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Abstract

Let F be a local non-Archimedean field of characteristic zero with a finite residue field.
Based on Tadic¢’s classification of the unitary dual of GL,, (F'), we classify irreducible unitary
representations of GL, (F) that have nonzero linear periods, in terms of Speh representations
that have nonzero periods. We also give a necessary and sufficient condition for the existence
of a nonzero linear period for a Speh representation.
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1 Introduction
1.1 Main results

Let F be a local non-Archimedean field of characteristic zero with a finite residue field.
Denote the group G,, = GL, (F). Let p and ¢ be two nonnegative integers with p + g = n,
we denote by H = H), ; the subgroup of G, of matrices of the form:

g1 0 .
(0 g2> with g1 € G, g2 € Gy.

Let = be a smooth representation of G, on a complex vector space V and y a character of
H, denote by Homg (7, ) the space of linear forms / on V such that I(zw (h)v) = x(h)l(v)
forall v € V and h € H. Smooth representations  of G, with Homg (7, ) # O are called
(H, y)-distinguished, or simply H -distinguished if y is the trivial character 1 of H.
Elements of Homy (7, 1) are called (local) linear periods of 7. Linear periods have been
studied by many authors. The uniqueness of linear periods was proved by Jacquet and Rallis in
[11]; the uniqueness of twisted linear periods, with respect to almost all characters x of H and
in the case p = ¢, was proved by Chen and Sun in [3]. It thus remains an interesting question
of characterizing irreducible representations that have nonzero linear periods. It is known that
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a tempered representation of GL2, (F) has nonzero linear periods with respect to H, , if and
only if it is a functorial transfer of a generic tempered representation of SO2,41(F), see [13,
20, 22]. Another closely related characterization of the existence of nonzero linear periods for
an essentially square-integrable representation is through poles of the local exterior square
L-functions associated with the representation, see [20] and references therein. A recent
preprint by Sécherre [29] studied supercuspidal representations with nonzero linear periods
from the point of view of type theory. However, all of these characterizations are for generic
representations. Motivated by the recent work of Gan—Gross—Prasad [9] on branching laws
in the non-tempered case, we are led to consider in this work the existence of nonzero linear
periods for irreducible unitary representations.

Our main results are as follows. We refer the reader to Sect. 2 for unexplained notation in
the following two theorems.

Theorem 1.1 Let Sp(8, k) be a Speh representation of Ga,, where § is a square-integrable
representation of G4 with d > 1, and k is a positive integer (2n = dk). Then Sp(8, k) is
H, ,-distinguished if and only if d is even and 8 is Hy 2 q/2-distinguished.

Theorem 1.2 An irreducible unitary representation w of Ga, is H, ,-distinguished if and
only if it is self-dual and its Arthur part 7a; is of the form

(01 x0)) x -+ x (0p X 0,)) X Gpp1 X +++ X 0.
where each o; is a Speh representation for i = 1,--- s, and each representation o is
Hy, ; m; -distinguished for some positive integer mj, j =r +1,...,s.

Distinction problem for unitary representation has already been considered by Matringe
for local Galois periods in [21] and by Offen and Sayag for local Symplectic periods in
[27, 28]. We remark that the special case of Theorem 1.2 for representations of Arthur type
(see Theorem 7.3) is similar to [22, Theorem 3.13] about local linear periods for generic
representations and the main result in [21] about local Galois periods for unitary representa-
tions. A global analogue of our result is to find the H, ,-distinguished representation in the
automorphic dual of G2,, which we will pursue in future works. We also refer the reader to
[7, 11] for the role of local linear periods and their global analogues in the study of standard
L-functions.

1.2 Remarks on the method of the proof

Most of our work deals with distinction of parabolically induced representations of G,.
The main tool to study distinction of induced representations is the geometric lemma of
Bernstein-Zelevinsky [1], which relates distinction of an induced representation to distinc-
tion of some Jacquet module of the inducing data. It was shown by Tadi¢ in [30] that every
irreducible unitary representation is isomorphic to the parabolic induction of Speh repre-
sentations or their twists. The observation is that Jacquet modules of Speh representations
have convenient combinatorial descriptions similar to those of Jacquet modules of essentially
square-integrable representations [16]. As hinted by the geometric lemma, to classify Hj, ;-
distinguished irreducible unitary representations, it is necessary to consider H), ,-distinction
with respect to a particular family of characters in (2.1), not only of Speh representations, but
also of a larger class of representations, ladder representations. The class of ladder represen-
tations was introduced by Lapid and Minguez in [17], and has many remarkable properties
which make them an ideal testing ground for distinction of non-generic representations and
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some other questions in the representation theory of general linear groups, see for example
[6, 10, 18, 24]. The most complicated part of the paper, Sect. 6, is devoted to the study of
distinction of ladder representations. Our treatment is largely combinatorial based on detailed
analysis by the geometric lemma. We refer the reader to [19, 22] for a similar approach to
the classification of distinguished generic representations in Galois symmetric space and our
setting respectively.

We next outline the proof of Theorem 1.1. For the ‘if” part, the existence of non-zero
linear periods for the standard module of a Speh representation Sp(A, k) is guaranteed by the
work of Blanc and Delorme [2] when A is Hy/ 4/2-distinguished. Thus it suffices to show
that the maximal proper subrepresentation of the standard module associated with Sp(A, k)
is not H, ,-distinguished. The explicit structure of this maximal proper subrepresentation is
well known by the work of Tadi¢ [32] (see also [17]). For the ‘only if” part of Theorem 1.1,
however, we cannot expect to get any information on the distinguishedness of A from that of
the standard module of Sp(A, k) when £ is an even, as in this case, the standard module of
Sp(A4, k) is H, ,-distinguished for any self-dual A by the work of Blanc and Delorme [2].
We instead use the idea of ‘restricting to the mirabolic subgroup’, and relate linear periods on
Sp(A, k) with those on its highest shifted derivative, which is exactly Sp(A, k —1). The ‘only
if” part is then proved by induction on k. We remark that the idea of exploiting the theory of
derivatives in distinction problems has already appeared many times in the literature, see for
example [4, 15, 21, 22].

The paper is organized as follows. In Sect. 2 we introduce notations and some preliminaries
on the representation theory of general linear groups. In Sect. 3 we present some general facts
on (Hp 4, itq)-distinguished representations, where 1, is the characterin (2.1). In this section,
we recall a result of Gan which is crucial for our combinatorial study of twisted linear periods.
In Sect. 4 we give a detailed analysis of the parabolic orbits of the symmetric space involved
and in Sect. 5 we draw some consequences of the geometric lemma. Section 6 is devoted
to the study of distinction of ladder representations. We then complete the classification in
Sect. 7.

2 Preliminaries

Throughout the paper let F be a local non-Archimedean field of characteristic zero with a
finite residue field.

For any n € Z>¢, let G, = GL,,(F) and let Z(G,) be the category of smooth complex
representations of G, of finite length. Denote by Irr(G,) the set of equivalence classes of
irreducible objects of Z(G,,) and by % (G,,) the subset consisting of supercuspidal represen-
tations. (By convention we define Gy as the trivial group and Irr(Go) consists of the trivial
representation of Gy.) Let Irr and ¢ be the disjoint union of Irr(G,) and ¥ (G,).n > 0,
respectively. For a representation 7 € Z(G,), we call n the degree of .

Let R, be the Grothendieck group of Z(G,,) and R = @,,>0R,. The canonical map from
the objects of Z(G,) to R, will be denoted by 7w +— [r].

Denote by v the character v(g) = | det g| on any G,,. (The n will be implicit and hopefully
clear from the context.) For any 7 € Z(G,) and a € R, denote by v*x the representation
obtained from 7 by twisting it by the character v, and denote by " the contragredient of
7. The sets Irr and ¢ are invariant under taking contragredient. For a character x of F*,
define the real part M(x) of x to be the real number a such that |x (z)|c = |z|%, z € F*,

@ Springer



2256 C.Yang

where | - |c is the absolute value on C. For a subgroup Q of G,, denote by §p the modular
character of Q.
For two nonnegative integers p and g with p 4+ g = n, we denote by w), , the matrix

01,
Wpg = Ip 0"

Let H), , be the subgroup of G, as in the introduction. For a € R, define the character u, of
H, , by
p.q

Ia ((gl g2)> =gV (g2), g1 €Gp, g € Gy. Q2.1

(By convention we allow the case where p or ¢ is zero.)

2.1 Jacquet modules of induced representations

The standard parabolic subgroups of G, are in bijection with compositions (11, . .., n;) of n.
The corresponding standard Levi subgroup is the group of block diagonal invertible matrices
with block sizes ny, ..., n;. Itis isomorphic to G,,; X - -+ X G,,.

Let P = M x U be a standard parabolic subgroup of G, and o a smooth, complex
representation of M. We denote by Indg" (o) its normalized parabolic induction; for any
standard Levi subgroup L C M, we denote by r7, 57 (o) the normalized Jacquet module (see
[1, Sect. 2.3]).

If p1, ..., pr are representations of G, ..., G,, respectively, we denote by

P1 X - X Py

the representation Indg” o where o is the representation p; ® - - - ® p; of M, where M is the
standard Levi subgroup of the parabolic subgroup P corresponding to (n1, ..., n;).

Next we briefly review the Jacquet module of a product of representations of finite length
[33, Sect. 1.6] (or more precisely, its composition factors). Let « = (ny,...,n,) and g =
(my, ..., ms) be two compositions of n. For every i € {1, ...,t}, let p; € Z(Gy,). Denote
by Mat®# the set of 1 x s matrices B = (b;,j) with nonnegative integer entries such that

s t
Yobij=mn, ie{li.t), Y bij=my, je{l,....s).
j=1

i=1

Fix B € Mat*#. For anyi € {l,...,t},o; = (bi 1, ..., bis) is a composition of n; and we
write the compostion factors of 7y, (p;) as

of =0/ ® @0}, of;eln(Gy ), ke{l, ... L}
where /; is the length of 7o, (p;). For any j € {1, ..., s} and a sequence k = (k1, ..., k) of
integers such that 1 < k; < [;, define

Bsk_ kl k a
o= XXy € Z(Gm;).

p)
Then we have

b.k B,k
[rppr x - xpl= > [Z"®@--®% 7]
BeMat®# k
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2.2 Langlands classification

By a segment of cuspidal representations we mean a set

b

[a,bl, = (v'p, v o, ... vPp),

where p € ¥ and a,b € R, b — a € Zx>(. The representation v¢p X vty oo xvbp
has a unique irreducible quotient, which is an essentially square-integrable representaton
and is denoted by A([a, b],). The map [a, b], — A([a, b],) gives a bijection between the
set of segments of cuspidal representations and the subset of essentially square-integrable
representations in Irr. (In what follows, for simplicity of notation, we shall use A to denote
either a segment of cuspidal representations or the essentially square-integrable representa-
tions corresponding to it; we hope this will not cause any confusion.) We use the convention
that A([a, b],) =0if b <a —1and A([a,a — 1],) = 1, the trivial represntation of Gy.

