Mathematische Zeitschrift (2022) 300:2997-3021

https://doi.org/10.1007/500209-021-02897-2 Mathematische Zeitschrift
)]

Check for
updates

Atiyah classes and the essential obstructions in deforming a
singular Gz-instanton

Yuangi Wang'

Received: 7 December 2020 / Accepted: 13 October 2021 / Published online: 8 November 2021
© The Author(s), under exclusive licence to Springer-Verlag GmbH Germany, part of Springer Nature 2021

Abstract

When the rank of the bundle is > 2, in a certain sense, we found an essential obstruction for the
gluing construction of G>-instantons with 1-dimensional singularities. It involves the Atiyah
classes generated by contracting a vector in C3 with the curvature. Intuitively speaking,
the gluing does not work if the tangent connection at a component of the 1-dimensional
singular locus is not the twisted Fubini-Study connection on a twisted tangent bundle of P2.
Particularly, it fails if the rank of the bundle is > 3.

1 Introduction

Gauge theory plays an important role in the differential topology of 4-manifolds. Corre-
sponding to the groups SU (3), G2, and Spin(7) in the holonomy list of Berger-Simons
[2,20], Donaldson-Thomas [8] and Donaldson-Segal [7] intend to generalize the gauge the-
ory in dimensions 2, 3, 4to 6, 7, 8. In dimension 7, the objects of interest are projective
G»-monopoles and instantons. Let ¢ be the co-associative 4-form on a 7-manifold with a
Ga-structure and a complex Hermitian vector bundle. A G;-monopole is a Hermitian con-
nection A and a trace-less skew-Hermitian bundle endomorphism o i.e. section of ad E, such
that the curvature Fg of the induced P U (n)-connection satisfies the following equation

*(FO AY) +dao = 0. 1)

When the monopole term o = 0, we call the connection a projective G»-instanton.

To understand the boundary of the moduli and to construct examples of singular instan-
tons via gluing, a Fredholm theory is important. For instantons with isolated singularities,
the indicial roots are discrete. However, those of 1-dimensional singularities are not.
Finite dimensional obstructions can prevent a gluing construction: see the work of Bren-
dle Kapouleas [4] on Einstein metrics. Infinite dimensional obstructions make it even harder:
see the work of Chen [5] on twisted connected sum of G»-structures with conical singu-
larities along circles. An option is to add parameters into the domain Banach space. For
oo-dimensional co-kernel, we need an co-dimensional parameter space. On singular G-
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instantons and Hermitian Yang-Mills connections, in addition to deforming the connection,
we can pull back the G;-structures by certain diffeomorphisms in which the Frechet partial
derivative yields the Auxiliary operator. This yields the extended linearized operator. Our
main result shows a necessary condition for such a scheme to work for singular G, -instantons.

Theorem A In an ideal configuration of G-instanton with 1-dimensional singularities (Def-
inition 2.1), the usual linearized operator (3) does not have closed range. The extended
linearized operator (7) has closed range only if at each circle y; (as in Definition 2.1), the
model connection is the twisted Fubini-Study connection on a twisted tangent bundle of P?.
Farticularly, the rank of the bundle must be 2.

The twisted Fubini-Study connection is defined up to a smooth bundle isomorphism on
IP2. For bounded linear operators between Banach spaces, the range is not closed implies oo-
dimensional co-kernel. Theorem A implies the non-vanishing of the co-kernel on compact
7-folds, including the twisted connected sums [19]. The co-kernel is called the obstruction
but is different from the essential obstruction below.

Corollary B Over a compact T-manifold M, under the standard weighted Schauder formula-
tion for Go-instanton with 1-dimensional singularities in Definition 2.1 (1-3), (40), and (41)
below, for any § > 0, the usual linearized operator (40) is not surjective. Suppose

e the rank of the bundle is 2 but the model connection at some circle is not the twisted
Fubini-Study connection on a twisted tangent bundle of P2, or
e the rank of the bundle is > 3.

Then the extended linearized operator (41) is not surjective.

Gluing construction of G-instantons with 1-dimensional singularities on twisted con-
nected sums is mentioned by Jacob-Walpuski in [13]. Corollary B says that the gluing is
obstructed if one of the tangent connections is not twisted Fubini-Study. This is different
from smooth G-instantons on twisted connected sums considered by Sd Earp-Walpuski
[19], in which assuming the two Lagrangian subspaces in a sheaf cohomology intersect
transversally [19, Theorem 1.2], the co-kernel is trivial [19, Theorem 3.24 Step 2]. This is
indeed the case for the concrete examples [16,23].

We do not need the G»-structure to be globally co-closed though it might well be in the
cases of interest. We only need the flexible functorial conditions I-V which can be easily
verified for the example in Corollary B. The condition IIT* holds under surjectivity hypothesis.
This is one of the roots of the contradictory argument for Corollary B.

On other geometric objects, there are perturbation theories deforming the singular locus.
For example, see Takahashi’s deformation [21] of Z;-harmonic spinors in dimension 3. Very
recently, Donaldson [6] developed the deformation for multi-valued harmonic functions.
Similarly to [6], here any Green’s function must possess a leading term disabling the defor-
mation. In a certain sense it can not be “overcome” by adding the vector fields if the essential
obstruction does not vanish (Lemma 6.1 below). For minimal surfaces with non-isolated sin-
gularity, please see the work of Mazzeo-Smale [15] that perturbs the singularities away. This
generalizes Hardt-Simon perturbation [11] for isolated singularities. Beyond G,-instantons,
for the aforementioned and other geometric objects, we wonder whether there is similar
phenomenon of essential obstruction and “rigidity” of tangent cone. This should be related
to a certain eigen-space of the link operator of the linearization which we call the indicial
eigen-space. In our G-instanton setting of Corollary B, the indicial eigen-space is the sheaf
cohomology H'[P?, (EndE)(—1)]. Its complex dimension is always no less than 3, and
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it contains a distinguished 3-dimensional subspace consisted of Atiyah classes. An Atiyah
class in the cohomology is the image under a natural linear injection of the contraction of
a (constant) vector in C3 with the curvature Fg. We define the essential obstruction as the
finite dimensional quotient

H'[P?, (EndE)(—1)]
{Atiyah classes}

(@)

Please see Proposition 4.1 below. On gluing construction of Einstein metrics, Biquard [3]
also found an obstruction involving curvature.

Theorem A and Corollary B can be understood as “good news” for the compactification
of moduli of smooth instantons, in conjunction with the work of Tian [22] and the co-
dimensional 6 conjecture therein. On a compact G»-manifold with a unitary vector bundle,
the co-dimensional co-Kernel result makes it reasonable to ask “how often” (in a sense that
needs to be specified) we can see other model connections than the twisted Fubini-Study as
the singularity model of the “limit” of a sequence of smooth ones. We do not know whether
the 1-dimensional singularities can “break into” isolated singularities by any sort of gluing
construction, as mentioned in [5].

