H'(X, 6x (1)) = 0, itis an exercise to show that
PO (d) is equivalent to the stack whose objects over a k-scheme S are smooth proper
morphisms X — S, whose geometric fibers are complete intersections of dimension
n — r and type d.
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(7) Ifn—r =2andd; +---+d, # n+ 1, one can similarly conclude that (///,fGL(d) is
equivalent to the stack whose objects over a k-scheme S are smooth proper morphisms
X — S, whose geometric fibers are complete intersection surfaces of type d. The point is
if X C P% is a smooth 2-dimensional complete intersection of type d, then by adjunction
wx/k >~ Ox(d; + ---+d, —n — 1). Since the Picard group of X is torsion-free, this
determines Ox (1) uniquely. On the other hand, if di + --- + d # n + 1 then X is
Calabi—Yau, and this will almost certainly fail for any possible value of d.

Definition 1.3 We set .///nGL d) := [Hilbfi‘}l /GL,+1], where the action of GL, 4| on Hilbslrﬁl
is induced by the projection GL,,+1 — PGL,,41.
Similarly, we define .#,;"(d) := [Hilby", /SLy1].

These stacks can also be described in a spirit similar to the one above: an object of
///”C‘L (d)(S) can be thought of as a pair (E, X), where E is a locally free sheaf on S of rank
n+1,and X € P(E) is a smooth complete intersection of type d.

The stack . L (d), while is not as as geometrically natural as .6k (d), is used in many
calculations of Picard groups and Chow rings of stacks of a geometric origin (see for example
[2, 8-10]).

The objects of//1”5L (d) are pairs (E, X, ¢) where E is alocally free sheaf on S of rank n+1,
the S-scheme X C P(E) is a smooth complete intersection of type d and ¢ : det(E) = Os
is an isomorphism.

1.2 Hilbert schemes of smooth complete intersections

As before, pickn > 2and 0 < r < nandletd = (dy, da, ..., d,) be an r-uple of positive

integers satisfying d; < d» < --- < d,. There exist positive integers rq, ..., r¢ such that

di = =d,

dr1+1 == Alritrs

dryrotepre 41 =+ * = dryfegry-
Define moreover d; := dy 4.4y, s0 that dj < dj < --- < d;. Obviously, the datum
({di’}, {r;i}) is equivalent to the datum of an r-uple (dy, ..., d;).

Let & = HO®P", ﬁ(di)) and let 71 : Gr(ry, &1) — Speck be the Grassmannian of
ri-planes in &7. Over Gr(rq, &1) we have a tautological vector bundle 71 C 7{&}. There is
a natural evaluation map of sheaves over Gr(r1, &1) x P" given by prin;& — pr;0(d)).
The image of the composition

prigi @ pry0(—d;) —> prin{ & ® pryO(—d)) —> OGr(r, &) P

is an ideal, whose associated subscheme in Gr(r, &) x P" we denote Y;. The fibers of
pry : Y1 — Gr(ry, &1) are subschemes in P of codimension r; defined by the vanishing of
r1 homogeneous polynomials of degree dj.

On Gr(rq, &1) we can consider the locally free sheaf & := prl*(pr;ﬁ(dé)), which we can
use to define the Grassmannian bundle 7, : Gr(rp, &) — Gr(rq, &1). With a slight abuse
of notation, let us denote the closed subscheme (715 X id)_l(Y 1) C Gr(rp, &) x P" as Y.
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Observe that
T3 & = m3pry,(Oy, ® pr30(dy))
=~ pry,((m2 x id)*(Oy, @ pr30(dy))) = pry, (O, ® pr30(dy)).
If % is the tautological bundle on Gr(r2, &>), we can construct the map
P @ pri0(—dy) — 136 @ pr;0(—dy) = pr1,(Oy, ® pr;0(dy)) ® prs 0 (—ds) — Oy,

whose image is an ideal sheaf, whose associated closed subschemeis Y» C Y C Gr(r, &) x
PP". Repeating this process for every d;, we end up with a tower of Grassmannian bundles

Gr(re, &) = -+ B Gr(ry, &) 3 Gr(r1, &) 2> Speck (1.1)
and a chain of closed subschemes Yy C --- C Y» C Y| C Gr(ry, &) x P".
Denote %4, := Y,;. By construction, the fibers of %3, — Gr(r¢, &) are complete
intersections of type d = (dy, ..., d)).

We define Sq , in Gr(r¢, &;) as the singular locus of the map Yy — Gr(r¢, &). This is
well known to be a closed subscheme, and the restriction of %g,, over the complement of
Sd,» 1s a family of smooth complete intersections, hence it defines a map

Gr(re, &) \ San —> Hilbsd‘?}l (1.2)

to the Hilbert scheme of smooth complete intersections in P" of type d. Observe that the
natural action of PGL,,;.1 on P" defines an action of the same group on Gr(r¢, &;). It is easy
to check that (1.2) is equivariant with respect to the PGL,,4-action on the Hilbert scheme.
The same statement holds for the induced actions of GL, 41 and SL,, 4.

Proposition 1.4 Let G be either GL, 41, SL,4+1 or PGL,, 1. Then we have an isomorphism
of G-schemes Hilby", =~ Gr(r¢, &) \ Sa,n, hence a presentation

AC () = [Gr(re, &) ~ San/G]

Proof We will construct an inverse to (1.2). Let X C [P, — S be afamily of smooth complete
intersections of type d and let .# be the ideal sheaf of X. We have an injective morphism of
locally free sheaves

pr(F @ prid(d])) — pry,prid(d]) ~ H'(P", 6(d})) ® Os. (1.3)
Observe that the sheaf on the left has rank rq, hence it defines a map S g Gr(ry, 61).

Let X1 C [P be the complete intersection of codimension 7| defined by the homogeneous
ideal associated to the image of (1.3) and consider the inclusion

Pri. (7 @ pry0(dy)|x,) < pri.(Ox, ® pr3O(dy)).

Observe that X is the pullback of Y1 — Gr(rq, &) along fi : S — Gr(r, &1), hence the
sheaf above on the right is equal to f*¢ = fi"(pr;,.(Oy, ® pr3€(d}))). By hypothesis the

locally free sheaf on the left has rank r;, so we get a map S £2> Gr(rp, &).

Repeating this process, we eventually get a map S lﬁ Gr(r¢, &) such that the pullback
along this morphism of Y, — Gr(r¢, &) coincides with X — S. In particular, the image of
fe is contained in the complement of Sq ,,. Putting all together, we get a map

Hilby", —> Gr(re, &) ~ San

which is an inverse to (1.2). ]
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1.3 Another point of view

Let us give another and possibly more explicit construction of the tower of Grassmannians
in (1.1). Let us recall the definition of the integers d: these are distinct integers such that
dj < dj < ... < dj and for every d; there exists d} with d} = d;. In what follows, we use
the shorthand notation Ho(ﬁ(dlf)) to denote HO(P", 0(d))). First define & ; := Ho(ﬁ(d;))
and let Ty : Gr(ry, £1,1) — Speck be the Grassmannian of r-planes in Ho(ﬁ(di)).

Let 71 C m{&1,1 be the tautological bundle over Gr(r, &1,1). We have well defined
multiplication maps

T @ HY (0}, — d})) — nfé12 — &0
S @ HY(O(dy — d})) —> 713 — &3

Z1 @ HY(O(d) — d})) —> 7f &1 — &g

where the vector bundles & ; on the right are by definition the cokernel of the multiplication
map. Their fibers should be thought as vector spaces of forms of degree dl./ up to multiples
of certain forms of degree d.

Let mp : Gr(rp, &3,2) — Gr(r1, 61,1) be the Grassmannian bundle of subbundles of rank
ry in the vector bundle &> 7, and let % be the associated tautological bundle on Gr(r2, &> 2).
Then again we have well defined multiplication maps

P @ HY(0(dy — dby)) — 15623 —> &3
9 @ HY(O(d), — db)) — miéra — S4

T @ HY(O(d) — dy)) —> n5ér0 — &g

We can construct a Grassmannian bundle 73 : Gr(r3, 83,3) — Gr(r2, 63,2) and repeat the
process. This eventually leads to a tower of Grassmannian bundles

Gr(re, &1.0) = -+ 5 Gr(ry, £2.0) 2> Gr(r1, €1.1) = Speck. (1.4)
Observe that the sheaves &; ; appearing in (1.4) coincide with the sheaves &; that are in (1.1)

and the two towers of Grassmannian bundles are actually the same.

1.4 A useful construction

Asbefore, pickn > 2 andletd = (d1, da, . . ., d,) be an r-uple of positive integers satisfying
d; <dy <--- <d, and such that 0 < r < n. Then we define

V(d,n) = H'P", 6(d))) x H'(P", 6(dp)) x --- x H'(P", 6(d,)).
Observe that we can rewrite V (d, n) as
HOP", 6(d}))*" x HO(P", 6(d}))*™ x --- x H'(P", 6(d)))*"
so that GL,, acts by left multiplication on the i"-factor in the decomposition above. This

defines an action of the group GLq := I—[le GL,, on V(d, n).
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Let U(d, n) C V(d, n) be the open subscheme of polynomials (f7, ..., f-) such that the
fi, ..., fr, are linearly independent in HO(IP’", ﬁ’(di)), the fr+1,..., fri+s, are linearly
independent in H o, o (d5)), and so on. Then GLq acts freely on U(d, n), and we have

[U(d, n)/GLql =~ Gr(r1, H*(6(d}))) x Gr(ra, H(6(d}))) x --- x Gr(r¢, H(0(d)))).

We denote this last space as Gr(d, n).
Consider the trivial Grassmannian bundle

Gr(ry, H(0(d}))) x Gr(r1, H(0(db))) — Gr(r1, HY(6(d))).

Let Uy C Gr(r, Ho(ﬁ(d{))) x Gr(ry, Ho(ﬁ’(dé))) be the open subscheme consisting of
pairs ([E], [F]) such that E N (F - Ho(ﬁ(dé — di))) = {0}. Thinking of Gr(r,, &) asin 1.3,
we see that there is a well defined map

q1: Uy —> Gr(r2, &), ([EL, [F]) —> ([E], [F])

where E is the image of E along the quotient map H%(¢ (d)) = &2 = &. It follows from
Proposition A.1 that U, is an affine bundle over Gr(r,, &3).

