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Abstract

In their work Ikromov and Miiller (Fourier Restriction for Hypersurfaces in Three Dimensions
and Newton Polyhedra. Princeton University Press, Princeton, 2016) proved the full range
LP — L? Fourier restriction estimates for a very general class of hypersurfaces in R? which
includes the class of real analytic hypersurfaces. In this article we partly extend their results
to the mixed norm case where the coordinates are split in two directions, one tangential and
the other normal to the surface at a fixed given point. In particular, we resolve completely
the adapted case and partly the non-adapted case. In the non-adapted case the case when the
linear height Ay, (@) is below two is settled completely.
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1 Introduction

For a given smooth hypersurface S in R”, its surface measure do, and a smooth compactly
supported function p > 0, p € Cgo (S), the associated Fourier restriction problem asks for
which p, ¢ € [1, oo] the estimate

1/q
(/ |f|"pd0> <CpqgllflliLr@mn, f €S, (1.1)

holds true. This problem was first considered by E.M. Stein in the late 1960s. Soon thereafter
the problem was essentially solved for curves in two dimensions, see [4,7,34]. The higher
dimensional case in its most general form is still wide open. The three dimensional case, as
of yet, is far from being completely understood even when S is the sphere, and there has
been a lot of deep work in the direction of understanding L? — L9 estimates for surfaces
with both vanishing and non-vanishing Gaussian curvature. A small sample of such works
are [2,3,12,21,24,30,33].

The case when ¢ = 2 has proven to be more tractable since one can use the “R*R
technique”. This was exploited by Tomas and Stein (see [31]) to obtain the full range of
LP — L? estimates when the hypersurface in question is the unit sphere, and later further
developed by Greenleaf [11] where the full range of L? — L? estimates was obtained for
surfaces with non-vanishing Gaussian curvature. In fact, Greenleaf proved that if one has
a decay estimate on the Fourier transform of pdo (which can be interpreted as a uniform
estimate for an oscillatory integral), i.e.,

lpdo(®) S A+ 1N~V £ eR,

then the associated restriction estimate holds true for p’ > 2(h + 1) and ¢ = 2. However,
in general, this range is not optimal. Recently I.A. Ikromov and D. Miiller in their series of
works (see [14—-16], and also their work with M. Kempe [13]) have developed techniques for
proving the full range of L? — L? estimates for a very general class of surfaces in R>. Their
work builds upon the work of V.I. Arnold and his school (in particular, the work by Varchenko
[32]) which highlighted the importance of the Newton polyhedron within problems involving
oscillatory integrals, and upon the work of Phong and Stein [25] and Phong et al. [26] in the
real analytic case where the authors in addition to the Newton polyhedron used the Puiseux
series expansions of roots to obtain results on oscillatory integral operators. For further and
more detailed references we refer the reader to [16].
In [16] Ikromov and Miiller proved the following theorem.
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Theorem 1.1 Let S be a smooth hypersurface in R and do its surface measure. After local-
isation and a change of coordinates assume that S is given as the graph of a smooth function
¢ = Q — R of finite type with $(0) = 0 and V¢ (0) = 0, where Q C R? is an open neigh-
bourhood of 0. Furthermore, assume that ¢ is linearly adapted in its original coordinates.
Let p > 0, p € C2°(S), be a smooth compactly supported function. Then the estimate (1.1)
holds true for all p with support contained in a sufficiently small neighbourhood of 0 when
g = 2 and when either

(a) ¢ is adapted in its original coordinates and p > 2(h(¢) + 1), or
(b) @ is not adapted in its original coordinates, satisfies the Condition (R), and p >
2(h" (@) + 1.

Since linear transformations respect the Fourier transform, one can always assume linear
adaptedness. The quantities /(¢) and h™*(¢) are respectively the height and the restriction
height of the function ¢ (the precise definitions can be found in Sects. 1.1 and 2.3 below
respectively; also note that we use 71™%(¢) to denote the restriction height of the function ¢
instead of A" (¢) as in [16]). Condition (R) is a factorisation condition which is true for real
analytic functions, but not for general smooth functions, and it remains open whether this
condition can be removed in the above theorem.

In this paper we shall be interested in the mixed norm case with L”(R?) denoting from
now on the space L3 (LY?(LY!)) and ¢ = 2 in (1.1). We shall be interested in the particular
case when p; = p»,i.e., we only differentiate between the tangential and the normal direction
to the surface S at the point 0 € S. This means we take || f || » (g3 to mean

p3/p1 1/p3
(/ (f/ |f|”1(x1,x2,x3)dx1dx2> dx3) .

Henceforth we shall denote by p the pair (p1, p3). Our task is to determine for which (py, p3)
the inequality

12
( f |f|2pd0> <Cpllflrey =Cplflpan  FeS®).  (12)

holds true for p > 0 supported in a sufficiently small neighbourhood of 0.

This question is of great interest in the theory of PDEs, as was noticed by Strichartz in [29].
Namely, one can obtain mixed norm Strichartz estimates for a wide collection of symbols ¢
determining the surface S since the estimate (1.2) can be reinterpreted as an a priori estimate

”I/t ”LE\' ’)(R3) =< C||g||L2(R2)
for the Cauchy problem

du(x, ) =ip(Du(x, 1), (x,1) € R? xR,
u(x,0) = g(x), x € R2,

where g has its Fourier transform supported in a small neighbourhood of the origin and ¢ (D)
is the operator with symbol ¢ (£).

It turns out that we can use the same basic techniques and phase space decompositions as
in [16] in proving the estimate (1.2) in the cases we consider (namely, the adapted case and
the non-adapted case with hjip(¢) < 2). The main additional ingredients we shall use are
some basic ideas from [9] (see also [20]) for handling mixed norms. In our case additional
complications appear which were absent in the corresponding cases in [16] and some of
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which resemble problems appearing in some of the final chapters of [16]. For example, after
making a phase space decomposition of the kernel of the convolution operator obtained by
the “R*R technique”, a recurring theme will be that we will not be able to sum absolutely
the operators associated to the kernel decomposition pieces whose operators were absolutely
summable [16]. A further interesting feature of the mixed norm case is that estimates for the
mixed norm endpoint for operators of certain kernel pieces become invariant under scalings
considered in [16].

The structure of this article is as follows. In the following Sect. 1.1 we review some
fundamental concepts such as the Newton polyhedron and adapted coordinates. In Sect. 1.2
we state the main results of this paper, namely Theorem 1.2 which states the necessary
conditions, and Theorem 1.3 which gives us the mixed norm Fourier restriction estimates
in the adapted case and the case hji, () < 2. In Sect. 2 we derive the necessary conditions
(by means of Knapp-type examples) for the exponents in (1.2). See Proposition 2.1. In
Sect. 2.4 we also determine explicitly the Newton polyhedra of ¢ in its original and adapted
coordinates in the case when the linear height of ¢ is strictly less than 2. Section 3 contains
auxiliary results that we shall often refer to. In Sect. 3.2 we list results related to oscillatory
integrals and also some results on oscillatory sums from [16] that are useful in conjunction
with complex interpolation. In Sect. 3.3 we state results which we need for handling mixed
norms. In Sect. 4, Proposition 4.2, we deal with the adapted case, i.e., we prove that if ¢ is
adapted in its original coordinates, then the estimate (1.2) holds for all p’s determined by
the necessary conditions, except occasionally for a certain endpoint. In the same section (see
Proposition 4.3) we also reduce the general non-adapted case to considering the part near
the principal root jet of ¢. In Sects. 5 and 6 we handle the case when the linear height of
¢ is strictly less than 2 for a class of functions ¢ which includes all analytic functions (see
Theorem 5.1 for a precise formulation).

For reasons of consistency we use the same notational conventions as in [16]. We use
the “variable constant” notation meaning that constants appearing in calculations and in the
course of our arguments may have different values on different lines. Furthermore we use the
symbols ~, <, > &, > inorder to avoid writing down constants. If we have two nonnegative
quantities A and B, thenby A < B we mean that there is a sufficiently small positive constant
csuch that A < ¢B, by A < B we mean that there is a (possibly large) positive constant C
such that A < CB, and by A ~ B we mean that there are positive constants C; < C» such
that C;A < B < C2A. One defines analogously A > B and A 2 B. Often the constants ¢
and C shall depend on certain parameters p in which case we occasionally write A <, B,
A <p B, etc., in order to emphasize this dependence.

A further notational convention adopted from [16] is the use of symbols g and x; in denot-
ing certain nonnegative smooth compactly supported functions on R. Namely, we require xo
to be supported in a neighbourhood of the origin and identically 1 near the origin, and x; to
be supported away from the origin and identically 1 on some open neighbourhood of 1 € R.
These cutoff functions xo and x; may vary from line to line, and sometimes, when several
xo and x1 appear within the same formula, they may even designate different functions.

1.1 Fundamental concepts and basic assumptions

Let the surface S be given as the graph S = Sy := {(x1, x2, ¢(x1,x2)) : x = (x1,x2) €
Q C R?} of a smooth and real-valued function ¢ defined on an open neighbourhood 2 of
the origin. We can assume without loss of generality that ¢ (0) = 0 and we take €2 to be a
sufficiently small neighbourhood of the origin in R?. In the mixed norm case we cannot use
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the rotational invariance of the Fourier transform in order to reduce to the case V¢ (0) = 0.
Instead we use a different linear transformation (for details see Sect. 3.1), and so we may
and shall assume V¢ (0) = 0.

Next, we impose on ¢ to be a function of finite type at 0. This means that there exists a multi-
index « € N(% such that 9%¢ (0) # 0. By continuity, ¢ is of finite type on a neighbourhood of
0. We may therefore assume that ¢ is of finite type in each point of 2. We define the Taylor
support of ¢ as the set 7 (¢) := {«a € N% 1 0%¢(0) # 0}. The Newton polyhedron N (¢) of
¢ is the convex hull of the set Ua{(n, h) € R2:1 >a1,th> oz}, where the union is over
all o such that 3%¢ (0) # 0 (and so |«| > 2). See Fig. 1. Both edges and vertices are called
faces of N'(¢). We define the Newton diagram Ny (¢) of ¢ to be the union of all compact
faces of NV (¢).

If we are given a face ey of N'(¢), we can define its associated (formal) series

3% (0
Pey (1, 32) = Y 20 e (1.3)

|
acegNT (¢p) o

If e is a compact face, then ¢, (x1, x2) is a mixed homogeneous polynomial. This means
that there exists a weight k0 = (Kfo, /(5“) e [0, oo)2 such that for any r > 0 we have

(’0 eo . .
ey (F1 X1, 7 2 X2) = rpey (x1, x2), and we call ¢, a k°°-homogeneous polynomial. k0 is
uniquely determined if and only if eq is not a vertex. In fact, in the case when ¢y is an edge,
we define L, to be the unique line containing ey:

€0 € Ly« (1.4)

Then the weight £ is uniquely determined by the relation
Lo = [(:1, 1) € R : k4 + k01 = 1]. (1.5)

When e is an unbounded face, ¢, (x1, x2) is to be taken only as a formal power series. Note
that then ¢y is either a vertical or horizontal edge of N(¢), and we can also find unique «{°
and /c;‘) (one of them being O in this case) such that (1.4) holds.

Of particular interest is the principal face w(¢) defined as the face of minimal dimension
of N'(¢) which intersects the bisectrix {(t1, ) € R2:.4 = tr}. Its associated series (or
homogeneous polynomial) we call the principal part of ¢ and denote by ¢pr 1= Py (g). Let
k = (k1, k2) determine the line L, as in (1.5) containing the principal face if it is an edge,
or when it is a vertex, let ¥ determine the edge of \'(¢) having the principal face as its left
endpoint. Interchanging the x| and x; coordinates, if necessary, we may always assume that
k2 > k1. We shall denote the ratio k> /k1 by m, and som > 1.

The Newton distance d(¢) of ¢ is defined to be the coordinate d of the point (d, d) which
is the intersection of the bisectrix and the principal face of A/(¢). One can easily see that if
k = (k1, k2) determines the line containing the principal face (or any of the supporting lines
to NV (¢) in case 7 (¢) = {(d, d)}), then we have d(¢) = 1/(k| + k2).

The Newton height h(¢) of ¢ is defined as

h(¢) := sup{d(¢ o ¢) : ¢ a smooth local coordinate change}.

By a smooth local coordinate change we mean a function ¢ which is smooth and invertible
in a neighbourhood of the origin, and ¢(0) = 0. We also define the linear height as

hin(¢) := sup{d(¢ o @) : ¢ alinear coordinate change}.
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1534 L. Palle

For a coordinate change ¢ we shall denote the new cooridnates by y = ¢(x). In this case
we also denote dy = d(¢ o ). We say that ¢ is adapted in the y coordinates if dy, = h(¢).
Analogously, we say that ¢ is linearly adapted in coordinates y if d, = hjj(¢). When ¢ is
adapted in its original coordinates x we say that ¢ is adapted, and if ¢ is not adapted in its
original coordinates, then we say that ¢ is non-adapted. Analogous expressions we shall use
for linear adaptedness. We obviously always have d, = d(¢) < hiin(¢p) < h(¢).

The existence of an adapted coordinate system for real analytic functions on R? was first
proven by Varchenko in [32]. He gave an explicit algorithm on how to construct an adapted
coordinate system. His result was generalised in [14] where it was shown that an adapted
coordinate system exists for general smooth functions. It turns out that in the smooth case one
can also essentially use Varchenko’s algorithm. In this article when we refer to Varchenko’s
algorithm we shall always mean the variant used in [14]. In this variant one constructs an
adapted coordinate system in the form of a non-linear shear transformation

yi=x1, Y2=x2—¥(x).

The smooth real-valued function ¥ can be taken in the real-analytic case to be the principal
root jet of ¢ as defined in [16]. We denote the function ¢ in the new (adapted) coordinates
by ¢“. Then we have

() =i, y2 + ¥ (y).

We remark that when ¢ is not adapted, then m = k3 /K is a positive integer and ¥ (x1) —
bix{' = O(xf”“) for some nonzero real constant by.

We introduce next Varchenko’s exponent v(¢) € {0, 1}. If h(¢) > 2 and there exists an
adapted coordinate system y such that in these coordinates the principal face of ¢“(y) is a
vertex, we define v(¢) := 1. In all other cases we take v(¢) := 0. In particular v(¢) = 0
whenever 7 (¢) < 2. A concrete characterisation for determining when an adapted coordinate
system having the principal face as a vertex exists can be found in [15, Lemma 1.5].

Let us discuss next linear adaptedness. We assume that i, (¢) < h(¢), i.e., that we cannot
achieve adapted coordinates with a linear coordinate change. In [16, Section 1.3] it was shown
that in this case we can always find a linearly adapted coordinate system, and [16, Proposition
1.7] gives an explicit characterisation of when a coordinate system is linearly adapted. It was
shown in particular that if the coordinate system x is not already linearly adapted, then one
just needs to apply the first step of Varchenko’s algorithm in order to obtain it.

Since in our mixed norm case we consider only p; = p», we can freely use linear
coordinate changes in “tangential” variables (x1, x2) in the expression (1.2). Thus we may
assume without loss of generality that either the original coordinate system x is already
adapted, or that it is at least linearly adapted. In particular, we may assume d(¢) = hiin(¢).

The final important concept we introduce is the augmented Newton polyhedron N5 (¢®)
of a non-adapted ¢ (note the slight change in notation compared to [16], where N (¢?) is
used instead). N5 (¢?) is defined as the convex hull of the set

N UL*,

where LV is defined as follows. Let L, be the line containing the principal face m(¢) of
N(¢p)andlet P = (tlp , t2P ) be the point on L, NN (¢*) with the smallest #, coordinate. Such
a point always exists. Then L™ is the ray

{(tl,tz) €Lyt > tzp}.

(See Fig. 1).
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7 (A1, B) N(s?)

<(Aty-1, Big—1)

~~“\(.Alm By,)

N (Agg+1, Brg+1)

Ap_1,Bn_
Gl oy

ty

1/k1

Fig. 1 The (augmented) Newton polyhedron associated to ¢¢

1.2 The main results

Let us briefly review all the conditions on the function ¢ which we may assume without loss
of generality when considering the mixed norm restriction problem:

e ¢(0) =0and V¢ (0) =0,

e ¢ is of finite type on €2,

o the weight « determined by the principal face of A/(¢) (or by the edge containing the
principal face as its left endpoint) satisfies m = k3 /k1 > 1, and

e the original coordinate system x is either adapted, or linearly adapted but not adapted. In
both cases we have d(¢) = hijin(¢).

Recall that S denotes the surface given as the graph of ¢ and do its surface measure. We
are considering the mixed norm Fourier restriction problem (1.2) when p is supported in a
sufficiently small neighbourhood of the origin.

We begin by stating necessary conditions which will be obtained by means of Knapp-type
examples. When ¢ is not adapted we denote by

K : [0, k1] = [0, +00]
the function defined in the following way. Consider all lines of the form

Ly = {(tl,tz)eRz:lzltl—i-IZztz: 1}7 (1.6)

where @ € [0, 00)2 is a weight. For each 0 < k| < ki there is a unique k7 so that (1.6)
determines a supporting line Lz to N™(¢“). We then define K (k1) to be &, for &1 € [0, k1]
(see Fig. 2). Note that then the weight (0, K (0)) determines line containing the horizontal
edge of the augmented Newton polyhedron, i.e., the right most edge of N (¢%). The weight
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(s, )

N

1\

()

0 K1

Fig.2 The typical form of the graph of the function K : k1 > k3

(x1, K (k1)) = k determines the line containing the edge associated to the principal face of
N (¢) which is the left most edge of N5 (¢?).
Denote by L the Legendre transformation, which acts on real-valued convex functions K

by:
LK)[w]:= sup (wu — K(u)). (1.7)

uel0,x1]

Then we may state the necessary conditions in the following way:

Theorem 1.2 Let ¢ be as above and let us assume that the estimate (1.2) holds true with
p(0) # 0. If ¢ is adapted, then we have the necessary condition
1 1 1
—F +t < .
d@)py 3~ 2d(9)

If K is as above and ¢ is linearly adapted, but not adapted, then we necessarily have

1 1 242m
— < —2L(K) —1].
p 2 P

;= /
3 1

Recall that d(¢) = h(¢) when ¢ is adapted. The above theorem is a direct consequence of
Proposition 2.1 in Sect. 2 below and the discussion in Sect. 2.2. The necessary conditions
are depicted in Fig. 3.

The main result of this paper is:

Theorem 1.3 Let ¢ be as above and p supported in a sufficiently small neighbourhood of 0.
If either

(a) ¢ is adapted in its original coordinates, or
(b) ¢ is non-adapted, hji,(¢) < 2, and ¢ is real analytic,

@ Springer



Mixed norm Strichartz-type estimates for hypersurfaces... 1537

1/pf

1/2

1/(2d(9)) .

S pi=ps

1/(2h75(6)) |-

1/(@n(e) 1&

1w
o

Fig.3 Necessary conditions in the (1/p], 1/p5)-plane

then the estimate (1.2) holds true for all (1/p}, 1/ p5) as determined by Theorem 1.2, except
for the point (l/p’l, l/pg) = (0, 1/(2h(¢))) where it is false if p(0) # 0 and either h(¢) = 1
orv(¢) = 1.

In case (b) we shall actually prove the claim for a more general class of functions than is
stated here.

The part (a) of the above theorem follows from Proposition 4.2, and the part (b) follows
from Theorem 5.1 Let us mention that in the case hjin (¢) < 2 it turns out that we always have
v(¢) = 0, which will be important for the boundary point (1/p}, 1/p%) = (0, 1/(2h(¢))).

In this article we do not deal with the non-adapted case when hjip(¢) > 2 in its full
generality. Let us briefly comment how one can easily get some preliminary Fourier restriction
estimates. Namely, the abstract result from [20] by Keel and Tao implies that we automatically
have the Fourier restriction estimate for the region labeled by K T in Fig. 3 below. For details
we refer to Proposition 4.1.

One can combine this result with the case p; = p3 from Theorem 1.1 and get by interpo-
lation the region labeled by /M in Fig. 3.

2 Necessary conditions

In this section our assumptions on ¢ are as explained in Sect. 1.2. Our goal is to find a
complete set of necessary conditions on p = (pi, p3) € [I, o0]? for (1.2) to hold true
whenever p(0) # 0. We shall reframe the conditions in several ways: an “explicit” form in
Sect. 2.1, a form as in Theorem 1.2 using the Legendre transformation of K in Sect. 2.2, and
a form when we fix the ratio p}/pj in Sect. 2.3. In Sect. 2.4 we discuss the normal forms of
¢ when hjin (¢) < 2 and determine explicitly the necessary conditions in this case.
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1538 L. Palle

2.1 The explicit form

Let us first introduce some further notation. Recall that if ¢ is linearly adapted but not
adapted, then the adapted coordinate system is obtained through (v, y2) = (x1, x2 — ¥ (x1)),
where v is the principal root jet, and recall that the function ¢ in the new coordinates y is
o (v1, y2) = ¢(v1, y2 + ¥ (y1)), i.e., ¢* represents the function ¢ in adapted coordinates.
We denote the vertices of N (¢?) by

(A, B)eN}, 1=0,1,2,...,n,

where n > 0 and we assume that the points are ordered from left to right, i.e., A;_1 < A; for
[ =1,2,...,n. Next, we denote the compact edges of N'(¢*) by

v i=1[(Ai—1, B, (A1, B))l, 1=1,2,...,n,
and also the unbounded edges by
v =1, 1) eR?* 1ty = Ao, 12 > Bo},  Yus1 :=1{(t1, 1) €R? 111 > Ay, 1 = By},

see Fig. 1. Letus denote by L;, [ =0, ..., n + 1, the associated lines on which these edges
lie. Each line L; is given by the equation

[ 1
K1t ity =1,

where (K{, Ké) e [0, oo)2 is its associated weight. We also introduce the quantity a; := /cé / Ki,
which is related to the slope of L;, namely, its slope is then equal to —1/a;. We obviously
have ag = 0 and g, = oo.

Recall that we denote by 0 < m < oo the leading exponent in the Taylor expansion of ¥
and that we define L, to be the unique line «1#; + k2t = 1 satisfying ko = m« and which
is a supporting line to the Newton polyhedron A (¢%) (see Fig. 1). This line coincides with
the line containing the principal face of ' (¢), as follows from Varchenko’s algorithm.