Closer to the language in [6] and [5] and schematically speaking, the reason why the
(non-trivial) essential obstruction prevents the deformation is that it “spans” the leading
terms of norm O(riz) in solutions to the extended linearized equation. On the model space
(C3\0) x S!, r means the distance to the origin in the C*\ O-component, and s means the
parameter of the S!-factor. Please see (32) and (38) below. Pay attention to that the leading
term of the modified Bessel function Iy in (32) is 1 which results in x; = 0(}) therein.
The norm of an eigen-section of the link operator on S° is O (%). These two factors multiply
to O(riz). However, we need 0(%) deformations due to quadratic non-linearity of instanton
equation. These “bad” leading terms are “inevitable” unless the essential obstruction vanishes.

When the tangent connection is indeed twisted Fubini-Study, we do expect a non-standard
Fredholm theory incorporating the deformations of singular locus. We plan to address it in
the future. Nevertheless, to achieve the goal proposed in [13] i.e. constructing singular G-
instantons with 1-dimensional singularities, we still need to address the Banach spaces to
work with, how to integrate it to a nonlinear theory, the corresponding index theory, and
transversality. Except transversality, the other 3 ingredients are no problem for instantons
with isolated singularities or smooth instantons.

The vector fields we allow are spanned by all the 7 directions (coordinate vectors) near a
component of a circle while the coefficients only depend on r and s. Please see Section 2.2
below. This is the advantage of the Euclidean space C\ O as the simplest Calabi-Yau cone:
there are constant vector fields on the 7-dimensional product (C*\0) x S! deforming the
circle O x S! and also generating eigen-sections of the link operator with respect to eigenvalue
—1. The case of more general vector fields remains mysterious. We do not know whether
there is any analogous structure for general Calabi-Yau cone over a regular Sasakian Einstein
5-manifold.

Sketch of the proof

Briefly speaking, the proof of Theorem A for the extended linearized operator is an assembling
of the following 3 facts.

1. The essential obstruction vanishes if and only if the tangent connection is a twisted Fubini-
Study connection on T19P2 (k) (Lemma 4.5).
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2. The range of the model auxiliary operator is in the “span” of Atiyah classes (Proposi-
tion 5.1).

3. Under the surjectivity condition IIT*, if the essential obstruction is non-trivial, we can
construct a singular sequence violating closed range (Lemma 6.1).

On the other hand, heavy but interesting tensor calculations are carried out for the defining
Proposition 4.1 of Atiyah classes (self contained in our setting for readers’ convenience), and
also in a more sophisticated manner for the auxiliary operator formula in Proposition 5.1.
Part of the setting was defined in [25], but the actual computations here are different.

e For Proposition 4.1, we need some identities related to the Euler sequence on P2, contrac-
tions between vector fields and transverse quaternion structure (the 3-forms %’7, G, H),
and the transverse exterior differential do on the standard Sasakian manifold S°. For
example, see the 3 and d-closedness in Lemma 4.3 and the “partial do-closedness” in
Lemma 4.4.

e The computation for Proposition 5.1 are routine but with many terms, based on the
geometry of P2, S°, and the G»-forms on R”. It suffices to apply the fine formula (50)
for the standard co-associative G,-form, then exterior differentiate the contraction with a
vector field. This yields the 3 Lie derivative terms and 7-terms that has vanishing wedge
with the (traceless) curvature (see (55)). Therefore, wedging it with the curvature and
taking Hodge dual, only these 3 Lie derivative terms remain. They are handled further in

Proposition 5.1. The cancellation of the two “é - (e; uH)” deserves reader’s attention.

Organization of the paper: Almost all definitions related to Theorem A and Corollary B
are in Sections 2 and 3 . In Section 4 we define the Atiyah classes in Eigen_; P and use
Riemann—Roch to show that the cohomology H P2, (EndE)(—1)] consists only of Atiyah
classes is equivalent to that E is a twisted tangent bundle. In Section 5 we state and prove
the formula for the auxiliary operator, leaving routine tensor calculations to the Appendix.
In Section 6 we prove the main results using separation of variables, Sasakian geometry of
the linearized operator, modified Bessel functions, and functional analysis.

2 Preliminary

In this section we define the configuration required in Theorem A.

Definition 2.1 Throughout, a ball B(R) is always in C> and centred at the origin. A tame
configuration of G,-instanton with 1-dimensional singularities consists of:

1. finitely-many disjoint embedded circles (embedded S'’s) y;, i = 1,...,1 with trivial
normal bundle in a 7-manifold M, and mutually disjoint tubular neighborhood of y;
diffeomorphic to [B(100R()\ O] x S! for some Ry > 0:

2. asmooth unitary connection A on a bundle E — M\y withrank n > 2 such that in each
tubular ball as above, (A, E) is equal to the pullback of a non-projectively flat Hermitian
Yang-Mills connection (A;, E;) — P2 via the standard fibration map ((C3 \O) x s! — p2;

. a Gp-structure on M equal to the standard one near each y; under the same coordinate;

4. Banach spaces Y, B, and x (M, T M) that satisfy condition I, IV, and V below.

W

A tame configuration is ideal if condition II, III, and IIT* hold.

The reason we can assume R is independent of i is that there are only finitely-many
circles. The results in the introduction are independent of Ry as long as it is > (0. Many
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discussions below are under the coordinate chart in the first bullet point above. This should
be clear from context. For example, see condition II below.
The following terms make it convenient.

Terminology 2.2 The manifold (C3\ 0) x S! is called the model space. The open set B(R) x
S! and the punched set [B(R)\ O] x S! are called the rubular ball and punched tubular ball,
respectively. The punched tubular ball with radius R = oo is the model space.

Let r denote the distance to the origin in C3. This is also the Euclidean distance to the
circle O x S!in C? x S!. Sometimes it is denoted by r, as a function (see (10) below).

2.1 The usual linearization

Let Qg 4 denote the bundle of ad E-valued k-forms. With gauge fixing, the usual linearization
of the monopole equation (1) is a first order elliptic operator L that maps C®°[M7\y, 92 gD
Q‘l{dE] to itself:

o dra
L|:a:|=|:dAU+*{‘dAa/\¢):|’ @)

where o is a section and a is a 1-form, both ad E-valued. To avoid heavy notation we
henceforth suppress the bundles and even the domain manifold in the notation for the Banach
spaces, including the weighted Schauder spaces etc.

Let the domain of the usual linearized operator be a Banach space Y that is a subspace
of C'(M\y). Likewise, let the target 3 be a Banach space that is a subspace of CO(M\y),
such that the following holds.

ConditionI: L : Y — B isbounded.

To construct singular sequence, we need two more conditions. The first is the lower bound
comparing the norm of Y to the standard weighted C°-norm whose sections are 0(%) near
the circles.

ConditionIT: |||y > N||Res|£o$||c?[3(&))xsl] for some 0 < R, < Ryp.

where Res|g, is the restriction of & onto the punched ball of radius R,.

The other condition is an upper bound on the B-norms of a particular sequence of com-
pactly supported sections. Namely, let x be a cutoff function as below (31). We assume there
is a unit vector { € Eigen_1 P (which is required to be perpendicular to the Atiyah classes
if the essential obstruction is non-trivial) such that

¥ x (ky)Ko(ky) sinks

Condition IIT : || p -I¢||lp < Cp,k, for some § > 0

where Cp i, is a constant independent of integer k > ko for some ko > 1. Moreover, we
define

Condition IIT* : y‘sx (ky)Ko(ky)sinks - I¢ € RangeL for any k as above.