The pullback of U, along 73 : Gr(r3, &3) — Gr(r2, &>) is an affine bundle over Gr(r3, &3).
Consider the product Gr(rs, H O(ﬁ(d_g) X ng‘ U, and let U3 be the open subscheme in this
product consisting of triples ([E3], [E2], [E1]) such that the intersection of E3 with the vector
subspace Ho(ﬁ’(dé —d)))-Ex+ Ho(ﬁ(dé —d})) - E1 has dimension zero. In particular, we
have that U3 is an open subscheme of the product Gr(r3, H % (dé)) x Gr(ry, HO (€ (dé)) X
Gr(r3, HY(0(d})).

We have a well defined map

g3 : Us —> 75Uz, (LE3], [E2l, [E1]) = ([E3], [E2l, [E1))
where E3 is the image of E3 in the vector space obtained by quotienting H%(¢ (d3)) by the
aforementioned vector subspace H%(&(ds — db)) - Es + Ho(ﬁ(dé —d})) - E1. Again by
Proposition A.1 this makes U3 into an affine bundle over 73 Uz, hence it is also an affine
bundle over Gr(r3, &3). Repeating this process, we deduce the following.

Proposition 1.5 There exists an open subscheme Uy of
Gr(r1, H*(6(d}))) x Gr(r2, H(6(d5))) x - - x Gr(re, H'(6(d})))

which is an affine bundle over Gr(ry, &). Moreover, for G = GL, 41, SL,+1 or PGL, 41,
this affine bundle is equivariant with respect to the G-action on Uy and the G-action on the
target.

In the Proposition above, the G-action on Uy is induced by the G-action on the product of
Grassmannians,
Summarizing, we have the following fundamental diagram of G-schemes, when G =
GL,41 or SL,4+1:
Ud,n) <5 v, n)
lGLd-torsor
Uy —22 Gr(d, n)
lafﬁne bundle

Gr(re, &2)

This will be helpful for computing equivariant Chow rings in the next sections.
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1.5 Discriminant divisors

Let H;;, C H 0P, 0(d;)) x P" be the universal hypersurface of degree d; and let pr; :
V(d,n) x P" - HOP", 6(d;)) x P" be the projection morphism. We define a subscheme
Xan C V(d,n) x P" as the (schematic) intersection prfl(Hdl) Nn---N prr_l(Hdr). The
fiber of Xq,, — V(d, n) over a point (fi, ..., f;) is the projective scheme defined by the
homogeneous ideal I = (f1, ..., fr)-

We will denote Zq , the (schematic) singular locus of the morphism X — V(d, n): in
particular, the points of Zq , are tuples (f1, ..., f») such that the projective scheme in P"
defined by the homogeneous ideal I = (fi, ..., f) is either singular or of codimension > r.
This divisor is invariant with respect to the GL,,41-action on V (d, n).

Observe that the action of GLq is free on Xq,, N (U(d, n) x P"*), hence we have a well
defined quotient scheme Yq , = Xq,, N (U(d, n) x P")/GLq, which can be regarded as a
subscheme of Gr(d, n) x P".

The divisor Zq , is invariant with respect to the GLg-action on V(d, n): we denote by
Dq_, the divisor in Gr(d, n) defined as the geometric quotient Zq , N U(d, n)/GLq. The
points of Dg , are tuples of vector subspaces

((flv”'vfrl)v"" (frfl‘[+l7"~»fr))

such that the projective scheme in P" defined by the homogeneous ideal I = (fi, ..., fr)
is either singular or of codimension > r. Again, the divisor Dq , is invariant with respect to
the GL,,41-action on the product of Grassmannians Gr(d, n).

The open subscheme U, C Gr(d, n) is an affine bundle over Gr(r¢, &) and Yq, N
(Uy x P™") descends along this affine bundle: in this way we obtain again the subscheme
%a.n C Gr(re, &) x P". In particular, the preimage of Sq, in Uy is equal to Dq , N Uy.
Putting all together, we get the following.

Lemma 1.6 Let G be either GL, 11 or SL, 4+1. Then the following diagram of G-schemes
holds:

Ud,n) N (Zg,NUM,n)) == V(d,n)\ Za,
lGLd—torsor
Ur \ (Dg,, N Uy) === Gr(d,n) \ Dan
la]ﬁne bundle
Gr(re, &) ~\ Sd.n

Again, we will need this for intersection-theoretical computations.

2 Chow rings of moduli of smooth complete intersections

In this section we give a presentation of the Chow ring of .2 (d) in terms of generators and
relations (Theorem 2.6), for G = GL,, 41, SL,,+1 or PGL,,; . The relations are not explicit,
in the sense that we do not express them via closed formulas involving the generators and the
quantities d and n; nevertheless, once these values are fixed, the relations can be practically
computed.

We give two quick examples of concrete computations in Propositions 2.10 and 2.11: in
the first Proposition we reprove the Theorem of Izadi the Chow ring of M5, the moduli space
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of genus five curves, using Theorem 2.6; in the second one, we study the Chow ring of Kg,
the moduli space of polarized K3 surfaces of degree eight.

For a quick recap of equivariant Chow groups and their properties, the reader can consult
[7,§5.1].

2.1 Aresolution of Zy ,

Recall that we defined
V(d,n) = H'P", 6(d1)) x H'(P", 6(da)) x --- x H'(P", 6(d,)).

and that Zq , C V(d, n) is the singular locus of the map X4, — V(d, n) whose fiber over
a point (f1, ..., fr) is the complete intersection {f; = --- = f = 0} in P” (see 1.5). In
2.2 we will need to compute the generators of the image of the pushforward of equivariant
Chow groups

CHEE,],+1 xGLgq (st”) - CHEL,H_] XGLd(V(d’ f’l))

For this reason, we are going to construct an equivariant resolution Zd, n — Zq,, with the
property that the Chow ring of the domain admits a particularly nice presentation.

Sets = n —r + 2 and let Mat,, 5 be the vector space of matrices with n + 1 rows and
s columns and define Py C GL; as the parabolic subgroup formed by those matrices whose
first column is zero except for the first entry. The group Py acts linearly on Mat,, | ¢ via the
formula B - Q := QB !.

Let Mat? C Maty4 s be the open subscheme formed by matrices of maximal rank:

n+l,s
then P; acts freely on Mat; ,, « and the quotient is isomorphic to the flag variety Fl, i

parametrizing partial flags L C F in A"*! where dim(L) = 1 and dim(F) =n —r + 2.
Observe also that the group GL,+ acts on Mat,, 11, via left multiplication. This action
descends to the an action on the product Gr(d, n) x Fl,,41 5.
Apointin V (d, n) xMat, 41 s amounts to r homogeneous forms fi, ..., f, withdeg(f;) =
d; together with an (n 4+ 1) x s matrix

q0.1 4902 ... 40
911 4912 - qls
0=\ q1|q2--lgs | =1 . ) )
qn,1 qn,2 cev Angs
Let Wd,n C V(d, n) x Mat, 4 s be the closed subscheme of tuples (fi, ..., fr, Q) satisfying
the matrix equation J(f1, ..., fr)(q1) - Q = 0, thatis
O f1(q1) O, f1(q1) ... Oy, f1(q1) qo1 902 ..o 4qos
Ox f2(q1)  Ox, f2(q1) ... O, f2(q1) q11 412 ... qis
8xofr(q1) axzfr(CI]) ax,,fr(Ql) qn,1  4n2 .- {qn,s
where J(f1, ..., fr)(q1) is the Jaco~bian matrix associated to the form f1, ..., f; evaluated
at the vector g;. We can interpret Wq , as the closed subscheme of tuples (f1, ..., fr, Q)
such that the point [g1] in P" is a singular point for the projective scheme defined by the
homogeneous ideal I = (fi, ..., f), and the vector subspace Q C A"*! contains ¢; and is

contained in the kernel of the Jacobian matrix. This subscheme is GL, 4 -invariant.
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The geometric quotient of Wd,n N (V(d,n) x Mat? +l,s) by the (free) Ps-action is a

closed subscheme of V(d, n) x Fl,11 s which we denote Zq ,,. By construction, the points
of fd,n correspond to tuples ((fi,..., fr), p € E C P") such that p is a singular point
of the projective subscheme {fj = f» = --- = f, = 0} and E >~ P*~! is a projective
subspace contained in the projective variety defined by the matrix equation J (fi, ..., f:)(p)-
(x0, ..., x) = 0 (although J(f1, ..., fr)(p) is not well defined, the projective variety is
actually well defined). Observe that the projection on V (d, n) induces a map Zd.n — Zan.

Lemma 2.1 The pushforward morphism
CHG,,, xGLd(szl) —> CHGL,,  xGLq (Zd.n)

is surjective. Moreover the pushforward of the fundamental class [id, nlalongpry : V(d, n)x
Flo+1.s = V(d, n) is equal to [ Zq ,,].

Proof This follows from the fact that fd,n — Za,p 1s surjective and birational. ]

2.2 Relations
From Lemma 1.6 we know that Gr(d, n) \. Dq,, — Gr(r¢, &) \ Sa.» is a GL,+-equivariant
affine bundle. This implies that

CHy,,, (Gr(re. &) ~ San) = CH§;  (Gr(d, n) ~ D),

because the pullback along an affine bundle induces an isomorphism of Chow rings. Lemma
1.6 also implies that we have an isomorphism

CH*GL,,_H xGLd(V(dv n) N Zd,n) ~ CHELn-H (Gr(d, I’l) N Dd,n)
because V(d, n) \ Zq,, — Gr(d, n) \ Dq,, is a GLq-torsor. Putting all together, we deduce
CHGy,,, (Gr(re, &) N San) = CHEL oL, (V@ 1) N\ Zan).

The localization sequence for equivariant Chow groups tells us that we have a short exact
sequence of groups

CHgii+leLd(zd,n) — CHY oL, (V@A) — CHE -, (V) N\ Zan) — O,
so that the ideal of relations R appearing in the formula
CHELHleLd(V(d, n)\ Zan) = CHELonGLd(V(d’ n))/R, (2.1)

is generated by the pushforward of cycles in Zq ,. Lemma 2.1 implies that R is equal to the
image of the pushforward

CHEL! oy Zan) — CHEL L gy (V(d, m)).

