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Abstract
Let A be an algebraically simple, separable, nuclear, Z-stable C∗-algebra for which the
trace space T (A) is a Bauer simplex and the extremal boundary ∂eT (A) has finite covering
dimension.Weprove that each automorphismα on A is cocycle conjugate to its tensor product
with the trivial automorphism on the Jiang–Su algebra. At least for single automorphisms this
generalizes a recent result by Gardella–Hirshberg–Vaccaro. If α is strongly outer as an action
of Z, we prove it has finite Rokhlin dimension with commuting towers. As a consequence it
tensorially absorbs any automorphism on the Jiang–Su algebra.
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Introduction

Over the past few years, enormous advancements have been made in the Elliott program (see
for example [17, 18, 31–34, 80, 93]), leading to a significant improvement in our knowledge
about simple, separable, nuclear C∗-algebras and their classification. A natural next step to
further increase our understanding of these objects is to study their symmetries, which is
why recently a lot of interest among C∗-algebraists goes out to investigating the structure
and classification of actions of amenable groups on simple, separable, nuclearC∗-algebras in
the scope of the Elliott program. This reflects a more general pattern that occurs throughout
the study of operator algebras: after succesfully classifying a class of interesting objects
by means of a functorial invariant, a natural follow-up question becomes to study their
innate symmetries and to investigate to which extent the functorial invariant helps to classify
these. A prime historical example of this phenomenon is given by the Connes–Haagerup
classification of injective factors [12, 35], which involved a classification of cyclic group
actions [10, 11]. In turn, the increased interest in group actions on von Neumann algebras led
to the classification of actions of countable amenable groups on injective factors, see [13, 48,
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51, 52, 61, 62, 70, 81]. This paper aims to contribute to the ongoing research on classifying
amenable group actions on classifiable C∗-algebras by tackling a related question, namely
that of the potential scope of such a result. More precisely, the question is whether one can
expect to classify all actions of amenable groups on classifiable C∗-algebras up to cocycle
conjugacy by a computable invariant, or if one needs to impose an additional regularity
criterion.

In the context of the Elliott program, the analogous question received a lot of attention
after the ermergence of certain exotic counterexamples [74, 94, 97] made clear that it was
impossible to achieve the original goal of classifying all simple, separable, nuclear C∗-
algebras by the Elliott invariant (an invariant consisting of K -theory, traces and the natural
interaction between these). The fine structure of these counterexamples was too complicated
and could only be captured by a much finer invariant such as the Cuntz semigroup. It became
clear that in contrast to amenable factors, which are automatically well-behaved, there is a
dichotomy for simple, separable, nuclear C∗-algebras, separating those that can be classified
by the Elliott invariant and their much wilder counterparts. In turn, this led to the study of
several regularity properties that could possibly distinguish these two types of C∗-algebras
and grant access to classification. The famous Toms–Winter conjecture [21, 98, 99, 101]
states that for non-elementary, simple, separable, nuclear C∗-algebras three of these at first
sight totally different properties are equivalent. It is almost an established theorem by now
[1, 6, 8, 64, 65, 75, 79, 92], missing only one implication in full generality. Moreover, recent
progress on this last implication shows that it holds true when assuming the C∗-algebra has
either uniform property Gamma [7] or stable rank one and locally finite nuclear dimension
[91]. One especially noteworthy property appearing in the conjecture is Z-stability. A C∗-
algebra A is called Z-stable if it is isomorphic to the tensor product A ⊗ Z, where Z is
the standard notation for the Jiang–Su algebra [47]. Since Z has unique trace and the same
K -theory as C, it can be thought of as an infinite-dimensional analogue of C, and the Elliott
invariant cannot distinguish between them. This carries over to tensor products, meaning that
the Elliott invariant cannot distinguish a C∗-algebra A from the tensor product A ⊗ Z.1 As
shown by Toms [94], this is not a problem inherent only to the Elliott invariant, as he was able
to produce systematic examples of simple, separable, nuclearC∗-algebras A that could not be
distinguished from A⊗Z by any reasonably computable invariant, even though A � A⊗Z.
Knowing this, it is natural to restrict classification attempts to Z-stable C∗-algebras. By the
combined efforts of many people involved in the earlier mentioned references, it is now
proved thatZ-stability is also sufficient, in the sense that classification is possible for simple,
separable, nuclear, Z-stable C∗-algebras in the UCT-class.

In the case of group actions, a similar phenomenon occurs. A sufficiently manageable
invariant for the category of G-C∗-dynamical systems will usually not be able to distinguish
the action α : G � A from the action α ⊗ idZ : G � A ⊗ Z. In particular, this is the
case for invariants like the action induced on the tracial simplex, and equivariant KK -theory
[50]. So when it comes to classifying G-C∗-dynamical systems up to cocycle conjugacy (see
Definition 1.3), for the same reasons as before, the only actions we can expect to classify are
the equivariantly Z-stable ones, i.e. actions that are cocycle conjugate to their tensor product
with the trivial action on Z. In order to clarify the scope of the classification program for
amenable group actions, it is therefore important to investigate whether this property holds
automatically for all actions of amenable groups acting on classifiable C∗-algebras or not.

1 This statement is certainly true according to the most recent ongoing approach to classification, where the
order of the K0-group that was previously included in the invariant is now left out. The statement remains true
under some mild conditions when the order is included.
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Unlike for ordinaryZ-stability, there is evidence in the literature that suggests equivariant
Z-stability could indeed be automatic for actions of amenable groups on simple, separa-
ble, nuclear, Z-stable C∗-algebras.2 For the traceless case equivariant Z-stability follows
from equivariant Kirchberg–Phillips results by Izumi–Matui for poly-Z groups [43–46],
Goldstein–Izumi for finite groups [30] and Szabó for general amenable groups [85] that
imply automatic absorption of the trivial action on O∞. For actions on finite classifiable
C∗-algebras, equivariant Z-stability results have been obtained in [24, 26, 63, 66, 78], all
relying on additional assumptions about the tracial simplex. For example, the most recent
and general of these results by Gardella–Hirshberg–Vaccaro [24, 26] shows that actions of
amenable groups on unital classifiable C∗-algebras are automatically Z-stable under the
additional assumptions that the tracial state space T (A) of the C∗-algebra is a non-empty
Bauer simplex3, the extremal boundary ∂eT (A) has finite covering dimension, and the action
that G induces on ∂eT (A) factors through a finite quotient group.4

The restrictions on the tracial simplex in this kind of results stem from the limitations of
the current tools that are available to tackle these types of problems. To understand this a bit
better, one needs to look at the nature of the problem. As explained in Sect. 2, in the presence
of traces an equivariant version of a well-known argument due toMatui–Sato [64] shows that
for an action α : G � A on a classifiable C∗-algebra A, equivariant Z-stability is equivalent
to the existence of a unital ∗-homomorphisms Mn → (Aω ∩ A′)αω

for all n ∈ N into the fixed
point algebra of the action that α induces on the uniform tracial central sequence algebra (see
Definition 1.9). The uniform tracial ultrapower Aω is a central object of interest for finite
C∗-algebras that can be considered as an analogue of ultrapowers for tracial von Neumann
algebras and takes into account all traces simultaneously. The properties of this object ensure
that the existence of the ∗-homomorphism above can be checked by finding certain elements
in A that satisfy a finite number of conditions approximately, such as being central and fixed
by α in the uniform tracial 2-norm. In this way, the equivariant Z-stability problem turns
into a tracial problem that can be solved by a ‘local-to-global’ approach. The terminology
refers to the desired ‘global’ result that must hold uniformly over all traces, which one aims
to derive from known ‘local’ results, i.e. results that hold only with respect to one trace at the
time by virtue of results in vonNeumann algebra theory. In [24], Gardella–Hirshberg used the
framework of W ∗-bundles (see Sect. 5) to make this approach work and obtain their result,
but this only works when the tracial state space is a Bauer simplex. The further assumptions
on the tracial state space are needed to make their local-to-global argument work. In this
paper we still use the sameW ∗-bundle techniques to build further on their work, and are able
to improve on their result for single automorphisms by eliminating the requirement that the
action induced on ∂eT (A) must factor through a finite quotient group:

Theorem A Let A be an algebraically simple, separable, nuclear,Z-stable C∗-algebra. Sup-
pose that T (A) is a non-empty Bauer simplex and that ∂eT (A) is finite-dimensional. Then
any automorphism α ∈ Aut(A) satisfies α 	cc α ⊗ idZ .

For a unital C∗-algebra A the algebraic simplicity assumption appearing in Theorem A
is automatically satisfied if A is simple, but this is not necessarily the case for non-unital A.
Algebraic simplicity guarantees there are no unbounded tracial weights, and together with the

2 Without amenability of the group this is not true in general, as is shown by natural counterexamples given
in [28], based on the work of Jones [49].
3 A Bauer simplex is a Choquet simplex with compact extremal boundary.
4 The exact assumptions on the induced action G � ∂eT (A) in [24, 26] are a bit more subtle and differ
slightly between the two articles.
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other assumptions on the tracial state space this allows us to carry out the argument using the
same framework as in the unital case with minimal adaptions and no conceptual differences.
For the moment it is unclear how to prove Theorem A without this assumption, since it is
unclear what the correct framework would be in the presence of unbounded traces. It is,
however, important to realize that this really entails a loss of generality. In the dynamics-free
context, one can sometimes reduce questions about structural properties of C∗-algebras to
the algebraically simple case by considering carefully chosen hereditary subalgebras, as is
done in [6]. However, this type of reduction argument cannot work in general for group
actions. For example, when considering trace-scaling automorphisms on stable C∗-algebras
it is not always possible to find a hereditary substructure resembling an automorphism on an
algebraically simple C∗-algebra.

In order to prove Theorem A relying on the work of Gardella–Hirshberg, one needs to
find a way to handle possibly infinite orbits for the induced action on the trace space. As an
intermediate result, we prove the theorem in case the induced action is free. In fact, we prove
something stronger (see Theorem 6.4) from which the next result follows.

Theorem B Let A be an algebraically simple, separable, nuclear,Z-stable C∗-algebra. Sup-
pose that T (A) is a non-empty Bauer simplex and that ∂eT (A) is finite-dimensional. Take
a countable discrete group G for which all finitely generated subgroups are virtually nilpo-
tent and take an action α : G � A. If the action that α induces on ∂eT (A) is free, then
α 	cc α ⊗ idZ .

Together with Theorem A above, this theorem provides further partial verification of
the conjecture that equivariant Z-stability is automatic for actions of amenable groups on
classifiableC∗-algebras (cfr. [88, ConjectureA]). The proof of TheoremB relies on the results
of [86, 90]. A crucial ingredient is the existence of an equivariant inclusion C(∂eT (A)) ⊂
Aω∩A′, which allows one to performan averaging argument usingRokhlin towers originating
from the system G � C(∂eT (A)) to take a map Mn → Aω ∩ A′ and construct from it a map
Mn → (Aω ∩ A′)αω

.
If one is interested in Z-stability of the crossed product A �α G (a weaker conclusion)

instead of equivariant Z-stability, then the recent work [23] shows that some of the assump-
tions in Theorem B above can be weakened. Taking inspiration from the present work, the
authors of [23] show how the uniform Rohklin property of G � ∂eT (A) (first introduced
in [69]) allows one to deduce Z-stability of A �α G in the context of Theorem B, but for
general countable amenable groups, without needing the finite-dimensionality assumption
on ∂eT (A) in case of free minimal Z

d -actions.
In the general case of single automorphisms, combining the ideas from the proof of

Theorem Bwith the results of Gardella–Hirshberg in [24] allows us to derive Theorem A. By
an observation that seems to originate in [39], instead of finding one unital ∗-homomorphism
Mn → (Aω ∩ A′)αω

it suffices to find two pairwise commuting c.p.c. order zero maps
�i : Mn → (Aω∩A′)αω

for i ∈ {1, 2} that are jointly unital, in the sense that�1(1)+�2(1) =
1. Alternatively, the approximate version of this statement implies that it suffices to find c.p.c.
order zero mapsψ1 andψ2 from Mn into the uniform tracial closure Āu (see Definition 1.13)
satisfying the above properties approximately. This uniform tracial closure Āu is the C∗-
algebra obtained from A by adding limit points of bounded sequences that are Cauchy in
the uniform tracial 2-norm. A lot of information about A gets lost in this process, such as
the K -theory, but Āu still captures the tracial properties of A. Moreover, when A satisfies
the assumptions in Theorem A, the work of Ozawa [71] shows that Āu has the structure
of a trivial W ∗-bundle with base space ∂eT (A) and fibers isomorphic to the hyperfinite II1
factor R. More specifically, as a W ∗-bundle it is isomorphic to Cσ (∂eT (A),R), the norm
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bounded and strong operator continuous functions from ∂eT (A) toR. Thus, what really lies
at the core of proving Theorem A, is solving a problem about automorphisms on the trivial
bundle Āu ∼= Cσ (∂eT (A),R). In order to obtain our result we take advantage of the specific
way in which Z acts on the base space ∂eT (A), which allows us to divide this extremal
boundary into two subsets: a set X1 where all points have orbit size at most some fixed
N ∈ N, and its complement X2 = ∂eT (A) \ X1. We will construct ψ1 and ψ2 such that they
are approximately unital on the fibers corresponding to X1 and X2, respectively. This idea of
dividing the space into a part with small and large periods to merge two different methods of
proof draws inspiration from the proof of the main result in [40]. The mapψ1 can be obtained
from first restricting the bundle Āu to X1, then using the results of Gardella–Hirshberg (since
the action induced on the base space of this restricted bundle has orbits uniformly bounded
in size) and lifting this back to a c.p.c. order zero map into Āu . For the map ψ2 we apply
a Rokhlin-type result from topological dynamics to the system Z � X2. Via the inclusion
C0(X2) ⊂ Z( Āu) into the center of the W ∗-bundle we are able to obtain Rokhlin towers
which allow us to average an approximate ∗-homomorphism Mn → Āu in such a way that
it lands approximately in the fixed point algebra of α, at least if N was chosen large enough.

With some extra work, the same methods can be used to prove that strongly outer Z-
actions have finite Rokhlin dimension with commuting towers. Rokhlin dimension is one of
the various Rokhlin-type properties for group actions studied by C∗-algebraists, motivated
by the importance of the Rokhlin lemma in ergodic theory and Rokhlin-type results in the
classification of amenable group actions on von Neumann algebras. The Rokhlin property
for C∗-algebras first appeared in the work of Herman–Jones [36] and Herman–Ocneanu
[37] about actions of cyclic groups on UHF-algebras, and its applications to classification
for single automorphisms were later studied in greater generality by Kishimoto and various
collaborators [2–4, 16, 19, 55–58, 67]. The finite group case was studied by Izumi in [41,
42] (for unital C∗-algebras; the non-unital case was studied for example in [29]). As his
research shows, aside from other possible obstructions like a lack of projections in the C∗-
algebra, in the case of finite groups there are obstructions of K-theoretic nature that withhold
a lot of actions from having the Rokhlin property. This led researchers to study two types of
weakened versions of the property:

The first is the tracial Rokhlin property, introduced by Phillips for finite groups in [72],
which allows that the sum of the projections appearing in the property has a small leftover
in trace. This property has been used among other examples in the work of Phillips and
his collaborators where they studied the structure of crossed products of irrational rotation
algebras by certain actions of cyclic groups [15]. Since this version of the property is still
of no use in the absence of non-trivial projections, a weakened version of this property,
called the weak (tracial) Rokhlin property, was considered in [25, 26, 38, 63, 66, 77]. In
particular, its relation with strong outerness was studied further by Matui–Sato [63, 66] and
Gardella–Hirshberg–Vaccaro [26].

