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Abstract

We consider the first Robin eigenvalue A, (M, ) for the p-Laplacian on a compact Rieman-
nian manifold M with nonempty smooth boundary, with € R being the Robin parameter.
Firstly, we prove eigenvalue comparison theorems of Cheng type for A, (M, ). Secondly,
when o > 0 we establish sharp lower bound of A, (M, ) in terms of dimension, inradius,
Ricci curvature lower bound and boundary mean curvature lower bound, via comparison
with an associated one-dimensional eigenvalue problem. The lower bound becomes an upper
bound when o < 0. Our results cover corresponding comparison theorems for the first
Dirichlet eigenvalue of the p-Laplacian when letting « — +o0.
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1 Introduction and main results

The study of first nonzero eigenvalue for elliptic operators plays an important rule in both
mathematics and physics, since this constant determines the convergence rate of numerical
schemes in numerical analysis, describes the energy of a particle in the ground state in
quantum mechanics, and determines the decay rate of heat flows in thermodynamics. Given
its physical and mathematical significance, numerous bounds have been established for the
first Dirichlet eigenvalue and the first nonzero Neumann eigenvalue of the Laplace operator
(see for example [7,12,28,35]), and many results have been extended to the nonlinear p-
Laplacian during the last two decades.
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The classical eigenvalue comparison theorem of Cheng [10] states that the first Dirichlet
eigenvalue of a geodesic ball in an n-dimensional complete Riemannian manifold M" whose
Ricci curvature is bounded from below by (n — 1)k, k € R, is less than or equal to the first
Dirichlet eigenvalue of a geodesic ball of the same radius in a space of constant sectional
curvature , and the reversed inequality holds if we assume instead that the sectional curvature
of M is bounded from above by k and the radius of the geodesic ball is no greater than the
injectivity radius at the center. For domains that are not geodesic balls or for general compact
Riemannian manifolds with boundary, sharp lower bound estimates of the first Dirichlet
eigenvalue of the Laplacian in terms of dimension 7, inradius R, Ricci curvature lower
bound «, and boundary mean curvature lower bound A were obtained by Li and Yau [20]
for « = A = 0 and by Kasue [14] for general k, A € R. The above-mentioned results have
been generalized to the p-Laplacian for | < p < oco. Matei [29] and Takeuchi [36] proved
Cheng’s eigenvalue comparison theorems for the p-Laplacian, and Sakurai [33] obtained
Li-Yau and Kause’s theorem for the p-Laplacian on smooth metric measure spaces with
boundary (including compact Riemannian manifolds with boundary).

For either closed manifolds or compact manifolds with convex boundary and the Neumann
boundary condition, sharp lower bound estimates of the first nonzero (closed or Neumann)
eigenvalue in terms of dimension n, diameter D and Ricci curvature lower bound « were
established via the efforts of many mathematicians including Li [19], Li and Yau [20], Zhong
and Yang [40], Kroger [16], and Bakry and Qian [6]. Their proofs use the gradient estimates
method, together with comparisons with suitable one-dimensional models. Chen and Wang
independently proved it using stochastic method [8,9]. In 2013, a simple alternative proof
was given by Andrews and Clutterbuck [3] (see also [39] for an alternative elliptic proof
inspired by [2,3] and [31]). They introduced the new method of estimating the modulus of
continuity and the trick of reading the size of the first nonzero eigenvalue from the large
time behavior of the diffusion. For the p-Laplacian, sharp lower bounds of the first nonzero
eigenvalue, in terms of dimension, diameter and Ricci lower bound «, were proved by Valtorta
[38] for k = 0 and by Naber and Valtorta [30] for general ¥ € R. Finally, extensions to the
weighted Laplacian on Bakry-Emery manifolds were obtained by Bakry and Qian [6] via the
gradient estimate method and by Andrews and Ni [5] via the modulus of continuity approach,
and further generalizations to the weighted p-Laplacian on smooth metric measure spaces
were proved in [15,23,25,26,37]. It is also worth mentioning that the modulus of continuity
estimates have been extended to viscosity solutions in [21,24] and recently to fully nonlinear
parabolic equations in [22].

