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Abstract

In this work we extend the L!-Bjork-Sj6lin theory of strongly singular convolution operators
to arbitrary graded Lie groups. Our criteria are presented in terms of the oscillating Hormander
condition due to Bjork and Sjolin of the kernel of the operator, and the decay of its group
Fourier transform is measured in terms of the infinitesimal representation of an arbitrary
Rockland operator. The historical result by Bjork and Sj6lin is re-obtained in the case of the
Euclidean space.
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1 Introduction

The aim of this manuscript is to extend the theory of strongly singular integrals by Bjork and
Sjolin [1, 20] to arbitrary graded Lie groups. This family of Lie groups includes Heisenberg
type groups, stratified groups, and are characterised between the family of nilpotent Lie
groups by the existence of (Rockland operators) hypoelliptic left-invariant homogeneous
partial differential operators in view of the Helffer and Nourrigat solution of the Rockland
conjecture [11].

Oscillating singular integrals arise as generalisations of the oscillating Fourier multipliers.
In the euclidean setting they are used in PDE to estimate in the family of Sobolev spaces the
hyperbolic differential problems associated to the powers of elliptic operators, in particular

Y
of the fractional (positive) Laplacian A7, where 0 <y < 1.
In the Euclidean setting, oscillating Fourier multipliers are associated to symbols of the
form

R ilg|
K(S)Zlﬂ(é);ﬁ, Y eC¥RY, 0<a<l, (1.1)

7
where Y vanishes near the origin and is equal to one for |&| large. It was proved by Wainger

: : —n—A ic! \xl”/ _ n(a—a) /_ a
n 5 B —> = —.
[25] that K (x) is essentially equal to ¢, |x| e'én where A 30=a) and a i

a
From this one can deduce that

VK (x)] < |x| A1+

This gradient estimate shows that a kernel that satisfies (1.1) is outside of the theory of sin-
gular integrals due to Calder6én and Zygmund [2]. Nevertheless, the boundedness of singular
integrals defined by kernels as in (1.1) was extensively investigated in the classical works of
Hardy [10], Hirschman [12] and Wainger [25] until the end-points estimates proved by [5,
6]. Further works on the subject in the setting of smooth manifolds and beyond can be found
in Seeger [15-17], Seeger and Sogge [18] and for the setting of Fourier integral operators,
we refer the reader to Seeger, Sogge and Stein [19] and Tao [23].

In [5, 6] Fefferman and Stein introduced a theory for oscillating Fourier multipliers which
are convolution operators with singular kernels satisfying the condition

A@): sup | f K (x —y) — Kx)|dx||L(B(0,R), dy) < OO, (1.2)
0<R<l
- |x|=2R1-?

for some 0 < 6 < 1, and its Fourier transform has order —n6/2, that is
-~ né
BO): IR@I=0(0+)7%), 0=6<1. (1.3)

With 6 = 0, Fefferman-Stein’s conditions agree with the one introduced by Hérmander [13]
for the standard Calderdn-Zygmund operators [2]. However, with 0 < 6 < 1, the conditions
above by Fefferman and Stein also consider the oscillating kernels as in (1.1).

The boundedness theory due to Fefferman and Stein can be summarised (by several
reasons, including the real and complex interpolation theory of continuous linear operators
on Lebesgue spaces) in the following theorem.

Theorem 1.1 (Fefferman and Stein [5, 6], 1970-1972) Assume that K € L} (R™\{0}) is a

loc

distribution with compact support satisfying the hypothesis A(0) and B(0) with0 < 6 < 1.
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Bjork-Sjolin condition for strongly ... 1959

Then the convolution operator
T:f— fxK,

admits an extension of weak (1,1) type. Moreover, T admits a bounded extension from the
Hardy space H'(R") into L' (R").

On the other hand, answering a question by Bjérk in [1], Sjolin [20] developed the L'-
theory for the convolution operators 7 : f +— f % K where the kernel K satisfies the two
conditions A(«) and B(9) given by

A@): sup | / |K(x —y) — K(x)|dx|lLoB(0,R), dy) < OO, (1.4)
O<R<b
|x|=2R1-¢

where 0 < b < 1, and
B@): IK@®|=0((1+[E)"2), 0<a<l, (1.5

where 0 < @ < 6 < 1. In the standard terminology of harmonic analysis, a convolution
operator with kernel satisfying the conditions A(f) and B(«) with 0 < o < 6 < 1 is called
a strongly singular integral. The result in Sjolin [20] states the boundedness of this family of
operators in L'(R") as follows. Here, A, = — Z?:l ij is the positive Laplacian on R”",
and for any s € R, L‘l (IR™) is the Sobolev space obtained from the closure of Cj°(R") by
the norm | £ 1 := (1 + Ax)® £,

Theorem 1.2 (Sjolin [20], 1976) Assume that K € L}OC(R”\{O}) is a distribution with

compact support satisfying the hypothesis A(0) and B(a) with 0 < o < 6 < 1. Then,
T:H'(R") — L' _(R") extends to a bounded operator provided that

xz=n —a)/[n(l -0)+2], (1.6)
or equivalently,
(1+A)2T:H'®R) - L'(R")
admits a bounded extension.
In the recent works [3, 4] the authors have generalised on graded Lie groups (with the Fourier
transform criteria in terms of Rockland operators) the theory established by Fefferman and

Stein in [5, 6]. The following extension of Theorem 1.1 has been obtained as part of the
investigation done in [3, 4].

Theorem 1.3 ([3, 4]) Consider G to be a graded Lie group, let | - | be a homogeneous quasi-
norm on G and let Q be its homogeneous dimension. Let R be a Rockland operator of
homogeneous degree v > 0. Assume that the kernel K of the convolution operator T : f +—>
f * K, satisfies the estimate

= 26
sup [|K (7)(1 + 7 (R)) 2 [lop < 00, (L.7)
neG
and the kernel condition
[K]/H , ‘= sup sup / IK(yflx) — K(x)|dx < o0. (1.8)
o 0<R<l|y|<R
|x|=2R1-?
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1960 D. Cardona, M. Ruzhansky

Then T : H'(G) — LY(G) extends to a bounded operator from the Hardy space H'(G)
into L'(G). Moreover, T : L'(G) — L"“*®(G) admits an extension of weak (1,1) type.

