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Abstract

Short C?’s were constructed in [5] as attracting basins of a sequence of holomorphic auto-
morphisms whose rate of attraction increases superexponentially. The goal of this paper is
to show that such domains also arise naturally as autonomous attracting basins: we construct
a transcendental Hénon map with an oscillating wandering Fatou component that is a Short
C2. The superexponential rate of attraction is not obtained at single iterations, but along
consecutive oscillations.
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1 Introduction

In [5] Fornaess proved the existence of so-called Short CK’s. Such domains are increasing
union of balls whose Kobayashi metric vanishes identically, but which allow for the existence
of non-constant bounded plurisubharmonic functions, and are thus not equivalent to Ck. In
the construction by Fornass the Short C* arises as an attracting basin for a non-autonomous
dynamical systems, given by compositions of a sequence of holomorphic automorphisms,
see Proposition 3 below. We prove here that a Short C¥ can also arise naturally as a Fatou
component of a single holomorphic automorphism.

It is clear that we cannot work with the basin of an attracting fixed point: such domains
are always biholomorphic to C*¥ [11,12]. We note that the attracting basins of neutral or
semi-neutral fixed points are often known to be biholomorphic to C¥, see for example [13]
for the semi-parabolic case, and [7,14] for maps tangent to the identity. In contrast, in the
recent paper [4] examples of attracting basins of neutral fixed points were constructed that
are not biholomorphic to C* but to C x (C*)~!. Whether the basin of attraction of a neutral
fixed point can be a Short C* is not known, but we consider it unlikely.

Instead we will prove that there exist holomorphic automorphisms with wandering Fatou
components equivalent to a Short C2. It immediately follows that such maps give rise to
infinitely many disjoint Short C2s, giving an alternative construction to an observation from
[2]. Recall that a Fatou component Fo of a map F is wandering if F' KF)NFi(Fy) =@
for all k # j. A wandering Fatou component Fy is oscillating if some subsequence F* has
bounded orbits in Fy, while a different subsequence has orbits converging to infinity.

The first construction of a holomorphic automorphism of C2 with a wandering Fatou
component is due to Fornass-Sibony [6], although the complex structure of the domain
has not been studied in the literature. Recently Arosio—Benini—Fornass—Peters [1] con-
structed a transcendental Hénon map, i.e. a holomorphic automorphism of C? of the form
F(z,w) = (f(z) + aw, az) with f: C — C a transcendental function, which admits an
oscillating wandering Fatou component biholomorphic to C2. In this paper we will modify
the construction from [1] to obtain the following:

Theorem 1 There exist a transcendental Hénon map with an oscillating wandering Fatou
component biholomorphic to a Short C2.

Remark 1.1 Our proof in fact guarantees that the constructed wandering Fatou component is
biholomorphic to one of the Short C?’s constructed by Fornzess. Little has been written about
the possible equivalence classes of Short C¥’s, although it is clear from the results in [5] that
there are at least countably many. Recall from the recent paper of Forstneri¢ and the second
author [3] that there are in fact uncountably many equivalent classes of complex manifolds
with vanishing Kobayashi pseudometric that can be written as an increasing union of balls;
a more general notion sometimes taken as the definition of a Short C.

We note that a transcendental Hénon map F has constant Jacobian determinant, thus the
rate of contraction cannot increase, even as orbits escape to infinity. Using Runge approx-
imation we recursively construct an oscillating orbit P, in such a way that the number of
iterates of the consecutive oscillations increases superexponentially fast. This guarantees the
rate of contraction to increase superexponentially fast when one considers the iterations from
apoint P,; in one oscillation to a point P, in the next, allowing the construction of maps
that are, after a suitable rescaling, arbitrarily close to the non-autonomous sequence of maps
constructed by Forness in [5].
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We construct a sequence of corresponding balls B(P,;, B4;), with B,; — 0, each mapped
by F"+17" into the next ball B(Py; ., Bn;,,). The construction guarantees that the cali-
brated basin is a Short C2; see [ 10] and the appendix of this paper for a discussion of calibrated
basins.

The calibrated basin is necessarily contained in the corresponding Fatou component Fj.
To prove that the calibrated basin is in fact equal to the Fatou component, we use a method
introduced in [1]: we construct a non-positive plurisubharmonic function on Fy that is strictly
negative at some point in the calibrated basin, and constantly equal to O on its complement. It
follows that the Fatou component cannot be larger than the calibrated basin. In the appendix
we show how the plurisubharmonic method can be applied to arbitrary calibrated basins,
clarifying the main result from [10].