The Robin boundary condition g—l‘j +au = 0(a € R),interpolating the Neumann condition
(with ¢ = 0) and the Dirichlet condition (with @ = +00), however, did not receive as
much attention as either of them. In thermodynamics, Robin boundary condition models
heat diffusion with absorbing (¢ > 0) or radiating (@ < 0) boundary. In recent years,
many authors investigated eigenvalue problems with the Robin boundary condition (see
for example [4,17,27,34] and the references therein). In particular, Savo [34] established
lower bound estimates of the first Robin eigenvalue of the Laplacian in terms of dimension,
inradius, Ricci curvature lower bound and boundary mean curvature lower bound. When
letting « — o0, it reduces to the classical results of Li and Yau [20] and Kasue [14].

The purpose of the present paper is to study the first Robin eigenvalue of the p-Laplacian
on compact Riemannian manifolds with boundary. In particular, we will establish Cheng’s
eigenvalue comparison theorem (see Theorem 1.1 below) and sharp bounds for the first Robin
eigenvalue of the p-Laplacian (see Theorem 1.4 below).
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Let (M", g) be an n-dimensional smooth compact Riemannian manifold with smooth
boundary 0 M # @. Let A, denote the p-Laplacian defined for 1 < p < oo by

Apu = div(|VulP 72 Vu),

for u € WP (M). When p = 2, the p-Laplacian becomes the Laplacian. We consider the
following eigenvalue problem with Robin boundary condition

[—APU:)\.|U|p_2U, inM, an

WIVuP2 +a|P"2v =0, ondM,

where v denotes the outward unit normal vector field along 0M and « € R is called the
Robin parameter. The first Robin eigenvalue for A, denoted by A, (M, «), is the smallest
number such that (1.1) admits a weak solution in the distributional sense. Moreover, it can
be characterized as

Ap(M, o) = inf {f [VulPdug +a/ lu|PdA :u e W”’(M),/ lulPdpg = l} ,
M am M
(1.2)

where d i, is the Riemnnian measure induced by the metric g and d A is the induced mea-
sure on dM. When o« = 0, this reduces to the Neumann eigenvalue problem and we have
Ap(M,0) = 0 with constants being the corresponding eigenfunctions. Hence we assume
a # 0 throughout the paper. It’s easy to see from (1.2) that A,(M,a) > 0 if @ > 0 and
Ap(M,a) < 0if o < 0. Indeed, A, (M, ) is an increasing function of « and it converges
to the first Dirichlet eigenvalue of A, as @ — +00. Moreover, the first Robin eigenvalue
Ap(M, o) is simple and the first eigenfunction has a constant sign, thus can always be chosen
to be positive. Note that the first eigenfunction is in general not smooth if p # 2, but belongs
to C1¥ (M) for some 0 < y < 1, as proved by L& [18].

We now state Cheng’s eigenvalue comparison theorem for A, (M, ), which seems to be
new even for the Laplacian.

Theorem 1.1 Let M" (k) denote the simply-connected n-dimensional space form with con-
stant sectional curvature k and let V (k, R) be a geodesic ball of radius R in M" (). Let M"
be an n-dimensional complete Riemannian manifold and Bg(xo) C M be the geodesic ball
of radius R centered at xo. (We always have R < \% ifk > 0in view of the Myers theorem).

(1) Suppose Ric > (n — 1)k on Br(xp). Then

Ap(Br(x0), o) < Ap(V(k, R), ), ifa >0,
Ap(Br(x0), ) > A, (V(k, R), ), ifa < 0.

(2) Let 2 C Br(xq) be a domain with smooth boundary. Suppose Sect < k on 2 and R is
less than the injectivity radius at xo. Then

Ap(Q,a) = A, (V(k, R), ), ifa >0,
Ap(Q,a) <Ap(Vk,R), @), ifa <0.

Moreover, the equality holds if and only if Bg(xo) (or Q) is isometric to V (k, R).