In this work we are going to extend in our main Theorem 1.4 the conditions A(6) and B(«)
of (1.4) and (1.5) due to Bjork and Sjolin to arbitrary graded Lie groups. To present the
statement of the theorem we introduce some notations.

Here, for any graded Lie group G, and s € R, Li (G) is the closure of C3°(G) by the
norm

£z = 10 +R)Y £l

where R is a positive Rockland operator of homogeneous degree v > 0, and Lé’oo(G) is the
weak-L ; (G) Sobolev space defined by the semi-norm

111G = supAl{x € G 1 |1 +R)Y f(x)] > A} < 0.
A>

The main result of this work is the following.

Theorem 1.4 Consider G to be a graded Lie group, let | - | be a homogeneous quasi-norm on
G and let Q be its homogeneous dimension. Let R be a Rockland operator of homogeneous
degree v > 0. Let K € LIIOC(G\{e}) be a distribution of compact support and let T :
f = f % K, be the corresponding integral operator associated to K. Assume that for
0 <o <0 < 1, K satisfies the Fourier transform estimate

~ Qu
sup [K (@) (1 +7(R)) 2 [lop < 00, (1.9)
7eG
and the kernel condition
[K]’H pp = SUp sup / |K(y_]x) — K(x)|dx < o0, (1.10)
oo 0<R<b|y|<R

|x|>2R1-?

where 0 < b < 1.Then T : H(G) — LL%(G) extends to a bounded operator provided
that

x= QO —a)/[Q(—0)+2], (1.11)
or equivalently,
(1+R)"5T:HYG) - LY (G)

admits a bounded extension. Moreover, T : LY(G) — L]_’ff(G) extends to a bounded
operator, or equivalently,

(1+R)"5T:LYG) - L")
admits an extension of weak (1, 1) type.

All this work will be dedicated to prove this statement. In Sect. 2 we record the aspects of
the Fourier analysis on graded Lie groups and the analysis of Rockland operators used in this
work and finally, in Sect. 3 we prove Theorem 1.4.
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Bjork-Sjolin condition for strongly ... 1961

2 Fourier analysis on graded groups

The notation and terminology of this paper on the analysis of homogeneous Lie groups are
mostly taken from Folland and Stein [9]. For the analysis of Rockland operators we will
follow [8, Chapter 4].

2.1 Homogeneous and graded Lie groups

Let G be a homogeneous Lie group. This means that G is a connected and simply connected
Lie group whose Lie algebra g is endowed with a family of dilations Df, r > 0, which are
automorphisms on g satisfying the following two conditions:

e Forevery r > 0, D! is a map of the form
D? = Exp(In(r)A)

for some diagonalisable linear operator A = diag[vy, ---, v,] on g.
e VX,Y eg,andr >0, [D}X, D?Y] = D}[X, Y].

We call the eigenvalues of A, vy, v2, --- , vy, the dilations weights or weights of G. The
homogeneous dimension of a homogeneous Lie group G is given by

O0=Tr(A) =vi+---4v,.
The dilations DY of the Lie algebra g induce a family of maps on G defined via,
D, :=expgoDf o exp(_;l, r>0,

where exp; : g — G is the usual exponential mapping associated to the Lie group G. We
refer to the family D,, r > 0, as dilations on the group. If we write rx = D,(x), x € G,
r > 0, then a relation on the homogeneous structure of G and the Haar measure dx on G is
given by

/(f o D;)(x)dx = r~ ¢ / f(x)dx.
G G

A Lie group is graded if its Lie algebra g may be decomposed as the sum of subspaces
g=01Dg @ - Dgssuchthat[g;, g;] C gi+j,and g;+; = {0} if i + j > 5. Examples of
such groups are the Heisenberg group H" and more generally any stratified groups where the
Lie algebra g is generated by g;. Here, n is the topological dimensionof G, n = ny +- - -+ng,
where n; = dimgy.

A Lie algebra admitting a family of dilations is nilpotent, and hence so is its associated
connected, simply connected Lie group. The converse does not hold, i.e., not every nilpotent
Lie group is homogeneous although they exhaust a large class, see [8] for details. Indeed,
the main class of Lie groups under our consideration is that of graded Lie groups. A graded
Lie group G is a homogeneous Lie group equipped with a family of weights v;, all of them
positive rational numbers. Let us observe that if v; = %ﬁ with a;, b; integer numbers, and b
is the least common multiple of the b's, the family of dilations

D? = Exp(In(r®)A) : g — g,

have integer weights, v; = ‘Z—b So, in this paper we always assume that the weights v},
defining the family of dilations are non-negative integer numbers which allow us to assume
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1962 D. Cardona, M. Ruzhansky

that the homogeneous dimension Q is a non-negative integer number. This is a natural context
for the study of Rockland operators (see Remark 4.1.4 of [8]).

2.2 Fourier analysis on nilpotent Lie groups

Let G be a simply connected nilpotent Lie group. Then the adjoint representation ad :
g — End(g) is nilpotent. Let us assume that 7 is a continuous, unitary and irreducible
representation of G, this means that,

e 7 € Hom(G, U(Hy)), for some separable Hilbert space Hy, i.e. m(xy) = mw(x)m(y)
and for the adjoint of 7 (x), 7w (x)* = w(x~1), forevery x, y € G.

e The map (x, v) — m(x)v, from G x Hy into H; is continuous.

e Forevery x € G, and W, C Hy, if t(x)W, C Wy, then W, = H; or W, = (.

