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Abstract

We establish a quantum cluster algebra structure on the quantum Grothendieck ring of
a certain monoidal subcategory of the category of finite-dimensional representations of a
simply-laced quantum affine algebra. Moreover, the (g, t)-characters of certain irreducible
representations, among which fundamental representations, are obtained as quantum cluster
variables. This approach gives a new algorithm to compute these (g, t)-characters. As an
application, we prove that the quantum Grothendieck ring of a larger category of represen-
tations of the Borel subalgebra of the quantum affine algebra, defined in a previous work
as a quantum cluster algebra, contains indeed the well-known quantum Grothendieck ring
of the category of finite-dimensional representations. Finally, we display our algorithm on a
concrete example.
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1 Introduction

Finite-dimensional representations of quantum affine algebras have been classified by Chari
and Pressley [7] with a quantum affine analog of Cartan’s highest weight classification of
finite-dimensional representations of simple Lie algebras. Combining this classification with
the notations from Frenkel-Reshetikhin g-character [10] theory, one gets the following.
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1450 L. Bittmann

Let g be a finite-dimensional simple Lie algebra, and 4, (§) be the quantum affine algebra.
Irreducible finite-dimensional representations of U, (g) are indexed by monomials in the
infinite set of variables {Y; 4}icr qecx, Where I = {1, ..., n} are the vertices of the Dynkin
diagram of g. For such a monomial m, the corresponding simple ¢4, (§)-module is denoted by
L(m). If the monomial is just one term m = Y; 4, the corresponding simple module L(Y; ,)
is called a fundamental module. Chari—Pressley classification result also implies that every
simple module can be obtained as a subquotient of a tensor product of such fundamental
modules.

This classification is a major result. However, it gives limited information on the module
structure. For that purpose, Frenkel and Reshetikhin have developed a theory of g-characters,
giving the decomposition of the modules into generalized eigenspaces for the action of a large
commutative subalgebra of ¢, (g). Frenkel-Mukhin established an algorithm to compute
those g-characters [9]. This algorithm is guaranteed to work on fundamental modules, but
not on all irreducible I, (§)-modules [36].

When g is of simply-laced type, Nakajima [30] used the input from geometry, and more pre-
cisely perverse sheaves on quiver varieties, to construct #-deformations of these g-characters,
called (g, t)-characters, as elements of a quantum Grothendieck ring. He introduced a sec-
ond base for the Grothendieck ring of the category of finite-dimensional representations of
U, (§), also indexed by the monomials in the variables {Y; 4};cs 4ecx, formed by the stan-
dard modules. Geometrically, these standard modules correspond to constant sheaves, but
algebraically, for each monomial m, the standard module M (m) can be seen as the tensor
product of the fundamental modules corresponding to each of the factors in m, in a particular
order (see also [39]).

He first used a 7-deformed version of Frenkel-Mukhin’s algorithm to compute (g, )-
characters for the fundamental modules, then extended the (g, #)-characters to the standard
modules, denoted [M (m)];. Next, he defined (g, t)-characters for the simple modules as
some unique family of elements [L(m)]; of the quantum Grothendieck ring satisfying some
invariance property, as well as having a decomposition of the form

[L(m)], = [M(m)]; + Z O .m ()M (m")], (1.1
m'<m
where < is a partial order on the set of Laurent monomials in the variables {Y; 4}ics qecx,
defined by Nakajima, and Q,,/ ,, () € Z[t*!] is a Laurent polynomial.

Nakajima then showed that these (g, t)-characters were indeed ¢-deformations of the g-
characters of the simple modules L (m), in the sense that the evaluation of the (g, ¢)-characters
att = 1 recovers the g-characters. Finally, inverting the unitriangular decomposition (1.1),
one gets an algorithm, of the Kazhdan—Lusztig type, to compute the (g, #)-characters, and
so the g-characters of all simple finite-dimensional ¢, (§)-modules.

This algorithm is theoretically computable, but as noted in [34], trying to compute it in
reality can easily exceed the size of computer memory available. The first step of the algorithm
is to compute the (g, t)-characters of the fundamental representations, and for example, for
g of type Eg, the 5th fundamental representation requires 120Go of memory to compute.

In [22] Hernandez and Leclerc introduced a new point of view on representations of quan-
tum affine algebras, using the theory of cluster algebras that was developed by Fomin and
Zelevinsky in the early 2000’s [1,11-13]. In [24] they established a new algorithm to com-
pute g-characters of a particular class of irreducible modules, called Kirillov—Reshetikhin
modules, which include the fundamental modules, using the cluster algebra structure of the
Grothendieck ring of a subcategory of the category of finite-dimensional U, (§)-modules.
The picture is completed when put into the broader context of the category O™ of representa-
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tions of 4, (§), introduced by Hernandez and Jimbo in [21]. In [25], Hernandez and Leclerc
showed that the Grothendieck ring of this category, which contains the finite-dimensional
representations, is isomorphic to a cluster algebra built on an infinite quiver, while explicitly
giving the identification.

In a previous work [3], the author defined the quantum Grothendieck ring for this category
O™ of representations as a quantum cluster algebra, as defined by Berenstein and Zelevinsky
[4]. However, the question of whether this quantum Grothendieck ring contained the quantum
Grothendieck ring of the category of finite-dimensional representations, as used by Nakajima,
was only proven in type A, and remained conjectural for other types.

In this article we propose to show that, when g is of simply-laced type, the quantum
Grothendieck ring of a certain monoidal subcategory of the category of finite-dimensional
U, (§)-modules has a quantum cluster algebra structure (Proposition 7.3.3). The proof relies
heavily on a family of relations satisfied by the (g, #)-characters of the Kirillov—Reshetikhin
modules called quantum T -systems proved in [31]. These relations are ¢#-deformations of the
T -systems relations, first stated in [29]. These relations have not been generalized to non-
simply-laced types, except for type B, in [26]. This is the main reason why the results of this
paper are limited to A D E types. This quantum cluster algebra approach gives a new algorithm
to compute the (g, t)-characters of the Kirillov—Reshetikhin modules, and in particular of the
fundamental modules (see Proposition 6.3.1). This algorithm seems more efficient, at least
in terms of number of steps, than the Frenkel-Mukhin algorithm (see Remark 7.3.6).

For certain subcategories of the category of finite-dimensional 24, (§)-modules generated
by a finite number of fundamental modules, Qin obtained in [37] in a different context results
similar to some results whose direct proofs are given here (see Remark 5.2.5). In this present
work, we give explicit sequences of mutations to obtain (g, #)-characters of fundamental
modules.

Next, we use this new result to prove a conjecture that was stated by the author in the
aforementionned work [3]. This previous work dealt with a category O™ of representations
of the Borel subalgebra of the quantum affine algebra, which contains the finite-dimensional
U, (§)-modules. The quantum Grothendieck ring of this category was defined as a quantum
cluster algebra, and it was conjectured that this ring contained the quantum Grothendieck
ring of the category of finite-dimensional representations. Here, we show that the quantum
cluster algebra considered in [3] can be seen as a twisted version (in the sense of [15]) of the
quantum cluster algebra occurring in the finite-dimensional case (see Proposition 7.2.3). As an
application, the (g, t)-characters of the fundamental modules are obtained as quantum cluster
variables in the quantum Grothendieck ring of the category O (Proposition 7.3.3), and the
inclusion of quantum Grothendieck rings conjectured in [3] follows naturally (Theorem 7.3.1
and Corollary 7.3.5).

Note that these results extend the algorithm to compute (g, #)-characters of some simple
modules in the category O, However, for this category of representations, the question of
defining analogs of standard modules remains open. The author tackled this question in a
previous work [2], and gave a complete answer when the underlying simple Lie algebra is
g = slp. This work is also a partial answer to the first point of Nakajima’s “to do” list from
[35].

The author would also like to note that in type A, parallel results to the ones presented
here were proven in [38], via a different approach. In this work, (g, t)-characters of Kirillov—
Reshetikhin modules are also obtained as quantum cluster variables in some quantum cluster
algebra, the method uses a generalization of the tableaux-sum notations introduced by Naka-
jima in [32].
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1452 L. Bittmann

Finally, we use this algorithm to explicitly compute, when g is of type Da, the (q, 1)-
character of the fundamental representation at the trivalent node.

This paper is organized as follows. In Sects. 2 and 3 we recall notations and results
regarding finite-dimensional representations of quantum affine algebras. In Sect. 4, we recall
results regarding the 7-deformation of Grothendieck rings, such as (g, t)-characters and
quantum 7'-systems. In Sect. 5 we prove the existence of a quantum cluster algebra .A; with
t-commutations relations coherent with the framework of (g, t)-characters. Then, in Sect. 6
we prove that this quantum cluster algebra is isomorphic to the quantum Grothendieck ring of
a certain monoidal subcategory of the category of finite-dimensional 4, (§)-modules; in this
process, we established an algorithm to compute (g, ¢)-characters of Kirillov—Reshetikhin
modules. Section 7 is devoted to the category O, and to the proof of the inclusion Conjecture
of [3]. Finally, the explicit computation mentioned just above is done in Sect. 8.

2 Cartan data and quantum Cartan data
2.1 Root data

Let us fix some notations for the rest of the paper. Let g be a simple Lie algebra of rank n and
of type A, D or E. This restriction is necessary as one of the main arguments of the proof
is the quantum 7 -systems, which have only been proven for these types as yet. Let y be the
Dynkin diagram of g and let  := {1, ..., n} be the set of vertices of y.

The Cartan matrix of g is the n x n matrix C such that

2 ifi =,
Ci,j =41 —1ifi~j (iandj areadjacent vertices of y ),
0 otherwise.