We denote the extremities of A = A([a, b],) by b(A) = v?p € € and e(A) = vbp €€
respectively. We also write [(A) = b — a + 1 for the length of A.

For p € ¥, we denote by Zp the set {v*p | a € Z} and call it the cuspidal line of p. We
then transport the order and additive structure of Z to the cuspidal line Zp. Thus we shall
sometimes write v¥p + b = v“+hp and v9p < vbp if a < b, where a, b are integers. By the
contragredient of Zp we mean the cuspidal line Zp".

Let A and A’ be two segments. We say that A and A’ are linked if AU A’ forms a segment
but neither A € A’ nor A’ C A. If A and A’ are linked and b(A) = b(A)v/ with j < 0,
then we say that A precedes A’ and write A < A,

A multisegment is a multiset (that is, set with multiplicities) of segments. Denote by &
the set of multisegements. For p € ¢, let &), denote the multisegements such that all of its
segements are contained in the cuspidal line Zp. An order m = {Ay,..., A;} € O ona
multisegments m is of standard form if A; A Aj foralli < j. Every m € ¢ admits at least
one standard order.

Letm = {Ay,..., A;} € 0 be ordered in standard form. The representation

Am) = Ap X -+ X Ay

is independent of the choice of order of standard form. It has a unique irreducible quotient
that we denote by L(m). The Langlands classification says that the map m +— L(m) is a
bijection between ¢ and Irr.

2.3 Unitary dual of G,

We briefly recall the classification of the unitary dual of G,, by Tadi¢ [30, Theorem D]. Let Irr*
be the subset of unitarizable representations in Irr, and 2" the subset of all square-integrable
classes in Irr“. Let k be a positive integer, and let § € 2. The repersentation

p&=D/2g 5y *=3/25 iy k=D/2g

has a unique irreducible unitarizable quotient Sp($, k), called a Speh representation.
Suppose 0 < « < 1/2. The representation v*Sp(8, k) x v~=*Sp(8, k) is irreducible and
unitarizable; we denote it by Sp(6, k)[«, —].
Let B be the set of all

Sp(8. k), Sp(8, k)[a, —a],

@ Springer



2258 C.Yang

where § € D, k is a positive integer and 0 < o < 1/2. By [30, Theorem D], an irreducible
representation 7 is unitarizable if and only if it is of the form

T XX, mEB,i=1,...,t.

Moreover, this expresssion is unique up to permutation. We call it a Tadi¢ decomposition of
.

By an irreducible representation of Arthur type, we mean an irreducible unitary represen-
tation whose Tadi¢ decomposition does not involve any Sp(8, k)[«, —«]. For w € Irr*, we
then have a decomposition 7 = ma; X 7., Where 4, is a representation of Arthur type and
is called the Arthur part of 7.

3 Preliminaries on (Hp g, lq)-distinguished representations
3.1 Basic facts

Lemma 3.1 (1) Let w be a smooth representation of G . If v is (Hp 4, jta)-distinguished for
two nonnegative integers p, q with p +q = n and a € R, then 7 is also (Hy, p, t—q)-
distinguished;

(2) Letmy, ..., € It(Gy). If my X - - - xwy is (Hp g, a)-distinguished for two nonnegative
integers p, q with p+q = nanda € R, thenw)’ x - - -xm,"is (Hp 4, jt—q)-distinguished.

~

Proof The statement (1) follows from the fact that 7 = 7 %e.». Let ¢ denote the involution
1(g) = "g~! of transpose inversion. Then (2) follows from the fact that 7 o ¢ = 7" for any
irreducible representation 7 and the fact that

(M X+ Xm)ot=E(mot) XX (wot)
O

For representations of dimension one, we have the following simple lemma, whose proof
we omit.

Lemma 3.2 Let y be a character of G,. Assume that vy is (H) 4, |tq)-distinguished for non-
negative integers p, q with p +q = nanda € R. If g = 0 (resp. p = 0), then y is the
character v (resp. v=%) of G, If p, ¢ > 0O, then a = 0 and y, = 1, the trivial character of
Gy.

For untwisted linear periods, we have the following fundamental result due to Jacquet and
Rallis [11].

Lemma3.3 Let p, g be two positive integers with p + q = n. If 71 € Trr(Gp), then
dimHomy, (7, 1) < 1. Furthermore, if dimHomy, (7, 1) =1, thenw = 7".

Remark 3.4 In this work we will not need multiplicity one results about (twisted) linear
periods. However, the self-dualness property of distinguished representations is important
for our applications of the geometric lemma. For example, one key ingredient is Proposition
3.9 which asserts self-duality for distinguished essentially square-integrable representations.
In the case p = ¢, twisted linear periods have been studied by Chen and Sun in [3]. Their
result shows that, for all but finitely many a, dim Hom H,, (T, pa) <1 forall w € Irr(G2p).
Due to the author’s limited knowledge, one cannot deduce self-duality for distingsuished
representations as in the untwisted case. For generic representations, however, one can deduce
self-duality from a result of Gan as shown in the next subsection.
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3.2 Relations with Shalika periods

The Shalika subgroup of G», is defined to be

- [(3)

where M,, indicates the set of n x n matrices with entries in F. Define a character g, on

Son by
v () (1)) = weren. G.1)

where ¥ is a non-trivial character of F'. For a smooth representation 7= of G,, an element
in Homyg,, (77, ¥s,,) is called a local Shalika period of 7.

In the untwisted case, the relation between linear periods and Shalika periods is well
known (see [14] for their equivalence in the case of supercuspidal representations; see also
a discussion for relatively square-integrable representations in [20, Sect. 5]). Using a theta
correspondence approach, Gan proved the following result that relates generalized linear
periods and generalized Shalika periods on G,,.

aeGn, beMn} :Gn [XNn,m

Proposition 3.5 Let w be an irreducible generic representation of Gy, and o an irreducible
representation of G,. One has

Homyg,, (7, 0 M ¥s,,) = Hompy, , (v, 0 K C), (3.2)

where o X s, is viewed as a representation of Sz, = Gp X Ny p.
Proof This is a consequence of Theorem 3.1 and Theorem 4.1 of [8]. O

In fact, in Theorem 3.1 of [8], Gan obtained a statement that relates the generalized linear
period of an irreducible representation to the generalized Shalika period of the big theta lift
of its contragradient. We refer interested readers to the original paper of Gan for more details.
What is pertinent to this work is the following simple corollary that relates as well twisted
linear periods in our context to Shalika periods.

Corollary 3.6 Let 7w be a generic representation of Goy. The followings are equivalent:
(1) mis (Hy n, ha)-distinguished for some a € R;

(2) mis (Hpn, pa)-distinguished for all a € R;

(3) 7 is (Son, ¥rs,,)-distinguished.

In particular, if one of these equivalent conditions holds, then r is self-dual.

Proof As m is generic, its twist v¢rw, for a € R, is also generic. So

Homy, , (7, tg) = Homp,  (m, v ®v™ %) = Hompg, , (v, V24 ) C)

~ 2 ~
= Homyg,, (v, v K g, ) = Homyg,, (17, ¥s,,)-

[}
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2260 C.Yang

3.3 The theory of Bernstein-Zelevinsky derivatives
Let P, C G, be the mirabolic subgroup of G, consisting of matrices with the last row
0,0, ...,0,1). We refer the reader to [1, 3.2] for the definition of the following functors
Ui AlgP, — AlgG,_;, YT :AlgG,_1 — AlgP,,
&~ :AlgP, — AlgP, |, ®t:AlgP, | — AlgP,.
Define 70 = = (@ )k—1 (7'[ | pn) to be the kth derivative of a representation 7 of G,.

The following proposition can be proved by the same argument as those in [ 15, Proposition
1] (see also [20, Proposition 3.1], where the linear subgroups H), , take different forms.)

Proposition 3.7 If o is a representation of P, and v is a character of H), 4, then
Homp,n, , (@F0,x) = Homp, np,_, (0, """ j_1/2)
as complex vector spaces, where x1-"-» is the character of H,_,, defined by "1~ (g) =
X(wq,1,pgw;_117p). In particular, for all a € R, one has
Homp,nm,, (@0, pg) = Homp, \nm, (0, h—a-1/2). (3.3)
As a corollary, we have the following result due to Matringe [20, Theorem 3.1].

Corollary 3.8 Let A be an essentially square-integrable representation of G,. Let p, q be
two positive integers with p +q = n, and y,a character of H 4. Assume that 7w is (Hp 4, ¥)-
distinguished. Then p = q.

Another application of Proposition 3.7 will generalize Corollary 3.8 to essentially Speh
representations in Corollary 6.14 of Sect. 6.3.
As a direct consequence of Corollarys 3.8 and 3.6, we have:

Proposition 3.9 Let A be an essentially square-integrable representation of G,. If A is
(Hp,4, 1ka)-distinguished for two positive integers p, g with p + q = n and some a € R,
then p = q and A is H), ,-distingusihed (hence self-dual).

4 Symmetric spaces and parabolic orbits
The main tool we use to classify distinguished unitary representations is the geometric lemma
of Bernstein and Zelevinsky [1, Theorem 5.2]. Applying it requires a detailed analysis of

the double coset space P\G,/H) 4, where P is a parabolic subgroup of G,. As H) 4 is a
symmetric subgroup of G,, we follow the framework given by Offen in [26].

4.1 General notations
Let G = G,, H = H, 4 be the subgroup of G, as in the introduction. Let

1
8:8[)7,{:([)_167),

and & = 6, , be the involution on G, defined by 6(g) = ¢ ge~!. The symmetric space
associated to (G, 0) is

X={geGlO(g) =g},
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equipped with the G-action g - x = gx6(g)~!. The map g — g - e gives a bijection of the
coset space G/H onto the orbit G - e C X, and thus a bijection of the double coset space
P\G/H onto the P-orbits in G - e, where P denotes a parabolic subgroup of G. For any
g € G, denote by [g]s the conjugacy class of g in G. Note that the map g — ge gives a
bijection of G - e onto [¢] and that the G-action on G - e is transformed to the conjugation
action of G on [¢]g.

For any subgroup Q of G and x € X, let O, = {g € O | g - x = x} be the stabilizer of x
in Q. Note that Q is just the centralizer of x& in Q.

4.2 Twisted involutions in Weyl groups

A first coarse classification of the double cosets in P\G/H is given by certain Weyl group

elements. Let W be the Weyl group of G. Let
WRlI={weW|widw)=e}={weW|w>=¢)

be the set of twisted involutions in W. For two standard Levi subgroups M and M’ of G, let
u W, bethesetof all w € W that are left Wy-reduced and right Wy -reduced.
Given a standard parabolic subgroup P = M x U, define a map

ty: PAX — W[2I Ny, Wy, 4.1)
by the relation
PxP = Puiy(P-x)P. 4.2)
Forx € X, let
w=1ty(P-x) and L=Mw)=MnN wMw™!.

Then L is a standard Levi subgroup of M satisfying L = wLw™!.