Let Rep(G) be the set of unitary, continuous and irreducible representations of G. The
relation,

w1 ~ my if and only if, there exists A € #(Hy, , Hr,), such that Am (,\c)A_1 = m(x),

for every x_€ G, is an equivalence relation and the unitary dual of G, denoted by G is

defined via G := Rep(G)/~. Letus denote by drr the Plancherel measure on G.The Fourler
transform of f € .7(G), (this means that f o exp; € (g), with g =~ RIMG)y gt 77 € G,
is defined by

() = / F)m(x) dx : Hy — Hy, and Zg : #(G) - #(G) := Fc(Z(G)).

If we identify one representation 7 with its equivalence class, [7] = {7/ : 7 ~ n'}, for
every m € G, the Kirillov trace character © defined by

(O, f) :=Tr(f (),

is a tempered distribution on .’(G). In particular, the identity f(eg) = f6(®ﬂ, frdm,
implies the Fourier inversion formula f = .7 ! (f), where

(Z5 o)) = /Tr(n(x)o(n))dn, xeG, 75" 76 — ZG),
G
is the inverse Fourier transform. In this context, the Plancherel theorem takes the form

I fliz2) = I flI2@)> where

L*(G) = / H; ® H*dn,

is the Hilbert space endowed with the norm: ||o ||L2(6) = (f@ ||o(n)||%lsdn)%.

2.3 Homogeneous linear operators and Rockland operators

A linear operator T : C*(G) — 2'(G) is homogeneous of degree v € C if for every r > 0
the equality

T(foD,)=r"(Tf)oD
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Bjork-Sjolin condition for strongly ... 1963

holds for every f € 2(G). If for every representation 7w € G ,m:G — U(Hy), we denote
by H2° the set of smooth vectors, that is, the space of elements v € H; such that the function
X 7(x)v,x € G , is smooth, a Rockland operator is a left-invariant differential operator R
which is homogeneous of positive degree v = v and such that, for every unitary irreducible
non-trivial representation = € G , w(R) is injective on H2°; or () = m(R) is the symbol
associated to R. It coincides with the infinitesimal representation of R as an element of
the universal enveloping algebra. It can be shown that a Lie group G is graded if and only
if there exists a differential Rockland operator on G. If the Rockland operator is formally
self-adjoint, then R and 7 (R) admit self-adjoint extensions on L>(G) and Hy, respectively.
Now if we preserve the same notation for their self-adjoint extensions and we denote by E
and E; their spectral measures, we will denote by

FR) = / FOVEQ). and 7(f(R)) = f(x(R)) = / FOIER (),

the functions defined by the functional calculus. In general, we will reserve the notation
{d E 4 (1) }o<)<oo for the spectral measure associated with a positive and self-adjoint operator
A on a Hilbert space H.

We now recall a lemma on dilations on the unitary dual G , which will be useful in our
analysis of spectral multipliers. For the proof, see Lemma 4.3 of [§].

Lemma 2.1 Foreverym € G let us define
7)) = Dy () (x) = (r-71)(x) = 7(r - x) = 7(Dy(x)), x € G, 2.1

foreveryr > 0and all x € G. Then, if f € L®(R) then f(x " (R)) = f(r'n(R)).

Remark 2.1 For instance, for any « € NfJ, and for an arbitrary family Xy, - -- , X,,, of left-
invariant vector-fields we will use the notation

n
[a] = Zvjaj, (2~2)
j=1
for the homogeneity degree of the operator X* := X" ... Xp", whose order is |a| :=

Z’}:l aj.

Remark 2.2 By considering the dilationr-x = D, (x), x € G, r > 0, then arelation between
the homogeneous structure of G and the Haar measure dx on G is given by (see [8, Page
100])

/(f o D;)(x)dx = r~ ¢ / f(x)dx.
G G

Note that if f, :=r~2 f(~!.), then

For) = / FCf (! )y dx = / FOIT -y = Fir-m). (23)
G

G

forany 7w € Gandall r > 0, with (r - )(y) =7 (r - y), y € G, asin (2.1).
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1964 D. Cardona, M. Ruzhansky

3 Proof of the main theorem

We will start our analysis for the proof of Theorem 1.4 by analysing the operator &, :=

(%) ", forany a > 0, as a convolution operator with a finite measure. This analysis will
be addressed in Lemma 3.1 below where we extend an observation done e.g. in Stein [22,
Page 133] in the case of the Laplace operator to general Rockland operators. During this
work we will denote by B; to the right convolution kernel of the operator (1 + R)’%, for
any s € R.

3.1 The quotient between the Riesz and the Bessel potential

There is an intimate connection between the Bessel potential and the Riesz potentials of
Rockland operators. This affinity between the two is given in precision in the following
lemma.

Lemma3.1 Leta > 0, andlet R be a Rockland operator on G of homogeneity degree v > 0.
There exists a finite measure (L on G such that its Fourier transform is given by

_ T(R) \" =
=l—--) . eG. 3.1
() (l+n(R)> g (3.1
Proof For the proof of Lemma 3.1 let us use the expansion
oo o0
A= =14+ Apapt™. tl <1 Y |Amap| < o0, (3.2)
m=1 m=1

which is still valid when ¢ — 1~ because (1 —#)%/" remains bounded for « > 0. Let d Eqr(Rr)

be the spectral measure of the operator 7 (R). With r = HLA’ A > 0, we have that

A\ 1 \" 0
L) =(1-—) =1 A 1+,
<1+A> ( 1+x> +mZ:1 mafv(l+2)

and then the functional calculus of the operator 7 (R) implies that

TR \' [ r \* - © oo »
(Tn(n)) —/0 (m) dEn<R>(l)—1+n§l/o Amap(1+2)"dErR) (M)

=14 Apap(l+7(R)™".

m=1
In consequence, the required measure j, is given by
o0
o =84 AmapBu(¥)dx. (3.3)
m=1

Indeed, note that i, satisfies that iy () = (T (R)/[1 + N(R)])% , T € G. The proof of
Lemma 3.1 is complete. O
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Bjork-Sjolin condition for strongly ... 1965

Corollary 3.1 Let o > 0, and let R be a Rockland operator on G of homogeneity degree
v > 0. Then the operator

R O\
_— LP(G) = LP(G), 34
(1 n R) (G) (G) 34
extends to a bounded operator for all 1 < p < oo.
Proof The action of the operator (HLR) ¥ on functions in L' (G) is obtained from the right

convolution with the measure u,, in (3.1). So, (HLR) v is bounded from L!(G) into L1(G).

o

By the duality argument (L) ¥ is bounded from L (G) into L*°(G). Because (HLR) v

T+R
is bounded on L?(G), the Marcinkiewicz interpolation theorem implies the boundedness of
(1%2); 1 LP(G) — LP(G), forall 1 < p < oo. q

3.2 Boundedness of strongly singular integral operators

We are going to prove our main Theorem 1.4. For this, we precise the notations.