Next, let [y be such that @, > m > aj,—1. Note that the point (A;y—1, Bj,—1) is the
right endpoint of the intersection of L, and N (¢“). Varchenko’s algorithm also shows that
Bj,—1 > Ajy—1. We denote by [ the index such that «! is associated to the principal face
of N'(¢?). If w(¢p?) is a vertex, we take [ to be associated to the edge to the left of 7 (¢?).
Note [¢ > .

Now we can express the augmented Newton polyhedron N5 (¢“) as the convex hull of
the set N'(¢9) U L7, where L} denotes the ray {(r1, 12) € Ly : 12 > Bjy—1}.

Before stating the necessary conditions analogous to [16, Proposition 1.16], let us recall
that in the case of the principal face being a vertex, we take « to determine the line containing
the edge of NV'(¢) which has 7 (¢) as its left endpoint. Furthermore recall that m = «p/k; > 1
and that ¢ is linearly adapted in its original coordinates.

Proposition 2.1 Let ¢ be as above. Let p > 0, p € C3°(S), be a smooth compactly supported
Sfunction with p(0) # 0, and assume that the estimate (1.2) holds true. If ¢ is non-adapted,
let us consider the nonlinear shear transformation (y1, y2) = (x1,x2 — ¥(x1)) and let
% (y) ;= ¢ (y1, y2 + ¥ (1)) be the function ¢ expressed in the adapted coordinates. Then it
necessarily follows that for all weights (K1, K2) such that Ly is a supporting line to N (¢p%)

we have
1+m)k 1 K1+ i
d+mia /)1+—/§71 2, @2.1)
Py p3 2
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This is equivalent to

1+ m)/c{ 1 K{ + Ké

e < HER 1,

1 3

1 1

Li¢m4~7fm+“. 2.2)
P P3 2

Furthermore, when ¢ is either adapted or non-adapted we have the conditions

1 1 1 1 1
et S, S
d¢)py  py ~ 2d(¢)  p3 ~ 2h(9)

In particular when ¢ is non-adapted the first condition in (2.3) then coincides with the one
in the second line of (2.2). Moreover in this case the conditions in (2.2) for | > 1% are
redundant, and if we fix py = oo (resp. p| = 00) then all the conditions reduce to p| > 2
(resp. py = 2h(¢9)).

(2.3)

Proof We give only a sketch of the proof since it follows the same lines as in [16]. Let us
consider any supporting line L; to the augmented Newton polyhedron N™5(¢%) for some
weight (k1, k7). This particularly implies by the definition of the augmented Newton diagram
that ko > mkq.

We first consider the case when k1 > 0, i.e., when the associated line L; is not horizontal.
In this case for each sufficiently small ¢ > 0 we define the region Df := {y € R? : |y1] <
8’?', [y2] < 8'?2}, which in the original coordinate system has the form D, := {x € R2 .
lx1] < &1, |xp — Yxy)| < gk2). Using the ¢g part of the Taylor approximation of ¢ one
easily gets that for each y € D¢ we have |¢“(y)| < Ce. Returning to the x coordinates we
obtain |¢(x)| < Ce when x € D,. But for x € D, one has

lral < &2 4+ Y (x| S & 4™ ™,

since | (x1)| < |x1|™ and K > mk. Therefore the region Dy is contained in the set where
[x1] < C1€"1 and |xp| < Cpe™* 1. Thus, we choose a Schwartz function ¢, which has its
Fourier transform of the form

A ) X1 x2 X3
X1,X2,X3) = = = ~
Pelon 02, 23) = X0\ & ) X0\ o ) %0\ e

for some smooth compactly supported function xo which is identically 1 on the interval
[—1, 1]. Then in particular we have @, (x1, x2, ¢ (x1, x2)) > 1 on Dy.
Now on the one hand, since p(0) # 0, we have

1/2
(/ |@|2pdo) 2 |De|!V? = )2,
N

and on the other
(1+m)iy + 1

lgellzgn y~e .

Plugging these into (1.2) and letting ¢ — 0 one obtains (2.1) for the non-horizontal edges.
In the horizontal case k; = 0 one only slightly changes the argument. Namely, one

defines for a sufficiently small § > 0 the set D¢ := {y € R? : |y < &%, |yl < ¢k2). The

associated set in the x coordinates D, is then contained in the box determined by |x;| < &l

and |xz| < &™0. Furthermore, using a Taylor series expansion, one can easily show that for
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x € D, we have again |¢(x)| < Ce. Now one proceeds as in the non-horizontal case, the
only difference is that after taking the limit ¢ — 0, one also needs to take the limit § — 0.

Let us now briefly explain why (2.1) and (2.2) are equivalent. We obviously have that
(2.1) implies (2.2). For the reverse implication we note that the «’s considered in (2.2) are
by definition precisely those for which the lines L; contain the edges of the augmented
Newton diagram. This means that all the other supporting lines touch the augmented Newton
diagram at only one point. Now one just uses the fact that the associated weight & of such a
supporting line L is obtained by a convex combination of weights associated to the edges
which intersect at the point through which L passes. Thus, all the conditions in (2.1) can be
obtained as convex combinations of conditions in (2.2).

The proof of (2.3) is similar to the one for (2.1). One considers the set D, defined by
{x € R? : |x1| < &1, |x2] < €2} in the case when the principal face of N (¢) is compact.
If it is not compact, then one uses {x € R2 : |xi| < €%, x| < &*2). Using the Taylor
approximation of ¢ (x) one gets that for x € D, we have |¢(x)| < e. The first condition in
(2.3) is then obtained by plugging

X1 X2 X3
@e (x1, xz,xs)—xo( >X0( >X0<C >
&

into the estimate (1.2) in the compact case. In the non-compact case we just change £*! to
g9,

In the adapted case, when d(¢) = h(¢), we also get automatically the second condition
from the first one. Finally, as was mentioned at the beginning of this section, if ¢ is non-
adapted and if we take / such that «! is associated to the principal face of A'(¢), then we
have h(¢) = 1/ (/c{ + Ké). Therefore the associated condition to this / in (2.2) implies the
second condition in (2.3).

Let us now prove the remaining claims. When p| = oo, then all the conditions indeed
reduce to 1/p; < 1/(2h(¢)) since /c{ + /cé is minimal precisely for the edge y;« which
intersects the bisectrix of A'(¢%). This is a direct consequence of the fact that the augmented
Newton polyhedron is obtained by the intersection of upper half-planes which have L, and
L;’s with I(Zl/ "1 > m (i.e., for/ > lp) as boundaries, and of the fact that the bisectrix intersects
Ly at (1/(x; +K2) 1/(l<1 +K2))

When pj = oo, then the condition 1/p] < 1/2 is the strongest one; this is a direct
consequence of K2/K1 >m = Kky/K1.

We finally prove that one does not need to consider all the conditions in the first row of
(2.2), butonly forl = Iy, ..., [* where [* is such that y« is the principal face of A" (¢%). This
follows from the following two facts. Namely, we first note that the line in the (1/p}, 1/ p5)-
plane given by

I l I
K, + K 1+ m)x 1
"2 —L 4 = (2.4)
2 )2 D3

intersects the axis 1/p] = 0 at the point which has the 1/p’ coordinate equal to (K1 + K2) /2,
whichis greater than 1/(2h(¢))if] # 1%, by the previous discussion in the case p| = co. And
secondly, as /<1 decreases when [ increases, the slope of the line (2.4) in the (1/p}, 1/p5)-
plane increases with / too. Therefore, in the (1/p], 1/p})-plane the lines given by (2.4) and
corresponding to necessary conditions associated to any / with / > [ are lying above the
line associated to [ in the area where 1/p} > 0. O
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The necessary conditions from Proposition 2.1 determine a polyhedroninthe (1/p}, 1/ p%)-
plane which we denote by P (see Fig. 3). Let us define the lines

3 11 L+mil 1 Fid
L11={<7,7)3ﬂ+7=%}’ l=1y,....,n+1,

Py r; P P
Z'-{(l 1).(1+m)/c1 1_K1+/<2}
ey, s 2 J

associated to the necessary conditions. Using arguments similar as in the proof of Proposition
2.1, or the Legendre transformation from the following Sect. 2.2, one can show that the
polyhedron P is of the form P = OP Plo Poyr... Pa_ 1P1a15, i.e., the polyhedron with
vertices O, P, Py, Pyyy1,..., Pa_y, Pa, P P, where the point O is the origin and the other
points are as follows. The pomt Pis (1/2, 0) and the point Pis (0, 1/(2h(¢))). The point
Py, is the intersection of L and Ly, and all the other points P, are given as intersections of
the lines L; and L;_ forl = Iy + 1, ...,19.1
Asinthe p; = p3 case considered in [16], we expect that the conditions from Proposition
2.1 are sharp. This will of course follow if we prove that the Fourier restriction estimate
is true within the range they determine. In the adapted case, when d(¢) = h(¢), the only
condition we obtained was
I 1 1 1

—— t+ =< .

h(p) Py~ py ~ 2h(9)
This condition is sharp as will be shown in Sect. 4, though sometimes the endpoint estimate
on the 1/p} axis will not hold.

2.5)

2.2 The form using the Legendre transformation

As already noted, the necessary conditions can be stated as

(1 +m)iy + 1 - K1+ k2

4 Py 2

for all (1, k2) such that L is a supporting line to the augmented Newton polyhedron of ¢“.

This can be rewritten as
1 1//242m . -
— < -z ( ; —1)K1—K2 .
P3 2 Dy

Asin Sect. 1.2 we denote by K the function associating to each k1 € [0, 1] the k3 such that L
is a supporting line to the augmented Newton polyhedron of ¢¢, i.e., wehave k = (1, K (k1)).
The Legendre transformation of K is given by (1.7) and thus we have

1 1 2+42m
— < —=L(K) —1].
P3 2 P1

We have depicted the graph of K in Fig. 2.

I An easy calculation shows that Py = 4 (=g (14 (20 —Kz)/(xi — ), K2—K1(Ké — )/l = 1))
and that for indicesl lo+1,....0% one has P, = Sy (1 + (b — k5D el — 7). kbt =
7w =k =«
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2.3 Conditions when the ratio is fixed

If we fix a ratio r = p}/p5 € [0, oc], then we are able to introduce a quantity slight more
general than the restriction height 2™ (¢) introduced in [16]. We shall not use this quantity
in this article, but it may prove useful when considering the mixed norm Fourier restriction
for functions ¢ with hjin(¢) > 2. The cases r € {0, co} are not interesting since we shall
prove the associated results in Sect. 4 easily, so we assume that » € (0, co) is fixed. In this
case by plugging in p} = rp} the conditions (2.2) can be restated as

2 o tmii+r
27 rkitk2)
where again k is such that L; is a supporting line to the augmented Newton polyhedron

N (/). But now we notice that the number on the right hand side of the above inequality
is actually the #;-coordinate of the intersection of the line L; with the parametrised line

t— (t— HT’” t), which we shall denote by Aﬁm) . This motivates us to define
| (1 + m)K{ +r
hy = — 7 !
r (i) + 1))
when Ké/l({ > m (i.e., for [ > ly). Then, if we define
1
R (¢) := max {d(qb) +o -1 Bl ... pt! } (2.6)

the conditions (2.2) can be restated as the requirement that the inequalities
pr=2r (L4 (@), ph=2(1+h%0), 2.7)

must hold necessarily true for all » € (0, 00), along with the inequalities p’l > 2 and
P4 = 2h(¢), representing the respective cases 7 = 0 and r = oc.

By definition, the restriction height 2™ (¢) from [16] coincides with /;°*(¢) whenr = 1,
and in the same way as in [16] we see from (2.6) that 4.°*(¢) + 1 can be read off as the
tr-coordinate of the point where the line Aﬁm) intersects the augmented Newton diagram of
¢? (see Fig. 4).

2.4 Necessary conditions when hjj, (@) < 2

In the case when ¢ is non-adapted and the linear height of ¢ is strictly less than 2 it turns out
that there are only two necessary conditions from Proposition 2.1. Namely, in this case we
shall show that [y = [, and therefore the only conditions are

M_’_;SK{H-‘FK;’ (1+VIH)K1+L/SK1+K2
P Ps 2 P P3 2

If we replace above the inequality signs with equality signs, we get two linear equations in
(1/p}, 1/p%). Let (1/p}, 1/p%) be the solution of this system. We shall call p = (py, p3)
the critical exponent. Then, by interpolation, it is sufficient to prove the Fourier restriction
estimate (1.2) for the exponent p and the endpoint exponents associated to the points lying
on the axes, i.e., (1/2,0) and (0, 1/(2h(¢))).

In order to obtain what precisely the critical exponent p is, we recall [ 16, Proposition 2.11]
which gives us explicit normal forms of ¢ in the case when &y, (¢) < 2. In the real analytic
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1/k2

1+m
T

t

1/k1

Fig.4 The restriction height

case these normal forms were derived in [27] by Siersma. [16, Proposition 2.11] states that
there are two type of singularities, A and D.
In the case of A type singularity the form of the function ¢ is

¢ (x1,x2) = b(x1, x2)(x2 — Y (x1))* + bo(x1). (2.8)

Here v, b, and by are smooth functions such that v (x;) = cx' + O(x?"“) (withc # 0
and m > 2), b(0,0) # 0, and bo(x1) = x{B(x1) (with either B(0) # 0 and n > 2m + 1,
or b is flat, i.e., “n = 00”). The function  is the principal root jet of ¢. If bg is flat, this
is Ao type singularity, and otherwise it is A,_; type singularity. In adapted coordinates, the
formula (2.8) turns into

¢ (y1, y2) = b (y1, y2)¥3 + bo(y1), 2.9)

where b%(y1, y2) = b(y1, y2 + ¥ (y1)), i.e., the function b in (y;, y2) coordinates. From the
formulas (2.8) and (2.9) one can now determine the form of the Newton polyhedron of ¢ and
¢? (see Fig. 5). Reading off the Newton polyhedra we have

_ 1 1 d _ 2m

(k1,K2) = <%, §>, (9) = mi-i-l’
a a 1 1 211
W)= (og) 0=

and so the necessary conditions (2.2) can be written as

2 4m 1<1 4m+1) 1T 4n

i g , =<1
pp m+1p; n+2 p; n+2p;

’

Now an easy calculation shows that (1/p}, 1/p5) = (1/(2m + 2), 1/4), i.e., we have deter-
mined the critical exponent.
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Fig.5 The Newton polyhedra associated to A, _1 type singularity in the (linearly adapted) original and adapted
coordinates respectively, and the associated necessary conditions

/
ta Nty 1/py
Z
7
7
4tk 14k
N(¢) 7 N(¢%)
Z (m + 1)/(2(2m + 1))
///;/ (n+1)/(4n)
7 L3
2m+1 2m 1777 1 »
:
gy P i
) ) I
I I |
I I i 1/p
' t ' t . h
* * 1 1 ntl
1 2m+1 1 2m +1 n A(m+1) 2 A(m+1)

Fig.6 The Newton polyhedraassociated to D,, | type singularity in the (linearly adapted) original and adapted
coordinates respectively, and the associated necessary conditions

In the case of D type singularity [16, Proposition 2.11] tells us that
$(x1,x2) = (x1b1(x1, x2) + x3b2(x2)) (x2 — ¥ (¥1))” + bo(x1),

97 (1. 32) = (B 01, 32) + (2 + $ D) 202 + ¥ G )33 + by, (2.10)

i.e., the function b from (2.8) is now to be written as b(x, x2) = x1b1(x1, x2) + x%bz (x2).
In this case we have the conditions b1(0,0) # 0 and by(x2) = coxk + O(AT!). Again
Y(xy) =cxi' + (’)(xi"“) (c #0,m > 2)and bo(x1) = x{B(x1), but now either B(0) # 0
and n > 2m + 2, or by is flat. If by is flat, this is Do type singularity, and otherwise it is
D, 41 type singularity. The function b{ is the function by in (y1, y2) coordinates. Now one
determines the form of the Newton polyhedra (see Fig. 6) and reads off that

1 m 2m + 1
= (G amet) ‘0=t
a ja 1 n—1 2n
Therefore, the necessary conditions can be written as
2 2@m+1D 1 4m+1) 1T 4n i<1
P m+1 py =" n+1 pi n+1pi~

Again, a simple calculation shows that (1/p}, 1/p5) = (1/(4m +4),1/4).

Note that in the A, and D, cases the necessary conditions form a right-angled trapezium
inthe (1/p}, 1/ p})-plane (easily seen by takingn — oo; one can also do a direct calculation).
As the critical exponents in the cases A, and D, do not depend on 7, one is easily

convinced that the critical exponents of A, and Dy cases are equal to the respective critical
exponents of A,,_1 and D, ;1.
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3 Auxiliary results
3.1 Reduction to the case V¢ (0) = 0

In Sect. 1.1 we mentioned that one can always reduce the mixed normed Fourier restriction
problem to the case when V¢ (0) = 0, despite rotational invariance not being at one’s dis-
posal. Let us justify this. Consider the linear transformation L(x1, x2, x3) := (x1, X2, X3 +
019 (0)x; + 02¢(0)x2) whose inverse and transpose are respectively L’l(xl,xz,xg) =
(x1, X2, x3—=081¢(0)x1 — 320 (0)x2) and L (x1, x2, x3) = (x1 4314 (0)x3, x24+32¢(0)x3, x3).
Plugging in the function f o L’ into the expression of the mixed norm Fourier restriction
estimate (1.2) we obtain

12
( f |f(foL’)|2<s,¢(s>>p<sN1+|V¢<s)|2ds) <Cpllfolllyman

. . 0, _
Now one just notices that || f o L ”L.[v;(LZII ) ||f||Lf33 (L€r11 ) and that

| F(f o LYE, ¢(E) = | F fFIRLTNE 0 (E) = | F fI(E, ¢E) — & - Vo (0)),

since the determinant of L is 1. Thus the estimate (1.2) with the function ¢ is equivalent
(up to a slight change in amplitude due to the Jacobian factor \/1 + |V (£)|2) to the same
estimate with the function ¢ replaced by the function £ — ¢ (&) — & - V¢ (0), which has
gradient O at the origin.

3.2 Auxiliary results related to oscillatory sums and integrals

We first mention that we shall often use the more or less standard van der Corput Lemma
from [16] (see [16, Lemma 2.1]), originating from the work of van der Corput [5].2
Another lemma (less general, but with a stronger implication than the one in [16, Section
2.2]) we need gives us an asymptotic of an oscillatory integral of Airy type. We shall also
need some variants, but these we shall state and prove along the way when they are needed.

Lemma3.1 For A > landu € R, |u| < 1, let us consider the integral
J(h,u,s) = / e”‘(b(”‘y)’t’”)a(t, s)dt,
R

where a, b are smooth and real-valued functions on an open neighbourhood of I x K for I
a compact neighbourhood of the origin in R and K a compact subset of R™. Let us assume
that b(t,s) #0on I x K and that |t| < ¢ on the support of a. If ¢ > 0 is chosen sufficiently
small and A sufficiently large, then the following holds true:

(@) IfA?3|u| < 1, then we can write
JOuu,s) =27 (WPu, 713 s),

where g(v, i, s) is a smooth function of (v, i, s) on its natural domain.

2 There is a ty;i)o in [16, Lemma 2.1]: in the estimate in part (a) the expression (1 + |)~|)*]/M should be
changed to [A|™ M.
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() IfFA23u| > 1, then we can write

JOuu, ) =272 xose) Y ac(ul'2, s AlulP/?)e i s ()
Tef{+,—}

+ O u)TEEQuP ul ) ),

where ay are smooth functions in (|u|'/?, s) and classical symbols>® of order 0 in Mu|>/?,
and where g+ are smooth functions such that |q+| ~ 1. The function E is a smooth

function satisfying
|0%9P0Y E(u. v, 9)| < Cyapylitl ™,
forall N,a, B,y € Ny.

The proof is the same as in [16], up to obvious modifications.
Next, we state results relating the Newton polyhedron and its associated quantities with
asymptotics of oscillatory integrals.

Theorem 3.2 Let ¢ : Q@ — R be a smooth function of finite type defined on an open set
Q C R? containing the origin. If Q2 is a sufficiently small neighbourhood of the origin and
n € C°(), then

‘/ei(élxl+$2x2+§3¢(x))n(x)dx <C,(1+ |;§|)—1/h(¢) (lOg(2+|§‘|))V(¢),

forall € € R3.

This result was proven in [15] and can be interpreted as a uniform estimate with respect to
a linear pertubation of the phase. The case when & (¢) < 2 was considered earlier in [6]. In
the case when ¢ is real analytic and there is no pertubation (i.e., £, = & = 0) the above
result goes back to Varchenko [32]. In the case of a real analytic function ¢ one actually has a
uniform estimate with respect to analytic pertubations (this was proved by Karpushkin [18]).

We also have the following result from [15] which gives us sharpness of Theorem 3.2 in
the case when &1 = & = 0.

Theorem 3.3 Let ¢ be as in Theorem 3.2 and let us define for & > 0 the function
Jr () = / =MWy (x)dx

foran n € C2°(Q). If the principal face 7w (¢®) of N'(¢?) is a compact face, and if Q is a
sufficiently small neighbourhood of the origin, then
AL/h(@)
AETOO WJ:N:()&) = cxn(0),
where c+ are nonzero constants depending on the phase ¢ only.

An analogous result was proved earlier by Greenblatt in [10] for real analytic phase functions
¢. When the principal face is not compact, Theorem 3.3 may fail in general (for an example
of this see [17]).

3 Thereis a slight error in [16, Lemma 2.2]. Namely, there the functions a+ should also be classical symbols
of order 0 in the same variable as stated here.
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Finally, we state three lemmas which we shall often use in conjunction with Stein’s
complex interpolation theorem. The proofs of the first and the third lemma can be found in
[16, Section 2.5], while we only give a brief note on the proof of the second lemma since it
is a direct modification of the first one. The proof of all of them are elementary, though the
proof of the third one is quite technical.