The second is the notion of Rokhlin dimension, originally introduced byHirshberg,Winter
and Zacharias in [39] for finite groups and actions of Z. Their definition allows for multiple
towers instead of just the one as in the Rokhlin property, making the property of having
finite Rokhlin dimension more common and flexible to work with. The definition was later
extended to residually finite groups by Szabó–Wu–Zacharias [90]. In [59, 60], Liao showed
that strongly outer Z

m-actions on simple, separable, nuclear,Z-stable C∗algebras have finite
Rokhlin dimension under the assumption that the tracial state space is a Bauer simplex with
a finite-dimensional extremal boundary that is fixed by the action. This was generalized by
Gardella–Hirshberg–Vaccaro [26] to actions of amenable groups, keeping the same assump-
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tions on the trace simplex except that the induced action on the extremal boundary is allowed
to have finite orbits with uniformly bounded cardinality.

From the beginning, Hirshberg, Winter and Zacharias also introduced a stronger version
of the notion, namely with commuting towers. Here we prove the following result, which in
the unique trace case is a special case of [87, Theorem 2.14]:

Theorem C Let A be an algebraically simple, separable, nuclear,Z-stable C∗-algebra. Sup-
pose that T (A) is a non-empty Bauer simplex and that ∂eT (A) is finite-dimensional. Then
any strongly outer action α : Z � A satisfies dimc

Rok(α) ≤ 2.

The link with Theorem A becomes apparent when one realizes that in presence of equiv-
ariant property (SI), having finite Rokhlin dimension can also be translated to a more
tractable tracial statement, see Sect. 3. More precisely, in order to show that an action
α : Z � A hasfiniteRokhlin dimension it suffices to prove that for eachunitary representation
ν : Z → U(Mn) there exists a unital equivariant embedding (Mn,Ad(ν)) → (Aω ∩ A′, αω).
The strategy to obtain these embeddings is completely similar to the strategy explained above
for finding maps Mn → (Aω ∩ A′)αω

. From the results of [86], which established the connec-
tion between finite Rokhlin dimension with commuting towers and the absorption of strongly
self-absorbing model actions, we obtain the following corollary:

Corollary D Let A be an algebraically simple, separable, nuclear,Z-stable C∗-algebra. Sup-
pose that T (A) is a non-empty Bauer simplex and that ∂eT (A) is finite-dimensional. Let D
be a strongly self-absorbing C∗-algebra such that A ∼= A ⊗ D. Then for any strongly outer
action α : Z � A and any δ : Z � D it holds that α 	cc α ⊗ δ.

A previous result of this type appeared in [87, Theorem 3.1], where this was proved
for a more general class of torsion-free elementary amenable groups under the assumption
that A has unique trace. This was used to prove that for any group G in this class and any
strongly self-absorbing C∗-algebra D, there exists a unique strongly outer G-action on D
up to cocycle conjugacy [87, Corollary 3.3]. The result obtained here may prove useful to
further study the structural properties of more general strongly outer actions. By choosing
the right model action, one can for example obtain that these actions have the weak Rokhlin
property mentioned above. As suggested by the role played by the Rokhlin type lemma in
the work of Ocneanu [70], when an action has the weak Rokhlin property this could prove
a useful tool to classify the induced action on the uniform tracial closure. Furthermore, the
result could also serve as a basis for obtaining Rokhlin-like regularity properties for strongly
outer actions of more general amenable groups in future work.

This paper is structured as follows: we start with a preliminary section to recall some of
the basic concepts, particularly ultrapowers and the uniform tracial completion of a given
C∗-algebra. In Sects. 2 and 3 we show that in order to prove Theorems A and C it suffices to
solve a more tractable tracial problem. In Sect. 4 we explain how the problem can be reduced
further to finding systems of order zero maps with pairwise commuting ranges. The major
technical work is done in Sect. 5, where we prove the main results in the more general and
abstract W ∗-bundle setting. As an application, we derive the main results as they are stated
above in Sect. 6.

1 Preliminaries

Notation 1.1 Throughout this paper, we will use the following notations and conventions:

• ω denotes a fixed free ultrafilter on N.
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• G denotes a countable discrete group.
• A and B denote C∗-algebras. The symbols α and β will be used to denote single auto-

morphisms or actions on C∗-algebras.
• M(A) denotes the multiplier algebra of the C∗-algebra A.
• If α : G � A is an action, then Aα denotes the fixed-point algebra. The orbit of x ∈ A

will be denoted by G · x .
• If F is a finite subset inside another set M , we often denote this by F ⊂⊂ M .
• Z is the standard notation for the so-called Jiang–Su algebra [47]. We will assume the

reader is familiar with this C∗-algebra.
• We will also assume the reader is familiar with c.p.c. order zero maps, see [95].

Remark 1.2 In most statements in this paper, the relevant C∗-algebras are assumed to be
algebraically simple. This is automatically the case for unital simple C∗-algebras, but not for
non-unital ones. If A is an algebraically simple C∗-algebra, it does not admit any non-trivial
unbounded tracial weights on A+. Therefore, it makes sense to only consider tracial states,
which we will refer to simply as traces. This also explains the reason behind our algebraic
simplicity assumption, since in the presence of unbounded traces it is unclear what the correct
framework to treat the problems studied in this paper would be. The collection of all traces
will be denoted by T (A) and will be equipped with the weak-* topology it gets from A∗.
Furthermorewewill always assume T (A) to be compact. Again, this assumption is redundant
for unital C∗-algebras, but is a genuine assumption in the non-unital case. Compactness of
T (A) guarantees the tracial state space has the structure of a Choquet simplex.Wewill denote
the extremal boundary by ∂eT (A).

We also recall some necessary definitions:

Definition 1.3 Let α : G � A be an action of a countable discrete group on a C∗-algebra.

(1) Amapw : G → U(M(A)) is called anα-1-cocycle, if it satisfieswgαg(wh) = wgh for all
g, h ∈ G. In this case, it induces a new actionαw : G � A defined byαw

g = Ad(wg)◦αg .
This action is called a cocycle perturbation of α.

(2) Let β : G � B be another action on aC∗-algebra. The actions α and β are called cocycle
conjugate (denoted by α 	cc β) if there exists an isomorphism φ : A → B such that
φ ◦ α ◦ φ−1 is a cocycle perturbation of β.

Definition 1.4 Let D be a separable, unital C∗-algebra.

• [95, Definition 1.3] D is called strongly self-absorbing if D � C and idD ⊗ 1D : D →
D ⊗ D is approximately unitarily equivalent to an isomorphism.5

• [89, Definition 5.3] An action γ : G � D is called strongly self-absorbing if there exists
a sequence of unitaries (un)n∈N ∈ D ⊗ D such that the sequence of maps Ad(un) ◦
(idD ⊗ 1D) : D → D ⊗ D converges pointwise to a ∗-isomorphism (i.e. idD ⊗ 1D is
approximately unitarily equivalent to an isomorphism) and the map

G → U(D ⊗ D) : g �→ un(γ ⊗ γ )g(u
∗
n)

converges pointwise to a cocycle.

5 As in [95], strong self-absorption is a priori defined using the minimal C∗-algebraic tensor product. As is
shown there, strong self-absorption automatically implies nuclearity of theC∗-algebra, so the choice of tensor
product turns out to be irrelevant afterwards.
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Remark 1.5 Strongly self-absorbing actions were originally defined differently by Szabó in
[84]. The definition was changed in his later work [89], after it became clear that the notion
above was more natural. This new definition agrees with what where originally called “semi-
strongly self-absorbing" actions in references [82–88].

Remark 1.6 From Definition 1.4 we see the following:

• If γ : G � D is strongly self-absorbing, then it is cocycle conjugate to γ ⊗ γ . Let
φ : D → D ⊗ D denote the isomorphism that is approximately unitarily equivalent to
idD ⊗1D , and letw denote the cocycle obtained from the sequence of unitaries realizing
the approximate unitary equivalence. Then φ ◦ γg ◦ φ−1 = Ad(wg) ◦ (γ ⊗ γ )g for all
g ∈ G.

• The trivial action on a separable, unital C∗-algebra is strongly self-absorbing if and only
if the C∗-algebra itself is strongly self-absorbing.

Definition 1.7 Let A be a separable C∗-algebra and D a strongly self-absorbing C∗-algebra.

• A is called D-stable if A ∼= A ⊗ D.
• [83, Remark following Theorem 2.6] Let α : G � A be an action of a countable discrete

group G and let γ : G � D be a strongly self-absorbing action. The action α is called
γ -absorbing or γ -stable if α 	cc α ⊗γ . In the special case that γ is the trivial G-action,
α is called equivariantly D-stable.

Definition 1.8 Let A be aC∗-algebra. Eachnon-empty set X ⊂ T (A)gives rise to a seminorm
‖ · ‖2,X on A, defined by

‖a‖2,X := sup
τ∈X

τ(a∗a)1/2.

The seminorm ‖ · ‖2,T (A) is also denoted by || · ‖2,u . This is a norm if and only if for all
non-zero a ∈ A there exists some τ ∈ T (A) such that τ(a∗a) > 0, so in particular if A is
algebraically simple with non-empty trace space.

Definition 1.9 ([53, Definition 1.1], [54, Definition 4.3], [8, 1.3]) Let A be aC∗-algebra with
an action α : G � A of a countable discrete group.

(1) The ultrapower of A is defined as

Aω := �∞(A)/{(an)n∈N ∈ �∞(A) : lim
n→ω

‖an‖ = 0}.
(2) Pointwise application ofα on representing sequences induces an action on the ultrapower,

which we will denote by αω : G � Aω.
(3) There is a natural inclusion A ⊂ Aω by identifying an element of A with its constant

sequence. Define

Aω ∩ A′ := {x ∈ Aω | [x, A] = 0} and Aω ∩ A⊥ := {x ∈ Aω | x A = Ax = 0}.
The quotient

Fω(A) := (Aω ∩ A′)/(Aω ∩ A⊥).

is called the (corrected) central sequence algebra. For unital A this equals Aω ∩ A′.
(4) Since A is αω-invariant, so are Aω ∩ A′ and Aω ∩ A⊥. Thus, αω induces an action on

Fω(A), which we will denote by α̃ω : G � Fω(A).

123



Equivariant Z-stability for single... Page 9 of 36 22

(5) When A has nounbounded tracialweights and T (A) �= ∅, the trace-kernel ideal is defined
by (abusing notation using representative sequences in �∞(A) to denote elements in Aω)

JA := {(an)n∈N ∈ Aω | lim
n→ω

‖an‖2,T (A) = 0}.
The uniform tracial ultrapower is defined as

Aω := Aω/JA.

Whenever ‖ · ‖2,T (A) defines a norm on A, there also exists a canonical embedding of A
into Aω. Then Aω ∩ A′ is called the uniform tracial central sequence algebra.

(6) As JA is αω-invariant, there is an induced action on the uniform tracial ultrapower, which
we will denote by αω : G � Aω.

Definition 1.10 A sequence of traces (τn)
∞
n=1 on A defines a trace on Aω via

(an)n∈N �→ lim
n→ω

τn(an).

A trace of this form is called a limit trace. Clearly, every limit trace vanishes on JA and hence
also induces a trace on Aω. We will denote the collection of these limit traces on both Aω

and Aω by Tω(A). Note that

JA = {x ∈ Aω : ‖x‖2,Tω(A) = 0},
so in particular ‖ · ‖2,Tω(A) defines a norm on Aω.

Proposition 1.11 ([7, Proposition 1.1]) Let A be a separable C∗-algebra with T (A) compact
and non-empty. Then Aω is unital. Moreover, if (en)n∈N is an approximate unit for A, then
‖en − 1Aω‖2,Tω(A) → 0.

Remark 1.12 Given a C∗-algebra A as in the previous proposition, the Cauchy–Schwarz
inequality implies that for every approximate unit (en)n∈N for A

lim
n→∞ sup

τ∈Tω(A)

|τ(enx) − τ(x)| = 0 for all x ∈ Aω.

This means in particular that all limit traces vanish on Aω ∩ A⊥, and that Aω ∩ A⊥ ⊂ JA.

Definition 1.13 (cf. [71]) Given an algebraically simpleC∗-algebra A with T (A) non-empty
and compact, its uniform tracial completion is defined as

Āu = {(an)n∈N ∈ �∞(A) : (an)n∈N is ‖ · ‖2,T (A)-Cauchy}
{(an)n∈N ∈ �∞(A) : limn→∞ ‖an‖2,T (A) = 0} .

In other words, it is the C∗-algebra obtained by completing the closed unit ball of A with
respect to the ‖ · ‖2,T (A)-norm and then taking all scalar multiples. If A is separable, Propo-
sition 1.11 guarantees that Āu is unital, since an approximate unit (en)n∈N for A will be a
‖ · ‖2,T (A)-Cauchy sequence. All traces on A extend to traces on Āu . As a consequence,
‖ · ‖2,T (A) still defines a valid norm on Āu .6 The ultrapower of Āu is defined as

(

Āu)ω = �∞( Āu)/{(an)n∈N ∈ �∞( Āu) : lim
n→ω

‖an‖2,T (A) = 0}.

As the unit ball of A is ‖ · ‖2,T (A)-dense in the unit ball of Āu , we get
(

Āu
)ω ∼= Aω.

6 It is natural to view the object Āu in the category of tracially completeC∗-algebras, which will be introduced
and clarified in the upcoming paper [5] (currently still in preparation).
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Let A be a C∗-algebra with tracial state τ . Suppose that α is an automorphism on A that
satisfies τ ◦α = τ . Then α extends uniquely to a trace-preserving automorphism of πτ (A)′′,
where πτ denotes the GNS representation of A associated to τ .

Definition 1.14 Let A be an algebraically simple C∗-algebra with T (A) �= ∅. We say that
an automorphism α on A is strongly outer if for every τ ∈ T (A) with τ ◦ α = τ , the
automorphism induced by α on πτ (A)′′ is outer. An action α : G � A of a countable
discrete group G is called strongly outer if αg is strongly outer for all g ∈ G\{e}.7

2 Reducing equivariantZ-stability to a tracial property

In this section we show that—under the right assumptions—equivariant Z-stability of an
action on a C∗-algebra is equivalent to a property at the level of the uniform tracial central
sequence algebra of that C∗-algebra. This result allows us to reduce the equivariant Z-
stability problem to a more manageable tracial one that will be dealt with in later sections.
More precisely, we prove the following equivalence:

Theorem 2.1 Let A be an algebraically simple, separable, nuclear, Z-stable C∗-algebra
with T (A) non-empty and compact and let α : G � A be an action of a countable discrete
amenable group G. Then the following are equivalent:

(1) α 	cc α ⊗ idZ ;
(2) There exists a unital ∗-homomorphism Mn → (Aω ∩ A′)αω

for all n ≥ 2.