— Consider G to be a graded Lie group, let | - | be a homogeneous quasi-norm on G and let
Q be its homogeneous dimension.

— Let R be a Rockland operator of homogeneous degree v > 0. Let K € LIIOC(G\{e}) and
T : f — f %K, the corresponding integral operator associated to K.

— Assume that for 0 < o < 6 < 1, K satisfies the Fourier transform estimate

sup [ (o) (1 + m(R)F [lop < o0, (3.5)

reG

and the kernel condition

[K]’H by "= SUp sup / |K(y_1x) — Kx)|dx <o00,0<b<1. (3.6)
o O<R<b |y|<R
|x|=2R1-0

We are going to prove that T : H'(G) — LL ,.(G) extends to a bounded operator provided
that

%= Q0 —a)/[0(1—-0)+2], (3.7
or equivalently, that
(1+R)~"5T:HYG) - L'(G)
admits a bounded extension. In the same way, we have to prove that
(1+R)~"7T:LY(G)— L")

admits a bounded extension, which proves that T : LY (G)— L Lf (G) extends to a bounded
operator.

Proof of Theorem 1.4 1t is suffice to consider the critical case

00 -w
= .
01 —6)+2
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1966 D. Cardona, M. Ruzhansky

Indeed, having proved the boundedness of 7 : H'(G) — L! (G)and of T : L'(G) —

LL?(G), for any 5/ > s = %, we have the continuous inclusions

1 1, 1,
L' (G)— L' (G), L3 (G) — L-3(G)

implying also the existence of the bounded extensions T : HY(G) > Ll_ (G)and T :
F

LY(G) — L"3(6).
Let us choose ¢ € C5°(G) so that

¢ >0, withsupp[lgp] C{xeG:1/2 < x| <2}, ¢(x) =1 if% < x| <1, (3.8)

and such that

o0
VxeG, x| <1, Y ¢ x) =1
k=0

Also, for x € G, define ¢y (x) := ¢ (2F - x) and
Y =) ().
k=0

The kernel of the operator (1 + R)" 5T is given by K * BB,,. Let us use the decomposition
KB, = K % (By:y) + K x (B (1 =) = K1 + K2, Ky := K % (B, ).

Let us prove that Ko = K (B, (1 —y)) € .¥(G) is a smooth function in LY(G). Indeed,
from the properties of ¢, we have that ¥ (x) = 1 for all x € G with |x| < 1, and then
1 — 1 (x) =0 when |x| < 1.

On the other hand, the function B,, decreases rapidly for |x| > 1. Indeed, for any N € N,
there is Cy > 0, such that (see [8, Theorem 5.4.1])

B,(x)| < Cnlx|™Y, x| > 1.
Since, x € supp(¢x) implies that [2% . x| € (1/2,2), then

Vk > 0, supp(¢r) C [x eG: 271 < x| < 2_1‘“} . 3.9

So,forany x € G : |x| > 2, ¥(x) = Y ooy d(2F - x) = 0.

In conclusion the function (1 — )13, has its support in the complement of the set {x €
G:lx|<1Yand (1 —)B,. € LY(G)NC®{x € G : |x]| > 1}).

So, the left convolution operator Tk, associated to K> is bounded from L'(G)into L'(G).
The embedding H'(G) < L'(G) implies that T, : H'(G) < L'(G) is bounded. Note
also that the boundedness of Tk, from LY(G) into LY(G) implies its boundedness from
L'(G) into L1*°(G) in view of the inclusion L' (G) — L"*°(G).

Now, to continue with the proof it suffices to demonstrate the boundedness of Tk, =
T — Tk, from H! (G) into L! (G), and from LY(G) into L'**°(G). For this, we will prove
that K1 = K * (B,,¥) satisfies the conditions

~ Qa
sup K1) +7(R)) 2 [lop < 00, (3.10)

reG
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Bjork-Sjolin condition for strongly ... 1967

and the kernel condition

[K]’H , '= sup sup / |K1(y_1x) — Ki(x)|dx < o0, (3.11)
o 0<R<1|y|<R
|x|>2R1~a
with
1—6)+26
= M € (0, 1). (3.12)
o1 —-0)+2

Note also that the hypothesis « < 6, implies that Qo (1 — 6) + 26 < Q6(1 —0) + 26 =
O[O (1 — 0) + 2] which (by dividing both sides of this inequality by Q(1 — ) 4 2) implies
the estimate

Qa1 —6)+20

0<a= 0, (3.13)
01 —6)+2

allowing the use of Theorem 1.3.
For the proof of (3.10) let use that i vanishes for |x| > 2. So, ¥ 5,, is of compact support
of G, and for all r € R,

(1 +R)""[yB.] € LY(G).