4.3 Admissible orbits

It is noted in [26] that, to apply the geometric lemma in particular cases, it is necessary to
first understand the admissible orbits. Recall that x € X (or a P-orbit P - x in X) is said to
be M-admissible if M = wMw~! where w = 1/ (P - x). We now describe the relevant data
for M-admissible P-orbits in G - e.

By [26, Corollary 6.2], M-admissible P-orbits in G - e is in bijection with M-orbits in
G -eN Ng(M), or equivalently M-conjugacy classes in [e]g N Ng(M).

Fix a composition n = (ny, ..., n;) of nletP=MxU be the standard parabolic sub-
group of G, associated to 7. Denote by 6,(") the set of permutations t on the set {1, 2, ..., ¢}
such thatn; = n. foralli € {1,...,¢}. Toeach T in 65"), we associate a block matrix w;

which has 1,,; onits (t(i), i)-block for each i and has 0 elsewhere. Then the map

T wM

defines an isomorphism of groups from 6,@) to Ng(M)/M. Write an element of M as
diag{A1, ..., As}. Note that an element w,diag{A, ..., A;} of Ng(M) has order 2 if and
only if

t2=1 and A;A;q =1, forallie{l,..., 1}
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2262 C.Yang

One sees that the M-conjugacy classes in [¢]g N Ng(M) are parameterized by the set of

pairs (¢;, 7) where 7 € G,(ﬁ), 72 =1, and ¢, is a set of the form

{(nk,4, ng,—) | for allksuch thatz (k) = k}
such that
N = Nk 4 + Nie—, N, g, — = 0;
Dok rtomk et + 2 i), i<ey M = P (4.3)
Z:k,r(/c):k N, — + Z(i,r(i)).i<r(i) ni=4g.

Denote by It;,,q (n) the set of all such pairs.

For the M-admissible P-orbit O corresponding to (¢, 7) in If,,q (n), we can choose a
natural orbit representative x = x(, ) € O N Ng (M) as follows: The matrix x & has I,; on
its (7 (i), i)-block when 7 (i) # i, diag(ly, ,, —In; _) onits (i, i)-block when (i) = i, and

0 elsewhere. One sees easily that M, consists of elements diag{A1, ..., A;} such that
A =A@y, T(l:)#l:; (4.4)
Ailn,'#,n[., = In,',Jr,n,-_,Ai (i) =1i.

Here and in what follows, we denote by I, ,, for the diagonal matrix diag{/,,, —I,,}. Thus,
when 7(i) =i, we may further write A; as diag{A; 1, A; _}. One also has Py = M, x U,.

The following computation of modular characters is indispensable for applications of the
geometric lemma, see [26, Theorem 4.2]. We omit the proof here as it is obtained by a routine
calculation.

Lemma4.1 Let x € G - e N Ng(M) be the representative as above of the M-admissible
P-orbit corresponding to (¢, T) € Si,q (n). Then, for m = diag{A1, ..., A;} € My, we have
5&3;1/2(,”) — 1_[ V(A ) T2y (A ) PamTD 2y (A 0-Ti) /2

T()=it(j)=j
4.5)

V(A )T A T (A )R,

i<j
T(()>7(j)
4.4 General orbits

For our purposes, we consider only P-orbits in G - e C X where P is a maximal parabolic
subgroup. Let P = Py, be the standard parabolic subgroup associated to (k, n —k) with M
its Levi subgroup. We follow the geometric method as in [22]. The case where |p —¢q| < 1 can
be essentially covered by the results there. We remark however that the symmetric subgroup
H there takes a different form and the treatment here is independent.

Let V be a n-dimensional F-vector space with a basis {eq, ..., e,}. Let V4 (resp. V_)
be the subspace of V' of dimension p (resp. ¢) which is generated by {ej, ..., ep} (resp.
{ep+1, ..., en}). The coset space G/P can be identified with the set of subspaces of V' of
dimension k. For such a subspace W, set

rw =dimp(WNVy), sy =dimp(WNV_).
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Lemma 4.2 Let W and W5 be two subspaces of V of dimension k. Then they are in the same
H-orbit if and only if rw, = rw, and sw, = sw,. For a pair of nonnegative integers (r, s),
there is a subspace W of V such that r = rw and s = sw if and only if

{r +s <k, (4.6)

k—s<p, k—r<gq.

Denote by fl‘, q the set of pairs of nonnegative integers (r, s) that satisfying (4.6). Then,

by Lemma 4.2, the double cosets in H\G/ P can be parameterized by Z’I‘,’q. For (r, s) € Ilz(xq’
calld = k — r — s the defect of (r, s).

We first seek a complete set of representatives of P\G/H. We split the discussions into
two cases.

Case k > p. Let W, ) be the subspace of V generated by

ler,....ers e +egtr+1s s Ch—s T €qtk—s; €qgtk—s+1s---€n3 €ptls .-, ek}

Thendimp W, s =k, dimp (W, 5y N V) =r and dimp (W o N V_) = 5. Let ﬁ(_rls) be the

block matrix
Cy Cy
C3 Cy

where C and C4 are matrices of size p x p and g x g respectively, and

C| = (Ik_s 0) , C4= (Ik_s+‘1_P O)

0 0 0 0
©= (0 I~Y+P*k> 6= (0 IP*’) '

Then {f;(_rls)} is a complete set of representatives of the double coset space H\G/P. Taking
inverse, we thus get a complete set of representatives {7 )} of P\G/H.
Case k < p. Let W, ) be the subspace of V of dimension k generated by

{ela €, ..., e8]t ely_firgly s Ch—s T Cn_ssn_sily .., en}'

Then dimp W, s = k, dimp(W, s N V) = r and dimp (W 5 N V_) = s. Let f](—rls) be the

block matrix
Dy D,
D3 Dy

where D and D4 are matrices of size k x k and (n — k) x (n — k) respectively, and

_ Ii—s _ Iy—k—s
() 2e()
00 0 0
2= (02) 2= (00)

Then {f;(_r] o) is a complete set of representatives of the double coset space H\G/P. Taking
inverse, we thus get a complete set of representatives {7 5)} of P\G/H.

We then describe the relevant data for these general P-orbits in G - e. For (r, s) € ZJI‘,’ pr let
X(r5) = ﬁ(r,s)G’(ﬁ(,,S))_l € G-e.Thus {X 4} is a complete set of representatives of P-orbits
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in G - e. Write w(, 5y = tm(P - X(r 5)). Recall that w, ) is left and right Wj-reduced. In
either case, we have that

Ix—a
I
Ws) = I d . .7
In—k—a

Thus L = L) = M Nwe oM w(_rl‘v) is the standard Levi subgroup associated to the
composition (k — d, d, d, n — k — d) of n. Denote by Q the standard parabolic subgroup
of G, with Levi subgroup L. We can choose, in either case, an orbit representative x 5) €

P - %5y N Lw( ) such that

Ir,s
1y

L (4.8)

X(r,5)€ =

Iersfk,qurfk

So the group L consists of elements diag{A; 4, A1 —, Az, A3, A4 4, As, —} such that

X(r.s)

A1+ € Gy, A1 - €Gy, A4y €Gprsk, A4 € Gyyr—i
Ay = A3 € Gy.

We can also choose 7¢.5) € G, such that ¢ )0 (n¢-.5)) ™' = x(.5) and that
A+ A+

Al As

-1 A Ay,
N5 : As Ner,s) = ot Ay €H,, (49

Ag+ A3
Ay Al -

The modular characters for general orbtis that are relavent to us are computed as follows.

Lemma4.3 For(r,s) € Sl;’q, let x = X+ 5), 1 = N(r,5), L and Q as given above. Fora € R,
let pgy be the character of H = H), 4 defined in (2.1).

For
m = diag{Aj 1+, A1,_, A2, A3, Ay, As_} € L,,
then
80,85 (m) = v(A) ) PTITTI2y(Ay @Iy (A )T 2y (4 )02,

(4.10)
W m) = v(A1LD V(AL v (As ) V(Ag )

Proof Note that x(, s) is the natural representative for an L-admissible Q-orbitin G -e chosen
in Sect. 4.3. Then (4.10) follows directly from Lemma 4.1. O

5 Consequences of the geometric Lemma

5.1 The geometriclemma

We first recall the formulation of the geometric lemma of Bernstein and Zelevinsky in [26,
Theorem 4.2], and we refer the reader to loc.cit for unexplained notation.
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Proposition 5.1 Let P = M x U be a standard parabolic subgroup of G. Let o be a represen-
tation of M, and vy, a character of H. If the representation Indg (o) is (H,y)-distinguished,
then there exist a P-orbit O in P\(G - e) and n € G satisfying x =n-e € ON Lw (where
w =ty (P-x)and L = M(w)) such that the Jacquet modulery p (o) is (Ly, SQX(Sél/zx’fl )-
distinguished. Here Q = L X V is the standard parabolic subgroup of G with Levi subgroup
L.

We retain the notation of Sect. 4. As a consequence of the orbit analysis there, we formulate
the following corollary.

Corollary 5.2 Let oy resp. on be a representation of Gy resp. Gp_x. If the representation
o1 X 02 is (Hp g, La)-distinguished for some p, g > 0, p+q = n and a € R, then
there exists a pair (r,s) € 3X  with defect d = k — r — s such that the representation

p.q
_ ~1
T(k—d,d)01 QT (d,n—k—d)02 of L is (Ly, SQXSQI/ZMZ )-distinguished, where L is the standard

Levi subgroup of G, associated to (k — d,d,d,n — k — d), Q is the standard parabolic
subgroup with L its Levi part, x = X ) is given in (4.8) and n = n¢ 5y € G, such that
x =n-eand(4.9) holds.

Often in practice there is a filtration of the Jacquet module of the inducing data whose suc-
cessive factors are pure tensor representations. The following lemma is a direct consequence
of Lemma 4.3.

Lemma 5.3 Notation being as above. Let p = p1 ® p2 Q@ p3 ® pa be a pure tensor represen-
—-1/2

-1
tation of L. Then p is (L, SQX(SQ wl )-distinguished if and only if
P2 = py,
p1is (Hy g, Wat(p—g+s—r)/2)-distinguished, 5.1
04 1S (Hp+s—k,q+r—ks Ma+(s—r)/2) distinguished.

Remark 5.4 Our proof of classification has an inductive structure. This necessary conditions
(5.1) is the reason why we study (Hp 4, tq)-distinction from the beginning, although our
main concern is about H), ,-distinction.

Remark 5.5 The subscripts in the pair (Hp 4, its) play a subtle role in this work as, for
example, seen from Proposition 6.16. We do not have a conceptual explanation for this
now. The following observation might be helpful when applying this lemma. For a pair
(Hp. 4, ha), set SY(p.,q,a) = p—q+2aand S~ (p,q,a) = p — q — 2a. When passing
from distingusihed o1 x o> to distingsuihed p; and p4, the invariants S* and S~ for the
subgroup pairs are preserved respectively.

To handle the duality relation in (5.1), we have the following

Lemma5.6 Let my, ..., m,. andny, ..., ng be multisegments. If
L(my) x -+ xL(m,) L) x --- x L(ny),
thenmy +---+m, =1y + --- + 0.