Remark 1.2 Letting « — +o0 in Theorem 1.1 yields Cheng’s eigenvalue comparison theo-
rems proved in [10] for the Laplacian and [29,36] for the p-Laplacian.
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Remark 1.3 Domain monotonicity (if 1 C €2, then the first Dirichlet eigenvalue of €2
is bigger than that of ;) is a fundamental property for first Dirichlet eigenvalue, but it
fails for the first Robin eigenvalue, even for convex Euclidean domains [11]. Part (2) of
Theorem 1.1 can be viewed as a domain monotonicity result for A, (M, ), as it implies
that domain monotonicity holds for « > 0 (reversed domain monotonicty for « < 0) in
space forms when the outer domain is a ball. Indeed, our proof shows that when the outer
domain is a ball, domain monotonicty holds on the warped product manifolds of the form
[0, T] x $"~! with metric g = dr> 4+ f%(r)ggn-1, provided that the warping function f is
strictly log-concave.

We introduce some notations before stating the next theorem. Let R denote the inradius
of M defined by

R =sup{d(x,0M) : x € M}.
Let Cy, A (?) be the unique solution of

Cl\ 4k Cent) =0,

Cen(0) =1,
CLA(0) = —A,
and define
C, A ()
Tea(t) = —=—.
“ CK,A(t)

Our second main theorem states

Theorem 1.4 Let (M", g) be a compact Riemannian manifold with boundary dM # (.
Suppose that the Ricci curvature of M is bounded from below by (n — 1)k and the mean
curvature of M is bounded from below by (n — 1)A for some k, A € R. Let A,(M, ) be
the first Robin eigenvalue of the p-Laplacian on M. Then

Ap(M,a) >4, ([0, R], @), ifa >0,
Ap(M, ) < 4, ([0, R, ), ifo <0,

where X p ([0, R], @) is the first eigenvalue of the one-dimensional eigenvalue problem

(p = DI@'IP720" + (n — DT al¢'1P 729" = —Alp|P 2,
lo’(0)]7~2¢'(0) = a|p(0)|”~2(0), (1.3)
¢'(R) =0.

Moreover; the equality occurs if and only if (M, g) is a (k, A)-model space defined in
Definition 6.1.

Remark 1.5 When p = 2, the above theorem is due to Savo [34]. His proof made use of the
Green’s formula and does not seem to work for the p-Laplacian. Our proof uses instead a
Picone’s identity for A, proved in [1].

Remark 1.6 Letting « — 400 in Theorem 1.4 yields the optimal lower bound for the first
Dirichlet eigenvalue of A, which was obtained by Kasue [14] for p = 2, and by Sakurai
[33] for general 1 < p < oo.
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Remark 1.7 As in [34, pages 26-28], given any k, A € R and R > 0, one can construct an
n-dimensional manifold Q := S_Z(/c, A, R) with two boundary component I'y and I';, such
that the first eigenvalue of A, on Q with Robin boundary condition on I'y and Neuman
boundary condition on I'; coincides with x ([0, R], ).

The boundary conditions of the one-dimensional eigenvalue problem (1.3) are Robin at
t = 0 and Neumann at t = R. When k = A = 0, the first eigenvalue of problem (1.3) (with
T. A = 0) is indeed equal to the first Robin eigenvalue of problem (1.4) (see Proposition 2.2
below). Thus, we get an eigenvalue comparison theorem between the first Robin eigenvalue of
the n-dimensional manifold M and the first Robin eigenvalue of a one-dimensional eigenvalue
problem.

Theorem 1.8 Let (M", g) be the same as in Theorem 1.4. Suppose k = A = 0. Then

hp(M. @) = (10.2R). @) ifer > 0,
Ap(M, ) < up ([0, 2R], @) ifa <O,

where w, ([0, 2R], @) is the first Robin eigenvalue of the one-dimensional problem

(p— DIg'1P729" = —Alp|P 2,
¢’ (0)[7~2¢(0) = a|p(0)|7~2¢(0), (1.4)
lo'QR)|P2¢'2R) = —at|p(2R)|P2p(2R).

The paper is organized as follows. In Sect. 2, we collect some basic properties of the one-
dimensional eigenvalue problems. An extension of Barta’s inequality for the p-Laplacian
is given in Sect. 3. The proofs of Theorems 1.1 and 1.4 are presented in Sects. 4 and 5,
respectively. The model spaces on which the inequalities in Theorem 1.4 are achieved are
provided in Sect. 6.