This result is folklore and implicit from existing papers, but has never been explicitly
stated in this level of generality. Its proof is included here for the sake of completeness and
will occupy the rest of this section. It essentially boils down to an equivariant version of a
well-known argument due to Matui–Sato [64]. The original argument relies on property (SI),
a property for C∗-algebras introduced and studied by Matui–Sato in [63, 64, 66, 77], which
allows one to derive ordinary Z-stability of a separable C∗-algebra A from the existence of
unital ∗-homomorphisms Mn → Aω ∩ A′. In the case of unital C∗-algebras, an equivariant
version of property (SI) already appeared implicitly in [77] for automorphisms and later in
[63] for more general group actions. This was extended in a rather ad hoc way to include
certain non-unitalC∗-algebras by Nawata [68]. The first fully general extension to all simple,
nuclear C∗-algebras without extra assumptions on the trace space appeared in the work of
Szabó [88]. There it was also shown that a large class of C∗-algebras including the ones in
Theorem 2.1 automatically have property (SI) relative to actions of amenable groups [88,
Corollary 4.3].

Definition 2.2 (special case of [88, Definition 2.7], see subsequent remark) Let A be an alge-
braically simple, separableC∗-algebrawith T (A)non-empty and compact, and letα : G � A
be an action by a countable discrete group.We say that A has equivariant property (SI) relative
to α if the following holds:

Let x ∈ Fω(A)α̃ω be a positive contraction such that

τ(ax) = 0 for all a ∈ A+ \ {0}, τ ∈ Tω(A), (2.1)

7 In particular, although each automorphism α corresponds to an action of Z, the notion of strongly outer for
an action of Z is much stronger than the corresponding notion for a single automorphism, since it asks that
αn is strongly outer for each n �= 0 instead of just asking for α to be strongly outer.
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and let y ∈ Fω(A)α̃ω be a positive contraction such that for all non-zero b ∈ A+ there exists
a constant κ = κ(y, b) > 0 such that

inf
k∈N τ(byk) ≥ κτ(b) for all τ ∈ Tω(A). (2.2)

Then there exists s ∈ Fω(A)α̃ω such that s∗s = x and ys = s.

Remark 2.3 The definition as it is stated in [88] is valid for more general non-unital C∗-
algebras. It imposes a condition on the elements x and y that is formally stronger than the
one in the definition above. However, in case A is algebraically simple with T (A) compact,
the trace space T (A) is a so-called compact generator of the cone of lower semi-continuous
tracial weights on A.8 In this case the original definition can be reduced to the definition
given above by [88, Lemma 2.10 and the subsequent Remark 2.11]. Moreover, it follows
from [88, Proposition 2.4] and simplicity of A that in order to verify condition (2.1) or (2.2)
it is enough to check if it holds for an arbitrary single element a or b in A+\{0} instead of
all positive elements.

Note that in case G = {1} or when α is the trivial action, the definition of equivariant
property (SI) reduces to the original definition of property (SI) for the C∗-algebra.

We show that under the assumption that the C∗-algebra is algebraically simple with com-
pact trace space, Definition 2.2 is equivalent to a statement that agrees with the original
definition for actions on unital C∗-algebras first appearing in the statement of [66, Proposi-
tion 4.5]:

Proposition 2.4 Let A be an algebraically simple, separable C∗-algebra with T (A) non-
empty and compact, and letα : G � A be an action by a countable discrete group. Then A has
equivariant property (SI) relative to α if and only if the following holds: Let x, y ∈ Fω(A)α̃

ω

be two positive contractions such that

τ(x) = 0 for all τ ∈ Tω(A) and inf
k∈N inf

τ∈Tω(A)
τ (yk) > 0. (2.3)

Then there exists an s ∈ Fω(A)α̃ω such that s∗s = x and ys = s.

Proof To prove the equivalence, it is certainly enough to prove that two positive contractions
x, y ∈ Fω(A)α̃ω satisfy the conditions (2.1) and (2.2) if and only if they satisfy (2.3). So, take
positive contractions x, y ∈ Fω(A)α̃ω satisfying (2.3). Pick an arbitrary non-zero positive
a ∈ A and a τ ∈ Tω(A). As x commutes with a we get that

τ(ax) ≤ τ(x)‖a‖ = 0,

thus x satisfies condition (2.1). By Remark 1.12 it is possible to pick a positive contraction
e ∈ A such that

sup
τ∈Tω(A)

|τ(y) − τ(ey)| < inf
k∈N inf

τ∈Tω(A)
τ (yk).

As explained in Remark 2.3 it suffices to verify condition (2.2) for an arbitrary single element
b ∈ A+ \ {0}, so in particular we can pick b = e. Set

κ := inf
k∈N inf

τ∈Tω(A)
τ (yk) − sup

τ∈Tω(A)

|τ(y) − τ(ey)| > 0.

8 This means that T (A) is compact and R
>0 · T (A) is equal to the entire cone of such tracial weights except

for the trivial zero weight and the weight taking value ∞ on all non-zero positive elements.
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Then for any k ∈ N and τ ∈ Tω(A) we have

τ(eyk) = τ(yk) − τ(yk) + τ(eyk)

≥ τ(yk) − (τ (y) − τ(ey)) ‖yk−1‖
≥ κ ≥ κτ(e).

This shows that y satisfies (2.2).
For the other implication, assume x, y ∈ Fω(A)α̃ω are positive contractions satisfy-

ing (2.1) and (2.2). Take an approximate unit (en)n∈N for A. By Remark 1.12 we get
τ(x) = limn→∞ τ(enx) = 0 for all τ ∈ Tω(A). By Proposition 1.11 we can pick n ∈ N

large enough such that τ(en) > 1/2 for all τ ∈ Tω(A). Hence

τ(yk) ≥ τ(yk/2en y
k/2) = τ(en y

k) ≥ κ(y, en)τ (en) >
1

2
κ(y, en) > 0

for all k ∈ N and τ ∈ Tω(A). We conclude that x and y satisfy (2.3). ��
A second ingredient in the proof of Theorem 2.1 is a generalization of Kirchberg’s concept

of a σ -ideal [53, Definition 1.5] to the equivariant context. For Z-actions, this was already
introduced by Liao in [59, 5.5]. The definition was generalized to actions of more general
countable discrete groups in [83, Definition 4.1]. It reduces to Kirchberg’s original definition
when G = {1}.
Definition 2.5 ([83, Definition 4.1]) Let A be a C∗-algebra with an action α : G � A of a
countable discrete group. An α-invariant ideal J ⊂ A is called an G-σ -ideal if for every
separable, α-invariantC∗-subalgebraC ⊂ A there exists a positive contraction e ∈ (J ∩C ′)α
such that ec = c for all c ∈ J ∩ C .

These kind of ideals are mainly useful because of the following interesting property they
have:

Proposition 2.6 ([83, Proposition 4.5]) Let A be a C∗-algebra with an action α : G � A of
a countable discrete group G, and let J ⊂ A be a G-σ -ideal. Let B = A/J and β : G � B
the action induced by α. Denote by π : A → B the equivariant quotient map. Then

(1) For every α-invariant, separable C∗-subalgebra D ⊂ A, the induced map π : A∩D′ →
B ∩ π(D)′ is surjective and its kernel J ∩ D′ is a G-σ -ideal in A ∩ D′.

(2) For every β-invariant, separable C∗-algebra C ⊂ B, there exists an equivariant c.p.c.
order zero map ψ : (C, β) → (A, α) such that π ◦ ψ = idC .

Example 2.7 A well-known example occurs when A is a C∗-algebra with T (A) non-empty
and compact, and α : G � A is an action of a countable discrete group. In this case the trace
kernel ideal JA is a G-σ -ideal of Aω. Indeed, let C ⊂ Aω be a separable, αω-invariant C∗-
subalgebra. Then the ideal JA ∩C admits a countable approximate unit that is approximately
αω-invariant and quasi-central relative toC by [50, Lemma 1.4] and hence, there is a sequence
(en)n∈N ∈ JA such that

‖en − αω,g(en)‖ → 0 for all g ∈ G,

‖enc − c‖ → 0 for all c ∈ JA ∩ C , and

‖[en, c]‖ → 0 for all c ∈ C .

Applying Kirchberg’s ε-test [53, Lemma A.1] to a countable set of conditions corresponding
to a countable dense subset of C then yields the required element e.
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If A is separable, it follows from applying Proposition 2.6 to the G-σ -ideal JA ⊂ Aω that
the canonical map

Aω ∩ A′ → Aω ∩ A′

is surjective, and that its kernel JA ∩ A′ is again a G-σ -ideal of Aω ∩ A′. Recall from
Remark 1.12 that the ideal Aω ∩ A⊥ ⊂ Aω ∩ A′ is also a subset of JA ∩ A′. An easy argument
using the definition of a G-σ -ideal (see [88, Proposition 5.17] for a general proof) shows
that

JA := (JA ∩ A′)/(Aω ∩ A⊥)

is a G-σ -ideal in (Aω ∩ A′)/(Aω ∩ A⊥) = Fω(A). Thus, the kernel of the natural quotient
map

Fω(A) → Aω ∩ A′

is also G-σ -ideal.

Proof of Theorem 2.1 We first prove the implication (1) ⇒ (2). Assume that α and α ⊗ idZ
are cocycle conjugate. Since A is separable, this is equivalent to the existence of a unital
∗-homomorphism Z → Fω(A)α̃ω , see [84, Corollary 3.8]. Composing with the canonical
quotient map gives a unital ∗-homomorphism φ : Z → (Aω ∩ A′)αω

. The unit ball of Aω is
complete for the topology induced by the ‖ · ‖2,Tω(A)-norm (e.g. [8, Lemma 1.6]), and hence
the same is true for the unit ball of (Aω ∩ A′)αω

. Let τZ denote the unique trace on Z. Since
φ is (‖ ·‖2,τZ , ‖ ·‖2,Tω(A))-contractive, by Kaplansky’s density theorem it can be extended to
a map from πτZ (Z)′′, the weak closure of Z under the GNS representation associated to τZ .
For any n ∈ N, composing with a unital embedding Mn ↪→ πτZ (Z)′′ ∼= R yields a unital
∗-homomorphism Mn → (Aω ∩ A′)αω

.
To prove the other implication, assume that there exists a unital ∗-homomorphism Mn →

(Aω ∩ A′)αω
for some n ≥ 2. As explained in Example 2.7, the ideal

JA = (JA ∩ A′)/(Aω ∩ A⊥) ⊂ Fω(A)

is a G-σ -ideal and hence it follows from Proposition 2.6 that there is a c.p.c. order zero map
φ : Mn → Fω(A)α̃ω lifting this map. In particular 1−φ(1) ∈ JA. Let p ∈ Mn denote a rank
one projection. Then φ(p) − φ(p)m ∈ JA for all m ∈ N, so φ(p) agrees with all its powers
on limit traces. By uniqueness of the tracial state on Mn , we get

inf
m∈N inf

τ∈Tω(A)
τ (φ(p)m) = 1/n > 0.

The assumptions on A guarantee it has equivariant property (SI) relative to all actions of
countable discrete amenable groups, see [88, Theorem B]. Using the equivalent formulation
of equivariant property (SI) from Proposition 2.4, we can find an s ∈ Fω(A)α̃ω such that
s∗s = 1−φ(1) and φ(p)s = s. By [76, Proposition 5.1] this implies the existence of a unital
∗-homomorphism from the prime dimension drop algebra Zn,n+1 → Fω(A)α̃ω . Since we can
do this for all n ≥ 2 and Z is an inductive limit of such dimension drop algebras, it follows
by a standard argument (analogous to the proof of [96, Proposition 2.2]) that there exists a
unital ∗-homomorphism Z → Fω(A)α̃ω . As already stated, this is equivalent to equivariant
Z-stability of α. ��
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3 Rokhlin dimension with commuting towers for strongly outer actions

In this sectionwe show that in order to prove the secondmain result of this paper (TheoremC)
about the Rokhlin dimension with commuting towers of certain strongly outer9 Z-actions,
it suffices to prove a more manageable tracial result. The notion of Rokhlin dimension with
commuting towers was originally introduced by Hirshberg–Winter–Zacharias in [39] for
actions of the integers and finite groups. It was generalized to actions of residually finite
groups by Szabó–Wu–Zacharias in [90]:

Definition 3.1 [90, Definition 10.2] Let α : G � A be an action of a residually finite group
G on a separable C∗-algebra.

(1) Let H ⊂ G be a subgroup of finite index. The Rokhlin dimension of α with commuting
towers relative to H , denoted dimc

Rok(α, H), is the smallest natural number d such that
there exist equivariant c.p.c. order zero maps

φ(0), . . . , φ(d) : (C(G/H),G-shift) → (Fω(A), α̃ω)

with pairwise commuting ranges such that

φ(0)(1) + . . . + φ(d)(1) = 1.

(2) The Rokhlin dimension of α with commuting towers is defined as

dimc
Rok(α) := sup{dimc

Rok(α, H) | H ⊆ G of finite index}
The following result, which is a direct consequence of [86, Corollary 5.1] (using [90,

Theorem 4.10] to verify one additional necessary condition), illustrates the importance of
having finite Rokhlin dimension:

Theorem 3.2 Let α : G � A be an action of a finitely generated, virtually nilpotent group G
ona separableC∗-algebra A. LetD be a strongly self-absorbingC∗-algebrawith A ∼= A⊗D.
If dimc

Rok(α) < ∞, then α 	cc α ⊗ δ for all strongly self-absorbing actions δ : G � D.

The next theorem shows exactly how the problem of proving that a certain Z-action has
finite Rokhlin dimension with commuting towers can be reduced to a tracial problem:

Theorem 3.3 Let A be an algebraically simple, separable, nuclear, Z-stable C∗-algebra
with T (A) non-empty and compact. Fix an action α : Z � A. Assume that for each uni-
tary representation ν : Z → U(Mn) there exists a unital equivariant ∗-homomorphism
(Mn,Ad(ν)) → (Aω ∩ A′, αω). Then dimc

Rok(α) ≤ 2.

Proof This result follows from a similar argument as in the proof of [87, Theorem 2.14],
but since the context there differs a bit from ours we provide a proof here for clarity. By
Kirchberg’s ε-test ([53, Lemma A.1]) it suffices to show that for any fixed ε > 0 and n ≥ 2,
there exist pairwise commuting positive contractions a j , b j , c j ∈ Fω(A) for j ∈ 0, . . . , n−1
such that

(1) 1 = ∑n−1
j=0(a j + b j + c j );

(2) the collections {a j }n−1
j=0, {b j }n−1

j=0 and {c j }n−1
j=0 each consist of pairwise orthogonal ele-

ments;

9 Recall that we call an action α : G � A strongly outer if for every g ∈ G\{e} and every τ ∈ T (A)αg , the
weak extension of αg in the GNS representation of A associated to τ is outer.
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(3) ‖α̃ω(a j ) − a j+1 mod n‖ < ε;
(4) ‖α̃ω(b j ) − b j+1 mod n‖ < ε; and
(5) ‖α̃ω(c j ) − c j+1 mod n‖ < ε.

It follows from [76, Proposition 5.1] that for every N ≥ 2, the prime dimension drop
algebra ZN ,N+1 is isomorphic to the universal unital C∗-algebra ZU

N ,N+1 generated by a

contraction v ∈ ZU
N ,N+1 and the image of a c.p.c. order zero map ψ : MN → ZU

N ,N+1
satisfying 1− ψ(1) = v∗v and ψ(e1,1)v = v, where e1,1 denotes the rank one projection in
MN with a one in the upper left corner. When ν : Z → U(MN−1) is a unitary representation,
we denote by δν : Z � ZU

N ,N+1 the action determined by δν
z (v) = v and δν

z ◦ ψ = ψ ◦
Ad(1 ⊕ νz) for all z ∈ Z. Fix ε > 0 and n ≥ 2. It was shown in [87, Sect. 2] that there
exists an N ≥ 2 dependent on ε and n and a unitary representation ν : Z → U(MN−1) such
that the C∗-algebra ZU

N ,N+1 contains elements with the necessary properties (1)-(5) above
(replacing the action α̃ω by δν). As a consequence, it suffices to prove that given N ≥ 2 and
ν : Z → U(MN−1), there exists a unital equivariant ∗-homomorphism from (ZU

N ,N+1, δ
ν) to

(Fω(A), α̃ω). This is precisely what we will do.
By assumption there exists a unital equivariant ∗-homomorphism

(MN ,Ad(1 ⊕ ν)) → (Aω ∩ A′, αω).