The range of the extended linearized operator L contains the range of the usual L. Because
of the the exponential decay of the modified Bessel function of second kind Ko (x) for large
x > 1 (see [24] for a comprehensive theory), we expect no difficulty in checking condition
III for a specific Banach space B. Please see the proof of Corollary B below.
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2.2 The vector fields

Let (¢;, 1 < i < 6) be the standard basis of R® and ¢’ be the dual basis. Near the circle
0 x S' ¢ C? x S', we consider vector fields of the following form.

]
X = Xsa + E?leiei where the coefficients X, X; only dependonr ands. (4)

The global vector fields are as follows.

Definition 2.3 Let X(M, T M) be a Banach space of vector fields on M which is a subspace
in C1(M\y). We say it satisfies Condition IV if the restriction of an arbitrary vector field in
X(M, T M) onto the tubular ball B(Rg) x S! of each circle defines a bounded linear map
from X(M, T M) to the space Xp, of vector fields of the form (4) (across the circle) with
norm

IX;

Xllxe ==, = {1 =L oXi
[l ||3€RO— j=1%i=1 | z|c0v1[B(R0)><Sl]+

ar

COl(B(R\O)xS!] ‘8s CO[(B(RO\O)xS!]

where X7 £ X,. We want our vector fields to be Lipschitz even across the circles in line with
the existence and uniqueness of flows.

3 The extended linearized operator

3.1 The auxiliary operator

We pullback the G;-structure via a diffeomorphism x integrated from a vector field X €
XM, TM") (att = 1). The monopole equation becomes

*yr[Fa A (X*¥)] +dao = 0. )

By Cartan formula, assuming A is a projective instanton, the linearization in the diffeomor-
phism at /dy, yields the Auxiliary operator :

xp (F3 A d[X Y ]) + %o F§ A (Xody)]. (©6)

If A is projectively flat, it vanishes. The second term vanishes in the punched tubular balls
near each circle as the Gp-structure therein is standard.

Under Definition 2.3 on the vector fields, we assume the following on the extended lin-
earized operator.

ConditionV: L: XM, TM")®Y — Bis bounded,

where L is the linearization of (5) with respect to the connection A and the diffeomorphism
x (still with gauge fixing):

X
Lio|=
a

*
dya

dao +*(daa AY) +*[FO Ad(X )] +*[FO A (Xody)] | 7

This means L is actually the linearization of

*9lF g A XU +dasao =0,
dfa =0.
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iny, o, aat xy = Id,oc = 0, and a = 0. We assumed Fg A ¥ = 0 such that the
linearization of x,+4 in x does not contribute. Please compare (7) with formula (3) of the
usual linearization. The definitions involved in Theorem A are all established.

Remark 3.1 We only consider the linear operators (7), (9), (3), (8), not the non-linear instanton
or monopole equation. Every single result/calculation is about the linearized equations, not
the non-linear equations.

3.2 The model problem

We review some standard material in [25]. The model data on (C3 \O) x S! is the pullback of
a non-projectively flat Hermitian Yang-Mills connection A on a bundle E — P? with rank
> 2 and the standard G,-structure (¢c, Veuc). Here we abused notation with the bundle
“E” on the manifold in Definition 2.1.2. The model usual linearized operator is

d d P
LOZI'[g—Z(5—7>i| ®)

on the pullback of the bundle
Dom = adE®® @ Q;ba(adE) -8
whose rank is 8 x rank(ad E). Moreover,

° Qg pa(@dE) is the bundle of semi-basic adE-valued 1-forms i.e. the pullback of
QladE) — P2,

e and /, T are isometries of Dom. They anti-commute and generate a quaternion structure
by IT = —K.

Please see [25, Lemma 5.3]) for more.

Let = / =¢ mean real/complex isomorphisms between two finite dimensional vector
spaces. Part of the spectral theory for the link operator P in [25, Theorem A and D] is the
following diagram of isomorphisms:

“Serre duality”

Eigen_ P Eigen_> P
=c =c
H'[P?, EndE(—1)] ————— H!'[P?, EndE(-2)]

Serre duality

The symbol “Eigen, P’ means the eigen-space of P of the eigen-value f.
The extended linearized operator (7) becomes

el a

Lo§, X)=1" [* —Z<* - 5)] + [ FY A d(X Weue)]- 9
as ar r

3.3 A brief remark about usual weighted Schauder spaces

Following [14] and for Corollary B, we discuss the standard weighted Schauder spaces of
bundle sections.
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On a punched tubular ball with radius R for the bundle Dom

Let the Holder semi-norm be

4

P -
sup [min(rx,ry)]a| U]~ 4l

Ja (10
x,ye[(B(R)\0)xS!], OxS'Nxy=2 (x,y)

[u]cng

where

e 7, is the distance from the C3-component of x to the origin (see below Terminology 2.2),

e Xy is the shortest line segment (geodesic) joining x, y and realizing the distance d(x, y),
and

e Pg is the parallel transport from x to y via the segment and the connection in the tame
configuration.

Let the norm |u |C8 (and |u| co which means the same) be simply sup, (g 0)xst] 1#1(X).
It only depends on the bundle metric thus also applies to a vector field.
1
The C(;’ % -norm is defined by

| 1 =lul g1 +3 v |Du| 1. (11)
, ) $5,4 0,
Cy? Cy'? L c'?

When R is finite, according to the principle [10, (6.10)], the above norm treats O x S! as
boundary but not the other piece d[ B(R)] x st.
1

The weighted Schauder space C f,’ % is simply defined by the multiplication with the factor
rP:

N
|§| Ll = |rPS| k1o k=07 1.
c,? c,?

SR 78 2 . B
For example, a section isin C; 2 if and only if the multiplication by r is in C, 0 2. This implies

the norm is 0(%) near the circle O x S'.

Over a compact manifold

Under a tame configuration over a compact manifold M, we can finitely cover the whole
manifold by

e tubular balls with radius 10Ry and

e geodesic convex balls away from the tubular balls of radius 7R centered at components
of y, such that balls of double radius are still geodesic convex and avoid the same tubular
balls.

This can be achieved by taking a small enough ball (regarding R¢ and the Riemannian metric
induced by the G,-structure) at any point not in the tubular balls of radius 10 Ry (which some
of the geodesic convex balls still intersect). Therefore with the tubular balls of radius 10Ry,
an (open) cover is obtained. Then take a finite sub-cover.

The next step is to simply use partition of unity to patch the local norms to get the global.
On the geodesics balls, the usual Schauder norm is defined as a special case in [ 14, Definition
4.3]. According to our choice, the cutoff functions v; corresponding to each tubular ball (in
the partition of unity) is = 1 in the even smaller tubular balls of radius 5Ry.
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4 Atiyah classes

In this section we show that the essential obstruction vanishes if and only if the bundle on P2
is the twisted tangent bundle 71:°P2 (k). This is completely different from Theorem A: the
“if and only if” here is about vanishing of essential obstruction and the underlying bundle
on P2, but Theorem A is about closed range and vanishing of essential obstruction.