Proof Tt is known that L(m; + - - - + m,) is a subquotient of L(m;) x --- x L(m,). By our
condition, it is then a subquotient of A(ny + - - - + ny). Reversing the roles of m;’s and n;’s,
the required equality follows from [33, Theorem 7.1] (see also [31, Theorem 5.3]). O
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As seen from above, the geometric lemma provides us necessary conditions for distinction
of induced representations. We now present a sufficient condition that is due to Matringe [22,
Proposition 3.8].

Lemma5.7 Let n1 = 2m; and no, = 2my be even integers, let a € R. Assume that
1 i (Hpymy s la)-distinguished and 15 is (Hpy m,, a)-distinguished. Then m X 1y is
(Huny 4my,my+my » Wa)-distinguished.

5.2 Distinction of products of essentially square-integrable representations

We now apply Corollary 5.2 to products of essentially square-integrable representations.

Proposition 5.8 Letm = Ay x - - - x A; be a representation of G, where A; = A(la;, bilp;)
is an essentially square-integrable representation of G, 1 =1, ..., t. (Here we assume all
a;, b; are integers.) Suppose that 7w is (H) 4, [tq)-distinguished with p, q two nonnegative
integers, p + q = n, and a € R. Then there exist an integer c; satisfying a; — 1 < ¢; < by
such that one of the following cases must hold:

Case Al. One has a; = ¢; < by. The representation A(las, cilp) = b(4;) is either
the character vt @=PTD/2 or the character v=*tWP=4tD/2 of G|, and there exists i €
{1,2,...,t — 1}, and an integer c;, a; < ¢; < b;, such that

() one has A([a; + 1, b,1p,)" = A(lai, cilp)s
(ii) the representation

Al><~'~XA([Ci+1,bi]pi)X~~~XA,_1

is (Hp—n, 14q—n;> Ma+172) or (Hiyp_n, g—n,» Ma—172)-distinguished, depending on
b(A)).

Case A2. One has a; < ¢; < by. The representation A([ay, ¢;1p,), with its degree n}, an
even integer, is Hy 5 .1 j»-distinguished; and there exists i € {1,2, ...t — 1} and an integer
¢, a;i < c¢; < bj, such that

(i) one has A(le; + 1, bilp)" = Allai, cilp);
(ii) the representation

Ap X - x A([e; +1,bilp) X - X Ary
is (Hpy g, lta) -distinguished with p" = p —n; +n;/2 and q' = g — n; +n; /2.

Case B1. One has ¢; = b;. The representation A([a;, c;1p,) = A; is either the character
vet@=r+O/2 or the character v=4+P=4+tV/2 of G|; and the representation

A X - X Ay

is (Hp—1,4, Ma+1/2) or (Hp g—1, lta—1/2)-distinguished, depending on A,.
Case B2. One has c¢; = b;. The representation A; is Hy, ;3 », 2-distinguished, where n; is
even, and the representation

A1X-~XA,,1

is (Hp_n,/2,g—n,/2> la)-distinguished.
Case C. One has ¢; = a; — 1. There exists i € {1,2,...,t — 1} and an integer c;,
a; < c¢; < b;, such that
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(i) one has AY = A([a;, cilp);
(ii) the representation

Al X -0 X A([C,'-I—l,b,']pl.) X - X Apy
is (Hp—n, g—n,» Ma)-distinguished.
Proof Write 01 = A; X --- X A;—1 and 0y = A;, and k = n — n;. By Corollary 5.2, in its
notation, there exists (r, s) € Z’;’ q with defect d = k — r — s such that the representation

Fle=d.d)01 ® Fid.n—k-ay02 f Lis (Ly. 80,85 uf)-distinguished. By [33,9.5], the Jacquet
module 7 ,—k—q)02 of 07 is either zero or of the form A([c; + 1, b;]1p,) ® A(lay, ¢;]p,) for
certain integer ¢; witha; — 1 < ¢; < b;. By [33, 1.2, 1.6], there exists a filtration 0 C V| C
«++ C V = r(—a,a)01 such that each successive factor is equivalent to a representation of
the form

A(ler + 1,Db1]p) x -+ x A(les—1 + 1, bi—1]p,_,)
® Alar, c1lpy) X -+ x A(lar-1, cr—11p,_1)>
for certain integers ¢; such thata; — 1 < ¢; < b;,i = 1,...,t — 1. Therefore, there exists
integers ¢;, i = 1,2, ...,1t, such that the pure tensor representation

t—1 t—1

[]Adc + 1.6:1p) @ [ | Alai, cilp) ® Adler + 1. bi1y,) ® Allar, ely,)
i=1 i=1

~1
is (Ly, SQX(S;/z,uZ )-distinguished. By Lemma 5.3, we have

t—1
Aller + 1. b)Y = [ [ Alai. cily).-
i=1

By Lemma 5.6, ¢; = a; — 1 for all but one i between 1 and 7 — 1. So, for this i, we have
Aller + 1, b)) " = Al ¢ily)- (5.2)
Lemma 5.3 also implies that

Alar, crlp,) IS(H pts—k,q+r—ks Ha+(s—r)/2)-distinguished, (5.3)
and that

Ay X X A6 + 1, bilp) X - x Apg
iS(Hy 5, fa+(p—q-+s—r)/2)-distinguished. 5.4)

When a; < ¢; < by, we have two subcases. If ¢; = a; and the degree of p; equals to 1, it
follows from (5.3) that (p +s —k,q +r —k) = (1,0) or (0, 1). By (5.4), (5.2) and simple
calculations, we then have Case Al; Otherwise, the representation A([a;, ¢;],,) is not one
dimensional. Thus, in (5.3) we have p +s — k > 0 and ¢ 4+ r — k > 0. By Proposition 3.9,
we get that A([ay, ¢/]p,) 1S Hy oon /z-distinguished with 7} its degree. The rest statements
of Case A2 follow from simple calculations. Thus we have Case A2.

When ¢; = b, we have two subcases. If A; is a character of G 1, then by similar arguments
as in Case Al, we have Case B1. Otherwise, by similar arguments as in Case A2, we have
Case B2. In these two cases, we have d = 0 and ¢; = a; — 1 by our convention.

When ¢; = a; — 1, by (5.3), we have p + s —k = g +r — k = 0. The statements of Case
C follow from (5.4), (5.2) and simple calculations. So we are done. m]
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Corollary 5.9 Let m = Ay x --- x A; be as above. If w is (Hp 4, La)-distinguished with
p, q and a as above, then either the representation A; is the character v*+t@=P+D/2 or the
character v=9+P=4+D/2 of G orthereisi € {1,2, ..., t} such that e(A,)Y = b(A;).

Proof Note that in all cases other than Case B1, we have a duality relation. O

Considering the duality relation between extremities of segments, a generalization of
Corollary 5.9 is given later in Proposition 6.8.

6 Distinction of ladder representations
6.1 Notations and basic facts

The class of ladder representations was first introduced by Lapid and Minguez in [17], and
was further studied by Lapid and his collaborators in [16] and [18]. We start by reviewing
some basic facts of these representations.

6.1.1 Definitions

Let p € €. By a ladder we mean aset {Ay, ..., A/} € 0, such that
b(A}) > --->b(4;) and e(4A;) > --- > e(4A)). (6.1)

A representation 7w € Irr is called a ladder representation if 1 = L(m) where m € 0, is a
ladder. Whenever we say thatm = {Ay, ..., A;} € 0, is aladder, we implicitly assume that
m is already ordered as in (6.1). We denote by m¥ € &,v the ladder {A), ..., AY}.

Lemma 6.1 Let m € O, be a ladder. One has L(m)” = L(m").
Proof See [30, Proposition 5.6] O

We introduce some more notation. For a ladder m = {Ay, ..., A;} € &, ordered as in
(6.1), set 1 = L(m). We shall denote b(A1) by b(;r), called the beginning of the ladder
representaion 77 ; denote e(A;) by e(:r), called the end of 7. We shall denote the number ¢ of
segments in m by ht(s), called the height of .

We say that 7 is a decreasing (resp. increasing) ladder representation if

(A z -z 1(4Ay) (resp.1(Ay) < -+ < I(A))).

We say that 7 is a left aligned (resp. right aligned) representation if b(A;) = b(A;4+1) + 1

(resp. e(A;) = e(A;jy1) +1),i = 1,...,¢t — 1. Note that left aligned repreesentations
are decreasing ladder representations and right aligned representations are increasing ladder
representations.

A ladder representation is called an essentially Speh representation if it is both left aligned
and right aligned. Note that essentially Speh representations are just the usual Speh represen-
tations up to twist by a non-unitary character. Let A be an essentially square-integrable repre-
sentation of G4 and k a positive integer. Then m; = {v("_l)/zA, vE=DZA v(l_k)/zA}
is a ladder, and the ladder representation L(m) is an essentially Speh representation, which
we denote by Sp(A, k). All essentially Speh representations can be obtained in this manner.

Let w = L(m) as above. Let us further write A; = A([a;, b;]1,). (The a;’s are integers
by our convention.) By a division of 7 as two ladder representations 7’ and 7"/, denoted by
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7 =7’ Un”, we mean that there exist integers ¢; witha; — 1 < ¢; < b;,i =1,...,t,such
that

Cl >C) >~ >(t
and that

”/ = L(A([a17 Cl]p)7 RN A([atv Ct]p))v
7" =L(A(e1 + L bilp), ..., Aler + 1, byp)).

Note that if 7 is an essentially Speh representation and 7 = 7’ LI 7" with neither 7’ nor 7"
the trivial representation of Gy, then we have b(r) = b(r’) and e(7) = e(x”).

6.1.2 Standard module

One useful property of ladder representations is that the relation between them and their stan-
dard modules is explicit. Let m = {Ay, ..., A;} € 0, be aladder with A; = A([a;, bi])p.
Set

Ki=A1 x - x Aj_1 x A([aj+1, bilp) x A([ai, bit1]p) X Aiy1 X -+ X Ay,

fori =1,...,t — 1. (By our convention, X; = 0if @; > bj+1 + 1). By [17, Theorem 1] we
have

Proposition 6.2 With the above notation let ] be the kernel of the projection A(m) — L(m).
—1
Then & = ;_; K.

6.1.3 Jacquet modules

The Jacquet modules of ladder representations were computed in [16, Corollary 2.2], where
itis shown that the Jacquet module of a ladder representation is semisimple, multiplicity free,
and that its irreducible constituents are themselves tensor products of ladder representations.
For us, we need only the Jacquet modules with respect to maximal parabolic subgroups. We
record the result in [16] here. Let P = M x U be the standard parabolic subgroup of G,
associated to (k, n — k).

Proposition 6.3 Let m = {Ay,..., A/} € O, be a ladder with A; = [a;, b;]p, and 7 =
L(m). Then

/
et = Y mem,
T=mUmy

where the summation takes over all divisions of w as two ladder representations my and 1,
such that the degree of w1 is n — k and that the degree of > is k.