Let us denote by («;);es the simple roots of g, (ociv )ie1 the simple coroots and (w;);cy the
fundamental weights. We will use the usual lattices Q = @,; Za;, 0 = @, .; No; and
P =@, Zw;. Let Py = P @ Q, endowed with the partial ordering : @ < «' if and only
ifo —weQF.

The Dynkin diagram of g is numbered as in [28], and let ay, as, . . ., a, be the Kac labels
(ap = 1).

Let i be the (dual) Coxeter number of g:

g An D, |Ee¢|E7|Es
hin+1|2n —2[12|18|30

(2.1)

2.2 Quantum Cartan matrix
Let z be an indeterminate.

Definition 2.2.1 The quantum Cartan matrix of g is the matrix C(z) with entries,
24z ifi =,
Cij(2) = -1 ifi~j,
0 otherwise.
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Remark 2.2.2 The evaluation C (1) is the Cartan matrix of g. Asdet(C) # 0, then det(C(2)) #
0 and we can define C(z), the inverse of the matrix C (z). The entries of the matrix C(z) belong

to Q(2).

One can write
C(2)=(@z+z HId-A,

where A is the adjacency matrix of y. Hence,

+00
CQz) = Z(z +z7hymtam,

m=0

Therefore, we can write the entries of C (z) as power series in z. For all i, j € I,
+00
Cij(z) = Z Ci jm)z" e Z[[z]). 2.2)
Example2.2.3 (i) For g = sl,, one has

Cn = Z( D' = -2+ -+ - (2.3)
n=0

(ii) For g = sl3, one has
Ci=z—2+2 =" +P+..., 1<i<2
Cij= -+ -2""+2
We will need the following lemma:

Lemma2.2.4 [3, Lemma 3.2.4] For all (i, j) € I3,

Cijm = 1)+ Cijm+1) =Y Ciu(m) =0, ¥m > 1,
k~j

Cij(1) =8 ;.
Let us extend the functions C; j to even functions on Z
Ci j(m) = Cij(m) + Cij(—m) (m € Z), (2.4)

with the usual convention C‘i j(m) = 0if m < 0. Then Lemma 2.2.4 translates as:

Cijm — 1)+ Cij(m +1) = Y Ci(m) =
k~j

{28” ifm =0, 2.5)

otherwise.

2.3 Height function

As g is simply-laced, its Dynkin diagram y is a bipartite graph. There is partition / = Ip L [;
such that every edge in y connects a vertex of Iy to a vertex of [;.
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1454 L. Bittmann

Definition 2.3.1 Define, foralli € I,

2.6)

g _ [0 ifich
T litien

The map & : I — {0, 1} is called a height function on y .

Remark 2.3.2 In more generality, every function & : I — Z satisfying
£ =&=+1, when j ~ i
is a height function on y. It defines an orientation of the Dynkin diagram y:
i— jif§=i+1.

Our particular choice of height function defines a sink-source orientation.

, _ ©
Example 2.3.3 1If g if of type Ds, then y is
O——06—©

and if we fix &1 = 0, then

=1, &=1,
& =0, &=1

From now on, we fix such a height function £&. We will also use the notation:
€= (=D e{x1} (el. (2.7)
2.4 Semi-infinite quiver

Let us define an infinite quiver I" as in [24]. First, let

I=JG2z+). (2.8)

iel
Let I be the quiver with vertex set [ and arrows
((i,r) = (j.5)) < (Ci,j #0ands =r + C; ;). (2.9)
Example 2.4.1 For g = sl,, one choice of [ is
[=(1,22)U@2,2Z+ 1)U 3,27),
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and I is the following:

Definition 2.4.2 Let . .
I7:=1Nn(I xZ<).

And define G~ to be the semi-infinite subquiver of I" of vertex set I
Let . A
J:=UxZ)\I. (2.10)
Example 2.4.3 Following Example 2.4.1, for g = sl4, with the same choice of height function,
one has .
I =(1,2Z<p) U (2,2Z<p — 1) U (3, 2Z<),
and G~ is the following:

(1,0) (3,0)

~ —
e
' ~
(1,-2) T (3,-2)
~ '
e
T TN
(1, —4) . 3,—4)

Finally, we recall a useful notation from [24]. For (i, r) € i —, define
ki, = —i’;—&" 2.11)

The vertex (i, r) is the k; ,th vertex in its column in G, starting at the top.

3 Finite-dimensional representations of quantum affine algebras

In this section, we recall the notations and different results regarding quantum affine algebras
and finite-dimensional representations of quantum affine algebras.
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1456 L. Bittmann

3.1 Quantum affine algebra

Let g be the untwisted affine Lie algebra corresponding to g.

Fix an nonzero complex number g, which is not a root of unity, and 2 € C such that
q = e". Then for all r € Q,q" == e, Since q is not a root of unity, for r, s € Q, we have
q" = ¢q° if and only if r = 5.

Let U4, () be the quantum enveloping algebra of the Lie algebra g (see [6]), it is a C-Hopf
algebra.

3.2 Finite-dimensional representations

Let € be the category of all (type 1) finite-dimensional {, (§)-modules. As U, (§) is a Hopf
algebra, € is a tensor category. The simple modules in % have been classified by Chari and
Pressley ([6]), in terms of Drinfeld polynomials.

The simple finite-dimensional I, (§)-modules are indexed by the monomials in the infinite
set of variables (Y; 4);es.qecx, called dominant monomials ([10]). For such a monomial m,
let L(m) denote the corresponding simple ¢, (§)-module.

We define the following sets of dominant monomials:

{1_[ Y, i | (i,r) e I, n; r € Z=o, n; » = 0 except for a finite number of (i, r)} ,

finite

{H ln:]f | (i,r) € i, nir € L=, n;» = 0 except for a finite number of (i, r)} .

finite

Definition 3.2.1 Let %7 be the full subcategory of % of objects whose composition factors
are of the form L(m), withm € M.

Let €, be the full subcategory of ¢ of objects whose composition factors are of the form
L(m), withm € M™.

Both categories 67 and %7, are abelian monoidal categories ([22, 5.2.4] and [24, Propo-
sition 3.10]).

Remark 3.2.2 Every simple object in ¢ can be written as a tensor product of simple objects
which are essentially in 67 (see [22, Section 3.7]). Thus, the description of the simple objects
of ¢ reduces to the description of the simple objects of €7.

Let us introduce some particular irreducible finite-dimensional representations.

Definition 3.2.3 Forall (i,r) € f, Vir := L(Y; 4r) is called a fundamental module.
Forall (i,r) € I,k € Z-y, let

ml(;)r = Y,‘J Yi,q’” e Yi,q"”k*Z' (3.])

The corresponding irreducible module L(m ® +) is called a Kirillov—Reshetikhin module, or
KR-module, and denote by '
W) == Lm{)). (3.2)

Note that fundamental modules are particular KR-modules, for k = 1, mgl)r =Yg
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3.3 g-characters and truncated g-characters

Frenkel and Reshetikhin introduced in [10] an injective ring morphism, called the g-character
morphism, on the Grothendieck ring Ko (%) of the category %"

Xg Ko@) — L [Y,.il‘ liel,ac (CX]. (3.3)

Moreover, the g-character x, (V) of a U4, (§)-module V gives information about the decom-
position into Jordan subspaces for the action of a large commutative subalgebra of U, (§).
Here, as we restrict ourselves to the study of the category é7, the g-character will only

involve variables Yiiqlr, for (i,r) € I. Hence, for simplicity of notation we denote them by:

Y;,r :=Y; 4. The g-character we are interested in is the injective ring morphism:
e Ko(6n) » V=17 [Yf;l | G,r) € i] . (3.4)

‘We use the usual notation [10],
-1
Aiy =Y Y1 l_[ Yjr . (3.5)
j~i
for all (i,r) € J (see (2.10)). Note that A; ; is a Laurent monomial in the variables Y ;,

with (j, s) € I. The monomials A; , are analogs of the simple roots.

Proposition 3.3.1 [9, Theorem 4.1] For m a dominant monomial in M, the q-character of
the finite-dimensional irreducible representation L(m) is of the form

m@w»=m0+2y@> (3.6)
P
where M, is a monomial in the variables AL with (i,r) € J.

i,r’

Let us recall Nakajima’s partial order on monomials. For m and m’ Laurent monomials
inYy,
m <m' <= m'm~"is a product of A; ,, with (i,r) € I. (3.7)

Remark 3.3.2 Note that Proposition 3.3.1 can be translated as follows: for all dominant mono-
mials m, the monomials occurring in the g-character of the finite-dimensional irreducible
representation L (m) are lower than m, for Nakajima’s partial order.

We also recall the truncated q-characters from [22]. For m a monomial in M ™, the g-
character x,(L(m)) may contain Laurent monomials in which variables Y; ., with (i, r) €
I \ [~ occur. Let Xq (L(m)) be the Laurent polynomial obtained from y, (L (m)) by removing
any such Laurent monomial. By definition

xg Loy e 2[vE @y e 7] (3.8)
Example 3.3.3 For g of type A, one has
Xq (L(Y1,0)) = Y10,
Xy (L(Y1,2) =Y 2+ Y[ Y21,
Xg L) =Y1 4+ Y LY 5+ Y51 = xg (L(Y1_4)).
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1458 L. Bittmann

Proposition 3.3.4 [24, Proposition 3.10] The assignment [L(m)] — Xq (L(m)) extends to
an injective ring homomorphism

Ko@)~ Z[vE G ei]. (3.9)

As such, all simple modules in 6, are identified with their isoclasses through the truncated
g-character morphism.

3.4 Cluster algebra structure

One of the main ingredient we want to use in this work is the cluster algebra structure of the
Grothendieck ring of the category €, .
Consider the cluster algebra A := A(u, G™), with initial seed (u, G™), where

e u are initial cluster variables indexed by f_, U= [u,‘,,. | (i,r) e i ],
e G~ is the semi-infinite quiver with vertex set [~ defined in the previous section.