We recall from [25] some Sasakian geometry on the standard round S (of radius 1 in RG).
Let v and 5 be the standard Reeb vector field and contact form on S°. There are three forms
%”, H, G on A2D*, where D* 2 5t is the contact co-distribution of rank 4. The metric
contraction between a semi-basic (D*-valued) 1-form with each of the forms is a complex
structure on D* denoted by Jy, Ju, Jg respectively. By metric pulling down, these complex
structures also act on the contact distribution D £ v+, They form a quaternion structure on
both D and D*. This structure can also be generalized to the bundle Dom for the linearized
operator. The action of I on semi-basic 1-forms (including Eigen_ P and Eigen_j), is Jo,
and the action of T on these forms is —Jg. The quaternion structure is determined by

JuJo = Jg.

Let * denote the Hodge star of the Euclidean metric on the model space (C*\0) x S!, and
*p+ the one on the contact co-distribution with respect to the standard metric on S°.

The pullback of the projective curvature Fg of the Hermitian Yang-Mills connection on
P? is xp«-anti self-dual i.e. invariant under the quaternion structure Jo, Jy, Jg. Let do
denote the transverse exterior differential operator d —n A L,,. The square dg does not vanish
in general. We call a D-valued vector semi-basic and let fip+ denote the metric pulling up
of a semi-basic vector (field), which is a semi-basic form. Please see [25, Section 3] for a
comprehensive discussion.

4.1 The map

Now we define the injection.

Proposition 4.1 Let (E, A) — P? be a non-projectively flat Hermitian Yang-Mills bundle
with rank n > 2. For any (constant) vector Y € R®, the bundle valued 1-form r(YJFX) lies
in Eigen_y P. The resultant linear map

H:R® — Eigen_1 P (Zc H'[P?, (EndE)(—=1)])
is a complex injection. It is an isomorphism if and only if E = (T “°P2)(k).

A cohomology class in RangeB C H'[P?, (EndE)(—1)], in view of [1], is called an
Atiyah class. The same term applies to an element in RangeH C Eigen_; P via the complex
isomorphism in [25, Theorem A and Proposition 8.2].

Notation 4.2 Denote RangeH by
{Atiyah Classes}|Eigen_; P-
Suppressing the subscript, this is the space on the “denominator” in (2).
We need two facts for Proposition 4.1.
Lemma4.3 Let Fg be the curvature of the projective connection induced by a Hermitian

connection over a Kdhler surface. Suppose Fg is (1, 1).
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e If X is a holomorphic (1, 0)-vector field, then XJFg is 9 4-closed.
e [f X is an antiholomorphic (0, 1)-vector field, then XJFS is da-closed.

Consequently, in either case, d (X_IFX) is (1, 1).

Proof 1t suffices to prove it for holomorphic (1,0) vector fields, it is similar for anti-
holomorphic (0, 1) vector fields. Under a Kéhler geodesic coordinate, we calculate
i 70\ _ i 70N_ _ yi g0 i 0 __
X'Fps; = (X' FR)i=X'Fi5 = X'F5; =0, (12)

where the first equal sign holds because X is holomorphic (1, 0), the second is by Bianchi
identity for Fg and that the curvature is (1, 1). m]

We henceforth suppress the connection in the derivatives. The other fact is the following.
Lemma 4.4 For any constant vector Y € R®, do(r YJFAO) is (1, 1). Consequently,
[do(rY 2F)]11G = [do(rY 2F3)].H = 0.

Proof Let Zy, Z1, Z, be the complex coordinates of C3. It suffices to prove it for the
complexified version for the constant holomorphic vectors

0 a d

T o oo 13)
0Zy 0Z1 0Zp
and anti-holomorphic vectors
d a d
T, T— .y —— . (14)
0Zo 0Z1 0Z»
We only do it for % on the dense open set
Voo =1{Z0 #0, Z1 #0, Zy #0} C CHO. (15)

Then it follows by continuity. The proof for the other five vectors are similar.
We calculate

d r d
do|r—_F%) =dy | —7z9p—.F°
O(razoJ A) O<Zo 9z A)

o)+ o i 5o (o)) o

The radius r equals 1 on S°. According to an identity in [25, Proof of Lemma 8.7],
do( ) = do(zio) is (1, 0). Since [n*(Zoa%o)]_,Fg is (0, 1), the first term in (16) is (1, 1).
So is the second term by Lemma 4.3. O

4.2 Riemann-Roch formula

The map H being surjective implies rigidity of the connection.

Lemma4.5 Let (E, A) — P2 be a non-projectively flat Hermitian Yang-Mills bundle with
rank n > 2. Suppose co(EndE) < 3. Then n = 2. Moreover, as a holomorphic bundle,
(E, 3 4) is isomorphic to the twisted Fubini-Study connection on (T "OP?)(k) for some integer
k. In particular, the equality co(EndE) = 3 holds.
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Consequently, the essential obstruction

H'[P?, (EndE)(—1)]
{Atiyah classes}

of a non-projectively flat Hermitian Yang-Mills bundle with rank > 2 on P? vanishes if and
only if it is isomorphic to the twisted Fubini-Study connection on a twisted tangent bundle of
P2,

In the above case, we recall that co(EndE) = 2ncy(E) — (n — 1)c12(E).

Because the subspace {Atiyah classes} has (complex) dimension 3, the vanishing of
the essential obstruction and Riemann—Roch formula (see [25, Lemma 17.10]) implies the
dimension condition h'[P?, (EndE)(—1)] = c2(EndE) < 3. We note that the injection
in Proposition 4.1 already says hl[P?, (EndE)(—1)] > 3. It is consistent with the upshot
c(EndE) = 3.

Proof of Lemma 4.5 The Hermitian Yang-Mills condition implies poly-stability i.e.
E=E&...9E,

where the m components are stable bundles of the same slope. Any (holomorphic) endomor-
phism of E is determined by the induced homomorphism

E; — Ej forany i, j=1,...,m.
Then Lemma 7.5 below yields a natural complex injection
HO[P?, EndE] — gl(m, C).

This implies h°(P?, EndE) < m?.
Step 1: We show that E must be stable and rankE = 2 i.e. m = 1. Because

hO[P?, (EndE)(—3)] = 0,
the cohomology formula (for example, see [25, Lemma 18.10]) implies
0 < h'[P?, EndE] = 2ncy(E) — (n — DA (E) + (m* —n?) <m? +3 —n’.
Hence
n* <3+m?. (17)

But

n=ny+..+ny
is the sum of the ranks of the sub-bundles. Then either

e ny=..=n,=1,
e orm=1.

This is because if m > 2 and there is at least one summand with rank > 2, the inequality
n? z(m—l—l)zzmz—i—Zm—i—l>3—|—m2
contradicts (17). The first bullet point condition implies E is projectively flat, which contra-

dicts our assumption. The second says E is stable therefore rank E = 2 by (17).
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Step 2: It suffices to show E must be a twisted tangent bundle using (the other conditions
and)

0 < 4cy(E) — c}(E) < 3.

Because the Chern numbers c1(E) and c>(E) are both integers, 4c(E) — c%(E ) can not be
1 or 2 mod 4. This is because in mod 4 congruence classes, 4c2(E) = 0 and the square of an
integer (including cf(E)) does not equal 2 or 3. Hence

4cy(E) — ¢H(E) = 3or.

Case 1. Suppose 4c2(E) — c%(E) = 3. Then ¢ (E) must be odd. Let E(kg) be the
normalization of E such that c|[E(kg)] = —1, we have ¢;[E(kg)] = 1. Then E (kg) must
be topologically isomorphic to (T1OP2)(—2). Mukai [17] shows that they must also be
isomorphic as holomorphic bundles.