Lemma3.4 Let Q = ]_[Zzl [— Rk, Rk] be a compact cuboid in R" for some real numbers
Ry >0k=1,...,n, and let o, /31, ..., B" be some fixed nonzero real numbers. For a c!
function H defined on an open neighbourhood of Q, nonzero real numbers ay, . . ., a,, and
M a positive integer we define

M
Ft)=Y 2% (Hyg) (2ﬁ”a1, o 2ﬂ”’an)
=0

fort € R. Then there is a constant C which depends only on Q and the numbers o and B*’s,
but noton H, a;’s, M, and t, such that

||H||CI(Q)

F() < C—
POl = Clm =4

forallt € R.

We shall often use this lemma in combination with the holomorphic function

2e(C=1) _ |

y(¢) = 5a0-1) _ (3.1)

when applying complex interpolation. This function has the property that |y (1 +if) F(t)| <
Cy for a positive constant Cy < +o00, and y(0) = 1.
The following lemma is a slight variation of what was written in [16, Remark 2.8].

Lemma3.5 Let Q = HZ:I [— Rk, Rx] be a compact cuboid in R" for some real numbers
R, >0k =1,...,n, let a, ,31, ..., B" be some fixed nonzero real numbers, and let
0<e<l. ForaC! function H on a neighbourhood of Q, nonzero real numbers ay, ..., ay,
and M a positive integer we define

M
Ft) =Y 2" (Hyg) (2ﬁ"a1, o 2ﬁ”’an)
=0

fort € R. Then there is a constant C which depends only on Q and the numbers o, B¥’s,
and €, but not on H, a;’s, M, and t, such that

|H(0)] + > k—s Cx

Fi)| <C -
IF®)] < T

forallt € R. The constants Cy. are given as

1
Cy = sup wa 131 H)(sy1,0, ..., 0)ds,
0

YIER]

1
Cy := sup |yk|1_€/ [k H)YY1y -+ s Yi—1,5Vk, 0, ..., 0)[ds, k> 1,
0
where the supremum goes over the set ]_[];21 [—R;, R;].

@ Springer



1548 L. Palle

The only difference compared to the proof of [16, Lemma 2.7] is that one now writes

H(y1,0,...,0) — H(0)
[y1l€
n
H, oo -1 90, ...,00 = H(y1, ..., yk-1,0,0,...,0)
+ ) Il -
P | i

H(y) = H(O) + [n

» 32

and notes that the fractions are bounded by their respective Cy’s.

In the above lemma we could have directly defined Cy’s as the Holder quotients appearing
in (3.2), but the formulas used in Lemma 3.5 turn out to be more practical. One can easily
construct an example though where using the Holder quotients is more appropriate. One

example is when one has an oscillatory factor such as in H(y1) = y{ ei}’rl, 0<yr <1
(cf. the Riemann singularity as in [28, Chapter VIII, Subsection 1.4.2]). This function is e-
Holder continuous at 0 and satisfies the conclusion of Lemma 3.5 in the sense that | F (¢)| <
C/|21%t —1|, but one can show without too much effort that the integral defining C in Lemma
3.5 is infinite.

The third lemma is a two parameter version of the first one.

Lemma3.6 Ler Q = ]_[Zzl [— Ry, Ri] be a compact cuboid in R" for some real numbers
Ry >0,k =1,...,n and let aj,a, € Q%, andﬁ{‘,ﬁé‘ € Q k =1,...,n, be fixed
numbers such that o ,8§ — azﬂ{‘ # 0 forallk (i.e., the vector (a1, ay) is linearly independent
from (ﬂf , ,Bf) ). For a C? function H defined on an open neighbourhood of Q, nonzero real

numbers ay, ..., a,, and My, M positive integers we define
M, M,
F(ry=Y Y 2iCalitear gy ) (2(ﬂ}11+ﬁ2‘lz>a1 2(ﬁi'11+ﬂ’{lz)an)
11=01=0

fort € R. Then there is a constant C which depends only on Q and the numbers ay, o2,
ﬂ{‘ s, ﬂ§ ’s, but not on H, ay’s, My, M», and t, such that

15 llc2( )
lo(1)]

forallt € R. The function p is defined by p(t) := l_[{)vzl p(vt)p(—vt), where

[F()| < C

n
ﬁ(l) — (zi(xlt _ 1)(2iolzt _ 1) l_[ (2i(a1ﬁ]2(—a2;3{()t _ 1) ,
k=1

and N is a positive integer depending on the B{’s and B;’s.

For future reference we also note the following construction from [16, Remark 2.10] of a
complex function y on the strip £ := {¢ € C : 0 < Re¢ < 1} which shall be used in the
context of complex interpolation together with the above two parameter lemma. If we are
given 0 < 0 < 1 and the exponents «, o2, and ﬁf’s, B;’s as above, we define

N 5w — )P (—vE — 1)

) 33
Hywe-npEve - G

v () =
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where
n
7(0) = (zou{ _ 1)(2a2C -1 l_[ (2(a|/3§—0lzﬁf)§ _ 1) )
k=1

The function y has the following two key properties. It is an entire analytic function uniformly
bounded on the strip ¥, and for the function F as in Lemma 3.6 there is a positive constant
Cy < +o00 such that for all t € R we have |y (1 + it) F(t)| < Cp. It also has the property
that y (0) = 1.

3.3 Auxiliary results related to mixed LP-norms

In this section R shall denote the Fourier restriction operator L” (R?) — L%(dp) fora positive
finite Radon measure y, and all functions and measures will have R3 as their domain, unless
stated otherwise. Recall that we assume p = (p1, p3).

We first recall what happens in the simple case when p = (2, 1) and pu has the form

. f) = /Q £, $()) (),

where ¢ is any measurable function on an open set Q and n € CZ°(2) is a nonnegative
function. In this case the form of the adjoint of R is

(R () = [ 18 ind® ey ey,
R

and it is called the extension operator. Using Plancherel for each fixed x3, we easily get
boundedness of R* : L2(dp) — L;f(L%XI’xz)). Note that the operator bound depends only
on the L norm of 7. In particular we know that R : L)]C3 (L%m.xz)) — L2(du) is bounded.
When considering the L? — L? Fourier restriction problem for other p’s, it is advantageous
to reframe the problem using the so called “R* R” method. The boundedness of the restriction
operator R : LP — L*(du) is equivalent to the boundedness of the operator T = R*R,

which can be written as

rrwi= [ [ FO-0eT de d = f i), feSE). G

in the pair of spaces L? — L', where p’ denotes the Young conjugate exponents (pf, pg).
Note that the operator T is linear in « and it even makes sense for a complex p (unlike the
restriction operator R). This enables us to decompose the measure u into a sum of complex
measures, each having an associated operator of the same form as in (3.4).

The following few lemmas give us information on the boundedness of convolution oper-
ators such as in (3.4).

Lemma 3.7 Let us consider the convolution operator T : f +— f % it for a tempered Radon
measure | (i.e., a Radon measure which is a tempered distribution).

(i) If @ is a measurable function which satisfies
B Cer, 32, x3)] S AU+ b))~ (3.5)
for some & € [0, 1), then the operator norm of T : L? — L”" for 1/p}, 1/py) =

(0, 6 /2) is bounded (up to a multiplicative constant) by A.
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(ii) If w is a bounded function such that |||z < B, then the operator normof T : L> — L?
is bounded (up to a multiplicative constant) by B.

Proof One can easily show by integrating (3.4) in (x;, x) variables that

ITfC vyl SA/ NG ys —x3) 1 (1 + |x3)~%dxs,
y1.32) R (x1.x9)

and therefore we can now apply the (one-dimensional) Hardy-Littlewood-Sobolev inequality
and obtain the claim in the first case. The second case when p; = p3 = 2 is a well known
classical result for multipliers. O

For a more abstract approach to the above lemma see [9,20]. There one also obtains an
appropriate result for & = 1 when 1/p} > 0, but shall not need this.
A particular useful application of the above lemma is the following.

Lemma 3.8 Let us consider T : f — f % i for a tempered Radon measure j which is now
localised in the frequency space supp & C R? x [—A3, A3] for a A3 > 1. Let us assume that
w and [t are measurable functions satisfying

Kl S A, il S B. (3.6)

Then T is a bounded operator for (ﬁ, pi/) = (0, %)for all 6 € [0, 1), with the associated
1 3

operator norm being at most (up to a multiplicative constant) A )Lg’. The operator norm of
T : L? — L? is bounded (up to a multiplicative constant) by B.

Proof We only need to obtain the decay estimate (3.5). We note that since & has x3 support
bounded by A3z, it follows

Gt x2, x3) S A +23" D)™ S AR (1 + s °

forall o € [0, 1). O

At the end of this section we note the following simple result which tells us that the
conclusion of Lemma 3.7 is in a sense quite sharp. We remark that the last conclusion in the
lemma below is consistent with the condition & < 1 in (3.5).

Lemma 3.9 Consider the convolution operator T : f +> f % [t for a tempered Radon
measure . whose Fourier transform [t is continuous. Let ¢ : [0, +00) — (0, +00) be an
increasing and unbounded continuous function and assume that at least one of the limits

a a
tim 7200.0.x9) DT i 20,0, 0 U DY
x3—>—00 @(|x3)) 23> +00 @(lx3l)
exists for some & € (0, 1), with the limiting value being a nonzero number. Then T : LP —
L?" is not a bounded operator for (1/p,1/p%) = (0,6 /2). The conclusion also holds in
the case when ¢ is the constant function 1, 6 = 1, and if we additionally assume that 11 is
an L°(R3) function and that both of the above limits exist and are equal, with the limiting
value being a nonzero number.

2
Proof Let us begin the proof by assuming that the operator T : Lg;° (L! ) —

(x1,x2)
L%a (L(O;)1 } Xz)) is bounded. Since 1 is continuous, without loss of generality we can assume
that '
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) ~ |x317% p(lx3)) (3.7)

for all x in the open set U of the form {x € R3:x3> K, [(x1, x2)| < €y(x3)}, where K > 0
and ey is a continuous and strictly positive function on R.
Now consider the function

= 00( ) 0(F)0(G)
=& — — — ),
Sx) Xo(e xo{ = )05,
where o is smooth, identically 1 in the interval [—1, 1], and supported within the interval
[—=2, 2]. Then

-2
1A 2 ~M 2,

Ll

x],xz))

and if we assume ¢ to be sufficiently small and M sufficiently large, one obtains by a simple
calculation that

Tf(0,0,x3) ~ (Xo(ﬂ) #1177 90 |>)><x3>

for all x3 such that 4M < x3 < C(M, ¢), where C(M,e) — oo when ¢ — 0 and M is
fixed. If in addition we know say x3 < 5M < C(M, ¢), then

Tf(0,0,x3) 2 M'~7 p(IM)),
and the lower bound on the norm is

1Tz 2 (M7 0(MD) M7 = M52 ().

(xp,x2)

But now by the boundedness assumption we obtain

M7 oM S MO~ fIl o :

2—0 1
L (L(Xl ,Xz))

3

i.e., o(JM|) < 1. This is impossible in general since we can take M — 0.

In the case when the limits are equal, 6 = 1, and ¢ is the constant function 1, we redefine
U as the set {x € R3 : [x3] > K, |(x1, x2)] < €y(x3)} after which we can take (3.7) to be
true for x € U too. If we use the same f as above, then for any x3 € [-M /2, M /2] we
easily obtain from the definition of 7 that

M2
IT£(0,0,x3)] z/ 1171 dr — K|l 2 In M
K

for an M sufficiently large and ¢ sufficiently small. Thus the norm || T f || L2 ) isbounded
3T

below by M'/2In M, while || f| ;> Lo is of size M /2. This is impossible if 7 is bounded.
X3 X1,X2
O

In the case 6 = 1 and when ¢ is identically equal to a nonzero constant the above
proof does not work if the limits have the same absolute value but opposite signs. This
is related to the fact that an operator given as a convolution against x > x/(1 + x?) is
bounded L2(R) — L2(R) since the Fourier transform of x > x /(1+ x2)is up to a constant
£ > eIl sgné.
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4 The adapted case and reduction to restriction estimates near the
principal root jet

Here we mimic [16, Chapter 3] and the last section of [15], where the adapted case for
p1 = p3 was considered. In this section we shall be concerned with measures of the form

(mf%=/f@¢@DMMM, @.1)

where ¢ (0) = 0, V¢ (0) = 0, and 1 is a smooth nonnegative function with support contained
in a sufficiently small neighbourhood of 0. We assume that ¢ is of finite type on the support
of 1. The associated Fourier restriction problem is

1/2
(/uﬁm) <CUflmm o fES®Y, 42)
3 ( & -m)
for any n with support contained in a sufficiently small neighbourhood of 0.
The following proposition will be useful in this section.

Proposition 4.1 Let u, ¢, and n be as above. Then the mixed norm Fourier restriction estimate
(4.2) holds true for the point (1/p}, 1/p4) = (1/2,0). Furthermore we have the following
two cases.

() If either h(¢) = 1 or v(¢) = 1, then the estimate (4.2) holds true for 1/p} = 0 and
1/phy < 1/(2h()). In this case the estimate for (1/p}, 1/p3) = (0, 1/(2h(¢))) does not
hold if 7(0) # 0.

(i) If h(¢) > 1 and v(¢p) = 0, then the estimate (4.2) holds true for (1/p},1/p}) =
0, 1/(2h(@))).

Proof The claim for (1/p}, 1/p5) = (1/2,0) follows from considerations at the beginning
of Sect. 3.3.

Let us now recall what happens in the non-degenerate case, i.e., when the determinant of
the Hessian det 7 (0, 0) # 0. This is equivalent to 2 (¢) = 1 and in this case ¢ is adapted in
any coordinate system. Here we have the bound (4.2) for all of the (1/p/, 1/p3) given in the
necessary condition (2.5), except for the point (0, 1/2), for which it does not hold. This fact
is actually true globally, i.e., the Strichartz estimates hold (see [9,20] and references therein)
in the same range, and one can easily convince oneself that the same proof as in say [20] goes
through in our local case. For the negative results at the point (0, 1/2) in the case of Strichartz
estimates see [19] and [23]. We can also get a negative result at the point (0, 1/2) directly
in our case by applying Lemma 3.9 for the case 6 = 1 and ¢ is identically equal to 1. The
limits in Lemma 3.9 are obtained by a simple application of the two dimensional stationary
phase method. Furthermore, since the Hessian does not change its sign when changing the
phase ¢ +— —¢, the limits in both directions are equal.

The claims for the case when /i (¢) > 1 follow easily by applying Theorems 3.2 and 3.3
to Lemmas 3.7 and 3.9 respectively. In Lemma 3.9 we take ¢ to be the logarithmic function
x — log(2 + x). ]

4.1 The adapted case

The following proposition tells us precisely when the Fourier restriction estimate holds in
the adapted case.
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Proposition 4.2 Let us assume that p, ¢, and n are as explained at the beginning of this
section, and let us assume that ¢ is adapted.

(1) If h(¢) = 1 or v(¢) = 1, then the full range Fourier restriction estimate given by the
necessary condition (2.5) holds true, except for the point (1/p}, 1/p5) = (0, 1/(2h(¢)))
where it is false if n(0) # 0.

@{i) If h(¢) > 1 and v(¢p) = O, then the full range Fourier restriction estimate given by the
necessary condition (2.5) holds true, including the point (l/p/l, l/pé) = (0, 1/(2h(9))).

Proof The case when h(¢) = 1 is the classical known case and it was already discussed in the
proof of Proposition 4.1. The case when i(¢) > 1 and v(¢) = 0 follows from Proposition
4.1 by interpolation.

Let us now consider the remaining case when h(¢) > 1 and v(¢) = 1. Then if we would
use Proposition 4.1 and interpolation as in the previous case, we would miss all the boundary
points determined by the line of the necessary condition (2.5) except the point (1/2,0)
where we know that the estimate always holds. Recall that this is essentially because we
have the logarithmic factor in the decay of the Fourier transform of u. Instead, one can use
the strategy from [15, Section 4] to avoid this problem. We only briefly sketch the argument.

One decomposes
=y .

k>ko

where (1 are supported within ellipsoid annuli centered at 0 and closing in to 0. This is done
by considering the partition of unity

N0 =Y m(x) =Y n(x)x o8 (x),
k>kg k>ko
where x is an appropriate CZ° (R?) function supported away from the origin and
8 (x) = (' xy, r'?xy),

where k = (k1, k2) is the weight associated to the principal face of A/ (¢). Next, one rescales
the measures j; and obtains measures jio (r) having the form (4.1). These new measures
have uniformly bounded total variation and Fourier decay estimate with constants uniform
in k:

|00 )| S (1+ g™/,

Note that there is no logarithmic factor anymore. Now we can use Proposition 4.1 and
interpolation to obtain the mixed norm Fourier restriction estimate within the range (2.5) for
each po, (k). Asin [15, Section 4], one now easily obtains the bound*

/ |ﬂ2dﬂk 5 2(|K\+2)k||f o 8;"”1”33 (Lfl )), f € S(RS),
X X1.X0

where §¢(x1, x2, x3) = (r*'x1, r*2x2, rx3). The scaling in our mixed norm case is

1f o8l mamn =2 B s
DLl o) L3 (el )

4 In the equation right above [15, Equation (4.7)] there is a typo. Instead of (|« |/2 + 1)k in the exponent, it
should be (|«| + 2)k.
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and therefore

=9 k(li|+2)— 21<("+”2+ 1 D) 2 k(lk|+2—
/Ifl dup $2 SN LB =2 ”' ||f||Lp;(LpI )

(xq /\2)) (x1,x2)

2k | —§+ a
— \Klp 2
=2 ||f||Lp3(L

=Wy

(X] X2 (x1,x2)

by the necessary condition l/p’1 +1/(|x |p’3) < 1/2, and the equalities d(¢)|«| = h(¢p)|x| =
1. The rest of the proof is the same as in [15] if we assume p; > 1, since then one can
use the Littlewood-Paley theorem® and the Minkowski inequality (which we can apply since
p1 = p2 < 2and p3 < 2)to sum the above inequality in k. The proof of Proposition 4.2 is
done. O

4.2 Reduction to the principal root jet

In this section we make some preliminary reductions for the case when ¢ is not adapted.
Recall that we may assume that ¢ is linearly adapted and that we denote by  the principal
root of ¢. Then we can obtain the adapted coordinates y (after possibly interchanging the
coordinates x| and x») through (y1, y2) = (x1, xa—¥ (x1)). Before stating the last proposition
of this section (analogous to [16, Proposition 3.1]) let us recall some notation from [16]. We
write

¥ (x1) = bixy' +(9( mH),

where by # 0 and m > 2 by linear adaptedness (see [16, Proposition 1.7]). If F is an
integrable function on the domain of 7, say 2 C R2, then we denote

F=(Feu

If xo denotes a C2°(R) function equal to 1 in a neighbourhood of the origin, we may define

x — byx"
p1(x1, x2) = xo\ ——— |
exy

where ¢ is an arbitrarily small parameter. The domain of p; is a k-homogeneous subset of
which contains the principal root jet x; = ¥ (x1) of ¢ when  is contained in a sufficiently
small neighbourhood of 0.

Proposition 4.3 Assume ¢ is of finite type on 2, non-adapted, and linearly adapted (i.e.,
d(¢) = hiin(¢)). Let ¢ > 0 be sufficiently small and let ' =P' have support contained in
a sufficiently small neighbourhood of 0. Then the mixed norm Fourier restriction estimate
(4.2) with respect to the measure ' =P' holds true for all (1/py. 1/ py) which satisfy

1 1 1 1
—— +t =<
d) py  p3 ~ 2d(@)
i.e., within the range determined by the necessary condition associated to the principal face
of N'(¢), except maybe the boundary points of the form (0, 1/ p%). In particular, it also holds

true within the narrower range determined by all of the necessary conditions, excluding
maybe the boundary points of the form (0, 1/ p}).

p1>1,

5 Here we don’t need a mixed norm Littlewood-Paley theorem since the decomposition is only in the tangential
direction where p| = p>. Note that the ordering of the mixed norm is important, namely that the outer norm
is associated to the normal direction.
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We just briefly mention that the proof of the Proposition 4.3 is trivial as soon as one uses
the results from [16, Chapter 3]. Analogously to the previous section, one decomposes the
measure ! ~P! by using the « dilations associated to the principal face of A'(¢). The measures
v, obtained by rescaling are of the form (4.1), have uniformly bounded total variation, and
have the Fourier transform decay (with constants uniform in k)

@) < (1 + 1g) 799,

All of this was proven in [16, Chapter 3]. Therefore we have the Fourier restriction estimate
for each vy, for the points (1/p{, 1/p5) = (1/2,0) and (1/p}, 1/p5) = (0, 1/(2d($))). Now
one uses again interpolation, the Minkowski inequality, and the Littlewood-Paley theorem,
to obtain the claim.

Note that the estimates for the boundary points of the form (0, 1/p4) can be directly solved
for the original measure p through Proposition 4.1.

5 The case hj;, (@) < 2

In the remainder of this article we shall be concerned with the proof of:

Theorem 5.1 Let ¢ : R — R be a smooth function of finite type defined on a sufficiently
small neighbourhood 2 of the origin, satisfying ¢ (0) = 0 and V¢ (0) = 0. Let us assume
that ¢ is linearly adapted, but not adapted, and that hji,(¢) < 2. We additionally assume
that the following holds: Whenever the function by appearing in (2.8), (2.9), (2.10) is flat
(i.e., when ¢ is Ax, or Do type singularity), then it is necessarily identically equal to 0.
In this case, for all smooth n > 0 with support in a sufficiently small neighbourhood of the
origin the Fourier restriction estimate (4.2) holds for all p given by the necessary conditions
determined in Sect. 2.4.

The above condition on the function bg is implied by the Condition (R) from [16] (see
[16, Remark 2.12. (¢)]).

