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Abstract

Let N be a finitely generated nilpotent group. The subgroup zeta function {f, (s) and the
normal zeta function ¢ ,j‘ (s) of N are Dirichlet series enumerating the finite index subgroups
or the finite index normal subgroups of N. We present results about their abscissae of conver-
gence oy, and o'y, also known as the degrees of polynomial subgroup growth and polynomial
normal subgroup growth of N, respectively. We first prove some upper bounds for the func-
tions N +— oy and N — aﬁ when restricted to the class of torsion-free nilpotent groups
of a fixed Hirsch length. We then show that if two finitely generated nilpotent groups have
isomorphic C-Mal’cev completions, then their subgroup (resp. normal) zeta functions have
the same abscissa of convergence. This follows, via the Mal’cev correspondence, from a
similar result that we establish for zeta functions of rings. This result is obtained by proving
that the abscissa of convergence of an Euler product of certain Igusa-type local zeta functions
introduced by du Sautoy and Grunewald remains invariant under base change. We also apply
this methodology to formulate and prove a version of our result about nilpotent groups for
virtually nilpotent groups. As a side application of our result about zeta functions of rings,
we present a result concerning the distribution of orders in number fields.
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1 Introduction

Let G be a finitely generated group and let

a;(G):={H<G:[G:Hl=n}|, ¢(G):=|{H<G:[G:H]=n}
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be the number of subgroups or normal subgroups of index n in G. These numbers are finite
and the associated Dirichlet series

o0

£5(s) :=Z@= YUIGHIT, 5 :=Z@= > IG:HI,

n=1 HﬁfG n=1 H<]fG

are called the subgroup zeta function and the normal zeta function of G, respectively. The
symbol H <y G (resp. H <y G) indicates that the summation is over all subgroups (resp.
normal subgroups) H of finite index in G. We write ¢ (s) when we intend to address both
types of zeta functions simultaneously. These zeta functions were introduced by Grunewald,
Segal and Smith in the landmark paper [12].

Example 1.1 Let i € N and let Z" be the free abelian group of rank 4. Then
Ep($) =¢()¢(s — DL —h+ 1),

where {(s) = ijozl n—* is the Riemann zeta function (cf. [12, Proposition 1.1] or [18,
Chapter15]).

Observe that the subgroup zeta function of Z" converges on a non-empty region of the
complex plane, namely the region Re(s) > h. This is a characteristic property of groups of
polynomial subgroup growth (PSG), i.e. groups G for which the functionn — Y 7_, aiS (G)
is bounded by a polynomial function in n. More generally, for x € {<, <1} we set

n
oy :=inf{a|EIC>OVn:Za;k(G) §cn°‘},

i=1

where conventionally inf @ = co. When a; < oo, we call this number the degree of polyno-
mial (normal) subgroup growth of G. If a;;(G) # 0 for infinitely many n, then a; coincides
with the abscissa of convergence of ;g (s), that is, g“é (s) defines an analytic function on the
region Re(s) > af; and diverges for any s with Re(s) < ag;. A related invariant for groups
of polynomial subgroup growth (called the degree of the group) was introduced and studied
by Shalev; see for instance the influential paper [27]. For other types of growth we refer to
[18].

The finitely generated groups of polynomial subgroup growth have been characterized
algebraically by Lubotzky, Mann and Segal in [19]. We recall this characterization. Note first
that the subgroup growth (or the normal subgroup growth) of a group G is the same as that of
the quotient group G/R(G), where R(G) := ﬂNQrG N is the finite residual of G, so there
is no loss of generality in assuming that the groups under consideration are residually finite,
i.e. the finite residual is trivial. It is proven in [19] that a finitely generated residually finite
group has polynomial subgroup growth if and only if it is virtually soluble of finite rank.

We shall only deal with groups of polynomial subgroup growth that are nilpotent or
virtually nilpotent. For these groups we will make some observations about the behavior of
the function G +— «f;. These observations are mainly corollaries of properties of certain
Igusa-type zeta functions called cone integrals that arise in the analysis of ¢ (s).

1.1 Zeta functions of T-groups

Since their introduction, zeta functions of groups have been investigated mainly for T-groups,
i.e. finitely generated torsion-free nilpotent groups. If N is a T-group, then there is an Euler
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product decomposition

avw= 1 a,»=T] & o (1.1)

p prime p prime

where ;X,’p(s) =0 a;k (N)p~*s is the local factor of ¢y (s) at p, and ﬁp denotes the
pro-p completion of N. In addition, ;I’{,, (s) is a rational function in p~* [12].

The study of zeta functions of ZT-groups led to the consideration of zeta functions of
rings, which we recall below. The book [10] collects comprehensive information about the
first stage of the theory of zeta functions of groups and rings. The survey [33] exposes new
developments. Let us also mention [4, 16, 23] and Rossmann’s computer-algebra package
ZETA [24] (which effectively computes, among other things, many (normal) zeta functions
of nilpotent groups of moderate Hirsch length) just to illustrate the current activity on the
subject. We summarize some outstanding analytic properties of zeta functions of T-groups
obtained by du Sautoy and Grunewald.

Theorem 1.2 [8] Let N be an infinite T-group.

(1) o is a rational number and there exists § > 0 such that ¢}, (s) can be meromorphically
continued to the region Re(s) > ay — 8. The continued function is holomorphic on the
line Re(s) = oy except for a pole at s = ay,.

(2) Ifby, isthe m;der of the pole of the continued function and g3, (s) denotes the continuation
of (s — ozj‘\,)bN Ly (8), then

n * *
gy (oy) * +_
2 a;“(N) ~ — .lzlb* N_ D1 ~n°‘N(logn)bN 1
i=1 N N .

where we write f(n) ~ g(n) iflim, f(n)/gn) = 1.

One natural problem is to relate ay;, by, € R to structural information about N. This was
posed as Problem 1.1 in [9] and remains open in general. Example 1.1 shows that if N is a
free abelian group of rank 2 > 1, then a}"\, = h and b%, = 1. However, if N is a non-abelian
T-group, the computation of &}, is already a challenge. The values of a; and b}, for various
%-groups are collected in [10]. In [22, Section 6.2], Rossamnn computes aﬁ when N is a
%-group of maximal nilpotency class. As an example of computation of aﬁ, we mention
the following remarkable calculation by Voll, which was obtained by purely combinatorial
methods.

Example 1.3 [32]Let F = F> 4 be the free nilpotent group of class 2 on d generators (d > 2).

Then
(3) - N+ +1 ‘ _ (d) }
ay =max {d, j=1,..., —1:.
r { (‘31— 2

Remark 1.4 The proof of Theorem 1.2(1) given in [8] expresses ay, in terms of some numer-
ical data associated to a principalization of an ideal of polynomials over QQ obtained from N
(see Sect. 2 for a review of this). Even though nowadays there are algorithmic resolutions
of singularities and principalizations of ideals, they are impractical in this context since the
ideals obtained from N are very complicated (several polynomials in several variables), even
for quite simple N.
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We mentioned that if N is the free abelian group of rank £, then ay, = ay = h. An
extension of the notion of rank to the class of T-group, or more generally, to the class of
polycyclic groups, is the notion of Hirsch length. If N is a polycyclic group, its Hirsch length
is the number of infinite factors in a subnormal series with cyclic factors, and it is denoted
by A(N). Now, if N is a non-abelian T-group, then a simple argument shows that #(N?) <
aﬁ < afv < h(N), where N9 denotes the abelianization of N (see [12, Proposition 1]).
There are better bounds for aﬁ when N is a non-abelian T-group of nilpotency class 2;
cf. [21] and [12, Proposition 6.3]. We also mention the lower bound %h(N) < ozfv ([18,
Theorem 5.6.6]), which actually holds for a larger class of groups including the polycyclic
groups. All these results are useful for the following problem: given & > 2, describe the set
S} of possible values for oy, as N ranges over the non-abelian T-groups of Hirsch length /.
According to [9, Proposition 1.1] and Theorem 1.2(a), S;f is a finite subset of [2, 2] N Q. In
particular, one can ask what is the maximum of Sj. Our first result gives a partial answer to
this question.

Theorem A Let N be a non-abelian T-group of Hirsch length h and nilpotency class c. Then
ay <h—1Lifc=2anday, <h— L5 ifc>2 Alsoay <h—1.

In particular, given h € N, the only %-group N of Hirsch length h with Ol}SV = h is the
abelian group 7.

Remark 1.5 The bound aﬁ < h—1isoptimal. Indeed, choose integers r > 0 andm > 0 such
that 2m + 1 +r = h, and let G (m, r) be the product of Z" with a central product of m copies
of the discrete Heisenberg group H3(Z). Then h(G (m, Py =h—-1< O‘S(m,r) <h-—1,
which gives ozé‘( mry = h — 1. In contrast, by our method in the proof of Theorem A, it
seems that our bound for o f\, is far from being optimal. The few examples where ozfv has been
computed show that af\, < h(N) — 1 if N is a non-abelian ¥-group.