2 Preparatory results

If (H,)n>1 is a sequence of automorphisms of C2, then for all 0 < n < m we write
Hyn,=Hyo---0Huq.
Notice that with these notations we have for all n > 0,
Hyy1n = Hpy1, Hpn =id.

If for all n > 1 we have H,(B) C B, where B represents the unit ball, then we define the
basin of the sequence (H,,) as the domain

Qy = U H;&(B).

n>0
Lemma2 To every finite family (Fy, . .., F,) of holomorphic automorphisms of C* satisfying
F;(B) CCBforall0 < j < nwecan associate e(Fy, ..., F,) > 0 such that the following

holds:
Given any two sequences (H,),>1 and (G,)u>1 of holomorphic automorphisms of C?
satisfying H,(B) CC B and G,,(B) C B for all n > 1, and moreover satisfying

IHy — Gullg < e(Hy, ..., Hy), Yn=1,
the basins QG and Qy are biholomorphically equivalent.

Proof Let (Hy),>1 and (G,),>1 be sequences as above. We will show how to choose the
constants (e(Hj, ..., Hp))n>1 to obtain a biholomorphism between Q¢ and Q.
For all n > 0 write U, := G;}J(B), and V, := H,ZO (B), and define

. -1
b, = 0.0 © Guo-

Notice that ®,, is a holomorphic automorphisms of C? satisfying ®,(U,) = V,,. We have
that

- -1 -1
®pp1 0@, =H, (o (H, ! 0Gui1)o Hyp.
Thus
—1 . —1 .
(Pnt1 — Pullu, = 1Pnt1 0P, —idlly, < Mp+1llH, ;0 Gut1 —idlig
< Mu1Np+1 | Hu1 — Gutl ”E < Myt1Nut16(Hy, ..., Hyg1),
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where M1 > 0 is the Lipschitz constant of H H, 0 on Hnjrll (B) and Ny+1 > Qis the Lipschitz

constant of H,_ 1 on B. Hence if for all n > 0 we choose

1
e(Hy,...,Hy1) < m,

the sequence (®,) converges to a holomorphic map ¢ on Q.

Recall that there exist § > 0 such that for every holomorphic map F : B — C? which
satisfies ||F — id|lg < § we have that the differential doF is nonsingular. By Hurwitz’s
theorem the map & is either injective or degenerate. Assuming that

e(Hy,..., H,

we have, since @ := id,

o0
1o —idlg < Y 1Pxs1 — Pillg <6,
k=0
and thus & is injective.

To prove surjectivity, observe that since for every n > 1 we have H,(B) CC B it follows
that V,,_1 C int(V,) hence there exist §,, > 0 such that for every injective holomorphic map
F:B — C? which satisfies || F — H_0||B < 8, it follows that V,_; C F(B). Clearly the
choice of §, depends only on Hy, ..., H,. Let us assume that

mini<j<, d;

) n+1) = il

S(Hl, .
n+1Nn+l

We have
o
1® = ®ull, < D 1Pkt — il < 6 )

or equivalently
1D oG, o~ Hyyllg < 8

which implies V,,_; C ®(U,). Since this holds for every n it follows that ®: Qg — Qg is
surjective.
O

The following result is slightly modified version of [5, Theorem 1.4], we sketch the proof
for the reader’s convenience.

Proposition 3 Let (dy) be a sequence of integers with dy > 2, and let us define H, (z, w) =
((§)n 4 27diyy 2=dwig) Then Qpy = Uy Hy o (B) is a Short C2.

Proof We prove the following:

(1) Qg is non-empty, open, connected set in C?,

(2) Qp is the increasing union of its subdomains 2 := H -l o (B) which are biholomorphic
to the unit ball B,

(3) the infinitesimal Kobayashi metric of Qg vanishes identically,

(4) there is a non-constant plurisubharmonic function v on C? satisfying Qy = {y < 0.
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First observe that Hy, is fixing the origin and Hy(B) CC B for every k > 1. Since Hj are
holomorphic automorphisms of C? we immediately obtain (1) and (2).