Indeed, for any r € R, (1 +R)"/” maps the Schwartz space .#(G) into the Schwartz space
Z(G). So, forall r € R, (1 + R)’/”[tlfB%] is the right-convolution kernel of a bounded
operator on L2(G). Indeed, the Hausdorff-Young inequality gives

Ve L*(G), If*(1+R)" Bl < 1f 1210+ R YBl i)

(3.14)
However, the Plancherel theorem indicates that for any r € R,
sup [LZL(1+ R [Y B0 llop = sup [[(1+ 7w (R) P B,.() lop < 00.
reG reG
In a similar way, we have that
Vr € R, sup [[¥B,.(7)(1 + 7(R)/" |lop < 00.
neCG
In consequence, for any s > 0,
~ Qa
sup [[K1(m)(1 + 7 (R)) 2 llop
reG
— o~ g
= sup || By () K (7w)(1 + 7 (R)) 2 [lop
neCG
— _ ey Qa
= sup |By () (1 + (RN (1 + w(R) /" K () (1 + T (R) > |lop
neCG
— _ s Qa
< sup [|Bor (m)(1 + (R llopll(1 4+ 7(R) ™" K ()(1 + 7 (R) > Jlop
teG

— = Qa
S A+ 7R [lopll K (1) (1 + (RN P lop < 00
which demonstrate (3.10). Now, we are going to prove (3.11). Define

G%,k = ¢kB%-
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1968 D. Cardona, M. Ruzhansky

Then,
o0
K% (YB) =) K*Goy.
k=0
To do so, take y € G such that |y| < min{b, %}. For any k € Ny, let
Iy = / |K * G%,k(y_]x) — K %G p(x)|dx. (3.15)

[x[>2[y|! =

Now, let us make an analysis of the last integral above when ¢ € supp(G,, x). In that case
|25 . 1] = 2%)¢] € (1/2,2) thatis 275! < |¢| < 27%+!_ Note that the changes of variables
z = xt~ ! implies the inequalities

I = / 1K % Goog (') — K # G (0)]dx
|x|>2]y|!—a

/ | / (K™ 'xt™)G o 1 (1) — K(xt ™G i (1))dt |dx

lx[>2[yl=¢ G

s/|G%,k<z)| / K (y~'xt™") — K(xt™)|dxdt
G

lx|>2[y|!~

< / G (1) / K (y~'2) — K(2)|dzdt.
G zt>2]y|'—e
So, we have proved the estimate
I < / |G ek (D] / |K(y~'2) — K(2)ldzdt, (3.16)
G |z2|>2y|!~¢

where |y| < b < 1. To continue, let us estimate the integral

1Ge ki) = / G i (D)]d1.
G

First, observe that 3,, is the right-convolution kernel of the pseudo-differential operator
1+R)"v € W[(’)‘(G x G). Note that 0 < »r < Q, which can be proved by observing that

00 —a) <20 < Q*(1—6)+20 = Q(Q(1 —6) +2)

implying that »c = Q0 — «)/[Q(1 — 0) 4+ 2] < Q. So, B,, satisfies the estimate (see [8,
Theorem 5.4.1])

IBo.(t)] < Coelt|™ @7, 1] S 1.

In consequence the change of variable u = 2¥7 has the effect in the Haar measure du = 2K d1
and then dt = 27¥2dy, implying the following estimates

f |G oo (1) |dt = / 1B..(1)p (25 1)|dr < / 1B..()p (25 1)|dr < f |t]7(@=)p (2 1) |d1
G G

[21] <2 12k <2
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Fig.1 Concentric
decompositions of the group

Fig.2 The sequence of points of
the topological algorithm

_ / 274~ @) g ()| 2+l = 2+ kO f @) ¢ (wydu
lu|<2 lul<2

S 27
The analysis above shows the validity of the inequality

/ |G (1)|dt < Cp2757, (3.17)
G

for some Cy > 0. In particular, as 0 < 1 —a < 1, we have that |y| < ly|'=4. Now, we will
analyse (3.16) in three cases. Indeed, for any k, we will analyse the situation when r = 2% is

inside of the interval [0, |y|/2), or, in the interval [|y|/2, |y| %) and finally, the case where
1-6
r = 2% is inside of the set (|y| =%, c0). See Fig. 2 below.

Case 1: 27% < |y|/2.Inconsequence, for the integral in (3.16), the inequality |z¢| > 2|y~
implies that |z| + |7] > 2|y|1_“ and then

|1—a |1—a _2—k+1.

2] > 2[y["™" = [z] > 2]y
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The inequality |y|'~ — |y| > 0, and the fact that 27**! < |y| imply that
2 L S (P = P
and in this case |z| > |y|'~¢. We have proved that
{z€G V1 esupp(Goep), Izt > 2y['™ ) Clz € Gzl > [y} (3.18)
So, we can estimate

Iksfm%,k(m / IK(y~'2) — K(2)|dzdt
G

|zt]>2|y[!—¢
< / |G ek (0)]dt / K (y~'2) — K(2)ldz
G z]>[y[—¢
Sp 27 / K(y~'2) — K(2)ldz.
lz|>y|!—¢
Let us consider a sequence of points y;, 0 <i <m, 0 < 1/m < b, such that
Yo=¢€ ....Yym =Y, di,yi+1) < 1/m,0<i <m—1.
- The topological algorithm for the choice of the y;’s. For constructing this family
of points, we consider the curve

(@) [0, m] = G, y(t) = % . (3.19)

and the y;’s will belong to its graph. Note that y(0) = e, y(m) = y, and that the
derivative y’(¢) of the function y(¢) is the constant function

, 1
y)y=—-y.
m
We illustrate the choice of the points y;’s in Fig. 1 below.

The topological algorithm to choose the points y; is as follows. Observe that the
length of the curve £ is < 1. Indeed,

E:=/|y’(t)|dt=/|1/m~y|dtSm(l/m)bs 1.
0 0

Note that we can cover the graph of y(¢) with Ny balls B; = B(y;, r;) of radius
ri = 1/m, such that yo = e, yj—; € B; fori > 2, y,, = y, and Ny ~ 2m. To
guarantee that d(y;, yi+1) < 1/m we can take

Zi41 € 0B N{y@®): 0 <t <m}

and choose y;+1 € B; such that d(yjy1, zi4+1) < % This inductive process ends
when one of the balls B; contains the point y in its interior and the distance between
y and the center of ball is less than 1/m.