We return with the notation of Theorem 1.2. In trying to understand which structural data
of N is reflected in a}, and by, it is natural to ask, given two T-groups Ni and N2, when
a;‘v] = a;‘VZ, and if this is so, when b*N. = b’[\,z. According to [12, Proposition 3], if N and N,
are commensurable T-groups (i.e. there exist finite index subgroups H; < Ny and H» < N,
such that Hy = H»), then aj‘vl = O‘X/z’ and moreover b’;\,l = bj‘vz (cf. Proposition 3.7).
We rephrase this fact. Recall first that a T-group can be embedded as an arithmetic group
of a uniquely determined unipotent group scheme over Q. In addition, two T-groups are
commensurable if and only if they are isomorphic to arithmetic groups of the same unipotent
group scheme over Q. Thus, the fact that o}, and b}, are commensurability-invariant can
be restated as follows: If N1 and N, are arithmetic subgroups of the same unipotent group
scheme over Q, then ay, = ay, and by, = by, . Our next result is a partial generalization
of this property.

Theorem B Letr Oy and N, be unipotent group schemes over Q, and let N; be an arithmetic
subgroup of W; fori = 1,2. If My and Ny are isomorphic after base change with C, then
a}"vl = a?{,z Sforx e {<, <.

Remark 1.6 In contrast, we expect that by, = by, does not hold in general. Indeed, Remark
1.9 below shows that this equality fails for zeta functions of rings in general. However, the
counter-example that we will show does not belong to the realm of nilpotent Lie rings (or
groups).

In other words, Theorem B says that the number o/, associated to a T-group N is in fact an
invariant of the C-Mal’cev completion of N, or simply that it is a geometric invariant. Similar
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conclusions in spirit can be deduced from the main result of [7] for the representation zeta
function of T-groups, and from the main results of [2, 17] for the degree of polynomial repre-
sentation growth and for the subgroup growth rate of arithmetic groups in simply connected
absolutely simple group schemes over Q. Observe finally that a result similar to Theorem B
holds for the degree of polynomial word growth by the formula of Bass-Guivarc’h [3].

Remark 1.7 There is a known classification of nilpotent Lie algebras in dimension < 7 over
C (and not over Q). Hence Theorem B could be used to completely determine, possibly with
computer help, the number a7, for all -groups N of Hirsch length at most 7.

1.2 Zeta functions of rings

Theorem B is obtained as a consequence of a more general result, namely Theorem C, which
employs the concept of zeta functions of rings introduced in [12, Sect. 3]. By a ring we shall
mean an abelian group L with a bilinear map L x L — L called multiplication, e.g. Lie
rings and the commutative rings with identity. A subring of L is an abelian subgroup A that
is closed under multiplication. To allow further applications, in case that L is commutative
ring with identity 1, we shall also require (as usual) that 1 € A. A two-sided ideal of L will
be simply called an ideal.

Let L be a ring additively isomorphic to (Z", +) for some & > 1. For each positive integer
n,leta; (L) and a,7 (L) denote the number of subrings or ideals of index n in L. The subring
and the ideal zeta functions of L are the Dirichlet series g“f (s) = Zflozl az(L)n™* and
¢ () == Y02 a (L)n™, respectively. They have a factorization as an Euler product

go= ] &,

p prime

where {Z’p(s) =Y 0 a;’;k (Lyp=*s.

The zeta functions of an arbitrary ring of additive rank 2 were computed in [28, Chapter
71. The subring zeta function of an arbitrary Lie ring of additive rank 3 was computed in [14].
Zeta functions of nilpotent Lie rings are essentially the same as zeta functions of T-groups:
via the Mal’cev correspondence one can associate with a T-group N of Hirsch length # a
nilpotent Lie ring L of additive rank % (and viceversa), and it holds that ¢ Z (s)and ¢ ;‘, (s) have
the same local factors for almost all primes p (see Proposition 3.7). Some information about
zeta functions of soluble Lie rings of higher rank can be found in [10, Chapter 3].

Theorem 1.2, formulated there for zeta functions of T-groups, was also proved for zeta
functions of rings in [8]. In particular, one can consider the pair («, b} ), where ] is the
abscissa of convergence of ¢} (s) and b] is the order of the pole of the continued function at
s = aj . Our next result is:

Theorem C Let L and Ly be two rings additively isomorphic to Z", +). IfLi®;,CZ=
Ly ®7 C as C-algebras, then otzl = azz for x € {<, <}.

Example 1.8 Let H := (x, y,z : [x, y] = z, [x, z] = [y, z] = 0) be the discrete Heisenberg
Lie ring. For each square free integer k we consider Ly := H ®z OQ( VB where OQ( )
denotes the ring of integers of the quadratic field Q(+vk). This is a 2-step nilpotent Lie ring
of additive rank 6. If k # k’, then Ly ®z Q and Ly ®yz Q are not isomorphic as Q-Lie
algebras (cf. [15, Proposition 3.2]). However, L; ®7 C = H2®y C as C-Lie algebras (where
H? = H x H) and hence a}‘ik = oe’;{z for all k as above. The zeta functions of H2 were
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8 Page6of26 D. Sulca

computed in [12, Proposition 8.11] and [31], and it holds that a;ﬂﬂ = 4. We can now use
Theorem C to conclude that aik = 4 for all square-free integer k.
We remark that a formula for ¢ Li (s) was given in [12, Corollary 8.2]. More generally, for

any number field K, the local factors of g“ﬁ@ZOK (s) at almost all primes p were computed in
[25, 26]. A further analysis on the Euler product of these local factors is required to compute
the abscissa of convergence af@z Ok

As a generalization of the above observation we have the following:

Theorem D Let L be a ring additively isomorphic to (Z", +), K > Q a number field of
degree d and O its ring of integers. Let Lo := L ®7 O. Then azo = azt,, where L? denotes
the product of d copies of the ring L.

Proof Note that Lo ®7 C = (L ®z0)®2C=L®z (0®zC) =L ®,C! =1L ®;C
as C-algebras. Hence a?o = aj, by Theorem C. O

Remark 1.9 Let L = Z, viewed as commutative ring with identity. Then, Lz := Z ®z, Z[i]
is the ring of Gaussian integers and ;LQZ["] (s) is the Dedekind zeta function {g(;)(s) of Q(i).

Hence afz[i] = 1and bfzm = 1. Note also that the product ring L? has ideal zeta function
(£ ()2, whence ozf2 = 1 and bf = 2. Since Lz} ®z C = L? ®z C, we deduce that
Theorem C does not hold for b} in general.

I
be the ring that is a product of d copies of the ring of integers Z. Then o

Remark 1.10 The computation of «
Zd

ring

is in general a quite difficult task. For example, let
d < 5[13, Theorem 6] while it is unknown for d > 5. The computation of afd might be also
difficult if L lacks an identity element. For instance, following up Example 1.8 and Corollary

D we find that af@zok = a;d, where d = [K : Q]. We have ot;d =2d if d < 4 (see [10,

Chapter 1]), however nothing is known for d > 4.

=1 for

Let us give an application of Corollary D to the distribution of orders in number fields.
Let K be a number field and let Ok be its ring of integers. An order is a subring O of Ok
with identity that is a Z-module of rank n. Set

Nk (n) := [{O € O | |disc(O) =< n}|.

The asymptotic behavior of n +— Nk (n) was studied in [13]. It was shown, by an application
of the results in [8] (the version of Theorem 1.2 for zeta functions of rings), that there exist
Ck € R, ax € Q and Bx € N such that

Nk (n) ~ Cxn®K (logn)Px=1.

It was also conjectured that the number o only depends on the degree [K : Q]; see [13,
Conjecture 1]. We now show that this is a special case of Corollary D.

TheoremE Let d := [K : Q], and let Z‘fing denote the product of d copies of the ring of
. In particular, ax only depends on the degree [K : Q).

=<

74

ring

integers 7. Then ag = %oz

Proof Let nx(s) = Y |disc O|~*. Then 5k (s) = |disc Ox|~°¢5, (25), where Ok
. . .~ O order . . K
is seen as a ring with identity. Observe that o is the abscissa of convergence of ng (s),

hence ax = %aéK. Note also that Corollary D with L = Z (the ring of integers) yields
O

=<

Zd .

ring

< _ < 1
Ao =y . Therefore, ax = 5«

ring
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1.3 Methodology

The idea behind the proof of Theorem C is quite simple. If L and L, are isomorphic after
base change with C, then L| ®7 K = L, ®z K for some number field K (Lemma 3.5). Let
O be the ring of integers of K. We associate to the O-algebra L;» := L; ®z O the zeta
functions ¢ LS,% (s) and ¢ L<: g (s) enumerating O-subalgebras or O-ideals of L;», and show
that ¢ Z,- (s) and ;Zl% (s) have the same abscissa of convergence (Corollary 3.3). The proof of
this fact makes use of the main tool of the paper: cone integrals (see Sect. 2). We show that
foreachi =1,2,¢ Zi (s)and ¢ z’% (s) are Euler products of cone integrals with the same cone
integral data but over different fields, namely over Q and over K (Corollary 3.2), and hence
they have the same abscissa of convergence. This last assertion follows from Theorem 2.2,
which collects several properties about cone integrals. Finally, Theorem 2.2 will also enable
us to conclude that ¢ zloo (s) and ¢ Zfo (s) have the same abscissa of convergence (Corollary
3.4), from which Theorem C follows.