For (3) let us fix (p, ¢), where p € Qg and ¢ € T,Qp. Pick R > 0. Since p € Qg
we have py := Hio(p) — 0. Next we write § := d), Hy,0(¢). Since (Hy,0)x converge on
Qp to a constant map it follows that ¢ — 0. Now we can find & > 0 such that the map
nk(w) := pr + wR satisfies n(D) C B, where D C C represents the unit disk. Finally
we define n : D — Qg as n(w) := Hk_’é o ¢k (w). It follows from the definition of 7 that

n(0) = p and n'(0) = d), ka(} (R&n) = R¢, hence (3) is proved.
It remains to show that also property (4) holds. Let us write Hy o = (hk, h’;) and ny :=
2~%d1 We define gy (z) := max{[hX|, |h%], ni} and

. logex
Vi = di---dy’

Claim 1: The functions Yy converge on C? to a plurisubharmonic function r.
We show first that g1 < 2(,0:"+l on C2. Assume that ¢; < 1. Then

k dk+l
@k+1(2) = max (;) + kg hE | L et ’h]f s k41
< max{(p;:k+l + n]‘jk+1’ nZkJrl}
< 2(p:k+1'
If g > 1, then
k dk+1
¢k+1(2) = max (;) + kg hS | L et ‘hlf s k41
d d d d
< max{e " + 1 o, o,
d
<o + o
< z(kaJr] .

This way we obtain V41 < ¥r + dk?ﬁ%dl' Now define lpk = Y + Z;‘>k dlﬁ% and

observe that &kﬂ < &k. The plurisubharmonic functions &k form a monotonically decreas-
ing sequence, whose limit v is therefore also plurisubharmonic. Since ¥ — Y — 0, it
follows that ¥y — .

Claim 2: We have Qg = {¢ < 0}.

Letus assume that 1/ (z9) < 0, thenthereexistk > Oands < Osuchthat % <5 <0,
hence ¢ (z0) < esded1 From the definition of @y it follows that || Hy 0(z0)|l < 2e8ded
hence Hy ¢(zp) — 0 and therefore zp € Qp.

Next we assume that zo € Q. Then there exist kg > 0 such that Hy o(zo) € B for all
k > ko. But this implies that ¥ (zp) < 0, hence ¥ (zo) < 0. Since Hy ¢(0) = 0 for all k it
follows that ¥4 (0) = — log 2 for all k, hence ¥ (0) = —log?2 < 0. We have seen that y <0
on Qg and ¢ < 0 at some point in Q, therefore it follows from the maximum principle
that ¢ < 0 on Qp.
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Claim 3: v is not constant on Q.

Suppose that the contrary is true,i.e. ¥ |o, = s < 0.Firstobserve that || Hx ¢(8, 0)|| — oo,
hence Qp is not all C2. Pick R > 0 such that B(0, R) C Qp and there exist a point
p € dB(0, R) N aQy. Since Qy = {Y < 0} it follows that ¥ (p) > 0. By subaveraging
property of plurisubharmonic functions, ¥ (p) is bounded above by the average on any small
ball B(p, ¢). If € small enough then ¢ = s < 0 on more than one third of the ball B(p, ¢),
and since 1 is upper semicontinuous, this leads to a contradiction. O

3 Proof of Theorem 1

The proof of Theorem 1 is based on the iterative construction contained in the following
proposition, whose proof is postponed to Sect. 4.

Proposition4 Leta = % There exists a sequence of automorphims of C*

Fi(z,w) = (fi(@) +aw,az),  fil) =z+ 0@, k=0,1,2,...

a sequence of points P, = (zp, w,) where n = 0,1,2, ..., sequences (By)n>0 — O,
(Rk=0 /' oo, strictly increasing sequences of integers (ni)k=0 and (Ni)k=0 satisfying
no = 0 and Ny—1 < nx < Ny, and a sequence of odd integers (di)r>1, dx = 2 such that the
following properties are satisfied:

@) 1 Fx — F—1llp©.re_yyxc < 27% forallk > 1,

(b) Fr(Py) = Ppy1 forall) <n < Ng,

© 1Pyl < ¢ forallk =1,

(d) lzn,| > Ri + 3 and |z,| + By < Ry for every 0 < n < Ny,

(e) forallk > 1, B, = %l_'ka_] <n < ng and B, = ﬁ if ng < n < Ni, and

B, < ﬁ is of the form B, = a®x, for some integer qy,
() kllog B, | < dy---d forallk > 1,
(g) forall0 <s <k,

F{B(Po,. Bn)) CC B(Puysj, Bu+j)s V1= < Ni—ny,
(h) foralll <s <k,
@, o F" ™ o @, | — Hllg < min{e(H,, ..., Hy),a% "},
where ®,,(z, w) := Py + 2B, why), Hj(z, w) = (@) + a%i~w, a%i417).
Using this proposition we can now prove our main theorem.