We begin with some preliminaries. As one can see from the Newton diagrams in Sect. 2.4,
the assumption in our case hjin(¢) < 2 implies that #(¢) < 2. Additionally, we see that
h(¢) = 2 implies that we either have Ay, or D type singularity. As mentioned in Sect. 1.1,
the Varchenko exponentis 0, i.e., v(¢) = 0,if h(¢p) < 2. When h(¢) = 2 the equality v(¢) =
0 also holds true in our case since the principal faces are non-compact. We conclude that if
hin(¢) < 2, then by Proposition 4.1 we have the mixed norm Fourier restriction estimate
(4.2) for both of the points (1/p], 1/p5) = (1/2,0) and (1/p}, 1/p5) = (0,1/(2h(9))).
Therefore, according to Sect. 2.4, by interpolation it remains to prove the estimate (4.2) for
the respective critical exponents given by

1 1 1 1y . . .
— = = = in case of A type singularity,

v 2m+1)" 4
ploP3 ( ) 5.0)
1 1 1 Iy . . .
p*,, pi’ = m, 1 in case of D type singularity,

1 3

where m > 2 is the principal exponent of ¥ from Sect. 2.4.
Recall that according to Proposition 4.3 we may concentrate on the piece of the measure
w located near the principal root jet:
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(', f) = J(x, @ (x)) n(x) p1(x)dx,

x1>0

where

Xy — a)(O)x{”) (52)

p1(x) = Xo( o
EX

1

for an arbitrarily small & and @ (0)x!" the first term in the Taylor expansion of
Y (x1) = x{'o(x1),

where w is a smooth function such that w(0) # 0.
As we use the same decompositions of the measure u”! as in [16], we shall only briefly
outline the decomposition procedure.

5.1 Basic estimates

Before we outline the further decompositions and rescalings of 11!, we first describe here the
general strategy for proving the Fourier restriction estimates for the pieces obtained through
these decompositions. All of the pieces v of the measure ! will essentially be of the form

w¢>=/fo¢umumL

where @ is a phase function and a > 0 an amplitude. The amplitude will usually be com-
pactly supported with support away from the origin. Both ® and a will depend on various
decomposition related parameters. We shall need to prove the Fourier restriction estimate
with respect to these measures with estimates being uniform in a certain sense with respect
to the appearing decomposition parameters.

At this point one uses the “R* R” method applied to the measure v. The resulting operator
is T, which acts by convolution against the Fourier transform of v. Now one considers the
spectral decomposition (v*); of the measure v so that each functions v* is localised in the
frequency space at A = (A1, A2, A3), where A; > 1 are dyadic numbers for i = 1, 2, 3. For
such functions v, we shall obtain bounds of the form (3.6). By Lemma 3.8 then we have the
bounds on their associated convolution operators 7*:

1T 2 i (o ) S AN, TS 2o 2 S B, (5.3)
R (Lg-*wfz))_)l“3 (L(X1~X2>) : Vit
forall 6 € [0, 1). A and B shall again depend on various decomposition related parameters.
If we now define
1 m—1

@,0) = ——, —— |, incaseof A type singularity, 5.4
m+1 2m

1 m

©,6) = <7 —
2m+1) 2m+ 1

), in case of D type singularity, 5.5
then interpolating (5.3) (0 being the interpolation coefficient) we get precisely the estimate
for the critical exponent in (5.1) with the bound
1
1T e N SATBST (5.6)
(141

v P3(,P1 P3
LY (L(sz))—w
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Now it remains to sum over A.

When 6 < 1/4, we shall be able to always sum absolutely. In the cases when 6 = 1/4
and particularly & = 1/3 (note that both appear only in A type singularity with m = 3 and
m = 2 respectively) we shall need the complex interpolation method developed in [16].

5.2 First decompositions and rescalings of 11°1

As in Sect. 4, we use the « dilatations associated to the principal face of N'(¢), and subse-
quently a Littlewood-Paley argument. Then it remains to prove the Fourier restriction estimate
for the renormalised measures v; of the form

(v, f) = / fx, ¢(x,8)alx,d)dx,
uniformly in k. As was shown in [16, Section 4.1], the function ¢ (x, §) has the form
¢ (x,8) 1= b(x1, x2,81,8) (x2 — x['w(B1x1))” + 83x] BB1x1),
where § = (81, 82, 83) := (27¥1k 27wk p=(mi=Dky anqg

~ b(S1x1, 62x2), in case of A type singularity,
b(x1, x2, 81, 82) = 21 2 . . .
x1b1(81x1, 82x2) + &7 x5b2(82x2), in case of D type singularity.

(5.7

Above the functions b, by, by, B, and the quantity n are as in Sect. 2.4. Recall that m =
Kky/k1 > 2 and so 8, = 61”. The amplitude a(x,§) > 0 is a smooth function of (x, §)
supported at

xp ~ L~ |xl.

Furthermore, due to the p; cutoff function, which has a x-homogeneous domain, we may
assume |x2 — x{'w(0)] K< 1.

Since we can take k arbitrarily large, the parameter § approaches 0. This implies that
on the domain of integration of a we have that l;(x1 , X2, 81, 82) converges as a function of
(x1, x2) to b(0, 0) (resp. b1 (0, 0)x1) in C* when k — oo and ¢ has A type singularity (resp.
D type singularity). The amplitude a(x, §) converges in CZ° to a(x, 0). We also recall that
according to the assumption in Theorem 5.1, we may assume that §3 = 0 if “n = 00", i.e.,
if b is flat in the normal form of ¢.

The next step is to decompose the (compactly) supported amplitude a into finitely many
parts, each localised near a point v = (vy, v2) for which we may assume that it satisfies
vy = v{"w(0) (by compactness and since in (5.2) we can take ¢ arbitrarily small). The newly
obtained measures we denote by vs and their new amplitudes by the same symbol a(x, §) > 0:

s, f) =/f<x,¢(x,a>)a<x,s>dx,

where now the support of a(-, §) is contained in the set |[x — v| < 1.

Since we can use Littlewood-Paley decompositions in the mixed norm case (see [22,
Theorem 2], and also [1,8]), we can now decompose the measure vs in the x3 direction
in the same way as in [16, Section 4.1]. This is achieved by using the cutoff functions
x1(2%/ ¢ (x, 8)) in order to localise near the part where |¢ (x, 8)| ~ 272/, Then it remains to
prove the mixed norm estimate (4.2) for measures vs ; with bounds uniform in paramteres
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j €Nandé§ = (61,82,83) € R3,8; > 0,i = 1,2, 3, where the measures vs,j are defined
through

(vs.j» f) = [ (x, )12 p(x, 8))a(x, 8)dx, (5.8)

x1>0

where j can be taken sufficiently large and § sufficiently small. The function 2%/ ¢ (x, 8) can
be written as

. L 2 .
22 (x,8) = 27 h(x1, 2,81, 82) (x2 — ¥ 0 (B1x1)) + 2% 8531 B(B1x1).

Following [16], we distinguish three cases: 22783 « 1,2%/83 > 1, and the most involed
22783 ~ 1.

5.3 The case 2%6; > 1
Aswasdonein [16, Subsection4.1.1], we change coordinates from (x1, x3) to (x1, 22/¢ (x,98))

and subsequently perform a rescaling (which we adjust to our mixed norm case). Then one
obtains that the mixed norm Fourier restriction for vs, ; is equivalent to the estimate

—~ Lo
f |FPdbs,; < C8 YN flITp@sy | € SR, (5.9)
where Vs ; is the rescaled measure
(B, f) = / O x5, ) x2)a(e, 8, )1 () x (r2)dx.

The function a(x, 8, j) has in § and j uniformly bounded C' norms for an arbitrarily large
I > 0, and the phase function is given by

Bc,8, ) 1= Bi (1,220 + 853 BG11), 81, 82) x /272 + 83 BG1x1) + 20 G11),
(5.10)

wher~e x1 ~ 1, xo ~ 1, and without loss of generality we may assume I;l(xl, x2,0,0) ~ 1
and B(0) ~ 1; for details see [16, Subsection 4.1.1]. There the phase function ¢ (x, §, j) was
obtained by solving the equation

. . .
25y, 8) =24 b(y1, y2,81,8) (v2 — ¥l w(8131))” — 2278357 B(131)

in y; after substituting x; = y; and xp = 22j¢(y, d).
By using the implicit function theorem one can show that when § — 0, then we have the
following C*° convergence in the (x1, x2) variables:

- in . . . (5.11)
b1(x1, x2,61,62) — (b1(0,0)x1) /2 in case of D type singularity.

{151 (x1, x2, 81, 82) — b(0,0)~1/2, in case of A type singularity,
In both the A and D type singularity cases we see that by does not depend on x» in an essential
way.
Now we proceed to perform a spectral decomposition of Vs, i.e., for (A1, A2, 13) dyadic
numbers with A; > 1,7 = 1, 2, 3, we define the spectrally localised measures v;‘ through
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VEEL 6. B3) :=m(i—‘l>m(%>xl<%>ﬁa,j@)

=)0 () ()
=Xi M X1 ~ X1 *

X / e EPEADFERHEND g (x5, ) i(x) x1(x2) dx. (5.12)

We slightly abuse notation in the following way. Whenever A; = 1, then the appropriate
factor Xl(%) in the above expression should be considered as a localisation to |&;| < 1,
instead of |&;| ~ 1.

If we define the operators

Tgﬁjfi:f*\jg,j, T;\f::f*v;“,

then we formally have T(g, =20 Tj)‘, and according to (5.9) and by applying the “R*R”
technique we need to prove

~ 1
ITs.jll oo S 0527 (5.13)
In case when we are able to obtain this estimate by summing absolutely the operator pieces
Tj)‘ we shall proceed as explained in Sect. 5.1. In this case in order to obtain the (5.3) estimates

we need an L*° bound for v;‘, which we shall get from the expression (5.12), and an L*°

bound for v}‘, which we shall derive next.
Using the equation (5.12) we get by Fourier inversion

VE(x1, 12, x3) = A1Aoks /Z(xlm — Y1 G262 — ¢ (3. 8. )
(5.14)
x x1(x3(x3 = y2)) a(y, 8, j) x1(y1) x1(y2) dy.
Here we immediately obtain that the L bound on v* is up to a multiplicative constant A,
by using the first and the third factor within the integral by substituting A;y; and Azy;. On
the other hand, one can easily verify that

Iy, (¥, 8, j) ~ 85

and hence by substituting z; = A1y1, 22 = A2¢(y, 8, j), and utilising the first two factors

27N« 1,

within the integral, we obtain ||v?|| 1 < 8; 2233, and therefore combining these two
estimates we get
Al < minfaa, 8372233, (5.15)

It remains to estimate the Fourier side; for this we shall need to consider several cases
depending on the relation between A1, A2, and Az. Let us mention that as in [16], here we
shall have no problems when absolutely summing the “diagonal” pieces where A ~ Ay ~
(S;/ 222j A3. However, unlike in [16], a case appears which is not absolutely summable. This
will be a recurring theme in this article.

Casel 1| < Ay 0r A1 > Ay, and A3 > A. In this case we can use integration by parts
in both x| and x, in (5.12) to obtain

~ —-N
Wil S (s max(ii, 22})
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for any nonnegative integer N. Therefore, after plugging this estimate and the estimate (5.15)
into (5.3) and (5.6), we may sum in all three parameters A, A2, and A3, after which one obtains
an admissible estimate for (5.13).

Case2 A; < Ay orAi; > Ay, and A3 < A,. Here it is sufficient to use integration by parts
in x; from which we can obtain a fast decay in max{A, A2} and hence in all X;’s. Again,
after interpolating summation of operators Tjx is possible in all three parameters.

1
Case3 A1 ~ A and A3 < 83_1/2 272/ ),. In this case we see that necessarily A = 837 227,
Also we note that if we fix say A1, then there are only finitely many dyadic numbers A such
that A1 ~ A3, and therefore we essentially need to sum in only two parameters in this case.
By stationary phase (and integration by parts when away from the critical point) in x| and
integration by parts in x; we get

~ O L
nwnu05A12<%22—fAQ :
The better bound in (5.15) is 8;/ 292 3. Therefore (5.6) becomes in our case

N(1-6 0
x oo (32 \" T (1 500) 0,40
Il ~ 3 3 373

y Ll o
iWoes(,e p3(, P
LX; (L(xll ,12>>_) LX; (L(xll .xz))
O—-DWN+1/2) 53 ( 53 Nov=be
- 2 2 12j
< i (32) ,
and hence by summation in A3 and taking N = 1 we get

1 A\N-(N-Do-}
< A?(N+1/2)7N (532 22.,)

A
E 1771 L)
J Ps( Pl ) "3( P
Ly? (L, —L L
A3 55;1/2 2-2iy, 3 \Txx) *3\ T xpx)

1 1
3021 b 22i)? L N2
<3 (5;2/) <t (siov) .

L.
Now we obviously get the desired result by summation over 11 2 85 22,

Cased4 L; ~ Apand A3 ~ 83_ 12 2-2j 2. Here we essentially sum in only one parameter.
Let us first determine the estimate in (5.6).
3

Subcase (a) 1 <X <87 247 Here we have by stationary phase in x1
= —1/2
Wil < a7

Therefore by (5.6) we obtain

Nl—=

|7

il e (Lh )_>LF§ (LP’I

3 (xp,x2) 3 (xp.x2)

1 1 3 1 1
Lo-1) o t-o 30-1( -1 .
>5k12 A )\32 :kf 2(83 22 ]kl)
- s 8
=43 25497 Af -

3.
Subcase (b) ;> &5 24/ In this case we have by stationary phase in x| and subsequently
by the van der Corput lemma (see [16, Lemma 2.1], (i), with M = 2) in the second

% 3/452j, —1
||Vj||L°°583 2 }\1 )
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and hence

A
l

. !
J I P3Pl P3P
Ly (L<x1.x2))_’LX3 (L(xl,.m

3_3y P lg_1 NP |
: ><534 20018 5208 920070 )2

-0

Now we sum in A1 using the estimates obtained in calculations in Subcases (a) and (b):

[
1 1 3 2 1
20=3 52j0—j [ 5354j 7
> o} i (o S8 T2 (852 )+
((ﬂ\‘))*) X3

Ar>1 (x1,x2)
56—1 .
=28, % 2407,

and therefore it remains to see whether this is admissible for (5.13):

59;]4'9' 3 nj —3% 2jy1-20
5,7 24071 <522 = 5, ¢ S @)Y,

1
3

0 . 3 . 0_%
2 (532241)

But recall that 22783 > 1, ie., 83_1 « 2% and notice that 0 < 6 < 1/3 implies 0 <
(3—560)/4 <1 —20. Hence, it is indeed admissible and we are done with this case.

Case5 A; ~ Ay and A3 > 8_1/2

in x; and integration by parts in xp

o~ 1
3 —-N
Wl < Ay 2 )

272 1,. Here we have by the stationary phase method

and the bound in (5.15) is A1 ~ X,. Interpolating, we obtain (with a different N)

30-1)/2, —

Y Ll )—>L (L

(1.2) )

(5.16)

Now if & < 1/3, then we can easily sum in both A; and A3. Therefore, we assume in the

following that 0 = 1/ 3

Subcase (a) 1] = 8 221 Summing here in A between d, 12 2j and &,
to a multiplicative constant we get

A
2 T

1 1
8222 <0 <$87 2% 03

172

12

8y
< A;N log, <
83

(ll Xz)) (L(Xl )62))

Now we may sum in A3 to get the desired result.
1

1/2

22J )3, both up

2j
297 23 < GoN+L
22j 3

Subcase (b) 1 < | K 837 22/ Note that here we sum A3 over all the dyadic numbers

I
greater than or equal to 1. We can also assume that A1 > 632 2/ since summation in Aj in

(5.16) up to 8 227 gives the bound Ay SN2

estimate by 632 2/ This is admissible for (5.13).

1
log, (85 27) which we can sum in A3 and then

I L

In order to obtain the required bound in the remaining range 832 2K K 532 22,

1 < A3, we need to use the complex interpolation technique developed in [16]. For simplicity
we assume that A} = A (we can do this without losing much on generality since for a fixed

A1 there are only finitely many dyadic numbers A, such that A1 ~ A3).
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We need to consider the following function parametrised by the complex number ¢ and
the dyadic number A3:

=y© (557729) Y an'T 5.17)

81/221 KA <<61/2221

where y(¢) = 273¢=1D/2 _ 1. The associated convolution operator (given by convolution
against the Fourier transform of the function /LE.G) we denote by T;‘3.

At this point let us mention that whenever we use complex interpolation we shall generi-
cally denote by 11, the considered measure parametrised by the complex number ¢, sometimes
with an additional superscript, as is in the current case. Similarly, the associated operator shall
be denoted by 7, up to possibly appearing superscripts.

For ¢ = 1/3 we see that

172

8720 = Z v

e
1/

822 «ri <8y

22j
which means, by Stein’s interpolation theorem, that it is sufficient to prove

—N A
||T, I 2/(2 0)(L1 )—)LZ/U(L“’ ) S A3 s ||T1i,~[||1‘2%1‘2 f, I, (5.18)

(x1.x2) (x1.%2)
for some N > 0, with constants uniform in r € R, and where 6 = 1/4 since m = 2, i.e.,
0 = 1/3 (see (5.4)). .
The first estimate is trivial in (5.18). Namely, since v? have essentially disjoint supports,

it follows from the formula (5.17) and the estimate on the Fourier transform of v;‘ that

I ,u;\f lzo S A5 N for any N € N, the implicit constant depending of course on N. Now one
just uses the results from Sect. 3.3 (and in particular Lemma 3.7).

In order to prove the second estimate in (5.18) we shall need to use the oscillatory sum
result Lemma 3.4. It turns out that the term (65 3/29-3j )¢ in the definition of ,u?” is redundant,
and that we can actually prove the stronger estimate

DR ] B !
J )/(] +lt) ’277![ 1

2 iy &8y/2220

, (5.19)

1/2

L>®

uniformly in 7.
We start by substituting A1 y; + y; and A3y2 — y2 in the expression (5.14) and plugging
the obtained expression into the sum on the left hand side of (5.19):

Yoo i //i(xm = Y0X1Gax2 = MGG /21, y2/33,8, )

8y/%2) <ri <8y 22

x x1(hax3 — y2) a(yi /A1, y2/23. 8, ) x1(y1/A1) x1(v2/A3) dyidys.

Recall that here y; ~ A1 and y» ~ A3 are both positive, and that |¢(A]_1y1, )L3_1y2, 8, )l ~ 1.
Therefore we can assume |(x1, x2)| < C for some large constant C, since otherwise we can
use the first two factors within the integral to gain a factor )LIN . As the dominant term in
¢ is in the y; variable and as X3 is fixed, we shall only concentrate on the y; integration
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and consider y2/A3 ~ 1 as a bounded parameter. Therefore the inner y; integration, after
substituting A1 x; — y; — yi, becomes

T - . .
> 1) 2”/)(1@1))(1 (sz — 21 =7y, 43", 8, J))

8;/22/<<)\1<<8;/222J

xa (v =37 v A5 92,8, ) s = A7y,

where now x; — kl_lyl ~ 1, and therefore |y;| < Aj.

Next, we can restrict ourselves, by using a smooth cutoff function, to the discussion of
the integration domain where |y;| <« A{ for some small ¢, since in the other part by using
the first factor in the integral we could gain a factor of )\fN €. Since A > 8;/ 20J > 1 canbe
taken arbitrarily large, and hence Al_l y1 arbitrarily small, the relation xj — Al_l y1 ~ limplies
x1 ~ 1. Therefore by applying a Taylor expansion to the function ¢ (x| — Afly 1Ay 1,8, /)
in the first variable, we obtain

3 ~ ~ _ . — — .
> o [X1(y1)X1(k1Q(x1,Xz, 35928, ) i (7 v 0,45 192.8, )

2 <8222

X a (X1 — a7y ag !y, 8, j) X1 <x1 - )uflyl) xo (A7¢ y1) dy1,

G

where |8{Vr| ~ 1 forany N > 0, and Q(x1, x2, )\;lyg, 8,J) =x3— ¢p(x1, )\;lyz, 8, ).
Now we note that the first two factors in the integral are essentially a convolution, and
therefore, by using this two factors, one easily obtains that the bound on the integral is
MOl M. M0 > 1, 140 Visa geometric series summable in A, and if |4 Q] < 1,
then we are actually within the scope of Lemma 3.4. Namely, we define the function H as

B » - - | B ‘
H(z1, 22,235 A5 32, X1, %2, 8,277) = le(YI)Xl(Zl +y1r(zz/8y1,x1,k3lyz,&]))
1 - . 1
X a (xl - Zz/syl, 231y, 8. J) X1 (xl - Zz/eyl) x0(z2 y1dyi.

Note that H does not actually depend on z3, but we need to use it in order to implement
the lower bound on X; in the summation (this is realised through the characteristic function
X o in the definition of F'(¢) in Lemma 3.4). Tracing back, we note that all the dependencies
in j are actually dependencies in 2-J. All the parameters (Ay ! Y2, X1, X2, 6, 27J) are now
restrained to a bounded set and the C! norm of H in (z1, 22, z3) is bounded uniformly in all
the (bounded) parameters if (z1, z2, z3) are contained in a bounded set. Therefore by taking

_ . — 1/2~7+ —
(21,22, 23) = (M @1, %2, A3 132, 8, ), A7, 8727071
and applying Lemma 3.4 with @ = —3/2, &1 = 2/, M = ¢8;/°2%/ for a small ¢ > 0

determined by the implicit constant in the summation condition A; < 831/ 222j , and with

BB B = (1, —e,—1), (a1, a2,a3) = (Q(x1, %2, A3 32,8, ), 1, 8y720),

we obtain the bound (5.19). Note that the lower bound on A in the summation in (5.19) is
realised by taking |z3| < 1. We are done with the case 22/83 > 1.
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5.4 The setting when 2783 < 1

As explained in Sect. [16, Subsection 4.2], in this case we use the change of coordinates
(x1,x2) > (x1,27(x2 + x{"w(81x1))) in the expression (5.8) for vs ;. After renormalis-
ing the measure vs ; we obtain that the mixed norm Fourier restriction estimate for vs ; is
equivalent to

f FPdBs; < CUf 2y ey f € S@,

where Vs ; is the rescaled measure

(5s.g f) = / FG1, 27 4 X0 (ix), ¢ (. 8, )ax, 8, j)dx.

As we see, the Fourier restriction inequality is invariant in the mixed norm case with respect
to the scaling we applied. This was interestingly not the case when p; = p» = ps3.
The function a(x, &, j) has the form

a(x,8, ) = 0@ (.8, j)a (01,27 x + 2T w10, 8)
and the phase function is given by
975, 8, ) i=b (11,273 + 0 G1x1), 81, 82) F + 2821 BG1x), (5:20)

where |b(x1, x2, 0, 0)| ~ 1 and |B(0)| ~ 1.