6.1.4 Bernstein-Zelevinsky derivatives

The full derivative of a ladder representation was computed in [17, Theorem 14], where it is
shown that the semisimplification of all of the derivatives of a ladder representation consists
of ladder representations of smaller groups. In particular, the derivatives of a left aligned
representation take simple forms, which we recall here.
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Lemma6.4 Let p € €(Gy), and m = {Ay,...,A;} € O, be a ladder with A; =
A(la;, bilp). Suppose that m = L(m) is a left aligned representation. If k is not divided
byd, then 7® = 0. If k = rd, then

7® =LAy +r,b11p), A2, ..., Ap).

6.2 Distinction of products of essentially Speh representations

In this subsection we apply Corollary 5.2 to products of essentially Speh representations.
Instead of Lemma 5.6, we will use the following lemma to handle the duality relation in
consequences of the geometric lemma.

Lemma 6.5 Let o and m; be left aligned representations of G, and G,,, i = 1,..., k. If
o= X+ X g, thenk = 1.

Proof By Lemma 6.4, the derivatives of left aligned representations are either O or irreducible
representations. Our assertion then follows form the description of the derivatives of a product
of representations in [1, Corollary 4.6] O

In view of Lemma 6.5 and the description of Jacquet modules of a ladder representation
in Proposition 6.3, we formulate the following proposition, whose proof is very similar to
that of Proposition 5.8 and is omitted here.

Proposition 6.6 Letw = 7y X - -+ X 7y be a representation of G, where 7; is an essentiallly
Speh representation of Gp;, i =1, ..., t. Assume that 7t is (H), 4, a)-distinguished with p,
q two nonnegative integers, p + q = n and a € R. Then there exist a division of 7; as two
ladder representations nt] and ', 1, = 7] U w}', with degrees n} and n} respectively, such
that one of the following cases must hold:

Case A. The representation 7, is neither 7; nor the trivial representation of Go. There
exists i, 1 < igp <t — 1, and a division of w;, as two ladder representations rri’o and rri’(;,
Ty = nl-’o L ni’(’) , such that

() 7} is (Hy s, Mat(r—s+q—p)/2)-distinguished, for two nonnegative integers r,s > 0, r +
(11) T =Ty
(iii) the representation

"
T X+ X -1 X T X Tjgpl X =+« X Ty (6.2)

is (Hy ', fat(s'—r'+ p—q)/2)-distinguished, for two nonnegative integersr', s’ = 0, r’ +
s'=n—n; —nj.
Case B. One has n] = m; is (H, s, Mat(r—s+q—p)/2)-distinguished, for two nonnegative
integersr, s > 0, r + s = n;, and the representation

T X -0 X Ty (6.3)

is (Hy' s, [has(s'—r'+p—q)/2)-distinguished, for two nonnegative integersr', s’ > 0, 1" +s' =
n—n.

Case C. The representation 7] is the trivial representation of Go, so n;' = m;. There
exists ig, 1 < ip <t — 1, and a division of 7, as two ladder representations n'i’o and ni’(’),
iy = 7, U, such that

@ Springer



Linear periods for unitary representations 2271

i) mY =}
(ii) the representation

"
T X s e X -1 X T X Tjgql X+ o+ X T (6.4)

is (Hy 5, lat(s—r+p—q)/2)-distinguished, for two nonnegative integersr,s > 0,r +s5 =
n—2n;.

Remark 6.7 1t is easy to see that Lemma 6.5 fails if one removes the condition that o is
left aligned. This is the reason why we restrict ourselves to products of essentially Speh
representations here. Proposition 6.6 makes an inductive proof of the classification result
possible as, in many cases, the representations (6.2), (6.3) and (6.4) are still products of
essentially Speh representations.

Nevertheless, we have the following proposition for products of ladder representations
that is very useful in later arguments.

Proposition 6.8 Ler [T = 7y x -+ X m; and I1' = mw{ x -+ X 7] be two products of ladder
representations. If IT x IT' is (Hp 4, jta)-distinguished for two nonnegative integers p, q,
p+q =nanda € R, then there are two possibilities here:

(1) ITis (Hp, 4y, ay)-distinguished and T is (Hp, g5+ Iay)-distinguished for some p;, q;
and a;, i = 1,2. Here the subscripts (p;, qi, ai), i = 1, 2, satisfy

pit+p2=p and P1—q1+2a1=p—q+2a
q1t+q2=q P2 —q2—2a=p—q—2a.

(2) Thereexisti € {1,...,t}and j € {1,...,s} such thate(z'r})v = b(m;).

Proof This follows from similar arguments of Proposition 5.8 and the following simple
implication of Lemma 5.6 when applied to ladder representations. O

Lemma 6.9 Let my, ..., m, andny, ..., ng be ladders. If
L(my) x -+ x L(m,) L) x --- x L(ny),
then there existi € {1, ...,r}and j € {1, ..., s} such that b(L(m;)) = b(L(n;)).

Proof By Lemma5.6,onehasmy+---+m, =nj+---+n,. Writew; = {4A; 1,..., A x;}
and n; = {A’jJ, e A/J-Jj} for these i’s and j’s. Let A be one segement in ) ; m; such
that b(A) is maximal, which means that, if for some Ag € ), m; with b(Ap) lying in
the same cuspidal line with b(A), then b(Ag) < b(A). As these m;’s are ladders, one has
Ae{Ar1, ..., Ar 1} Also, one has A € {A’]’], e A;,l}' So the lemma follows. O

It will turns out that the ordering of representations in a product is important for the
geometric lemma approach to distinction problems. The commutativity of a product of two
ladder representations was studied by Lapid and Minguez in [18]. Here we present a special
case of their results that is sufficient for our purpose.

Lemma6.10 Let p € €. Let my, my € O, be two ladders, withwmy = {Ay 1, ..., Ay} and
my = {Az 1, ..., A2 1, }. Suppose that L(my) is an essentially Speh representation and L(my)
is a right aligned representation. If e(Ay,,,) = e(A2,,) and ty < ty, ore(Ay ;) = e(A2 1)
andb(A1,1) < b(Az,4,), then L(my) x L(my) is irreducible and L(my) x L(mp) = L(mp) x
L(my).
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Proof Note that the results in [18] are expressed in terms of Zelevinsky classification. By
the combinatorial description of Zelevinsky involution by Moeglin-Waldspurger [25] (see
also [17, Sect. 3.2]), we can rewrite the conditions in the lemma in terms of the Zelevinsky
involution mt1 and m’2 of my and my. The assertion then follows from Proposition 6.20 and
Lemma 6.21 in [18]. m]

6.3 Distinction of essentially Speh representations

From now on, we shall perform some detailed analysis using our consequences of the geo-
metric lemma.

Proposition 6.11 Let w be an essentially Speh representation of G,. If w is (Hp 4, ia)-
distinguished for two positive integers p, q with p + q = n and some a € R, then w is
self-dual.

Proof Write 7 = L(m) withm = {A}, ..., A} aladder. The case where 7 is one dimen-
sional is obvious. So we assume that i, hence A;, is not one dimensional. By assumption,
Ap X - X Aris (Hp g4, ha)-distinguished. By Corollary 5.9, there exists i, 1 <i < ¢, such
that

b(A;) = e(A))Y. (6.5)

We claim thati = 1.If so, by Lemma 6.1, we see that 7 is self-dual. In fact, if otherwise i > 1,
we apply Proposition 6.8 to w1 x mp, where 1y = Ay X -+ x Aj_jandmp = A; X --- X A;.
We get either that

b(Aj) = e(Ap)” (6.6)

forsome j,1 < j <i—1landsomek,i <k <¢t,orthat | is (Hp, 4, lla;)-distinguished
with some p1, ¢1 and a1, which implies, using Corollary 5.9 again, that

b(A) =e(Ai-1)" (6.7)
forsome/, 1 </ <i — 1. But we see easily that both (6.6) and (6.7) contradict with (6.5). O

Corollary 6.12 Let v be an essentially Speh representation of G,,. If the representation 7 is
(Hp,4, a)-distinguished for two positive integers p, g with p + q = n and some a € R,
a # 0, then p = q.

Proof This follows from Proposition 6.11 and consideration of the central character of 7. O

Now we are in a position to prove one direction of Theorem 1.1 (what we actualy prove is
slightly more). The arguments involve an application of the theory of Bernstein-Zelevinsky
derivatives.

Proposition 6.13 Let 1 = Sp(A, [) be an essentially Speh representation of G, where A
is an essentially square-integrable representaion of Gg, d > 1, and l is a positive integer.
Assume that 7 is H), ,-distinguished or (Hp 4, |t—1/2) for two positive integers p, q, p+q =
n. Then the degree d of A is even, and A is Hy 2 q/2-distinguished; also one has p = q.

Proof We prove this by induction on /. The case ! = 1 follows from Proposition 3.9. Suppose
that v is (Hp 4, iLq)-distinguished with @ = 0 or —1/2. By Proposition 6.11 we know that
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7 is self-dual, hence A is also self-dual. Note that 7 is irreducible. By Lemma 3.1, we may
assume that p > ¢. By the assumption on 7, we have

Homp,nm, , (7P, ta) # 0,

where a = 0 or —1/2. By [1, Sect. 3.5], the restriction 7 |p, of m to P, has a filtration
which has composition factors (<I>+)i_1l1/+(7t (i)), i =1,...,h, where 7™ is the highest
derivative of 7. We first analyze linear functionals on these factor sapces using the theory of
Bernstein-Zelevinsky derivatives.

(1) Wheni = 2kiseven. If ¢ > k and p > k — 1, by applying (3.3) repeatly, we have
Homp,na,, (@) 7't (@ ®), ) ZHomp, nh, 4 @), pta1y2)
= Hoqu_k’p_k (vl/zn(i), Mea—1/2)- (6.8)
Otherwise, there exists i > 0 such that
Homp,nm,, (@) "' (@), ny) = Homp, 0 (@)W (D), 1), (6.9)

where @’ = a or —a — 1/2 depending on iy odd or even.
(2) Wheni =2k + lisodd. If g > k and p > k, by applying (3.3) repeatly, we have

Homp,na,, (@) 710t (@®), ) Z Homp, , nm, g (@@ D), 10)
= Home_k_q_k_1 (vl/2n(i), Ha). (6.10)
Otherwise, there exists ip > 0 such that
Homp,np, , (@) 7' * (@), o) = Homp, ., (@)U F (D), j1a), (6.11)
where @’ = a or —a — 1/2 depending on iy even or odd.