Proof of Theorem 1 Let (F}) be a sequence of automorphisms of C? satisfying conditions
(a) — (h) of Proposition 4. The sequence (F) converges uniformly on compact subsets to a
transcendental Hénon map F € Aut(C?) with a saddle fixed point at the origin and with an
unbounded orbit (P,), a sequence B, — 0, a strictly increasing sequences of integers (ny)
and a sequence of odd integers (dy), dr > 2 such that the following properties are satisfied:

(1) Pnk — 0,
(i1) forall k > 0,
FI(B(Pay, Bu)) € B(Pugtjs Buetj)s Vi = 0. 2)

ey 1 log B,
>iii) limg— oo dk‘_‘d’; =0,
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(iv) if for all k > 1 we write
Gy =@, o F" 1 6 &, € Aut(C?),
then by combining conditions (g) and (h) it follows that G (B) C B for all k, and
|Gk — Hillg < min{e(H,, ..., Hy),a% ), Vi > 1, (3)
where Hj represents the holomorphic automorphism
Hy(z, w) == ((a2)® + a% D, a%i7),

It follows from Lemma 3 that Qg := | J >0 H, ,;é (B) is a Short C2. By Lemma 2 the basin
Qg = Ukzo G,;é)(IB%) is biholomorphic to Q. Define

Qp = F" B(Puy, Bu))-
k=0

Notice that QF = ®¢(Q2g), and hence 7 is a Short CX. We now show that Q is contained
in an oscillating Fatou component.

First of all, the set Qf is contained in the Fatou set of F. Indeed, by the invariance of the
Fatou set it is enough to prove that for all k > 0, the ball B(ny, B,,) is contained in the Fatou
set. But this follows from (2) since the euclidean diameter of F/ (B(P, «» Bny)) s bounded
for j > 0 (in fact, it goes to 0 as j — o0). For all j > 0 let ,; be the Fatou component
containing ]B%(Pnj, Bn;)- Since QF is connected, it is contained in the Fatou component Fy.

Since B, — 0, by (2) and by the identity principle it follows that all limit functions on
each ]-',,j are constants. We claim that for all j > 0, if i > j, then F,, # ]:n_,-’ which
implies that they are all oscillating wandering Fatou component. Assume by contradiction
that Fn; = Fnys and set k := n; — nj. Since the origin is a saddle point, there exists a
neighborhood U of the origin that contains no periodic points of order less than or equal
to k. Since the sequence (P,) oscillates, there exists a subsequence (Py,) of (P,) such that
Py, — z € U\{0}. But then

FMemi(Py) = FM7" (Py,) — FX(2) # 2,

which contradicts F™¢™" (Py;) = Py, — z.
We complete the proof by showing that Qr = Fj. Suppose by contradiction that Qf #
Fo. For all k > 1, let us define the plurisubharmonic function ¥ as follows

log(max{|| F"*(z) = Pu;ll, Bny 1k}

Yr(z) == Qo
_ log(max{[|®y, 0 Gi.00 Dy (2) = Pucll, By i)
- di - d ’
di---d) )

where n :=a
By (2) the limit functions of the sequence F’ k are constant on . Since the sequence (Py;)
is bounded, it follows that for all compact subsets K C Fp we have

IF™(z) = P, Ik — O.

As a consequence, we have that () is locally uniformly bounded from above on Fg and that
for all z € Fo, lim sup;_, o, ¥« (z) < 0. For all k > 1 define the plurisubharmonic function
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364 L. Arosio et al.

as

log(max{||G,o(w)|, nk}) + log By,
dp - dy ’

or(w) := Yy o Dp(w) =

The sequence (¢ ) is clearly locally uniformly bounded from above on @, ! (Fo) and

limsupgr(z) <0, Vze d>61(f0)- “)

k— 00

We now show that the sequence (¢y) converges on & ! (Fp) to a function ¢ (which has
to satisfy ¢ < 0 by (4)) which is plurisubharmonic on Q¢ = @, ! (2F), strictly negative at
the origin, and identically zero on @ ! (Fo\Q¢.