Observe that Zd, n 18 an equivariant vector bundle over the flag variety Fl,, . This implies
that the generators of the equivariant Chow ring of ZL nas CHEL,, | xGLy “Module are obtained
by pulling back the generators of CHELH] w«GLg Flnt1.5) as CHgp o 1 ,-module.

Recall that the flag variety Fl, | has a universal partial flag & Cc .# C 09"*! of
equivariant locally free sheaves, where . has rank 1 and .% has rank s. The equivariant
Chow ring of the flag variety is generated, as CHELHI «GL,-Mmodule, by monomials in the
Chern classes of .2 and .7 /.Z.
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More precisely, set 81 = ¢1(£) and b; = ¢;(F /%) fori = 1,...,s — 1: then the
generators are given by polynomials P (81, by, ba, ..., bg_1) and thanks to the relations in
the flag variety, we can restrict ourselves to monomials that have degree < s in 81 and total
degree <rs — 1.

Consider the equivariant diagram

Zd,n (l—> V(d7 n) x Fln+1,s % F1n+l,s

i =

V(d,n) — Speck

Then the ideal of relations R appearing in (2.1) is generated by expressions of the form
prl*l*(l*prép(ﬂ] ’ bl IR bs—l))v

where P is a monomial as described before. The projection formula readily implies that these
expressions can be rewritten as

pry. ([ Zan] - prsP(Bi, b1, ..., bs 1)),

where [Zl,n] is the GL,,+1 x GLg-equivariant fundamental class of Zi,,,.

2.2.1 The fundamental class on,,,,

Consider the Cartesian diagram of quotient stacks

[Gr(d, n) x Flyp1 s /GLyt1] =2 [Flot1/GLy1]

I |»

[Gr(d,n)/GLy41] ———— #GLy41.

Our goal is to compute [Zd, n1, the GL,,+1-equivariant fundamental class of Zi, "

In 2.1 we introduced the parabolic subgroup Py C GL;. The quotient of the open subset
Mat; 1s C Mat,, 41,5 of matrices of maximal rank by the natural action of Py is the flag
variety Fl, 11 5.

LetI'q, := GL,+1 x GLqg X Ps. Then we have

CHELn+I wGLa(V(d, n) X Flyy ) CH*lidﬂ(V(d, n) x Maty | ).
Moreover, there is a surjection of equivariant Chow rings

CH’I’id'n(V(d, n) x Mat,41,5) — CHf, (U(d,n) x Mat; ,; ;) (2.2)

given by the pullback along the open embedding. As [V (d, n) x Mat, 41,5/ 'q,»] is a vector
bundle over #T'q ,,, we deduce that

CH§, (V(d. n) x Maty41,5) = CH*(BTq,0).

Recall [11, §3.2] that the Chow ring of ZGL,, is isomorphic to the ring of polynomials in
the Chern classes of the universal rank m vector bundle ¥, — %4GL,,.

The stack APy classifies vector bundles of rank s together with a subbundle of rank 1.
Let .% be the universal vector bundle of rank s on APy, let . C % be the universal vector
subbundle of rank 1, so that .% /.% is a universal quotient bundle of rank s — 1.
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Then it easily follows from [11, Proposition 6] that the Chow ring of %P; is the ring of
polynomials in the first Chern class of . and in the Chern classes of .% /.. As CH* (#(G x
H)) ~ CH*(#G) ® CH*(%H), we deduce

CH*(ﬁFdH) Q[{ }l<n+l {aj k}]<£ k<rja,31 {b }m<A 1] (23)

In 2.1 we defined the closed subscheme Wd n C V(d,n) x Mat, 1 5. Observe that the
I'q n-equivariant class of Wd n 18 sent to the GLnH -equivariant fundamental class of Zd » by
the surjection (2.2), hence if we compute [Wd, n]rg, in terms of the generators appearing in
(2.3), we will also get an explicit expression for [Zd,n].

2.2.2 The fundamental class of Wd,,,

We know from [11, Proposition 6] that for every connected reductive group G with split
maximal subtorus 7 and every smooth scheme X endowed with a G-action, there is an
inclusion of rings CHf; (X) < CH} (X) whose image corresponds to the subring of W-
invariant element, where W is the Weyl group associated to T C G. Let us remark also that,
if the group G is special, the inclusion above holds also with integral coefficients.

In particular, if ¥ C X is a G-invariant variety, the image of [Y]g in CH} (X) is equal
to [Y]r; in other terms, by knowing an explicit expression for [Y]7, one immediately get a
formula for [Y]g by just rewriting that expression in terms of the W-invariant generators.
We apply this argument to compute [VF[V’d,,,]rdﬁ.

Let T, , C I'q,, be the maximal subtorus of diagonal matrices. We have T, , ~ G’I;“ X
Gy, x G3,, and

CH" (BT, ) ~ CH”}”(Spec k) ~Qlt1,....tax 1 V1, - Ve B oo Bsl. (24)

where the #; are pulled back from CH* (@Gﬁj‘l), the y; from CH*(#G,) and the g from
CH*(#G,). For the latters, we adopt the convention that S is the first Chern class of
the Gp,-representation of weight —1, as this choice is slightly more convenient for future
computations.

Remark 2.2 The generators appearing in (2.3) can be rewritten in terms of the generators
appearing in (2.4) as follows: the elements ¢; are the elementary symmetric polynomials
of degree i in #1, ..., t,11; the elements «; ; are the elementary symmetric polynomials
of degree k in Vridorj 14 1ls o oo Vepbotrss the elements b, are the elementary symmetric
polynomial of degree m in the B, ..., B; multiplied by (—1)™, and the two $; coincide.

Computing [Wd, 1T, . 18 quite easy, because VT/d, » 1s a complete intersection of 7, .-invariant
hypersurfaces H; ; of equation

n
Fij = Z 9x fi(qo) - qj .k = 0.

k=0
Observe that an element (A1, ..., Ayg1, U1, - - -5 U, V1, ..., Vs) Oof Tj, , acts on a polynomial
Fi jas
I—d; 5—
Fij— iy ~'B; lFi,j,
hence by [10, Lemma 2.6] the fundamental class of H; ; is y; + (d; — 1) B1 + B;. We deduce
(Wanlr,, = [] Hijn, = [] G+@-D+8). @5

1<i<r,1<j<s I<i<r,1<j<s

== lsj=
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Remark 2.3 Observe that this formula has the symmetries we expected it to have, i.e. is
invariant with respect to the Weyl group associated to the torus 7, , C I'q,p-

In particular, an explicit expression of [Z 1GL,., can be obtained by rewriting (2.5) using
the generators appearing in (2.3). On the other hand, the formulation in (2.5) is quite more
manageable from a computational point of view.

Expanding the expression in (2.5) we get the following.
Lemma 2.4 We have

(Zanl = Wanlr, = Y, vy Clan....a)

0<ay,....ar<s

where

Cslar, ..., a;) = [ [os-a;((di = D1+ 1, ... (d = D1 + B).

i=1

and the o4 stand for the elementary symmetric polynomials of degree d.

Remark 2.5 The formula for the equivariant fundamental class in Lemma 2.4 is a priori a
formula in the B;. Nevertheless, it is symmetric in these variables, hence it is actually a
polynomial in B8y and b; = (—1)'0;(B2,...,Bs) fori =1,...,5 — 1.

2.2.3 End of the computation
Recall that we have an equivariant diagram

2‘d,n (l—> V(d7 n) x F1n+l,s % Fanrl,s

i 1k

V(d,n) —— Speck.

and that the Chow ring of the flag variety Fl,y;  is algebraically generated over
CH*(#(GL,+1 x GLq)) by Bi, the first Chern class of the tautological line bundle, and
by by, ..., bs_1, the Chern classes of the tautological quotient bundle. Recall also that
b = (=io;(Ba, ..., By), i.e. the class b; is up to a sign the symmetric polynomial in
its Chern roots 83, ..., Bs.

Recall also from 2.2.1 that CH*(#A(GL,+1 x GLq)) is the ring of polynomials in the
variables ¢, ..., ¢,41 (the generators that come from CH*(%GL,,1)) and in the a; ; for
J < £ and k < r;: the latters are the elementary symmetric polynomials of degree k in
Vriterj 1 ls - o oo Vepgotr;- 10 other words, if we let &q = ]—Ile S,, be a product of
symmetric groups, we can write

CH*(#GLa) ~ Ql{a; «}1 = Qly1, ..., 1%

where &, acts ON Y 4..cqhr;_; 415 - - - » Yri+-+r; DY permutation.
With this setup in mind, we are ready to state the main result of the section.

Theorem 2.6 We have

CH* (.S (d)) ~ Qlet, .., enits V1o - - v 1S/R
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where the ideal of relations R is generated by cycles of the form

ooyt (Colar, .. a) P(Br by by 1)

0<ay,...,ar<s

for P(B1, by, ..., bs_1) any monomial of degree < s in B1 and total degree < rs — 1, and

Cs(ar, ..., ar) = [ [05—a;((di = DB+ B1, ..., (di — D1 + B5)

i=1
Proof Proposition 1.4 for G = GL,,4 tells us that
M) = [(Gr(re, &)~ San)/GLa+1],

hence the Chow ring of the stack on the left is isomorphic to CHELn+1 (Gr(re, &) ~ Sa,n)-
In 2.2 we have seen that

CHgy,,, (Gr(re, 60) \ San) = CHGL, | xar, (VA 1) N\ Za,n),
and that the term on the right is isomorphic to
CHGL,, 6L (V(@,n)/R = Qlet, ..., cnt1, {ajk}j<ek=r;1/R
~Qlet, .o ngts Voo, e ]S9/R

where R is the ideal generated by cycles of the form
priz((Zanl - P3P (B bi, .. by—1)).

In the formula above P (B, by, ..., bs—1) is any monomial of degree < s in B and total
degree < rs — 1.

Lemma 2.4 gives us an explicit expression for [Zd, »1. Applying the compatibility formula,
we deduce that the generators of R are

Yooy e (Cilar, ) P(BL b, b))
0<ay,..., a,<s
This concludes the proof. m}
Remark 2.7 The relations appearing in Theorem 2.6 actually hold in the integral Chow ring,

but we don’t know whether they still generate the integral Chow ring, although this is probably
not the case.