Case 2. Suppose 4c2(E) — c%(E ) = 0. The equality in Bogomolov inequality is attained.
It must be projectively flat, but E is stable with rank > 2. This is a contradiction.

The above says E must be isomorphic to (T1OP2) (k) as holomorphic vector bundles. O

Postscript: The reason c% (E) is a squared integer is that the Picard group of P2 is generated
by O(1) and the Chern number c%[O(l)] isequal to 1 i.e.

/2 c1[O(M)] A c1[O(1)] =1 as Chern number.
P

This implies c%(E) = (degE)2 where detE = O(degE).

4.3 Proof of Proposition 4.1

In conjunction with the review of the standard material in [25] that we need here (see the
beginning of Section 4 and 3.2), let xs denote the hodge star on C3 (under standard Euclidean
metric). Let L denote the Lie derivative with respect a vector field.

Step 1: r(YJFg) is dp-co-closed.

We first show it is dgs co-closed. Similarly to Lemma 4.4, we show the complexified
version for the holomorphic and anti-holomorphic vector fields (13), (14). This is straight-
forward because the pullback FX is (1, 1) on €3\ 0, and the projective Hermitian Yang-Mills
condition FXJ%” = 0 on P? implies Fg_lwc_% = 0 as pullback. By Bianchi identity, for any
i=0,1,2, F(A),if,j = 0 on C3. Hence there is a constant co such that

*c3 0 0) _ 0 = FO 9 = A g s
des <razi JFA> - (rFA,i])j = corjFy 5+ <o (rFAJfJ) = cofa (ﬁ ar
—0. "

3 4™ A
Because al(g%3 = OrQ on semi-basic 1-forms pullback from S3, we find

" a
d(;D (FEJF/E\)) =0.

Similarly proof yields the following for any i = 0, 1, 2.

9
P r— F0>:O.
0 ( BZ,-J A
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Hence for any constant vector ¥ € R®, we have
dyP* (rY JF9) = 0.

Step 2: r(YJFB) is an eigen-section of P of eigenvalue —1.
It is semi-basic. Because Fgo is (1, 1) on C3\ O and R®, the Jcs and Jy invariance of FSO
tells us that

[Jos(NIFR, = Jos(YaFg) = Jo(Y JFy) forany ¥ € C°. (19)

We used that on semi-basic vectors and forms, Jis coincides with Jy (see [25, Appendix]).
Consequently,

dyP* Jo(rY aF) = dyP* [rJes (Y)oF31 =0
for any ¥ € R® as well. The Lie derivative in the Reeb vector field is
Ly(rY F) = rLy(YOFS) = r(JesY)oFS = rdcs(YOFY) = Jo(rYJFY).  (20)
Apply Jp to both hand sides and using that L, Jo = JoL, we find
LolJo(rY sF9)] = —rYJFS. 1)

Via the formula for P in [25, Lemma 5.3], the above means rY JFX is an eigen-section of P
of eigenvalue —1. It defines the map

H:R® - Eigen_1P via B(Y) = rY_qu.

Step 3. B is injective.
Let p be a point on S at which v = (rY)!? is nonzero (see Fact 7.1 below). Then we
normalize it via e = |—g|, and complete it into an orthonormal frame (e;, ez, e3, es) for the

contact distribution D at p. That Fg is anti self-dual means
Fy=F3 (e = + FQ P — )+ FY e = eP). (22)

The condition e; 1F§ = 0 at p implies that 0 = F§ je* + F§ ;3 + F§ ; e*. This in turn
implies F/?J = Fg’” = F/?J” = 0ie FY = 0at p. Because v is non-zero on a dense
openseton S, Fg = 0 on the same set. By continuity of F9, it vanishes everywhere on S°.

When E is a twisted tangent bundle of P2, by Lemma 4.5, the injection 5 is an isomorphism
since the dimension of the domain equals the dimension of the range. The proof is complete.

5 Formula of the auxiliary operator
The Atiyah classes originally defined in Eigen_1 P can also be defined in Eigen_, P via
the isometry T i.e.

{Atiyah classes}|gigen_, P £ T[{Atiyah classes}|gigen_, P1-

The desired formula involves both.
Proposition 5.1 Let X € C'[(B(R)\O) x S'1 be a vector field of the form (4), 0 < R < oo.
The following holds therein.

0X;
as

Aux(X) = —%8_, { »

AUesen) O+ 250 JH(eiJFg)}. (23)
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Consequently, Range Aux lies in the span (by continuous functions only of r, s on the same
tubular ball) of Atiyah classes in Eigen_1 P and Eigen_; P.

Proof of Lemma 5.1: Tt suffices to apply Lemma 7.3 and calculate the Lie derivatives therein.
The condition that the co-efficients of X only depend on r, s is also used in Step 3 of the
proof of the preliminary formula (49) below.

Because the %-component does not contribute to the operator at all (see Fact 7.4 below),
we can assume X is perpendicular to % . The Lie derivatives in the Reeb-vector field v, radial
vector field 3%, and % of the symmetric bi-linear forms ds?, dr?, and gss all vanish. We note
that 3‘% is not Killing for the Euclidean metric ds> + dr? + r? 8ss. We compute via the Lie
derivative formulas in Lemma 7.2 and elementary Riemannian geometry that

La
X i e X i

6 6 6
L%X = Ei:l ?ei - Xi lr s LUX = _Ei:IXi‘](C3(ei)v L%X = Ei:lgei'

(24)

Then the 3 Lie-derivative contractions in (49) can be calculated as follows.
dn 6 0X; dn
(L%X)_Ij = ZiZITsl (ei47 B
aX; X
— — | (eiuH),
ar r

1 X;
—(LyX).G=-3 =
r r

(Ls X)uH = 0, (
6 Xi
Jes(e) G| = Z_, —(eioH).

Summing the above 3 equalities and combining coefficients of similar terms, the two terms
containing e; +H cancel out and we find

X\ d L,X).G X, d 0X;
— J—n+(LiX)JH+¢=Zi6:1 — eiJl +—— - (eiuH) |
as 2 ar r as 2 or

Here we applied again the remark below (19) about the relation between J3 and Jy. Using
(49) and contracting the above with — FQ, the proof of the desired formula (23) is complete.
O

6 The Dirac system and proof of Theorem A and Corollary B
In this section we assemble the established tools to prove the main results. Via separation of

variables, the singular sequence is constructed via a linear system of two partial differential
equations in r and s.