Consider the identification, for all (i, r) € i -,

uir> [ Yirvax (3.10)
k>0
r+2k<0
As these monomials are algebraically independent, this identification defines an injective map
on the ring Z[uf} | (i,r) € i ~]. From the Laurent phenomenon, we know that all cluster
variables of A are Laurent polynomials in the variables u; ,. Thus, via the identification

(3.10), A is seen as a subring of Z [Yl."er1 | (i,r) e IA*].

Theorem 3.4.1 [24, Theorem 5.1] The injective ring homomorphism Xq isan isomorphism
between the Grothendieck ring of the category ¢, and the cluster algebra A, after identifi-
cation (3.10):

Xq  Ko(€z) — A (3.11)

Moreover, truncated g-characters of Kirillov—Reshetikhin modules can be obtained as
cluster variables, via the identification of initial seed (3.10), it is the main result of [24].

4 Quantum Grothendieck rings

We will recall in this section the definition of the quantum Grothendieck ring of the category
%7z, introduce that of the category %7, , and study those rings.

Let 7 be an indeterminate. The quantum Grothendieck rings of the categories 47 and 67,
are non-commutative ¢#-deformations of the Grothendieck rings.

4.1 Quantum torus

+1
Yi,r ’

Let Y¢ be the Z[til]-algebra generated by the variables for (i,r) € i , and the ¢-
commutations relations:

Yi,« Y =tNiCy, wyi (4.1)
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where N; j : Z — Z is the odd function:
Mj(m) =C,-,j(m+1)—C,'7j(m— 1), VYmeZ, 4.2)
using the notations from Sect. 2.2. .

Remark 4.1.1 Here we work with the quantum torus of [18] and [23], which is slightly
different from the original quantum torus used to define the quantum Grothendieck ring in
[33] and [40].

Example 4.1.2 If we continue Example 2.2.3, for g = sl, in this case, = (1, 27), for
r,s € Z, one has

Yiorx Y125 = 2D Yios*Y12r, Vs>r>0. 4.3)

The Z[til]-algebra Y is viewed as a quantum torus of infinite rank.
We extend this quantum torus by adjoining a fixed square root #'/2 of 1:

Vi = Z[t"?] @z Ye (4.4)

Let ), be the quantum torus defined exactly the same way, except by only taking as
generators the Y,.j;l, for (i, r) € I1~. Let us denote by

7V —= Y, 4.5)
the projection of ), onto ), ,
7(Yi,) =0if (i,r) e INI™. (4.6)

Remark 4.1.3 Even if J; is an infinite rank quantum torus, it can be seen as a limit of
finite rank quantum tori. As finite rank quantum tori are of polynomial growth, they are Ore
domains (see [27]). Moreover, the Ore condition being local (any pair of elements of ),
belongs to some sufficiently larger finite rank quantum torus), }; is an Ore domain. Hence
we can consider its skew field of fractions F;.

4.2 Commutative monomials

For a family of integers with finitely many non-zero components (n; ) (el define the

. . ni
commutative monomial ]_[(l. nei Vi as

iy lZir <(j.s ni,r"',s-/vi.'(rss)_) ni,r
1_[ Yy = 2 S On=U0 T K G e Vi 4.7)
G.rel

where on the right-hand side an order on [ is chosen so as to give meaning to the sum, and
the product * is ordered by it (notice that the result does not depend on the order chosen).

The commutative monomials form a basis of the Z[¢!/%]-vector space ), . For a monomial
m in ), we will denote the commutative monomial by

m= 1_[ Y:L"(m).

(i,r)el

The non-commutative product of two commutative monomials m and m, in ) is given
by:

1
my % my = P s sy = 2PN gy (4.8)
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1460 L. Bittmann

where mm»> denotes the commutative product of the monomials, and

Dmi.my) = > nir(m)nj(m)N;(r.s). (4.9)

Gi,r),(j,s)el

4.3 Quantum Grothendieck ring K;(%7)

We define the quantum Grothendieck ring K;(%7%) of the category %7 as in [23, Section 5.4]
(see Remark 4.1.1 for original references).
Forall (i,r) € J, let A; , denote the commutative monomial in }; defined as in (3.5):

-1
Air =Y r—1Yirs1 ]_[ Yj,
j~i
For alli € I, define K; ; the subring of ); generated by the
Vi (14 475). v (Gn.Gos el j#i). (4.10)

In [17], the K; ; are defined as kernels of #-deformed screening operators, motivated by
the results in [10]. Let us detail this, as it will be important in the proof of the main result.
For all i € I, define the free );-modules

y;,i = @ Ve Sirs

reZl(,r)el

y} ; is a direct sum of i copies of )y, whose basis elements are denoted by S; . Then let ) ;
be the quotient of y}, ; by the left-);-module generated by the elements

Qi = A7) Sivsr — 128y, V(i.r) €l
Lemma4.3.1 Foralli € I, the module ), ; is free.

Proof The elements Q; , are linearly independent and for all ro such that (i, rg) € I fixed,
the set [Qi,,, Sirn |G, 7)€ i] forms a basis of yfyi.

Hence )} ; is a quotient of a free module by a submodule generated by elements of a basis,
thus it is free. O

From [17], forall i € I, there exists a Z[t*'/2]-linear map

Sijt 2 Ve = Vi, 4.11)
which is a derivation and such that
Ki: = ker(S;). (4.12)
Finally, let
Ki(%z) = () Ki- (4.13)
iel

From [30] and [18] we know that for all dominant monomials m € M, there exists a
unique element F;(m) € K;(%z) such that m occurs in F;(m) with multiplicity 1 and no
other dominant monomial occurs in F;(m). Thus, all elements of K,(%7) are characterized
by the coefficients of their dominant monomials. The F;(m) linearly generate K;(%7).
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Remark 4.3.2 Forall (i,r) e I,
Fi(Yi ;) = [L(Y; )] 4.14)
The [L(Y; )], generate K;(%7) algebraically.

4.4 The (q, t)-characters

For a dominant monomial m € M, write it as a commutative monomial in );:

m= [] ¥"™ ew. (4.15)
(i.rel
Define
[Mwm:ﬂw¥@m<HﬁTW>eKm@, (4.16)
iel

where a(m) € %Z is fixed such that m occurs with multiplicity one in the expansion of

[M (m)]; on the basis of the commutative monomials of ), and the product <>E is taken with
decreasing r € Z.
In particular, from (4.14), for all (i, r) € I,

[L(Yi ) = M)l (4.17)

One has, forall m € M,
=1
(M(m)], = Xq (M (m)). (4.18)

This result is a direct consequence of the definition of [M (m)];, as it is satisfied for the
fundamental modules [L(Y; ,)]; = F;(Y;,,). Thus [M (m)]; is called the (g, t)-character of
the standard module M (m).

As in [33], we consider the Z-algebra anti-automorphism - of }; defined by:

2 =2 Vi =Y, ((i, r) e i) . (4.19)
This map is called the bar-involution.

Theorem 4.4.1 [33] There exists a unique family {[L(m)];},,e 1 Of elements of K;(€7) such
that, for allm € M,

o [L(m)]; = [L(m)];,
o [L(m)]; € M)+ < t=V 21t~ I[M "))y, wherem’ < m for Nakajima’s partial
order (3.7).

The following Theorem extends (4.18), but more importantly gives an algorithm, similar to
the Kazhdan—Lusztig algorithm, to compute the (g, ¢)-characters (and thus the g-characters)
of the simple modules.

Theorem 4.4.2 [33, Corollary 3.6] The evaluation att = 1 of the (q, t)-characters recovers
the g-characters. For allm € M,

[Lom)), =5 x,(Lm)) €Y.

Moreover, the coefficients of the expansion of [L(m)]; as a linear combination of Laurent
monomials in the variables (Yi,r)(l. nel belong to N[#£!].

Note that the positivity result of this Theorem has only been proven for ADE types as yet.
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4.5 Truncated (g, t)-characters and quantum Grothendieck ring K;(¢7;")

As in Sect. 3.3, one can define truncated versions of the (g, #)-characters.
For all dominant monomials m in M ™, let [L(m)];” be the Laurent polyrAlorAnial obtained
from [L(m)]; by removing any term in which a variable Y; ,, with (i, r) € I\I~ occurs:

[Lm)]; =n ([Lm)]) €V, (4.20)

where 7 is the projection defined in (4.5).
Define K;(% ) as the Z[*1/2]-submodule of Y, generated by the truncated (g, ?)-
characters [L(m)]; of the simple finite-dimensional modules L(m) in the category %, .

Lemma 4.5.1 The quantum Grothendieck ring K,(¢;; ) is actually a subalgebra of Y;”. More-
over, it is algebraically generated by the truncated (q, t)-characters of the fundamental
modules: .

Ki(@7) = (ILOG)I G e 7). 4.21)

Proof For every dominant monomials m 1, my € M, one can write:
[LOnD) % [Lm2)) = Y iy (DL, (4.22)
meM
Hence the image of (4.22) by the projection m of (4.5) is:

[LonD)l; * [Lom2)]; = Y ey o /DILmM)];
meM

Thus K, (67, ) is stable by products.

By definition the truncated (g, t)-characters of the fundamental modules L(Y; ,), for
(i,r) e I~ belong to K, (¢7).

Conversely, the (g, t)-characters of the fundamental modules L(Y; ,), for all (i,r) € i ,
algebraically generate the quantum Grothendieck ring K, (%7) (see remark 4.3.2). Hence the
truncated (g, t)-characters [L(Y; )], , forall (i,r) € I, algebraically generate K; (% ).