Recall from Example 2.7 that the ideal

JA = (JA ∩ A′)/(Aω ∩ A⊥) ⊂ Fω(A)

is a Z-σ -ideal. Therefore, it follows from Proposition 2.6 that there is an equivariant c.p.c.
order zero map φ : (MN ,Ad(1 ⊕ ν)) → (Fω(A), α̃ω) lifting this map. In particular it holds
that 1−φ(1) ∈ JA. Since e1,1 ∈ MN is invariant underAd(1⊕ν), we getφ(e1,1) ∈ Fω(A)α̃ω .

Moreover, since e1,1 is a projection it also holds that φ(e1,1)−φ(e1,1)m ∈ JA for allm ∈ N,
so φ(e1,1) agrees with all its powers on limit traces. By uniqueness of the tracial state on
MN , we get

inf
m∈N inf

τ∈Tω(A)
τ (φ(e1,1)

m) = 1/N > 0.

The assumptions on A imply that it has equivariant property (SI) relative to all actions of
countable amenable groups, see [88, Corollary 4.3]. By the equivalent formulation of property
(SI) from Proposition 2.4, this means we can find a positive contraction s ∈ Fω(A)α̃ω such
that s∗s = 1 − φ(1) and φ(e1,1)s = s. By definition of the universal C∗-algebra ZU

N ,N+1

this implies the existence of a unique unital ∗-homomorphism χ : ZU
N ,N+1 → Fω(A) such

that χ(v) = s and χ ◦ψ = φ. In particular χ must also be equivariant with respect to δν and
α̃ω. This concludes the proof. ��

4 Systems generated by ranges of pairwise commuting order zero
maps

In the previous two sections we demonstrated that in order to prove the main results of
this paper about automorphisms α ∈ Aut(A) or the corresponding actions α : Z � A, it
suffices to find unital equivariant ∗-homomorphisms (Mn,Ad(v)) → (Aω ∩ A′, αω) for all
kinds of unitaries v ∈ Mn . This problem can still be reduced a bit further: it suffices to find
equivariant pairwise commuting c.p.c. order zero maps φi : (Mn,Ad(v)) → (Aω ∩ A′, αω)

for i = 1, . . . ,m such that
∑m

i=1 φi (1) = 1. This result is probably well known to experts,
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but does not appear explicitly in the literature in this form. We will prove it here for the
sake of completeness. In the next section we will build on this and prove a slightly adapted,
approximate version better suited to our needs (Lemma 5.12).

The following construction and observations are taken from [86, Sect. 3] and have their
origins in [39, Sect. 5]:

Notation 4.1 Let D1, . . . , Dm be unital C∗-algebras. For t ∈ [0, 1] and j = 1, . . . ,m we
denote

D(t)
j :=

{

Dj if t > 0,

C · 1Dj if t = 0.

For a tuple �t = (t1, . . . , tm) ∈ [0, 1]m , we define
D(�t) := D(t1)

1 ⊗max . . . ⊗max D(tm )
m .

Consider the simplex

�(m) := {�t ∈ [0, 1]m | t1 + . . . + tm = 1}
and define

E(D1, . . . , Dm) := { f ∈ C(�(m), D1 ⊗max . . . ⊗max Dm) | f (�t) ∈ D(�t)}.
For every j = 1, . . . ,m there is a canonical c.p.c. order zero map

η j : Dj → E(D1, . . . , Dm)

given by

η j (d j )(�t) = t j · (1D1 ⊗ . . . ⊗ 1Dj−1 ⊗ d j ⊗ 1Dj+1 ⊗ . . . ⊗ 1Dm ).

It is easy to check that the ranges of these η j generate E(D1, . . . Dm) as a C∗-algebra.
Let G be a countable discrete group. Given actions δ(1) : G � D1, . . . , δ

(m) : G � Dm ,
the action on C(�(m), D1 ⊗max . . . ⊗max Dm) that is defined fiberwise by δ(1) ⊗ . . . ⊗ δ(m)

restricts to a well-defined action

E
(

δ(1), . . . , δ(m)
)

: G � E(D1, . . . , Dm).

Proposition 4.2 Let D1, . . . , Dm be m unital C∗-algebras with actions δ(1) : G � D1, . . . ,

δ(m) : G � Dm of a countable discrete group G. Then E(D1, . . . Dm) and E (δ(1), . . . δ(m)
)

together with the c.p.c. order zero maps η j satisfy the following universal property: If B is a
unital C∗-algebra with action β : G � B and ψ j :

(

Dj , δ
( j)
) → (B, β) for j = 1, . . . ,m

are equivariant c.p.c. order zero maps with pairwise commuting ranges such that

ψ1(1D1) + . . . + ψm(1Dm ) = 1B ,

then there exists a unique unital equivariant ∗-homomorphism
� :

(

E(D1, . . . Dm), E
(

δ(1), . . . , δ(m)
))

→ (B, β)

such that � ◦ η j = ψ j for j = 1, . . . ,m.

There is another natural way to view the C∗-algebra E(D1, . . . , Dm):

123



Equivariant Z-stability for single... Page 17 of 36 22

Notation 4.3 Given two unital C∗-algebras D1 and D2, one can define a new C∗-algebra by

D1�D2 := { f ∈ C([0, 1], D1 ⊗max D2 | f (0) ∈ D1 ⊗ 1, f (1) ∈ 1 ⊗ D2}.
We call this the join of the two C∗-algebras. As shown in [86, Remark 3.5], there is a natural
isomorphism

E(D1, D2) ∼= D1�D2.

More generally, it is shown there that for each m ≥ 2 there is an isomorphism

E(D1, . . . , Dm) ∼= D1�E(D2, . . . , Dm)

that becomes equivariant in the presence of actions δ(1) : G � D1, . . . , δ
(m) : G � Dm .

Thus, it makes sense to view theC∗-algebra E(D1, . . . , Dm) as them-fold join D1� . . . �Dm .
From now on, we will denote D�m := E(D, . . . , D

︸ ︷︷ ︸

m times

) and δ�m = E(δ, . . . , δ
︸ ︷︷ ︸

m times

).

In the case where all Dj are the same matrix algebra Mn , the universal property leads to
the following result:

Lemma 4.4 Let ν : G → U(Mn) be a unitary representation of a countable discrete group.
For any unital C∗-algebra B equipped with an action β : G � B the following holds:
Suppose ψ j : (Mn,Ad(ν)) → (B, β) for j = 1, . . . ,m are equivariant c.p.c. order zero
maps with pairwise commuting ranges such that

∑m
j=1 ψ j (1) = 1. Then there exists a unital

equivariant ∗-homomorphism � : (Mn,Ad(ν)) → (B, β).

Proof Suppose there exist c.p.c. order zero maps ψ j for j = 1, . . . ,m that satisfy all the
properties in the statement of the lemma. By the universal property (Proposition 4.2) we
get a unital equivariant ∗-homomorphism (M�m

n ,Ad(ν)�m) → (B, β). Hence, to prove the
lemma it suffices to prove that there is a unital equivariant embedding of (Mn,Ad(ν)) into
(M�m

n ,Ad(ν)�m).
We start by proving there is a unital equivariant embedding

(Mn,Ad(ν)) → (Mn�Mn,Ad(ν)�2).

Recall that the flip automorphism on Mn ⊗Mn is implemented by conjugation by the unitary
∑n

i, j=1 ei j ⊗ e ji (where the ei j denote the standard matrix units). By functional calculus
there exists a self-adjoint element a ∈ Mn ⊗ Mn such that

∑n
i, j=1 ei j ⊗ e ji = exp(ia). Then

the map

ι : Mn → Mn�Mn : x �→ [t �→ exp(i ta)(x ⊗ 1) exp(i ta)∗]
is a well-defined unital ∗-homomorphism. It is also equivariant: Take v ∈ U(Mn) arbitrarily.
Since we performed functional calculus in the commutant of the symmetric elementary
tensors a commutes with v ⊗ v and hence, exp(i ta) also commutes with v ⊗ v for all
t ∈ [0, 1]. So, we get

ι(vxv∗)(t) = exp(i ta)(vxv∗ ⊗ 1) exp(i ta)∗

= exp(i ta)(v ⊗ v)(x ⊗ 1)(v∗ ⊗ v∗) exp(i ta)∗

= (v ⊗ v) exp(i ta)(x ⊗ 1) exp(i ta)∗(v∗ ⊗ v∗)
= (v ⊗ v)ι(x)(t)(v∗ ⊗ v∗).
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This proves equivariance. In general, given a unital equivariant inclusion

φ :
(

M�(k−1)
n ,Ad(ν)�(k−1)

)

→
(

M�k
n ,Ad(ν)�k

)

for k ≥ 2, functoriality of the join construction yields a unital equivariant embedding of
Mn�M

�(k−1)
n into Mn�M�k

n that is induced by the identity map in the first variable and φ in
the second variable. By induction, we get a unital equivariant map

(

M�l
n ,Ad(ν)�l

)

→
(

M�(l+1)
n ,Ad(ν)�(l+1)

)

for each l ∈ N, so in particular for l = 1, . . . ,m − 1. The composition of these maps is a
unital equivariant embedding of Mn into M�m

n . ��

5 McDuff properties for automorphisms onW∗-bundles

In Sect. 2 and 3we reduced the twomain problems considered in this paper to problems about
the uniform tracial central sequence algebra of the C∗-dynamics involved. In this section we
tackle this tracial problem.Given an algebraically simpleC∗-algebra Awith T (A) non-empty
and compact, the central sequence algebras Aω ∩ A′ and ( Āu)ω ∩ ( Āu)′ are isomorphic. This
means that we are actually interested in proving properties about the uniform tracial closure
of the C∗-algebra. For the class of C∗-algebras we consider, this tracial closure has a natural
W ∗-bundle structure that we will make use of.

5.1 Preliminaries aboutW∗-bundles

Definition 5.1 ([71, Sect. 5]) Let X be a compact metrizable space. A W ∗-bundle over X is
a triple (M, X , E) such that

(1) M is a unital C∗-algebra;
(2) there is a given unital inclusion of C(X) into the center of M10;
(3) E : M → C(X) is a faithful conditional expectation satisfying E(ab) = E(ba) for all

a, b ∈ M;
(4) The unit ball {a ∈ M : ‖a‖ ≤ 1} is complete with respect to the uniform 2-norm defined

by ‖a‖2,u = ‖E(a∗a)1/2‖C(X).

We say the bundle is strictly separable if it contains a countable subset that is dense in the
uniform 2-norm. When clear from context, the base space X and conditional expectation E
will often be omitted from the notation.

For x ∈ X , we can define a tracial state τx on M by τx = evalx ◦ E . Let πx : M →
B(L2(M, τx )) denote the associated GNS representation. Write Mx := πx (M). Then the
fiber of M over x is the C∗-algebra Mx with trace τx . This will in fact be a tracial von
Neumann algebra (meaning that τ is a faithful normal trace).

Example 5.2 (Trivial W ∗-bundles)
• Let X be a compact metrizable space and let (M, τ ) be a tracial von Neumann algebra.

Consider the unital C∗-algebra

Cσ (X , M) := { f : X → M : f is ‖ · ‖-bounded and ‖ · ‖2,τ -continuous.}
10 The choice of inclusion is part of the definition, but we omit it throughout in order to keep the notation
lighter.
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Togetherwith the obvious embeddingC(X) → Z(Cσ (X , M)) and the conditional expec-
tation E : Cσ (X , M) → C(X) defined by E( f )(x) = τ( f (x)) this is a W ∗-bundle. It is
called the trivial W ∗-bundle over X with fiber M .

• In particular, tracial von Neumann algebras are trivialW ∗-bundles over a one-point base
space.

• One of the motivations of Ozawa for defining W ∗-bundles were special cases of these
trivialW ∗-bundles:When A is an algebraically simple, separable, nuclearC∗-algebra for
which T (A) is a non-empty Bauer simplex with finite-dimensional extreme boundary, he
showed that Āu has a natural structure of aW ∗-bundle over ∂eT (A) [71, Theorem 4]. The
conditional expectation E : Āu → C(∂eT (A)) satisfies E(a)(τ ) = τ(a) for all a ∈ A
and τ ∈ ∂eT (A).11 In this way, the fiber over τ ∈ ∂eT (A) can be canonically identified
with πτ (A)′′. Since A is nuclear we have πτ (A)′′ ∼= R for each τ ∈ ∂eT (A). These
isomorphisms can be coordinated in such a way that they give rise to a ∗-homomorphism
π : A → Cσ (∂eT (A),R) satisfying evalτ ◦ π = πτ for each τ ∈ ∂eT (A), where πτ

denotes the GNS representation induced by τ , and such that the image of π is dense in
the uniform 2-norm. Thus, Āu is isomorphic to the trivial bundle Cσ (∂eT (A),R).

Definition 5.3 (Morphisms of W ∗-bundles, cf. [20, Definition 2.3]) LetMi be a W ∗-bundle
over Xi with conditional expectation Ei for i = 1, 2.Amorphism is a unital∗-homomorphism
φ : M1 → M2 such that φ(C(X1)) ⊆ C(X2) and φ ◦ E1 = E2 ◦ φ.

Remark 5.4 The above notion of a morphism between W ∗-bundles is stronger than that
of a ∗-homomorphism between the corresponding C∗-algebras. For the rest of this paper,
whenever we mention a morphism or automorphism on a W ∗-bundle (M, X , E), we will
always mean this in the more strict sense of Definition 5.3 above. When we talk about an
action γ : G � M, we will always mean that γ acts by automorphisms in this sense as well.
In particular, this means that γg(C(X)) = C(X) and γg ◦ E = E ◦ γg for each g ∈ G.

Definition 5.5 (Quotients of W ∗-bundles, cf. [20, Definition 2.8 and Proposition 2.9]) Let
(M, X , E) be a W ∗-bundle and take a closed subset Y ⊆ X . We define:

IY = {a ∈ M | E(a∗a)(y) = 0 for all y ∈ Y }.
This is a ‖ · ‖2,u-closed, two-sided ideal of M and E(IY ) ⊆ IY .

The quotient M/IY can be given the structure of a W ∗-bundle over Y . Let q denote the
canonical quotient map, let ι : C(X) → M denote the unital embedding into the center
and let r : C(X) → C(Y ) denote the restriction map. Then there exist a unital central
embedding ιY : C(Y ) → M/IY and a conditional expectation EY : M/IY → C(Y ) such
that q ◦ ι = ιY ◦ r and r ◦ E = EY ◦ q . The triple (M/IY , Y , EY ) is a W ∗-bundle.

Let γ : G � M be an action on a W ∗-bundle (M, X , E). Since γg(C(X)) = C(X) for
each g ∈ G, the action can be restricted to C(X) and there is an induced action G � X on
the base space. Under the assumption that Y ⊆ X is invariant under this induced action, γ
also induces an action on the quotient bundle M/IY .