6.1 The Dirac system

Let (¢, X) be the independent variable of the model extended linearized operator L, where X
is the vector field and £ is the section of the domain bundle ad E & QédE. Because Range Aux
is spanned by functions in r and s of Atiyah classes inboth Eigen_1 P and Eigen_; P, in the
perpendicular direction, the extended linearized operator coincides with the usual linearized
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operator in the following sense. In the Hilbert space L2[S?, Dom], let || Atiyah denote the
projection to the 12 dimensional subspace

{Atiyah classes}|gigen_, p © {Atiyah classes}|gigen_, P,
and L 4siyqn the projection to the orthogonal complement. We have
[Aux (X)]l4rivah = Aux(X)
for any differentiable vector field X in the punched tubular ball.
For any £ € C!'[(B(R)\0) x S'],
[Lo(§, X)] At = (Lo§)aiah = Lo (gHAman). (25)

But Aux does appear in the Atiyah class component:

[Lo(§. X010t = (Log) Wi + Aux(X) = Lo(§)40eh 4 Aux(X).  (26)

Gram-Schmit process for each eigen-space of P yields a complete orthonormal P-eigen-
basis (¢, B € Spec™ P) for L*[S’, Dom] such that

e the eigen-section ¢ perpendicular to the Atiyah classes in condition III appears as an
element in the basis if essential obstruction is non-trivial,

e 6 elements of the eigen-basis form an /-invariant orthonormal basis for
{Atiyah classes}|gigen_, P, and applying T yields that of {Atiyah classes}|Eigen_,P-

Via separation of variables, we need to solve equations for the Fourier-coefficient of an
arbitrary section ¢g in the eigen-basis. However, because of the endomorphism 7 in the
Dirac operator (8) (see [25, Lemma 5.3]), we need to consider ¢g and T ¢g simultaneously.
Particularly, in line with (25) and that ¢ is perpendicular to the Atiyah classes, the operator
—1I - L, also preserves the span by functions in r, s of { and T'¢:

(=1 - L&) lsvente: 10 = (=1 - L) (&)sreni¢ 72 for any & € C'[(B(Rp)\O) x S'I. (27)
The equation in span{¢, T¢} of two unknowns x and y reads
—I-L(xt+yT¢) = f¢+gT¢.

According to formula (8) for the usual linearized operator, this is equivalent to the Dirac
system of two variables:

dx Jdy 2y
R R AR
as ar r (28)
y = x_
os o r &
Plugging
d d
Tt (29)
as ar r

into % of the first equation, we find a second order equation only in x.

?x  9%x 39x x df g 2g .

S+ttt 5="-——-—=h
o T T i T T e Ty

The equation of the Fourier co-efficient of cos ks and sin ks reads

3x]
X/ ok T g2 oy, (30)
k r r2
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This ordinary differential equation can be solved elementarily.

6.2 The singular sequence

Now we construct a sequence that violates the closeness of the range. We only consider
positive independent variable for the special functions. Let k be a positive integer and

he(y) £ ¥ x (ky)Ko(ky), G1)

where x (r) is a cut-off function thatis = 0 whenr < lorr > 4,but =1 when r € [2, 3].
In the following, & and xj are specific as (31) and (32), but in the previous section they
are general.

Lemma 6.1 For any non-negative number § there is a positive constant Cs with the following
property. Let hy be as (31). The only solution to (30) that = O(1) asr — O is

fotkr) fo " Kolo)yhe(ndy.  (32)

Ko(kr) ("
5 = - o) / loky)yhe(y)dy + =
0

The following holds for any positive integer k and real number r such that kr > 10.

Cs - ekr

x| > .
k%"’ar%

(33)

Consequently, limy_, o |xx| = +00 uniformly on any compact subset of (0, 00).

Remark 6.2 The solution xj is supported away from 0 since Ay is. The constant Cs is given
by integral and point-wise bounds on the special functions.

Proof The trick is to consider kr instead of r alone. The general solution to the ODE is

Io(k r Kok bly(k
o) / Kotky) e (yydy + “HO DI
0

Ko

(kr) [T 2
. A ToCky)y“hi(y)dy +

(34)

. . ; Ko (kr)
The main part x; is compactly supported away from 0, but the homogeneous solutions =%~

and @ have leading terms % and % for nonzero constant C’s, respectively. Since we
require x to be O (1), these two homogeneous solutions can not appear i.e. @, b must be 0.

In order to bound the first term in (32), we estimate the integral for any 7:

g > [ 246 Cos
|/ To(ky)y“hr(y)dy| < W/ X (w) Iop(w)| Ko(w)|lw™°dw < W (35)
0 0

where C, ; is the value of the integral

4
f Io(w)| Ko(w) > dw.
1

Please notice that yx is supported in the interval. Then if kr > 1, using the bound on @
when x > 1, we find
Ko(kr) [ Cors |Kotkr)|  Cs
- | Tty WPyl < 25— = oy (36)
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To bound the second term in (32) from below, we compute

Io(kr) (7 5 Io(kr) [* 5 2is Cys - lokr)
[ Koty = B [ x kGt = 00
Cys 'Qsekr
I <E2 PR/

where the constant C 4 equals |, 14 Kg(w)wz‘“sd w, and C5 equals the positive lower bound
one ¥ /wly(w) forw > 1. Let Cs be large enough regarding these two constants and Cs s
the proof of (33) is complete. O

6.3 Proof of Theorem A and Corollary B

In functional analysis, closed range is equivalent to existence of “a priori estimate” in the
following sense.

Fact6.3 Suppose L : X — Y is a bounded linear map between Banach spaces. Then
RangelL is closed if and only if there is a non-negative constant N such that for any y €
RangelL, there exists a solution x to the equation Lx = y with the bound

llxllx < Nlylly- (37)

Proof of Theorem A: The idea is to construct a singular sequence violating closed range
whenever the essential obstruction does not vanish. By Lemma 4.5, this happens if the
connection is not isomorphic to the twisted Fubini-Study on a twisted tangent bundle of P2,
We only show it for the extended linearized operator using conditions II-V and IIT*. Similar
argument applies to the usual L under conditions I-IIT and IIT*.

Definition 2.1 of the configuration says that we are in the model setting in the tubular ball.
Given a large enough positive integer k, we specify the single variable function Ay in y (the
radius) as in (31) and let f; = %" Again, let ¢ be the eigen-section in condition III.

Because the auxiliary operator does not cover ¢ which is perpendicular to all the Atiyah
classes in Eigen_1 P, and that —I - Ly commutes with the projection to span{¢, T¢}
(-1 - Lol = —1I - L, thereon, see (25) and (27)), the ¢ cos ks-component of any solution
& =010

Lo&k = (fksinks)I¢ (38)

must be O (1) thus equals the x in (32). To see this, in view of the argument from (27) to (30)
on Dirac system, we simply project both sides of (38) onto span{¢, T ¢} according to (27),
then take the Fourier co-efficient of cos ks and apply Lemma 6.1. Therefore the L?-norm of
&k on the stripe defined by Ro/10 < r < Ry/5 tends to o0 as k — 00. As the C?—norm on
the punched ball of radius Ry, is stronger than this L2-norm, condition II implies

|€kly — oo ask — oo.

Condition IIT* says that ( fx sinks)I¢ is in RangeL and III says their B-norm are uniformly
bounded. According to the characterization of closed range in Fact 6.3, RangeL is not closed.
O

Under a tame configuration over a compact 7-fold, let

C2,[M,TM] C C*[M,TM] (39)
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be the subspace of C? vector fields that restrict to the form (4) in the punched tubular ball
i.e. only depending on r and s in B(Rg) x S! near each circle. Between weighted Schauder
spaces as in Section 3.3, consider the usual linearized operator

1,1 0,1
L: CAIMN\y, Qup ® Qapl — C5IM \y, Qup & ar] (40)

and the extended linearized operator

1,1 0,1
L: C/ 2 IM\y, Qup ® el ® C7 [IM, TM] — Cy ' IM'\y, Qp & gqpl- (41)

Both are bounded. The reason we let § = 0 for the extended linearization is that we do not

know whether Aux has a better bound than C2 : , due to the quadratic growth of the norm of
the curvature near the circles.