Having fixed the sequence y; now let us choose a suitable m. Indeed, considerm > 2
as the least positive integer such that

|1—a

2
m<|y -yl <

(m — 1)]—0'
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Then we have that

B 2 1\ ~ _ _
I = Iyl ~ g =2 (;) ~2d (i, yie)' ™ = 20y v 0

forall 0 <i < m— 1. The previous analysis and the changes of variables x = yl.__l1 Z
implies that

I §/|G%,k(1)|df f IK(y~'2) — K(2)ldz
G

lz|>|y|1—¢

< g2k i / K (57'2) = K (v7h2) ldz

i=1 _
z]>y[!-¢

m
=273 f K (y; ' yic1x) — K (x)|dx
i=l 1—a
[yi—1-x]>]yl
m
S22y f K (7 i) = K (0)ldx
s 2py o

=27y f K (G210 ™) = K (o)ldx

i=1 e
|x‘>2‘.\’,‘,1.\’i|l 0

m
’g 27k% Z[K]/Hoo,(-),b = 27k%m[K]/Hoo.9,h'
i=1

Indeed, in the previous inequality we have used the estimate
/ |K (v yio1x) = K(0)ldx < / K (v yic1x) — K (x)dx.
lyi—1-x|>y[l e x[>2y; Y yi 10

Indeed, estimating |y;—1| ~ |y|(i —1)/m < |y|, we have that the estimate |y;_jx| >
|y|'=* implies that

Il > 1y = lyimi] = Iy = Iyl = 20yl

The choice of m implies that d(y;, yi+1) ~ Ul and then

m

_ v\ _
d(yi, yis)' ™0 ~ (E ~ " = Iyl

1 a
Then 1/m ~ (|y|1_”)m/|y|. We then can estimate m ~ |y|1_m. So, to finish
our analysis in Case 1, note that |y|~! < 2% which implies that

Yo ns Y rRmgpltE Y e~y E e
k2—k<|y|/2 k:2=k<|y|/2 k27%<|y|/2
(3.20)

Since >+ 1 — }%g = 0, we have that Zk:2*k<|y\/2 I < 1.
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Case 2: |y|/2 <27* < |y|T%. Define
8 = 5|y |21-0/Ap=kQU-)(1=0)/3
where
A= 0(1 —6)+2.
Then we have the upper and the lower bound
5x27F <8 <5y,

Split I as follows,

Iy == / 1K % Gk (v %) — K % Goex (0)ldx = Ji g + ok,
|x|>2[y|!—
where
Sk = / |K * G%,k(y_lx) — K % G p(x)|dx (3.21)
{lx|>2[yI = IN{x:|x| <8k}
and
D = / IK % Goox(y " 'x) = K %G, (x)|ldx.  (3.22)

{Ix[>20yI"=)N{xzfx | > 8}

Now, let us estimate J, . Indeed, the change of variable z = xt™1, fort €
supp(G ;. k) implies

Jog = / IK % G (7 'x) — K % Goo g (x)|dx

{lx]>2[y["=4}N{x:|x|> 8¢}

= / |/<K<y*1xf‘)0%,k(r> — K(xt ™Gk (1))dtdx
{Ix]=2ly|'=9}n{x:|x|>8} G

§/|G%,k(l‘)| / Ky~ 'xt™") — K(xt™1)|dxdt
G {lx]=2[y["=}N{x:|x|> 8¢}

5f|c%,k(r>| / |K(y~'2) — K (2)|dzdt
G {lzt|=2]y| = IN{z:|zt|> 8}

s/|G%,k(r>| / IK(y~'2) — K(2)|dzdt.
G {z:|zt|>6k}

Note that when |zf| > &, we have |t| 4 |z]| > |zt]| > & and with ¢ € supp(G . k).
|z] < 27%*1 from which ones deduce the inclusion of sets

{(z:1zt] > 8} C{z: |z] > & — 27K+1),

and the estimate

/ IK(y~'2) — K(2)ldz < / IK(y~'2) — K(2)ldz.

{z:|zt|> 8k} {z:|z]|>8 =21}
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So, the previous analysis together with (3.17) gives
D S22 / IK(y~'2) — K(2)ldz. (3.23)
{z:lz|>8—2*+1)

To continue, let us make use of the argument illustrated in Fig. 1. Using this con-
struction we consider a sequence of points y;, 0 <i <m, 0 < 1/m < b, such
that

Yo=e, -, ym =Y, dyi,yig1) ~|yl/m, 0 <i <m—1,

on the curve y(t) = é -y, t € [0,m], and we consider again the topological
construction done in Case 1 in order to obtain the required family of points y;. From
now, assume that m is the least integer such that

2d(yi, yir1)' ™0 ~ 20y1/m)' 0 < 8 =272
The changes of variables x = y;_ llz in any term of the sums below implies that

Jo S 27F f IK(y"'2) — K(2)ldz

{z:lz]>8—27F+1)

< g2k i / 1K (57'2) = K (vi7h2) ld=

=z 6 -2kt
m
=2y [ KO e - Koo,
=l i =8 —2 k)

Note that for |yi_1-x| > 8 —27%+1 |y|4+|x| > 8 —2~%*+! and then, the hypothesis
Iyl/2 <27%

x| > 8 — 27K — |y > & — 27K — 27K = 5 — 27K - 24y, i)Y
from which we have proved that
/ |K (37 yic1x) — K(0)ldx < / |K (7 yio1x) — K (x)|dx.
{x:|yizgx]>8 —27k+1} |x|>2\y;_11y,~|1—9
In consequence,

m
hrS27 Y f K (3 yim1x) = K (x)ldx

i=1 4
|X|>2|y,~_1yi\1"9

=23 / K () ™'x) = K (0)ldx

i=l1 b
lz>2]y;_ yil =0

m
S22 Ky, =2 mIK Y,

i=1
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It follows that m < [y Q! =0/22kQU=0)/% "and in this Case 2,
Jo g < 27Ky QU=0)/ApkQ(=0)/h

where
A=0(01—-6)+2.