Definition 5.6 (Ultrapowers of W ∗-bundles, cf. [1, Definition 3.7]) Given a W ∗-bundle M
with uniform 2-norm ‖ · ‖2,u , the ultrapower of M is defined as12

Mω := �∞(M)/{(an)n∈N ∈ �∞(M) : lim
n→ω

‖an‖2,u = 0}.
11 Note that in this way, the uniform 2-norm it gets as aW∗-bundle is equal to ‖·‖2,∂eT (A). TheKrein–Milman
theorem guarantees that this equals ‖ · ‖2,T (A).
12 This object can again be given the structure of a W∗-bundle, but for our purposes it is enough to consider
only the C∗-algebra.
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Note that in the special casewhereM is the uniform tracial completion Āu of an algebraically
simple, separable, nuclear C∗-algebra A for which T (A) is a non-empty Bauer simplex with
finite-dimensional extremal boundary, then the definition above agrees with the ultrapower
(

Āu
)ω

defined in Definition 1.13.

Notation 5.7 Let γ : G � M be an action of a countable discrete group G on a W ∗-bundle
M. By Remark 5.4 this action preserves the ‖ · ‖2,u-norm and hence induces an action on
Mω. We will denote the induced action by γ ω.

Notation 5.8 Given a W ∗-bundle (M, X , E), a non-empty subset Y ⊂ X and a ∈ M, we
will denote supx∈Y (E(a∗a)(x))1/2 by ‖a‖2,Y .

5.2 Main technical goal and strategy

The main goal of this section is to prove the following technical theorem:

Theorem 5.9 Let (M, X , E) be a strictly separable W ∗-bundle over a finite-dimensional
compact metrizable space X, and suppose that there exists a unital ∗-homomorphism R →
Mω ∩ M′. Take γ ∈ Aut(M) and fix v ∈ U(Mn) for some n ∈ N. Consider the action that
γ induces on X. For each x ∈ X that has finite period, we define Mx̄ := M/IZ·x and let
γx̄ ∈ Aut(Mx̄ ) denote the automorphism induced on this quotient W ∗-bundle by γ .13 Assume
that for all these x with finite periods there exists a unital equivariant ∗-homomorphism

(Mn,Ad(v)) → (Mω
x̄ ∩ M′̄

x , γ
ω
x̄ ).

Then there exists a unital equivariant ∗-homomorphism
(Mn,Ad(v)) → (Mω ∩ M′, γ ω).

In the special case where the action on the base space X induced by γ factors through a
finite quotient of Z, Theorem 5.9 follows from the work of Gardella–Hirshberg [24] (they
even obtained their result in the more general setting of actions of countable discrete groups
instead of automorphisms).14 This is discussed in more detail in Sect. 5.3.

At the opposite end, we have the case where the action induced on the base space X is free.
In this case the theorem can be proved by a relatively short argument combining previous
results from the literature, as shown below. A sketch of this proof was provided to me by my
advisor Gábor Szabó, and I am thankful he let me include it here. It is again possible to do
this for a more general class of countable discrete groups.

Theorem 5.10 Let (M, X , E) be a W ∗-bundle over a finite-dimensional compact metrizable
space X and assume it admits a unital ∗-homomorphismR → Mω ∩M′. Let G be a finitely
generated, virtually nilpotent group. Suppose γ : G � M is an action such that the induced
action on X is free. Then for each n ∈ N and each unitary representation ν : G → U(Mn)

there exists a unital equivariant ∗-homomorphism (Mn,Ad(ν)) → (Mω ∩ M′, γ ω).

13 By the first isomorphism theorem, this quotient is isomorphic to πx̄ (M). Here πx̄ denotes the GNS
representation of M associated to the trace

∑

y∈Z·x 1
|Z·x | τy . It follows from the fact that the unit ball of M

is ‖ · ‖2,u -complete that this is a von Neumann algebra.
14 The article [24] is superseded and expanded on by a new article of Gardella–Hirshberg in collaboration with
Vaccaro [26]. There, the W∗-bundle techniques are no longer needed and other techniques are used instead.
Since we require some specific W∗-bundle results only found in the earlier version, we will make references
to that one if needed.
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Proof Fix (M, X , E) and an action γ : G � M as in the statement of the proposition. Let
Q denote the universal UHF algebra. First we construct a separable,Q-stable C∗-subalgebra
B ⊂ Mω ∩ M′ that is invariant under γ ω. By assumption there exists a unital embedding
R → Mω ∩ M′ and hence we can find a unital embedding φ1 : Q → Mω ∩ M′. By
definition of the W ∗-bundle we also have a unital inclusion C(X) ⊂ Z(Mω ∩ M′). Let

B1 = C∗(C(X) ∪ {γ ω
g (φ1(Q)) | g ∈ G}).

Choose a unital ∗-homomorphism φ2 : Q → Mω ∩ M′ such that its image commutes with
B1 and set

B2 = C∗(B1 ∪ {γ ω
g (φ2(Q)) | g ∈ G}).

Carry on this procedure inductively, i.e. given the C∗-algebra Bi find a unital inclusion
φi+1 : Q → Mω ∩ M′ such that its image commutes with Bi and define

Bi+1 = C∗(Bi ∪ {γ ω
g (φi (Q)) | g ∈ G}).

Then set B := ∪i∈NBi . This is separable and γ ω-invariant, and by construction we can find
a unital inclusionQ → Bω ∩ B ′, which implies that B isQ-stable by [73, 7.2.2]. Denote the
restriction of γ ω to B by β. We claim that because the action that γ induces on X is free, the
restriction of γ ω to C(X) has finite Rokhlin dimension with commuting towers. When G is
finite this follows from [22, Theorem 4.2] andwhenG is countably infinite, finitely generated
and virtually nilpotent, this follows from [90, Corollary 8.5, combined with Remark 9.7].
As C(X) is contained in the center of B, it is then immediately clear from the definition of
Rokhlin dimension that also dimc

Rok(β) < ∞. Now, fix n ∈ N and a unitary representation
ν : G → U(Mn). By [83, Proposition 6.3], the action ⊗NAd(ν) : G �

⊗

N
Mn is strongly

self-absorbing. Theorem 3.2 (which followed from a combination of [90, Theorem 4.10]
and [86, Corollary 5.1]) then shows that β ⊗ (⊗NAd(ν)) ∼=cc β. In particular, we get a
unital equivariant inclusion (Mn,Ad(ν)) → (Bω ∩ B ′, βω) by [84, Corollary 3.8]. Since
B ⊂ Mω∩M′, a reindexation trick shows that there is a unital equivariant ∗-homomorphism
(Mn,Ad(ν)) → (Mω ∩ M′, γ ω). This ends the proof. ��

By merging the approaches of the proofs for the two subcases of Theorem 5.9 in the
right way, we can prove the general version of the theorem (restricting to actions of Z). The
proof for the free case already illustrates one of the main novel aspects of our approach: via
the inclusion C(X) ⊂ Z(Mω ∩ M′) we will make use of Rokhlin-type properties of the
dynamical system G � X (or more precisely, a subsystem where the elements have large
enough periods such that it bears enough similarity to the free case). This idea of merging
the cases of small and large periods draws inspiration from a similar idea used in the proof of
the main result of [40]. Before the whole strategy can be explained more explicitly, we need
another lemma that may be viewed as an approximate version of Lemma 4.4 forW ∗-bundles.
We use the following notation:

Notation 5.11 Consider the continuous functions f +, f − : R → R
≥0 defined by

f +(t) =
{

t if t ≥ 0,

0 else,
and f −(t) =

{

−t if t ≤ 0,

0 else.

For a self-adjoint element a ∈ A we define two positive elements a+ := f +(a) and
a− := f −(a) by functional calculus. Then we get a = a+ − a− and a+a− = 0.
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Lemma 5.12 Let (M, X , E) be a strictly separable W ∗-bundle equipped with an action
γ : G � M of a countable discrete group. Let ν : G → U(Mn) be a unitary representation
of this group. Fix a finite set S ⊂⊂ Mn generating Mn linearly. Suppose that there exists an
m ∈ N such that for every ε > 0, every F ⊂⊂ G and T ⊂⊂ M there exist m c.p.c. order
zero maps ψ j : Mn → M for j = 1, . . . ,m such that

• ‖[ψi (s), ψ j (s′)]‖2,u < ε for s, s′ ∈ S and 1 ≤ i �= j ≤ m;
• ‖[ψi (s), t]‖2,u < ε for s ∈ S, t ∈ T and 1 ≤ i ≤ m;
• ‖ψi (Ad(νg)(s)) − γg(ψi (s))‖2,u < ε for s ∈ S, g ∈ F and 1 ≤ i ≤ m; and
• ‖ (1 −∑m

i=1 ψi (1)
)

+ ‖2,u < ε.

Then there exists a unital equivariant ∗-homomorphism � : (Mn,Ad(ν)) → (Mω ∩
M′, γ ω).

In case G is finitely generated, it suffices that the above holds for one finite generating set
F ⊂ G to arrive at the same conclusion.

Proof Pick an increasing sequence of finite subsets (Tk)k∈N whose union is dense in M for
the ‖ · ‖2,u-topology, and an increasing sequence of finite subsets (Fk)k∈N in G whose union
is all ofG. By assumption we can find c.p.c. order zero mapsψ

(k)
j : Mn → M for 1 ≤ j ≤ m

and every k ∈ N such that

• ‖[ψ(k)
i (s), ψ(k)

j (s′)]‖2,u < 1/k for s, s′ ∈ S and 1 ≤ i �= j ≤ m;

• ‖[ψ(k)
i (s), t]‖2,u < 1/k for s ∈ S; t ∈ Tk and 1 ≤ i ≤ m;

• ‖ψ(k)
i (Ad(νg)(s)) − γ (ψ

(k)
i (s))‖2,u < 1/k for s ∈ S, g ∈ Fk and 1 ≤ i ≤ m; and

• ‖(1 −∑m
i=1 ψ

(k)
i (1))+‖2,u < 1/k.

Define the maps

� j : Mn → Mω ∩ M′ : x �→ (ψ
(k)
j (x))k .

By our assumptions these are equivariant c.p.c. order zero maps with pairwise commuting
ranges such that

⎛

⎝1 −
n
∑

j=1

� j (1)

⎞

⎠

+
= 0.

Thus, we see that e := ∑n
j=1 � j (1) ≥ 1, and hence it has an inverse e−1 of norm less than or

equal to 1. Note that for each j = 1, . . . ,m and x ∈ Mn we get [� j (x),� j (1)] = 0 by the
correspondence between c.p.c. order zero maps and ∗-homomorphisms from cones. Since
the � j are also pairwise commuting, we see that their images all commute with e. Moreover,
e is fixed by γ . This means that if we define maps

� ′
j : Mn → Mω ∩ M′ : x �→ e−1/2� j (x)e

−1/2,

these will be c.p.c. order zero maps that are equivariant and pairwise commuting, and such
that

∑m
j=1 � ′

j (1) = 1. By Lemma 4.4 these give rise to a unital equivariant ∗-homomorphism
� : (Mn,Ad(ν)) → (Mω ∩ M′, γ ω). ��

Lemma 5.12 will be crucial to our strategy for proving Theorem 5.9. Given an automor-
phism γ of the W ∗-bundle M and a unitary v ∈ Mn as in the theorem, it suffices to find a
fixed m ∈ N such that for each ε > 0 there exist m approximately central, approximately
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pairwise commuting and approximately equivariant c.p.c. order zero maps ψ j : Mn → M
for j = 1, . . . ,m such that

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

(

1 −
m
∑

i=1

ψ j (1)

)

+

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

2,u

< ε.

This allows us to split the base space into two parts, X1 and X2, and construct the maps ψ j

such that ‖1−ψ1(1)‖2,X1 < ε and ‖1−∑m
i=2 ψi (1)‖2,X2 < ε. In otherwords, thismeans that

ψ1(1) and
∑m

i=2 ψi (1) lie uniformly close to 1 on the fibers above X1 and X2, respectively.
In particular, X1 and X2 can be chosen such that the behaviour of the action induced by γ

on these two sets is similar enough to the respective two subcases already mentioned before.
This allows us to obtain the mapsψ j by using similar ideas as in the proofs of these subcases.

More precisely, we can let X2 be the subset of X for which the elements have periods
greater than some fixed N ∈ N for the action induced by γ . If this N is large enough,
a known Rokhlin-type theorem from topological dynamics allows us to find approximate
Rokhlin towers in C0(X2). The strategy to obtain the maps ψ2, . . . ψm then resembles the
one used to prove the theorem in case the induced action on the base space is free. Recall from
the proof of Theorem 5.10 that in the free case the induced action onC(X) has finite Rokhlin
dimension. This by definition implies the existence of Rokhlin towers in C(X), which then
by the arguments in [86] leads to the required result. The Rokhlin towers we obtain here in
C0(X2) will play a similar role as those in the proof of [86]. A more detailed explanation
and proof is given in Sect. 5.4.

The other set, X1 ⊂ X will consist of the elements with period at most N . Restricted to
this set, the action of Z factors through a finite quotient. We will show that the map ψ1 can
be obtained from the results of Gardella–Hirshberg [24]. This is what we will start with in
the next subsection.

5.3 Traces with period≤ N

In [24], Gardella and Hirshberg used W ∗-bundle techniques to prove that equivariant Z-
stability holds automatically for actions of amenable groups on unital classifiableC∗-algebras
whose tracial state space is a Bauer simplexwith finite-dimensional extremal boundary, under
the additional assumption that the induced action on the extremal boundary has finite orbits
and Hausdorff orbit space. This is in particular the case if the action on the extremal boundary
factors through a finite quotient group. We can use their main technical result (Theorem 5.14
below) to deal with the part of theW ∗-bundle over the points of the base space whose periods
are bounded above by some N ∈ N. Beforewe can state this, we need the notion of equivariant
W ∗-bundles:

Definition 5.13 ([24, Definition 2.4]) Let G be a countable discrete group and let X be a
compact metrizable space. An equivariant W ∗-bundle over X is a quadruple (M, X , E, γ )

such that (M, X , E) is a W ∗-bundle and γ : G � M is an action satisfying γg ◦ E = E =
E ◦ γg for all g ∈ G. Note that this implies that the action restricted to C(X) is the trivial
one. It is easy to check that in this case γ induces an action γx : G � Mx on each fiber
that makes πx , the GNS representation associated to τx , equivariant. For this reason γ is also
called a fiberwise action.

The following is a combination of [24, Theorem 2.12 and 2.20]:
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Theorem 5.14 Let M be a strictly separable W ∗-bundle over a finite-dimensional compact
metrizable space X, let G be a countable discrete group, let ν : G → U(Mn) be a unitary
representation and let γ : G � M be a fiberwise action. Then the following are equivalent:

(1) There exists a unital equivariant ∗-homomorphism (Mn,Ad(ν)) → (Mω ∩ M′, γ ω);
(2) For all x ∈ X there exists a unital equivariant ∗-homomorphism (Mn,Ad(ν)) → (Mω

x ∩
M′

x , γ
ω
x ).

With a trick inspired by [24, Example 2.6], we can prove a different version of the previous
theorem where the action on the W ∗-bundle no longer needs to be fiberwise, but instead it is
enough that the action induced on the base space factors through a finite quotient group:

Theorem 5.15 Let (M, X , E) be a strictly separable W ∗-bundle over a finite-dimensional
compact metrizable space X. Let G be a countable discrete group with a unitary repre-
sentation ν : G → U(Mn), and take an action γ : G � M such that the induced action
on X factors through a finite quotient of G. For x ∈ X define Mx̄ := M/IG·x and let
γx̄ : G � Mx̄ denote the action that γ induces on this quotient bundle. Assume that for all
x ∈ X there exists a unital equivariant ∗-homomorphism

(Mn,Ad(ν)) → (Mω
x̄ ∩ M′̄

x , γ
ω
x̄ ).