2 Properties of one-dimensional models

In this section, we gather several basic properties of the one-dimensional eigenvalue problems
used as comparison models in this paper.

We will consider slightly more general models. Let w be a positive smooth function on
[0, R] satisfying w(0) = 1. We consider the following one-dimensional eigenvalue problem:

(p — DIg/1P729" + Lo/ |P2¢" = —i|p|P 29,
l¢’(0)]7~2¢'(0) = a|p(0)|7~2(0), (2.1)
¢'(R) = 0.

Let 1, ([0, R], w, @) be the first eigenvalue of (2.1). It’s easily seen that 4, ([0, R], w, o)
is characterized by

R R
A ([0, R], w, ) = inf {/ |/ [Pwdt + alu(Q)|P 1 u e WP ([0, R], wdr) / lu|Pwdt = l} .
0 0
2.2)

It follows from (2.2) that A, ([0, R], w, &) = Oif & = 0, 1, ([0, R], w, @) > Oif > 0, and
x (0, R], w, ) < 0if @ < 0. Moreover, the first eigenfunction does not change sign and
can always be chosen to be positive.

We prove the following properties of the first eigenfunction:
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Proposition 2.1 Let u > 0 be the positive first eigenfunction associated to }_L,,([O, R], w, o).

(1) Ifa >0, thenu' > 0on [0, R).

2) Ifa <0, thenu’' < 0on|0,R).

3) Ifa > 0and R < R, then XP([O, R, w,a) < )_Lp([O, R], w, ). In (4) and (5), assume
further that w is strictly log-concave, i.e., (logw)” < 0 on [0, R).

@) Ifa > 0, then ’f—; is monotone decreasing on [0, R]. Particularly, |“7/|1’_1 <aonl0,R].

) Ifa <0, then ”;/ is monotone increasing on [0, R]. Particularly, |% |1’_1 < —aon|0, R].

Proof (1) If @ > 0, then u’(0) > 0 because |u'(0)|”~2u'(0) = o|u(0)|P~2u(0) > 0.
We argue by contradiction and let r € (0, R) be the first zero of u’. Define v €
WP ([0, R], wdt) by

o(t) = u(), for0<r=<r,
u(ry, forr <t <R.

Then using v as a test function in (2.2) gives
R r
/ W |Pwdt + alv(0)]” :/ lu'|Pw dt + o|u(0)|?
0 0
,
= ulu|P?u'wl} _f (/1720 w) u dt + aw(0)[u(0)|”
0
_ r
= 2p ([0, R],w,a)/ |u|Pw dt
0

R
< 3,00, R],w,oo/ wlPwadr,
0

contradicting (2.2). Thus we have ' > 0 on [0, R).

(2) Argue by contradiction again. Let r € (0, R) be the first zero of u’. Then u restricted to
[r, R]is an Neumann eigenfunction with Neumann eigenvalue x ([0, R], w, @) on|[r, R].
This is impossible since Neumann eigenvalue are nonnegative while x »([0, R], w, &) <
Oifa <O.

(3) Similar to (1), one prolongs an eigenfunction of [0, R]on [0, R] by a constant and use it
as a test function in (2.2) to derive a contradiction.

’ L
4) Let v(r) = %0 then v(0) = a7, v(r) > 0 for r € [0, R) and v(R) = 0. Direct

calculation using

w’ -
(p— DI 1P 2u" + ;m’v’—zu’ = —2, ([0, R], w, &) |ulPu

yields
w’ _
WP~ + va’*zv +(p — Dv|? = =2,([0, R], w, ). (2.3)

Now we claim that v(r) is monotone decreasing on [0, R]. If not, there exists some
r € (0, R) such that

V'(r) =0,v"(r) <0.

Then taking derivative of (2.3), we have at t = r that
w’
0=(p— 1" P 2+ (—) [v]”P2v < 0
w

by the strict log-concavity of w, which is clearly a contradiction.
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(5) Similar to the proof of (4).
O

Proposition 2.2 Let 11, ([0, 2R], ) be the first eigenvalue of the following eigenvalue prob-
lem:
(p = DIY1P2¢" = =hlgl" g,
9" ()17 729 (0) = |9 (0)|P2(0), 2.4)
l9'CR)|P72¢' (2R) = —alp(2R)[P 9 (2R).