Theorem 2.2 will be also used to formulate and prove a version of Theorem B for virtually
nilpotent groups (Theorem 5.18). This will be possible as the zeta functions of these groups
can be expressed as finite sums of series that are Euler products of cone integrals. We omit
this version in the introduction and refer the reader to Sect. 5.

1.4 Organization and notation

In Sect. 2, we recall the concept and some important properties of cone integrals over QQ from
[8], and we extend them for any number field. We use these results to prove Theorem C in
Sect. 3 and to recall how this theorem implies Theorem B. In Sect. 4, we prove Theorem
A. This section is, to a large extent, independent from the other ones. Finally, in Sect. 5
we formulate and prove Theorem 5.18, which is the analogous of Theorem B for virtually
nilpotent groups.

We write N for the set {1, 2, ...} and Ny for the set N U {0}. We write R-( for the set
{s € R:s > 0} and R>( for the set {s € R : s > 0}. The notation f(n) ~ g(n) means that
f(n)/g(n) tends to 1 as n tends to infinity.

For aprime p, Z, and Q, denote the p-adic integers and the p-adic rationals, respectively.
For a number field K we denote by Ok its ring of integers. Given a maximal ideal p C O :=
Ok we denote by Oy, and K, the p-adic completions of O and K. Given x € K}, we denote
by ordy (x) € ZU {oo} its p-adic valuation and write |x|, := Np~ ordp () for jts p-adic norm,
where Np := [O : p].

2 Areview of cone integrals

Cone integrals are a kind of p-adic integrals which can be seen as a generalization of Igusa
local zeta functions. They were introduced and studied by du Sautoy and Grunewald in [8]
under the assumption that the base field is Q. Theorem 2.2 collects the main properties of
cone integrals and at the same time it extends them to cone integrals over a general number
field. The rest of the section is devoted to explaining how this general formulation follows
essentially by the same arguments of [8].

Definition 2.1 Let K be a number field and let m be a positive integer. A finite collection
D = (fo, g0, f1, &1, ---, f1, &) of non-zero polynomials in K[xq, ..., x,] is called a cone

@ Springer



8 Page8of26 D. Sulca

integral data over K. Let O = Ok, and let p C O be a maximal ideal. Then the integral

ZoG.w) = [ 1l
M(D,p)

where
M(D,p) ={xe€ (’)’;1 | ordy (fi(x)) < ordy(gi(x)) fori =1,...,1},

and |dx|p = |dx| A -+ Adxy]p is the normalized additive Haar measure on O}, is called a
cone integral over K, with cone integral data D.

It is easy to see that for each maximal ideal p C O, the integral Zp (s, p) can be expressed
as a power series, say Zp (s, p) = Z?io ap,in_"‘ , where each ay, ; is a non-negative rational
number. We associate to D the Dirichlet series

Zpes)= [] apoZpGs.p).
pC O maximal
ap 0740
and denote its abscissa of convergence by ap. A function Z(s) such that Z(s) = Zp(s) is
said to be an Euler product of cone integrals over K with cone integral data D.

Theorem 2.2 Assume that Zp(s) is not the constant function. Then the following holds.

(1) Each Zp(s,p) is a rational function in Np~* with rational coefficients.

(2) ap is a rational number, and the abscissa of convergence of each Zp (s, p) is strictly to
the left of ap.

(3) There exists 8 > 0 such that Zp(s) has meromorphic continuation to the region {s € C :
Re(s) > ap — &}, and the continued function is holomorphic on the line Re(s) = ap
except at s = ap, where it has a pole, say of order bp.

4) Let Z(s) = Zzil apn~" be a Dirichlet series such that Z(s) = Zp(s — h) for some h,
and assume that its abscissa of convergence a = ap + h is positive. Then there exist
¢, ¢ € R such that

N N
Y an ~ eN*(log N)PP~" and 3 %~ (log )P
n=1 n=1 n
(5) Let K' be a number field including K, and let D' be the same collection D viewed as
cone integral data over K'. Then ap = apr.
Remark 2.3 1t is not true in general that bp = bp in (5). In fact, consider the cone integral
dataD = (fo, go. f1. &1 f2. &2, f3. g3) over Q, with polynomials in Q[x11, x22, x12], where

Jfo=x1x2, g = x11, f1 =x11, & = X12, f2 =xX11x22,
2 2
82 = Xip + X171, f3=x11, g3 = x20.

Let D’ be the same collection D viewed as cone integral data over Q[i]. An easy computation
shows that

Zp(s) = (s +2)L(x,s +2) and Zp(s) = ({(s +2)L(x. s +2))°,

where x : N — Cis the Dirichlet character given by x (n) = lifn =1 mod 4, x(n) = —1
ifn = —1 mod 4 and x (n) = 0 otherwise, and L(s, x) is the associated L-function. In this
example we have op = apr = —1, whereas bp = 1 and bpr = 2. One can show, in the
notation of Sect. 3, that Zp (s — 2) is the ideal zeta function of Z[i], whereas Zp/ (s — 2) is
the Z[i]-ideal zeta function of Z[i] ®z Z[i].
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Properties (1)-(4) in Theorem 2.2 were proved in [8] in the case K = Q. Notice that (1) also
follows from a result of Denef [5]. The general case and (5) are somehow implicit in the
arguments of [8]. The rest of this section is devoted to making this more precise. Let us first
state an important corollary that will be used in our study of zeta functions of groups and
rings.

Corollary 2.4 Let Dy and D; be two cone integral data over K.

(1) If Zp, (s, p) = Zp, (s, p) for almost all maximal ideals p C Ok, then ap, = ap, and
bp, = bp,.

(2) If there exists a number field K’ including K such that Zp; (s—h,p)= Zp, (s —h,p)
for almost all maximal ideals ' C O, where D, denotes the same collection Dy viewed
as cone integral data over K’', then ap, = ap,.

Proof Note that (1) is an immediate consequence of Theorem 2.2(2). As for (2), Theorem
2.2(5) implies first thatap; = apy, and (1) shows thatapr = ap; . Itfollows thatap, = ap,.
]

From now on, we follow [8, Sects. 2, 3, 4] with slight modifications in the notation.
The interested reader may also consult [6] for further details. Let K° be a number field, let
0 = Oko, and let D° = (fo, go, -- -, f1, g1) be a cone integral data over K. Let (Y?, h°)
be a resolution for the polynomial F = ]_[fzo figi € K°[x1,...,xy] over K°. Thus Y? is
a closed subscheme of some projective space over A%,, say Y C A%, x o ]P)/;(,,, h? is the
restriction to Y of the projection A%, X ko IP”;(U — A%,, and the following holds:

(i) Y? is smooth over Spec(K?);
(ii) h° is an isomorphism over A%, \ V(F), where V (F) C A%, is the vanishing set of F;
(iii) the reduced scheme ((h")_] (V(F)))req associated to (h°)~1(V(F)) has only normal
crossings as subscheme of Y°.

Let {E? : ¢ € T} be the set of irreducible components of ((h*)~Y(V (F)))req. These,
with the structure of reduced subscheme, are smooth hypersurfaces of Y by (iii). For each
t € T, let N(f;)and N,(g;) be, respectively, the multiplicities of E; in the divisor of
fiohandgjoh (j=0,1,...,0),and let v, — 1 be the multiplicity of E? in the divisor of
(o) (dxy A -+ ANdxy).

We next define

Dr:=ueRLy: Y " N(fu@) <Y Nlgpu@), forj=1,....1¢, 2.1
eT eT

and for a subset / C T we define
Dy:={ueDr:u(@)=0ifandonlyifi e T\ I},

so we have Dy = UlcT Dy, a disjoint union.

Note that D7 is a rational convex polyhedral cone, so there are integral generators
€,....e; € Ng N Dy for its extremal edges such that Ng NR>oe; = Noe; fori = 1,...,4.
The following constants will be important:

Av=) e@N.(fo) eNo. Bri=) e@(Ni(go) +v) €N, k=1.....q. 22)
teT teT
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The cone Dr has a simplicial decomposition, say Dy = RyUR; U---U Ry U---U Ry,
such that Ry = {0}, R; = R.pe; fori = 1,...,¢,and dim R; > 1 fori > ¢. For each
k=0,...,wthereis asubset M; C {1,...,q} such that

Ry = Z ajej :aj > 0forall j € My
JEMy

Now foreach I C T thereis asubset W; C {0, ..., w}suchthat D; = Ukew, Ry Since
Dr is the disjoint union of the Dy’s, {0, 1, ..., w} is also the disjoint union of the W;’s; thus,
foreachk =0, ..., w, there is a unique subset I C T such that k € Wy, and this subset will
be denoted by .