From Proposition 3.3.1 and Theorem 4.4.1, for all dominant monomials m € M, the
(g, t)-character of the simple representation L (m) is of the form

[L(m)], =m (1 + ZM,,> :
p

where M, is a monomial in the variables (A;l)(i ed? with coefficients in Z[¢=']. Thus,
7 (IL(Yi 1) =0, if (i,r) € INT™.
Hence, K; (% ) is algebraically generated by the [L(Y; )], , with (i, r) € i ]

K,(%; ) is a t-deformation of the Grothendieck ring of the category 7, , in the sense that

the evaluation [L (m)],” —IEL Xq (L(m)) extends to a ring homomorphism

Ki(%)) =5 Ko(€y), (4.23)

where Ko(%, ) is identified with its image under the truncated g-character (3.9), which is an
injective map.
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4.6 Quantum T-systems

For quantum affine algebras of simply laced type, the (g, t)-characters of the Kirillov—
Reshetikhin modules satisfy some algebraic relations called quantum T -systems. Those are
t-deformed versions of the T'-system relations, which are satisfied by the g-characters of the
KR-modules [20,29,33].

Proposition 4.6.1 [31], [23, Proposition 5.6] For all (i,r) € Tandk € Zo, the following
relation holds in K;(¢7):

o+ gw D, @24)

(WL WG ol = 1“OPIWE, ol W e

k+1,r

J~i
where

ali k) =—1+ % (C‘,-,-(Zk — 1)+ Gy 2k + 1)) Loy k) =aG k) + 1. (425

Remark 4.6.2 First of all, one notices that the dominant monomials of W,f’_)l 2 and Wk('ﬁ] -
commute: ' ' ' '
m/(:ll,r+2 * ml(clJ)rl,r = ml(clJ)rLr * ml(clll,l'+2' (4.26)

Moreover, the tensor product of the KR-modules W,ff 142 ® Wk(fzu is irreducible (this
result is proved in [5] and also by explicit computation of its (g, t)-character in [31]). Thus
their respective (g, t)-characters t-commute (see [23, Corollary 5.5]). As their dominant
monomials commute, these (g, ¢)-characters in fact commute and their product can be written
as a commutative product, as in Sect. 4.2.

By the same arguments, for j ~ i, the (g, t)-characters [W,((fr) +1]f commute so the order
of the factors in % j~; in (4.24) does not matter.

By taking the image of (4.24) through the projection  of (4.5), one obtains the following
relation in K, (%}, ). Forall (i,r) € I and k € Z~,

(WL * (W,

e = OOl L+ O T @)

j~i
where « (i, k) and y (i, k) are defined in (4.25).
Note that in (4.27), the products appearing on the left-hand side are commutative products,
which are well-defined from Remark 4.6.2. Hence the change of notations since (4.24).

5 Quantum cluster algebra structure

We define in this section the quantum cluster algebra structure built within the quantum torus

Y.
5.1 A compatible pair

For all (i,r) € i ~, the variable u; ., written as in (3.10), can be seen as commutative
monomial in ;. Define

Ui,r = 1_[ Yi,r+2k Ey;

k>0
r+2k<0
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They satisfy the following 7-commutation relations. For all ((i, r), (j, s)) € (IA’)Q,

Uiy *xUjs = tL((i’r)’(j’s))Uj,s * U, 5.1
where
L(G.r).G.N= > > Nijls+2—r—2k. (5.2)
k>0 >0
r+2k<0s+2(<0

Let B_ be the I~ x [~ -matrix encoding the quiver G, for all ((i, r), (j, s)) € (f_)zz

B_((,r), (J,s)) = |{arrows (i,r) = (j,s)in G~ }| — |{ arrows (j,s) — (i,r)in G }|.
(5.3)

Let L be the [~ x [~ skew-symmetric matrix
L :=(L((G,r), (.]7 S)))(([,r),(j,s))e(f’ﬂ . (54)

The pair of I~ x [~ -matrices (L, B_) forms a compatible pair, in the sense of quantum
cluster algebras. More precisely, we prove the following.

Proposition 5.1.1 Forall ((i,r), (j,s)) € (I7)?,

20fG,r)=(j.5)

otherwise. (5:5)

(B7L) (1), (s = [5

Remark 5.1.2 1n [4], by definition a pair of J x J-matrices (A, B) forms a compatible pair if
T BL is a diagonal matrix with positive integer coefficients. But as explained in [3], quantum
cluster algebras can be built exactly the same way given as data a pair (A, B) such that T BL
is a diagonal matrix with integer coefficients with constant signs.

Proof Fix ((i,r), (j,s)) € (f —)2, there are different cases to consider.

e If r < —2, one has:

(BIL) (1) Gos) = L(Gr =2). (o) = L (o7 +2). (v s)
+ DL (e + Do) = Lk = D ().

k~i
One has
LG, r—=2),,8) =L r+2),(,))=-Cijs—r—1)—=Cjj(s —r+1)
+C,’j(—r+3 —éj)-i—C,’j(—r-i— 1-§)),

where & : I — {0, 1} is the height function on the Dynkin diagram of g fixed in Sect. 2.3.
On the other hand, for all £ ~ i, one has

L(tk,r+1),(j,s)—L(k,r =1),(j,5)) =Cgj(s —r) = Cyj(—r +2 —§).
Thus, with the reformulation (2.5) of Lemma 2.2.4,

—2(3,'7]' if s = r,

(BZL) (@), (j,5)) = { 0 otherwise. (5.6)
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e If r = —1, one has:
(BZL) (G, =1), (j,$) = L (GG, =3), (j, 5)
+ 3 (L (K0, (. ) — L ((k, ~2), (j. ).

k~i
However,
L(G.=3).G.9) = Y (Nyj(s+20+3)+Nij(s+20+ 1),
>0
s+%l§0

=Cij(d-§&)+Cij2-§)—Cii(s) — Ci(s +2).
And, for all k ~ i,
L((k,0),(j,s)) —L(k,=2),(j,s)) =Cij(s +1)—C;;(3-§;).
Thus, with relation (2.5),

(572) =0 Gon = {2 57
o If r =0, one has
(BZL> ((G,0), (j,5) =L (G, =2),(,s) — Z L((k,—1),(j,s)).
k~i
However,
LG, -2),(,s))=C;j3—-&)+Cij(1-§)—Cij(s+1) —Cjj(s = 1).
And, forall k ~ i,
L ((k,—4), (j,s)) =—C;;(s) +C;; (2 - &)).
Thus, with relation (2.5),
(pre) o= {5™ Gk 5

The combination of the results (5.6),(5.7) and (5.8) gives the general expression (5.5). O

5.2 The quantum cluster algebra A,

Definition 5.2.1 Let T be the based quantum torus with generators { u; , | (i,r) € I -}
satisfying the quasi-commutation relations (5.1):

L((i,r),(j,s
UprxUjs =1 @G ))u.,-,s * Uj p.

Let F be the skew-field of fractions of 7.

As (L, B_) forms a compatible pair, it defines a quantum seed in F. Let S be the mutation
equivalence class of the quantum seed (L, B_).

Definition 5.2.2 Let A; be the quantum cluster algebra defined by the quantum seed S, as in
(4].
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By definition, A; is a Z[t*!/?]-subalgebra of F. However, by the quantum Laurent phe-
nomenon, A, is actually a Z[r*!/?]-subalgebra of the quantum torus 7.

Lemma 5.2.3 The map
T — Y~
“ujp— Uiy,

(5.9)

where the variables U; , are defined in (3.10), is an isomorphism of quantum tori.

Proof First of all, this map is well-defined because the variables u; , -commute exactly as
the variables U; ,, by definition of the matrix L (5.1).
Secondly, this map is invertible, with inverse:
yr — T
~1.

—1 .
n= Yo, s {u,',,ui’r+2 ifr+2<0, .

Ui r otherwise,
[m]
With this lemma, we know that the quantum cluster algebra .A; belongs to the quantum

torus ), . The following result is the main result of this paper, it extends Theorem 3.4.1 to
the quantum setting.

Theorem 5.2.4 The image of the quantum cluster algebra A, by the injective ring morphism
n is the quantum Grothendieck ring of the category 6, ,

nla: A — Ki(6y). (5.10)

Moreover, the truncated (g, t)-characters of the Kirillov—Reshetikhin modules which are in
¢, are obtained as quantum cluster variables.

The proof of this Theorem will be developed in the following section. It is mainly based
on Proposition 6.3.1.

Remark 5.2.5 In [37, Theorem 8.4.3], for certain subcategories of ¢ generated by a finite
number of fundamental modules, Qin proved that there existed an isomorphism between
the quantum Grothendieck ring of the category and a quantum cluster algebra, which iden-
tifies classes of Kirillov—Reshetikhin modules to cluster variables. It is our understanding
that this identification coincides with the truncated (g, t)-characters in our work. Here, the
isomorphism is given explicitly, and we obtain directly the truncated (g, ¢)-characters.

6 Quantum cluster algebras and quantum Grothendieck ring

We prove in this section that the quantum Grothendieck ring of the category 7, is isomorphic
to the quantum cluster algebra we have just defined.

6.1 A note on the bar-involution

The bar-involution —, as defined in (4.19), is a Z-algebra anti-automorphism of the quantum
torus );. The commutative monomials are invariant under this involution.
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On the other hand, the quantum cluster algebra .4, is also equipped with a Z-linear bar-
involution morphism ~ on its quantum torus 7" (see [4, Section 6]), which satisfies

112 — 47172,
Ujr = Ujr.

As noted in [3, Section 7.1], these definitions are compatible. In our case, they define
exactly the same involution on Y, ; the following diagram is commutative:

VY. ©.1)

|

T —T

From [4, Remark 6.4], all cluster variables are invariant under the bar-involution. Thus,
the images of the quantum cluster variables in .4; are bar-invariant elements of ), .