Also, we recall (see (5.7)) that when § — 0, then l;(xl, X2, 81, 82) converges in C* to
a nonzero constant if ¢ has A type singularity, and that it converges up to a multiplicative
constant to xp if ¢ has D type singularity. We shall assume without loss of generality that
l;(xl, X2, 81, 82) > 0 since one can just reflect the third coordinate of f in the expression for
the measure Vs ;.

Support assumptions on a(-, §) from Sect. 5.2 (namely, that the support is contained in
a small neighbourhood of the point (v, v{'w(0)) for some vy > 0) imply that a(:, 8, j) is
supported in a set where x; ~ 1 and |xp| < 1.

We again perform a spectral decomposition of Vs, i.e., for (A1, A2, A3) dyadic numbers
with A; > 1,i = 1, 2, 3, we consider localised measures v? defined through

= 3 & £ i ; :
viE) = m(k—l al)al) | e ORI a(x, 8, ) () (o) dx, (5.21)
with the complete phase function ® being

D(x,8, j, &) 1= E3¢%(x, 8, j) + 27 Erx0 + Exx T w (S1x1) + E1xy.

We also introduce the operators T,g, if == f=*vs;and Tjk fi=f=x* vj.‘. Then we need to
prove:

I Ts,illp o S L (5.22)

In most of the cases this will be done in a similar manner as in the previous section. In the
case when 22/ 83 ~ 1,0 = 1/3,and A1 ~ Ay ~ A3, with which we shall deal in the next
section, we shall need to perform a finer analysis.
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5.5 The case 2%6; < 1

Here we have the stronger bounds x; ~ 1 and |x2| ~ 1 since ¢“(x, 8, j) ~ 1 by (5.20) and
the assumption 22/ 83 « 1. We also have [0x,0%(x, 8, j)| ~ 1 since ¢“(x, 8, j) is a small
pertubation of (0, O)xg in case of A type singularity, and a small pertubation of b1 (0, O)xlx%
in case of D type singularity.

Taking the inverse transform of (5.21) we get

VA(0) = hidaks /;E(M(xl — v (%2 (2 = 27732 = w1 ) )
(5.23)

X X1 (s (x3 — ¢y, 8, ) aly, 8, j) x1 (1) x1(y2) dy.

Similarly as in the case 2283 > 1, we can consider either the substitution (z;, z2) =
r1y1, )L22’jy2), or the substitution (z1, z2) = (A1y1, A3¢%(y, 8, j)) (in order to carry this
out one needs to consider the cases y; ~ 1 and y, ~ —1 separately). Then one can easily
obtain

vl < min{2723, A2}, (5.24)

Next we calculate the L bounds on the Fourier transform by using the expression (5.21).
Here we shall consider only the following case, as one can easily check that in all the
other cases one gets the desired estimate (5.22) by summing absolutely.
Case . ~ Ar and 27/ <« A3 < As. By the stationary phase method in x; and
integration by parts in xp

-~ 1
3 N
Wl S 407 G,

and the better bound in (5.24) is A,.

One is easily convinced that unless & = 1/3, one can sum absolutely in both parameters.
Henceforth we shall assume 6 = 1/3 and use complex interpolation in order to deal with
this case. Here we know that ¢ has A type singularity and 6 = 1/4. For simplicity we shall
again assume that A = X,.

We consider the following function parametrised by the complex number ¢ and the dyadic
number A3:

S N D CA e S

MKA K203

where y (¢) = 273¢=D/2 _ 1. We denote the associated convolution operator by T23. For

¢ = 1/3 we see that
A3 _ x
K = Z Vi
A3Lh1K2/ 03
Hence, by interpolation it suffices to prove

A

|7

)

it

<AV rs
o, )i ) S [T
X3 (x1.x2) 3 (xp.x2)

<
L2512 ™

for some N > 0, with constants uniform in ¢ € R.
The first estimate follows right away since v}. have essentially disjoint supports, and so

-

the L>° estimate for vj‘ implies ||/L?‘t3 lree < A;N, for any N € N.
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We prove the second estimate using Lemma 3.4. We need to prove

3 1
RS R I — (5.25)

~ly=3ir
M3<AI <223 Lo ‘2 : _1’

uniformly in 7.

We first use the substitution (z1,z2) = (y1, ¢“(v1, y2, 8, j)) in the expression (5.23),
considering the cases y, ~ 1 and y, ~ —1 separately. In order to solve for (y;, yz) in terms
of (z1, z2), we introduce for a moment intermediary coordinates (y1, y2) = (y1, 27/ 2 +
y{'@(81y1)). In coordinates (y1, y2) the expression for ¢ = z, becomes

25 b(F1, 72,81, 82) (G — T w (B171)* + 2% 8357 B(8171).

Then one can easily see that by sqlving for y, in terms of (z1, z2), one gets precisely the
expression (5.10) as in the case 22/ 85 > 1. Therefore by solving for y, in terms of (z1, z2)
one gets

vo = b1 (21,2222 = B2 BG120), 51, 82) x 22 = 2828 Gr2),

where now both z; and z, are positive. We shall from now on consider y, as a function of
(z1, z2). On the limit j — oo and § — 0 the function y» = y»(z1, z2, 8, j) converges to
+C/z for some constant C # 0 since we are in the § = 1/3 case (i.e., A type singularity
case); see (5.11).

After applying the just introduced substitution to the expression (5.23) we get

v;(x) =A1A2A3 /)?1()»1()61 —Z0)X1 (Az (xz — 27y (21,22, 8, j) — Z’I"w(51z1)))

X X1 (A3 (03 — 22)) @12, 8, j) x1(z1) x1 (2 (21, 22, 8, J)) dz,

where a; is the function a multiplied by the Jacobian of the change of variables. Since
|y2]| ~ 1is equivalent to |z2| ~ 1, we may rewrite again the above expression as

Vi (x) =Aihahs /)E(M(xl — )X (Kz (XQ — 27 (21, 22,8, ) — Z'I"w(51Z1)))

X x1(03(x3 — 22)) @z, 8. j) x1(21) x1(22) dz.
(5.26)

Now we substitute A1z; — z1 and A3z3 +> z» in the expression (5.26), plug it into the sum
(5.25), and obtain

T ~ —_j - - .
Yo o 21[/)(1(7»1)61 —Zl)X1<?»1x2—2 ]My2<)»1111,?»3lzz,571>

A3 KM L2703
—Afm+lz§”w<élkl_lz1>>
X)\(E(A3x3 —z2) X a ()\flzl, X§122, 3, Z_j) Xl(kfm) X1 <k§112> dz.
Now we have zi ~ A1, z2 ~ A3, and |y2(hy 21, 23 122, 8, )l ~ L.
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We can assume |(x1, x2)| < C for some large constant C, since otherwise we can use the
first two factors within the integral and gain a factor of AIN . Similarly as in the case 2%/ 83 > 1

we shall consider integration in z; only (and A3 112 shall be a bounded parameter), and one
can also use the substitution z; — A1x; — z1 to reduce the problem to when |z1]| < kf and
x1 ~ 1. We also introduce ¥s(x1) = x{"@(81x1). Then it remains to estimate

3. ~ ~ _ _ — — .
Z 72" /XI(ZI)XI (?»1 (xz — s (xl — Al 121) —27 11y (xl — itz 231 2,8, J)))
A3<KA<2/ 3
x &(xl —)»17111,)»37122,8,27/') xa (3 =a7"2) o (227°) dai.

Within the second factor in the integral we can use a Taylor approximation at x; and obtain

3. ~ ~ . .
> a0 ¥ [ (n (x5 28,270 ) i (17121005 22,0.277)

A3KA L2703

X d (xl —Xf121,k§122,3,2_j) X1 (xl - kflm) X0 (Zlkfs) dzi,
where |8]N r| ~ 1 for N > 0 since the term s is dominant, and Q is a smooth function with
uniform bounds. Now we notice that this form is the same as in the case 22/83 > 1 in the

part where we used complex interpolation, and hence the same proof using the oscillatory
sum lemma can be applied, up to obvious changes such as changing the summation bounds.

5.6 The case 2%5;5 ~ 1

As in [16] we denote
0 =248, b8 )= b (0,27 4 alw@),8))

and so o ~ 1 and |b*(x, 8, j)| ~ 1. Therefore the complete phase can be rewritten as

D(x,8, j, &) i= E1x1 + Ex [ w(S1x1) + E30x] B(81x1) + 27 Erx0 + £36% (x, 8, j)x3.
(5.27)

Recall also that in this case we have the weaker conditions x; ~ 1 and |x| < 1 for the
domain of integration in the integral in (5.21).

We furthermore slightly modify the notation in this case, as it was done in [16]. Namely,
§ shall denote in this section (81, §2) since §3 appears only in o. We also note that in this case
there is no Ao, nor Do, type singularity.

Let us introduce the notation

Vo (1) = y'w@1y1), Y1) = oy BGiy1).

Then, after applying the inverse Fourier transform to (5.21), we may write

Vh(x) = Aidak / 00 =y (2 (v = 27752 = ()

(5.28)
1 (ales — b* (v, 8. )y3 — YD) a(y. 8. /) (1) xo(v2) dy.
As was noted in [16, Subsection 4.2.2.], here we have the bounds
||vj-‘ Lo < )»;/2 min [sz;/Z’ )»2] . (5.29)
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1568 L. Palle

Namely, in the first factor within the integral in (5.28) we can substitute A;y; +— yi, and
afterwards either substitute A,2 7/ y2 > 2 in the second factor, or use the van der Corput
lemma (see [16, Lemma 2.1], (i)) in the third factor with respect to the y, variable.

As can easily be seen from (5.27) by using integration by parts in x1, if one of Ay, A2
is considerably larger than any other A;,i = 1, 2, 3, then we can easily gain a sufficiently
strong estimate with which one can sum absolutely in all three parameters A;,i = 1,2, 3,
the operators 7.

If A3 is significantly larger than both A; and A, and ¢ is of type A, we can also use
integration by parts in x1 in order to get a sufficiently strong estimate. In the case when 13
is the largest and ¢ is of type D, then b*(x, 8, j) is approximately x; in the C™ sense, and
so in this case and when |x»| ~ 1, we use integration by parts in x», and when |x;| < 1
integration by parts in x;. In both parts we get the bound A5 N with which we can obtain a
summable estimate for T in all three parameters.

As it turns out, in almost all the other possible relations between A;, i = 1, 2, 3, we shall
need complex interpolation if & = 1/3, or if 6 = 1/4 and it is the “diagonal” case, i.e., all
the A;, i = 1, 2, 3, are of approximately the same size. If 6 = 1/3 and A;,i = 1, 2, 3, are of
approximately the same size we shall actually need a finer analysis where estimates on Airy
integrals are needed. This will be done in the next section.

Case 1.1. &1 ~ X3, A2 < Ap, and Ay < ZjA}/z. On the part where [x2| ~ 1 we can
use integration by parts in x, and obtain much stronger estimates sufficient for absolute
summation. When |x;| <« 1 we use stationary phase in both variables, and so

= -1 X 1/2
Wil Sa70 bl € 4 5.

If 6 < 1/3 then we can sum absolutely in the usual way, and if 6 = 1/3, we need to use
complex interpolation for indices A; < 22/ (the other part can again be obtained by summing
absolutely). When 6 = 1/3 interpolation gives

S GarH™'7,

A
1T "

!
p P P
L (L )= Lag (LG )

(x1,x2)

and one is easily convinced that we may restrict ourselves to the case 1 <« A; <« 2%,
1 < X2 < A1. The bound on the operator norm motivates us to define k through 2% :=
AMAy - 2k1—k2 where 281 = A, and 2%2 = A,. Our goal is to prove that for each k& within
the range 1 <« 2% « 2%/ we have

> 7 20
Ky =2k [
1Ay Lf;(Lz(ll‘Q))efo L o)

since then we obtain the desired estimate by summation in k.
We shall slightly simplify the proof by assuming that A; = A3. Let us consider the
following function parametrised by the complex number ¢ and the integer k:

31 3-9¢
F=2"Ty@ DD oo

Aphy =2k

u
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where y (¢) = (272¢=-D/4 _ 1)/ (2% — 1). The associated convolution operator (convolution
against the Fourier transform of ,u’g) we denote by Ttk' It is sufficient to prove

with constants uniform in # € R. Recall that 6 = 1/4 sincem =2 and 0 = 1/3.
The first estimate follows right away. Namely, since v;‘ have supports located at A, then

k —k/2 k
T; STl S

2/(2-6) (11 2/&
Ly (L<X1-X2))_)L"3 (L?;Jl-Xz))

by the estimate for the L°° norm of the function v;.‘ we have

- —k/2

i OIS 772
" (1+ 1814

and now one needs to recall Lemma 3.7.
We prove the second estimate by using Lemma 3.4. We need to prove

_3_9; 1201y % a2k 1
Z Zk()q) 3—3it U;\ _ Z )‘1 /)‘2])\1 4ltv;1 1 )] < —~ ,
N ’2 3 —1‘

(5.30)

Mag =0k oo 2h «2%

uniformly in 7.

/

After substituting A;y; — y; and A} 2y2 — y» in the expression (5.28), we get that the

sum on the left hand side of (5.30) is

9t ~ ~ / 12 B _
oo le()lel =y (279m = 2777412 — 2R, (A1)
2 r <22

~ — —-1/2 . —
X X1 (k1x3 - b* (kl 'y A / yz,c?,/) y: — Myp(A 1yl))
_ —1/2 . — —1/2
X a (M Y1, A / yz,rS,J) X1 (k, ly1) X0 (A, / yz) dy.

Using the first three factors we can reduce the problem to the case |x| < C for some large
constant C. Now, as we have done in previous instances of complex interpolation, we use the
substitution A1 x; —y; > yi, conclude thatitis sufficient to consider the part of the integration
domain where |y1| < A{. In particular then x| ~ 1 and we can use Taylor approximation for
Y and ¥ at x1. Then one gets

9% [~ o~ B B e n
Z At /Xl()’l)Xl (2 Fa100(x1, x2,81) — 27 yir <)»1 1)’1,)61,51) -2/ k)»l/ yz)
2k <22

%1 (21Qp et a3, 80) = yirg (A7 v 81) = bF (1 = A7 w0 2,8, ) 93)
X a (xl —ar i A P, j) X1 ()Cl - )»flyl) X0 (M_mn) xo0 (A7 °y1) dy.
where |8{er| ~ 1 and |8{Vr,3| ~ 1 for any N > 0. Also note that 2_'/.)\.}/2 < 1.

We may now conclude that it is sufficient to consider the cases when either |A| > 1 or
|B| > 1, where A := 27k, Qu(x1,x2,81), B :=Xx1Qp(x1, x3, 1), since otherwi§e, when
both |A| and | B| are bounded, we could apply Lemma 3.4, similarly as in the case 22183 > 1,
to the function
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1570 L. Palle

H(z1, 22,23, 24,25, X, 8, 0)

~ - _ 1 _
= /Xl(yl)Xl (Zl -2y, <z4/€y1,x1, 51) -2 kZ3y2)

~ 1 1 1/(2 .
X X1 (Zz —yirg (Z4/€y1, X1, 81) - b* (x1 — 2/ 1,2/ %y, 8, J) y%)
1 1/2 . 1 1/(2.
x a <X1 — 21,2/ %, 8, ]) X1 <x1 - z4/5y1) X0 (z4/( E)yz) xo0(zay1) dy,

where we would plug in

—_ —_i.1/2 — _
(21,22, 23, 24, 25) = (2 01 Qu(x1, X2, 81), k1 Qp(x1, x3,81), 2774/ ,Af,zkxll).

Note that the upper bounds on z4 and z5 are given by the summation bounds for the parameter
A1, and that the function H does not depend on zs. Furthermore, the C! norm of H in
(z1, z2, 23, 24, 25) is bounded since derivatives of Schwartz functions are Schwartz and only
factors of polynomial growth in y; and y, appear when taking the derivatives. The polynomial
growth in y; can be dealt with by using the first factor. For the polynomial growth in y; one
has to consider the cases |y2| < |yi|" and |y2| 3> |yi|" separately. In the first case we can
obviously again use the first factor, and in the second case we use the third factor inside
which the term b* y% is now dominant.

Let us now first assume | B| >> 1. The first three factors within the integral are behaving
essentially like

- - B PRT I
x1 (X (A—2 kyp —27 kkl/ )’2))(1 (B—y1—y3).

We may reduce ourselves to the discussion of the part of the integration domain where | y;| <
|B|*8 since otherwise, when |y| = |B|®8, we could use the first factor, obtain the estimate
|B|~NéB for the integral, and then sum this geometric series in A;. Then |B — yirgl ~ |B|,
and the integral we need to estimate is bounded by

/

for some constant C. Now one can again sum in A;.

Let us now assume |B| < Cp for some large, but fixed constant Cp, and let |A| > Cp.
Again, we can reduce ourselves to the part where |y | <« |A|%4, and so |A — 2_"y1rw| ~ |Al.
Therefore if |y2| < |A|'/2, then using the second factor we get that the integral is bounded
(up to a constant) by |A|7N.If |y2]| > |A|Y/2, then |B — yirg — y%b#l 2> |A| and so we can
use the third factor, and sum in A;.

Case 1.2 A ~ A3, A2 < Ap,and Ay > 2/}:/2. In this case we have the same bound for
the Fourier transform as in Case 1.1. Hence, using ||vj‘||Lc>o < 2/ and interpolating one
can easily see that we can sum the operator pieces absolutely in this case.

Case 2.1 A ~ A3, A] < A2, and A, < 2%/, Here again we may use stationary phase in
both variables (and when |x>| ~ 1 even integration by parts in x»). The estimates are

X1 (B — yirg — y3b*) | dy2 < f K1 (B — yirg — )| [t]71/2de < C|B|7'/2,

“X -1 X 3/2
Wrlie Sagt il £ 437
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and therefore independent of 1. As in [16] we define
A2A3 A
o= ) v,
A2

and note that then we can write

52’\“—)(0 il X1 £ X1 83,
J Ao %) A3 I
where o is a smooth cutoff function supported in a sufficiently small neighbourhood of 0.
Therefore, one easily sees that using the same argumentation as for v; we have
“haks 1 oSS 32
lo? Ml Sa5 oM e < 437

The operator norm bound is

IT220 o v ) S0 02
Lx3 (L(xl,xz))_)l"‘_?) L(xl.xQ)

Hence, if 8 < 1/3, then we obtain the desired result by summing the geometric series, and
if 8 = 1/3, one needs to use complex interpolation.

Here we skip the proof since its very similar to Case 1.1 after one notes that since we
obtain the function 6;‘2’)‘2 by summation in A1, the expression (5.28) has to be replaced by

0;»2,/\2 =23 /)a)(kz(xl - y1)))?1()»2(X2 =27y — Y (1))

x X102z — b*(y, 8, Nys =) aly, 8, j) x1(n) xo(y2) dy.

Recall that the function xo of the first factor within the integral in this case has support
contained in [—¢, €] where the small constant € depends on the implicit constant in the
relation A1 < Ap.

Case 2.2 Ay ~ A3, A| < A2, and Ay > 22/ Similarly as in the previous case one has

A2, A3 Py
g; = E vy,

AL

- .
O‘}.‘z’)L3 5 2]}\2,
LOO

-1 A2,A3
SA Haj

L>®

from which one obtains the desired estimate by summing absolutely.
Case 3.1 A ~ Ao, A3 < Ap, and ké/z pe 277 1. In this case, by stationary phase in both
variables, the estimates are

o =1/2, =172 b 172
i s At ] L s (5.31)

L>®

If 6 < 1/3 one can again sum the operator pieces absolutely. For 6 = 1/3 we see

A
HT ‘ 3 i = 1
J |l p3(;P1 P3P ~
LX3 (L(xl.xQ))_)LB (L(xl,xz))

Therefore, in this case we shall need the oscillatory sum lemma with two parameters (Lemma
3.6) when applying complex interpolation.
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As usual we assume A = L. We consider the following function parametrised by the
complex number ¢:
laoak
K = v () Z }”1 : }~34 Vi,
AL,A3

where y (¢) is to be defined later as appropriate. The summation is over all | and A3 satisfying
the conditions of this case (Case 3.1). Notice that we necessarily have A1 > 1.

We denote by T; the associated convolution operator against the Fourier transform of i, .
Then by interpolation it suffices to prove

175Nl 2/2-5) 2/3 S LNl S 1
l Ly ’ (Lg-*Mz))_)LWU (L?-:Mz)) L

with constants uniform in # € R.

In order to prove the first estimate, we need the decay bound (3.5), i.e.,

GE)) < —
i () 'S G

But this follows automatically by (5.31), the definition of 1., and the fact that each vj‘ has
its support located at A.
It remains to prove the L> — L? estimate by showing

N R LAV e L :

< (5.32)
IS —,
= vl

uniformly in 7.

After substituting A;y; + y; and Aé/ 2y2 > y2 in the expression (5.28), we get that the
sum on the left hand side of (5.32) is

3

_3; PP ~ iy -2 _
> T Gs) 4”/xl<x1x1 =y (hx2 =275 = v (471 0)

AL,A3
~ _ —1/2 . _
X X1 (?»3)63 —b* (?»1 y1, A3 / ¥2, 86, J) v — A3Yrg (?»1 IY1>>
_ —-1/2 . - -1/2
xa (M I / yz,é,j) X1 (kl 1y1) X0 <)\3 / yz) dy.

Using the first two factors we can restrict ourselves to the case when |(x1, x2)| < C for some
large constant C.

Next, we use the substitution A1 x; — y; — y1, conclude that it is sufficient to consider inte-
gration over |y;| < A{ and that we have x; ~ 1. Then, after using the Taylor approximation
for v, and Y4 at x1, one gets

3 ) 0y H

A1,A3

~ ~ _ — —1/2
X /X](YI)XI (MQw(xl,XQ,51) — VroOg i, X1, 81) = 270005 / yz)
xm(stﬁ(xl,xg,ao —Asxl“ylrﬁQﬂyl,xl,al)
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_ —1/2 .
—b#<x1 - 1)’1,)\3 / y2,6,]>y22>

X a<x1 — a7y 25,8, j) X1 <x1 - ?»flyl) X0 <?»3_1/2y2> X0 (kfeyl) dy,
(5.33)
N N —j —1/2
where |0,"r,| ~ 1 and |9"rg| ~ 1 for any N > 0. Recall that 277112,
AT«

If we define A := A1 Qy(x1, X2, 81), B := A30p4(x1, x3, 1), then we need to see what
happens when either |A| > 1 or |B| > 1. Let us assume that Cp is a sufficiently large
positive constant.