Then there exists a unital equivariant ∗-homomorphism
(Mn,Ad(ν)) → (Mω ∩ M′, γ ω).

Proof Take a W ∗-bundle (M, X , E) as in the statement of the theorem. In order to be able
to apply Theorem 5.14 we first turn this into an equivariant W ∗-bundle with the same trick
as used in [24, Example 2.6]. Since the action that γ induces on X factors through a finite
quotient of G, the orbit space X/G is again compact and metrizable, and there is a canonical
faithful condition expectation E : C(X) → C(X/G) given by

E( f )(G · x) = 1

|G · x |
∑

y∈G·x
f (y).

We show that M also has a natural structure of an equivariant W ∗-bundle over X/G with
conditional expectation E ′ = E ◦ E . Since γg ◦ E ′ = E ′ = E ′ ◦ γg for each g ∈ G, it will
moreover be an equivariant bundle. Let N denote an upper bound for the orbit size. For each
a ∈ M it holds that

sup
x∈X

E(a∗a)(x) ≤ N sup
G·x∈X/G

E ′(a∗a)(G · x) ≤ N sup
x∈X

E(a∗a)(x).

This means that the two possible uniform 2-norms on M defined respectively by E and E ′
are equivalent. In particular, the unit ball of M is also complete for the 2-norm induced by
E ′, and it does not matter which 2-norm we use to form the ultrapower Mω, as the two
options will yield the same C∗-algebra.

By the first isomorphism theorem, for each x ∈ X the fiber ofM over G · x is isomorphic
to Mx̄ = M/IG·x as defined in the statement of the theorem. Since by assumption there
exists a unital equivariant ∗-homomorphism

(Mn,Ad(ν)) → (Mω
x̄ ∩ M′̄

x , γ
ω
x̄ )

for each x ∈ X , the result follows from Theorem 5.14. ��
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Consider the case of a W ∗-bundle (M, X , E) as in the statement of Theorem 5.9 with an
automorphism γ ∈ Aut(M) and v ∈ U(Mn). The action induced by γ on the base space X
does not need to factor through a finite quotient of Z and therefore we cannot immediately
apply the previous theorem. However, given some fixed N ∈ N we can consider the subset
XN ⊂ X of points in the base space that have period at most N for this induced action. The
quotient bundleN := M/IXN with the induced automorphism γ̄ ∈ Aut(N ) will satisfy the
requirements of Theorem 5.15 and hence, we get a unital equivariant map

(Mn,Ad(v)) → (Nω ∩ N ′, γ̄ ω).

The next proposition will allow us to lift this map to a c.p.c. map into Mω ∩ M′.

Proposition 5.16 Let (M, X , E) be a strictly separable W ∗-bundle over a finite-dimensional
compact metrizable space X and let γ ∈ Aut(M). Fix N ∈ N and denote by XN ⊂ X the
points of the base space with period at most N for the action induced by γ . Define the
ideal JXN ⊂ Mω as (abusing notation to use representative sequences in �∞(M) to denote
elements in Mω)

JXN :=
{

(an)n∈N ∈ Mω : lim
n→ω

‖an‖2,XN = 0
}

.

This is a Z-σ -ideal. Consider the quotient W ∗-bundleN := M/IXN . Then as C
∗-algebras,

we get that

Nω ∼= Mω/JXN .

Proof Recall Example 2.7, where we sketched a proof of the fact that in presence of an action
by a group G, the trace kernel ideal of a C∗-algebra is a G-σ -ideal of its norm ultrapower.
The proof that JXN is a Z-σ -ideal for the action induced by γ is completely analogous.

Let π : M → N denote the projection map to the quotient bundle. Recall that the condi-
tional expectation EN on N satisfies EN ◦ π = r ◦ E , where r : C(X) → C(XN ) denotes
the restriction map. Hence, for all a ∈ M it holds that

‖π(a)‖2,u = ‖a‖2,XN .

The quotient map π induces a surjective map �∞(M) → �∞(N ) and the above equality
shows that under this map the ideal JXN is the preimage of the ideal

{(an)n∈N ∈ �∞(N ) : lim
n→ω

‖an‖2,u = 0} ⊂ �∞(N ).

Hence,

Nω ∼= Mω/JXN .

��

Corollary 5.17 Let M be a strictly separable W ∗-bundle over a finite-dimensional compact
metrizable space X and fix γ ∈ Aut(M). Take v ∈ U(Mn) for some n ∈ N. For any x ∈ X
that has finite period for the action that γ induces on X, we defineMx̄ := M/IZ·x and write
γx̄ ∈ Aut(Mx̄ ) for the automorphism that γ induces on this quotient W ∗-bundle. Assume
that for all those x there exists a unital equivariant ∗-homomorphism

(Mn,Ad(v)) → (Mω
x̄ ∩ M′̄

x , γ
ω
x̄ ). (5.1)
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Then, using the same notation as in Proposition 5.16, there exists an equivariant c.p.c. order
zero map

� : (Mn,Ad(v)) → (Mω ∩ M′, γ ω)

such that 1 − �(1) ∈ JXN .

Proof Denote the quotient W ∗-bundle M/IXN by N and the induced automorphism on
this bundle by γ̄ . Because of assumption (5.1) on M, the quotient bundle N satisfies all
the necessary properties for the conclusion of Theorem 5.15 to hold, so there must exist a
unital equivariant map (Mn,Ad(v)) → (Nω ∩ N ′, γ̄ ω). Since M is strictly separable, a
combination of Proposition 2.6 and 5.16 allows us to lift this map to an equivariant c.p.c.
order zero map

� : (Mn,Ad(v)) → (Mω ∩ M′, γ ω)

such that 1 − �(1) ∈ JXN . ��

5.4 Traces with period > N

Next, we show that we can also take care of traces with sufficiently large periods:

Lemma 5.18 Let (M, X , E) be a W ∗-bundle over a compact metrizable space X that has
covering dimension d < ∞. Assume that there exists a unital ∗-homomorphism R →
Mω ∩M′. Fix γ ∈ Aut(M) and v ∈ U(Mn) for some n ∈ N. For each ε > 0 and S ⊂⊂ Mn

there exists an N ∈ N such that the following holds: Let XN ⊂ X denote those points with
period at most N for the action that γ induces on X. Let K ⊂ X\XN be compact. For each
T ⊂⊂ M we can find 2d + 3 c.p.c. order zero maps ψl : Mn → M for l = 0, . . . 2d + 2
such that for all t ∈ T and s, s′ ∈ S

• ‖ψl(vsv∗) − γ (ψl(s))‖2,u < ε for l = 0, . . . 2d + 2;
• ‖[ψl(s), ψl ′(s′)]‖2,u < ε for 0 ≤ l �= l ′ ≤ 2d + 2;
• ‖[ψl(s), t]‖2,u < ε for l = 0, . . . 2d + 2; and

•
∣

∣

∣

∣

∣

∣

∑2d+2
l=0 ψl(1) − 1

∣

∣

∣

∣

∣

∣

2,K
= 0.

Before giving the detailed proof, we explain the idea behind it. By the assumptions onM
we canfind tracially-approximate∗-homomorphisms fromMn intoM that are approximately
central. The trick is to adjust and average these in the right way so that they become c.p.c.
order zero maps with the needed properties as specified in the proposition. SinceM is aW ∗-
bundle over X , we have a canonical inclusionC(X) ⊂ Z(M) by definition. This allows us to
use results about the dynamical system X equipped with the action it gets from γ (or better:
the subsystem of elements with large enough period) in order to obtain the right elements to
average over. More specifically, we need the following Rokhlin-type lemma from the context
of topological dynamics:

Lemma 5.19 ([40, Lemma 4.2]) Let X be a locally compact space with covering dimension
d < ∞. Fix k,m ∈ N and a compact subset K ⊂ X, and suppose α : Z � X is an action
by homeomorphisms such that |Z · x | > (d + 1)(4m + 1) for any x ∈ X.

(1) If m ≥ (2d + 3)k − d
2 − 1, then there exist open subsets Z (0), . . . , Z (2d+2) ⊂ X such

that
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(a) for any l ∈ {0, . . . , 2d + 2}, the sets α−m(Z
(l)

), . . . , α0(Z
(l)

), . . . , αm(Z
(l)

) are
pairwise disjoint;

(b) K ⊂ ⋃2d+2
l=0

⋃m−k
i=−(m−k) αi (Z (l)).

(2) If ε > 0 satisfiesm ≥ (2d+3)k
⌈ 1

ε

⌉− d
2 −1, there exist open subsets Z (0), . . . , Z (2d+2) ⊂

X satisfing the above two conditions, as well as compactly supported contractions
{ f (l)

j }l∈{0,...2d+2}; j∈Z ⊂ C(X)+ satisfying

(a) supp( f (l)
j ) ⊆

{

α j (Z (l)), if | j | ≤ m,

∅, if | j | > m
for any l ∈ {0, . . . , 2d + 2};

(b)
∑2d+2

l=0
∑m

j=−m f (l)
j (x) ≤ 1 for all x ∈ X with equality on K ;

(c) ‖ f (l)
j ◦ αi − f (l)

j−i‖ < ε for all j ∈ Z, for all i ∈ Z ∩ [−k, k] and for all l ∈
{0, . . . , 2d + 2}.

Proof of Lemma 5.18 Let (M, X , E) be a W ∗-bundle satisfying the requirements of the
proposition, with d := dim(X) < ∞. Let γ ∈ Aut(M). Fix some v ∈ U(Mn), ε > 0
and S ⊂⊂ Mn . We may assume that maxs∈S{‖s‖} ≤ 1. Let δ denote the automorphism
Ad(v) on Mn . Choose

m ≥ (2d + 3)

⌈

2

ε

⌉

− d

2
− 1 and

N > (d + 1)(4m + 1).

We show that this N satisfies the requirements of the proposition.
Take T ⊂⊂ M arbitrarily. By the assumptions on M, we can find 2d + 3 unital ∗-

homomorphisms �l : Mn → Mω ∩ M′ for l = 0, . . . , 2d + 2 such that

[�l(Mn), γ
z(�l ′(Mn))] = 0 for l �= l ′, z ∈ Z.

By [1, Proposition 3.11] there exists as unital ∗-homomorphism ι : Mn → M, and this
induces a unital ∗-homomorphism ιω : Mn → Mω. As unital ∗-homomorpisms Mn → Mω

are unique up to unitary equivalence, the maps �l can be lifted to a sequence of unital
∗-homomorphisms into M. Indeed, given l = 0, . . . , 2d + 2, we can find a unital ∗-
homomorphism θ : Mn → Mω whose image commutes with the images of ιω and �l by the
assumptions onM. Let u ∈ U(Mn ⊗ Mn) be a unitary implementing the flip automorphism
on Mn ⊗ Mn . Then

w = (�l ⊗ θ)(u)(ιω ⊗ θ)(u) ∈ U(Mω)

satisfies Ad(w)◦ ιω = �l . As w has finite spectrum it can be lifted to a sequence of unitaries
(wn)n∈N in M, and then the sequence of ∗-homomorphisms (Ad(wn) ◦ ι)n∈N lifts �l . In
particular, we can find unital ∗-homomorphisms φl : Mn → M for l = 0, . . . , 2d + 2 such
that for all s ∈ S, t ∈ T and i, j = −m, . . . ,m it holds that

‖[γ i (φl(δ
−i (s))), γ j (φl ′(δ

− j (s)))]‖2,u < ε if l �= l ′, and (5.2)

‖[γ i (φl(δ
−i (s))), t]‖2,u < ε. (5.3)

Let X ′ ⊂ X denote the points with period greater than N for the action that γ induces on
X and take a compact set K ⊂ X ′. Recall that N > (d + 1)(4m + 1) and thus, we can apply
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Lemma 5.19 to the action that γ induces on X ′ and find compactly supported contractions
{ f (l)

j } ⊂ C(X ′)+ for l = 0, . . . 2d + 2 and j ∈ Z satisfying

supp
(

f (l)
j

)

= ∅ for | j | > m; (5.4)

γ i
(

f (l)
j

)

γ i ′
(

f (l)
j ′
)

= 0 if i + j �= i ′ + j ′ and i + j − (i ′ + j ′) ≤ 2m; (5.5)

2d+2
∑

l=0

m
∑

j=−m

f (l)
j (x) ≤ 1 for all x ∈ X ′, with equality in K ; (5.6)

∣

∣

∣

∣

∣

∣γ
(

f (l)
j

)

− f (l)
j+1

∣

∣

∣

∣

∣

∣ < ε/2 for l = 0, . . . , 2d + 2 and all j ∈ Z. (5.7)

Note that it makes sense to apply γ to the elements f (l)
j . Since X ′ is open and all f (l)

j are

compactly supported, the f (l)
j can be extended to continuous functions on X by setting them

to be zero outside X ′. In this way they can be considered as elements in C(X) ⊂ Z(M).
Define the maps ψl : Mn → M for l = 0, . . . , 2d + 2 by

ψl(z) :=
m
∑

j=−m

f (l)
j γ j (φl(δ

− j (z))) for z ∈ Mn .

These are clearly c.p.c. maps and they are also order zero since f (l)
i f (l)

j = 0 if i, j =
−m, . . . ,m with i �= j by (5.5). Fix x ∈ K . Recall that the trace τx on M is defined by
composing the conditional expectation E with evaluation at x . We get

∥

∥

∥

∥

∑2d+2

l=0
ψl(1) − 1

∥

∥

∥

∥

2,τx

=
∥

∥

∥

∥

∑2d+2

l=0

∑m

j=−m
f (l)
j − 1

∥

∥

∥

∥

2,τx

(5.6)= 0.

When l �= l ′ and s, s′ ∈ S we get

‖[ψl(s), ψl ′ (s
′)]‖2,u =

∥

∥

∥

∥

∥

∥

⎡

⎣

m
∑

j=−m

f (l)
j γ j (φl(δ

− j (s))),
m
∑

j=−m

f (l ′)
j γ j (φl ′ (δ

− j (s′)))

⎤

⎦

∥

∥

∥

∥

∥

∥

2,u

=
∥

∥

∥

∥

∥

∥

m
∑

i=−m

m
∑

j=−m

f (l)
i f (l ′)

j [γ i (φl(δ
−i (s))), γ j (φl ′ (δ

− j (s′)))]
∥

∥

∥

∥

∥

∥

2,u

≤ sup
x∈X

m
∑

i=−m

m
∑

j=−m

f (l)
i (x) f (l ′)

j (x)‖[γ i (φl (δ
−i (s))), γ j (φl ′ (δ

− j (s′)))]‖2,τx

(5.2)
< sup

x∈X

m
∑

i=−m

m
∑

j=−m

f (l)
i (x) f (l ′)

j (x)ε
(5.6)≤ ε.

Similarly, using (5.3) we also see that ‖[ψl(s), t]‖2,u < ε for l = 0, . . . , 2d + 2, t ∈ T and
s ∈ S.