Proof of Corollary B: 1t is straight-forward to verify conditions I-V. Was L surjective, condi-
tion IIT* holds as well i.e. the configuration is ideal. Then Theorem A says RangeL is not
closed, which is a contradiction. Similar argument applies to the usual L.

For the reader’s convenience, we still provide the detail in checking the conditions.

e Condition I (saying L is bounded) holds by formula (3), our choice (41), and definition
of the weighted Schauder spaces. The weight for the first derivatives has 1 more power
than that for the section itself.

e Condition II (coerciveness) holds because restricted to the tubular ball, the norm C ? is

1 1
weaker than C;’z (Cll’fa).
e Condition III (bound on the particular sequence) follows simply from the decay of the
modified Bessel function K and that x is non-negative, supported in (1, 4), and bounded
by 1. Namely, the following holds for large positive integer k.
rSx (kr)Ko(kr)IC - sinks (kr)x (kryKo(kr)
k re(0,00) k?

sup r?
r€(0,00)

rig] < C.

. \Y s .
The r3~%-weighted bounds on the da—r %, and 7§5 of X(kr)KO(kk’)“ sin ks

Then

follow similarly.

POy (kr)Ko(kr)IC - sinks
k

<C. (42)

1
CZ—S

1
This implies the CSZS -bound of the same thing by interpolation of weighted Schauder
norms.
e Condition IIT* is simply the contradiction hypothesis that the linearization is surjective.
Condition IV holds automatically because of our vector fields (39).
e Condition V (saying L is bounded) holds by formula (7), our choice (41), and the simple
weighted Holder bound on the auxiliary operator:

[*(F§ AdIX2]) + *(F§ A (XadyDl oy < IXlc2.
2

Because it involves first partial derivatives of X, we need X to be C 2,

m}
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7 Appendix
7.1 Non-vanishing of a certain projection of coordinate vector fields on R®

Itis routine to check the following “non-vanishing” that applies to the proof of Proposition4.1.
Let (Zy, Z1, Z;) be the coordinates for C3 and v be the standard Reeb vector field on S°.

Fact7.1 LetY € R6\O be a (constant) nonzero vector. There exists a dense open set on S3
on which (rY)!? is non-zero everywhere.

Proofof Fact 7.1: We write Y = Y10 + Y91 where

0 d 0 —_—
Y =ay— +by— +cy—, and Y*! = y1.0
aYBZO + YaZ1 +CY822
for some complex constants ay, by, cy. Under the Sasakian coordinate in Upss C S°
defined by Zy # 0 [25, (15)], using formula (46) and

9  ZoZid | 0 a_zozza+a

Zo— = 2 z0-L =
052, 2w or ou %2, 2 or

duy

for (1, 0) coordinate vectors in C3, we calculate the projection onto the contact distribution
over S°:

I
Y10yl — . (by — gYul)i + (cy —ayuz) — ’
Zo duy duy

= Z |:(bY — ayul)(aTtl - Tl(aful)v) + (cy — ayuz) (ale — (ale) U>:| .

When (by — ayuy) # 0 or (cy — ayus) # 0, we have (ryYLoylo # 0. These two non-
vanishing conditions together with Zo # 0 define a dense open set on S°. O

7.2 The Lie derivatives of the vector fields on C3\0

Proposition 5.1 applies the following formulas of the Lie derivatives.

Lemma7.2 I. Let v be the standard Reeb vector field on S°. Then

a - 0a
L,|Zi— ) =0, L,|Zi— ) =0. 43
() =0 () W
Consequently, on R® and its complexfication, L,, = —Jes is equal to the negative of the
standard complex structure i.e.
ad ad ad a
Ly—=—+-1—, Ly— =+v—-1—. (44)
Yoz 9Zi" "8z IZ;
Particularly, for any vector Y € RS, L, = —Je3Y.
Y ta

2LA3—(ﬁ)%Th ! j L‘a—(%)mlhldTh'
- Lo g5z = ——5— The complex conjugate L s 32, = 7 also holds. This
means L 2 is —% times the projection to the orthogonal complement of % Particularly,

1,
6 _ 1yt
for any vector Y € R,L%Y_ S Y o,
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Proof We prove them in the Zariski open set Vg3, o (15). Then the global equations follow
by continuity.

On item 1, recall again [25, (15)] about the Sasakian coordinate system and the local
Kihler potentials ¢; of the Fubini-Study metric dz—" such that

T
Z,-:\/(;e ‘. 45)

In the i — th Sasakian coordinate chart, the Reeb vector field v equals 3% ([25, Fact 3.4]).

On the Euler sequence, Z; aizi are the scaling invariant holomorphic vector fields on C*\ O
whose projections to P2 span the holomorphic tangent bundle point-wisely. We directly verify
the following identities.

a r a9 /=120 0

9
z L2 ¥y 9 L in Uy 46
0920 " 2¢00r 2 060 Vou, Pou,  T0C (46)

a9 r da /=129 a9

a
Zi—=———————v9g— —Up— in Ul,([j3; (47

VA 2¢1 or 2 06; dvg vy
0 0 J=1 0 0 0
Zr—— Lf—if— 0— — wi— in U, c3. (48)
07> 2¢o or 2 06, 8w0 Jwj ’

Using the above identities, the desired (43) follows because each term in (46)—(48) has
vanishing Lie bracket with the Reeb vector field. By (45) and the characterization of v above,
we simply obtain

L,Z; =~—-1Z;

from which (44) follows.
We now prove item 2.

a a 1 a a 1 a 1[0 a
Lo—=|>—(Zi— )| =|= ()| (25 )+ 5 |5 2
or BZi ar Zi 3Zi ar Z; azi Z; ar 3Zi

19 19 1 9
Zis— -+ —
Yoz raz; 24z or

J—i

0 ar

az,

r

where we used that the orthogonal projection of 57 Z to ar is 55— ¢, 7 Bar O

7.3 On the Auxiliary operator
We provide the routine tensor calculation for Proposition 5.1.

Lemma 7.3 Under the conditions in Proposition 5.1 and the splitting of tangent bundle
3 1 a 9
TI(C\O) xS']=Span| —, —,v | & D
as or

where D is the contact distribution on'S® and v is the Reeb vector field, we write the vector
field (whose co-efficients under the standard Euclidean basis only depend on r, s, see our
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assumption (4) as

0 0
X=X,—+X,—+X,v+ Xp
as ar

such that X is D-valued. Then the auxiliary operator is

d L,X0).G
*(F$ A d[Xy]) = #p- {[(L%XO)JT" + (L2 Xo)aH + %} A FQ}
d L,X
= *pr {[(L% X)JT'7 + (L s X)oH + %] A Fg}
S [(L%X)fl—; +(Ly X)uH + w]ﬁg. (49)

Strategy: it is completely routine. We simply calculate

1. the exterior derivative of X 1., then
2. wedge it with the curvature then apply .