We will use the terminology “commutative products”, as in Sect. 4.2 for bar-invariant
elements of the quantum torus 7.

6.2 A sequence of vertices

In [24] Hernandez and Leclerc exhibited a particular sequence of mutations in the cluster
algebra A(u, G™) (see Sect. 3.4) in order to obtain the truncated g-characters of all the
KR-modules, up to a shift of spectral parameter.

The key idea they used was that at each step of this sequence, the exchange relation was
a T-system equation.

We will recall this sequence of mutations and show that, if applied to the quantum cluster
algebra A;, the quantum exchange relations at each step are in fact quantum 7 -systems
relations, as in (4.6). Recall the height function & : I — {0, 1} fixed on the Dynkin diagram
of g in Sect. 2.3. First, fix an order on the columns of G~:

i1,i2,...,1n, (6.2)

such that if k < [ then &;, < &; (select first the vertices i such that & = 0O then the others).
Then, the sequence . is defined by reading each column, from top to bottom, in this order.

Example 6.2.1 We follow Examples 2.4.1 and 2.4.3, g = sl4 and
[ =(1,2Z<0) U (2,2Z<p — 1) U (3, 2Z<).

We fix the following order on the columns: 1, 3, 3. Then the sequence . is

s =(1,0),1,-2),(1,-4),...,3,0),3,-2),3,-4),...,(2,-1),(2,-3),(2,-5),....
(6.3)

6.3 Truncated (q, t)-characters as quantum cluster variables

As in [24], let u.»~ be the sequence of quantum cluster mutations in A; indexed by the
sequence of vertices ..
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For all m > 1, let u(m) be the quantum cluster variable obtained at vertex (i, r) after
applying m times the @equence of mutations . to the quantum cluster algebra A; with
initial seed { u; , | (i,r) € 1~ }. By the quantum Laurent phenomenon, the u%) belong to
the quantum torus 7'. Let

w =) ey, (6.4)

where n : T — )Y, is the isomorphism defined in Lemma 5.2.3.
The following result is an extension of Theorem 3.1 from [24] to the quantum setting.

Proposition 6.3.1 Forall (i,r) € [~ and m > 0,
wiy =W, )i s (6.5)

where k; , is defined in (2.11).

In particular, if 2m > h, this truncated (q, t)-character is equal to its (g, t)-character
and

(m) =1 k(,l), r— 2m]t' (6.6)

Remark 6.3.2 The sequence of vertices . is infinite. However, in order to compute one fixed
truncated (g, t)-character, one only has to compute a finite number of mutations in the infinite
sequence 1. In [3, Section 7.2], the exact finite sequence needed to compute the (g, t)-
characters of the fundamental representations V; , is given explicitly, we will also recall it in
Sect. 7.

Proof We prove this Proposition by induction on m, the number of times the mutation
sequence i is applied on the initial quantum cluster variables { u; , | (i,r) € i -1

The base step is given noting, as in [24], that the images by the isomorphism 7 of the
initial quantum cluster variables are indeed truncated (g, t)-characters. For all (i, r) € i,

0
()—77(“ )— i,r — 1_[ Ytr+2k ey,.

k>0
r+2k<0

Thus o
w = (w1 (6.7)

Letm > Oand (i,r) € I, Supposed we have applied m times the mutation sequence
., and a (m + 1)th time on all vertices preceding (i, r) in the sequence ., and that all
those previous vertices satisfy (6.5).

We want to write the quantum exchange relation corresponding to the mutation at vertex
(i, r). From the proof of Theorem 3.1 in [24], we know the shape of the quiver just before this
mutation (A; and A(u, G™) are defined on the same initial quiver and the mutation process
on the quiver is the same for classical and quantum cluster algebras).

As explained in [24, Section 3.2.3], for a general simply laced Lie algebra g, the mutation
process takes place at vertices (i, r) having two (or one if r = —§;) in-going arrows from
(i, r £2) and outgoing arrows to vertices (j, s), with j ~ i. Thus the effect of the mutation
sequence (. on two fixed columns of the quiver is the same as the effect of an iteration of
the mutation sequence on the corresponding quiver of rank 2.

Let us recall the mutation process on the quiver when g is of type A».
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a0 (1,0) (1.0) (1,0)
@.-1) @ 1) @. -1 @ -1

a. 72)}/ (12 (1,-2) (1,-2)
2. _3) @.-3) @.-3) @.-3)

/
. —4>/ (1,—4) (1.4 (1,-4)
™~ ~ ~ "~

2, -5) 2,-5) (2,-5) (2,-5)

After an infinite number of mutations (or a sufficiently large one), we start mutating on
the second column.

(1, 0) (1,0) (1,0) (1,0)
~ ~ ~
m @.-1) @.-1) @ -1
—
(1,—2) (1,-2) (1, =2) (1,=2)
* ~ ~
2,-3) (2,-3) 2,-3) 2,-3)
—
(1, —-4) (1, —-4) (1, —4) (1, —4)
2,-5) 2,-5) 2,-5) 2,-5)
Thus, in genefal, the quantum exchaﬂge relation has the form:
1 1
(m+1) _  (m+1) (m) (m) (m+&) (. (m)
uy, Ui'p iy Uiy (u m) +[ e ( g ) , (6.8)
]"/l
where ul(";zrz = 1ifr +2 > 0 and ¢; is defined in (2.7), and both terms are commutative

products. This relation can also be written:

(m+l) (m) “u (m—H) (m) + l"B Hu(m+§, (6.9)

tr Ui r 1r+2 lr2 J.r—e’
Jj~i

where o, f € IZ

If we apply 7 to (6.9), clearly all the u satlsfy the induction hypothesis, but ul(":ié) and

all potential u(mtll), if§ =1land j ~ 1, also. Indeed, the vertices (i, r + 2) and (j, r + 1),

for j ~ i and g, = 1, precedes the vertex (i, r) in the mutation sequence .&. Thus, we get
the following relation in Y, :

(m+1) (@) (i) (l) -
NG ) * W ol =W ol W ool

+HO Wi (6.10)
J~i
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Whereas, the corresponding (truncated) quantum 7 -system relation (4.27) is

. O ol = 1w — @ _
Wi r—om—2le ¥ Wi ol =1 Wy, 1 romli (Wi 1,r—2-2m]r
+i H[Wk(,-j,z,r—lfzm]ﬂ 6.11)

j~i
where o/, B’ € %Z are given in (4.25). Note that one has indeed
kiryo=ki, =1, ki,o=ki,+1, andk;,_¢ =k;,, forj~i. (6.12)
Letk = k; , and r’ = r — 2m. Let us precise how to obtain the coefficients & and 8. From
(6.8) and (6.9), @ and B are such that the terms
. 1
W W1 () 6.13)

and X
P TTwE = (wiar) (6.14)
j~i
are bar-invariant. Thus, if one takes only the dominant monomials of (6.13) and (6.14), they
are bar-invariant:

1 1
(@) @) (@) _ (@) (@) (@)
1y Mgy o (mkr) =t (mk r’) L S WL S
. 1 . — .
B 0 Q) — =B (O )
AT m) * (mk r) =1t (mk,r’) «[Im) -
J~i j~i

This enables us to compute « and S.

k—1 (k=2
1
a= ZM,czl—zp)+ZM,(2l—2p+2>
1=0 \ p=0 p=0
1k 1
=5 (Cii(2L+1) — C;; 21 — 2k +3) + C;; 21 +3) — C;; (21 — 2k + 1))
=0

= % (Cii 2k + 1)+ C;; 2k — 1)) — C;; (D).

Thus = a(i, k) = 1+ 4 (Ci@k = 1) + Cis(2k + 1)). And

k—1k—1

ZZZM,(zz 2p+1) == ZZ Cij (21 +2) — C;j (2l — 2k +2))

/~t10p0 /~t10

1 1
=5 | Cij@) = Cij(0) | =5 (Cii@k + 1) + Cii 2k — 1)), using (2.5).
2 &~ N 2
J~ -0
Hence B =y (i, k) = } (C‘,-i(2k — 1)+ Cii 2k + 1)).
Thus o = o’ and B = B/, and

")« w1 = w1« Wi 6.15)
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However, [Wk(ii/],_ is invertible in the skew-field of fractions F; of the quantum torus Y,
(see Remark 4.1.3). Thus ) )
UG T U/SP (6.16)

This concludes the induction.

Finally, from [9, Corollary 6.14], we know that for all (i,r) € i ~, the monomials m
vl with
0 <s < 2k + h. Moreover, from Theorem 4.4.1, if one writes the (g, t)-character [Wk(fi],
of this KR-module as a linear combination of Laurent monomials in the variables Y; ;, with
coefficients in Z[tT!], all monomials which occur in this expansion also occur in its g-

character. Thus, if r + 2k + h < 0, the truncated (g, t)-character [Wk(fﬂ],_ is equal to the

occurring in the g-character yq (W,gﬁ) of the KR-module Wk(lg are products of

(g, t)-character [Wk(fz],. In particular, for m > h,

w(m) — [W(l) ]t-

i,r ki, r—2m

6.4 Proof of Theorem 5.2.4

We can now prove Theorem 5.2.4. This proof is a quantum analog of the proof of [24, Theorem
5.1]. Naturally, there are technical difficulties brought forth by the non-commutative quantum
tori structure. For example, in our situation, the quantum cluster algebra 4; is isomorphic to
the truncated quantum Grothendieck ring K; (%, ) only via the isomorphism of quantum tori
17 (5.9). In particular, we need the following result.

Lemma 6.4.1 The identification
0 g, (W (6.17)

1/2)

extends to a well-defined injective 7 -algebras morphism

n:T — F,

where Fy is the skew-field of fractions of Y (see Remark 4.1.3).