Next, we show that these maps are approximately equivariant in the right sense. For s ∈ S
we get

γ (ψl(s)) =
m
∑

j=−m

γ ( f (l)
j )γ j+1(φl(δ

− j (s)))
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=
m+1
∑

i=−m+1

γ ( f (l)
i−1)γ

i (φl(δ
−i+1(s)))

(5.4)=
m+1
∑

i=−m

(γ ( f (l)
i−1) − f (l)

i )γ i (φl(δ
−i+1(s))) +

m
∑

i=−m

f (l)
i γ i (φl(δ

−i+1(s)))

=
m+1
∑

i=−m

(γ ( f (l)
i−1) − f (l)

i )γ i (φl(δ
−i+1(s))) + ψl(δ

1(s)).

So, we get

∥

∥γ (ψl(s)) − ψl(vsv
∗)
∥

∥

2,u =
∥

∥

∥

∥

∥

m+1
∑

i=−m

(γ ( f (l)
i−1) − f (l)

i )γ i (φl(δ
−i+1(s)))

∥

∥

∥

∥

∥

2,u

≤
∥

∥

∥

∥

∥

0
∑

i=−m

(γ ( f (l)
i−1) − f (l)

i )γ i (φl(δ
−i+1(s)))

∥

∥

∥

∥

∥

2,u

+
∥

∥

∥

∥

∥

m+1
∑

i=1

(γ ( f (l)
i−1) − f (l)

i )γ i (φl(δ
−i+1(s)))

∥

∥

∥

∥

∥

2,u

(5.5),(5.7)
< ε/2 + ε/2 = ε.

As we have shown that the maps ψl satisfy all the necessary properties, this ends the proof.
��

5.5 Proof of Theorem 5.9

Combining the results from the previous two subsections, we can prove the main technical
result of this paper. Before doing this, we need one more small lemma:

Lemma 5.20 Let A be a C∗-algebra and τ ∈ T (A). Suppose a is a self-adjoint element and
b ≥ 0. Then

‖(a − b)+‖2,τ ≤ ‖a‖2,τ .
Proof We have

a = (a − b)+ − (a − b)− + b,

so

a2 = (a − b)2+ + (a − b)2− + b2 + b(a − b)+ − b(a − b)− + (a − b)+b − (a − b)−b
= (a − b)2+ + (a − b)2− + b2 + b(a − b) + (a − b)b.

Since (a − b) ≥ −(a − b)−, we also get that

τ((a − b)2− + b2 + b(a − b) + (a − b)b) = τ((a − b)2− + b2 + 2b1/2(a − b)b1/2)

≥ τ((a − b)2− + b2 − 2b1/2(a − b)−b1/2)
= τ([b − (a − b)−]2) ≥ 0.
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Hence,

‖(a − b)+‖2,τ = τ((a − b)2+)

≤ τ((a − b)2+ + (a − b)2− + b2 + b(a − b) + (a − b)b)

= τ(a2)

= ‖a‖2,τ .
��

Proof of Theorem 5.9 Fix a finite subset S ⊂⊂ Mn generating Mn linearly. Denote d :=
dim(X) < +∞. Note that by Lemma 5.12 it suffices to show that for any ε > 0 and
T ⊂⊂ M there exists 2d + 4 c.p.c. order zero maps ψl : Mn → M for l = 0, . . . , 2d + 3
that satisfy

• ‖[ψi (s), ψ j (s′)]‖2,u < ε for s, s′ ∈ S and 0 ≤ i �= j ≤ 2d + 3;
• ‖[ψi (s), t]‖2,u < ε for s ∈ S, t ∈ T and i = 0, . . . , 2d + 3;
• ‖ψi (vsv∗) − γ (ψi (s))‖2,u < ε for i = 0, . . . , 2d + 3; and
• ‖ (1 −∑m

i=1 ψi (1)
)

+ ‖2,u < ε.

So, fix ε > 0 and T ⊂⊂ M. Fix the N ∈ N from Lemma 5.18 that corresponds to the tuple
(ε, S). By Corollary 5.17 (using the same notation as in the statement of that corollary) we
know that there is an equivariant c.p.c. order zero map

�0 : (Mn,Ad(v)) → (Mω ∩ M′, γ ω) such that 1 − �0(1) ∈ JXN .

Since order zero maps from matrix algebras always lift, we can lift �0 to a sequence of maps
into M, and going far enough in the sequence allows us to obtain a c.p.c. order zero map
ψ0 : Mn → M satisfying

• ‖[ψ0(s), t]‖2,u < ε for s ∈ S and t ∈ T ;
• ‖ψ0(vsv∗) − γ (ψ0(s))‖2,u < ε for s ∈ S; and
• ‖1 − ψ0(1)‖2,XN < ε.

By continuity we can find an open subset V ⊂ X containing XN such that

‖1 − ψ0(1)‖2,V < ε. (5.8)

Then the complement X \ V is compact and all points there have period greater than N , so
by Lemma 5.18 we find 2d + 3 c.p.c. order zero maps ψl : Mn → M for l = 1, . . . 2d + 3
such that for all t ′ ∈ (T ∪ ψ0(S)) and s, s′ ∈ S it holds that

• ‖ψl(vsv∗) − γ (ψl(s))‖2,u < ε for l = 1, . . . 2d + 3;

• ‖[ψl(s), ψl ′(s′)]‖2,u < ε for 1 ≤ l �= l ′ ≤ 2d + 3;

• ‖[ψl(s), t ′]‖2,u < ε for 1 ≤ l ≤ 2d + 3; and

• ‖1 −∑2d+3
l=1 ψl(1)‖2,X\V < ε.

Combining the last estimate with (5.8) and applying Lemma 5.20 (using a = 1 − ψ0(1),
b = ∑2d+3

l=1 ψl(1) for traces in V and a = 1−∑2d+3
l=1 ψl(1), b = ψ0(1) for traces in X \V ),

we conclude that
∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

(

1 −
2d+3
∑

l=0

ψl(1)

)

+

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

2,u

< ε.

All necessary conditions to apply Lemma 5.12 are fulfilled. This ends the proof. ��
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6 Main results

In this last section, we return to actions on an algebraically simple, separable, nuclear, Z-
stable C∗-algebra A for which T (A) is a non-empty Bauer simplex with finite-dimensional
extremal boundary. In this case, the uniform tracial completion Āu is isomorphic to the
trivial W ∗-bundle Cσ (∂eT (A),R), so we can apply the results of the previous section to
obtain structural results about actions on A.

Theorem 6.1 Let A be an algebraically simple, separable, nuclear, Z-stable C∗-algebra.
Assume that T (A) is a non-empty Bauer simplex and that ∂eT (A) is finite-dimensional, and
let α : Z � A be an action on A. Then the following hold:

(1) For each n ∈ N, there exists a unital ∗-homomorphism Mn → (Aω ∩ A′)αω
;

(2) If α is strongly outer, then for any n ∈ N and unitary representation ν : Z → U(Mn)

there exists a unital equivariant ∗-homomorphism (Mn,Ad(ν)) → (Aω ∩ A′, αω).

Proof Wewill prove this using Theorem 5.9. Take aC∗-algebra A satisfying the assumptions
above. Recall from Example 5.2 that M := Āu is isomorphic to the trivial W ∗-bundle
Cσ (∂eT (A),R). Furthermore, the unit ball of A is ‖ · ‖2,u-dense in the unit ball of Āu and
hence Aω ∩ A′ ∼= Mω ∩ M′. We will denote the extension of α to M by γ .

TheW ∗-bundleM is strictly separable because A itself is separable. Since it is a trivialW ∗-
bundle with fibers isomorphic toR, there exists a unital ∗-homomorphismR → Mω ∩M′.
Now, take any τ ∈ ∂eT (A) that has finite orbit for the action induced on ∂eT (A) and consider
the trace

τ̄ := 1

|Z · τ |
∑

σ∈Z·τ
σ.

Let πτ̄ denote the GNS representation of M associated to τ̄ . The kernel of this map is IZ·τ
and hence

M/IZ·τ ∼= πτ̄ (M) ∼= πτ̄ (A)′′. (6.1)

Denote by ατ̄ the action on πτ̄ (A)′′ induced by α that makes πτ̄ equivariant. Under the
isomorphism (6.1), ατ̄ corresponds to the action that γ induces on the quotient M/IZ·τ .

Take a unitary representation ν : Z → U(Mn). We wish to determine when it is possible to
find a unital equivariant ∗-homomorphism (Mn,Ad(ν)) → (Aω ∩ A′, αω). By Theorem 5.9
and all the correspondences previously established, it suffices to show that for any τ ∈ ∂eT (A)

that has finite orbit for the action induced on ∂eT (A), there exists a unital equivariant ∗-
homomorphism

(Mn,Ad(ν)) → (

(πτ̄ (A)′′)ω ∩ πτ̄ (A)′, (ατ̄ )
ω
)

. (6.2)

For all such τ ∈ ∂eT (A) it holds that πτ̄ (A)′′ ∼= ⊕

σ∈Z·τ πσ (A)′′ (see [14, Chapter 6]).
Since τ is extremal all direct summands are factors and because A is nuclear, it follows from
Connes’ theorem (see [9, 12]) that

πτ̄ (A)′′ ∼=
⊕

σ∈Z·τ
R.

In case ν is the trivial representation, the action Ad(ν) on Mn is the trivial action and it
follows directly from [88, Proposition 5.19] that (6.2) holds for all extremal traces with finite
period. This proves (1).

Now assume we are in case (2), i.e. α is strongly outer. Let ν be an arbitrary unitary
representation. Fix τ ∈ ∂eT (A) with finite period. Since τ̄ is invariant under α, by definition
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of strong outerness we get that ατ̄ is pointwise outer, and even properly outer (see [27,
Remark 2.17]). Define the action δ : Z � R by extending

⊗∞
n=1 Ad(ν) : Z �

⊗

N
Mn to

R. Then [88, Proposition 5.19] shows that there exists a unital equivariant embedding of
(R, δ) into the tracial central sequence algebra of πτ̄ (A)′′, and thus also an embedding of
(Mn,Ad(ν)). Again, condition (6.2) is satisfied for all relevant traces. This proves (2). ��

From the previous theorem we can derive the main results of this paper (Theorems A and
C):

Theorem 6.2 Let A be an algebraically simple, separable, nuclear, Z-stable C∗-algebra.
Assume that T (A) is a non-empty Bauer simplex and that ∂eT (A) is finite-dimensional, and
let α : Z � A be an action on A. Then the following hold:

(1) α 	cc α ⊗ idZ ;
(2) If α is strongly outer, dimc

Rok(α) ≤ 2.

Proof This follows directly from the previous theorem combined with Theorem 2.1 and 3.3,
respectively. ��

Moreover, we obtain Corollary D:

Corollary 6.3 Let A be an algebraically simple, separable, nuclear, Z-stable C∗-algebra.
Assume that T (A) is a non-empty Bauer simplex and that ∂eT (A) is finite-dimensional. Let
D be a strongly self-absorbing C∗-algebra such that A ∼= A⊗D. Then for any strongly outer
action α : Z � A and any action δ : Z � D it holds that α 	cc α ⊗ δ.

Proof The previous theorem implies that α has finite Rokhlin dimension with commuting
towers. If δ is strongly self-absorbing, the result follows directly from [86, Corollary 5.1]
(using [90, Theorem 4.10] to verify one additional necessary condition). Just as in the proof
of [87, Corollary 3.5] this can be used to obtain the result for a general δ : Z � D as follows.
By [87, Corollary 3.4] there is a unique strongly outer action δ0 : Z � D up to cocycle
conjugacy, so in particular δ0 	cc δ0 ⊗ δ. Then δ0 is automatically strongly self-absorbing
by [87, Theorem 3.2(i)], hence by the first part of this proof α 	cc α ⊗ δ0. As a consequence
we also get α 	cc α ⊗ δ0 	cc α ⊗ δ0 ⊗ δ 	cc α ⊗ δ. ��

In a similar way, Theorem 5.10 can be used to prove a result from which Theorem B
follows as a special case:

Theorem 6.4 Let A be an algebraically simple, separable, nuclear, Z-stable C∗-algebra for
which the tracial simplex is a non-empty Bauer simplex with finite-dimensional extremal
boundary. Let G be a countable discrete group for which all finitely generated subgroups are
virtually nilpotent. Take an action α : G � A for which the induced action on ∂eT (A) is free.
Then for each n ∈ N and each unitary representation ν : G → U(Mn) there exists a unital
equivariant ∗-homomorphism (Mn,Ad(ν)) → (Aω ∩ A′, αω). In particular, α 	cc α ⊗ idZ .

Proof Let ν : G → U(Mn) be a unitary representation. Since G is a countable group, it can
be written as an increasing union of finitely generated subgroups. By a reindexation trick
similar as in the proof of [82, Lemma 5.5], it then suffices to prove that for each finitely
generated subgroup H ⊂ G there exists a unital equivariant ∗-homomorphism

(Mn,Ad(ν)
∣

∣

H ) → (Aω ∩ A′, αω
∣

∣

H ).

Alternatively, we may just assume that G is finitely generated and virtually nilpotent.
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Similarly as in the proof of Theorem 6.1, we use that Āu is isomorphic to the trivial
W ∗-bundle Cσ (∂eT (A),R). Denote the extension of α to Āu by γ . It follows directly from
Theorem 5.10 that there exists a unital equivariant ∗-homomorphism

(Mn,Ad(ν)) → (( Āu)ω ∩ ( Āu)′, γ ω) ∼= (Aω ∩ A′, αω).

This holds in particular when ν is the trivial representation. Thus, equivariant Z-stability of
α follows from Theorem 2.1. ��

Funding This work was partially supported by long term structural funding—Methusalem grant of the Flem-
ish Government and supported by the Research Foundation Flanders (PhD-grant 11B6620N fundamental
research).

Data availability Since this work is of abstract theoretical nature, no data sets are generated or analyzed. One
can obtain the relevant materials from the reference list.

References

1. Bosa, J., Brown, N., Sato, Y., Tikuisis, A., White, S., Winter, W.: Covering dimension of C∗-algebras
and 2-coloured classification. Mem. Amer. Math. Soc. 257(1233), (2019)

2. Bratteli, O., Evans, D.E., Kishimoto, A.: The Rohlin property for quasi-free automorphisms of the
Fermion algebra. Proc. London Math. Soc. 71(3), 675–694 (1995)

3. Bratteli, O., Kishimoto, A.: Trace scaling automorphisms of certain stable AF algebras II. Q. J. Math.
51(2), 131–154 (2000)

4. Bratteli, O., Kishimoto, A., Rørdam, M., Størmer, E.: The crossed product of a UHF algebra by a shift.
Ergodic Theory Dynam. Systems 13(4), 615–626 (1993)

5. Carrion, J., Castillejos, J., Evington, S., Gabe, J., Schafhauser, C., Tikuisis, A., White, S.: Tracially
complete C∗-algebras. In preparation

6. Castillejos, J., Evington, S.: Nuclear dimension of simple stably projectionless C∗-algebras. Anal. PDE
13(7), 2205–2240 (2020)

7. Castillejos, J., Evington, S., Tikuisis, A., White, S.: Uniform property Gamma. Int. Math. Res. Not.
2022(13), 9864–9908 (2022)

8. Castillejos, J., Evington, S., Tikuisis,A.,White, S.,Winter,W.:Nuclear dimensionof simpleC∗-algebras.
Invent. Math. 224, 245–290 (2021)

9. Choi, M.D., Effros, E.: Separable nuclearC∗-algebras and injectivity. DukeMath. J. 43, 309–322 (1976)
10. Connes, A.: Une classification des facteurs de type III. Ann. Sci. École Norm. Sup. 6, 133–252 (1973)
11. Connes, A.: Outer conjugacy classes of automorphisms of factors. Ann. Sci. École Norm. Sup. 8, 383–

419 (1975)
12. Connes, A.: Classification of injective factors. Cases II1, II∞, IIIλ, λ �= 1. Ann. Math. 74, 73–115

(1976)
13. Connes, A.: Periodic automorphisms of the hyperfinite factors of type II1. Acta Sci. Math. 39, 39–66

(1997)
14. Dixmier, J.: C∗-algebras. North-Holland Publishing Company (1977). Translation of “C∗-algebras et

leurs répresentations”
15. Echterhoff, S., Lück, W., Phillips, N.C., Walters, S.: The structure of crossed products of irrational

rotation algebras by finite subgroups of SL2(Z). J. Reine Angew. Math. 639, 173–221 (2010)
16. Elliott, G.A., Evans, D.E., Kishimoto, A.: Outer conjugacy classes of trace scaling automorphisms of

stable UHF algebras. Math. Scand. 83(1), 74–86 (1988)
17. Elliott, G.A., Gong, G., Lin, H., Niu, Z.: On the classification of simple C∗-algebras with finite decom-

position rank, II (2015). arXiv:1507.03437
18. Elliott, G.A., Gong, G., Lin, H., Niu, Z.: The classification of simple separable KK -contractible C∗-

algebras with finite nuclear dimension. J. Geom. Phys. 158, 103861 (2020)
19. Evans, D.E., Kishimoto, A.: Trace scaling automorphisms of certain stable AF algebras. HokkaidoMath.