Then B
up([0,2R], a) = A,([0, R], 1, o).

Proof Observe that (2.4) is invariant under the symmetry + — 2R — ¢. It then follows that,
if we fix a positive first eigenfunction v of (2.4), then v must be even at t = R (v cannot be
odd at r = R since v is positive). Hence v'(R) = 0 and v is also eigenfunction of (2.1) (with
w = 1). It has to be the first eigenfunction since v is positive.

Conversely, the first eigenfunction u of (2.1) can be extended to a function u on [0, 2R]
by

i(t) u(t), forl <t <R,
u =
u(2R —1t), forR <t <2R.
It’s easy to see that u is the first eigenfunction of (2.4). O

3 An extension of Barta's inequality

Barta’s inequality (see for example [7, Lemma 1 on page 70]) was frequently used in obtaining
lower and upper for the first Dirichlet eigenvalue of the Laplacian. It asserts that for any
function v € C2(M) N C(M) satisfying v > 0in M andv =0on oM,

—Av —Av
< AP (M) < sup
M

inf )
M v

where A? (M) is the first Dirichlet eigenvalue of the Laplacian on M.

Kasue [14, Lemma 1.1] extended Barta’s result and proved that if there is a positive
continuous function v on M satisfying —Av > Av in the distributional sense for some
constant A, then A][) (M) > A. Moreover, if v is smooth on an open dense subset of M and
the equality is achieved, then v is the first eigenfunction satisfying the Dirichlet boundary
condition. We extend these results to the p-Laplacian with Robin boundary condition.

Theorem 3.1 Lerv € C' (M) (it suffices to assume v is Lipschitz on M) be a positive function.
(1) Suppose that v satisfies

—Apv > AP0, inM,
2 VuP2 +alp|P"2u >0, ondM,
in the distributional sense, then we have
Ap(M, ) > A.
Moreover, the equality holds if and only if v is a constant multiple of the first eigenfunction

of \p(M, ).
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(2) Suppose that v satisfies
—Apv§k|v|”’2v, inM,
3—3|Vv|p_2 +oa|P2v <0, ondM,
in the distributional sense, then we have

Ap(M, ) < 2.

An immediate consequence of the rigidity in part (1) of Theorem 3.1 is the simpleness of
Ap(M, o).

Corollary 3.2 A, (M, @) is simple.

To prove Theorem 3.1, we make use of the Picone’s identity for A, proved in [1]. For
reader’s convenience, we include its short proof here as well.

Proposition 3.1 (Picone’s identity) Let u > 0 and v > 0 be differentiable functions on M.
Let

p—1
|Vo|P~2(Vu, V),

u? u
L(u,v) =|Vul” + (p — D—|Vv|" — p—
vP vP

2 u?
R(u,v) = |Vul|? —|Vv|P~ <V (—) , Vv>.
Pl
Then
L(u,v) = R(u,v) > 0.
Moreover, L(u, v) = 0 a.e. in M if and only if u = cv for some constant c.

Proof Direct calculation gives

2 u?
R(u,v) = |Vu|P — |Vv|P~ <V (—) , Vv>
Ol

ubf uP=1
= [Vul” + (p = DS IVol” = p— Vol *(Vu, V)

= L(u, v).

-1

1 |Vv|pils

Applying Holder’s inequality ab < % + pT_lb# with a = |Vu| and b = ﬁZ—
we have

ub™! 2 Pl ~1
FIVUIP [(Vu, Vv)| < o [VulP~H Vul
Vul|P —1u?
< ! + L7|VU|P’
p p v

proving that L(u, v) > 0. If the equality occurs, then we easily conclude that V (%) =0a.e.
on M and consequently # = ¢ v for some constant c. O

Proof of Theorem 3.1 (1) By assumption, we have

IVolP~2(Vu, Vipydpe = A | vP 'ndu, —a vPIndA,
g g
M M aM
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QDF
vp—1

for any nonnegative function n € C'(M). Choosing n = for any smooth function

@ gives

P
/ |Vv|p—2<vv,V <%>> dig > A/ P dpg —a/ el dA,
M v M oM

On the other hand, Picone’s identity in Proposition 3.1 implies

_ %
M v M

Combing the above two inequalities together yields

/ IVw|”dMg+a/ pPdA 3/\/ @P dpig.
M oM M

The desired inequality A, (M, a) > A follows by letting ¢ approach the first eigenfunction
ue Whr(M). The equality occurs only iffM L(p,v)dug = 0, whichimplies L (u, v) =
0 a.e. on M, and then the equality case in Proposition 3.1 implies u = cv for some
constant c.