Now, let us estimate Jq ;. In view of the Schwarz inequality we have the estimate:
% % ~ ~
Jik < 2/ K % G, 1 (x)|dx < Sk IK * G%,k”LZ(G) = 5k ||G%,kK||L2(6)
[x|<8k

Qo ~ Qo ~
< 8¢ 1Gocxd (@75 - m)YRNK 23y + 87 1G ek (1= 9@ - )RNK 125,

with ¢ as in (3.8). Since,

1G i (@ - DRNK N2 5, = / 1G ek (M) (27 - 1) (R)K (1) s
G
< 1Goilling [ 16(@7F mRNR D s
G

< 272k gnd then

Using (3.17) we have that ||6%,k||iw(a) <Gkl ) S

1G k(@7 - MRNK 72, S 2716 (@7F - IRNK (@)l 126

Using (1.9), that is,
Qa ~
sup [|(I +7(R)) > K (1) llop < 00, (3.24)
reG

we have that

~ Qu Qa
lp2* STRNK (2@ lp(2™* - m)R)N(A +7(R) ™ (1 +7(R) 2 K@l2g

QOa
sup [|(1+7(R)) 2 K (m)llop
reG

IA

—k _ Qo
<lp (@ MR + 7 (RN 2,

A

16(@F -1 (RN( +7(R)™ 26
< 1@k - mRYT RS 12
— IR s @K MR-
Note that in the last line we have used the commutativity identity
$(@F - HRNTR)H =2 (R)F (@7 - 1)(R))

in view of the functional calculus of R, and the estimate

Ip(2 7 - RN + 7R F 26 S 16275 - HRNTR) ™ H 26
(3.25)
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Indeed,
lp(@™* - MR +7w(R))~ = 2@
g2 - ﬂ)(R))ﬂ(R)_Wﬂ(R)%(l + N(R))_% ||L2(§)
sup ||7T(73)%(1 +m7(R)™ = lopllp (7% - m)(R))7 (R)™ = 2@

reG
SI@F - HRNTR) ™ F N 126)-

Note that we have used the fact that, in view of the L?(G)-boundedness of the
operator R 2v & (14+7R)™ 2v, the sup

IA

Qu Qu
sup lr(R)Z (1 +7(R))™ 2 |lop < 00, (3.26)

reG

is finite. On the other hand, using the Plancherel theorem we get
TR 5 (2 RN 26 = IR 25 1027 - DR 26y B2D)
With r = 2%, and @, = r_qu(R)(S(r_] ), ar(ﬂ) = 51(r - ). In consequence

P TR =¢((r - T)(R) = RO - 7) = 1 (r - 7)

and
0 O
7o

p@F mRNI =R % 75 [$((r - m)R)] = R™> 75 [®,(m)]

fO

R

—R %o,
As0 < Qu/2 < Q, in view of Corollary 4.3.11 of [8], the right-convolution kernel
of R’% is homogeneous of order % — @, and in consequence of [8, Lemma
3.2.7] R_% has homogeneous degree equal to — Qo /2. So, we have that
_Qa _
IR~ & Zq 27" DRy =1IIR & Crlip2y =r" QIR™ 2 [p(R)S(r 1-)]HL2(G)

=r" rTIIR_W[¢(R)5](V71-)\|L2(G)

=2 IR F Ry

=r cr2r2| Vo (RISION 126y

= 2 HE - R T s R)s1 M26)-
In view of the Hulanicki theorem in [8], ¢ (R)S € .(G) and then

IR~ (¢RI 26y < 00,

in view of Corollary 4.3.11 in [8]. All the analysis above implies that

9 ~ Q9 -~
Tk < a; I1G o xp(27F -n)(R))KuLz(a) + 821Gk (1= Q- 1)RNK | 25

<o 2K E =D 151G, - gy T RNK 26
Q(z_)

< SZ 2R aE 1G ok (1 — )7 - 1) RNK 126
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USSR YN _k o
=682 7+ 11Guxx(1=)(27" - m(RNK 26

Now, we will prove the estimate

1G ok (1 = )@ mRNK 2 S27 5 (3.28)

’

in order to have the following upper bound for Jj .,

Q o— 2 —a
N <87 o k(e 2670 57 y—teG=ay (3.29)
For the proof of (3.28) note that
1G k(1 — (@ - DRNK I 25
~ — _ Qa Qo ~
=G s (1 =)@ - )RNU +7(R)™ 2 (1 + 7(R) > Kl 2@

< sup (1 + (RN F KM llopll G (1 — )@ F - m)RNA + (R 5 [ 25,

reG
SNGos (1= Q@ )R + 7R T I 2G)-
Using again the estimate in (3.26) we have that
1G ek (1 = (@ - MR+ (RN |2
= [Goes (1 = Q- ) RYTR) F (RS (1 4+ 7R 25
SNGos (1= Q- )RNTR) 5 2.

Now, let us use the functional calculus of R. For any continuous function x(¢) on
R one has that

Vr > 0,k(r"R)8 = r~ [k (R)SI(r ). (3.30)
Taking in both sides the group Fourier transform one has
k(r'm(R)) = «k((r - 7)(R)).
The previous identity with « (¢) = t_% gives
Qa Qu

Vr>0,0r"'7(R)" 2> =((r-m)(R))” 2. (3.31)
Using the previous property, and the changes of variables 7’ = Z_kA- 7, we have
the effect in the Borel measure dw’ = 2~%2dx on the unitary dual G and we can
estimate

1Gcx(1 =)@ mRNTR) 12, 4,

= / 1Goer () (1 — )@ - 1R T(R)™ S |Rgdr

= f 1Goer @ - 7)(1 — ) (' (RY)((2E - ') (R) ™5 |32’
G

= / 1G kX - ) (1 = ) (' (R) 27 (R)) ™ F |352%dn’
G
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= / 1Goer @ - 7)(1 — ¢) (' (R)) (' (R))~ 5 (1228290 i/