Proposition 2.5 Let K be a number field including K°, let O = Ok, and let D be the same
collection D° viewed as cone integral data over K. If p C O is a maximal ideal such that
(Y?, h°) has good reduction modulo p° :=p N O° C O then

Np—(Aj5+B)

(2.3)

w
Zp(s,p) = 3 Np = DINp ey [T =g
—o — p J J

JEMy

where for a subset I C T, cp1 = |{a € Yo(O/p) :ae ET"(O/p) if and only if v € I}, and
for a closed subscheme Z° C Y, Z° denotes its reduction modulo p°.

Though this proposition is more general than [8, Corollary 3.2], its proof is the same, so
we do not repeat it. However, we mention some comments. Let (Y, #) and (E,),c7 be the base
changes of (Y, h°) and (E),c7 by Spec(Ky) — Spec(K?). Note that each E, is a smooth
hypersurface in Y, but (E,),cr is not necessarily the collection of irreducible components of
h=Y(V(F)) as E, might not be irreducible. Nevertheless, it is easy to show that

div(fjoh) =Y N(f)E, and div(gjoh) =Y Ni(gj)E, forj=0,....1,
eT eT
div(h*(dx) A+ Adx)) =Y (v — DE,
teT

so one can argue as in [8, Sects. 2 and 3] by using the collection (E,),c7 and not the irreducible
components of A=YV (F)). In fact, this seems to be what is really done in [8].

The following consequence was also obtained at the end of [8, Sect. 2] from a different
formula for Zp (s, p).

Corollary 2.6 Write each Zp (s, p) as a power series Y 1o, ap,,'Np’”. Then, ap o # 0 for
almost all maximal ideals p C O.

Proof 1t is enough to show that o o # O for almost all maximal ideals p C O satysfying
the hypothesis of Proposition 2.5. We compute the term of the formula (2.3) for k = 0.
Note that My = ¥ and that Iy = @, so the term for k = 0is Np™"cp gy = Np™"|{a €
Yo(O/p) \ U,er E2(O/p)} = Np~™|A™(O/p) \ V(F)|, where F denotes the reduction
of F modulo p® and V(F) C A™(O/p) denotes the zero set of F. Note that by dimension
arguments, |A" (O/p) \ V(F)| > 0 for almost all p. The proof follows as the term for k = 0
contributes to ap . O

Proposition 2.5 provides a formula for Zp (s, p) for almost all maximal ideals. A formula
for the exceptional primes (when K = K¢ = Q) is given in [8, Proposition 3.3], but this
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seems to be incorrect as it was pointed out in [1, Remark 4.6]. Nevertheless, Theorem 2.2
does not use this proposition but rather its consequence [8, Corollary 3.4], which is correct
as claimed also in [1, Remark 4.6]. We will provide a proof of this in Proposition 2.8 below.
We shall need the following result of Stanley (cf. [29, Chapter 1]), which is formulated here
in our special setting.

Theorem 2.7 Let I C T be a non-empty subset, and let ®; € Z!*! be the matrix defined by
(®p)j.=Ngj)) —N(fj), j=1....1, el

Given a vector v € 7!, we consider the generating series

Foo(Xien) == Y. X

ueN(I]: bru>v

where X" = [],¢; XZN) and (X,),e1 is a collection of variables. If {u € N(I) D -u>v}is
non-empty, then Fg ,((Xi)ier) is a rational function whose denominator divides

I (1 - ]_[xef@) :

jgukeWIMk el

Here the inequality ®; -u > v means component-wise. Observe that {e; : j € Urew, My}
is just the set of integral generators of the extremal edges of the cone {u € N(’) :®y-u >0}
These vectors can be though of as vectors in N(I) since they are zero outside /.

Proposition 2.8 Let K be a number field including K°, let O = Ok, and let D be the
collection D° viewed as cone integral data over K. If p C O is any maximal ideal, then
Zp(s, p) is arational function in Np~* with rational coefficients, and its denominator divides

q

j=1

In particular, the abscissa of convergence of Zp (s, p) is either —oo or one of the rational
B; .
number. —A—’i where j =1,...,qand Aj # 0.

Proof The same notation and comments after Proposition 2.5 apply here. Now /4 induces
a morphism of analytic manifolds Y (Kp) — Kg’ that we still denote by A. This is an
isomorphism above {x € K{,” : F(x) # 0}. Write Y (Oy) for h’l(Og’). Then Y (Oy) can be
expressed as a disjoint union of a finite number of coordinate charts, say {(Up, (y1, ..., Ym)) :
b € B}, such that for each b € B the following holds (see [20, Sect. 2]):

(1) The image of (v, ..., ym) : Up — K;" is exactly (p»Oy)™ for some e;, € Ny.

(2) Letl ={t e T : E(Ky) N Uy # ¥}. Then there exists an injective function up : I —
{1,...,m} such that E,(Ky) N Up = {yu = 0} forall ¢ € I.
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(3) There are non-negative integers c,(f;), cp(g;) for j = 0,...,1 and djp, such that the
following holds on Up,:

— P N.(f})
15 oty =N~ T uoly

el
_ . N.(gj)
|gj O/’l|p = Np v (85) l_[ |yu(t)|p 7,
el
_ —1
B*(dxi A= Adxn)ly =Np~® [T Iyuolp " ldyt A== Adymlp.
el

It follows that Zp (s, p) = Y 5 Ju(s), where

— — —_ L e NL 1*1
Tu(s) = /V Np 003080 T [y, VNGO gy 1Ay,
b

el
and V}, is the subset of U, defined by the conditions

cp(8)) = en(f) + Y (Ngj) = Ni(fi) ordp () = 0, j=1,...,1

el

If I, = 0, then clearly J,(s) = er""’(ﬂ))s for some rational number ». We now analyse
Jp(s) for I, # ¥). By (1) we can assume that U, = (p*»Op)™ with coordinates yy, ..., yu.
Let ®; = ®,, be the matrix of Theorem 2.7, let ¢, (f) —cp(g) € Z! denote the vector whose
j-entry is ¢, (fj) — cp(gj), and let v := cp(f) — cp(g) — D - (ep)ier € Z!. 1t follows that
Tp(s) = (1 = Np~Hl®!
. Np—Ch(fO)S—Cb(gO)—dh—(*h(l”—|lh|) . Z 1_[ Np—(sNL(foHN, (go)+v)u®

ue(epNo)'b €1y
D-uzcp(f)—cp(g)

— (Np® — Npeb*l)ubl _Np—c‘h(fo)S—Ch(go)—db—Ebm—ZLeq, (SN (fo)+N.(go)+vi)ep

. Z l_[Np—(sNz(fo)+NL(go)+vt)u(t)_

1
MENOO el

d-u>v

By Theorem 2.7 this is a rational function in Np~* with rational coefficients, and whose
denominator divides

1_[ 1— l_[ Np_(SNL(fO)J'_NL(g0)+vl)ej(t)

jeUkeWIh My el

= l_[ (1 _ 1_[Np(XNl(fO)+NL(g0)+vl)ej(l)>

jEUkEWIb My eT

_ 1—[ (] _pr(sAjJrBj))'

jeUkeW,b My

This completes the proof of the proposition. O
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With Proposition 2.5, Corollary 2.6 and Proposition 2.8, the proof of properties (1)—(4)
in Theorem 2.2 goes now exactly as in [8, Sect. 4]. In particular, one obtains the following
formula for ap which is independent of the field extension K O Ky, and which proves (5)
in Theorem 2.2.

Proposition 2.9 ap :max{‘;ff Lj=1 LA ;éo}.

3 Zeta functions of rings as cone integrals

Let R be a commutative ring with identity. By an R-algebra we shall mean an R-module L
endowed with an R-bilinear map L x L — L called multiplication, e.g. an R-Lie algebra.
An R-subalgebra of L is an R-submodule A that is closed under multiplication. Left, right
and two-sided R-ideals are defined similarly. To simplify the presentation, by an R-ideal
we shall refer to a left R-ideal. Nevertheless, everything we say about left R-ideals is also
valid for right R-ideals and for two-sided R-ideals. To allow applications such as Theorem
E we shall also consider R-algebras with an identity, and in that case we will require that the
R-subalgebras contain the identity. A Z-algebra will be also called a ring.

Let L be an R-algebra (or an R-algebra with identity). The R-subalgebra zeta function
and the R-ideal zeta function of L are by definition the formal series

Ry = Y IL:LTY and ¢ff(s)= Y [L:LT°

L'<gL L'<ARL

where L' runs only over those R-subalgebras or R-ideals of finite additive index respectively.
We write ;“ZR (s) to address both type of zeta functions simultaneously. We will suppress the
subindex R when R = Z.