(2) By assumption, we have that for any nonnegative function € C' (M),

/ |Vv|p72(Vv,Vn)dMg fkf vpflr;dug —oz/ v’ IndA.
M M aM

Letting n approach v yields

f IVulP dug SA/ v”du,g—oz/ vPdA,
M M aM

which implies A, (M, &) < A.

4 Proof of Theorem 1.1

In this section, we prove Cheng’s eigenvalue comparison theorems for A , (M, «). By Barta’s
inequality, we need to construct sub and supersolution for the eigenvalue equation. A natural
function on M is the distance function from a given point. Let p € M and r(x) = d(x, p) be
the geodesic distance from p to x. Then r(x) is a Lipschitz continuous function on M and it
is smooth on M\{p, Cut(p)}, where Cut(p) denotes the cut locus of p.

Let sn, be the unique solution of sn) + ksn, = 0 with sn, (0) = 0 and sn/.(0) = 1, i.e.,
sn, are the coefficients of the Jacobi fields of the model spaces M" (k) given by

# sin(/k1) ifk >0,
sne(t) =4t ifk =0,
\lﬁ sinh (v—k1) ifk < 0.

—K

We need the Laplace comparison theorem for the distance function, see for example [35]
and [32].

Theorem 4.1 Let (M", g) be a complete Riemannian manifold of dimension n and p € M.
Letr(x) =d(x, p).

@ Springer
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(1) Suppose that Ric > (n — 1)k on M. Then

’
Ar(x) < (1 — 1) D)
sn(r)
holds for all x € M\{p, Cut(p)}, and also holds globally on M in the sense of distribu-
tion.
(2) Suppose that Sect < k on M. Then
sn(r)

Ar(x) = (n—1)

sn(r)

holds on the set {x € M : r(x) < min{inj(p), 27’7}}, where inj(p) denotes the injectivity

radius at p, and we understand %= = oo if k < 0.

N A

Proof of Theorem 1.1 (1) . We first deal with the @ > 0 case. Let u be the first positive
eigenfunction associated with A ,(V (k, R), ), whichis aradial function, given by u(x) =
@(r(x)), where r(x) = d(x, xo) and ¢ satisfies

(P = DIPIP29" + (n = D= 1P 729" = =2y Vi, R), @)lglP g,
lo'(R)|P~2¢'(R) = —a|p(R)|P2p(R),
¢'(0) = 0.

Applying Proposition 2.1 with w = snﬁ_1 and u(r) = ¢(R —t), we have that ¢'(¢) < 0.
Consider the function v(x) defined on Bg(xp) by

v(x) = @(r(x)).

Since Ric > (n — 1)k, we have Ar(x) < (n — 1)3{;8 for all x € M\({xo, C(x0)} by
part (1) of Theorem 4.1. Direct calculation gives

—8pu(x) = —(p = DIg1P72¢" — ¢/ 1P72¢/ Ar (x)
D)sn,

_ 5 ,(n—=
—(p = DI/ 129" — |¢/|P 2/ ——E
SNy

IA

= 2p(V(k, R), ) |g|P %
=2, (V(ic, R), ) [v|" v

forall x € M\{xg, C(xp)}. On the other hand, direct calculation shows that v(x) satisfies
_,0v 5
IVu|P™"— +av|’ “v =0
av

on d Bg(xp). Since the cut locus is a null set, standard argument via approximation shows
that v(x) satisfies

—Apv < A, (V(k, R), @) |v[P~2v, in Br(xo),
21V +alp|P 20 =0, on dBg(xo),

in the distributional sense. It then follows from part (2) of Theorem 3.1 that

)"p(BR(XO)a O[) S )"p(V(Ka R)7 (X).
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If o < 0, we have that ¢’(f) > 0. Same argument as in the @ > 0 case shows that v(x)
satisfies