< / 1G s @ - 7)1 — ) (' (R)(1 + 7' (R))™ 5 325200 g
G

Then, we have estimated

1G.c k(1= )@ - M RN R) ™12, 4,

< / 1Goer @ - 7)(1 — ) (' (R)(1 + 7' (R))™ 5 2,25 Q=00 gy,
G

Now, let us use the identity
(1=¢)=(1-¢)"+o01~¢).
We have that
1G k@ - 7)1 = $) ' RN+ 7' RN F 125
<Gk 7)1 = P2 RN+ 7' (R 12
F1Ger 25 - 7)p(L = §) (' (RN + 7' (R)™F 2, = Ri + Re.
Let us estimate Ry, that is the last term of the previous inequality.
Ry = 1Gex 2t - 1) (1 = ) (xRN + 7' (RN~ F [l 125,
NGkl I+ 7' RN F $(1 = 9 RN 25,
NGl (1 +R)™ 5 o (1 — IR 126

In view of the Hulanicki theorem in [8], we have that [¢ (1 —¢)](R)S € . (G), and

11+ Ry (g1 — PIRIL2G) = ll¢(L = AIRISN .2 | () < -
z

So, we have proved that
Ry S 1Goklipig S 27

Now, let N = ngv > Q/2, where ng € N. Let us consider and let By be the Bessel
potential defined by B, N =0+ 7(R)) % We can estimate

R = / 1G ok 25 - 7)1 = ) (' (R)(1+ 7' (R) ™5 |3gdr’
G
< / 1Goes @ )1 — (' (R)) Isdn’
G

= / 1G ek @ - 7)1 = $) (' RN+ ' (RN (1 — $) (' (R)(1+ 7' (R) ™V [fsdr’.
G
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Note that the pseudo-differential operator (1 — ¢)(R)(1 +R)™ 0 is smoothing and
then its right-convolution kernel ky belongs to the Schwartz space . (G). Note also
that

11 = @) (@' RN ooy = sup (1 =)@ (RN lop = I1 = Sy < 1.

n'eG

in view of the Functional calculus of the operator 7' (R), &’ € G, and the properties
of ¢ in (3.8). So, using the Plancherel theorem we estimate

Ry = / 1G e - 7)Y (1 = $) (' (R)(1+ 7' RNV (1 — $) (' (R)
G

/ N5 /
x (1 4+7(R)™ v fsdm

<Gkl o) 11 = DY RD e ) / I+ 7' R
G
X (1= $)(' (R)(1 + 7' (R) ™™ Igdr’

=~ 2 / 2 / N~ N2 /
<1 P I = T RDIP / 10+ 7 (R) YR () e
G
< 2% / 11+ 7 (R) YR () |3’
G

_ N
=2 2"”/Il(l +R)ka||iz(G).
G

So, we have proved that
Ry S G aekllpie) S 27

The analysis above allows us to conclude that

I~ — = _ g 2l-o) kQ(1-a)
1G ok (1 = QR - RNK 25y S 277 T =277,

as well as the estimate (3.29). It follows then that
Jir < 2—’<M|y|Q(1—9)/A2kQ(1—9)/?».

So, to finish our proof in Case 2, note that |y|~! < 2% which implies that

> I < > 27k |y | QUSARCU=O/L <1 (3.3)

1-6 1-6

kilyl/2<27k<|y| T=a k:lyl/2<27k<|y| T=e

Case 3: |y|% < 27 Define

8 =4 .27 kl-o)
Note that

/2 = 20y,
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Split I as follows,

Iy = / 1K % Goe o (V7'%) — K % G (0)ldx = Jy i + Jo,
[x|>2]y|1-e
where
Jig = / IK % Goex(y"'x) — K % G, 1 (x)|dx (3.33)
{lel>2Iy =) {aclx] <8¢)
and
g = / IK % Gk (v 'x) — K % G 1 (x)|dx. (3.34)

{Ix1> 21y ' =a)Nfz|x] > 8¢ )

Now, let us estimate J, k. Indeed, the change of variable z = xt—L, fort €
supp(G ;. k) implies

Jog = / IK % Goef(y7'x) — K % G o (x)|dx

{Ix|>2[y|" 2} {x:|x|>8)

- / | / (K576 x () = K (6t~ G (1)) dit]dx
{Ix|>2[y|'~}N{x:|x|>&) G

< / 1G k(0] f KOy — K (e dd
G {IxI>2[y|' @3N {x:|x|>8)

< / 1G x| / K12 — K(@)ldzdr
G {lzt]>2]y|"~9}N{z:|z1|> 8¢ }

< / G x (0] f K2 — K(2)ldzdr.
G

{z:]zt]|> 0k}

Note that when |zt| > &, we have |t| 4 |z]| > |zt| > §; and with ¢ € supp(G . k).
|#] < 2%+ from which ones deduce the inclusion of sets

{z:1zt] > 8} C{z: |z] > & — 27K+,

and the estimate

/ K2 — K@)ldz < / K2 — K(@)ldz

{z:]zt|>6k} {z:]z]|> 8¢ —2—k+1}
< / K('2) — K(2)ldz
{z:lz|>dk /2}
< / 1K (y~'2) — K(2)ldz,
{z:)z]>2]y|'~0}
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where we have used that 8;/2 > 2|y|'~?. So, the previous analysis together with
(3.17) gives

Jog S 270 / IK(y'2) — K(2)ldz <275 (3.35)
{z:lzI>2[y11=%)
The same analysis done in Case 2, allows us to deduce the estimate
Jig < CSk%Z’kQ(“’l)/Q < 27k,
So, to finish Case 3, note that
o ks ) 2L (3.36)
1-6 1-6
ki|y| T=e <27k ki|y| T=e <27k
The proof of Theorem 1.4 is complete. O
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