Let K be a number field and let O = Ok. Let L be an O-algebra (or an O-algebra with
identity) whose underlying O-module is free of rank 2 > 1. For a maximal ideal p C O we
write Ly := L ® o Oy. This is an Op-algebra and it is easy to show that

gow =[] ¢ ®.

pcoO
maximal

We now fix a basis for L as O-module and hence identify L with O" . Let (cf.‘j) be the structure

coefficients of L with respect to the canonical basis {ey, ..., e;}, thatis, e; -e; = ZZ:] cf.‘jek.
We denote by Trj (Op ) the set of upper-triangular matrices with entries in Oy, and write |dm|,
for the normalized additive Haar measure of Tr;, (Op). Given a matrix m = (m;;) we denote
by m' = (m;j) its adjoint.

Proposition 3.1 For each maximal ideal p C O it holds that
*0 - _ _
;%ana—Np%'/ 157 Il Nl
M*(Op)

where M=(Op) C Try(Oy) denotes the set of those upper-triangular matrices (m;;) such
that

R h h
ordy (myq - - -mpy) < ordy ZZZmircﬁsmﬂm;k foralli, j,k=1,...,h,

t=1 r=i s=j
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and M (Op) C Trj,(Oy) denotes the set of those upper-triangular matrices (m;;) such that

h h
ordy (myy - - -mpp) < ordy <ZZm,~,.cijm;k> foralli,j,k=1,... h.
s=1r=i
If in addition L is an O-algebra with identity, say 1 = (uy, ..., uy), then we also have to

add the following extra conditions in the definition of M=(Oy):

h
ordy (myy -+ -mpy) < ordy (Zu,mf]> Vi=1,...,h.
i=1

Proof The first part of the proposition when K = Q is proved in [8, Theorem 5.5] (see also
[12, Sec. 3]). That proof can be easily extended to this general case. By following that proof
in the case that L is an O-algebra with identity, we see that the conditions that we add to the
definition of M=(Oy) are simply a translation of the condition that the Op-submodule of L,
generated by the rows of the matrix (m;;) contains 1 = (uy, ..., uy). This is necessary since
we are requiring that the R-subalgebras of an R-algebra with identity must contain 1. O

As an immediate consequence we obtain

Corollary 3.2 Let L be an O-algebra (or an O-algebra with identity) that is isomorphic to
O" as O-module. Then there exists a cone integral data D* over K such that
£,9(5) = Zp+(s — h),
and such that for any finite extension K’ O K, say with ring of integers O', we have
617 () = Zp(s — ),
where L' is the O'-algebra L @ ©' and D'* is the same collection D* viewed as cone

integral data over K'.

As a combination of this corollary and Theorem 2.2 we now obtain

Corollary 3.3 Let L be an O-algebra (or an O-algebra with identity) that is isomorphic to
O" as O-module. Assume that ¢ zo (s) is not a constant function, and let azo be its abscissa
of convergence. Then the following holds.

(D) (xzo is a rational number and there exists § > 0 such that ;ZO (s) can be meromor-
phically continued to the region Re(s) > azo — 8. Moreover, the continued function is
holomorphic on the line Re(s) = azo exceptat s = ozzo where it has a pole.

(2) Let K’ be a number field including K, O’ its ring of integers, and L' = L @ » O'. Then
¢ :O (s)and ¢ :/O "(s) have the same abscissa of convergence.

Another consequence is

Corollary 3.4 Let L| and Ly be two O-algebras (or O-algebras with identity) that are iso-
morphic to O" as O-modules. Let bi? be the order of the pole of Q“Z,O (s)ats = a,*f. If

L1 ®o K and Ly ®o K are isomorphic K -algebras, then az? = ai? and bz? = bz(;

Proof Let D} be the cone integral data of Corollary 3.2 for L;. By Corollary 2.2(1) it is
enough to prove that Zp: (s — h, p) = Zps (s — h, p) for almost all maximal ideals p C O.
This follows from the fact that L, := L} ®» Op and Lyy, := L2 ®o Oy are isomorphic
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Op-algebras for almost all p. To prove this fact, we may assume that L; = L, = o"
as O-modules and so L1 @ K = Ly @ K = K". Leta € GL,(K) be a K -algebra
isomorphisma : L1 ® o K — Ly ® K. Then for almost all maximal ideals p it holds that
a, e e GLy (Oyp), and hence « induces an isomorphism Ly, = L. This completes the
proof. O

In order to prove Theorem C we shall need the following result.

Lemma 3.5 Let K be a field and let A1 and A, be finite dimensional K -algebras. If for some
field extension K' D K the K'-algebras A1 @ K' and A, @ K' are isomorphic over K,
then this also holds for some finite extension K' O K.

Proof Note that A; and A, have necessarily the same dimension over K, hence we can
assume that A} = A, = K" as vector spaces over K for some h. Let I C GLj x7 Spec(K)
be the subfunctor such that if K’ is any commutative algebra over K with identity, then I (K”)
is the set of K’-algebra isomorphisms A; @ K’ — Ar ®k K’. It is easy to see that [ is
represented by a closed subscheme of GLj, x 7z Spec(K). The hypothesis implies that [ is not
the empty scheme. Therefore, if K’ is the residue field at a closed point of I, which is a finite
extension of K, we have I(K’) # @. O

Theorem C follows from the following

Theorem 3.6 Let K be a number field and O its ring of integers. Let L1 and Ly be two
O-algebras (or O-algebras with identity) that are isomorphic to O" as O-modules for some
h>01IfL > K' and Ly ®» K’ are isomorphic K'-algebras for some field extension
K' D K, then ¢ Z? (s)and ¢ Z? (s) have the same abscissa of convergence.

Proof By Lemma 3.5 we can assume that the field K’ of the hypothesis is a finite extension
of K. Let O be its ring of integers and let L} = L; ® O’. By Corollary 3.3, {zlo (s) and

;“Z,O/ (s) have the same abscissa of convergence fori = 1, 2. By Corollary 3.4, ;“z,o/ (s) and
i 1

;“z,o/ (s) have the same abscissa of convergence since L} ® o K’ = L, ® ¢ K’ as K'-algebras.
2

It follows that ¢ zlo (s) and ;zf (s) have the same abscissa of convergence. O

We now explain how Theorem B follows from Theorem C. Let 91 be a unipotent group
scheme over Q and let N be an arithmetic subgroup of 9. We define n to be the Lie algebra
of O, which is a nilpotent Lie algebra of dimension (N) over Q.

Proposition 3.7 Let L be any Lie subring of n additively isomorphic to Z", with h = h(N),
such that L ®7 Q = n. Then ¢y, (s) and ¢ (s) have the same abscissa of convergence, that
is ay, = . In addition, by, = bj.

Proof By Corollary 3.4 it is enough to prove this by just one L. By [12, Theorem 4.1], there
is L satisfying the hypothesis such that for almost all primes p, ¢y (s) and ¢; (s) have the
same local factor at p. Now, by Corollary 3.2, there exists a cone integral data D; such that
sf(s) = ZDZ (s — h). By [30, Corollary 1], there exists a cone integral data D}, such that
L) = ZD;fv (s — h). It follows that ZD*N (s—h,p) = sz (s — h, p) for almost all p. The
proposition follows now from Corollary 2.4(1). O

Since the category of unipotent algebraic groups over a field K of characteristic zero and the
category of finite dimensional nilpotent Lie algebras over K are equivalent, it is now clear
that Theorem B follows from Theorem C.
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4 An upper bound for ay, for non-abelian T-groups

In this section we prove Theorem A. By Proposition 3.7, it is enough to prove the analogous
result for nilpotent Lie rings.

Lemma 4.1 Let Z° be the free abelian group of rank e, e > 0, and let § be a positive number
such that § < e. Then there is a constant k = k(e, §) such that

<

N

= Ze

Z“"( ) _ kNS, YN €N
ne—S

n=1

. . . o bn

Proof Consider the Dirichlet series Z(s) = Z pre where b, =
n=1
{Zfe (s +e—38) = Zp(s — 8), where D is the cone integral data of Corollary 3.2 for the zeta
function ;Zi (s) (we view Z¢ as an abelian Lie ring). The abscissa of convergence of Z(s) is
8 > 0, and the order of the pole of Z(s) at s = 8, which is the order of the pole of §Zi (s)
at e, is 1. This follows from the formula for §ng (s) given in Example 1.1. Thus, by Theorem
2.2(4), there exists a constant k such that Zivz 1bn < kN 8 for all N. This proves the lemma.
O

az(Z°)
ne—s8 °

Then Z(s) =

We now set some notation. If L is a ring additively isomorphic to Z”, then af <aj <
oz;h = h. We denote §7 = h — o for * € {<, <}. If L is a nilpotent Lie ring, then y; (L)
denotes the i-th term of the lower central series. The nilpotency class of L is the first positive
integer ¢ such that y.41(L) = 0.If A is an ideal of L we also define a lower series as follows:
y1(L, A) = Aand y;(L, A) = [yj—1(L, A), L] fori > 1.