J. 26, 211–224 (1997)
20. Evington, S., Pennig, U.: Locally trivial W∗-bundles. Int. J. Math. 27(11), (2016)
21. Elliott, G.A., Toms, A.S.: Regularity properties in the classification program for separable amenable

C∗-algebras. Bull. Amer. Math. Soc. 45, 229–245 (2008)

123

http://arxiv.org/abs/1507.03437


22 Page 34 of 36 L. Wouters

22. Gardella, E.: Rokhlin dimension for compact group actions. Indiana U. Math. J. 66, 659–703 (2017)
23. Gardella, E., Geffen, S., Naryshkin, P., Vaccaro, A.: Dynamical comparison and Z-stability for crossed

products of simple C∗-algebras (2022). arXiv:2209.06507
24. Gardella, E., Hirshberg, I.: Strongly outer actions of amenable groups on Z-stable C∗-algebras (2020).

arXiv:1811.00447
25. Gardella, E., Hirshberg, I., Santiago, L.: Rokhlin dimension: duality, tracial properties, and crossed

products. Ergodic Theory Dynam. Syst. 41(2), 408–460 (2021)
26. Gardella, E., Hirshberg, I., Vaccaro, A.: Strongly outer actions of amenable groups on Z-stable nuclear

C∗-algebras. J. Math. Pures Appl. 162, 76–123 (2022)
27. Gardella, E., Lupini, M.: Actions of rigid groups on UHF-algebras. J. Funct. Anal. 275(2), 381–421

(2018)
28. Gardella, E., Lupini, M.: Group amenability and actions on Z-stable C∗-algebras. Adv. Math. 389,

107931 (2021)
29. Gardella, E., Santiago, L.: Equivariant ∗-homomorphisms, Rokhlin constraints and equivariant UHF-

absorption. J. Funct. Anal. 270(7), 2543–2590 (2016)
30. Goldstein, P., Izumi, M.: Quasi-free actions of finite groups on the Cuntz algebraO∞. Tohoku Math. J.

63, 729–749 (2011)
31. Gong, G., Lin, H.: On classification of non-unital amenable simple C∗-algebras. II. J. Geom. Phys. 158,

103865 (2020)
32. Gong, G., Lin, H.: On classification of non-unital amenable simple C∗-algebras, III: the range and the

reduction. Ann. K -theory 7(2), 279–384 (2021)
33. Gong, G., Lin, H., Niu, Z.: A classification of finite simple amenable Z-stable C∗-algebras; I: C∗-

algebras with generalized tracial rank one. C. R. Math. Rep. Acad. Sci. Canada 42(3), 63–450 (2020)
34. Gong, G., Lin, H., Niu, Z.: A classification of finite simple amenable Z-stable C∗-algebras; II: C∗-

algebras with rational generalized tracial rank one. C. R. Math. Rep. Acad. Sci. Canada 42(4), 451–539
(2020)

35. Haagerup, U.: Connes bicentralizer problem and uniqueness of the injective factor of type III1. Acta
Math. 158, 95–148 (1987)

36. Herman, R., Jones, V.: Period two automorphisms of UHF C∗-algebras. J. Funct. Anal. 45(2), 169–176
(1982)

37. Herman, R., Ocneanu, A.: Stability for integer actions on UHFC∗-algebras. J. Funct. Anal. 59, 132–144
(1984)

38. Hirshberg, I., Orovitz, J.: Tracially Z-absorbing C∗-algebras. J. Funct. Anal. 265(5), 765–785 (2013)
39. Hirshberg, I., Winter, W., Zacharias, J.: Rokhlin dimension and C∗-dynamics. Comm. Math. Phys. 335,

637–670 (2015)
40. Hirshberg, I., Wu, J.: The nuclear dimension ofC∗-algebras associated to homeomorphisms. Adv.Math.

304, 56–89 (2017)
41. Izumi,M.: Finite group actions onC∗-algebraswith theRohlin property. IDukeMath. J. 122(2), 233–280

(2004)
42. Izumi, M.: Finite group actions onC∗-algebras with the Rohlin property II. Adv. Math. 184(1), 119–160

(2004)
43. Izumi, M.: Poly-Z group actions on Kirchberg algebras. Oberwolfach Rep. 9, 3170–3173 (2012)
44. Izumi, M., Matui, H.: Z-actions on Kirchberg algebras. Adv. Math. 224, 355–400 (2010)
45. Izumi, M., Matui, H.: Poly-Z group actions on Kirchberg algebras I. Int. Math. Res Not. 2021(16),

12077–12154 (2021)
46. Izumi, M., Matui, H.: Poly-Z group actions on Kirchberg algebras II. Invent. Math. 224, 699–766 (2021)
47. Jiang, X., Su, H.: On a simple unital projectionless C∗-algebra. Amer. J. Math. 121(2), 359–413 (1999)
48. Jones, V.F.R.: Actions of finite groups on the hyperfinite type II1 factor. Mem. Amer. Soc. 28(237),

(1980)
49. Jones, V.F.R.: A converse to Ocneanu’s theorem. J. Operator Theory 10, 61–63 (1983)
50. Kasparov, G.G.: Equivariant KK -theory and the Novikov conjecture. Invent. Math. 91, 147–201 (1988)
51. Katayama, Y., Sutherland, C.E., Takesaki, M.: The characteristic square of a factor and the cocycle

conjugacy of discrete group actions on factors. Invent. Math. 132, 331–380 (1998)
52. Kawahigashi, Y., Sutherland, C.E., Takesaki,M.: The structure of the automorphism group of an injective

factor and the cocycle conjugacy of discrete abelian group actions. Acta Math. 169, 105–128 (1992)
53. Kirchberg, E.: Central sequences in C∗-algebras and strongly purely infinite algebras. Oper. Algebras

1, 175–231 (2004)
54. Kirchberg, E., Rørdam, M.: Central sequence C∗-algebras and tensorial absorption of the Jiang-Su

algebra. J. Reine Angew. Math. 695, 175–214 (2014)

123

http://arxiv.org/abs/2209.06507
http://arxiv.org/abs/1811.00447


Equivariant Z-stability for single... Page 35 of 36 22

55. Kishimoto, A.: The Rohlin property for automorphisms of UHF algebras. J. Reine Angew. Math. 465,
183–196 (1995)

56. Kishimoto, A.: The Rohlin property for shifts on UHF algebras and automorphisms of Cuntz algebras.
J. Funct. Anal. 140, 100–123 (1996)

57. Kishimoto, A.: Automorphisms of AT algebras with the Rohlin property. J. Oper. Theory 40, 277–294
(1998)

58. Kishimoto, A.: Unbounded derivations in AT algebras. J. Funct. Anal. 160, 270–311 (1998)
59. Liao, H.C.: A Rokhlin type theorem for simple C∗-algebras of finite nuclear dimension. J. Funct. Anal.

270(10), 3675–3708 (2016)
60. Liao, H.C.: Rokhlin dimension of Z

m -actions on simple C∗-algebras. Internat. J. Math. 28(7), 1750050
(2017)

61. Masuda, T.: Evans-Kishimoto type argument for actions of discrete amenable groups onMcDuff factors.
Math. Scand. 101, 48–64 (2007)

62. Masuda, T.: Unified approach to the classification of actions of discrete amenable groups on injective
factors. J. Reine Angew. Math. 683, 1–47 (2013)

63. Matui, H., Sato, Y.:Z-stability of crossed products by strongly outer actions. Comm.Math. Phys. 314(1),
193–228 (2012)

64. Matui, H., Sato, Y.: Strict comparison and Z-absorption of nuclear C∗-algebras. Acta Math. 209, 179–
196 (2012)

65. Matui, H., Sato, Y.: Decomposition rank of UHF-absorbingC∗-algebras. DukeMath. J. 163, 2687–2708
(2014)

66. Matui, H., Sato, Y.: Z-stability of crossed products by strongly outer actions II. Am. J. Math. 136,
1441–1497 (2014)

67. Nakamura, H.: Aperiodic automorphisms of nuclear purely infinite simpleC∗-algebras. Ergodic Theory
Dynam. Syst. 20, 1749–1765 (2000)

68. Nawata, N.: Picard groups of certain stably projectionless C∗-algebras. J. Lond. Math. Soc. 88(1),
161–180 (2013)

69. Niu, Z.: Comparison radius and mean tolopogical dimension: Z
d -actions (2019). arXiv:1906.09171

70. Ocneanu, A.: Actions of discrete amenable groups on vonNeumann algebras. Lecture NotesMath. 1138.
Springer-Verlag, Berlin (1985)

71. Ozawa, N.: Dixmier approximation and symmetric amenability for actions of finite groups on C∗-
algebras. J. Math. Sci. Univ. Tokyo 20(3), 349–374 (2013)

72. Phillips, N.C.: The tracial Rokhlin property for actions of finite groups on C∗-algebras. Am. J. Math.
133(3), 581–636 (2011)

73. Rørdam, M.: Classification of Nuclear C∗-Algebras. Encyclopedia of Mathematical Sciences. Springer
(2001)

74. Rørdam, M.: A simple C∗-algebra with a finite and an infinite projection. Acta Math. 191(1), 109–142
(2003)

75. Rørdam, M.: The stable and the real rank of Z-absorbing C∗-algebras. Internat. J. Math. 15(10), 1065–
1084 (2004)

76. Rørdam, M., Winter, W.: The Jiang-Su algebra revisited. J. Reine Angew. Math. 642, 129–155 (2010)
77. Sato, Y.: The Rohlin property for automorphisms of the Jiang–Su algebra. J. Funct. Anal. 259(2), 453–

476 (2010)
78. Sato, Y.: Actions of amenable groups and crossed products of Z-absorbing C∗-algebras. Adv. Stud.

Pure Math. 80(5), 189–210 (2019)
79. Sato, Y., White, S., Winter, W.: Nuclear dimension and Z-stability. Invent. Math. 202, 893–921 (2015)
80. Schafhauser, C.: Subalgebras of simple AF-algebras. Ann. Math. 192(2), 309–352 (2020)
81. Sutherland, C.E., Takesaki, M.: Actions of discrete amenable groups on injective factors of type IIIλ,

λ �= 1. Pacif. J. Math. 137, 405–444 (1989)
82. Szabó, G.: Strongly self-absorbing C∗-dynamical systems. III. Adv. Math. 316(20), 356–380 (2017)
83. Szabó, G.: Strongly self-absorbing C∗-dynamical systems. II. J. Noncommut. Geom. 12(1), 369–406

(2018)
84. Szabó, G.: Strongly self-absorbing C∗-dynamical systems. Trans. Am. Math. Soc. 370, 99–130 (2018)
85. Szabó, G.: Equivariant Kirchberg-Phillips-type absorption for amenable group actions. Comm. Math.

Phys. 361(3), 1115–1154 (2018)
86. Szabó, G.: Rokhlin dimension: absorption of model actions. Anal. PDE 12(5), 1357–1396 (2019)
87. Szabó, G.: Actions of certain torsion-free elementary amenable groups on strongly self-absorbing C∗-

algebras. Comm. Math. Phys. 371(2), 267–284 (2019)
88. Szabó, G.: Equivariant property (SI) revisited. Anal. PDE 14(4), 1199–1232 (2021)

123

http://arxiv.org/abs/1906.09171


22 Page 36 of 36 L. Wouters

89. Szabó, G.: On a categorical framework for classifying C∗-dynamics up to cocycle conjugacy. J. Funct.
Anal. 280(8), 108927 (2021)

90. Szabó, G.,Wu, J., Zacharias, J.: Rokhlin dimension for actions of residually finite groups. Ergod. Theory
Dyn. Syst. 39(8), 2248–2304 (2019)

91. Thiel, H.: Ranks of operators in simple C∗-algebras of stable rank one. Commun. Math. Phys. 377,
37–76 (2020)

92. Tikuisis, A.: Nuclear dimension, Z-stability, and algebraic simplicity for stably projectionless C∗-
algebras. Math. Ann. 358, 729–778 (2014)

93. Tikuisis, A., White, S., Winter, W.: Quasidiagonality of nuclear C∗-algebras. Ann. Math. 185(1), 229–
284 (2017)

94. Toms, A.: On the classification problem for nuclearC∗-algebras. Ann. Math. 167(3), 1029–1044 (2008)
95. Toms, A.S.,Winter,W.: Strongly self-absorbingC∗-algebras. Trans. Am.Math. Soc. 359(8), 3999–4029

(2007)
96. Toms, A.S., Winter, W.: Z-stable ASH algebras. Can. J. Math. 60(3), 703–720 (2008)
97. Villadsen, J.: On the stable rank of simple C∗-algebras. J. Am. Math. Soc. 12(4), 1091–1102 (1999)
98. Winter, W.: Decomposition rank and Z-stability. Invent. Math. 179(2), 229–301 (2010)
99. Winter, W.: Nuclear dimension and Z-stability of pure C∗-algebras. Invent. Math. 187(2), 259–342

(2012)
100. Winter, W., Zacharias, J.: Completely positive maps of order zero. Münster J. Math. 2, 311–324 (2009)
101. Winter, W., Zacharias, J.: The nuclear dimension of C∗-algebras. Adv. Math. 224(2), 461–498 (2010)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this article under
a publishing agreement with the author(s) or other rightsholder(s); author self-archiving of the accepted
manuscript version of this article is solely governed by the terms of such publishing agreement and applicable
law.

123


	Equivariant mathcalZ-stability for single automorphisms on simple C*-algebras with tractable trace simplices
	Abstract
	Introduction
	1 Preliminaries
	2 Reducing equivariant mathcalZ-stability to a tracial property
	3 Rokhlin dimension with commuting towers for strongly outer actions
	4 Systems generated by ranges of pairwise commuting order zero maps
	5 McDuff properties for automorphisms on W*-bundles
	5.1 Preliminaries about W*-bundles
	5.2 Main technical goal and strategy
	5.3 Traces with period leqN
	5.4 Traces with period > N
	5.5 Proof of Theorem 5.9

	6 Main results
	References