Once this is done, we conclude the proof in the following way: such function ¢ is upper
semicontinuous on the whole @ l(]-'0) since it is identically zero on @ 1(]-'0)\9(;, and
thus it coincides with its upper semicontinuous regularization, which is plurisubharmonic on
o, ! (Fo) since (¢x) is locally uniformly bounded from above on @, ! (Fo) (see [8, Proposition

2.9.17]). But this contradicts the maximum principle.

. . 1 n
Since limg_ ;Lgﬂ k = 0 we only need to prove that the sequence

_ __ log(max{[|Gk,o(w)ll, nx})
ok (w) = dedi

converges to such a function ¢.

Recall that |Gy — Hil| < nx on B by (3). For all w € Qg define Ox(w) :=
max{||G,o(w)|, n}. Recall that Q¢ = U, ey G;})(]B%). Fix j > Oand let w € G;}O(B).
Then for all k > j we have that G o(w) € B, and

Ok+1(w) = max{||Gr+1,0(W)Il, Nk+1}
< max{|| Hx+1(Gr,o(w) | + k41, Me+1}
< max{l|Gro) " + M1 1 Gro) I + M1, mice1}
< max {6, Dt () 4 an"“, r]Z"“}

<360 (w).
Hence for k > j we have, for all w € G ,(B),

log3

. _ - '
Gr+1(w) < gr(w) + derr-—dr

This implies that the sequence of plurisubharmonic functions on G;:)(IB)

- log3
Pk +Zdj"'d]
Jj>k

is monotonically decreasing, hence its limit ¢ exists and is plurisubharmonic on G~ O(IB%)

Since this holds for every j > 0 we obtain that the limit ¢ exists and is plurlsubharmomc on
Q. Notice thatp(0) = —log?2 < 0.Ifw € @ (fo)\Qg,thenwehavethat Gro(w)| > 1
forall k € N, which implies ¢ (w) > 0 and thus lim inf;_, oo ¢k (w) > 0. But then (4) implies
that @ (w) converges to 0. ]
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4 Proof of Proposition 4

We prove this proposition by induction on k. We start the induction by letting Ry = 1,
no = No =0, o =1,q90 =0, Py = (20, wo) with [z0| > 6 and Fy(z, w) = (z + aw, az),
such that all conditions are satisfied for k = 0. Let us suppose that conditions (a)—(h) hold
for certain k, and proceed with the constructions satisfying the conditions for k 4 1.

By Lemma 7.5 from [1], which relies on the Lambda Lemma, there exist a finite Fj orbit
(Qj) = (2}, wj)o=j=m such that:

o Q¢ < g forsome 0 < £ < M,
e for small enough 0 < 6 < ﬁ the three disks

D(zn,, Bn,)s  D(wg/a,0), D(Z)y,0)

are pairwise disjoint, and disjoint from the polynomially convex set

K:=DO.R)U |J DG 0. ®)
0<i<M

By continuity of Fj there exists 0 < sp < % small enough such thatforall0 < j < M —¢,

i 0
F{ (B(Qr.50)) CC B(Qesy. 5)

and such that forall 0 < j < ¢,

_; 0
F. ' (B(Qe. s¢)) CC B(Qe—j §)~

Moreover we can assume that
s¢ = a%¥+1 for some qrq1 > £+ 2. 6)

We define &, = Q¢ + s¢ - 2.
Our next goal is to construct the map Fj.41 with a piece of orbit Ty := Py, T1, ..., Ty =

o such that the iterate F; N approximates the composition F, ‘o ® (oHpyq0 oo N
k+1 pp p k + ng k
arbitrarily well near the point Py, , where

Hyt1(z, w) i= ((az) %+ 4 qdrtdiyy qdieci=digy

and where di1 > 2 is an odd integer to be determined later. See Fig. 1 for a sketch of the
piece of orbits constructed in step k + 1.

Lemma 5 For every sufficiently large odd integer dy1 > 2 the map
Flo®po Hippo @, o M

can be written as a finite composition Yy o ... o Y| of maps of the form V;(z, w) =
(pj(2) +aw, az), with ¢ : C — C holomorphic.

Proof Let Fi(z, w) = (fi(z) + aw, az) and 7(z, w) = (aw, az). The map t is clearly of
the form (¢(z) + aw, az) if we set ¢ = 0. A quick computation shows that

F,:l(z, w) = t2070A0To0 r_z(z, w).
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366 L. Arosio et al.