Proposition 4.2 Let L be a non-abelian nilpotent Lie ring additively isomorphic to 7", let
¢ be its nilpotency class, let Z = {x € L : nx € y.(L) for some n € N}, and let e be the
additive rank of y.(L). Then

<

7 6§/Z+e . (Sf/z+e
[ >2———— and 8, > ——.
14+ (c—1e 1+e

Proof Notice that Z is an ideal of L included in the centre of L, the quotient ring L/Z is
additively isomorphic to Z"—¢, and the index k| := [Z : yc(L)] is finite. Since Z is central,
any subgroup of Z is automatically an ideal of L.

If A is a finite index subring of L, then A + Z is a subring including Z, and A N Z is
a finite index subgroup of Z. If A is an ideal, then A + Z is also an ideal. In any case, we
have [L : A] = [L : A+ Z][Z : AN Z]. It is easy to show that if A is a subring, then
Ye(A+Z) C AN Z,and if A is an ideal, then y.(L, A+ Z) C AN Z. Thus, for any positive
8 with § < h we have

GGh—8)= Y [L: A" = 3" [L:B™ 3 [z o1 g

A<ysL B=<yL: C=<ysZ:
ZCB ve(B)cC
Gfh=8)= Y LA = Y LB YTzl g
AyL B<yL: C=<sZ:
ZCB ve(L,B)CC

where,u;C: {A ffL:A+Z:B,AﬂZ:C}|and/L§‘_C ={A<yL:A+Z=
B,ANZ = C}|. By [18, Lemma 1.3.1] we have uj » < ,uEC < |Hom(B/Z,Z/C)| <
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[Z : C]"~¢. Thus,
fh—8)< Y LB Y [z,

BS_,‘L: CS/Z:
ZCB ye(B)CC
GPh—8) < Y (LB Nzt .1
ByL: C=<sZ
ZCB ve(L,B)cC

Given B <y L with Z C B, we claim that y.(B) D [L : B]C_lyC(L). In fact, there
are xi,...,Xp—. € Z whose classes modulo Z form a basis of the Z-module L/Z, and
there are positive integers dj|dz| - - - |d,—. such that B/Z is generated by the classes of
dixy, ..., dp—exp—e. So [L : B] = did>---dp—_.. Notice that y.(L) is the subgroup of Z
generated by all the elements of the form [x;, ..., x;.] = [[--- [[xi;, x5, 1, xi51, - 1, x5, ]
with not all iy, ...,i. equal, and y.(B) is generated by all the elements of the form
di, -+ -d; [xiy, ..., x; ] with not all iy, ..., i. equal. Now, if i1, ..., i, are not all equal to
each other, then the product of two factors in d;, - - -d;. divides [L : B] and the other
factors are also divisors of [L : B]. Thus, d;, ---d;, divides [L : BI¢~! and hence
[L : B]"’l[x,-l,...,xl-v] € y.(B). It follows that y.(B) D [L : B]"*lyc(L), as claimed.
Note that if B is in addition an ideal, then y.(L, B) D y.(L,[L : B]L) = [L : Bly.(L).
Since [L : [L : BY'y.(L)] = ki[ye(L) : [L : B]'y.(L)] = ki[L : B forany ¢t € N, we
conclude that

Y Ziert s 1201 <kl s BICTV,
J/(C(%/)gc [Z:C]siﬁi{i?]“‘”f
Z [Z:C]°P < Z [Z:Cl ¢ < ko (ki [L : BI), (42)
yc(CLf,lfi)Zc:C [z:C]C;kf[ZL:B]f

where k; is the constant provided by Lemma 4.1.
A combination of (4.1) and (4.2) yields

Gi(h—8) < k() Y [L:BI "D = k@)f ,(h = 5(1+ (c — De)),
ZCB=<yL

(R —8) <k@®) Y LB = k()¢5 (h—8(1+e)),
ZCB<yL

for some constant k(8). It follows from the first inequality that ¢ (h — &) converges if

< . . h—af 87 ,+e . < .
h—38(1+ce) > aj,,, ie,if§ < ez = HL(/CZil)e. This proves that 87/, is at least
STizte o . . . 851, +e
%. Similarly, from the second inequality we deduce that 8L<’ is at least Ll/ ie O

Theorem A follows from the next one.

Theorem 4.3 Let L be a non-abelian nilpotent Lie ring additively isomorphic to Z", and let
¢ be its nilpotency class.

(1) Ifc =2, then aj 5h—%.1fc>2thenaf Sh—clj.
@) of <h—1.
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Proof We use the notation of Proposition 4.2. Observe that the nilpotency class of L/Z is
c— 1L
e

We prove (1). Assume first that ¢ = 2. By Proposition 4.2, 85 E i %, hence

a; < h — 5. We now assume that ¢ > 2 and prove that a; < h — or equivalently that

cl’

57 +e 1
< L/Z /[24+e l _
8 > 1’ by induction on c. If ¢ = 3, then 8 > 45 2 Toe =3 = = 1 Assume

next that ¢ > 3 and that the result has been proved for c — 1 (in partlcular for L/Z). Then

55 > STjzte _ lte=2te _ fle=Dte _ _1_
L = 1+(c—1)e = I+(c—1)e 1+(c—1e — c—l
of (1).

We now prove (2), which is equivalent to 8L<’ > 1, by induction on c. If ¢ = 2, then the
result follows from [12, Proposition 6.3]. Assume now that ¢ > 2 and that the result has been

. This completes the induction and the proof

85+
proved for ¢ — 1. By Proposition 4.2 we have §; > = ‘> i—jﬁj = 1. This completes the

induction and the proof of (2). ]

5 A version of Theorem B for virtually nilpotent groups

Let G be a finitely generated virtually nilpotent group and let N be its Fitting subgroup, that
is, the maximal nilpotent normal subgroup. It is known that af; < oy, +1 (cf. [18, Proposition
5.6.4], [30, Theorem 3]), and the next example shows that the equality might hold.

Example5.1 Let N = Z and G = 7Z x Aut(Z). Then £y (s) = ¢(s) and {5 (s) =27°¢(s) +
¢(s — 1). In particular, ay, = 1 and ar; = 2.

It follows that o5 is not longer commensurability-invariant within the class of finitely gen-
erated virtually nilpotent groups. This notwithstanding, it is possible to formulate a version
of Theorem B for virtually nilpotent groups. First of all, given G and N as above, we may
assume that N is torsion-free, that is, a T-group. In fact, the torsion subgroup #(N) of N is a
finite normal subgroup of G and the next lemma shows that af, = a5 (N

Lemma 5.2 Let G be a group of finite rank and T a finite normal subgroup of G. Write
Q=G/T.Thenaf, = oﬂé and ;g’p(s) = {5,p(s)for every prime p not dividing |T|.

Proof The equality (xé = aé is proved in [18, Proposition 5.6.2]. We adapt that proof to
show that aG = Ol . Clearly aG > on , so we only need to focus on the reverse inequality.

Fix apositive 1nteger n. Anormal subgroup H <G of index n determines normal subgroups
HNT T and HT < G. The index [T : H N T] divides both n and |T|, and we have
[G:HT]=n/[T : HNT]. Now fix a common divisor, say ¢, of |T| and n. Fix also D < T
and B<1Gsuchthat T C B, [T : D] =t and [G : B] = n/t. If there is H <1 G such that
HNT = Dand HT = B, then necessarily [G : H] = n, D isnormal in G,and H/D is a
complement of 7 /D in HT / D. Therefore, there are at most | Der(B/T, T /D)| possibilities
for H, and this number is turn bounded by [T : D]rk(Q) < |T|rk(Q); cf. [18, Lemma 1.3.1].
It follows that

a}(G) < Y a(Dag OIT™? < |TMD20) Y a,(Q).

tln, t|IT| tln, t||T]

By using the above inequality we now conclude that for any positive integer n,

Y a7 @) < ITIMDF @ Y Y a5, (@) < TN R20) Y a7 (0)

=1 HIT11j<n j=1
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and this clearly implies that o < .

The equality {é’ p(s) = 5 p(s) for a prime p { |T| holds because the index of any
subgroup H < G is divisible by [TH : H] = [T : T N H], hence if [G : H] is a power of
pwehave [T : TNH]=1,thatis H 2 T. ]

We return to the set-up introduced at the beginning of the section. We will also assume
from now on that N is a T-group. Consider now the induced group extension S : 1 - N —

G5 F— 11tis easy to check that

(o)=Y IF:EI7¢5 (), &5() = D [F : E17°¢505(9),

E<F EQF
where
G = Y. IUE:AI, = Y (B A
A<;G: 1(AN)=E A< fG: m(AN)=E

We denote by oz; g or oz; - the abscissae of convergence of g“sfy £(s) and {Sf] £(s). We recall
the following result.

Theorem 5.3 [30] Let x € {<, <1}, and let E < F, where E is normal if ¥ = <. Then there
exists a cone integral data Dy, over Q such that ;;E(s) = Zpp«(s —h(N) — |E| + 1).
Therefore, aﬁ, g 1s a rational number and { ;‘ () has meromorphic continuation to a region
of the form Re(s) > O(;E — § for some § > 0.