Corollary 2.8 With the same notation as Theorem 2.6, for G = SL,, 1 or PGL,, 1, we have
CH* (4,7 (@) = Qlet, - -, st V1, - v 194/ (R, €1)

Proof For G = SL,, the same argument used to prove Theorem 2.6 applies, with the
only difference that CH§Ln+1 (Spec k) is the ring of polynomialsin ¢3, . . ., ¢,+1. For the case
G = PGL, 41, we use [17, Lemma 5.4], which tells us that for every PGL,,;(-scheme X,
the kernel of the natural pull-back map CH;GLYH»I (X)) —> CH;I_"+1 (X) is torsion, hence zero
when the Chow groups are taken with Q-coefficients. O

Remark 2.9 In contrast with what happens for G = GL,, 4 and SL,, 1, it is not true that all
the relations appearing in Corollary 2.8 for G = PGL,,; hold true in the integral Chow ring.
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2.3 First applications

At first glance, Theorem 2.6 may look too abstract to be useful when it comes to computing
explicit descriptions of Chow rings of moduli spaces. In particular, it lacks closed formulas
for the generators of the ideal of relations that only involve the values dj, ..., d, and n.
Nonetheless, once those values are fixed, it is quite easy to compute the relations using
localization formulas (see [12, Theorem 2], [10, Remark 2.4]).

Given a cycle & in CH}. (Fl,,y1,5), where T C GL,4 is the subtorus of diagonal matri-
ces, the localization formula tells us that the pushforward along 7, : CH} (Flyt15) —
CHJ;.(Spec k) is equal to

~ o hE
€ = Z Cg‘;p(T(Fln+1’S)p)

pEF]ZL-Fl,S
where i, : p < Fl, 4 s is the inclusion of a T'-fixed point in the flag variety.

Although the right hand side is a priori only a rational function, the theory behind local-
ization formulas assures us that the term on the right is actually a polynomial belonging to
CH’.(Speck) ~ Ql11, ..., tag1].

The set of T-fixed points of the flag variety is in bijection with the set of pairs (i1, I)
where 1 <ij <n+1landl = {is,...,is}isasubsetof {1,2,...,n 4+ 1} \ {i1} of length
s — 1: to such a pair, we associate the T-fixed point in Fl, 4 s given by the flag

(Vi € Vi € A" = (e;,) C ey iy -y 1) C AT

where eq, ..., e,+1 is the standard basis of A" as a vector space.

We can regard the flag variety as the projectivization of the tautological bundle over
Gr(s, n + 1). In this way we see that the tangent space of the fixed point associated to (i1, 1)
is

hMM%pVMWJ®hmmVLN”VW):wf®@puqef®%)®L~J¥®@wud

where i; € I U {ii} and i; belongs to the complement of / U {i;}in {1,...,n+1}. As T
acts on e, via multiplication by the character ¢,,, we deduce that

copT ) = [ [, =) [ @ =1
imel ijelUli}
ire(U{i1 )¢

Recall that the 8; for j = 1, ..., s are the Chern roots of the dual of the tautological bundle
on Gr(s, n+ 1). Therefore, their restriction to the T-equivariant Chow ring of the fixed point
associated to (i1, I) are exactly the Chern roots of the dual of (e;, , ..., e;,). This implies that
if g(B1, ..., Bs) is a polynomial in the B;, we have i;;q(,fh, o Bs) = q(—ty, .o, =),
Putting all together, we get
q(_til 3o _tix)
g (B1, .-, Bs) = - (2.6)
’ ’ (;) [1G, — ) [T, — 1)

This formula can be used to compute the coefficients 7. (Cs (ay, ..., a;) P(B1, b1, ..., bs—1))

appearing in Theorem 2.6.
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2.3.1 Moduli of curves of genus five

In [19] the authors computed the Chow ring of moduli spaces of triple covers of P!. In
particular, their result shows that CH*(H3 5) >~ Q[A1]/ (A?), where Hj 5 is the moduli space
of trigonal curves of genus five and X is the class of the Hodge line bundle.

The complement of H3 s in the moduli space M5 of smooth curves of genus five is
isomorphic to the coarse moduli space of .//lf GL (2,2, 2) (see Remark 1.2), whose Chow
ring we can compute using Theorem 2.6. This enables us to reprove the following Theorem
of Izadi (see [18]).

Proposition 2.10 (Izadi) Let M5 be the moduli space of smooth curves of genus five. Then
CH*(Ms) ~ QD111/(:)
where \1 is the first Chern class of the Hodge line bundle.

Proof Theorem 2.6 tells us that
CH*(.#}"(2,2,2)) ~ Qlar,1, a12,a13, €2, - .., 51/ 1.

In what follows, as generators of the flag variety we use 81 and o;,, = 05, (841, . . ., Bs) instead
of B1 and b,,. We use the localization formula (2.6) to explicitly compute some relations in
1. These computations are carried out using Mathematica.

In degree one, we have the relation given by prl*([z(z,g,g)A]) (we already set ¢; =
0)). This gives the relation 40a;;; = 0. In degree two, we have two relations given by
pri.([Z2,2,2),4] - prﬁﬂl) and pry,([Z2,2,2),4] - pl‘;(f] ). These turn out to be

48c7 — 24cy — 56¢c1a1,1 + 20ai |
112¢] — 40c; — 136¢1ay,1 + 40ai | + 20a; >

from which we deduce thata » = ¢ = 0.Indegree three, we compute pry,, ([Z (2,2,2).4] -pr”2‘§ )
for & = oy, ﬂlz. These are

— 112¢} + 88cica — 24c3 + (184cf — 48c2)ay
— 96c1a12,1 + IZail — 56c1a12 +46a;y 1a12 — 18a13 =0,
48¢7 + 72¢1¢2 — 32¢3 + (56¢ — 36¢2)ar 1
— 24cla12’1 + 4‘1?,1 —4cia1p +2a1,1a12 +4a13 =0.
Combined with thg: previous relations, we deduce that c3 = a; 3 = 0. Next we compute
74(C3(0,0,0) - ,3{) for j = 3 and 4:
48¢ — 120c3 ¢y + 24¢5 + 80cic3 — 32¢4 = 0
— 48¢7 4 168cicy — 96¢1¢3 — 128¢3¢3 4 56¢a¢3 + 80cicq — 32¢5 = 0.

As we already know that all the other terms are zero, the first relation implies that ¢4 = 0,
and similarly the second one implies ¢cs = 0. We have proved that CH*(Ms \ H3 5) >~ Q.

‘We know from [13, Theorem 2] that }»? # 0in CH*(Ms5). These two facts, combined with
the computation of [19] and the exactness of the localization sequence

Q[r1/(A}) =~ CH*(H3 5) —> CH*(Ms) —> CH*(Ms . H35) —> 0
easily implies that CH*(Ms) =~ Q[A11/(A}). o
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2.3.2 Moduli of polarized K3 surfaces of degree eight

Let Kg be the moduli space of polarized K3 surfaces of degree eight. There is an open
subvariety Us C Kg whose points correspond to polarized K3 surfaces (X, [L]) such that
L is very ample, and X does not contain any curve of arithmetic genus 1 and degree 3. The
complement of Ug in K3y is the union of three Noether—Lefschetz divisors, namely D 1, D3 ;
and D3 1, where points in Dy, 1 correspond to polarized K3 surfaces containing a curve of
arithmetic genus 1 and degree d.

As observed in Remark 1.2, if (X, [L]) is a point of Ug, then the polarization L embeds X
in P3 as a complete intersection of three quadrics: in other words, the scheme Uy is isomorphic
to the coarse moduli space of /ZSP GL (2,2, 2), hence we can use Theorem 2.6 and Corollary
2.8 to compute the Chow ring of Us.

Proposition 2.11 We have CH*(Ug) ~ Q, hence the pushforward morphism
CH' =Y (U3_,D4.1) — CH(Kg)
from the union of these Noether—Lefschetz divisors is surjective in degree i > 0.

Proof In what follows, we adopt the same notation used in the proof of Proposition 2.10. We
know from Corollary 2.8 that

CH*(Ug) ~ Qlai,1,a1,2,a1,3, €1, €2, - .., c6l/(c1, ).

In degree one we have the single relation given by prl*[z(z,z,z)j]: this is equal to 80ay,1,
hence a;,; = 0 in the rational Chow ring.

Degree two relations are given by prl*([z(z,zqz),g] - &) for &€ = By or o1, and usual
computations with localization formulas give explicit expressions for these relations:

80ct — 32¢, — 120c1ay,1 + 60a7 | —20a; 2 =0
200c} — 56¢ — 300c1ay,; + 120a | + 10a; 2 = 0.

Together, they imply that aj,» = ¢ = 0. Next, we compute the degree three relations given
by pri,([Z(2,2,2),5] - ) for & = ;312 and 07. They are

—80c3 + 112¢1¢p — 56¢3 + (120c — 64ca)ay

- 80c1a12,1 + 24a]3’] +20cia1,2 — 18ay,1a12 + 14a;3 =0
—240c3 4 168cica — 72¢3 + (480¢T — 92¢a)ay 1
—340ciai | + 7247 | — 80cia; 2 + 96ay,1a12 — 63ar 3 = 0.

These relations, combined with the previous ones, show that a; 3 = c¢3 = 0 in the Chow ring.
To show that ¢4 = 0, it is enough to prove that 7, (C4(0, 0, 0) - ,3]3) is not zero, because we
already know that all the other terms appearing in the relation given by pry,, ([2 222,51 B f’)
are zero. After straightforward computations we get

80ct — 192¢ics 4 32¢3 4 136¢1c3 — 48¢q = 0,
hence ¢4 = 0. In the same way, the coefficient . (C4(0, 0, 0) - B103) turns out to be

—200¢; + 512¢j¢a — 136¢1¢5 — 464c3cs + 64cacs + 272¢1cq — 48¢s =0,
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hence ¢s = 0. Finally, we compute 7, (C4(0, 0, 0) - ,31203) and we get

200c$ — 712¢}ca + 448¢3c3 — 24¢3 + 664c¢ic3 — 440cicacs
+ 88¢3 — 472¢}cs + 96¢2c4 + 200cics — 48¢6 = 0

which implies ¢ = 0 and concludes the proof. O

3 Integral Picard groups

In [4] Benoist gives beautiful formulas for the multidegree of the divisor Sq , of singular
complete intersections in the Hilbert scheme Hilby , =~ Gr(r¢, &). This is equivalent to
compute the integral Picard group of .#>"(d). In this section we leverage Theorem 2.6 to
compute Pic(.Z>"(d)), thus giving a new proof of Benoist’s formula.