The idea for the first step is to separate d(Xo.v) into two parts, such that the first part
contains ds A dr A n as a byte, but the other does not. Then carrying out the second step, the
first part yields the first line on the right side of (49), the other part yields the supplementary
term Q(Xo) (see (55) below) which has vanishing wedge with the curvature.

Proof of Lemma 7.3: The standard co-associative form on C3 x S is

Cl)2 .
Yeue = % + ImQeyc ANds

3 g r*dn\? g >
=rdrAn/\7+E > —ridsAnANH+r“ds ANdr AG. (50)
O

Step 1: The semi-basic component of the vector field
Let X be a semi-basic vector field (contact distribution D-valued) on C3 \ O, we compute

d
Xo Weue = r3dr An A (XOJT'?) — r3ds A A (XouH)

2 P dn ,
+reds Adr A (Xo2G) + ?X()J(T) . (28]

We successively calculate the exterior derivative of each term in (51) using the Reeb Lie
derivatives in [25, Section 3.4]:

d 39X d d d
dlr3dr A A (XOJTU)] = r3ds Adr Ag A (= 047'7] —273dr A 7” A (XOJT”)
S

d
+rdr Ay A do(Xos ), (52)

3
dlr3ds A A (XooH)] = =3r2ds Adr An A (XooH) — r3ds Adr An A o (XouH)
r
d
—273ds A 7” A (XouH) +r3ds An Ado(XouH),  (53)

dlr’ds Adr A (XooG)] = rPds Adr An A [(LyX0)oGl — 3rds Adr An A (XouH)
+r2ds Adr A do(XoJG). (54)
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Using the above 3 identities and (51), we find

0Xo d 0Xo L,X0).G
0 dn X0 gy LuXliGy b x). (55)
as 2 or r

d(XoaVeye) =1 3ds Adr A nAl[
where
3 d dn 3 dn
0(Xg) = =2r’dr A — A (X()J*) + d[X()J( ) 14 2rds A 7 A (XouH)
d
—r3ds A Ado(XouH) + rzds Adr Ady(XosG) + r3dr Am A do(XOJTW)
d

123dr A [XOJ(T")Z]. (56)

The term —3r2ds A dr A n A (XooH) in (53) and (54) cancels out.

Because the Hodge star of ds A dr A n is semi basic, wedging (55) by FY, it s to routine
to verify that
XO d’] 9Xo (LyX0)aG

71_17
2+8r_,+ r y

Aux(Xp) = *{FA A (r

+*[FA A Q(Xo)]
L, Xo0)a
- *Di{[(L%XO)J%” + (L2 Xo)aH + #] A FS)
++[F A O(X0)]. (57)

Step 2: The component of X perpendicular to the contact distribution has no contribu-
tion to the auxiliary operator.

Fact 7.4 For any C _functions X;, X,, X, defined on a punched tubular ball in the model
space,

a
Aux(X +X v+ X, —) =0. (58)

The proofis completely routine. The distribution span ( 3‘%, % , L) isintegrable (involutive)
of which X — X is a section. The observation is that the exterior differential of each term in

ad
(Xs + Xyv + Xr )—‘Weuc (59)

contains at least one among the 3- forms 4 2 , G, H as abyte. This is because every term in
Yeuc itself contains one of these as byte, and applies the identities

dH =3nnG, dG=-3nAH.

Therefore the wedge of (59) and the anti self-dual curvature Fg (as an End E-valued section
of A2D*) vanishes.

To complete the proof of the Lemma, it suffices to show the following which indeed
requires that the co-efficients of the vector field X only depend on r, s. This condition is not
applied so far.

Step 3: the wedge between each term in Q(X) and Fg is 0.
We first show it for the 3 terms in line 2 of (56). The observation is that the multiplication
by a differentiable function of only r, s commutes with the transverse Hodge dual operator
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dSD*. Namely, on the first term among the 3, it suffices to show
do(XouH) A F = 0.
Taking *p+, the above is equivalent to
—dyP" [(Ju Xo)sF31 = 0.
Using Jy invariance of the curvature, it suffices to observe
dyP* [(Ju Xo)sF3] = EL% ~dyP [ I (rei sFH1 =0

where we used

doX; =0foralli=1,..,6

because these co-efficients only depend on r and s. The other two terms are similar.

To show the four terms in line 1 and 3 of (56) have vanishing wedge with the curvature,
using the identity XOJ[%(%)Z] = *xp* (XSD*), we calculate the the second term in line 1 of
(56):

@n? . 9Xo (dn)? X0 (dn)? (dn)?
d[Xoo 4 ]_ds/\[WJT]+drA[aTJT]+nA[LU(XO)J 2 ]
d 2
+d()[X(]J( n) ]. (60)

Any form with a byte in A% D* must vanish because the (R) rank of the contact distribution D*
is 4. Because the curvature FAO is an endomorphism-valued semi basic 2-form (pullback from
IP?), any form with a byte in A3 D* has vanishing wedge with the curvature. This is precisely
the case for every term in (60). The reason why the last term is semi-basic is simply that the
transverse exterior differential dy of a semi basic form remains semi basic. In summary, we
find

4

dn
?d[on(T)z] AFS=0.

Similarly, the other 3 terms in line 1 and line 3 of (56) also has byte of semi basic 3-form.
Then their wedge with the curvature also vanish

2r3dr A [XOJ(%")Z] AFS = —273dr A %’7 A (XOJ%") A FS
=2r3ds A ? A (XouH) A F§ =0.
This means Q(Xo) has no contribution to the auxiliary operator i.e.
0(Xo) A FY =0.

The first two equal signs in (49) is proved by (57) and (58). The curvature Fg is xp« anti self
dual. Then

xp+(0 A FS) = —64F)

for any semi basic 1-form 6. The last line in (49) is proved. O
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7.4 Homomorphism between stable bundles on P2

In proving Lemma 4.5, under the Chern number condition and others therein, the following
is crucial to bound h°[P?, End E] and to show that the poly-stable bundle E is stable.

Lemma7.5 On P", any nontrivial sheaf homomorphism between two stable locally free
sheaves of the same slope is an isomorphism.
Consequently, the space of such homomorphisms is either (complex) 0 or 1-dimensional.

On projective curves, the similar result is well recorded in literature. But this particular
version we need does not seem very easy to find. Following [18] verbatim, we still give the
detail for the reader’s convenience.

Proof Let ¢ : E; — E; denote the nontrivial homomorphism and stable bundles. [18,
Lemma 1.2.8] says ¢ must be injective or generically surjective i.e. surjective on stalks at
an arbitrary point away from the singular locus of Coker¢. By [18, Corollary page 171], it
suffices to show rank E1 = rank E; by ruling out the following two cases.

Case A: suppose rank Ey < rank E;. Then ¢ must be injective and Image¢ is a sub-sheaf
of E; of the same slope but lower rank. This contradicts the stability of E5.

Case B: suppose rankE| > rankE,, then it must be generically surjective. Using
that I/mage¢ is a torsion free coherent quotient of E;| [18, Proof in page 170], we find
rankImage¢ = rank E,. Moreover, we have c¢i(Imagep) < c1(E>) [18, Proof 1 in page
161]. Thus the torsion free quotient has less or equal slope:

u(Imaged) < u(Ez) = pn(Er).

This contradicts the stability of Ej.
The consequence holds by simpleness of stable bundles. O
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