We claim that the factor spaces corresponding to non-highest derivatives contribute noth-
ing, that is, we have

Homp,ng,, (@) Wt @), u,) =0, foralll <i <h. (6.12)

We shall discuss separately according to i is even or odd, a = 0 or —1/2. Note first that,
by Lemma 6.4, when 1 < i < h, the i-th derivative 7 is either 0 or a ladder representation
of the form

LA x vEI2A 5o x 17072 )y, (6.13)

where Ay is asubsegment of pU=D72 A obtained by discarding the first few terms. In particular,
7@ ig either 0 or an irreducible representation. Thus, if we are in the case where (6.9) or
(6.11) holds, then

Homp, s, , (@) "'t (D), juy) = Homp, ., (@50 F (D), 1)
—3 0,
as the representation (@ Tylow+ (7 @) iseither 0 or an irreducible representation of Py, _; )41
that is not one dimensional by [1, 3.3 Remarks].
Now we deal with the case where (6.8) or (6.10) holds. Note that, from (6.13), v!/2z®

either is 0 or can be realized as the unique irreducible quotient of a representation of the form
v/2A| x Sp(A, I — 1) with A; as above. We discuss as follows.
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Case (1) where @ = 0 and i = 2k is even. By (6.8), it suffices to show that
Homp, "2 Ay x Sp(A, 1 — 1), u_y2) = 0. (6.14)

Assume, on the contrary, that vI2A; x Sp(A,l — 1) is (Hy—x, p—k, i—12)-distinguished.
As A s self-dual, e(Sp(A, I —1))Y = b(Sp(A, I —1)) # b(v!/2A}). So, by Proposition 6.8,

vl/zAl iS(Hy 5, (s— p—rtq—1)2) -distinguished
and
Sp(A, I — 1)is(Hy—k—r, p—k—s» M(s—r—1)/2)-distinguished

for some nonnegative integers r and s. If the degree of v'/2 Ay is greater than 1, then v!/2A;
is self-dual by Proposition 3.9. This is absurd because the central character of v!/2A; has
positive real part; If the degree of v/2A; is 1, then (r,s) = (1,0) or (0, 1). If = 1 and
s =0, then Sp(A, [ — 1) is (Hy—x—1,p—k, m—1)-distinguished. Thus we have p =g — 1 by
Corollary 6.12. This is absurd as we have assumed that p > ¢; If r = 0 and s = 1, then
v1/2 Ay is the character v(P~9/2 of G and Sp(A, I — 1) is (Hy—k, p—k—1, 1)-distinguished.
So, by induction hypothesis, we have p—1 = ¢. Thisimplies thate(v!~D/2A) = e(A}) =1,
the trivial character of Gy. This is impossible as A is self-dual and its degree d is greater
than 1.
Case (2) where a = 0 and i = 2k + 1 is odd. In this case we see easily that

Hompy, vz ® 1) =0, (6.15)

as the central character of v!/27 @) has positive real part when i < .

The arguments for the remaining two cases where a = —1/2, i is even or odd are similar
to those of the above two cases and are omitted here. So we have proved (6.12).

By Lemma 6.4, we know that the highest derivative of 7 is 79 and v'/27 @ = Sp(A, I —
1). Now we have

Homp,np, , (@)1t (x @), pg) #0, (6.16)

where a = 0 or —1/2. We analyze the left hand side of (6.16) as above. The cases (6.9) and
(6.11) cannot happen by the same arguments as above. The case (6.10) cannot happen by
induction hypothesis and the fact that p > g. So the only possible case is when (6.8) holds,
that is, d is even and

Homp,np,, (@) "0 (D), uy) = Homy, , ,  (Sp(A. 1= 1), t_a—172).

Note that whena = 0 or —1/2, —a — 1/2 = —1/2 or 0. Thus we are done by induction
hypothesis. O

We have the following generalization of Corollary 3.8 to essentially Speh representations.
Corollary 6.14 Let w be an essentially Speh representation of G, that is not one dimensional.
If wis (Hp 4, a)-distinguished for two positive integers p, q with p +q = n and a € R,
then we have p = q.

Proof The case a # 0 is Corollary 6.12. The case a = 0 follows from Proposition 6.13. O

Remark 6.15 We postpone the proof of the other direction of Theorem 1.1 in Sect. 7.1.
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6.4 Distinguished left aligned representations

The results of this subsection are used only in Sect. 7.2 where we classify distinguished
representations that are products of Speh representations. The analysis in this subsection is
quite involved; the readers can skip it for the fisrt reading.

The purpose of this subsection is to show the following

Proposition 6.16 Let w be a left aligned (resp. right aligned) representation of G,. If 7w is
(Hp,g, (p—q)/2) (resp. (H) 4, lu(g—p)/2))-distinguished for two nonnegative integers p, q,
p + q = n, then 1 is an essentially Speh representation.

We need the following technical lemmas. When the supercuspidal representations in the
support of the left aligned representation have degree greater than 1, we can prove slightly
more.

Lemma6.17 Let p € €(Gy), d > 1, and m = {Ay, ..., A} € O, be a ladder. Assume that
7w = L(m) is a decreasing or an increasing ladder representation of G,. If v is (Hp 4, [ta)-
distinguished for two positive integers p, q, p +q = n and some a € R, then all the [(A;)’s
are the same. Moreover, 1 is self-dual.

Proof Note that 7 is irreducible. By Lemma 3.1, passing to contragradient if necessary,
we may assume that /(A1) < [(A) < --- < [(A;).By our assumption, the representation
Ay X - X Aris (Hp 4, g)-distinguished. We now appeal to Proposition 5.8. Write A; =
A(la;, bilp),i =1,2,...,t. Note that by our assumption that d > 1, Case Al and Case B1
cannot happen.

Case A2. In this case We have a; < ¢; < b;, and A([a;, ¢;],) is self-dual. Thus we
have v%p = v~%p", and consequently (a; + ¢;)d + 20 (w,) = 0. We also have A([¢; +
1, b,]p)v = A(lai, cilp) for some i < t and ¢; > a;. Thus we get v p = u*bf,ov, and then
(a; +by)d + 2% (w,) = 0. But this is absurd because a; > a; and b, > ¢;.

Case B2. In this case we have ¢; = by, and A([a;, b;],) is self-dual. Thus we have
Vi p = v”’fpv, and consequently (a; +b;)d + 2R (w)) = 0. We also have Ay x --- x A,
is (Hpy 4/, 1q)-distinguished for some p’, ¢’ and a’. If t = 1, there is nothing to be proved.
If t > 1, by Corollay 5.9, we get that (vbf*',o)v = p%pforsome 1 <i <t — 1. Thus we
get (a; + b;—1)d + 2R (w,) = 0. This is absurd because a; > a; and b;_1 > b;.

So the only possible case is Case C. We then have A([a;, b)Y = A([a;, ¢;]) fori < t and
certain a; < ¢; < b;. Note that, by our assumption, we have [(A;) < I(A;). Thus we have
1(A;) = 1(A;). We claim that i = 1. If so, all /(4;)’s will be the same by our assumption.
Indeed, if i > 1, consider the (H), 4, i, )-distinguished representaion

(Ap X -+ X Aj—1) X (A; X -+ X Ap).

By Propostion 6.8, either we have e(A;_1)Y = b(A,) with 1 < a < t — 1, or we have
e(A)Y =b(Ap) with1 <b <t —1andi < c < t. We then get a contradiction as in Case
A2 or B2. The assertion on the self-dualness property follows from a repeated analysis as
above. O

If we drop the assumption that d > 1, the argument becomes complicated by the possible
occurrence of Case Al or Case B1 when applying Proposition 5.8. We have the following
result on the shape of right aligned representations when it is distinguished.

Lemma6.18 Let p be a character of G|, and m € O, be a ladder. Assume that m = L(m)
is a right aligned representation of G,. If w is (H), 4, jtq)-distinguished for two nonnegative
integers p, q, p + q = n and some a € R, then either

@ Springer



2276 C.Yang

Fig.1 An example of a ladder of o
the form (6.17) with iy =ip =1
andiz =2
° o
o o o
(@] o [
Fig.2 An example of a ladder of °
the form (6.18) with iy = 2 and
ir=2
O
(¢] o
o °

(1) we have
m={Aq, ..., A, Ai41, .5 Aijtins Aijtint1s -+ o5 Diytintiz) (6.17)

with iy, ip and i3 > 0, such that [(Ay) = 1 when 1 < k < i, [(A;;4x) =1 > 1 when
| <k <iy I(Ajy4iy4k)) =1+ L when | <k < in, and that e(Aj, +iy+iy)" = b(Aj41)
(See Fig. 1 for an example),
or

(2) we have

m:{Al,...,Ail,Ail+1,...,Ail+,‘2} (618)

withiy andiz > 0, suchthatl(Ay) = lwhenl <k < iy, [(A;, k) =2whenl <k <1,
and that e(A;, +i,)Y = b(A1) (See Figure 2 for an example).

Proof Write m = {Ay, ..., A;}. If [(A;) = 1, then 7 is a one dimensional representation
and m is of the form (6.17) with i; = i3 = 0. If [(A;) = [(A1) = 2, then 7 is an essentially
Speh representation. It follows from Proposition 6.11 that m is of the form (6.17) with
i1t =i3=0.IfI(4A;) =2and I[(A;) = 1, then 7 can be realized as the unique irreducible
quotient of 7| X w5, where 7y is a one dimensional representation and 5 is an essentially
Speh representation of length 2. Thus 7y x w3 is (Hp 4, tq)-distinguished. By Proposition
6.6, m is either of the form (6.18) (Case A), or of the form (6.17) with i3 = 0, i; > 0,
ip > 0 and [ = 2 (Case B and Proposition 6.11). Note that here Case C is impossible by
our assumption on my and m;. If [(A;) > 2, then we apply Proposition 5.8 to the product
Ay x --- x A, and discuss case by case. Note first that Case A2 cannot happen by similar
arguments as those in Lemma 6.17; Case B1 cannot happen by our assumption on A;. In
the remaining cases, it follows from Corollary 5.9, Proposition 6.8 and arguments similar to
those in Lemma 6.17 that m is of the form (6.17). ]

The following lemma is a simple consequence of Lemma 3.2.
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Lemma6.19 Let w be a one dimensional representation of G,. If w is (Hp g, hg—p)/2)-
distinguished with p + q = n, then 1 is either the trivial character 1 of G, or the character
v "2 of G . In particular, b(r) is either v?"=V/2 or v=1/2 of G 1.

As shown in Lemma 6.18, there are two possibilities for the shape of distinguished right
aligned representations. Now we remove one possibility if we impose some restriction on
the subscripts (p, g, a).

Lemma 6.20 Keep the notation as in Lemma 6.18, let 1 = L(m) with m of the form (6.18).
Then t cannot be (H, 4, [1(g— p)/2)-distinguished.

Proof We assume on the contrary that 7 is (Hp 4, t(q—p)/2)-distinguished. By part (1) of
Lemma 3.1, we may assume that p < ¢. Note that 7 can be realized as the unique quotient
of 1 x ma, where m; is a one dimensional representation, > is an essentially Speh repre-
sentation of length 2, and e(72)" = b(sry). Thus, 71 x 75 is (Hp,q, (g—p)/2)-disintuished.
By Proposition 6.6, there exist divisions of 7y and 7, 1 = 7] U x| and 7y = 75 U7y
respectively, such that, among other things, 7 {’ is (Hy g, p(s—r)/2)-distinguished for two non-
negative integers r and s. Note that 77| is not the trivial representation of G by our assumption
on 7 and Proposition 6.11. We shall discuss further according to the values of r and s.