Theorem 3.6 gives a presentation for the integral Picard group of L//[,f GL(d), the stack of
smooth complete intersections in IP". This result, specialized to the case d = (2, 2), recovers
[2, Theorem 1.1] (see Corollary 3.7).

Let us recall some notation from Theorem 2.6: givend = (dy, .. ., d,), there are integers
ri, ..., r¢ such that

di = =dy,.

Ayt =+ =dyi1ry,

dr1+r2+-~~+rz—1+1 == At

Given symbols yi,...,yr, we can subdivide them into £ subsets of the form §; =
{Vri4-rj 1415 - -+ Yri4-4r;}. The symmetric group &;; acts on this subset, and we denote
ajyfork =1,...,r; the elementary symmetric functions with variables in the set §;.

If we assume that the base field k has characteristic 7~ 2 or that n is odd, we have that the
pushforward of [Zd,n] is equal to the fundamental class of Zq ,; otherwise, it is two times the
fundamental class (see [4, Proof of Proposition 4.2] and the references contained therein).
Then the following is a straightforward consequence of Theorem 2.6.

Proposition 3.1 Suppose that the base field k has characteristic # 2 or that n is odd. Then
the integral Picard group of //lnSL(d) is generated by the set {aj 1., ..., ae,1} modulo the
single relation

> yi - mlos—1((di — D1+ Bi. ... (d — D1 + B)
i=1

[ os(@i=DBi+Bi.....(dj = D1+ )1 =0
J=1j#

where 7, CH;GLn+1 (Flpt15) = CH;GL”+1 (Spec k) is the pushforward morphism.
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From now on, we will write e; := d; — 1. Let us compute more explicitly the coefficient in
front of y; in the relation appearing in Proposition 3.1. First observe that

o(ejBi+ Bi,eii+ B, ..., eii+ B = [ [(ejBi+ Bi)

h=1

= (€)M ask; (B, -, B

kj=0
and that

o 1(eipr+Brepitpo..epr+B)= | [ @hi+8w
h'=1 \h=1,h#h’
s—1
= > (ki + D) o1 (Br. . By).

k1=0

We deduce that the coefficient in front of y; can be rewritten as

k kj
S G+ D (B ok ok 0ik)) . B
k,’E[A‘—l],kjE[S]

A priori, in the formula above we should sum over all the possible values of k;, but it turns
out that many terms are zero, as the next Lemma states.

Lemma 3.2 The terms in the sum of (3.1) are zero for 3 _ 1 kj <s —land 37_  kj > n.

Proof First observe that the flag variety Fl,i;, is isomorphic to the projective bundle
P(7) — Gr(s, n+1), where .7 denotes the tautological vector bundle of rank s. In particular,
we have a factorization of 7 as

P(7) £ Gr(s,n + 1) - Speck.

Observe moreover that the o, appearing in (3.1) are the Chern classes of .7, and 8 is the
hyperplane section of P(.7). In particular we get

ki ki
Tl (,3]Z ! (Gs—l—k|os—k2 ce Us—k,)) = qx (P*(,Blz 7). Os—1—k|Os—ky * " Us—k,) s

and for )" k; < s — 1 we have p,(8 le,-) = 0. This proves the first part of the Lemma.

For the second part, we have by definition that p, ﬂf = s4_5_1(7), the d equivariant
Segre class of the tautological subbundle. As we already know that the term on the right
in the formula above belongs to CHgLn+l(Spec k) ~ CH(Speck), we can compute the
pushforward in the non-equivariant setting.

Recall that in the (non-equivariant) Chow ring of Gr(s,n + 1) we have the relation
c(T)c(2) = 1, where 2 is the tautological quotient bundle. Using the fact that the total Segre
class is the inverse of the total Chern class, we deduce that s(7) = ¢(2). As ¢4(2) = 0 for
d>n—s+ l,wededucethatp*ﬂf =0ford —s+1>n—s5++1,as claimed. O

Lemma3.3 Let g : Gr(s,n + 1) — Speck be the projection map and set d = Z?zl kj.
Suppose that s — 1 < d < n, then

Gx (Ca—s41(2) - 051§, Os—ky -+ O, ) = 1,

where 2 is the tautological quotient bundle and o, = ¢y (7).
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Proof We are going to apply some basic facts of Schubert calculus. Let us first consider
the case d = s — 1: we have to prove that g4 (05_1—k, 05—k, - - - 05—, ) = 1. The classes oy,
correspond to the Schubert cycles o1, 1y, where (1,..., 1) = (1") should be thought as
the Young diagram with one column and m rows, and CH® (=) (Gr(s, n+ 1)) is generated
by the cycle o(,_1,..,—1), whose associated Young diagram is a rectangle with s rows and
r —1 =n+ 1 — s columns; this is the only Young diagram with s(r — 1) squares whose
associated Schubert class is not zero.

The product of a Schubert cycle o), by 0, = o(1m) can be computed using Pieri’s formula:

this tells us that
o) - U(lm) = ZJ“

where the sum is taken over all the Young diagrams u that can be obtained from A by adding
m squares, with the rule that one can add at most one square per row. This rule can be used
to compute the product 05—k, 05—k, * * - Os—k, -

Indeed, this product will be a sum of Schubert cycles associated to Young diagrams having
s(r — 1) squares, so to actually compute it we only have to count how many times the cycle
O(—1,..,r—1) appears, as the other Young diagrams of the same dimension yield cycles that
are zero in the Chow ring.

This can be rephrased as follows: take a rectangle with » — 1 columns and s rows, and
tick s — 1 — kp squares in the first column; we want to count the number of ways in which
we can tick the whole rectangle with » — 1 moves, each move consisting of ticking s — k;
squares in such a way that at each step the ticked diagram is a Young diagram, and no more
than one new square per row has been ticked (Pieri’s rule). Then our claim is that it exists
exactly one way to do so.

To prove existence, consider the following set of moves: each time, we tick all the squares
that are below the last ticked square; if we finish the column, we move to the next column,
starting from the top square and going down. In this way we are following the rules given
by Pieri’s formula, because to tick two squares in the same row in the same move we would
need to tick at least s + 1 squares, which never happens. As

r r
Yos—kj|—1=rs—1=) kj=rs—1—s+1=(—Ds,
j=1 j=1

we will end up ticking the whole rectangle.

To show uniqueness, observe that in each move the number of columns completely ticked
can raise of at most one. We only have r — 1 moves at our disposal, and we start with zero
columns completely ticked, because s — 1 — k; < s. This means that at each step we have to
finish exactly one column, and the only way to do so by following Pieri’s rule is by following
the algorithm described before.

Putting all together, this shows that o5_1_¢, 05—k, - - 05—k, = O((r—1)s), hence its push-
forward along Gr(s, n + 1) — Speck is equal to 1.

The proof in the case d = Z;:] kj > (s — 1) proceeds along almost the same lines: the
only difference is in the fact that instead of ticking all the squares in a rectangle, we have
to tick all the squares in the Young diagram obtained by removing d — s + 1 squares from
the last row of the s x (r — 1)-rectangle; indeed, the Schubert class associated to this Young
diagram is the only class that paired with cy_s41(2) = 0(—s+1) is not zero.

Adapting the argument used before, we conclude that there exists a unique way to tick
this Young diagram following Pieri’s rule, from which we get the desired conclusion. O
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Lemma3.4 Letey,..., e, beintegers > 0, and setd; = e; — 1 and s = n —r + 2. Then for
everyi = 1,...,r the following equality holds:

r 1 e(t+l_6n_+1
dle"'di"'er (’e'_e{ ): Z (ki+1)e’1‘1..,elr<r
j=1 b

L. €; — e
[jzjei—e ki€ls—11,k;€[s]

where on the right the summation is over the ki, ..., k. withs —1 <) k;j < n.

Proof First recall the following easy polynomial identity:

t(H—l _ l"-l-H n

=y
k=0

1 —1tj

Let VV be the dual of the standard representation of the torus T = G2". The fixed points
of the T-action on P(VY) are those points p1, ..., p, where only one of the homogeneous
coordinates x1, ..., X, is non-zero. A basis for the tangent space of P(V") at p; is given by
the elements of the form (x/x 7)Y, on which T acts via the character t; — ¢ i (here the ¢ are
by definition the characters of the standard representation). In particular, we deduce that

e TPV, = [T = 1)),
J#i

If  denotes the hyperplane class in CH}. (P(VY)), then the restriction of & to CH7 (pj) is
equal to 7}, because the rank one representation &'(1)[,,; is generated by x;.

Let 7w : P(VY) — Speck be the natural projection. It follows then from the localization
formula [12, Theorem 2] that

(n r Zot_n—kll_c
—kpk =V J
(S h)=z<).
k:Ol 1_[]/#]([]—[]/)

Jj=1

We can also compute the term on the left directly: indeed, by definition ,i* is equal to the
equivariant Segre class sk[ s+1(V"). Recall that the total Segre class is the inverse of the total
Chern class. In our case we have:

-1
r

sT(VY) = (CT(VV))71 — 1_[(1 —1j)

j=1
.

:1_[ thj :thl...trkr
j=1 \k;=0 k;>0

This shows that

n n
n—kpk )\ _ n—k ki k

k=0 k=s—1 ki+-+k=k—s+1
k k
= Do kel
kit thp=s—1
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An obvious but important remark is that the k ; in the sum above goes from 0 to s — 1. Putting
all together, this shows that the following polynomial identity holds:

r tn—H tn+1
i k k
— = ki+ D', 3.2
> p— > i+t (3.2)
j=1 Kyt-hy=s—1
If we multiply the term on the left by ]—L-/#i (ti + 1) and we evaluate in ey, ..., e, we get

the left hand side of the formula that appears in the statement of the Lemma. Hence, let us
multiply also the right hand side of (3.2) by this factor:

[Tar+n- Y G+ dfr = 3 (ki + D)t gF
i’ #i ki4-+kp=s—1 s—1<) kj<s+r-2

where the k; for j # i now range from O to s, and k; still goes from 0 to s — 1. Observe
moreover that s +r — 2 = n; evaluating this polynomial in the ey, . . ., ¢, we get the claimed
identity. O

We now have all the ingredients necessary to compute the integral Picard group of //[nSL(d).
This also gives a new proof of Benoist’s formulas.