Subcase |B| > Cp and |A| < 1. In this case we shall use the Holder variant of the one
parameter oscillatory sum lemma (Lemma 3.5) for each fixed 13. We define

< 1 and

H(z1, 22,23, 243 A3, X1, X3, 8,277)

- ~ 1
= /Xl(yl))ﬂ <Z| — ViTw (Z3/Sy1,x1,51> - Zz)’2)
- 1 1 —-1/2 .
XX1<?»3Q,3(X1,X3, 81) — zay1rg <z3/€y1,X1, 51) - b#<X1 - 23/sy1, Az 2y,,8, /)y%)

X a(n — 2/ 1,25 Py, j) X1 (m - z§/5y1> XO()\;I/2YZ) xo(z3y1) dy, (5.34)
where we shall plug in

(21,22, 23, 24) = (A1 Qw(x1, X2, 81), 27j?»1k3_1/2, ATE AT,

Note that the parameters A3 and x3 are not bounded.
Applying Lemma 3.5 we get

- 4 ~ 4
Gy gyt | O B G Wl 2 G
|23 — ly (1 +i1)]

’

Al L>®

if we add an appropriate factor to y (i.e., our y needs to contain a factor equal to the expression
(3.1)). It remains to prove that one can estimate || H ||z and the constants Cy, k = 1, 2, 3, 4,
by |B| ™8 since then we can sum in A3.

First let us consider the expression for H (z). The first three factors within the integral are
behaving essentially like

X1 (@1 — 1 — 22521 (B — zay1 — ¥3).

Since we could otherwise use the first factor and estimate by |B| ™8, we may restrict our
discussion to the part of the integration domain where |y;| < |B|®2. Then we have |B —
z4y17g| ~ | Bl, and therefore

/

for a constant C. Hence, we have the required bound for || H | zoo.

X1 (B — zayirg — y3b*) | dys < 2/ 1 (B — zayirg — 0] |t|7/2dr < C|B|7'/2,
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Next, we see that taking derivatives in z; and z4, doesn’t change in an essential way the
actual form of H since we only obtain polynomial growth in y; which can be absorbed by
X1(y1), and since derivatives of Schwartz functions are again Schwartz. Therefore, we may
estimate Cy, kK = 1, 4, in the same way as we estimated the original integral.

Permuting the order of the variables zx, k = 1,2, 3, 4 appropriately, we see from the
expressions for Cy in Lemma 3.5 that we may now assume z; = z4 = 0. Taking the
derivative in z3 we obtain several terms. We deal with the terms where a y; factor appears in
the same way as we have dealt with in the previous cases. It remains to deal with the term
where y% factor appears, that is

1416 1 ~12 .
—23 e @bt (xl —z3/€y1,k3 / y2,5,1>
~ > 1
X /Xl(yl)Xl (Zl — Yl <z3/€y|,x1, 31) - Zzyz)

~ 1 1 —1,2 .
x () (9»3 Op (x1,x3,81) — zay17p (13/8371,)61 , 51) - b* (X1 - Z3/sy1,)»3 235,68, _1) y%)
1 —12 . 1/¢ -12
X a (X1 - z3/5y1,>»3 / yz,&J) X1 (x1 —zfyl) X0 (k3 / yz) x0(z3y1) y13 dy.

This integral can be estimated by

/

The key is now to notice that if we fix A3, then A; goes over the set where A1 > X3. In
particular, since we shall plug in z3 = A, we have |z3| 11/ < A;HE. Therefore using
the first factor in (5.35) we obtain the bound for (5.35) to be

| -

for some different . Now one subsitutes ¢ = y%b# and easily obtains an admissible bound
of the form |B|~¢B.

For the last constant C, we shall need to consider the Holder norm. Here we may assume
71 = z3 = z4 = 0. The derivative in z, can be estimated by the integral

10 (351252) G)' (B = y36%)| 137117 . (5.35)

ly2dya,

/ \i (1) 001 (=17 (0, x1,81) — 22921 (B — b* (x1, 45 232, 8, j)y3) ya|dy.

We shall now consider only the part where y, > 0 and z > 0, as other cases can be treated
in the same way. Then substituting ¢ = y22 one gets that the estimate for d,, H is

// ‘)E(yl) o)) (=y17ew — 22t 2) 51 (B — zb#))dyldz.

From this form it is obvious that we may now restrict ourselves to the part of the integration
domain where |y;| < |B|°8 and |t| ~ | B| by using the first and the third factor respectively.
If we denote this integration domain by Up, then the bound for the C, constant in Lemma
3.5 reduces to estimating

@ Springer



Mixed norm Strichartz-type estimates for hypersurfaces... 1575

= [,
==L,

where ¢ represents the Holder exponent. If |z3]| < |B|~'/4, then we obviously have the
required estimate. Therefore, let us assume |z2| > |B|~'/4. Then |z2]~? < |B|"/* and so
integration on the domain |§| < |B|~!/*is not a problem. On the other hand, if |§| > |B|~!/4,
then |5¢1/2| > |B|'/* by our assumption on the size of . Thus we may use the Schwartz
property of the second factor in the integral and obtain the required estimate. This finishes
the proof of the case where |B| > 1 and |A| < 1.

Subcase |B| > C and |A| >> 1. The preceding argumentation for the estimate of || H || .«
is also valid in this case since we have not used the second factor, and so we see that we can
always estimate the integral appearing in (5.33) by | B|~!/2. It remains to gain a decay in |A|.

If we furthermore assume |A| < | B|, then |B|~!/2 < |B|='/4|A|~'/4, and so we can sum
in both A and A3. Therefore we may consider |A| > |B| next, and reduce our problem using
the first factor in the integral in (5.33) to the part where |y;| < |A|®4. Then |z1 — y1re| =
|A—y1ry| ~ |Al, and so we can gain an | A| ~®4 using the second factor in the integral, unless
|zay2] ~ |A|. But since |z2| < 1, we see that [z2y2| ~ |A| implies |y2| = |A], and so we can
use finally the third factor where then the y22 term is dominant.

Subcase |B| < Cp and |A| > Cé. We can reduce ourselves to the integration over
[y1] < |Al?4, and so |A — yir,| ~ |A|. Therefore, if |ys| < |A|'/2, then using the second
factor we get that the integral is bounded (up to a constant) by A~ I | V2| > |A|'/2, then
|B — zay17 — yzzb#| 2> |Al, and so we can use the third factor, and sum in both A; and A3
(since |B| < |A)).

Subcase |B| < Cp and |A| < C123. Finally, if both |A| < C123 and |B| < Cp are bounded,
we use the two parameter oscillatory sum lemma. We define the function

) 60 (=317 — 522301 (B = 16")|dyydeds

0.0 6 (=317 = 1270 (B — 1) |dyidrds,

- ~ > 1
H(z1,...,26:%1,8,277) = /Xl(yl)X1 <Z1 —ylrw<Z3/£y1,x1,51> _ZS)’2>

~ 1 1 .
X X1 (zz — Z6)178 (13/8)11,)61,51) - b#<X1 - z3/€y1,24y2, J, J))bz)

1 . 1
X a(m - 23/8}’1, 24y2, 6, J) X1 <x1 - z3/£y1> x0(zay2) xo(z3y1) dy,
where we shall plug in
_ e =12 o, o —1)2 —1
(215 22, 23, 24, 25, 26) = | M Qw(X1, X2, 81), A30p(x1, X3, 81), A1, Ay "7, 27 Ay "7 A3 ).

The associated exponents are («1, o) = (—3/2, —3/4) and
(ﬂ%,ﬂz‘) = (1,0), (ﬂ%,ﬂ%) = (0, 1), (ﬂiﬂ%) = (~&,0),

(ﬂi‘,ﬂz‘) = (0, —1/2), (ﬂ?,ﬂé) =(1,-1/2), (ﬂ?ﬁ?) = (=1, 1),

and so for each k the pairs (a1, a2) and (ﬁ{‘ , ﬁ’z‘ ) are linearly‘ independent. The C 2 horm of H
is uniformly bounded in the bounded paramteres (x1, §, 27/) by arguing in the same manner
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as in Case 1.1. Therefore we may apply Lemma 3.6 if we take y to contain a factor equal to
the expression (3.3) (with & = 1/3). Recall that y needs to contain also the factor from the
case where we applied the one parameter lemma (i.e., where we had |B| > Cp and |A| < 1).

Case 3.2. o] ~ A2, A3 < A1, and }\é/z & 277 ),. Here we have the same bound for the
Fourier transform as in the previous case. Therefore

“X —1/2,-1/2 i
Whlie S a77205120 i S 273

One easily shows that in the case A; > 2%/ the operator pieces are always summable. The
other case is when 2/ « A; < 2% and here we have summability if and only if 6 < 1/3.
For 6 = 1/3, we have

1
1T} L\ SYRanghTVe
’ P P

fo (L(xz«xz))_’L-ff (L 1 )

(x1,x2)

This operator norm estimate motivates us to define k through 2% := )L%A; U= 22—k where
251 = 3y and 2% = A3. Our goal is to prove for each k that

o1 < 9Qe=D(k-2))/3
] ~

May =2k 3 ® Py (v
13 3 1 3 1
Lig | Ly xyy ) 2 Exs \ Liay )

for some 0 < & < 1/2. Since k > 2, we then obtain the desired result by summation in k.
We shall slightly simplify the proof by assuming that A; = X;. Let us consider the
following function parametrised by the complex number ¢ and k:

wh=y@© Y ek

2, —1_
Ay =2k

where y (¢) = 273¢=D/2 _ 1 Let T{k denote the associated convolution operator. By inter-
polation, we need to prove

k
it

<2/ 28020 (5.36)

L2—L2

k
Tl+it

<27k, ‘

2/5

2/2—6
LEEOwr Ly

(x1,x2) (O

(xq »xz))
for some 0 < ¢ < 1/2, and with constants uniform in ¢ € R. The first estimate follows right
away since v; have supports located at A, and therefore by the L estimate for the Fourier
transform of v? we have

—k/4
(1+ &Y

We prove the second estimate by using the oscillatory sum lemma. We need to prove

1k ) <

-3 . —k32 2J 9ek=2j)
oo = Y el g
2, —1_ 2 =1k 273t 1}
}‘1)‘3 =2k )‘1)“3 =2k L>® ‘

(5.37)

LOO
uniformly in 7.
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Let us discuss first the index ranges for Ay, Az, and 2k — A%k;l. Recall that we are
in the case where 2/ < A < 2%/ and 1 < A3 <« A{27%/, which implies 13 < A; and
22/ « 2k < 2% Let us now fix any k satisfying 22/ « 2% < 2%/ and let us consider all
(A1, A3) such that 2% = A%k; ! We shall use the oscillatory sum lemma by summing in Ay
and consider A3 = )\%2”‘ as a function of A1 and k. The conditions for A are then

2« =28, 1=t 2,

which determine an interval of integers /; x for ky (recall A = 2k1 ).
After substituting A1y — y; and 27/A;y2 > y; in the expression (5.28), we get that
the sum on the left hand side of (5.37) is

23 [Xl(?\lxl — yDX1(i1x2 = y2 = APy y)
kieljk

x x10axs — 22K pF Ty, 200 8, )3 — A (AT )
x a( v, 2707 0, 8, ) xa O ) x0T ya) dy.

Since using the first two factors we can get a decay in Aj, we can restrict ourselves to
the case [(x1, x2)] < 1. When |x3] > 1, then by using the third factor we can gain a factor
Ay I (A%Z’k y~1, which sums up to anumber of size ~ 1, by the definition of /; ;. Therefore
we may and shall assume |x| < 1.

Next, we use the substitution A;x; — y; — y1, conclude that it is sufficient to consider
the part of the integration domain where |y;| < A%, and that we may assume x; ~ 1. If we
use Taylor approximation for v/, and ¥4 at x1, then one gets

2y M_w/Xl(y1)X1(?~1Qw(X1,X2,31) — Y1ro Gy 1, X1, 81) = y2)

kleljtk
X X1 (xagﬂm, X3, 81) — A3AT yirg (A, X, 81)
-~ 22f—"b#(x1 — a7y, 270y, 8, j)y%)

xa(x1 =27y 2747280 7) s (3= 27w ) x0 (273752) 30 (7 w) .

where |8]Nrw| ~ 1 and |81Nr,3| ~ 1 for any N > 0. Note that 22—k « 1 and )»3)\1_1 < 1,
and therefore it is sufficient to consider the cases when either |A| > 1 or |B| > 1, where
A =71 Qu(x1, x2,81), B := A30pg(x1, x3, §1), since otherwise we may use the oscillatory
sum lemma. We remind that A3 = A%Z_k is considered to be a function of A;.

We concentrate on the first three factors within the integral:

KOG A = roy =y (B = hahy ' ram = 2274%3)

where r,,, rg, and b* are all converging in C* to constant functions of magnitude ~ 1 when
Al —> 00,8 = 0,and j — oo.

Let us denote by M a large enough positive number.

Subcase |B| > M3 and |A| < M. Then because of the first factor we may restrict our
discussion to the integration domain where |y;| < |B|/3. There |A — roy1| < C|B|'/3 for
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some C. We may then furthermore assume |y,| < 2C|B|!/3, since otherwise we could use

the second factor. Now, if we take M sufficiently large, we have
)\3)»1711’/3)/1 — 22j_kb#y22 < B,

and so we can now use the third factor’s Schwartz property to obtain a factor |B|~!, which
gives summability in Aj.

Subcase |A| > M. Here we shall need a slightly finer analysis. Note that using the
first factor within the integral we can actually reduce ourselves to the integration within the
slightly narrower range |y;| < |A|® 210e2j=k) for some small & (see (5.36)), and therefore
we can also assume using the second factor that

V2 € [A _ C|A|82108(2j7k)’ A+ C|A|82108(2j7k)]’

for some C.

Now if |A|5219¢2/=K) < | we obtain that the bound on the integral is |A|2£220¢(2/—K)
(the area of the surface over which we integrate), and this is summable in A1 over the set
|A|6210£(2j7k) < 1.

Therefore, we assume |A|2195@2/=k) ~ 1 that is |A|'/10 > 2k=2/ Now, if M is suffi-
ciently large, we then have by the restraint on y, that |A|2/2 < y22 < 2|AJ?, and hence

CiIAPR-110 - ‘22j_kb#y%‘ < CylAR.

Therefore if either |B| < C1|A|>~1/10 or |B| 3> C»|A|?, we can simply use the Schwartz
property of the third factor within the integral. Let us now assume that B is within the
range |B| € [C1|A|>~1/19, Cy|A|%]. We denote 84 := |A|219%¢R/=5) and recall 54 > 1 and
[y1] < 84 < |A|®. Using the third factor within the integral we can reduce our problem to
when

‘B — )»3)»1_1rﬂy1 — 22j7kb#y%‘ < 84.
The implicit function theorem implies that
Ve [2"*2f|3| _C'2k2s, 2k20|B| + C’2"*21'5A]
iG]
2k=2J|B| |B| 18| ]’
for some C’. Since 84 < |A|'/1% and |B| > |A|>/?, we can conclude

Ival € [@ 2B = A2, @42 B2 4 A1

that is, y» goes over a set with length at most C’|A|~'/2. This implies that our integral is
bounded by C’|A|~!/2+¢ which is summable in A;.

Case 4.1. 1| ~ Ay ~ Az and 1 > 2%/, As explained in a bit more detail at the end of
[16, Chapter 4] here we have

- —-1/2,-1/3 -5/6 i
2] s i =¥, [ 5o,
L L
from which one gets by interpolation

A
|71

ool < 2j0)‘i59_2)/6
P3Pl 3 1 ~ :
Lx3 (L(lexz))*)l"’g (L<xl~x2))
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One can show that the operator pieces in this case are summable if and only if 6 < 1/4. For
6 = 1/3, we can only sum in the range A1 > 2%/ and so it remains to see what happens when
22 < A < 2% . We denote the sum of the associated operator pieces for this remaining
range by Ts V1T We shall deal with this case in the following section.

Case 4.2. 1| ~ Ay ~ A3 and A; < 22/ Here only the space-side estimate changes and
we have

“X -5/6 3/2
[ s s S (5.38)

By interpolation one obtains
b
|71

We denote the sum of the associated operator pieces by T(SV]! I The above estimate is obvi-
ously summable if and only if & < 1/4. For 6 = 1/4 we one can use complex interpolation
and obtain the desired estimate in the usual manner. We deal with & = 1/3 in the next section.

< )\54971)/3.

)

P3 3
Ly (L(X X ))—>LX (L(X1

6 Airy-type analysis in the case hyj, (¢p) < 2

In this section we begin with the proof of the estimates for TW I and TW T when 6 = 1/3,
i.e., when ¢ is of type A,,_1 withm = 2 and finiten > 5. In thls case 0 = 1/4. We shall first
recall some of the notation from [16, Chapter 5]. From now on § shall be a triple (8¢, 81, 82)
with 89 = 27/, we use A to denote the common value A; = A» = A3, and define

&1 & &3
5= =

5] ==, §3:= =, §:=(s1,5,53), § :=(s1,5).

& &’ A

Then |s;| ~ 1 fori = 1, 2, 3, and we have
£ =as30s1,5, 1), ®(x,8,),8) =rs3P(x,8, 0,51, 5),
where @ is the total phase from (5.27) and
D(x, 8, j,s1,8) =s1x] + sleza)((Slxl) +ox{B(81x1) + Sos2x2 —|—x22b0(x, 8).

Recall that according to Case 4.1 and Case 4.2 from the last section of the previous section
we have
|7

and we can assume A >> 1. Furthermore, recall that o ~ 1, and that

b*(y, 81,82, j) = bo(y, 8) := b*(31y1, 8082y2),

where b“ is the same function as in Sect. 2.4. It is the function b from Sect. 2.4 expressed in
adapted coordinates. Recall that (0) # 0, w(0) # 0,and bo(y, 0) = b*(0,0) = b(0,0) #0
for all y.

In terms of s the expression for the Fourier transform of vg‘ = v;‘ becomes

o <Al
P3
LY @) v2))aLx3 @}

(x1, «\2))

X1(SlS3)X1(8253)X1(S3)/e_im&)(y’a’“’s"52)51(%5)dy,
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where the amplitude a(y, §) := a(y, §) x1(y1)xo(y2) is a smooth function supported in the
sets where x; ~ 1 and |x2| < 1 and whose derivatives are uniformly bounded with respect
to 8. If we denote

TB’\f = f*vg,

then the estimate we need to prove is

oo <1

l<r=<8y® p o)

p/
LB W )=Ld Lyl )

3 Y (xpx)

11y _ (11 P : VII VIII
for ( o ;73) = ( 5 4>. This estimate corresponds to the estimate of the sum 7§’ ;T

considered in the last section of the previous section (Case 4.1 and Case 4.2).

6.1 First steps and estimates

Our first step is to use the stationary phase in the y;, variable, ignoring the part away from
the critical point where we can obtain absolutely summable estimates. Then, as explained in
[16, Section 5.1], one obtains by using the implicit function theorem that the critical point
x5 can be written as

x5 = 8052Y2(81x1, 82, 8052),
where Y3 is smooth, Y>(0, 0,0) = —1/(2b(0, 0)), and |Y2| ~ 1. Now one defines
W(x1,8,0,5') := ®(xy, x5, 0,5,

SO we can write
Vi (&) = 2721 (s153) 31 (s253) x1 (53) / TP YOLOOS R g0 (v, 5, 83 M)y,
where ag is smooth and uniformly a classical symbol of order O with respect to A, and where

W(y1,8,0,51,5) = s1y1 + 2970 @131) + oy} BG1y1) + (8052)* Y3 (11, 82, 8052)
(6.1)

for a smooth Y3 with ¥3(0, 0, 0) = —1/4b(0, 0) # 0.
Recall that as ag is a classical symbol we can express it as

ao(y1,s,8;2) = ay(y1,s,8) + A ab (1, 5, 8; 1),

where ag does not depend on A and aé has the same properties as ag. This induces the
decomposition

A

A__ A
VB = Us’a(()] + V(S.ll(%'

A

The function v | 3/2
3,ay

associated to the amplitude aé has Fourier transform bounded by A~

and the L norm on the space side is bounded by 13/? (by the same reasoning as used to
obtain (5.38)). From these two bounds we can easily get the required estimate for the operator
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associated to vé‘ - Therefore from now on, by an abuse of notation, we may and shall assume
70

that vg\ has an amplitude which does not depend on A, i.e.,

vi(€) = )»71/2)(1(5153))(1(5253))(1(S3)/67“\53‘11(”’S’G’SI’SZ)ao(yl,S,S)d)u-

The next step is to localise the integration in the above integral to a small neighbourhood
of the point where the second derivative vanishes. For § = 0 this point is

C c 20(0) 1/(n—2)
x{ =x{(0,0,5) = (‘ msz)

Away from this point the estimate for the integral is at worst A~!, by stationary phase or
integration by parts.

We now briefly explain how to deal with the part away from x{. Recall from Case 4
in the last section of the previous section that the space bound on v(sA is 27 = 3 A if
A > 2% = 0y 2. Now using the results from Sect. 3.3 one can easily see that we can sum
absolutely in A > 4, 2 The case when A < 8 2 has to be dealt with complex interpolation
as in the Case 4.2 from the last section of the previous section.

Hence we may now consider only the part near the critical point x{. Abusing the notation
again, we shall denote the part near the critical point x{ by v3\ too. Following [16] we shall
furthermore assume without loss of generality

2w(0)

T nepo) 0 Th ©2

and that in (6.1) we are integrating over an arbitrarily small neighbourhood of x{. There-

fore, we now have x{ (0, 0, 52) = szl/("_z), W (x{(8, 0,52),8, 0,51, )| ~ 1, (by implicit

function theorem) x{ = x{ (4, o, s2) depends smoothly in all of its variables, and
U(x{(8,0,5),8,0,51,5) =0.