It follows that «; is a rational number and that £/ (s) has meromorphic continuation to a
region of the form Re(s) > af, — & for some § > 0.

5.1 The case of virtually abelian groups

To motivate the formulation of Theorem B for virtually nilpotent groups, we will make a
digression and discuss the case where N is abelian. We will change the notation and write T’
instead of N. In this case, a formula for {; £(s) (up to a finite number of local factors) was
given in [11], and this suffices to read off the abscissa of convergence (Theorem 2.2(2)). We
will recall this result (see Proposition 5.7 below) after introducing some notation.

Let F be a finite group and let V be a Q[ F]-module of finite dimension over Q.

(1) Let Q[F] = Ag® A @ --- A, be a decomposition of Q[ F] into simple components.
Then A; is isomorphic to a matrix algebra M,,, (D;) for some central division algebra
D; over a number field K;. Assume that Ag = Q - Zyep y, so that Dy = Ko = Q and
mo = 1.

(2) Letn? = dimg, A; = m}e?, where e = dimg, D;.

(3) LetV=Vo@® Vi@ ®V,, where V; = A; V. Then V; = (D/")% (as A;-modules) for
some integer k; > 0. Note that Vy = Q0 is the set of fixed points of F.

Define

ko—1 r kiej—1
Giav® = []es=n-T] T] txuits = 1) = .
j=0 i=l j=0
kU*l r k,-e,-—l
tiv@ = [les=n-TT T ox s — .
j=0 i=1 j=0
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where ¢k, (s) is the Dedekind zeta function of K;. Let a%, - ,, denote the abscissa of conver-
gence of £ ,(s). Since ¢k, (s) has abscissa of convergence 1, we conclude that

as = max | k k—1+1 k—r+l ay ., =max {1k L k.

FAV — Ovml a---,mr ’ FAV — Ovmla“-smr .
Remark 5.4 A quick analysis shows that either oy |, < dim V orelse . , = dim V +1,
in which case the action of F on V is non-trivial, every f € F acts on V either as the identity
or as minus the identity, and {ﬁmv(s) = ¢y (s — 1), where ¢y (s) := ]_[‘;l;nov_] (s — j).
Remark 5.5 Note that after base change with C, A; decomposes as a product of [K; : Q]
copies of M, (C), and V; decomposes accordingly as a product of [K; : Q] copies of
(Cmieiyeiki | Since % = r’;—” the numbers o, and af -, can still be read off from the
C[F]-module V ®¢ C. Hence:

Corollary 5.6 Let Vi and Vo be Q[F]-modules of finite dimension over Q. If Vi g C =
Vo ®q C are isomorphic as C[F1-modules, then a’;mvl = a}mvz.

Now, let G be a finitely generated virtually abelian group with torsion-free Fitting subgroup
T <G (hence T = Z" for some h), andletS:1 > T — G L F — 1 be the associated
group extension. Set V := T ®z Q, which is naturally a Q[ F]-module. Note that if E <1 F
is a normal subgroup, then the 0-homology Hy(E, V) of E with coefficients in V is also a
Q[ F]-module.

Proposition 5.7 [11, Sect. 2] For each subgroup E < F, the series {3 .(s) and {f y (s)
have the same local factor at p for almost all primes p. For each normal subgroup E <\ F, the
series ;;‘E (s) and ;;mHO(E V) (s) have the same local factor at p for almost all primes p.

Corollary 5.8 For each E < F we have O’;,E = ag .y, and for each E A F we have
“;E = a;’]mHo(E,V)'

Proof By Theorem 5.3 and Theorem 2.2(2), we can disregard a finite number of local factors
in the computation of oz§’E. By the definition of {Emv (s) and §1§AHO(E V) (s), we can also

disregard a finite number of local factors in the computation of oz, - |, or oy Ho(E.v)- Thus,
the corollary follows from Proposition 5.7. O

Corollary 5.9 Either ag, = ag orelse ag, = ag + 1. Moreover, the latter occurs if and only
if some element of F acts as minus the identity on T.

Proof We have a, = max{aiE : E < F} and we know that a; > a7 = h, where / is the
rank of 7. By Corollary 5.8 and Remark 5.4 we find that a . is either & + 1 or o5 p < h.
This proves that a; is either 4 or h 4 1. If a; = h + 1, then aiE = h + 1 for some
non-trivial £ < F, and by Remark 5.4 there is a non-trivial element of E that acts on T as
minus the identity. Conversely, if there is f € F that acts on 7" as minus the identity, then
we can replace f by some power and assume that f> = 1. If E = (f), then (x;E =h+1
by Remark 5.4. O

Proposition 5.10 For eachi € {1, 2}, let G; be a finitely generated virtually abelian group
with torsion-free Fitting subgroup T;, and let S; : 1 — T; — G; — F; — 1 be the induced
group extension. Assume that there is a C-linear isomorphism o : T 7 C — T» ®z C and
a group isomorphismy : Py — P> such that a(f -v) = y(f) -a(v) forallv € T} ®7 C
and f € Fy. Then for each E| < F} it holds that a§1,E1 = a§z,y(E1)’ and for each E| < Fy
it holds that oe;E] = O‘qu,y(El)' In particular, ozf;l = oeé2 and aé‘l = aé‘z.
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Proof This follows from Corollary 5.8 and Corollary 5.6. O

5.2 The R-Mal’cev completion for virtually nilpotent groups

Proposition 5.10 is our version of Theorem B for virtually abelian groups, and we want to
formulate a similar result for virtually nilpotent groups. To do this we recall the notion of
Mal’cev completion for virtually nilpotent groups [30, Section 1]. We begin by reviewing
the definition of nilpotent R-powered groups.

Definition 5.11 Let ¢ € N. A commutative ring R is said to be c-binomial if R — R ®7 Q
is injective and if (2) = w belongs to R forallr € Randk =1, ..., c. For
such a ring, a nilpotent group N of nilpotency class < c is said to be R-powered if for all
r € Randn € N, an element n” € N has been defined such that the following holds:
@ n' =n, 012 = "2 (02 =12 foralln € N, ry,r € R.

() m~'n"'m = (m~'nm)" forallm,n € N, r € R.

(iii) The Hall-Petresco formula holds for all k-tuples (ny, ..., ng) of elements of N and all

r € R [34, Chap., 6] .

Note that (iii) makes sense by [34, Theorem 6.1] since N has nilpotency class < ¢ and
therefore only the first ¢ binomials (1) e (2) appear in the formula.

A morphism ¢ : N — M of nilpotent R-powered groups of nilpotency class < c is a
group homomorphism such that ¢ (n") = ¢(n)" foralln € N andr € R. They will be called
R-morphisms.

Definition 5.12 Let N be a T-group, say of nilpotency class c. Let R be a c-binomial ring.
The R-Mal’cev completion of N is a nilpotent R-powered group NR (necessarily of the
same nilpotency class as N) together with a homomorphism ¢ : N — N satisfying the
following universal property: if M is another nilpotent R-powered group of nilpotency class
<cand ¢ : N - M is a group homomorphism, then there exists a unique R-morphism
@:NR - Msuchthat ot = g.

The theory of nilpotent R-powered groups, in particular the proof of the existence of the
R-Mal’cev completion for T-groups, is expounded in [34, Chapters 10 and 11] under the
assumption that R is a binomial domain (i.e. (]:) € Rforall r € R and all k € N). However,
everything can be extended without further modifications to c-binomial rings in the case of
nilpotency class < c.

Remark 5.13 The unipotent group scheme Ot over Q defined by a T-group N is precisely
the group scheme that represents the functor K — NX from commutative Q-algebras to
groups. If 91 and M, are the unipotent group schemes over Q defined respectively by two
T-groups Ni and N», then 91 and D1, are isomorphic after base change with a field K D Q
if and only if N lK and N2K are isomorphic as nilpotent K -powered groups.

Definition 5.14 Given ¢ € N and a c-binomial ring R, we define a category V.  as follows.
The objects are group extensions S : 1 - N — G — F — 1, where N is a nilpotent
R-powered group of nilpotency class < ¢, F is a finite group, and it is required that for any
g € G, the automorphism of N induced by conjugation by g is an R-automorphism. The
morphisms in V. g are morphisms of short exact sequences of groups (u, v, w) : § — §’
such that u is an R-morphism. We also call them R-morphisms.
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Definition5.15 Let S : 1 — N > G 5 F — 1 bean object of V. 7z, where N is a
T-group, and let R be a c-binomial ring. The R-Mal’cev completion of S is an object S¥ of
V,.r together with a morphism of short exact sequences (i, j, k) : S — S& satisfying the
following universal property: if (¢, v, w) : § — T is a morphism of short exact sequences,
where T is an object of V. g, then there exists a unique R-morphism (i, v, w) : S R T
such that (&, v, w) o (i, j, k) = (u, v, w).