Fig. 1 A sketch of the piece of orbit constructed at step k + 1. In green: the boundary of the cylinder
D(0, R) x C. In red, the points Q,, = (z;l, w;l) constructed using the Lambda Lemma. In blue, the points
Ty = (z),, wy)) connecting Ty = Py, to Ty = Qg

where A(z, w) = (— fx(2) +aw, az). Clearly 772 commutes with 7. The map 772 does not
commute with A, but it satisfies the following relations: for all j > 1,

5o A= ]\j ot_zj, Aot 2 =¢7% o[\j,
where we write

N 2j . .
Aj(z,w) = (— % +aw,az), Aj(z,w) = (—aszk(%) +aw,az).

Notice that the maps A j and A j are of the required form (z, w) — (¢(z2) + aw, az). If for
all j > 1 we write

~ ~

Z\OJ ::]\1 o...oAj, IA\jgo = /A\jo...oAl,
we obtain
F,:j =To [\O,j otor 2UtD = 720+D o ¢ o /A\j,o oT. (7)
Define
Hig1(z, w) := (a(Z—dl“‘dk+l)dk+1de+l +aw, az),
and notice that
Hyy1 = Mgy o rhdini =1,

We remark that from the last formula it follows that the product dj - - - dy4+1 must be odd, as
otherwise the linear parts on left and right hand side cannot be equal.
Finally we focus on ®; and @, kl. By inductive assumption (e) we know that 8,, = a®dk .

By (6) we know that s, = a4+ Let us write Py, = (2, wy) and Qp = (22, wé) and
recall that

Doz, w) = (s¢ - 2+ 25, e - w + wy).
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A transcendental Hénon map with an oscillating... 367

If we define

2y
2@

/
W
2@ -+l

S1(z, w) 1= ( +aw,az), S(z, w) = ( —i—aw,az),

then a quick computation gives us
b, = 2@1=D S> 0 8].
For the inverse

_ Z—2Z w—w
o) eow = (52, W)

IBnk ﬂnk
we write R (z, w) := (—awy, +aw, az) and Ry(z, w) := (—azznk +aw, az)
@, =124 Do RyoR).
Now we can write

Flo®po Higpp o @yt o Fpe M
21 —t=2)+1

—2(Nx—ni+1)

dy-dip1—1-2(qx—1)

:‘EOZ\O.@OI oSZoslonHor

oR)oRjorT oTo AN, 00T

2(qk+1—4—2)+1 dy-dpy1—1—=2(Nk—ni+qi)

=‘L'O[\0,gO‘L' oS08 0Hiy10T
oRyoRjoToAN_p 00T, (8)
where

Ri(z,w) = (— a?Nemmt Dy, 4 qu, az),
Ry(z.w) = ( — @? Nt D12, 4 qu, az).
Since gi+1 > £ + 2 it follows that 2(gx4+1 — ¢ — 2) + 1 > 0. If we choose the positive

odd integer dy1 in such a way that

2(Ni —ng +qi) + 1
d > ,
h+1 > dd

thend - - - digy1 — 1 — 2(Ny — ng + gx) > 0, and hence the lemma is proven. O

Let ¥y o ... 01 be the maps given by Lemma 5. Let us write Py, := (xo, o), and, for
alll<n <N,

Xy = (X, yn) = Ym o ... 0 Y1(x0, y0)-

Notice that X := Qo, and that y, = ax,_1.

Lemma 6 Define W := FkN"fnk (B(Puy» Bu))- If dis1 is sufficiently large then for every
1 <n < N we have

1
Yno... 0t (W) CC IB(X", le)
Proof By condition (g) of the inductive process we have that for all 0 < j < Ny — ng,

Fo/w) cc ]B(PNk_j, ©)

1
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Notice that F, ™" (W) = B<Pnk7 ﬁnk>~

By (7) we have Fk_1 =71%07o0 [\1,0 o 7. Since t(z, w) = (aw, az), it follows that
Y1(W) = t(W) C B(X1, 7i7)- By (9) we obtain

o 1
-3
70 Ao t(W) CC B(Pn;—1, m),
and thus

) s 1
Y20 Ui (W) = Ay o t(W) cC P ®(Py—1, ——)) € B(X2,

1
k+1 k+1)'

Since Fk 2 =T 5 o} [\2 o) [A\l (o] I,by (9) we obtain
T 5 /A\ /A\ C( ) B( 71 )
o o otT(W) C« Py, 2, s
2 1 Ni—2 k 1
and thus