We restate [16, Lemma 5.2.] how to locally develop W at the critical point of ¥, i.e., the
point x{. Its proof is straightforward.

Lemma 6.1 The phase ¥ given by (6.1) can be developed locally around x{ in the form

W(x{(8,0, ) +y1,8,0,51,5) = Bo(s',8,0) — Bi(s', 8, 0)y1 + B3(s2, 8,0, y1)yi,

where By, By, and Bz are smooth functions, and where |B3(s2, 8, 0, y1)| ~ 1. In fact, we
can write (after taking (6.2) into account)
X5, 0,5) =53""G (52,8, 0),
Bo(s',8,0) = s155/ " G1(s2,8,0) — 53/ " P Ga(s2, 8, 0),
Bi(s',8,0) = —s1 + 53 "2 G352, 8, 0),
B3(s',8,0,0) = 5" "2 Gy(52, 8, 0),
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where Gy, k = 1,2, 3, 4, are all smooth and of the following forms at § = 0:

n>—n-2
Gi(s2,0,0) =1, Ga(s2,0,0) = fdﬂ(o),

G3(52,0,0) =n(n —2)oB0), Gu(s2,0,0) = Waﬂm), (6.3)
Gs(52.0,0) = Waﬂ(o),

where we defined Gs :== G1G3 — Gj. One can easily check that Gy # 0 for each k =
1,2,3,4,5, sincen > 5.

By applying the lemma we may now write

vIE) =272 (s153) X1 (5253) X1 (s3)e 25305 8.9)

6.4
X[e—iksa(Bs(sz,a,a,yl)y?—Bl<s’,a,a)y|> ©4

ap(y1, s, 8) xo(yp)dyr1,

where x( is supported here in a sufficiently small neighbourhood of the origin and ap denotes
a slightly different function than before, but with the same relevant properties. We now
decompose v} further, motivated by Lemma 3.1, into parts where A*/3|By(s",8,0)| < 1
near the Airy cone, and (2_1)\)2/3 |Bi(s, 8, 0)| ~ 1 away from the Airy cone, for My < 2! <
A/M1, where My, M are sufficiently large. The Airy cone itself is given by the equation
B =0.

In order to obtain such a decomposition we take smooth cutoff functions xo and x; such
that o is supported in a sufficiently large neighbourhood of the origin and x; (¢) is supported
in a neighbourhood of the points —1 and 1 and away from the origin. We furthermore assume
that

You@n=1
IeZ
on R\{0}. Then we can define

V€)= x002PBI L 8, VA E), vE©) = (@B 8, V),
(6.5)

where My < 2l < A/M, so that
A 2 2
V5 () = v5 4 + Z Vs.i-
Mo=<2'<\/M;
We denote the associated convolution operators, convolving against the Fourier transform of
vg‘ 4; and vg\ ;> by TB)‘ 4; and T(S)‘ ;- Note that the size of the number My is related to how large
of a neighbourhood of 0 the cutoff function xo covers in the first equation of (6.5), and the

size of the number M is related to how small of a neighbourhood of 0 we take in (6.4) for
the y; variable.

6.2 Estimates near the Airy cone

From Lemma 3.1, (a), we get that the bound on the Fourier transform of vg" Ai 18 2.75/6 Unlike

in [16] we shall need to use complex interpolation to be able to estimate the part Tal, 4;- The
proof here is actually similar to certain cases when /hji, (¢p) > 2 in [16, Subsection 8.7.1].
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We consider the following function parametrised by ¢ € C:

C—V(é-) Z )\ VgA,

1<i<8y®

where y(7) = 277¢-D/4 _ 1) / (2776 — 1). The associated operator acting by convolution
against the Fourier transform of 11, is denoted by T;. By interpolation, that it is sufficient to
prove

S, IT1+irll 22 S 1,

WTiell 2y 2z e

D=L (L

(1% (g3

with constants uniform in 7 € R.
In order to prove the first estimate, we need the decay bound (3.5), i.e.,

1

i <

This follows right away by using the estimate on the Fourier transform of vg\ 4;» the definition

—

of ¢, and the fact that each v? 4; has its support located at (4, A, A).
We prove the second L> — L? estimate by using Lemma 3.4. We need to prove

1
s ‘2—*” 1

Zké’vm

l<h<sy®

) (6.6)

uniformly in ¢.

As in [16, Subsection 5.1.1] we now apply Fourier inversion using the formulas (6.4),
(6.5), and the form of the integral from Lemma 3.1, (a). Then after changing coordinates in
the integration from (&1, &, &3) to (s1, 52, $3) one gets

vé’Ai (x) — )\‘13/6 f e*i}»Sg(BU(S/,S,O')f.lel732){27)(3))(0()\‘2/331 (S/, 8, U))
x gWPB(s',8,0), 27138, 0, 5) 71 (s)ds1dszds3,

where g is the smooth function from Lemma 3.1, (a), whose derivatives of any order are
uniformly bounded, and where

F1(5) 1= x1(5153) X1 (5253) X1(53)53.

We may now also restrict ourselves to the situation where |x| < 1, since otherwise we can
get a factor A~V by integrating by parts.

Finally, we change coordinates from s’ = (s, 52) to (z, 52), where z := A%/3B;(s', 8, o),
and so by Lemma 6.1 we have

2= (=51 + Sé”fl)/(”fz)GﬂSz, 8,0)),
that is

s1 = sé"il)/(nfz)Gg(sz, 8,0) — A2,
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Thus we obtain
vh (x) = 3/2 —iAs3P(2,52,x,8,0) -1/3 (n—1)/(n=2) 4 =2/3
5.4i (X)) =2 e glz, A" 778,05, G3(s2,8,0) =277z, 52,83

X Xl(sén_l)/(n_z)GﬂSz, 8,0) =1z, Sz)Xo(Z)dzdndSm
(6.7)

where by using the expressions for By(s’, §, o) and G5(s2, §, o) from Lemma 6.1 one gets

D(z, 52, x,8,0) =55 "V Gs(52,8,0) — 53" G (52, 8, 0)x1 — s202 — x3

B (6.8)
+ 2723 <X1 — S;/(n 26 (2,8, 0)) .
We may shorten the expression in (6.7) to
vf () =232 / Tk ®Enx00) 5 (z, 53/ "D 53,071, a) dzdsadss,  (6.9)

where g is smooth with uniformly bounded derivatives and localising the integration domain
to|z] S 1,50 ~ |s3] ~ 1.

Next, we notice that ®(z, s;—z’ x,0,0) is a polynomial in s by (6.3). We therefore
substitute s = szl/ =2) and denote

®(z,50.x.8,0) = D (Z,Sé/(n_z),X, 8, 0) :

We are interested in localising the integration in (6.9) to the place where afocb = 0 and

83’06 # 0. In order to carry out this reduction we need another simple lemma. It will be
applied to the first three terms of

P(z, 50, x,0,0) =s§Gs(sy 2, 0,0) — s Galsy 2,0, 0)x1 — 5§~ 2x2 — x3
+272P2(x1 = 50G 1 (572, 0,0)),

which constitute a polynomial in sg whose derivatives have at most two zeros not located at
the origin. Note that the last term in the above expression is arbitrarily small.

Lemma 6.2 Assume n > 5 and consider a number xo ~ 1. Let us define a polynomial of the
form

P(x):=x"2(x>+bx+c)=x"+bx"' +cx"?
whose second derivative can be written as
P"(x) :=n(m — Dx""(x —xo+ &) (x — x0 — €).

If || < ¢ for a sufficiently small constant cy, then |P'(x)| ~ 1 on a neighbourhood of x,
which depends on cy, but not on . On the other hand, if |e| > ca for some ¢» > 0 and
xo — &~ 1 (resp. xo + & ~ 1), then |P" (xo — &)| ~¢, 1 (resp. |P" (xo + &)| ~¢, 1).

Proof One needs to express b and c in terms of xo and ¢, after which it is easy to prove the
lemma by a straightforward calculation. O

From the first conclusion of Lemma 6.2 we see that if the zeros of BSZUCT) which are away
from the origin are too close to each other, then we may use stationary phase or integration
by parts to obtain a factor of 2 ~1/2 (or better) and so the left hand side of (6.6) is absolutely
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summable. Therefore we may assume that there is at least some distance between the zeros of
830 ®. From the second conclusion of Lemma 6.2 we obtain |8530 ®|~1lina neighbourhood
of those zeros within the integration domain (i.e., for those located at ~ 1).

Thus, we may now use the implicit function theorem and obtain a parametrisation of a
zero of the first three terms of 830 o:

2 -2 —1 -2 -2
a5, <s3G5 (sg , 6, a) -5y G3 (s(')‘ , 8, a) Xy — s, x2) ,

which we shall denote by SS (x, 8, 0), and assume it is located away from the origin. All such
zeros can be treated the same way.

We may assume we integrate arbitrarily near the zero s5(x, 8, o) since again we could
otherwise use stationary phase or integration by parts. We may then use a Taylor approxima-
tion for the first three terms in ® at sg (x, 8, o) and obtain after translating so > so + sg that
the phase has the form

®1(z, 50, %, 8, 0) = Bo(x, 8,0) — Bi(x, 8, 0)s0 + B3(s0, x, 8, 0)s3
+ )»_2/3261(50, x,8,0) — )»_2/3262(&), x,8,0)s0

with functions éi, i =0, 1, 3, being smooth and |l~?3| ~ 1. The functions Gi are also smooth
and have the property that they do not depend on 5o when 6 = 0. Note also G2 (sg, x,0,0) =
1.

Hence, we have obtained an Airy type integral with an error term of size at most A ~%/3.
We denote this newly obtained function by f)g‘ APl

b} 4 (x) = 23/ /e—f*SS‘DI(Z-SO’X’W 21(z. 50,83, 27138, 0)dzdsodss,

where g; has the same properties as g, except that now the integration is over the domain
where |z] < 1, |s3] ~ 1, and |sg]| < 1.

We now prove (6.6) for the remaining piece T)g\ ;- Let us begin with the case when

A= 2BB(x,8,0)

satisfies |A| > 1. We claim that in this case we can estimate the function 5§,Ai by AT01 4114,
which is absolutely summable in X in the expression (6.6) for 1£14,;. We need a modification
of Lemma 3.1, (b), which is straightforward to prove.

Lemma 6.3 Consider the integral
/ M1 +bG0ISTHR 860D 40 (60 37173 40 (s0)dso.

where all the appearing functions are smooth with uniformly bounded derivatives, and
|b3(so)| ~ 1. This integral can be estimated up to a constant by A_1/3|A2/3b1|_1/4 if
A23b1] > 1, A > 1, and xo is supported in a sufficiently small neighbourhood of the
origin.

Therefore after one applies the above lemma, our problem is reduced to the case |A| < 1.
Our next step is to substitute s — A~ '/3sq. Then one gets

5 45 00) = 276 /e—"“ﬁ’lW"“SO*X"S"’) g1z 2" Psg, 53,4713, 8, 0)dzdsodss,
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where
kél(z, )fl/3so, xX,8,0) :AEo(x, §,0) — Aso + g3()fl/3s0, x, 0, O’)SS
+ kl/Szél(A_1/3s0, x,8,0) — sz(A_1/3s0, x,8,0)80,

and the new integration domain is |z| < 1, |s3] ~ 1, and |so| < A3
Using a Taylor approximation we can rewrite the G| term as

G1(A 350, x,8,0) = G1(0,x,8,0) + 1~ sor(A 350, x, 8, 0).

where |8Nr(t x,68,0) <y 1 for any N > 0 since G1 is constant when § = 0. Therefore,
if we denote G3 = G, — r, then G3 has the same properties as G» (in particular G3 ~ 1),
and we can write

A®1(z, A Y350, x,8,0) =ABo(x,8,0) — Aso + Bs(A 350, x, 8, )50
+ Al/Szél(O, x,8,0) — zé3()»_1/3s0, x,8,0)s0.

From this expression one sees that we can get an integrable factor of size (1 + |so|2)~V/2

in the amplitude of f)(g\ 4; Dy using integration by parts in s, i.e., we can assume

021020 (812 2 Ps0,53,471,8,0)) | S Car (1 + 15072,

as the unbounded terms in the expression for the so derivative of 2D (z, A 1350, x, 8, 0)
vanish.
Let us denote by

E :=ABo(x,8,0), F:=iY3G0,x,8,0),

the unbounded terms of the phase. We need to reduce our problem to the case when |E| < 1
and |F| < 1 since then we can simply apply the oscillatory sum lemma.

We begin with the case |F| > 1. Let us consider the z integration. The factor tied with z
in the phase is

F —G3(07Pso, x,8,0)50 = F — G3s0,

where G3(A~'/3s, x,8,0) ~ 1. We may therefore assume we are integrating over the area
in 59 where

|F — Gssol S IFFF,

since otherwise we can use integration by parts in z and gain a factor | F|~¢. In particular, in
this case we have |sg| ~ | F|. But then the integrable factor (1 + |so|%)~V/2 is of size |F|~V
and so we obtain the required bound.

It remains to consider the case |F| < 1 and |E| > 1. The idea in this case is to use
integration by parts in s3, which enables us to localise the integration to the set where A D] <
|E|%. If we now take | E| sufficiently large compared to both |A| and | F|, then we see that
[A®| < |E|¢ forces |so| ~ | E|'/. But this implies that the integrable factor (1 + |sg|?)~N/?
is of size | E|~N/3, which is what we wanted. We are done with the part near the Airy cone.
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6.3 Estimates away from the Airy cone: first considerations

Recall from (6.4) and (6.5) that we may write

v &) = 220 (@7 PRI 8, 0)

X x1(5153) X1 (5253) (1 (53)€ A3 B06"8:0)

* /e_iASB(B\g(SZ’a’g’y])}'13_31(S”a’g)y')ao(yl, 5, 8) xo(ydy1,

where 1 « 2! « . Applying Lemma 3.1, (b), we obtain
Vi (€)= A7 07T BIS L 8. 0)) X1 (5153) 31 (s283) 1 (s3)e A B0 00
y <s3—1/2)\71/2|31(s/78’0)|71/4
% a(|B1(s. 5, 0)|1/2’ s: 530 B1(s', 8, O)|3/2)eismBl(s’,s,a)|3/2q(|31(s’,s,a)|1/2,s2)

+ (532 B1 (57,8, 0) )"V E(s3AB1 (s, 8, 0) /%, |Bi(s', 8, 0)]'/2, s>),

where we have slightly simplified the situation by ignoring the sign of the function ¢ since
both g+ and g_ appearing in Lemma 3.1, (b), can be treated in the same way. Note that ¢
depends in the second variable only in s> and not s since the same is true for B3, as can
be readily seen from the proof of Lemma 3.1, (b). Recall that a, ¢, and E are smooth, and
lg| ~ 1. E and all its derivatives have Schwartz decay in the first variable, and a is a classical
symbol of order 0 in the s34| B (s', 8, o)|>/? variable.

We denote

2= Q"W Bi(s',5,0),
and slightly change a and E in order to absorb the 53 factors. Then we can rewrite the previous

expression for v}, as

v} &) = 27250 @) X1 (s183) x1 (s253) x1 (s3)e 38000

% (/\_1/2(2—1”1/6|Z|—1/4a((2l,\—1)1/3|Z|1/2, s: 2012277 o—i532'12P2q (@271 P1z) 2 52)
+r1(2"x)2/3|z|" E(2[|z|3/2, (zlk—l)l/3|zll/2y S)>.

From this we easily see that

.y —5/6~—1/6
Vs < AT/6718,

L

We plan to use complex interpolation and the two parameter oscillatory sum lemma
(Lemma 3.6). We consider the following function parametrised by ¢ € C:

7210 13
M;=)/(§) Z ATTZ 276 Vs.1s
l<r<sy®
Mo<2'<i/M;

for an appropriate y () to be chosen later as in (3.3). We shall also use the one parameter
oscillatory sum lemma for certain subcases, and therefore we shall need to add appropriate
factors to y of the form 3.1. The operator associated to i we denote by T;.
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By Stein’s interpolation theorem, it is sufficient to prove

T; -5 5 <1 Tititll a2 S
Wil 2 Dl —rfa )~ ITi4iell 22 S 1

with constants uniform in 7 € R.
In order to prove the first estimate we need the decay bound (3.5), i.e.,

Ty <
it S a1+ |E3|)1/4'

This bound follows easily by the L* bound on the Fourier transform of v; ;» the definition

of j1¢, and the fact that each vg‘ ; has its support located at (A, A, ).
It remains to prove the L?> — L? estimate

1

I R S Y [
(i +in)

1<a<8y®
Mo=2'<1/M, Lo

(6.10)

uniformly in 7.
We split the function v}, as

viy = vl v,
where
;EJ(%.) = A~5/62-N1 5 (s Z)e—m;BO(s’,s,o) E (2l|z|3/2, @)=Y 12, S)
and
@(E) _ )L—S/62—1/6)zl(s, Z)e—iks3Bo(s/,8,U) a ((zlk—l)1/3|z|1/2’ 5: 2[|z|3/2)

x 32 1PPa(@ 7D P 5)

with appropriate (and in each of the above expressions possibly different) x; smooth cutoff
functions localising to the area where |s1| ~ s2 ~ |s3] ~ |z| ~ 1. In the expression for vf ;

we obtain the factor 2~V by using the Schwartz property in the first variable of E, and so
the function E is slightly different than before, but with the same properties.

E

6.4 Estimates away from the Airy cone: the estimate for v |

The function vf ; can be treated similarly as the function vg\ 4; in the case near the Airy cone.

We first apply the inverse of the Fourier transform to vf ;» and then substitute s = (s1, $2, 53)
for & = (&1, &, &). Recall that z = (27'1)%3B|(s/, 8, o) and so by Lemma 6.1 one has

s1 =58V Gy(52,8,0) — @A)z

We plug in this expression for s and also substitute sg for szl/ =2 I the end one gets

vf,,(x) _ A3/22—N1/e—iks3d>2(z,so,x,5,o)g2<21, (21);1)1/3, 2. 50. 53, 6, U)dZdSUdS3,
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where g> is smooth and has all of its derivatives Schwartz in the first variable, and where
®s(z, 50, x,8,0) := 535G (s(')’fz, s, O’) — s371G3 (ngz’ 8, a) x| — s872x2 — X3
+ @Az (v =506 (s§728.0) )

The only difference compared to the phase in (6.8) is that there |z| < 1, while here |z| ~ 1,
and instead of the A~2/3 factor in front of z in the phase in (6.8), here we have the much
larger factor Ia"hH2/3,

We can now reduce to the situation where |x| < 1. Namely, if |x;| 3> 1 then we integrate
by parts in z to gain a factor (A(2'A=1)2/3)=N_ Otherwise if |x;| < 1 and |x3| > 1, then
we integrate by parts in sq to obtain a factor A=V, and if |(x1, x2)| < 1 and |x3] > 1, we
integrate by parts in 53 to again gain a factor of A~V .

Next, recall that (2'A~1)%/3 « 1. Therefore, we may use again Lemma 6.2 and argue
similarly as we did in the case near the Airy cone to reduce ourselves to a small neighbourhood
of a point where the second derivative in so of the first three terms of ®, vanishes and
|8S30 ®;,| ~ 1. By the implicit function theorem we may parametrise this point as s¢ =
s€(x,8,0):

S0 Isg=s¢

92 (s(')le (s(')’fz, 8, O’) - s871G3 (sgfz, s, 0) Xp — s(’)’*zxz - x3> =0.

The point s¢ depends smoothly on (x, §, o).
Translating to the point s¢ and localising to a small neighbourhood we obtain a new
function ﬁf ; of the form

f)f’l(x) =23/2p-N / e~ irs3P2(2,50,%.8,0) 2 (21, (21)fl)1/3, Z, 50, 53, 8, o)dzdsod33,

where g, has the same properties as g, except that now |so| < 1. The new phase is

®2(z, 50, X, 8,0) = Bo(x,8,0) — By (x, 8, )50 + B3(s0, x, 8, 0)spy
+ @'z Hy(s0. x. 8, 0) — 24" Hy (50, x. 8, 0) 50,
where |B3| ~ 1 and H; ~ 1. Additionally, one can see that Hy and H; do not depend on sg
when § = 0.

The next step is to develop the whole phase ®; at the point where 830 ®, = 0. The reason

for this is that the factor (2/A=1)2/3 is too large, and we cannot apply something similar
to Lemma 6.3. Let us denote the critical point of 9, o, by s; = s5(x, 6, 0, QIx"H2/3y),
Note that s§ is identically O when either § = 0 or the variable refering to @'r"H?3zis 0.
Therefore, we can actually write

56 = @ATH2B58(x, 8,0, @IATH2Y),

where 5§ is smooth and identically O when § = 0.
If we shorten p = (221237, then the expression for the first derivative of @, at the
point s has the form

BSO&DZ (Z, 555X, 8, 0) = (s(‘)')2 b (s(‘)',x, 8, cr) — ph (sg, x, 8, a) — Bi(x,8,0)
= ,02 (56)2 b (s(‘j, x, 8, U) — ph (56, X, 8, 0) — Bi(x,,0),

where h(sg, x,8,0) ~ 1and |b(s(‘)', x, 8, 0)| ~ 1 for some smooth functions 4 and b.
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One can easily check that |8530 ®, (z, 80, x, 6, 0)| ~ 1. Therefore, developing the phase d,
at the point s, we may write

Ba(z, 50, %, 8,0) = bo(p) = b1 + pbi () so + ba(so. p)s3, 6.11)

where we suppressed the dependence of bg, by, by, and b3 on the bounded parameters
(x,8,0). Here we know that b; ~ 1 and |b3] ~ 1. We may again assume |sg| < 1 as
on the other part where |sg| = 1 we could use integration by parts or stationary phase and
obtain a;n expression which when plugged into (6.10) would be absolutely summable in both
Aand 2°.