Moreover, the restriction of ' to the quantum cluster algebra A; has its image in the
quantum torus Y, and the Z[t*1/%1-algebra morphisms n,n' and 7 satisfy the following
commutative diagram:

A —L sy (6.18)
n’\" &

t

Proof From Proposition 6.3.1, for all (i,r) € I~ the full (g, r)-character [W" .1, is
obtained as the image of the cluster variable sitting at vertex (i, r) after applying / times the
mutation sequence . (which is locally a finite sequence of mutations):

n@™) =W (6.19)

(h)

In particular, for any two vertices (i, r), (j, 5), the variables u;",” and u§h2 belong to acommon

cluster and 7-commute. Thus the (g, #)-characters [Wk(,-i), +_op)r t-commute. As the quantum
torus ) is invariant by shift of quantum parameters (¥; s — Y; sy2), the (g, t)-characters
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[W,fi) ]; also t-commute for the product *. Their z-commutation relations are determined

by their dominant monomials, which are n(u; ). Thus the [Wk(') ]; satisfy exactly the same
t-commutations relations are the u; . This proves the first part of the lemma.

Let X be a cluster variable of A; obtained from the initial seed # = {u; ,} via a finite
sequence of mutations o. We want to show that n’(X) € ). As the sequence of mutations
o is finite, it will only involve a finite number of cluster variables. Now apply / times the
mutation sequence (.~ to the initial seed so as to replace each cluster variable considered
by u (agam we only need a finite number of mutations). Let us summarize:

, \ .
0 i) =W Ji n@) =W

Let X’ be the cluster variable obtained by applying to this new seed the sequence of mutations
o . By construction, n(X ) is equal to 1’ (X), up to the downward shift of spectral parameters
by 2h: every variable Y Lis replaced by Y ~s—op- In particular, n "(X) € V.

Next, the commutatlon of diagram (6. 18) is verified as it is satisfied on the initial seed
u = {u;,}. m]

Let R; be the image of the quantum cluster algebra A,
R =n(A) €l . (6.20)

Thus the proof of Theorem 5.2.4 amounts to the following.

Proposition 6.4.2
Ry = K ().

Proof The inclusion K,(%, ) C R; is essentially contained in Proposition 6.3.1. For the
reverse inclusion, the main idea is to use the characterization of the quantum Grothendieck
ring as the intersection of kernel of operators, called deformed screening operators. We show
by induction on the length of a sequence of mutations that the images of all cluster variables
belong to those kernels. The images of the initial cluster variables u; , clearly belong to
the quantum Grothendieck ring, and the screening operators being derivations, the exchange
relations force the newly created cluster variables to be in the intersection of the kernels too.
Let us detail this.

Recall from Lemma 4.5.1 that the quantum Grothendieck ring K, (%7, ) is algebraically
generated by the truncated (g, t)-characters of the fundamental modules:

Ki(#;) = ([LOGI |G € 7).

By Proposition 6.3.1, for all (i, r) € i_,

(S (5
Ll =w gl =n(ud ) ena. (6.21)
Which proves the first inclusion:
Ki(€;) CR;. (6.22)

We prove the reverse inclusion as explained just above. As explained in Sect. 4.3, Her-
nandez proved in [17] that for all i € I there exists operators S; ; : Vi — Vi, where ); ; is
a V;-module, which are Z[r*!]-linear and derivations, such that

[ker(Si..) = Ki(%2). (6.23)

iel
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Notice that these operators characterize the quantum Grothendieck ring K;(%7%) and not
K;(% ). Hence the need for Lemma 6.4.1.
Let us prove by induction that all cluster variables Z in A, satisfy n'(Z) € K;(%7).
Let Z be a quantum cluster variable in A;. If Z belongs to the initial cluster variables,
Z =u;, and
n'(Z) =0 (i) = [Wi,.rli € Ki(€z). (6.24)

If not, then by induction on the length of the sequence p, one can assume that Z is obtained
via a quantum exchange relation

ZxZi = t“M; +tP My, (6.25)

where Z is a quantum cluster variable of .4;, M| and M; are quantum cluster monomials of
A; and
n'(Z1), 0 (My), n'(M2) € K;(6).

Apply 1’ to (6.25):
n'(Z) %1/ (Z)) = 1% (My) + 7 (Mp). (6.26)

Foralli € I, apply the derivation S; ;:

Si (0 (Z2)x0'(Z) = Si.e (0 (2)) x 0 (Z)) + 0 (Z) % Sis (' (Z1))
=18, (' (M) + P8, (' (M) .

However, by hypothesis,

Sii (n'(Z1) =0
Sii (n'(M1)) =0
Sii (' (M) =0

Moreover, 1'(Z1) # 0 and the images of the screening operator is in a free module over )
by Lemma 4.3.1. Thus S; ; (n(Z)) = 0, forall i € I. Hence
n'(Z) € Ki(6),
which concludes the induction. We have proven
' (Ar) C K((¢7).
Then, by the commutation of the diagram (6.18) in Lemma 6.4.1,
Ry =n(A) C K, (67).

Which concludes the proof of Proposition 6.4.2, and thus of Theorem 5.2.4. O

7 Application to the proof of an inclusion conjecture

In this section, we use the quantum cluster algebra structure of the Grothendieck ring 47, to
prove that the quantum Grothendieck ring K, ((’)% ) defined in [3] contains K, (%, ). In other
words, we prove Conjecture 1 in [3]. The result was already proven in that paper in type A,
but the core argument used was different.
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7.1 The quantum Grothendieck ring K;(O})

The quantum Grothendieck ring K; (O%’ ) is defined as a quantum cluster algebra on the full
infinite quiver I', of which the semi-infinite quiver G~ is a subquiver.

Let us recall some notations. For all i, j € I, F;; : Z — 7 is the odd function such that,
forallm > 0,

Fijm)y=— " Cijm—2k+1). (7.1
m§22k171

+
i,r’

Let 7; be the quantum torus defined as the Z[¢*!/?]-algebra generated by the variables z
for (i,r) € i , with a non-commutative product *, and the 7-commutation relations

G2y =70z oxzip, (G, Gos) € 1)) (7.2)

Recall also from [3, Proposition 5.2.2] the inclusion of quantum tori J (with a slight shift of
parameters on the z; ,):

yt — /Z;’
J: -1 . (7.3)
Yir —> zir (2irs2)
Let A be the infinite skew-symmetric I x I-matrix:
Ningo=Fis=n, (G0 G el). (7.4)

From [3], the quiver I" and the skew-symmetric matrix A form a compatible pair. Let 4; (I", A)
be the associated quantum cluster algebra. Then, as in [3, Definition 6.3.5],

Ki(0F) := AT, MKE, (1.5)

where £ is a commutative ring and the completion allows for certain countable sums.

7.2 Intermediate quantum cluster algebras

The general idea is to see the quantum cluster algebra .4, as a “sub-quantum cluster algebra”
of A;(I", A) (this term is not well-defined). However, as in Sect. 6.4 and contrary to the
aforementioned proof, as we are dealing with quantum cluster algebras in our setting, this is
not done trivially. Mainly, one notices that the map

T — 1,
Ujr /> Zir,

is not a well-defined inclusion of quantum tori, as the generators u; , and z; , do not satisfy
the same 7-commutation relations.
First, consider the subquiver I'~ of I" of index set

Io,=In{G.nlielr=<2, (7.6)

such that the vertices (i, ), with r > 0 are frozen. To summarize, for & = 0 and j ~ i:
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i,2) G- @ 0)
G, =D

- ,G =0 -2)

The quivers I and I~ are only connected by coefficients (as in [14, Definition 4.1]), thus
by [14, Theorem 4.5] the inclusion of seeds (I'", A) C (I", A) induces an inclusion of the
quantum cluster algebra A4;(I"", A) into the quantum cluster algebra of A;(I", A).

Now we need to link the quantum cluster algebras A, and A, (', A). In order to do that,
we use a result from [15], which deals with graded cluster algebras.

Definition 7.2.1 [15] A quantum cluster seed (B, A) is graded if there exists an integer
column vector G such that, for all mutable indices k, the kth row of B, B; satisfies B;G = 0.

Then, the G-degree of the initial variables are set by the vector G: for all cluster variables
X in the initial cluster X, deg; (X)) = Gy.

The grading condition is equivalent to the following. For all mutable variables Xy, the
sum of the degrees of all variables with arrows to Xy is equal to the sum of the degrees of
all variables with arrows coming from Xj, i.e. exchange relations are homogeneous. Hence,
each cluster variable has a well-defined degree.

Let us start by considering the quantum cluster algebra A, (', L), built on the quiver I' ",
and specializing the frozen variables to 1. This quantum cluster algebra is clearly isomorphic
to A;, and is a graded quantum cluster algebra of grading G = 0.

Next, for all i € I, we apply the process of [15, Theorem 4.6] to add frozen variables f;,
while twisting the r-commutation relations. Let

wGos) =80 (Ge9) €05,) (.7)

and A
LG ==F@—s &) (G els), (7.8)

with & : I — {0, 1} the height function, fixed in Sect. 2.3.