The following construction of the R-Mal’cev completion of S was given in [30, Section 1]
under the assumption that R is binomial. However, everything remains valid in our situation.
We may assume that ¢ is an inclusion and that 7 is a quotient map. Lets : ' — G be a section
of 7 (i.e. w o s = idF) such that s(1) = 1 and s(f~') = s(f)~! for all f € F. Then there
aremaps o : F — Aut(N)and ¢ : F x F — N such thatforall f, f' € Fandn € N we
have o (f)(n) = s(HHns(f)~Land s()s(f) = v (f, f)s(ff’). The pair (o, ¥) is called

the cocycle associated to S and the section s. It satisfies the following cocycle conditions:

o(No(f)=n@(f. fNoff) Vf. f eF
V(S D = (DWW O D) YL eF (5D

The group G can be identified with the group N x(4,y) F whose underlying setis N x F
and where the operations are given by

(n, f)- (', f1) = (o (HH@Y (S, 1) f1. (5.2)

Under this identification, N becomes N x {1}.

We now consider the R-Mal’cev completion N < N of N. Note that o can be extended
to a map F — Autg(N), and ¢ can be seen as a map F x F — NR._ We still denote
these extensions by ¢ and . We obtain a group N¥ X (¢,y) F whose underlying set is
NE x F and where the operations are given by (5.2). Indeed, we get a group extension
1 - N® -~ NR® x(, ) F — F — 1, which is an object in V. g. This extension together
with the inclusions N < N& N X (o) F — NR X (o,y) F, F = F,isin fact the R-Mal’cev
completion S® of S.

Remark 5.16 For i € {1,2} let G; be a finitely generated virtually nilpotent group with
torsion-free Fitting subgroup N;, andlet S; : 1 — N; — G; — F; — 1 be the associated
group extension. We may assume that G; = N; X(q;,y,) Fi, with (o;, ¥;) satisfying the
cocycle (5.1). Let ¢ € N be an upper bound for the nilpotency classes of N1 and N», and
let R be a c-binomial domain. We describe what an R-isomorphism between Sfe and Sf is.
By definition this is a morphism of exact sequences (u, v, w) : Sf — Sf , where u is an
R-isomorphism and w : F| — F; is an isomorphism. Note that v has the form

v(n, f) = (um)T(f), w(f) (53)

for some map t : F1 — N2R . One can easily check that given an R-isomorphism u : N IR —
NZR, a group isomorphism w : F; — F>,andamaprzt : F| — NZR, if we define v as in (5.3),
then (u, v, w) is an R-isomorphism between Sf and Sf if and only if for all f, f' € F and
neN,

u(or (FY)uW (f, fNTSf) = t(Horw () wm)oa(w( )TN f), w(f)).
(5.4)

Remark 5.17 Let G be a finitely generated virtually nilpotent group with torsion-free Fitting
subgroup N,andlet S : 1 - N — G — F — 1 be the associated group extension.
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We may assume that G = N X,y F, with (o, ¥) satisfying the cocycle condition (5.1).
For each Q-commutative algebra K we define &(K) := N K X (a,y) F. Then & is an affine
group scheme over Q isomorphic as scheme to U fe FA@, where i := h(N). It has O, the
unipotent group scheme defined by N, as its connected component. It is easy to check that &
is well-defined up to Q-isomorphism. We call & the group scheme defined by G. Let G’ be
another finitely generated virtually nilpotent group with torsion-free Fitting subgroup N’, let
S’ be the associated group extension, and let &’ be the group scheme over Q defined by G'.
It is not difficult to show that & and &’ are isomorphic after base change with a field K > Q
if and only if S& and SX are K -isomorphic.

5.3 Theorem B for virtually nilpotent groups

We can now state the analogous of Theorem B for virtually nilpotent groups, which also
extends Proposition 5.10.

Theorem 5.18 Let G; be afinitely generated virtually nilpotent group with torsion-free Fitting
subgroup N; and let S; : 1 — N; — G; — F; — 1 be the induced group extension for
i = 1, 2. Assume that there is a C-isomorphism (u, v, w) : S(lC = S(ZC. Then for each E1 < Fi
we have a§1,E1 = a§2,w(E1)’ and for each E1 < F1 we have O‘S<]1,El = “qu,w(El)'

The rest of the section is devoted to the proof of this theorem. The idea is similar to that of
the proof of Theorem C given in Section 3.

Lemma5.19 For i € {1,2}, let G; be a finitely generated virtually nilpotent group with
torsion-free Fitting subgroup N;, and let S; : 1 — N; — G; — F; — 1 be the associated
group extension. Assume that Fy = F> and let wg : F| — F, be an isomorphism. If for some
field extension K O Q there is K -isomorphism (u, v, w) : SIK = SZK with w = wy, then this
also holds for some number field.

Proof We can assume that G; = N; X (o;,y,) Fi, with (0}, ;) satisfying the cocycle condition
(5.1). Let I,;, be the functor from the category of commutative algebras over Q to the category
of sets that is defined by:

Ty (K) ={(u,7) |u: NIK — N2K is a K-isomorphism and t : F; — N2K satisfies5.4}.
(5.5)

By using the log isomorphism between the unipotent group scheme over QQ defined by N; and
its Lie algebra (viewed as functor on commutative algebras over Q) and the fact that, owing
to nilpotency, the Baker-Campbell-Hausdorff formula is finite, one can easily show that I,
is represented by a closed subscheme of GLj, x [] feF Al x Spec(Q), where h := h(Ny) =
h(N>). The hypothesis implies that I, is not the empty scheme by Remark 5.16. If K is the
residue field at a closed point of I, then K is a number field and I,,,(K) # ¥. Again by
Remark 5.16, a pair (4, T) € I, (K) yields a K-isomorphism (u, v, w) : SIK — SZK, with v
defined by (5.3) and w = wy. ]

Definition 5.20 Let R be a c-binomial ring, and let S : 1 - N — G L F - 1bean
object of V. . For each subgroup E < F we define the following formal series:

L5 p(s) = > r7NE) AT, ¢p(s) = 3 [~ (E) : AT,
AS}G: A<1fG:
7(A)=E A ANN<gN 7(A)=E A ANN<pN
(5.6)
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where the notation ANN <g N means that AN N is an R-subgroup of N, that is, a subgroup
such thatn” € AN N foralln e ANN and r € R.

Proposition 5.21 Let G be a finitely generated virtually nilpotent group with torsion-free
Fitting subgroup N, say of nilpotency class ¢ and Hirsch length h, and let S : 1 — N —
G 5 F — 1 be the associated extension. Let * € {<. <}. Then for each E < F, with E
normal if = <, there exists a cone integral data D}, over Q such that the following holds.
(1) For each prime p we have ¢

G ) == p ) Zp (s —h = |E| + 1, p).
(2) Let K be a number field and O its ring of integers. For each maximal ideal p C O for
which Oy is c-binomial (e.g. c! ¢ p) we have {SOF E( s)=(1— Np’l)’hZDz@QK(s —
—|E|+1, p), where D}, @q K denotes the collection D, viewed as cone integral data
over K.

Proof A construction of a collection D7, that satisfies (1) was obtained in [30, Section 2.2].
With the same proof one can show that this collection also satisfies (2). ]

Proof of Theorem 5.18: Lemma 5.19 enables us to replace C by a number field K in the
hypothesis of the theorem without modifying w. We can assume that G; = N; X (q4;,y,) Fi,
with (o7, ;) satisfying the cocycle condition (5.1). Lett : F; — NZK be the map of Remark
5.16 defined from (u, v, w). Let {x{, ..., x} be a Mal’cev basis for Ny and {y{, ..., yn} a
Mal’cev basis for N;.

We denote by T the set of maximal ideals p C O := Ok satisfying the following
conditions:
(1) Op is c-binomial (e.g. ¢! ¢ p) so that NlOp and NZO’J are Op-powered groups;
2) ulx;),=(f) € Nzop foralli =1,...,hand f € Fy;
3) u='(y) e NP foralli = 1,... h;
Note that almost all maximal ideals p C O are in 7. For such a p, conditions (2) and
(3) imply that u induces an Oy -isomorphism Nl(9 P N2(9 P, According to Remark 5.16,

. . . Oy Oy

(u, v, w) induces an isomorphism S1 - 5"

Fix Ey < Fy, with E| normal if * = <, and set £, := w(E|). We consider the cone
integral data D* of Proposition 5.21 applied to S;. From the above paragraph we deduce that
ZD* ®K(s - h —|E1|+1,p) = ZD* ®K(s — h — |Ez| + 1, p) for all almost all maximal

1deals p C O, where D} ® K denotes the same collectlon D7, viewed as cone mtegral data

over K. Therefore, by Coro]lary 2.4(2), ZD* (s—h—|E{|+ 1) and ZD* (s—h—|E2|+1)
have the same abscissa of convergence. Fmally, by Proposition 5.21, {Sl E (s) and {;‘2 E (s)
have the same abscissa of convergence. O
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