—Apv > Ap(V(k, R), ) |v|P2v, in Br(xo),

21V + af|P 20 =0, on d B (xp),

in the distributional sense. The desires estimate A, (Bg(x0), o) > A,(V(x, R), a) fol-
lows from part (1) of Theorem 3.1.
(2) .If a > 0, then we have from Proposition 2.1 that

/
1 1
¢'(t) < 0and A0} > —« =

@(t)

fort € (0, R]. Since Sect < k,wehave Ar(x) > (n— I)M/K(r) by part (2) of Theorem 4.1.

sn (r)
Firstly, same argument as in the proof of (1) shows that

—Apv > A, (V(k, R), @)v]P 2
on €. Secondly, using 337722 = ¢'(Vr,vq) > ¢’ on 092, we estimate that
av
IVolP 72— +afv|P v > |¢/|P 729 + alpl” 29 = 0
g
on d£2, where vg denote the unit outward normal vector field along d€2. Thus we conclude
—Apv > A, (V(k, R), a)v[P~%v, inQ,
B v|P2 + alv|P"2 > 0, on 92,

holds in the distributional sense. The desires estimate A, (2, @) > A,(V («, R), a) fol-
lows from part (1) of Theorem 3.1.
O

5 Proof of Theorem 1.4

By Barta’s inequality in Theorem 3.1, we need to find sub and supersolution to the eigenvalue
equation for A, with Robin boundary condition, in order to establish lower and upper bounds
for A, (M, a). The natural choice here is the distance function to the boundary d(x, dM). It
is well known that the function d(x, d M) is Lipschitz on M and smooth on M\Cut(dM),
where Cut(dM) denotes the cut locus of dM and it is a null set. We recall the following
Laplace comparison theorem for d(x, d M) (see for instance [13]).

Theorem 5.1 Let (M", g) be a compact Riemannian manifold with boundary oM # ().
Suppose that the Ricci curvature of M is bounded from below by (n — 1)k and the mean
curvature of dM is bounded from below by (n — 1)A for some «, A € R. Then

Ad(x, M) < (n — )T p (d(x,0M)),
on M\Cut(oM).

We then construct sub and supersolution of the eigenvalue equation by composing
d(x, dM) with the eigenfunction of the one-dimensional problem (1.3).

Proposition 5.1 Let X,, = )_Lp ([0, R], @) and ¢ be the first eigenvalue and eigenfunction of
the one-dimensional problem (1.3). Let v(x) = ¢(d(x, dM)).
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(1) If o > 0, then v satisfies
—Apv > )_\plv|1’_2v, inM,
WIvolP2 +afpP"2 =0, ondM,

in the distributional sense.
(2) Ifa < O, then v satisfies

—Apv < )_»plv|p_2v, inM,
2 V[P~ + afv|P"20 <0, ondM,

in the distributional sense.

It’s easy to see that v(x) satisfies the Robin boundary condition g—"j IVulP 2 +alv]P 20 =0
on 0 M and the inequality —A v > X,,Ivl’”zv holds on M\Cut(M) if « > 0. To show the
partial differential inequality holds in the sense of distribution, we need the following lemma
in [33, Lemma 2.5], which is useful in avoiding the cut locus of I M.

Lemma5.2 Let (M, g) be a smooth Riemannian manifold with smooth boundary dM. Then
there exists a sequence ()72 | of closed subsets of M satisfying the following properties:

(1) for every k, the set 02 is a smooth hypersurface in M and 02y N oM = OM;

(2) k1 < ky implies Qi, C Qe

(3) M\Cut(M) = U2 ;

(4) for every k, on Q2 \oM, there exists the unit outward normal vector field vy for Q2
satisfying (vi, Vd(x, dM)) > 0.