Lemma7.2.2 Foralli € I, u; and t; are gradings for the ice quiver I' ",

Proof For all (j, s) € IA’, let B(; 5) be the (j, s)th “row” of the f;2 X f;z-skew-symmetric
matrix encoding the adjacency of the ice quiver I' .
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Foralli € I,
B syu; = Z B sk, ryu;(k,r)
(k,r)eiz,
=u,(j, 5 +2) — ;s =2+ Y (wi(k, s = 1) —u;(k, s + 1)
k~j
= l] lj + Z ik — =0.
k~j
And
Bisti= ). Btk ntk,r)
(k.relz,
=10, 5+2D —1;(.s =+ Y (Litk,s = 1) = t;(k, s + 1))
k~j
=—Fij(=s &) + Fijl4d—s — &)+ Z (=FixB—s — &)+ Fix(1 —s — &)
k~j
=—CijB-s—&) - Cjl—s—E)+ ) Cu2-s5s—&)=0,
k~j
from Lemma 2.2.4. O

Then, by [15, Theorem 4.6] (applied n times), the following is a valid set of initial data
for a (multi-)graded quantum cluster algebra A; (u, B, L, G), where

o orall (i,r) € I,

- uifi iftr <0,
Uir = lf,- otherwise (7.9)
and u = {i; r}(l.’r)el ,
e B = B, the f;z X f;z-skew-symmetric adjacency matrix of the quiver '
e L encodes the -commutations relations, such that, for all (i, r) € i ~,and j € 1,
fixuiy =15, % f;, (7.10)

and the f; pairwise commute.

e G is amulti- grading, i.e. instead of being an mteger column vector, each entry in G isin
the lattice Z. It is defined by, for all (i, r) € I_ s

Gij,)=e €2, (7.11)

ordeg; = u;,foralli € I.

This is indeed the construction of [15], with the initial grading on A;(I"~, L) being
G = 0. The new quantum cluster algebra is denoted by A,K’L(F_, L), to show thatitisa
twisted version of A,(I"", L).

Proposition 7.2.3 The quantum cluster algebra A;(u, B,L)is isomorphic to the quantum
cluster algebra A;(I'", A).
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Proof The rest of the data being the same, we only have to check that the f<_2 x I ~-skew-
symmetric matrices L and A| - are equal.
<2

From (7.4), for all ((i, r), (j,s) e igz)’

A((lvr)v(]as)):]:lj(s_r)

And L is defined as

iy xiijy = tHEDGNG iy (7.12)

Hence,

L((i’r)v(jss))—i_zi(j’s)_Ej(isr) ’ if(i,l’), (jvs) Ei—7

) ) . [<z’,r>=(j,—a-+2)
L. sy =189 G el ’
TG =G —& +2)
0 ’1f[(j,s)=(j,—s,~+2>'

First, notice that, for alli, j € I, m € Z,
Nijm) = 2 (m) = Fij Om +2) = Fij(m = 2). (7.13)

This result is proven in [3], in the course of the proof of Proposition 5.2.2. Thus, for all
@ r),(,s)el™,

L(G,r),G.s)= > Y Nijls+2—r—2k
k>0 >0
r+2k<0s+2(<0

= Y (Fjls—r—2b)—Fj(s —r—2k—2)

k>0
r+2k<0

+Fij (—& = — 2K) = Fij(=§; —r — 2k +2))
=Fij(s —=r) = Fij(s + & = 2) + Fij(=§; + &) —Fij(=§; —r +2)
~————
=0
= Fij(s =) —1;(j.$) +1,G. 7).
And of course, foralli € I, (j, s) € IA’,
A, =& +2),(j,5) =Fijs +& —2) =1;(j,s).
Thus, one had indeed,

L=A (7.14)

12,
O

From now on, we will use the notations z = {z; ,, fj for the initial clusters

variables of both A;(I"'", A) and A%L(F_, L).

}(i,r)eiajez

Remark 7.2.4 e Thisresultisnatural, if we look at what the different initial cluster variables
mean in terms of £-weights. From (3.10), for all (i, 7) € I~, the cluster variable u; ,

can be identified with the (commutative) dominant monomial U; , = [[ k>0 Yir+2k-
r+2k<0
Whereas, the quantum tori ), and 7; are compared via the inclusion 7 of (7.3)

-1 . »
J Yi,r > Zir (Zi,1'+2) s V(lv r) el.
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Thus, the link between the variables u; , and z; , is the following:
wiy =ziy ()7, (7.15)

with the previous convention f; = z; _g 42. More precisely, there are different maps of
quantum tori:

T yT; (7.16)
nl~ J T
Vi ——
where identification (7.15) is the resulting dotted map, which we will denote by p:
o: T — 1. (7.17)

The quantum cluster algebra A%L(F_, L) was built with this identification in mind.

e This process could also be seen as a quantum version of the multi-grading homogenization
process of the seed (u, G™), as in [16, Lemma 7.1], where the multi-grading is defined
by (7.11).

7.3 Inclusion of quantum Grothendieck rings

In the section, we prove that the quantum Grothendieck ring K; (O% ), or more precisely, the
quantum cluster algebra A, (T", A) contains the quantum Grothendieck ring K;(%67%), which
is the statement of Conjecture 1 in [3]. Recalled that in [3], the ring K ,((’)iL ) was defined
as a completion of the quantum cluster algebra A;(I", A), but the aim was to see it as a
quantum Grothendieck ring for the category of representations O%' from [21] and [25]. As
this category contains the category %z, it was expected for the quantum Grothendieck ring
K:(O3) to contain K, (7).

In order to prove this result we will actually prove Conjecture 2 of the same paper, which
is a stronger result. We state it as follows.

Theorem 7.3.1 The (q, t)-characters of all fundamental representations in 67z, are obtained
as quantum cluster variables in the quantum cluster algebra A;(T", A).

More precisely, we show that for all i € I, there exists a specific finite sequence of
mutations S; in A;(I", A) such that, if applied to the initial seed {z; s} el the cluster
variable sitting at vertex (i, —§&;) is the image by 7 (of (7.3)) of the (g, t)-character of the
fundamental module [L(Y; _g —2p)];, where

h
n=T1=7, 7.18
[ 21 (7.18)
with £ the Coxeter number of the simple Lie algebra g.
Let us define the sequence S;. Let (i1, i2, ..., j,) be an ordering of the columns of I" as

in (6.2), such that iy = i (take first all columns j such that §; = &;). The sequence §; is a
sequence of vertices of I', and more precisely of ', defined as follows. First read all vertices
(i1, r) for =2k’ +2 < r < 0, from top to bottom, then all (i, r), with =2k’ +2 < r <0,
and so on, then read again all vertices (i1, r) for —2h’ + 4 < r < 0, and continue browsing
the columns successively, until at the last step you only read the vertex (i, —&;).

Note that applying this sequence S; of mutations on the quivers '™ or G~ has exactly
the same effect on the cluster variable sitting at vertex (i, —&;) than applying &’ times the
infinite sequence . from Sect. 6.2.
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Example 7.3.2 For g of type D4, h = 6, then h’ = 3. Let us give explicitly the sequence
S, starting on column 2. For simplicity of notations, we assume that the height function is
chosen such that & = 0. Then the sequence S has 15 steps:

$2=1(2,0),2,-2),2,-4.,1, -1, 1A, -3),3, -1, (3, =3), (4, —1), (4, =-3),
2,0),(2,-2),(1, -3, -4, -D(2,0). (7.19)

Let ro = —& — 2h’. Let i, € 7; be the quantum cluster variable obtained at ver-
tex (i, —&;) after applying the sequence of mutations S; to the quantum cluster variable
A (', A) with initial seed {z; s, fk}(j,.v)ei*,kel'

Proposition 7.3.3 As an element of the quantum torus T;, X;i r, belongs to the image of the
inclusion morphism J.
Moreover,
Xiro =T (ILYir]t) - (7.20)

Proof The cluster variable x; ,, is a variable of the quantum cluster algebra A,(I'", A),
which is isomorphic to AIE’E(I‘_, L) from Proposition 7.2.3. By [15, Corollary 4.7], there is
a bijection between the quantum cluster variables of AE’E(F’ L) and those of A,(I'", L)
(where the frozen variables are specialized to 1). With notations from Sect. 6.3, u(h )E is the

cluster variable of A, (", L) obtained at vertex (i, —&;) after applying the mutatlons of the
sequence S;. Also from [15, Corollary 4.7], we know that there exists integers a; € Z such

that .
- ’ a;
T =p () TT 17", (721)
jel
written as a commutative product (both x; ,, and uﬁh/)&_ are bar-invariant), with p defined

in (7.17). The term u( )é is a Laurent polynomial in the variables u; s, which satisfy

pujs) = zj,s(f,)’ from (7.15). Thus expression (7.21) is a way of writing X; ,, as a
Laurent polynomial in the initial variables {z; s, fx}. However, one can write x; ,, = N/D,
where N is the Laurent polynomial in the cluster variables {z; s, fx}, with coefficients in
Z[t*1/2] and not divisible by any of the fi, and D is a monomial in the non-frozen variables
{zj,s}- Thus [];¢, f/a’ is the smallest monomial such that

p () T4

jel

contains only non-negative powers of the frozen variables f;. Moreover, from Proposi-
tion 6.3.1,

h)

nw!) = w™, = L) (7.22)

However, all Laurent monomials occurring in [L(Y; ,,)]; already occurred in the g-
character x4 (L (Y r,)), as the (g, t)-character [L(Y; ,,)]; has positive coefficients. Indeed,
the (g, t)-characters of fundamental modules have been explicitly computed and have been
found to have non-negative coefficients (in [32] for types A and D and [34] for type E).

