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Abstract

In this paper, we study the dimension of cohomology of semipositive line bundles over
Hermitian manifolds, and obtain an asymptotic estimate for the dimension of the space of
harmonic (0, ¢)-forms with values in high tensor powers of a semipositive line bundle when
the fundamental estimate holds. As applications, we estimate the dimension of cohomology
of semipositive line bundles on g-convex manifolds, pseudo-convex domains, weakly 1-
complete manifolds and complete manifolds. We also obtain the estimate of cohomology on
compact manifolds with semipositive line bundles endowed with a Hermitian metric with
analytic singularities and related results.
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1 Introduction

The purpose of this paper is to prove asymptotic estimates for the cohomology of semipositive
line bundles over various non-compact manifolds. We generalize the asymptotics obtained by
Berndtsson [4] in the compact case, which in turn refine the holomorphic Morse inequalities
of Demailly [11].

Let X be a compact complex manifold, let L be a holomorphic line bundle and E be
a holomorphic vector bundle on X. The Dolbeault cohomology H%4(X, L¥ ® E) plays a
fundamental role in algebraic and complex geometry and is linked to the structure of the
manifold, cf. [9,11,19]. If L is a positive line bundle, HO4 (X, LF® E)=0forg > 1andk
large enough, by the Kodaira-Serre vanishing theorem (see e.g. [19, Theorem 1.5.6]) and this
can be used to prove that global holomorphic sections of L¥ ® E give a projective embedding
of X for large k (Kodaira embedding theorem).

Assume now that L is semipositive. The solution of the Grauert-Riemenschneider con-
jecture [13] by Siu [28] and Demailly [11] shows that dim HY(X,L* ® E) = o(k") as
k — oo for ¢ > 1. This can be used to show that X is a Moishezon manifold, if (L, 1)
is moreover positive at least at one point. Berndtsson [4] showed that we have actually
dim H*4(X, L* @ E) = O(k" 1) as k — oo for g > 1.

We will consider first a very general situation where we can prove the decay of the
cohomology groups as above. Let (X, w) be a Hermitian manifold of dimension n. Let
dvyx = w" /n!be the volume form on X. Let (L, %) and (E, h¥) be holomorphic Hermitian
line bundles on X, where L is a line bundle. We denote by (L(z)‘q (X, L*®QE), | -|) the space
of square integrable (0, ¢)-forms with values in L¥ ® E with respect to the L? inner product
induced by the above data. We denote by 55 the maximal extension of the Dolbeault operator
on L(z)’.(X, L*® E) and by 55* its Hilbert space adjoint. Let #%4 (X, L¥ ® E) be the space
of harmonic (0, ¢)-forms with values in L*® E on X.

Foragiven 0 < g < n, we say that the concentration condition holds in bidegree (0, ¢)
for harmonic forms with values in L* ® E for large k, if there exists a compact subset
K C X and C¢ > 0 such that for sufficiently large k, we have

lIslI> < Co/ Is[*dvy, (1.1)
K

fors € Ker(gf) N Ker(ﬁf*) N L(Z) q (X, L*® E). The set K is called the exceptional compact
set of the concentration. We say’that the fundamental estimate holds in bidegree (0, ¢)
for forms with values in L* ® E for large k, if there exists a compact subset K C X and
Cp > 0 such that for sufficiently large k, we have

—F —=E,
1517 < Co(lTES |2 + 135751 +/ s Pdvy), (1.2)
K

for s € Dom(ﬁf) N Dom(gf*) N L% q(X, LF ® E). The set K is called the exceptional
compact set of the estimate. ‘

The first observation of this paper is an asymptotic estimate for L?-cohomology with
semipositive line bundles over Hermitian manifolds as follows. It in some sense is a refor-
mulation of Theorem 3.1, which was obtained in [31]. And the main results of this paper
are how to use Theorem 1.1 as well as the local estimate of Theorem 3.1 to obtain global
information such as the dimension of cohomology group over various non-compact complex
manifolds.
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Theorem 1.1 Let (X, w) be a Hermitian manifold of dimension n. Let (L, hLyand (E, hE) be
holomorphic Hermitian line bundles on X. Assume that for some 1 < q < n the concentration
condition holds in bidegree (0, q) for harmonic forms with values in L* ® E for large k.
Assume that (L, h') is semipositive on a neighbourhood of the exceptional compact set K.
Then there exists C > 0 such that for sufficiently large k, we have

dim % (X, LF @ E) < Ck"79, (1.3)
The same estimate also holds for reduced L*-Dolbeault cohomology groups,
dim Hpyl (X, LF ® E) < Ck" 9. (1.4)

In particular, if the fundamental estimate holds in bidegree (0, q) for forms with values in
L*¥ ® E for large k, the same estimate holds for L?-Dolbeault cohomology groups,

0

dim Hy (X, L* ® E) < Ck"™4. (1.5)

(
Note that holomorphic Morse inequalities for the L2-cohomology were obtained under the
assumption that the fundamental estimate holds in [19, Theorem 3.2.13]. They can only
deliver an estimate dim H(Oz’)q (X, LF ® E) = o(k") as k — oo.