Ao 1
Y3 o0vn oY (W) =Az0A; ot(W) CC B(X3, m),

Repeating this argument we obtain, forall 1 <n < Ny —ng + 1,

1
Yno oY1 (W) = Auioo (W) CCB(X (=7 )-

The maps Ry, R, T are affine contractions, hence after applying these maps the image of
W will still be contained in the respective balls of radius klﬁ Let us look at what happens
if we now apply the map Hj1. Notice that

di- i1 —1=2(Ng—=ng+qi) o R2 ° Rl oTo ANk—nk,O 0T = Hiyp o q,;](l o FI:lk*Nk’

Hit107
hence
Hi41 0 g den = 1=2(Ne—nitai) RyoRjoto ﬁk,(Nk—nk) ot(W) = Hp+1(B).

By choosing dj4; sufficiently large we can make sure that Hy(B) and all remaining

images of W are contained in the balls of radius klﬁ O
Let us write Py, := (23, wg), Qo := (2, wi), let 2}, ..., z},_, € C be some sequence

’ "
of points to be determined later, and let zx,_l = %0 = u;—” Nextwe define forall0 <n < N,

wy, =az,_, T, = (z,, wy)and ©,(z, w) 1= (z—2z,,+x,, w—w, +y,).Foralll <n <N,
Gu(z,w) =0, 0¥, 00,
= (2y +on(z = 251 +Xn=1) = Pu(Xn—1) — aw,_; +aw, az),
which is of the form G, (z, w) = (g,(2) + aw, az), where
en(@) =2, + 0n(@ — 25| + Xn1) — Gn(Xn1) —aw,_;. (10)

Notice that for every 1 < n < N we have G,(T,—1) = Ty, since ®;(T;) = X; for all
0 < j < N. Notice also that ® y = ®¢ = id, and thus

Gyo...oG| = kaz o @y o Hyy od>;k1 oF,:erk.
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A transcendental Hénon map with an oscillating... 369

Since the maps ®,, are just translations, and ®y is the identity, it follows from Lemma 6
that

1
Gno...oGl(W)=®;lowno-~-ot/f1o@oCCIB(Tn,m).

Remark 4.1 Observe that Gy = (H);,l 0to0O®yN_1 = (alyn—1— w}(,_l) +aw, az). We know
that Gy o...0 G (W) CcC B(Qy, %), hence

Gy_10...0G1(W) CcC B(Tn—1,6).

Fix dy41 such that dllffgd‘li - < klﬁ and such that Lemma 5 and Lemma 6 hold. We now have
complete freedom of choosing points 77, ..., zZ},_, € C such that the disks

— — — — 1

D(zn,, BN D(wé)/a»e)a D(Z?\/Ise), (D(Z/j/, m))lsjsN—z

are pairwise disjoint, and disjoint from the polynomially convex set K defined by (5). Let H
represent the union of these disks, and define Ry > O sufficiently large so that K U H C
D(0, R41).
We define a holomorphic function % on the polynomially convex set K U H in the following
way:
(1) h coincides with f; on K
2) h|5(ZNk»ﬂNk) coincides with g1, where the g; are defined in (10),

3) hl_ coincides with gj4 foralll1 < j <N —2,
5 )

1

A =a}
“4) h|5<w6 Ja,0) coincides with gy,

(5) h|E(Z;V[’9) is constantly equal to some value A € C such that |A + aw}w| > Rp+1 + 3.

By the Runge Approximation Theorem there exists a function fi+; € O(C) satisfying:

(D) fit1(0) = h(0) =0and f;,(0) =h'(0) =1,

(2) fit1 coincides with /2 on all the points z;, 2, 2]

j’
B) N fier1 — hllkul < Sk+1 < 2-k=1 with Sk+1 to be chosen later.
We define Fi41 := (fi+1(2) + aw, az), so that the sequences of points
(Po<j<ne:  Tpi<j<n-1,  (Qjo<j<m

together form the start of an Fj1-orbit.
Setngqy := Np+ N +£and Niyy := Ny + N+ M+ 1, Py, = Fry1(Qn). Define

Bj = ﬁ if Np < j <ngst, Buyyy = se and B = ﬁ if np41 < j < Nigr.