From [9], all monomials in x, (L(Y; ,,)) are products of Y l , with s < rg + h, but by
definition of g, ro + & < 0, and the term with the highest quantum parameter being the anti-
dominant monomial Y 1+h where ™ : I — [ is the involutive map such that wg () = — og,
with wg the longest element of the Weyl group of g (no relation with the bar-involution of
Sect. 6.1).
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Consider the change of variables, for (j, s) € i -,

O LI if s +2 <0,
YVis=1n (Yjs) =1 "ist? . (7.23)

ujgs, otherwise

Thus )
i ifs +2 <0,
p(yjs) =1 " . . (7.24)
}’,j‘ , otherwise

All monomials occurring in [L(Y; ,,)]; are commutative monomials in the variables insl,

with s < ro + h < 0. Moreover, the only monomials in which the variables Yﬁl, with

s +2 > 0, occur are the anti-dominant monomial Ylfrl , and any possible monomial in
»10

+h
which some variable Y; ;1,1 occurs. But for such a monomial m, the variable Y]in with
the highest s in m occurs with a negative power in m (the monomial m is “right-negative”,
as from [9, Lemma 6.5]), thus the variable Y; ,,14—1 also occurs with a negative power. The
image by p o n~! of any monomial in the variables Y]is1 with s +2 < 0 is a monomial in
the variables {zjﬂ} (without frozen variables). Thus, the image

p (1) = pon™ (ILGi)1)

is a Laurent polynomial with only positive powers of the variables f;. Necessarily,
]_[jel f;j =1, and (7.21) becomes

- W
Xi,rg = P (”f’_)gl) .

Finally, from the diagram (7.16),

T =0 () =7 (n () = 7 (LGi))).
which concludes the proof. O

Remark 7.3.4 At some point in the proof we used the fact that the (g, ¢)-characters of the
fundamental modules had non-negative coefficients. Note that this part of the proof could
easily be extended to non-simply laced types, as the (g, t)-characters of their fundamental
representations have also been explicitly computed, and also have non-negative coefficients
(in types B and C, the (g, t)-characters of all fundamental representations are equal to their
respective g-character, and all coefficients are actually equal to 1 [19, Proposition 7.2], and
see [18] for type G and [19] for type Fa).

Corollary 7.3.5 Forall (i, r) € I there exists a quantum cluster variable Xi.r in the quantum
cluster algebra A;(I", A) such that

)Zi,r =J ([L(Yi,r)]t) .

Proof Forall(i,r) € i ,let ; » be the cluster variable of the quantum cluster algebra A, (I", A)
obtained at vertex (i, r 4+ 2h’) after applying the sequence of mutations S;, but starting at
vertex (i, r + 2h’) instead of (i, —&;). Consider the change of variables in A, (", A):

S 2 > Zjstrg—rs V(j,s) €. (7.25)
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The quantum cluster algebra A;(I", A) is invariant under this shift s, and this change
of variables is clearly invertible (s_l(zj,s) = Zjs4r—rp)- One has s(z;,) = zr, and
$(Zi r42n') = Zi,—g, thus s ()Z,-,,) = Xi,ry» and from Proposition 7.3.3,

)Zi,r = s_l (ii,ro) = S_1 (j ([L(Yi,ro)]t)) .

However, from the definition of the map J in (7.3), the shift s also acts as a change of
variables in the quantum torus V;, s : Y; , —> Y; y4,—r. Hence,

)Zi,r =J ([L(Yi,r)]t) .

Thus we have proven Theorem 7.3.1.

Remark 7.3.6 e When Conjecture 2 was formulated in [3], a recent positivity result of
Davison [8] was mentioned there. This work proves the so-called “positivity conjecture”
for quantum cluster algebras, which states that the coefficients of the Laurent polynomials
into which the cluster variables decompose from the Laurent phenomenon are in fact non-
negative. This is an important result, but also a difficult one, and it is not actually needed
in order to obtain our result.

e One can note from this proof that we know a close bound on the number of mutations
needed in order to compute the (g, ¢)-character of a fundamental module. For g a simple-
laced simple Lie algebra of rank n and of (dual) Coxeter number A, if A’ = [h/2], then
the number of steps is lower than

W +1)
n———.
2

‘We have chosen to go into details on the number of steps required for this process because
it makes sense from an algorithmic point of view to know its complexity.
One can compare this algorithm to Frenkel and Mukhin [9] to compute g-characters. As
explained in [34], when trying to compute g-characters of fundamental representations
of large dimension (for example, in type Eg, the g-character of the 5th fundamental
representation has approximately 6.4 x 239 monomials), one encounters memory issues.
Indeed, this algorithm has to keep track of all the previously computed terms. This
advantage of the cluster algebra approach is that one only had to keep the seed in memory.

(7.26)

8 Explicit computation in type D4

For g of type D4, with the height function & = 0, & = & = & = 1, let us compute the
(g, t)-character of the fundamental representation L(Y2 —¢) as a quantum cluster variable
of the quantum cluster algebra A,;(I"", A), using the algorithm presented in the previous
Section.

From Example 7.3.2, the sequence of mutation we have to apply to the initial seed is

$2=1(2,0),(2,-2),(2,—-4), 1, -1),(1,-3),3,-1),3,-3), 4, -1, 4, -3),
2,0),(2,-2),(1, -3, -4, -D(2,0).

One can notice that the required number of steps is indeed lower than 24, which was the
bound given in (7.26).
This sequence of mutations is applied to the quiver I'~:
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(2.2)

(1,1 EDIE)

2,0

\ /

1,-1) 3,-1 4, -1

—_
D
|
[\)
~

\/
A\

1,-3) 3,-3) 4, -3)

A
»
|
N
N

\/
)

1,-5) 3,-5) 4, -5)

i

2,-6)

Using the latest version (as of January 2019) of Bernhard Keller’s wonderful quiver muta-
tion applet, we were able to compute the mutations and the quantum cluster variables as
Laurent polynomials in the variables {z; ,, f; The quiver obtained after the sec-

e - }(i,r)ef,jel'
ond to last mutation is the following:

(2,2)
G0 [@n]
Goh

(2,-2)
\\(3—3)\ 4. -3)
(3,—5)\(4, s)

(2, -6)
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The quantum cluster variable obtained after the last mutation at (2, 0) is:

2 =26 (z2.-4) " Hz1ms (21-3) " (c2ma) 220z o5 (23,m3)  zas (zas) !

+(21-3) " zimiz3,os (23,m3) T zas (zams)
+21,- (
+z15(z1-3)  z3s (

+(a1.-3)

-3)” (z3,73)7lzz —124,—5 (24, %)71

3 (zas)
)z cizama (z2-2) " (z3-3) " 231245 (24,-3)
+(e1-3) 7 s(22m2) s (zas) T (zams) 2

21,-122,— -2

23,

+ z1,-5 (21, —3)_122,—4 (z2-2)" 1(23 _3) 23,_1(z4,_3)_1z4,_1
+(21-3) 2ot (22-0) (22-2) 7 (23m3) " 23t (am3) e
+(22-2) 22025 (2a1) ' 4 (22-2) ' 22023, 5(23—1)_l

+a s (1) (r22) ™! zzo+(t+t’1)zz a(m20)”

(24, )

1

+21-3 (e1o1) " (z2-2) 7 (22:0) 23,3 (3 1) 24—
+ 245 (2a-3) " (zam1) ' fa b zaos ()

) (z3-1)"
+ 21,5 (z1,-3) " 1(Zl ) + (z1,-3)" "2, 4(22 ) 'fi
) (24-3)"

BN

23,—1

1

2 a(22) " (533) S+ 4(22 ) aa) T fa
+(z1-1) " (z2m2) " 22023 (z3m1) " zaea (ao1) T A
+zios (zm1) " (22m2) 220 (3m1)  zass (zas) T S

)"
+z1-3(z-1) " (22-2) 220z -3 (23,01) T (zamt) T S
+(z1m1) @) aes (@mn) T At (@m) @) (an) T AR
+(z-1) " 23 (o3 )_ (za-1)"" fifs
+(zi-1) " 222 (220) " @3m) T a) T A S S+ (220) 7 o
Here no frozen variable appear when z( )i
cluster variable can also be written as:

is written is the form (7.21), and this quantum

253()) =J (Yz 6+ Y1-5(Y2 4) Y3, _5Ys5
+ (Y13) " V3 _5Ya s+ Y15 (Y33) " Ya_s+ Y1 _s¥s5_5(Ya_3)""
+ (Y1,73)_1 Y24 (Y3.73)_1 Y45+ (Y1,73)_1 Yo _4Y3 s (Y4,73)_1
+ Y1572 4 ()’3‘,—3)71 (Y4,—3)7] + (”1,—3)71 (5’2,—4)2 (5’3,—3)71 (Ys,—3)
+ (Y2,72)7l Yy _5Y4 3+ (Yzfz)fl Y3 _5Y3 3+ Y _5Y] 3 (Y2,72)7l
+(t 4+t Y2y (Yz,fz)_1 +Y1,3 (Yz,fz)_2 Y3 3Y4 3
+ Ya—s (Ya—1)" "4y s (1’3,—1)71 +7Yi s (5’1,—1)7l

+ (Y1,-3)" ! (Y1,-1)” : Yo _sa+Yr 4 (1/3.73)71 (Y3,7|)71 +Y2 4 (1/4,73)71 (1/4,71)7l
+ (Y1,-1)" ! (Yz )" ! Y3 3Y4 3+Y) 3 (Yz,—z)_l (Ys,—l)_1 Y43
+ Y123 (Y2, 2) Y33 (Y44,—1)7] + (1/1,—1)71 (Y3,—1)71 Y43
+ Y13 (Ya—1)” ! (Y4,71)_1 + (Ylfl)_l Y33 (YA,fl)_l

-1
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+ (1’1,—1)71 Y22 (}’3,—1)71 (1’4,—1)71 + (Yz.o)fl) =J (IL(O2,-6)]) -

Remark 8.0.7 Note here that the coefficient of Y» _4 (Yzy_z)_] is r + ¢t~ L. This coefficient
is actually the only coefficient of [L(Y2,—¢)]; to not be equal to 1. The quantum cluster
variables being bar-invariant, all coefficients in the decomposition of the cluster variables
into sums of commutative polynomials in the variables ¥; rl are symmetric polynomials in

1 (P~ = P(¢)). Thus this is the only coefficient that could have been different from
the corresponding one in [L(Y2,—6)];, as it could also have been equal to 2, or any ok,
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