Theorem 3.5 ([4, Theorem 1.3]) Suppose that the base field k has characteristic # 2 or that
nisodd. Set a1 = Yri4tr;_1+1 + - + Vri4otr;. Then

Pic(.Z5"(d)) ~ (a1, ..., ae1)/(F)

where

r

ez}—&-l _erf-H
F = didy---d;---d, ! / Vi

Proof We computed in (3.1) a first expression for the coefficient in front of y; inside the
relation of degree one given by pr 1*([2,17"]). This can be simplified thanks to Lemma 3.2
and Lemma 3.3. We deduce that Pic((///nSL(d)) is generated by the symmetric elements
{(a1.1, ..., ae,1) modulo the relation

r

Yl X GitDe e | yi=0

i=1 \kiels—1].k;els]

where on the right the summation is over the ky, ..., k. withs —1 < > k; < n. Lemma
3.4 shows that the sums appearing above coincide with the ones given in terms of ey, . . ., e,
that appear in the statement of the Theorem. O

3.1 Integral Picard group of .St (d)

From Theorem 3.5 we can deduce a description of the integral Picard group of . GL(d).
First, the integral Picard group of the tower of Grassmannian bundles

Gr(re, &) 5 -+ B Gr(ra, &) B Gr(ry, &) 3 Speck
can be identified with the free abelian group

O~ @!_|Z - [det(F)]
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where .7 is the pullback to Gr(r¢, &¢) of the tautological bundle of Gr(r;, &;). Second, define
di’ :=dy 4..4r; and let (wy, ..., w¢) be a tuple such that
[

> wirid] = ged(ridy. ... rdy).

i=1
and set
mem(n + 1, ged(ridy, . . ., red)))
gcd(rldi, ey rgdé)

Third, define A as the kernel of the homomorphism
¢
70 7, (xy,...,x0) —> inr,-di’.
i=1

Finally, let F € Z®* be the element whose i "-entry is

r n+1 n+1
-~ 1 el. —e.
didr---d ---d J .
142 i rZ nj,#j ej —ej ( e —e; )

Jj=1
We have all the elements necessary to describe the integral Picard group of ///,f GL (a).
Theorem 3.6 There is an injective homomorphism
Pic(.#FCt(d)) — Pic(.#>"(d)) ~ Z%°/(F)
whose image contains F, and induces an isomorphism

Pic(./, " (d)) ~ A @ ((uwi, ..., uwy))/(F)

Proof For every PGL,-scheme X, the homomorphism of algebraic groups SL,y; —
PGL, 4 induces a morphism of quotient stacks [X /SL,+1] — [X/PGL,+1]. Applying this
to X = Hilby" we get

Hilb§", —> [Hilb}", /SL,4+1] ~ .#,"(d) —> [Hilby", /PGL,4+1] ~ ., °"(d).

We can pull back line bundles along this composition, obtaining homomorphisms
PicPGhn 1 (Hilby", ) —> PicS+! (Hilby",) —> Pic(Hilby",).

This composition is injective because its kernel is isomorphic to the group of characters of
PGL,,+1, which is trivial. This implies that the first map is also injective.

The second map is injective for the same reason, and it is also surjective because the line
bundles det(.7;) all admit a SL,,; 1-linearization, as itis already clear from Theorem 3.5. This
implies that the image of the pullback along the first map can be identified with the image of
the pullback along the composition.

Consider the commutative square of pullbacks

PicPCLa+1 (Gr(ry, &)) —— Pic(Gr(re, &))

l l (3.3)

PicPOLa1 (HEiIbS™ ) —— Pic(Hilb™ ).
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Observe that the element F belongs to the image of ¢ because the discriminant divisor Sq
is invariant with respect to the PGL,,;1-action. We deduce that the image of v is equal to
the image of ¢ modulo F, or in other terms that the image of the pullback is equal to the
subgroup of Pic(Gr(r¢, &7)) of line bundles admitting a PGL,, 4 -linearization, modulo F. A
line bundle in Pic(Gr(r¢, &)) is of the form

L = det(77)®" @ det( %)% @ - - - @ det(F;) P

The points in the total space of det(.7;)®¢ are given by pairs ((f1, ..., i) (fin--A
I Y®ki) where the f ; are linearly independent homogeneous forms of degree d;. Any GL,, 4 |-
linearization of det(.%;) is of the following form: given an element A of GL,, 1, it acts on a
point in the total space by sending

(fisee fri) V= (iAo fr (A7)
and
A-(fin- A f)®5 = detWP (LA D Ao A fr (A7) S5
The subtorus Gy, C GL, 41 of scalar matrices acts as
Jo (i A A f) @ =D ik (A f)
From this we see that the subtorus Gy, acts on . with weight

14

4
(41 pi— Y (rid)ki.
i=1

i=1

Foragiven (kq, - - - , k¢) the character above is trivial if and only if n+ 1 divides Zle (r; dl./)ki,
hence the subgroup of line bundles admitting a PGL,,;-linearization can be identified with
the the preimage of (n + 1)Z along the homomorphism

4
28— Z, (x1.....x0) —> Y xird]. (3.4)
i=1

The element (wq, ..., we) is sent to gcd(rldi, . rgdé), which is also the generator
of the image as a subgroup. This implies that (uwi, ..., uwe) is sent to mcm(n +
1, gcd(rld;, . rgdé)) and that the subgroup generated by (uwy, ..., uwy) surjects onto
the intersection of the image with (n 4 1)Z. This shows that the preimage of (n 4 1)Z, which
coincides with the image of ¢ in (3.3), is isomorphic to the sum of the subgroup generated
by (uwy, ..., uw) and the kernel of (3.4). As the image of ¥ is equal to the image of ¢
modulo F, this concludes the proof. O

If we specialize the Theorem above to the case of complete intersections of codimension r
and typed = (d, ..., d), we obtain the following.

Corollary 3.7 Suppose that the base field k has characteristic # 2 or that n is odd. Then we
have
(“Hrard — 1yn=r+!

Pic(.,°"d, ....d)) ~Z/NZ, N = mem(n + 1, rd)

In particular, for d = r = 2, we recover [2, Theorem 1.1].
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4 The codimension two case

In this section, we compute explicitly the Chow ring of moduli of smooth complete intersec-
tions of codimension 2 (Theorem 4.2 and Theorem 4.3).

We give two applications of this result: in the first one, we give a quick proof of Faber’s
result on the Chow ring of My, the moduli space of smooth curves of genus four (Corollary
4.4). In the second one, we compute the Chow ring of an open subset of K¢, the moduli space
of polarized K3 surfaces of degree six (Corollary 4.5).

All the Chern (resp. Segre) classes of the equivariant vector bundles appearing in this
section are intended to be equivariant Chern (resp. Segre) classes. In particular, we will
use the writing ¢; (E) to denote the Chern class of degree i of an equivariant vector bundle
E — X, instead of the more correct but notationally heavier version cl.G (E).

4.1 Intersection theory onFl, 51

As r = 2 we have s = n. The flag variety Fl, ,41 is a projective bundle over a projective
space. Indeed, we have Gr(n, n + 1) >~ P”, where P" stands for the projectivization of the
dual of the standard representation of GL, 4, and Fl,, ,4+1 =~ P(Z7), the projectivization
of the tautological bundle over P". It follows from the dualized Euler exact sequence that
T =~ Qpn(1), hence we have Fl,, 1 , >~ P(Qpn(1)).

In particular, the GL,,41-equivariant Chow ring of Fl,, ,+; admits the following presenta-
tion

CHELMH (Fln,n+l) = Q[ﬁls &, ct, ..., cng1l/1.
The cycle B; is the hyperplane class of P(Qpn (1)), and & is the hyperplane class of P,

which coincides with the first Chern class of the tautological quotient bundle of Gr(n, n 4 1).
The ideal of relations [ is generated by the two polynomials

EPT — il o T+ (D) e,
B 4 c1(Q2pn ()BT 4 ca(Qpn (1) BT 2 + -+ + cu(Qpe (1)).

The second polynomial can be made more explicit: we have c(Q2p:(1))c(0(1)) = c(V),
hence

c@pr()) = +c+-+epp)A+E)7]

n+1 o

ol D30 L PBCL
j=0 i>0

= Y (=D
i>0,

0<j=<n+1

This implies that

Cn(Qpr (1) = Y (=D& cni.

i=0
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We will also need an explicit expression of the pushforward of /31“.5{’ along the GL, ;-
equivariant pushforward 7 : Fl, ,,+1 — Spec k. Using the factorization

P(Qpr (1)) —2> P" -4 Speck

we get that 77, (B{&]) = g+ (p+(BY) - £D).

Let E — X be an equivariant vector bundle. The total equivariant Segre class s(E) =
14 s1(E) +s2(E) + ... is defined as the formal inverse of the total equivariant Chern class
c(E) :=1+ci(E)+c(E)+....If r : P(E) — X is the associated projective bundle,
and £ is the hyperplane class of P(E), we have s;(E) = TR EH -1

In particular, we have that p,B{ = s4_,41(R2p» (1)) and q*Elb = 5p_n (V). In the equiv-
ariant Chow ring of P" = P(V") we have the relation c(Qpr (1))c(0(1)) = ¢(V), which
implies that s; (Q2p» (1)) = 5; (V) + s;—1(V)&;. We deduce

Sant1(V)qx(ED) + sa—n(V)qu(€PT)
Sa—n+1 (V)Sb—n(vv) + Sa—n(v)sb—n+l (Vv)~

T (BIED)

4.2 Preliminary results

Letd = (d1, d2). From Theorem 2.6 we know that
CH*(#S"(d)) =~ Qlct, - .., ent1s v1, 2154/ R

where Gq = G, if d] = d» and it is trivial otherwise, and the ideal of relations R is generated
by cycles of the form

> v m (Cotki k) BED )

0<ky,ka<n

forO<a<n-—1and0<b <n,and

Ch(ki, k2) = op—ty ((di — DB1 + B1. ... (dr — D1 + Bn)
“On—ky ((d2 = DB1 + B, ..., (da — D1 + Bo).

To write down more explicit relations, we need to compute the symmetric polynomials in
(d; — 1)1 + B in terms of B and &;. Recall that by definition the By, ..., B, are the Chern
roots of the dual of the tautological bundle on Gr(n, n + 1) >~ P". The class §; lives in the
Chow ring of the flag variety Fl,, 41, and it coincides with the hyperplane class of P(Q2p» (1)),
consistently with our notation.