(1) Ifexactly one of r and s is 0, then 7r{’ is the character p2 of anl/. Thusb(z{) = 12
e(n)) = v!/2, By Proposition 6.6, we also have m" = my). Thus b(r)) = e(m))Y =
2 = b(r{"), which is absurd.

(2) Ifr > Oands > 0, then s is the character 1 of G, thatis, b(r]) = v =12 and e(n]) =
v T1/2 S0, e(]) = b(x]) + 1 = v"T1/2. By Proposition 6.6, we have 7{¥ = 7. So
b(r}) = v=""1/2. By our assumption on the shape of m, this implies that 7} is also
a one dimensional representation which, by Proposition 6.6, is (H, s, (' —s")24q—p)-
distinguished for certain nonnegative integers r’ and s” and that b(sr}) = b(7})) — 1 =
v~"=3/2_One of r’ and s’ has to be 0. Recall that we have assumed that p < ¢. We then
see easily that 7} is the character v/ 7 +7'/2 6f GL,y. Note that we have an equality of
central characters, Wy = Wr. This implies that

n'(p—q+n'/2)=—(p—q)?/2.

So,n’ = g—pandb(x}) = v~1/2_ Thisis absurd as we have shown thatb(z)) = v
with 7 a positive integer.

(3) If r = 5 = 0, we have two subcases according to whether or not né is a one dimensional
representaiton. If it is, we get a contradiction by exactly the same arguments as in (2) with
r being repalced by 0. If it is not, it follows from the duality relations in Lemma 6.18,
applied to the contragradient of 7}, that b(;r})" is either b(r}) +1 or e(;r}) — 1. But, note
that b(rr}) = e(rr{) — 2. It follows from the relation 771" = 7} that b(s})" = b(5) + 2.
This is absurd as 7z} is one dimensional and b(rr}') > e(x}).

—r=3/2

m}

Proof of Proposition 6.16 By part (2) of Lemma 3.1, we only need to prove the statement for
left aligned representations. We may further assume that p < ¢ by part (1) of Lemma 3.1.
By Lemma 6.17, we may write 7 = L(m) with m € &, a ladder and p a character of G.
By considering the contragredient 7 = L(m"), we see from Lemma 6.20 that m" is of the
form (6.17). So, we may write

m={A1, ..., A;, Aij+1, ., Ai4ins Diytrint1s -+ s Dijtintis)
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with i1, ip and i3 > 0, such that [(Ay) =11 > 2when 1 <k <iy,[(A;,+k) =11 — 1 when
1 <k<i, I(Ai1+i2+k)) = 1when 1 <k < i3, and that e(A,'1+i2)V =b(Ay).

We may as well assume that iy and i> are not all zero. Our first step is to show that
i3 = 0. If not so, we realize m, in the obvious way, as the unique irreducible quotient of
71 X 1wy X w3 with 7r; an essentially Speh representation for each i, such that 73 is a character
of G,;, n3 > 0, and that at least one of 71 and > is not the trivial representation of Gy.
By our assumption on 7, the representation 7y X 75 X 73 is (Hp ¢, i4(p—q)/2)-distinguished.
Note that as i3 > 0, e(;r3) is not dual to b(r1) or b(w2). So, by Proposition 6.8, w3 is
(Hy s, l(r—s)/2)-distinguished with respect to two nonnegative integers r and s. As 73 is one
dimensional, 3 is either the trivial represntation 1 of G, or the character v3/2 of Gyy.In
particular, b(A;, +i,+1) = p#3=D/2 or y13=1/2 Byt this will contradict with the fact that
e(Ai+i)Y Zb(A)).

Our next step is to show that ij = 0 or i, = 0. Assume on the contrary that iy > 0
and i» > 0. By our assumption on 7, the representation 7 = L(m") is (Hp 4, b(g—p)/2)-
distinguished. Thus, the representation

A X XA XA X x A
is (Hp 4, (g—p)/2)-distinguished. By Proposition 5.8, we deduce that b(Alv) Ze(A)Yis
the character v?—P+1/2 or yP=4+1/2 of G| . (This is the consequence of Case Al; Case A2 and
Case B2 are eliminated by arguments similar to those in Lemma 6.17; Case B1 and Case C
are eliminated by our assumptions.) It follows easily from the condition b(A;) = e(A;,4i,)"
and the assumption p < g thate(A()Y = pP~4+1/2 Hence we have e(A;) = v4—P~1/2,

We show that i = ¢ — p and e(4;,) = v'/? by consideration on the central character of
7. In fact, on the one hand, we see from the assumption on m and the facte(A;) = pa—p—1/2
that the central character w, of 7 is v¥ where a = (¢ — p)i; — i12 /2; on the othe hand, as
7 is (Hp,4, t(p—q)/2)-distinguished, we have w, = v where a’ = (g — p)?/2. Thus the
assertion follows. Also, from the fact that e(A;,1,)¥ = b(A}), we getthatb(A;) = piatl/2,
Thus, [(A1) = q — p —i2 > 2, in particular i1 > i5.

Now, as in the first step, we have that 7y x 73 is (Hp 4, t(p—g)/2)-distinguished, where
m = L(A1, ..., A;) and mp = L(A; 41, ..., Ai;+i,). We appeal to Proposition 6.6, and
claim that Case A and Case B cannot happen. In fact, if Case A or Case B happens, there
will be a division of 75 as 7/, and 7}, where 7} is not the trivial representation of Gy, such
that né is (Hy s, L(r—s)/2)-distinguished for two nonnegative integers r and s. In particular,
the central character Wy, of 7} has nonnegative real part. But this will contradict with the

fact thate(A;, 1) = v~3/2. S0, there exists a division of 71 as two ladder representations 71']’
and 7{’ such that o = 7{" and that 7{" is (Hp—n,.g—n», 4(p—q)/2)-distinguished. Note that
my is a right aligned representation, and is not a one dimensional representation due to the
fact that iy > i. By Lemma 6.18, we then get a contradiction as we can check easily that
the ladder m} of 71" is not of the form (6.17) or (6.18). |

7 Distinction in the unitary dual
7.1 The case of Speh representations

We now classify distinguished Speh representations in terms of distinguished discrete series.
In fact, we will do it for essentially Speh representations.
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Theorem 7.1 Let n = 2m, and Sp(A, k) be an essentially Speh representation of G,, where
A is an essentially square-integrable representation of G4 with d > 1, and k is a positive
integer. Then Sp(A, k) is Hy, ,-distinguished if and only if d is even and A is Hy 4/2-
distinguished.

Proof One direction has been proved in Proposition 6.13. We now assume that d is even and
that A is Hy/2 q4/2-distinguished. By [26, Proposition 7.2], which is based on the work of
Blanc and Delorme [2], the representation

pE=D/2 A k=302 4, (-R)/2 4 (7.1)

is Hy, n-distinguished. (The distinguishedness of A is unnecessary when k is even). We have
the following exact sequence of representations of G,

0— K= v*D2A 5 yk=D2 A 05y d-02 4 Sp(A, k) — 0, (7.2)

where the kernel K = Zf;ll ICi is given explicitly in Proposition 6.2. To show that Sp(A, k)
is Hy, ,-distinguished, it suffices to show that each K; is not H,, ,,-distinguished. Write the
representation (7.1) as A([ay, b1],) X - - - x A([ak, bi]p), here the cuspidal representation p
is taken to be self-dual and thus @¢; and b;,i = 1, 2, ..., k need not be integers. So we have

a,-+1:a,-—1, biJr]:b,'—l, iZl,...,k—l
ai +bp41-i =0,i=1,... k.

We further omit the subscript p in the sequel. Recall that, by Proposition 6.2,
Ki = A(lai, b)) x - -+ x A([ai41, bi]) x A([ai, bi+1]) x - -+ x A([ax, bi]).

Ifi+1< (k+1)/2and K; is Hy, n-distinguished, by applying Proposition 5.8 repeatly,
we getthat A([a; 1, bi]) X A([a;, biy1]) X - - - X A([ak41-i» br+1-i]) 18 Hyy py-distinguished
for certain m’. (In each step, only Case C is possible.) When we apply Proposition 5.8 once
again, still, only Case C is possible. But this is absurd as [(A([a;, bi+1])) < [(A). Similar
arguments can show that XC; is not Hy, ,,-distinguished if i > (k + 1)/2.

The remaining case is when k is even and i = k/2. In what follows, to save notation,
we sometimes write H-distinguished for H,, , -distinguished when there is no need to
address m'. If K; is H, ,,-distinguished, by applying Proposition 5.8 repeatly, we get that
A(laj+1, bi]) x A(lai, bi+1]) is H-distinguished. This in turn implies that both A([a;+1, bi])
and A([a;, bi+1]) are H-distinguished by Proposition 6.8. Let us write A = St(p, [). Then
by our assumption on i, we have A([a;, bi+1]) = St(p, [ — 1) and A([aj+1, bi]) = St(p, [ +
1). By [20, Theorem 6.1], we can conclude that St(p, /) is H-distinguished if and only if
St(p, [ —1) (or St(p, [+ 1)) is not H-distinguished. Actually, as p is self-dual, the L-function
L(s,¢(p) ® ¢(p)) has a simple pole at s = 0, where ¢ (p) is the Langlands parameter of p.
By the factorization

L(s,(p) ® p(p)) = L(s, A> 0 ¢(p)) - L(s, Sym?> o ¢(p)),

we know that exactly one of the symmetric or exterior square L-factors of p has a pole
at s = 0. The above conclusion then follows from [20, Theorem 6.1] where distinction of
St(p, [) is related to the pole of symmetric or exterior square L-facotrs of p according to [ is
even or odd. Thus by our assumption that A is Hy /2 4/2-distingusihed, we get that KC; is not
Hy, pn-distinguished. So we are done. ]
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7.2 The general case

We start with an auxiliary result, which is needed in one step of the proof of Theorem 7.3.

Lemma7.2 Let m = my X --- X 7wy be an irreducible unitary representation of G, with
each w; a Speh representation. Let h be a positive integer. Assume that, for all of those m;
such that supp(m;) is contained in the cuspidal line 3v~Y2 we have b(w;) < vi—1/2, If
the representation & X vh/2 g (Hyp m+hs Mnj2)-distinguished, where v12 s viewed as a
representation of G, then v is H,, ,,-distinguished.

Proof A crucial fact, on which we rely, is that 7 is a commutative product of Speh represen-
tations. Our first step is to show that we can reduce the proposition to the case that for all
i
Y o a7, —1/2 N a2
the support supp(7;)is contained inZv andb(r;) = v . (7.3)

Indeed, write IT =7y x - x w and [T = 7, 4] X + -+ X 71y X v"2 where, wi’s,r+1=<

j < t, are all the representations in the Tadi¢ decomposition of 7 that satisfy (7.3). So
IT x I is (Hpu m+h, wps2)-distinguished. By Proposition 6.8, IT is (Hy m,+hy» Kiy /2)-
distinguished and IT" is (Hp—m, m—m,+h—h, » I (h+hy)/2)-distinguished for certain integers
my and hp. Note that the central character of IT has real part 0. We have 7y = 0. So, IT is
Hy, m,-distinguished and IT" is (Hp—m, m—m,+h> i s2)-distinguished. The reduction then
follows from Lemma 5.7.