Proof of Proposition 5.1 (1) . Direct calculation using Proposition 5.1 shows
Apv=(p = DI¢'1P72" +1¢'IP72¢' Ad(x, 8M) < —Lp[v|" v

on the set M\Cut(M). Since v is smooth in any €2, we have for any nonnegative function
neC'(M),

3
/ IVoIP =2V, V) dig _/ Apvﬂdung/ IVolP 222 pdA
. Q A% vk

by dv v
Z)‘P/ |v‘p_2v’7d/‘g+/ |Vv|p_2fndA+/ |VvlP~2— ndA
Q aQUNIM Vg 9QN\IM P

Xp/ Ivlp_zvndug-i-(x/ \vlp_zvndA—i—/ [Vu|P~2¢ (Vd(x, M), vi) nd A
Qi oM AQ\OM

=3 [ o e [ e onaa,
o M
where we used ¢’ > 0 and (v, Vd(x, dM)) > 0. Letting k — oo yields that v satisfies
/ |VolP~2(Vu, Vi) djug zi,,/ |v|p_1vndug+a/ lv|P2vndA.
M M oM

Thus, we conclude that v satisfies

—Apv > iplvlp_zv, in M,
21VuP2 + av|P"2v >0, ondM,

in the distributional sense.
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(2) . The proof is similar to (1) and we omit the details.
O

Proof of Theorem 1.4 1f « > 0, then by Proposition 5.1, the function v(x) = ¢(d(x, dM)
satisfies B

—Apv > Aplv]P 720, in M,

BVuP2 +av|”"20 >0, ondM,

in the distributional sense. Then Barta’s inequality in Theorem 3.1 implies that A, (M, o) >
X,, = )_LP ([0, R], @). The @ < O case is completely similar.

If the equality is in Theorem 1.4 achieved, then by the rigidity in part (1) of Theorem 3.1,
v(x) = ¢(d(x,dM) is indeed a constant mutilple of the first eigenfunction associated to
Ap(M, ). Same argument as in [14, page 37] or [34, page 101] shows that (M", g) is a
(k, A)-model space. O

6 Equality case in Theorem 1.4 and model spaces

In order to characterize the equality case in Theorem 1.4, we need the notion of (k, A)-model
spaces introduced by Kasue [14]. For this purpose, we introduce the following notations

Zi.n i=inf{t > 0: Ce p (1) = 0},
Yen = inf{r € (0, Ceal: Cp 5 (1) =0}

Here we understand Z, o = oo if Cy, 5 does not vanish on (0, o0) and Y, o = oo if C,’(’A
does not vanish on [0, C, A]. It’s easy to see that 0 < Z, o < oo if and only if either k > 0,
ork =0and A > 0,0ork < 0, and that A > /[x]and 0 < Y an < oo if and only if either
k>0and A <0,ork =0and A =0,0ork <0and0 < A < /|«].

Let M"(x) denote the simply-connected n-dimensional space with constant sectional
curvature k.

Definition 6.1 A compact Riemannian manifold (M”", g) with boundary is called a («, A)-
model space if one of the following conditions holds:

(1) Z,.n < oo and M is isometric to the closed geodesic ball of radius Z, 5 in M" (k).

2) k = A =0,0r0 < Y < 0o0. Moreover, M is isometric to the warped product
[0, 2a] XCep T where I is connected component of M and a is a positive number if
k =A=0,anda =Y, 5 if 0 < Y, o < oc. In this case, M is disconnected.

(3) k =A =0,0r0 < Y, p < o0o. Moreover, dM is connected and there is an involu-
tive isometry o of d M without fixed points, and M is isometric to the quotient space
[0,2a] x¢, , 9M /G, where a and h are the same as in (2) and G is the isometry group
on [0, 2a] x¢, , M /G, whose elements consist of the identity and and the involutive
isometry & defined by 6 (7, x) = 2a — t, o (x)).

From a standard argument (see for instance [14, Section 1.3] ), one sees that when M is
a (k, A)-model space, the first Robin eigenfunction of the p-Laplacian can be written in the
form
u=¢pod(x,dM),

@ Springer



1046 X. Li, K. Wang

where ¢ is a smooth function on [0, R] satisfying

(p— DI@'IP729" + (n — DT Al' 1P 729" = =2 p(M, o) |@|P %0,
o’ (0)[7~2¢(0) = a|p(0)|7~2(0),
¢'(R) =0,

which gives the equality case in Theorem 1.4.
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