We have

om(Brs .-y Bn) = (=D ep (2pn (1)),
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and we computed before the term on the right. Set ¢; = d; — 1, then we have

om(eiBi+ B, ... eipr+B) =Y []Bi+8i)

\=m iel
m
gt
=Y Y elBlow-iBi. ... Bi)
|I|=m £=0
m
¢t
=Y e B D ot Bi)
=0 =

m —m4
:Zefﬂf«" ’Z+ )om_z(ﬁl,...,ﬁn)>
=0

o (” et Z)(—nm*fcm_g(szpn(l))ﬁf

I
NE

=0 t
m m—~_ . n—m+t )
= <—1>’”+f‘ﬁef( . >ﬂ1€$ilcm7e7j-
£=0 j=0
From this we deduce
n—ky n—ky1—¢;
ki + 41
Cuki, ko) = Z Yo (=prhtah “( )ﬁ &' Cnty -t
=0 ;=0

n—ky n—ky—4{,

ot i ko + €2
Z Z (=1t Kze§2< )/3 51 Cn—ky—La—j2-
=0 jp=0

Combining these computations with Theorem 2.6, we deduce the following:

Proposition 4.1 Setd = (dy, d»). Then we have
CH* (4, () = Qly1. y2 2, -+ cs1]99/1
where I is generated by the following cycles: for fixed a and b with 0 < a < n — 1 and

0 < b < n, we have

ki k .
Z " Z D(K, j, O)cn—ty—t1-ji Cn—ky—t2—

ki+ky<a+b+1 £+j<n—k

: [SK1+€2+a—n+l (V)Sj1+j2+b—n(vv) + S€1+€2+a—n(V)Sj1+j2+b—n+l (Vv)]

. i (2R 4
where D(K, j, £) := (—1)/1F72~ ki—k2=t1=L2 11 22(](12[1)(]{2;2[2).

Observe that the relations appearing above have degree a + b + 1, so in particular the ideal
of relations is generated in degree d by d relations.
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4.3 Some computations

We already know that in degree one we have the single relation

ri = Aoy + Ao172-
For e; < ey, we have

ex(ey —el) +nef(e; —e2)

Ajo=(e2+ 1)
(e1 — €2)?
er(ef —e)) +nel(ex —er)
Agi= (e +1)—1—2 = ,
(e2 —e1)
whereas for e; = ¢p = e we have
nin+1)

Alp=Ap1=¢"1e+1) 5

In degree two, we have two relations, given by computing Proposition 4.1 for (a, b) = (1, 0)
and (a, b) = (0, 1) respectively:

1,0
ré ) = Bz,oylz + B11y1v2 + Bo,27/22 + Bo,0c2

0
r2( V= CroyE + Craviya + Coay2 + Cooca.
The term B> g is given by
> D(Q2.0).5. Och2-t,—jiCntri
£+j<n—(2,0)
. [S[1+52_n+2(V)Sjl+j2_n(Vv) + S(l+£2+]_n(V)Sjl+j2_n+] (Vv)]
and the coefficient is non-zero only when one of the two following set of equations is satisfied
b+ji=n=-2 Li+j1=n-2
b+ja=n bL+ja=n
bh+br=n—-2 Li+lr=n-—1
Ji+jp=n  j+jp=n-1

After a straightforward computation we get

n—2
o (L 2
32’0:(6‘2-’-1)26?16; 2 l1< 1+ )
£=0 t
=
nze?_l (e1 — e2)* + 2ex(ef —5) — ne'l'_1 (e% - e%)

leth 2er—e)

for e < ey, whereas for e; = eo = e we have

n—1mn+ Hn

Byo=¢"(e+1) .

The term By 7 is given by

Y. D(0,2),J, Och-t,—jiCn-2-tr-j2
£+j=n—(0.2)

[se142-n42V)8j1 410 (V) + 80146410 (VDS jy 1 jo—nt1 (V)]
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and the coefficient is non-zero only when one of the two following set of equations is satisfied

i+ j1=n i+ j1=n
b4+jp=n—2 b+ jpr=n—-2
bh+br=n—-2 Li+lr=n—1

ht+p=n jitjp=n-1

A.1)

After a straightforward computation we get

Oy +2
Bo2—(el+1)z nmah Kz(zz2 )

lr=0

nzeg Yer —e)? + 2e1(ef —ef) —ney (62 — ez)

2(ex —e1)

=(e1 +1)
for e; < e, and for e = e = e we have By o = By . The term Bj | is given by

> DD § O 16— a1ty
L+j<n—(1,1)

[se1402-n42V)Sj1 410 (V) + Sty 4641-n (VDS jy 1 jp—ns1 (V)]
and the coefficient is non-zero only when one of the two following set of equations is satisfied

bh+h=n—-1 LH+ji=n-1
b+jp=n—-1 L+jp=n—-1
bi+br=n—-2 Li+lr=n-—1

Jitjp=n Jji+jp=n-—1.

After a straightforward computation we get

n—1

By = Zef‘ TG A D -G =D+ Y ety T T e+ D — )

£1=0
= (—neze1 Zeze”'H + ne'll+2 + ne162+ + 2€1€n+1 - neg+2)/(61 —e)?
1 1 1 1
+ (ne"+ e?"' — nexel] — exell +nejes +ejeh — neg+ "+ )/ (e1 — e2)?
for e; < ey, whereas for e; = ey = ¢ we have
(n + Dne"2
By = — (n—1+4emn+2)).

The terms C2,9, Co.2 and Cq,1 are computed in a similar way but witha = 0 and b = 1. The
final result for e; < e is as follows:

n—2
oo [+ 2
Cro=exer+1) Zef‘e; 2 [‘( ! >

L
6=0 1
2 n—1 2
n-el” (e; — e2)” + 2ex (e} —ej) — ne (e1 — 62)

=er(ex+1) =ebBo

2(e; —e2)
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l+2
Coz_el(el—i-l)Zenzzz §2<2 )

L
=0 2

1 —1
n2e n o (e) — e)? + 2e1(ef —ef) — ney (e% — e%)
=ei(er + 1) 2er—en) =e1Bo2
2 — €1
nel
¢ 2-¢ ¢ 1-¢
L1=e Zel' SN D =)+ Y ety T + D — )
£1=0
_ —3egenJrl + e% n_ e3e’2’ Iy 36%35’ —n(e; — eg)(—2e;'+1 +ezell + 6%6371 —2e1€5)
(e1 — )3
N nei’Jrl e'l’Jrl —neyel —exel +nejel +erel — neg+1 + egH
(e1 — e2)?

For e; = ¢y = ¢, we have

Cro=eByo=eByo = Cop

n—1

C _e
1,1 = 6

(n+ 1)@2n* +7Tn —6)).

Let us compute the coefficient in front of ¢4 in the relation Proposition 4.1 for0 < b < d
(hencea = d—b). There are eight set of equations whose resulting values for £ and j contribute
to c4+1. The first four sets are

li+j1=n—d—-1 li+j1=n—d—-1
bL+jp=n b+jp=n
i+l=n—a-—1 li+l=n—a
Jitjp=n—> hith=n—-b—1
bL+j=n b+j=n

b+ jr=n—d—-1 b+ jpr=n—d—-1
bi+lr=n—a-—1 li+4blr=n—a
j1+j=n—>b Jht+jp=n—-b—-1

The four other contributions come from the Segre classes sg+1(V) = —cgy1 andsg1(VY) =
(—1)4c441 appearing in Proposition 4.1. The possible values for £ and j are the ones that
satisfy one of these four systems

@ Springer

L+ji=n b+ j=n

b+ j=n b+ jp=n

i+l =n—a+d bi+lb=n—a-—1
Ji+jo=n—0> h+jp=n+d—->b+1
b+ji=n Li+ji=n

b+ j=n b+ ja=n
bi+b=n+d—a+1 i+l =n—a
Jitjp=n—->b-1 J1+jo=n+d—b.
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Putting all together, we get that

n—d—1
d—1, b b 4 —d—1—¢
C(d.byoo= (D" B2+ D+ef(er+1) Y ef'es !
£,=0
n—b n—d+b—1
b b 01 n—b—t d Z n —d+b—1—¢
—ebeb Z R S G VL S 1 (4.2)
£1=0
n—b—1 n—d+b
b+1 _b+1 {1 n—b—1—¢ d {1 n—d+b—{
—e e, Z e/ e, +(—1) Z e/ e, .
£1=0 £1=0

Assuming e; < ey, after some simplifications, we get

e?(er + Dey (@t + (1)) — (e + D (T 4 (1))
ey —ep

C(d,b)oo = . (4.3)

Assuming e; = e; = e, then after further simplifications we can rewrite (4.2) as follows:

C(d, b)o,o = " (be(e + (e + (—=1DY) — (n(e + 1) + De™!
+ (=D = d)e+ 1) +2n — De + (=1D)*2(n — d)). (4.4)
In particular, with the computations we have done so far we are able to write down an explicit
formula for two quantities which will be relevant for the main result of this section.
Set Bp,o := C(1,0)0,0 and Cp o := C(1, 1)9,0. The first polynomial we consider is
(Aa,le,o — A1040,1B1,1 + A%,OBOZ)CO,O
— (A3 C2.0 — A1,040,1C11 + A 4C0.2) Boo. 4.5)

when e; < e;. Using the formulas we determined so far, we deduce an explicit expression
for (4.5), which is

(1/2(e1 — e)®) (1 +e)(1 +¢2) - Eer, e2)
where E(eq, e») is defined as

(1/e) (e (=1 + (1 + e2) — (1 + en)es T (—1 + ) Fler. e2)
—(e " (=14 eDea(l + €2) — e1(1 + e)e; T (—1 + €3)Gen, e2).

where F(eq, e7) is equal to

(1/en) (1 + e (er — e)?e3 (e} ™ + ey ™n — erel (1 +n))*(—2erey™
+€%+n( 14+n)n+ elezn(l +n)— 2e1+"ez( 1+n%) —ei(e; —ex)>(1 + ez)(eH"
+e]1+" —efer(l + n))>(— 2e1+"ez + e§+"( 1+n)n
+etein(l+n) — 2e1ey™ (=1 4+ n%) — 2(e3 ™ + elH'"n —eler(14n))(ef ™"
+eltn —erel (14 n))(—e3™ (=1 4 n) + 2e3 ey
+el(—1 +ep)e3(1 +n) — ejel (1 +n) + 36%65”(1 +n)— eleéﬂ’( 14+ (—142e)n)
—e1™ex(1 —n +3ex(1 +n)))
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and G(ey, e>) is equal to

(1/e1)(1 +e1)(e1 — e2) (el+” 1+”n —e1e5(1 +n))2(—2616;+”
+ e%Jr"( 1+nmn+ elezn(l +n) — 2e{+"62(—1 +n?%))

— (1/ex)(er —e2)*(1 + e2)(&,™" + ¢ ""'n — efea(l +n))*(~2¢; ez
+ 3™ (=1 4+ mn + efein(l +n) — ZeleH'"( 1+ n%)
+2(el+” 1Jr"n—elez(l +n))(el+” +e
—e1eh(1+n)(— e2+"n +efer(1+n)+ eH"( 1+n+emn)
+ e%"'"(l —n+e2+n)) —eey(1+n+e(2+n))).