We thus assume that 7 = 77 X --- x 7, with b(r;) = v"~1/2 for all i. Moreover, we
arrange the ordering of m;’s such that ht(zy) > --- > ht(w;). We prove the lemma by
induction on 7.

As the representation ¥ X v is (Hy m+n, itn/2)-distinguished, by Proposition 6.6,
there exist two representations o’ and ¢” of dimension one, v~™"/> = ¢’ L ¢”, such that,
among other things, o’ is (Hy b, U+ (a—b) /2)-distinguished for two nonnegative integers a
and b.

—h/2

(1). If o’ is not the trivial representation of G, that is, a and b are not all zero, we have three
cases. If @ > 0 and b > 0, then by Lemma 3.2, ¢’ must be the trivial representation 1
of Ga4p. This is absurd as we have b(c’) = v™1/2;Ifa > 0 and b = 0, then o is the
character v"14/2 of G,. Thus b(¢”) = v"*t*~1/2 which is absurd; If ¢ = 0 and b > 0,
we see easily thata = 0 and b = h, that is, ¢’ is the character /2 of Gj,. So, it follows
from Case B of Proposition 6.6 that 7w is H,, ,-distinguished.

(2). If o’ is the trivial representaion of G, then we are in Case C of Proposition 6.6.Hence
there exists i, 1 < i < ¢ and a division of 7r; as two ladder representations rri/ and rri’ ’
= y'rl.’ U i’ ', such that n'i’ is the character v/2 of G}, and the representation

T X o X T X T X Wig) X o0 X Ty (7.4)

is (Hyy—h,m, ny2)-distinguished. We have two subcases. If 7; is one dimensional, then
7r; must be the trivial representaion 1 of Gop, as b(ir;) = V=12 Thus nl.” is the character
v="/2 of Gj. By Lemma 6.10, v™/2 x m; = m; x v "2 for j = 1,...,t. So we move
m/’ to the end of the product (7.4) and get by induction hypothesis that

T X oo X W] X4 X oo X Tk
i8S Hyp—p,m—n-distinguished. Hence 7 is H,, ,,-distingusihed by Lemma 5.7. If otherwise

m; is not one dimensional, we can also move 7/’ to the beginning of the product (7.4) by
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Lemma 6.10 and our ordering of r;’s. By part (2) of Lemma 3.1,
T X s X o] X gy X o Xy X (])Y (7.5)

is (Hy,m—n, t—ps2)-distinguished. This is impossible by Proposition 6.8, and then we
are done. Indeed, firstly, we can check easily that 7/, hence its contragradient (/)"
cannot be (Hp, 4, iq,)-distinguished for any (p1, g1, a;) by Lemma 6.18. Secondly,

note that e((r)") = v="=1/2 is not dual to b(rr;) = v*~1/2 for all i.

[m}

Theorem 7.3 Let w be an irreducible unitary representation of Goy, of Arthur type. Then 7
is Hy p-distinguished if and only if 7 is of the form

(01 x0)) x -+ x (0p X 0,)) X Gpp1 X +++ X Oy. (7.6)
where each o; is a Speh representation for i = 1,...,r, and each representation o; is
Hy, ; m; -distinguished for some positive integer mj, j =r +1,...,s.

Proof By the work of Blanc and Delorme [2], we know that o; x & jv is Hm. fom; -distinguished
with m ; the degree of 0, j = 1, ..., r. One direction then follows from Lemma 5.7. Write
7T = m X --- X 1, to be the Tadi¢ decomposition of 7. We prove the other direction by
induction on ¢. The case t = 1 is obvious. In general, as 7 is a commutative product, we
order these 7r; in the following way: We first group these 7; by cuspidal supports. Namely,
representations with cuspidal supports contained in the union of one cuspidal line and its
contragredient are put in the same group. The ordering of the groups can be arbitrary. For
representations within the same group, if their cuspidal supports are contained in one cuspidal
line, we arrange the ordering such that when i < j, we have either b(r;) < b(x;), or
b(r;) = b(rr;) and ht(rr;) < ht(xr;); if their cuspidal supports are contained in two different
cuspidal lines, we arrange the ordering such that when i < j, we have ht(z;) < ht(r;).

By our assumption, m is H,, ,-distinguished. We apply Propositon 6.6 and discuss case
by case.

Case A. There exists a division of 7;, m; = 7, Uw/’, where 7, is neither 7; nor the trivial
representation of G, such that, among other things, 7] is (Hy s, ft(—s) /2)-distinguished for
two nonnegative integers r and s. We have two subcases.

(1) The representation 7, is not one dimensional. By Proposition 6.16, we know 7, is an
essentially Speh representation. So, by Corollary 6.14, we have r = s. That is, 7 is
H, ,-distinguished. In particular, 7, is self-dual, and hence 7; is self-dual. This further
shows that 7/ is a Speh representation. By Proposition 6.6, there exists i, 1 <i <t — 1,
and a division of 7;, 7; = 7/ U z/’ such that (;;")Y = 7/ and that

T X o X g X 0] X Tig) X o0 X ) (7.7)

is H,y py-distinguished for some positive integer m’. Thus we have b(r;) = b(x;). By
our assumption on the ordering of representations, we have ht(r;) < ht(sr;). As 7] is
a self-dual Speh representation that does not equal to 7r;, we have ht(r;) = ht(sr;). As
ht(r/) < ht(rr;), we have ht(rr;) = ht(r;) due to the fact that ()" = /. Thus we
have m; = 7, and ni’ " = 7]. Recall that 77} is a H, ,-distinguished Speh representation.
So, by induction hypothesis, the representation (7.7) is of the form (7.6). After removing
m/’ in the product, we still get a representation of the form (7.6). Therefore, by adding

7 X m;, we get that 7 is of the form (7.6).
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(2) The representation 7, is one dimensional. If r > 0 and s > 0, then 7, is the trivial
representation 1 of G,, by Lemma 3.2. Note that, in this case, 7r; is not a one dimensional
representaion. Then by the same arguments as in Case A (1), we are done in this case.
If one of r, s is 0, then 7, is the character vhi2 of Gp, h = max{r, s}. Thus we have
b(m;) = b(n)) = ph=1/2 1q particular, 7; is self-dual. By Proposition 6.6, there exists
i,1<i<rt—1,andadivision of 7r;, m; = 7/ L z/ such that (;r;)¥ = 5/ and that

T X o X TTop X T X Tig] X o0 X ) (7.8)

is (Hyu—n,,m—n,+h» ns2)-distinguished with n, the degree of ;. Thus we have b(r;) =
b(;) = v"~1/2 and 7; is also self-dual. By our assumption on the ordering of repre-
sentations, we have ht(sr;) = ht(sx;), and hence r; = ;. Thus, the representation 711.” is
the character v="/2 of G,. By Lemma 6.10, the representation (7.8) is isomorphic to the
representation
TP X oo X T X T4 X oo X ] X ph2,

By Lemma 7.2, the representation 771 X « -+ X j—1 X i1 X + =+ X T;—1 18 Hypy—pyy p—n, -
distinguished, and hence is of the form (7.6) by induction hypothesis. Therefore, by
adding 7r; x m;, we get that 7 is of the form (7.6).

Case B. In this case the representation 7z; is (H; 5, f4(—s)/2)-distinguished for two non-
negative integers r and s, and the representation
T X = X T

is (Hy—r m—s, W(r—s)/2)-distinguished. As m; is a Speh representation, by consideration of
its central character, we have r = s. Therefore, by induction hypothesis we are done.
Case C. There exists i, | < i <t — 1, and a division of 7;, m; = 7] U n/, such that

()" = ] and that the representation
T X oo X o) X 7T X i) X o0 X Ty

i8S Hy—p, ,m—n,-distinguished. By our assumption on the ordering of representations, we have
m; = (7)Y, Thus 7/" is the trivial representation of G. By induction hypothesis, the repre-
sentation 7wy X -+ X Wj_| X Wj41 X -+ X w1 is of the form (7.6). Therefore, by adding
7, X (7;)", the representation 7 is of the form (7.6). O

To classify distinguished representations in the entire unitary dual, it remains to consider
distinction of complementary series representations. Recall that a complementary series
representation is an irreducible unitary representation of the form v*Sp(8, k) x v=*Sp(8, k)
with 0 < « < 1/2, and is denoted by Sp(§, k)[«, —«]. By the work of Blanc and Delorme
[2], one sees that Sp(8, k)[a, —a]is H,, ,-distinguished if and only if it is self-dual, where m
is the degree of Sp($, k). To apply the geometric lemma, we first note the following lemma.

Lemma 7.4 Let p be a unitary supercuspidal representation of G4 and c a fixed integer. Let
7 be a ladder representation of G, with cuspidal supports contained in the cuspidal line
3vete2p or 3742 p with 0 < o < 1/2, then 7w cannot be self-dual. If. moreover, 7 is left
aligned, then w cannot be (Hp 4, |L(p—q)/2)-distinguished for certain nonnegative integers
D, qwithp+q =n.

Proof AsO < a < 1/2, the cuspidal line Zvetel2p (or Zv~2t/2 p) is not self-dual. Thus 7
cannot be self-dual by Lemma 6.1. For the second statement, if 7 is one dimensional, then
by Lemma 6.19, the cuspidal supports of 7 is contained in Zv° or Zv~!/2. This contradicts
with our assumption; if 7 is not one dimensional, then by Proposition 6.16 and Corollary
6.14, one sees 7 is self-dual. This is absurd as shown by the first statement. O
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Theorem 7.5 An irreducible unitary representation w of Ga, is H, ,-distinguished if and
only if it is self-dual and its Arthur part 7 is of the form (7.6).

Proof To simplify notation, we will say a representaion H-distinguished for H,, -
distinguished when there is no need to address m. Write 7 = ma; X 7. If 7 is self-dual,
by uniqueness of Tadi¢ decomposition, we have 7. is also self-dual. As 7, is a commutative
product of complementary series representations, we have . is H-distinguished. The ‘if’
part then follows from Lemma 5.7. For the ‘only if” part, write 7 as a product of essentially
Speh representations

71X X 7 X VYISP(1, k1) X vTISP(81, k) X -+ X v SP(8y, ky) X v S8y, k)
(7.9)

such that ky < k» < --- < k,, and that 7r; is a Speh representation fori = 1,...,t. Now
we appeal to Proposition 6.6. By Lemma 7.4, only Case C can happen. Note that we have
ki <+ <krand0 < o < 1/2,i = 1,...,r. By simple arguments we can show that
each time after applying Proposition 6.6, we can delete two non-unitary essentially Speh
representations in the product (7.9), and the new representation is H-distinguished. Thus by
arepeated use of Proposition 6.6, we get may = w1 X - - - X 7y is H-distinguished. The ‘only
if” part then follows from Theorem 7.3. O
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