A geometric situation when Theorem 1.1 can be applied is the case of a semipositive line
bundle on a complete Kéhler manifold which polarizes the Kihler metric at infinity.

Theorem 1.2 Let (X, w) be a complete Hermitian manifold of dimension n. Let (L, h™) be
a holomorphic Hermitian line bundle on X. Assume there exists a compact subset K C X
such that JTIR(L'hL) = w on X\K and (L, h™) is semipositive on K.

Then there exists C > 0 such that for any ¢ > 1 and sufficiently large k, we have

dim H%?

o (X, L*® Kx) < CK"™4. (1.6)

Note that by [19, Theorem 3.3.5] we have

kn
dim H) (X, L* ® Kx) > = f (L, kYY" + o(k™), k — oo
n.Jx
in the situation of Theorem 1.2. Moreover, the Bergman kernel of H(Oz)0 (X, LF ® Kx) has an

asymptotic expansion in powers of k on the set where ¢ (L, h%) > 0 by [17, Theorem 1.7].
We consider further the case of g-convex manifolds as application of Theorem 1.1. For
general holomorphic Morse inequalities on g-convex manifolds see [19, Theorem 3.5.8].

Theorem 1.3 Let X be a g-convex manifold of dimension n, and let (L, Ly, (E, hE) be
holomorphic Hermitian line bundles on X. Let 0 be an exhaustion function of X and K the
exceptional set. Let (L, h') be semipositive on a sublevel set X, '= {x € X : o(x) < c}
satisfying K C X, and let (L, h™) be positive on X \K.

Then there exists C > 0 such that for any j > q and k > 1, we have

dim HY (X, L* @ E) < ck" /. (1.7)
We denote here by H/ (X, L¥ ® E) the cohomology groups of the sheaves &y (LF ® E) of
holomoprhic sections of L¥ ® E. They are isomorphic to the Dolbeault cohomology groups

H%/ (X, L*® E).
In the case of 1-convex manifolds estimate (1.7) holds without additional hypothesis.
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342 H. Wang

Theorem 1.4 Let X be a 1-convex manifold of dimension n, and let (L, hLy and (E, hE) be
holomorphic Hermitian line bundles on X. Let o be an exhaustion function of X and K the
exceptional set. Let (L, h™) be semipositive on a sublevel set X, = {x € X : o(x) < c}
satisfying K C X.. Then there exists C > 0 such that for any j > 1 and k > 1 the estimate
(1.7) holds.

Similarly, we also have the estimates of cohomology over pseudoconvex domains and
weakly 1-complete manifolds.

Theorem 1.5 Let M € X be a smooth (weakly) pseudoconvex domain in a complex manifold
X of dimension n. Let (L, hty and (E, hE) be holomorphic Hermitian line bundles on X.
Let (L, hY) be semipositive on M. Moreover, assume (L, hLyis positive in a neighbourhood
of bM. Then there exists C > 0 such that for any q > 1 and sufficiently large k, we have

0

dim Hy' (X, L* ® E) < Ck" 9. (1.8)

(
Theorem 1.6 Let X be a weakly 1-complete manifold of dimensionn. Let (L, k™) and (E, hF)
be holomorphic Hermitian line bundles on X. Let (L, h™) be semipositive on X. Moreover,
assume (L, h™) is positive on X\K for a compact subset K C X. Then there exists C > 0
such that for any q > 1 and sufficiently large k, we have

dim H4(X, L* @ E) < Ck"4. (1.9)

The next result is another generalization of [4] for line bundles endowed with a Hermitian
metric with analytic singularities. Let us recall that the analogue of the Kodaira vanishing
theorem in the case of singular metrics is the Nadel vanishing theorem [10,26]. If X is a
compact Kéhler manifold, L and E are holomorphic vector bundles with rank(L) = 1, and
h® is a singular Hermitian metric such that ¢; (L, %) is a Kihler current, then H4(X, E ®
L¥® 7 (ht")) = 0forg > 1 and k suffiently large, where _# (hX") is the Nadel multiplier
ideal sheaf associated to #L*. Bonavero [5] obtained holomorphic Morse inequalities for
singular Hermitian line bundles. These inequalities imply that for any g > 1 we have

dim HY(X, L*® E® 7 (ht)) = o(k™), k — o0, (1.10)

if the curvature ¢ (L, h) is semipositive on the set of points where it is smooth. We obtain
the following refinement of (1.10).

Theorem 1.7 Let X be a compact complex manifold of dimension n and let L be a holomor-
phic line bundle on X endowed with a Hermitian metric h™ with analytic singularities. Let
(E, hE) be a holomorphic Hermitian line bundle on X. Assume c1(L, LY > 0 on the set
{x € X : h™ smooth on a neighborhood of x).

Then there exists C > 0 such that for any ¢ > 1 and k > 1, we have

dim HY(X, L*® E® 7 (h")) < ck". (1.11)
In particular, this estimate still holds when ¢ (L, hyisa positive current on X.