The second polynomial is

(B1,1 —2B2,0)Co,0 — (C1,1 —2C2,0)Bo,o (4.6)

when e; = ey = e. After some computations, we get that this is equal to

2n—2
(e4n(4 +n—4n®— n3)

+63n(—9 —4n +6n* + n3) +e(—12 +25n + 14n% — 280> — 5n4)
+2(6 — 8n — Tn” + 81> + n*) + €* (=12 — 4n + 151° 4+ 101> + 3n*))

4.4 Main results

We are ready to state the main results of the section.

Theorem4.2 Let n > 3 and di > dy > 2 be integers such that the quantity (4.5) for
e; = d; — 1 is not zero. Then

CH* (., (@) = QUi 1/ (rD).
Proof We know from Proposition 4.1 that in this case we have

CH*(///,,?GL((])) ~ Q[)/l, Y2,€2,C3, ..., Cn+1]/1.

In degree 1 we have the single relation
r1 = A0¥1 + Ao,172.
For d| < d», we deduce from the relation ry that y» = —(A1,0/A0,1)y1. In degree 2 we have
the two relations
rél,O)

= Baoy? + Bi.iviva + Bo2vi + Booca

0,1
rz( ) = C2,0V12 +Craniyve + C0,2J/22 + Co,0C2.

Substituting y» = —(A1,0/A0,1)y1, we get the following system of equations:

Bzo— B11+A2 Bo,> Bo,o y2
<1>=0 4.7
Czo—fC +—UC02C00 ©
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If the determinant of the matrix appearing in (4.7) is non-zero, we have )/12 =cy=0.1Itis
straightforward to check that this condition is equivalent to the quantity (4.5) being non-zero.
We are left with proving that ¢; = 0 for i > 3.

Using the explicit expression obtained in (4.3), for e; < e> we have that the solutions to
C(d, b)o,0 = 0, regarded as an equation in one variable b, are the same as the solutions to
the equation

ell’(el + l)eg_d(e‘zH'l + (D% — eg(ez + l)eq‘_d(eﬁH'l + (=% = efE — elz’F =0.

As ey > e; > 1, we have that E # 0, hence (el/ez)b = F/E. In particular, there is at most
one integer b for which this equation is satisfied.

Now we prove by induction that ¢; = 0 for i > 3, the first case being i = 3: Proposition
4.1 combined with the fact that ylk ! yzk 2 = 0 for k; + kp > 3 implies that we have three
relations

C(2,0)0,0c3 = C(2, 1)9,0c3 = C(2,2)9,0c3 = 0.

We have just seen that there is at most one value of b for which C(2,b)9o = O: this
immediately implies that c3 = 0 in the rational Chow ring.

The inductive step proceeds along the same lines: assuming thatc; = Ofori = 1,2, .- ,d,
using again the fact that )/lk : yzk 2 = 0 for k; + k; > 3, we get that the relations given in
Proposition 4.1 are

C(d,b)oca+1 =0, b=0,...,d.

The same argument used before shows that there is at most one value of b for which
C(d, b)o,0 = 0, which readily implies that c;+; = 0. O

Theorem4.3 Let n > 3 and di = dy > 2 be integers such that the quantity (4.6) for
e =dj — 1 is not zero. Then

CH* (£t (d)) ~ Q.
Proof We know from Proposition 4.1 that for d| = d> we have
CH* (., @) = Qly1 + 2, 1v2. 2.3, cnstl/ 1.
If di = d», the only relation in degree one is
Arov1 + 40172 = Aro(y1 +v2) =0

which implies y; + y» = 0. In degree two, using the fact that By o = Bp,; and C1,0 = Cp 1
we have
0
rz(l’ ) = Boo(yE + v + Biaiviya + Booca
0.1
ré ) = Coo(y + v + CrLiviyr + Copca.

We can rewrite ¥ + y3 as (1 +2)> — 212, hence we deduce the following two relations:

Bi.1—2B20 Boo) (02(y1,v2)

’ ’ ’ =0. 4.8

(C],l —2C3,0 Co,0 %) (4.8)

If the determinant of the matrix in (4.8) is non-zero, we deduce that y1y» = ¢ = 0. This
condition is equivalent to the quantity (4.6) being non-zero.
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To show that ¢; = 0 for d > 3, we use the same argument of the proof of Theorem 4.2.
In this case, from (4.4) we have that C(d, b)o,0 = O if and only if

be(e + (e + (=D — (n(e + 1) + e ™!
+=D N =d)e+ 1) +2n— De+ (—1)¥2(n — d)) = 0.

If d is even or e # 1, then again there is at most one b which solves the equation above;
otherwise, for d odd and e = 1, it is straightforward to check that the expression above is
non-zero. Then the induction argument used in the proof of Theorem 4.2 applies also here. O

4.5 Some applications

We give two immediate applications of Theorem 4.2. In the first one, we reprove a result of
Faber.

Corollary 4.4 ([15]) Let My be the moduli space of smooth curves of genus four. Then
CH* (My) =~ QU211/(4)
where A1 is the first Chern class of the Hodge bundle.

Proof Let Hs be the moduli space of hyperelliptic curves of genus four, regarded as a sub-
variety of M4. We observed in Remark 1.2 that M4 ~. Hj is isomorphic to the coarse moduli
space of ///313 GL (2. 3), hence it follows from Theorem 4.2 that

CH*(My ~ Hy) ~ Q[y11/(v2).

In particular, as CH! (My) ~ CcH! (M4 ~\ Hy), the Hodge class A1 must be a multiple of y;.

The Chow ring of Hy is trivial, the latter being an open subvariety of A%¢~! and the
fundamental class of Hj is equal to a multiple of )»?. These two facts, combined with the
localization exact sequence

CH*_Z(H4) —> CH*(M4) —> CH*(M4 ~ Hy) — 0
tell us that the Chow ring of M4 is isomorphic to Q[A1]/ ()J'l) where i is either 2 or 3. As we
know from [13, Theorem 2] that A% is not zero, we get the claimed result. O

The second application concerns the coarse moduli space K¢ of polarized K3 surfaces
of degree six. Here we adopt the same notation of Proposition 2.11, where we denoted the
Noether—Lefschetz divisors by Dy j,.

Corollary 4.5 Let Ug C K¢ be the open subvariety parametrizing polarized K3 surfaces of
degree six whose polarization is very ample. Then

CH*(Us) ~ QI111/(4D),
where A1 is the Hodge line bundle and the pushforward morphism
CH'"N(U3_,D41) — CH'(K3)
is surjective fori > 1.

Proof As observed in Remark 1.2, the coarse space of //[f GL (2, 3) is isomorphic to Us. We
can then apply Theorem 4.2 with di = 2, d = 3 and n = 4. The fact that y; is a non-
zero multiple of A follows from [9, Proposition 4.2.6], and the claim on the pushforward
morphism follows from Ug being the complement of the union of those Noether-Lefschetz
divisors in Kg. O
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Appendix A. Quotient bundles and Grassmannians

Let V be a vector space of dimension n and let W C V be a vector subspace of dimension
m. For 1 <r < (n — m), consider the two Grassmannians Gr(r, V) and Gr(r, V/W). Let
U C Gr(r, V) be the open subscheme whose points [ E] correspond to r-planes E C V such
that £ N W = {0} (observe that the numerical condition on r implies that U is not empty).
There exists a well defined map

q:U — Gr(r,V/W), [E]l— [E]

where [E] is the image of E in the quotient vector space V /W (the rank of [E] is still »
because E N W = {0}).

Proposition A.1 The map U — Gr(r, V /W) defined above is an affine bundle.

Proof For this, let us look at the fiber q’l([f]) over a point [E]: this consists of all the
r-planes in V whose image in the quotient vector space coincides with the one of E. Let us
fix a basis {eq, ..., e} for E and a basis {f1, ..., fin} for W. There is a map

A™ ~ Mat,, , — ¢ ' ((E]) (A.1)

given by
Ar— el le |+ Al..lfm A (A2)

where the matrix in the right hand side should be interpreted as the linear subspace spanned
by the column vectors. Observe that the condition E N W = {0} implies that the image of
(A.1) is indeed in U.

We claim that (A.1) is an isomorphism. To prove that it is surjective, observe that given a
point [E’] in the fiber and a basis €], . . ., ¢ for the associated subspace E’, then there must
exists an r x r-matrix C and a matrix A such that

el...le. | =\ el-..|lee |C+ | fi|---|fm | A
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If we multiply on the right by C~!, we get
efl...le 1 =1\ e -le cl=\el.le |+ il fm | (ACT,

which means that AC~! — [E’]. This proves surjectivity.
Suppose now that there exist two different basis e}, ..., e, and e], ..., e/ for the same
subspace E’ of the form

/
erl...le. | =1\ el--le- | +| fil---|fm | A
ell...le) | =1 e|--.lee |+ | f1]--|fm | A"
Asboth e, ... e, and e, ..., e/ span the same vector subspace, there exists an invertible

matrix C of rank r such that

This readily implies that
et|...le, |@d=C)=1 fil|--|fm | (A"C = A).

Observe that the left hand side belongs to E whereas the right hand side belongs to W. As
ENW = {0}, we deduce that C = Id, hence (A.1) is injective. This easily implies that
g '(E) ~ A™ and that

q:U — Gr(r,V/W), [E]— [E]

is an affine bundle. O
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