It is immediate that conditions (a) — (f) are satisfied for the (k + 1)-th step. We claim that
8k+1 can be chosen sufficiently small enough such that conditions (g) and (h) are satisfied
for the (k 4 1)-th step. We start with (g), that is we show that forall 0 < s < k + 1,

Fk]+1(B(PnN ,an)) CcC IB(Pns+jy ﬂnﬁ—j)a Vi = ] = Nk+1 — Ng, (] 1)
We have
F/(](B(Pnk’ Bu) CCT B(Puytj» Bug+j), Y1 =< j < Np —ny,

_ 1
Gjo---0Gjo Fka "K(B(Pyy, Bny)) CC B(T;, m), VI<j<N-2,

@ Springer



370 L. Arosio et al.

Gy_10---0Gyo Fka_nk(B(Pnks Bn)) CC B(Ty-1,0),
ij 0oGyo---0GyoF " (B(Puy. Bu)) CCB(Qj,6), YO< <M.

Notice that all these sets are contained in (K U H) x C, and that

B 1
(A +aw,az) o FkM ° GN o---0Gjo F]ka "k(B(Pnk, ﬂnk)) CcC B(PNk+1v m)

Hence we can choose 8§41 > 0 small enough such that (11) holds for s = k. Similarly one
obtains (11) for 0 < s < k 4 1, and hence (h), completing the proof of Proposition 4.

Appendix: Calibrated basins and the plurisubharmonic method

As afurther illustration of using the plurisubharmonic method to prove that an attracting basin
equals the Fatou component containing the basin, we take a closer look at the calibrated basins
constructed in [10]. Let fo, fi, f> ... be a sequence of automorphisms of C¥, all having an
attracting fixed point at the origin. For all j > 0 there exists a radius ; > 0, a constant
0 < uj < 1and aconstant C; > 0 such that

/7 @I = Cjufilizll, Vz e BO,rj),n=0.

We can choose 7 large enough to obtain

£ (B, 7)) C BO, rj41),

and r; — 0. We then define the calibrated basin Q(,j),(nj) by

Q.o = (J U7 00 S5 (BO. ).
jeN
It is easy to see that the calibrated basin may depend on the sequences (r;) and (n ;) chosen.
Recall the following result from [10]:

Theorem 7 Fixthe sequence (r;). Forng, ni, ... sufficiently large, where eachn j may depend
on the choices of ny, ..., nj_1, the calibrated basin of the sequence f(;'o, fln' ,...1s biholo-
morphic to Ck.

Recall that it may be necessary to replace the maps f; by large iterates: all assumptions (with
rj = %) are satisfied by the maps in [5], see Proposition 3, but in this case the calibrated
basin is a Short C¥, and hence not equivalent to CX.

One may wonder whether it is necessary to work with the calibrated basin instead of the
basin that contains all points whose orbits converge to 0. It turns out that this may indeed
be necessary: for suitable choices of the sequence fy, fi, ... the full basin may not be open,
even when replacing the maps with arbitrarily high iterates f;°, f,'!, ..., see [10]. This raises
another natural question: is the calibrated basin equal to the Fatou component F( containing
the origin, that is, the largest connected open set with locally uniform convergence to 0? Here
we prove that this is indeed the case.

Theorem 8 Fix the sequence (r;). For ng, ny, ... sufficiently large we have

Fo = Q). (n))-
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Proof Define

log [ f;” 00 f3°@)

Gi(z) =
Jj (@) —n; log "

Observe that, given a compact K C Fy, for big j we have that f;’j oo fi(K) C BF,
and thus that G j|¢ < 0. Let

G =limsup G,
Jj—o0o
and write G* for the upper semi-continuous regularization of G. It follows that G* is plurisub-
harmonic on Fy.
If we choose n; sufficiently large we may assume that

logrjqi

— 0,
njlogu;

hence for any point z € .7-'0\52(,/),("/) we have G*(z) = G(z) = 0.
On the other hand, let z € Q;).(n;), and let j > 0 be large enough such that z; :=

£ o 0 f°(2) € B(O, r)). Then

l’lj )
G () = log ||fj @) - logC; +log |zl +n; IOgMj‘
—njlogu; “njlog )

Choosing the n;’s large enough we thus obtain G(z) < —1 forall z € Q(,_,.),(,, Pr which
implies that G*(z) < —1 forall z € Q(,j),(,,j). Since Fy is open and connected, it follows
from the maximum principle that Fo\$2(;),(»;) must be empty, which completes the proof.

O
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