Finally, we develop the term by at 0 and substitute so — A~1/3

so. Then

103250, %, 8,0) = (b + pbh + pBo(p) = 27 b1 + pbi(p) Jso + 27 37 50, )53 )
_ Abg +kl/322l/3b(l)z A 13243 50 ()2

- [)\2/3191 +223by (p) Z:|SO + b3 Pso, p)sg.
and the remaining part of the function f)f ; is of the form

5M(x) — ;7/69—NI / o iA3®30750.x.8.0) g3<21’ @113, 5 3= sy, 53, 6. a)dzdsodS3,
(6.12)
where again g3 has the same properties as g and in the area of integration we have |so| < A!/3.
Now, we first note that we can assume A ~1/32#4/3 « 1 since otherwise we can easily sum
in both A and [ using the factor 2~ for a sufficiently large N. Next, we introduce

A=Y, B:=21322Ppl, D=2 p,.

We need to reduce our problem to the situation when A, B, and D are bounded since then we
can simply apply the (one parameter) oscillatory sum lemma. When this is the case, the size
of the integration domain in (6.12) is not a problem since, if we split the integration domain
to the areas where |sg| < 2173 and |so| > 2!/3, the first part has domain size 273, which is
admissible, and in the second part the amplitude is integrable in s after using integration by
parts.

Case | D| > 1. We consider two subcases. The first subcase is when

(323, + 2235, (p) 2| = 1D + 2235, (p) 2l > 1.

Here we can actually use the Airy integral lemma (Lemma 3.1, (b)) applied to so integration
before substituting s — A 1B, ie., using the phase form (6.11), and obtain the bound

e / X1 @ID +2Pby(p) 2~ dz,

for some constant e > 0. After plugging into (6.10) this is absolutely summable in A. Namely,
in the cases |D| < 2%/3 and |D| > 2%/3 we get the estimate | D|~¢, which is summable,
and the case | D| ~ 2%/3 happens for only O(1) A’s, which depend on /.

The second subcase is when

ID+ 223D (p) 2| < 1.
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Then necessarily again | D| ~ [2%//3|, and this can happen only for O(1) A’s. By (6.12) we
have

1551z S 270271,
for maybe some different N. The factor A7/° is retained since in this case we can get an
integrable factor in sg by using integration by parts. After plugging into (6.10) we may sum
over the O(1) A’s and then in /.
Case |D| < 1,and |A| > 1 or |B| > 1. The case |A| ~ | B| can again happen only for
O(1) number of A’s and so we can assume that either |A| >> |B| or |B| > |A|. Both cases

can be treated equally and so we can assume without loss of generality that |A| > |B|. Then
we can rewrite the phase in the form

AD3(z, 50, x,8,0) = Bo(r, 2, 2) — Bi(h, 2, 2)s0 + b3 (W50, p)sgs

where we know that for [ sufficiently large |Bg| ~ |A|, |Bi| ~ 2%/3, and |b3| ~ 1.

In order to simplify the situation a bit, we develop the amplitude function g3 into a sum of
tensor products, separating the s3 variable from the others. It is sufficient to consider each of
these tensor product terms separately, and so we can assume without loss of generality that

&(2. @ 20 g, s3,8.0) = (2 @A) 227 s, 8.0 ) i (s3),

where g3 has the same properties as g3, except it does not depend on s3. ~
Then, after using the Fourier transform in s3, the integral in so for the function Df ;s of
the form

[ (B0~ Buso + 5267 P50 9058) @3 (2 @),z B0 Yo, (6.13)

where we have suppressed the variables of By and B;. One can easily check that this integral
is bounded by 2//3 by considering the situations where |so| < 2/3 and |sg| > 2!/3 separately.

This is in fact true if we use any L' N L°° function instead of )\(/l
If now | By — Byso + b3 (A~ 3sg, p)sg| 2 |A|¢, by using the Schwartz property we obtain
the bound

IDE Il < 270271V A7,

with a different N, which after plugging into (6.10) is summable.
Next, if | By — Biso + b3(A /350, p)sj| < |AI*, then

Biso — b3( "' s0. p)sy € [Bo — c|AI°, Bo + c|A[],
for some small ¢ > 0. In particular, the fact |Byg| ~ A gives us
|Biso — b3~ s0, p)sg| ~ 1Al
First we consider integration over the domain |sg| < 2//3. In this case we get
|Biso — b3(n"s0, p)si| S 27,

which in turn implies that |[A| < 2!. But this means we can trade a 2~/ factor for a |A|™!
and so we are done. The second part of the integral is where |so| > 2//3, which implies
|Biso — b3(A =135, ,0)58| ~ |sol3, i.e., Iso| ~ |A|'/3. But as the derivative of

Biso — b3(x"Y3s0, p)sp
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is of size |sg|? ~ |A|*/3, then if we substitute t = Bysg — b3(A~ /350, ,o)sg in the integral
(6.13), the Jacobian is of size |A|~2/3 and so the same |A|~2/3 bound holds for the integral.
We are done with the estimate for the function vf I

6.5 Estimates away from the Airy cone: the estimate for v{

Again substituting first s for &, then 51 for z, and then s for szl/ =2 , we obtain the expression

v (x) = 232212 / o1 45304(2.50.2.6.0) g4<(21)\—1)1/3’ 2 50.53.8. 0" 2’)dzds0ds3,

where g4 is smooth in all of its variables and a classical symbol of order 0 in the last 2/
variable, and where

D4(z, 50, x,8,0) :=5;Gs <s6’_2, s, o) - s3_1G3 (sg_z, 8, o) x| — s(')'_2x2 — X3
+ 223, <x1 —50G (s(')'*z, 8, O’))
+ @2 7H 2@ 7H 1P, s0).

We assume z ~ 1 since the case z ~ —1 can be treated in the same way.

We can restrict ourselves to the case |x| < 1 arguing in the same way as in the previous
case. In fact, we canrestrict ourselves to the case |x1 —so G | (s, —2s, 0)| « 1,since otherwise
we can use integration by parts in z. From this it follows |x1| ~ 1. Since G (s(’)'_2, 0,0)=1,
we can also localise the integration in sg to an arbitrarily small interval containing xj.

Lemma 6.4 Define the polynomial
— D -2
%aﬂ@)s{)’ — n(n = 2)oBO)xsL " — x50 2

IfIxi| ~o ~ |B0)| ~1,n =5, and |xz| < 1, then

P(s0; x1,x2,0) 1=

(n —=3)P'(x1: x1, x2,0) = x1 P (x1: x1, X2, 0),
and this expression is a polynomial in (x1, x2).
Proof One just takes the derivatives in 5o and then takes so = x. ]

The coefficients of the polynomial in the above lemma come from the first three terms
of ®4(z, 5o, x, 0, o) and from Lemma 6.1. Hence, the above lemma relates the first and the
second sq derivative of ®4 at xj.

We develop the phase ®4 in the variable u = x| — soGl(s(')’*z, 8, 0), which is just a
translation of sg to x; when 6§ = 0. Then we can write

®4(z, 50, x,8,0) = bo(x,8,0) + by (x,8, O)u + ba(x, 8, o)u* + b3(x, 8, o, u)u’
+ Y+ I 2 (@AY 312 ),
where |g1| ~ 1. From Lemma 6.4 one easily sees that we can conclude that either |by| ~
|ba| ~ 1 or |by], |b2| < 1. Since |u| < 1, the case |b1| ~ |ba| ~ 1 would imply that we
can integrate by parts in u and obtain a factor A~V Therefore, we may and shall assume that

both |b1| and |b;| are very small, and so we can apply Lemma 6.2 to obtain |b3| ~ 1 (this
reduction one could have also gotten by checking the third derivative in Lemma 6.4).
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Now note that if |u| is not of size (2/A~1)!/3, then we can apply integration by parts in
Z to gain a factor 2-!N In fact, after we substitute u = (ZZA_I)I/ 3, we can get a factor of
size 27V (1 4 |v|?)~N/2 by integrating by parts in z. Thus, we may restrict ourselves to the
discussion of

vl[l(x) — )‘-7/627”\/\/.efi)LSg(Ps(Z,U,x,S,(T) (1 + |U‘2)7N/2
x gs((zlrl)l/3, 2 @AY By, 5.8, 0 2’)(1 — X1 () x0(212 "Y1 Bv)dzdvdss,
Ve () = A7/6251/6/efi)\s3d>5(z,v.x,8.<r) g5<(21)\71)1/3’ 2 Yy, 53,8, 0 2’)X1(v)dzdvds3,

where both gs and gs have the same properties as g4. In the expression for v{ the
%0((212=1H1/3v) factor localises so that |u| = [(2/A~ D13y « 1. Suppressing dependence
on (x, 8, o), the phase is of the form

AD5(z, v, x, 8, 0) = by + A2323b v + 113223 py0?
+ 2! <b3((2l)»’1)1/3v)v3 +zv +z3/2q1((2lk71)1/3zl/2, (21);1)1/31)))'
(6.14)

Estimates for v{ . In this case we plan to use the oscillatory sum lemma in A only and consider
2! as a parameter. Let us denote

A = )\bo, B = )\2/32[/3[,)1’ D = }"1/3221/3[72.

We need to reduce our problem to the case when A, B, and D are bounded. As here the
integral itself is bounded by < 1, we can assume that it is not the case that |A| ~ |B|, nor
|B| ~ |C|,nor |A| ~ |C]|, since otherwise A’s would go over a finite set, and we could sum in
[. Furthermore, as soon as |A| (resp. | B|, or |C]) is greater than 1, then we can automatically
assume that [A| > 24 (resp. | B| > 24 or |C| > 2*), since otherwise we could trade some
factors 27V to obtain a factor |A| ¢ (resp. |B|~¢, or | D| %) giving summability in A in the
expression (6.10).
If at least one of |A|, | B|, or |C| are greater than 1, we define

[, 2,207 = b3 (@27 Py + 20 + 221 @) 2, @7 P,

and develop the function gs into a series of tensor products with variable s3 separated, i.e.,
into a sum with terms of the form

R(QRATHY3, z, @B, 8, 032" xi(s3),

where & has the same properties as g5, except it does not depend on s3. Then after taking the
Fourier transform in s3, we are reduced to estimating the integral

k7/62—lN/(l n |U|2)7N/2)2’1 (Abo+A2/321/3b1v+A1/3221/3b2v2+21f(v,z,21)fl))

x x1(2)(1 = x1 (@) xo(@'A™H3v) w(@'AHY3, 2, @73, 8, 03 2))dzdv.
(6.15)

Case |v| < 1. The bound |v| < 1 gives

lf (0,2, 2A D~ 1, (8, f(w, 2.2 D)~ 1, [82f(@,z.207 Y <« 1.
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If |A| > max{2¥, |B|, |D|}, then we can easily gain a factor |A|~! using the Schwartz
property of x1. If [B| > max{2¥, |A|, |D|}, then the size of the derivative in v of the

function within )\(/1 is B and so we get the bound |B|~! by substitution. Finally, if |D| >
max{24l, |Al, |B|}, we use the van der Corput lemma and obtain the bound |D|‘1/2.
Case 1 < |v] < 2!2=1H~1/3 In this case we can rewrite

f.z.20 ) =0 fu,z, @aH715),

where f is a smooth function with | f | ~ 1 and |8{j f | < |v|~* for all k > 1. This means
that f is behaving essentially like v, and in particular

If (v, 2, 27D~ P, 18, fv, 2, 247D ~ vl

Subcase max{|B|, |D|} > 1. As mentioned before, this actually implies that we can assume
max{|B|, |D|} > 2*. If now |D| > |B|, then since we could otherwise use the factor
(14 |v|?)~¥/% in (6.15), we can restrain the integration to the domain |v| < |D|?. Here the
derivative in v of the expression

A+ Bv+ Dv* 42 f(v, 2,207 )3 (6.16)

inside the Schwartz function)\(] in (6.15) is of size |B + c¢Dv| for some |c| = |c(v)| ~ 1.
But recall that |[v| > 1 and so |B + ¢Dv| ~ |Dv| > |D]|. This means that substituting the
above expression would give a Jacobian of size at most |D|~!.

Next let us consider the case |D| < |B|. If have the slightly stronger estimate |D| <
|B|'~¢, and if we assume |v| < |B|¢ (which we can because of the factor (1 + [v]|2)~V/2),
then in this case the derivative of (6.16) is of size | B|, which means substituting this expression
yields an admissible bound.

Therefore, we may now consider the case |B|'=¢ « |D| < |B| and |v| < |D|?, which
implies, in case when ¢ is sufficiently small, that |D| > 23! In particular, the derivative of
(6.16) can be again written as | B + ¢ Dv| with |c| ~ 1, and we can reduce our problem to the
part where |B 4+ ¢Dv| < |D|*, since otherwise substituting would give a Jacobian of size
at most |D|~%. But now |B + cDv| < |D|® implies |v| ~ |B||D|~!. Hence, it suffices to
estimate the integral

/ \xvl(A + Bv+ Dv? +2 f(v,z, 24" Yo x1 (1B~ Dv) |dv.

We substitute w = |B|~! | D|v and write

|BIIDI™! f 1A+ (BIBIIDI ™ Yw + (DIBPIDI)w? +2'BPIDI 3w (w) 1 (w) | du.

Applying the van der Corput lemma we obtain the estimate
(BIIDI7H (BPIDI"H ™2 = D712,
and so we are done with the case max{|B]|, |D|} > 1.

Subcase max{|B|, |D|} < 1 and |A| > 1. Again, we may actually assume |A| > 2%. We
may also then reduce ourselves to the discussion of the case |v| < |A|?, since in the other
part of the integration domain we can gain a factor |A|~¢. But then the expression (6.16) is
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of size ~ |A| and we can get a factor |A|~!, and hence we are also done with the function
ve.
1

Estimates for v{,. Here we have a non-degenerate critical point in z which would give us a
factor 27//2. We shall not apply directly the stationary phase method here since in this case
some crucial information has been lost while we were deriving the form of the phase in this
and the previous sections. It seems that one cannot prove the required bound for complex
interpolation using the information from the form of the phase (6.14). One needs to go back to
the phase form in the original coordinates (the one before taking the inverse Fourier transform
is (6.1)) and find the critical point in the variables (y;, s1). This was carried out in [16] (see
the discussion before [16, Lemma 5.6.]). Here we only sketch the steps.
The phase in (6.1) is

W(y1,8,0,51,) =s1y1 + 2570 1y1) + 0V BS1y1) + (8052)> Y3 (811, 82, 8052),

and one integrates in the y; variable. The phase function after one applies the Fourier trans-
form is

Do (y1, 81,82, %,8,0) = W(y1,8,0,51,8) — S1X] — X2 — X3, (6.17)

and one now integrates in the s and y; variables, after substituting s for £. Recall that
S0 = szl/(”fz) and

51 = s(')’_ng (s(')‘_z, 8, U) — A7 v = TH3 (x1 — 550G (s(')’_z, s, a)) .

Therefore fixing (s2, s3) is equivalent to fixing (v, s3), and in this case, finding the critical
pointin (yy, s1) is equivalent to finding the critical point in the (y;, z) coordinates. Recall that
the phase form in (6.14) was derived by using the stationary phase method in y; (implicitly
done as a part of Lemma 3.1) and changing variables from s = (s1, 52, $3) to (z, v, 53).

The key is now to notice that since the critical point is invariant with respect to coordinate
changes, and so, after applying the stationary phase in z to the phase function (6.14), we
get O5(z¢, v, x, 8, 0), which is the equal to the phase function in (6.17) after we apply the
stationary phase in (y1, s1) and get ®o(y{, s{, 52, x, 8, o), and then change the coordinates
from s, to v. This was carried out in [16] by explicitly calculating the critical point in (yy, s1)
in (6.17) (see [16, Lemma 5.6]). One obtains that we can rewrite the function v{, as

v () = l7/62[/3/e‘”‘s3¢6(ﬁ’x"s'(’)g6((2lk_1)]/3,5,33,8,0;21>X1(ﬁ)df1dS3,

where
A D6 (D, x, 8, 0) =Abo(x, 8, 0) + 13213b (x, 8, 0) 0 + 832230 3 by (x, 802" A" 1135, 8, )2,

with l;o, l;l, l;z smooth, and |l;2| ~ 1. The amplitude g¢ is a classical symbol of order 0 in
2!, but we shall ignore this dependence since the lower order terms can be treated similarly,
and even simpler since we can gain summability in / and use the one parameter oscillatory
sum lemma for A.

We remark that the variable v is only slightly different from the variable v defined above
after the statement of Lemma 6.4. Here v corresponds to the v variable of [16, Subsection
5.2.3]. Comparing the definitions of both and using the implicit function theorem one can
show that for some smooth G satisfying |G| ~ 1 one has & = vG((2'A~1)3v, x1,8,0).In
particular, there is no significant difference between v and v.
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We define A := )J;o(x, 8,0), B = A2/321/351(x, 8,0), D = 88221/3k1/3, suppress the
variables of 52, and shorten p = 80(21)»_1)1/ 3. Then

AD6(D, x,8,0) = A+ Bi + Dby(pd)i2,

and in order to use the oscillatory sum lemma for two parameters we need to reduce the
problem to the situation where |A|, | B|, and |D| are of size < 1. In the following we define
k through A = 2.

First we treat the case when at least two of |A|, |B|, and | D| are comparable. When this
is the case, A can go over only a finite set of indices (the index sets depending on / and other
constants), and it remains to sum only in /. This is done in the following way. If |D| 2 1,
then we can use van der Corput lemma and obtain a factor |D|~/2, which is summable in /.
If |D| <« 1, then the only case remaining is |A| ~ |B|, and here we can use integration by
parts in v and obtain a factor |B|~! which we use to sum in /.

Next, we assume that we have a “strict order” between |A|, | B|, and | D|. First we shall
consider the cases when at least two of |A|, |B|, and |D| are greater than 1. If |A| >
max{|B|, |D|} Z 1, we use integration by parts in s3 and obtain

|AI7" < |AI7Y2 max{|B|, |DI}|~"/%,

which is summable. Similarly, if |B| > max{|A|, |D|} = 1, we can integrate by parts in v
and obtain the estimate

1BI™" <« |B|7"/? max{|Al, |DJ}| /2,

which is summable. And if now | D| >> max{|A|, | B|} = 1, we use the van der Corput lemma
and obtain

IDI~2 « | D" V4 max{] Al |B]}|~"/4,

which is again summable. We are thus reduced to the case where one of |A|, | B|, or | D| are
greater than 1, and the other two much smaller.

Case |A| > 1 and max{|B|, |D|} < I. In this case by using integration by parts in s3
we can get a factor |A|~'. We use the one dimensional oscillatory sum lemma in /, and
afterwards, we can sum in A using the factor |A|~! which can be obtained as the bound on
the C! norm of the function to which we applied the oscillatory sum lemma.

Case |B| > 1 and max{|A|, |D|} < 1. Here we change the summation variables

2k =220, 2k =,
so that we now sum over (k1, k»). This change of variables corresponds to the system

which has determinant equal to 1, and so the associated linear mapping is a bijection on Z2.
Since the summation bounds (without the constraints set by A, B, or D)are | < A < §;, 6
and 1 <« 2! « A, for each fixed k; the summation in k; is now within the range 23 «
2k2 « 2%1/2 and the summation in ky is for 1 « 2k« 80_18.
The quantities B and D can be rewritten as

B =2Pbi(x,8,0), D=g32"17"%

Now for a fixed ki we can apply the one-dimensional oscillatory sum lemma to sum in 2%2
since all the terms coupled with 2¥ are now within a bounded range. In order to sum in kp,
one needs to estimate the C' norm of the function to which we have applied the oscillatory
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sum lemma. One can easily see that integrating by parts in sy we obtain a factor | B|~' which
in the new indices depends only on 21,

Case |D| > 1 and max{|A|, |[B|]} < 1. In this case we also change the summation
variables

24 =02, 2k =
so that we now sum over (k1, k2). We have
ki=k+2l, ko=k, < k=ky, 1= (ki —ky/2.

Therefore when we fix ki, the summation in k; goes over an interval of even or uneven

integers, depending on the parity of k. Since the summation bounds (without the constraints

setby A, B,or D)are 1| < A < 80_6 and 1 « 2! « A, for each k| the summation in k is

now within the range 2k1/3 « 2k2  2k1 and the summation in kyis for 1 <« 2k« 8y 18,
The quantities B and D can be rewritten as

B =247210Rp (x 5,0), D=2s521".

For a fixed k; we want to apply the oscillatory sum lemma to the summation in k,. We remark
that formally one should write k; as either 2r + 1 or 2r (depending on the parity of k1), and
then apply the oscillatory sum lemma to the summation in r instead of k.

Here we give a bit more details compared to the previous case since the term p, which
contains (2/2"H1/3 s coupled with D. We need to estimate the C ! norm of the function

. D (e ST =2 - o
H(z1, 22,23, %, 8, 0) i= /6—153(21+zzv+Db2(x,L36ov,8,o)v )86(23, 7, 53,8, 0)x1(9)didss.

Formally, one should also add further dummy z;’s for controlling the range of the summation
indices. Since we are in the case where |D| > 1, |z1| < 1, and |z2| < 1, integrating by parts
in 53 we get that the L™ estimate is |D|~!. Taking derivatives in z; and z» does not change
the form of the integral in an essential way, and so we can also estimate the L°° norm of the
these derivatives by |D|~ L. Taking the derivative in z3 a factor of size at most | D| appears,
but now we just apply integration by parts in s3 two times and get that we can estimate the
C! norm of H by |D|~L.

Case |A| < 1, |B| < 1,and |D| < 1. Here we apply the two-parameter oscillatory sum
lemma. We only need to check the additional linear independence condition appearing in the
assumptions of Lemma 3.6. The terms where A = 2 and 2/ appear are

A =286 (x, 8, 0), B =2BKB0U35 (x5, 0),
D= 55 2ﬂ?k+ﬁ§'l’ (21A‘1)1/3 _ 2ﬁj‘k+,8§‘l’
where
(Bl By) = (1,0), (BT.B3) = (2/3.1/3), (Bi.B3) =(1/3,2/3), (B}.B3) = (—1/3,1/3),

and recall from (6.10) that (a1, ap) = (—7/4, —1/2). Formally, we also have to consider
additionally (87, 85) = (—1,0) and (8%, BS) = (0, —1) for implementing the lower sum-
mation bounds for A and 2/ as in (6.10). We see that the condition a1 By # azpy is satisfied
foreach r = 1, ..., 6. Therefore, we may now apply the lemma and obtain the inequality
(6.10). This finishes the proof of Theorem 5.1.
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