Remark 1.8 Under the hypothesis of Theorem 1.7, if ¢ (L, hL)y > Oonthe set {x € X :
h% smooth on a neighborhood of x} and positive at least at one point, then there exist C; > 0
and C> > 0 such that for sufficiently large k, we have

Cik" < dim HOX, L* @ E® 7 (h™")) < Cok". (1.12)
Thus L is big and X is Moishezon.
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Remark 1.9 For a semipositive line bundle L on a compact complex manifold, if L is positive
at some point, Demailly’s Morse inequalities tells us that L is big. It is very interesting to
know that when we can have many holomorphic sections if L is semipositive and degenerate
everywhere. Marinescu and Savale [21] recently can produce many holomorphic sections
for a semipositive line bundle L over a Riemann surface, where L is degenerate everywhere
but of finite type. It would be desirable that if one can show that these asymptotic estimates
of O(k"~1) type for semipositive line bundles can be used to produce holomorphic sections
for some class of semipositive line bundles which is degenerate everywhere. Besides, for
a compact Riemann surface Y with a semipositive line bundle L vanishing to finite order,
H! Y, Lk ) = O for sufficiently large &, see [21, Corollary 21], and this vanishing theorem
for a semipositive line bundle works only in dimension one, see [21, Remark 22]. In general,
without the assumption of the vanishing of RL to finite order, dim H!(Y, L¥) < C for all
k € N (see Theorem 3.17 for n = ¢ = 1) and our estimates work in higher dimensional and
various non-compact complex manifolds.

In this paper we consider the cohomology spaces on general (possibly non-compact)
complex manifolds with semipositive line bundles. With the fundamental estimates ful-
filled, Theorem 1.1 gives an estimate of L2-Dolbeaut cohomology on arbitrary complex
manifolds. On one hand, it generalizes [4] to general complex manifolds in the context of
Lz—cohomology; on the other hand, it leads to the refinement of the estimates for com-
plete manifolds, g-convex manifolds, pseudoconvex domains, weakly 1-convex manifolds,
and semipositive line bundle endowed metric with analytic singularities, see Theorem 1.2,
1.3, 1.5, 1.6 and 1.7, respectively. Note also that the magnitude k"~ in Theorems 1.1, 1.2, 1.3,
1.6, 1.7 and 3.22 cannot be improved in general, see [4, Proposition 4.2].

Our paper is organized in the following way. In Sect. 2 we introduce the notations and
recall the necessary facts. In Sect. 3, we give an asymptotic estimate for L2-cohomology
with semipositive line bundles on Hermitian manifolds, which is a uniform approach to
consider semipositive line bundles on complex manifolds. As main results, we obtain the
estimate of growth of dimension in certain possibly non-compact complex manifolds. In
additional, we revisited the compact and covering manifolds in this context. In Sect. 4, we
prove the estimate of cohomology still holds when the Hermitian metric of the line bundle has
analytic singularities. The techniques and formulations are mainly based on Berndtsson [4],
Ma-Marinescu [19] and [31].

2 Preliminaries
2.1 L?-cohomology

Let (X, w) be a Hermitian manifold of dimension n and (F, hf) be a holomorphic Hermitian
vector bundle over X. Let Q79 (X, F) be the space of smooth (p, ¢)-forms on X with values in
F for p, ¢ € N.If the rank(F) = 1, the curvature of (F, 17 is defined by R = 99 log |s|}+
for any local holomorphic frame s, then the Chern-Weil form of the first Chern class of F
is c1(F, hF) = gRF, which is a real (1, 1)-form on X. The volume form is given by
dvy = w, = ‘;l’—',l We use the notion of positive (p, p)-form given by [9, Chapter III, §1,
(1.1) (1.2) (1.5) (1.7)]. If a (p, p)-form T is positive, we write T > 0.
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344 H. Wang

Definition 2.1 We say a holomorphic Hermitian line bundle (L, %) is semipositive on X,
if ¢ (L, h") is positive semi-definite on X, equivalently c¢1(L, k%) > 0. For simplifying
notations, we also denote L > 0.

Let Qg “9(X, F) be the subspace of Q79(X, F) consisting of elements with compact
support. The L2-scalar product on Qg (X, F) is given by

(51, 82) Z/X<S1(x),Sz(x)>hdvx(X) 2.1)

where (-, -}y := (-, -),r , is the pointwise Hermitian inner product induced by w and i F we
denote by Lp (X, F) the L? completion of Q)(X, F).

Let 8 : Qg “X,F) — L2 +1(X F) be the Dolbeault operator and let Bmax be its
maximal extension (see [19, Lemma 3.1.1]). From now on we still denote the maximal

extensionby @' := d.._and the associated Hilbert space adjointby 3’ 1= 8y = (5513)()}‘1
for 51mphfy1ng the notations. Consider the complex of closed, densely defined operators

F
p —1(X F) —> (X F) — p‘q+1(X, F), then (9 )2 = 0. By [19, Proposition
3.1.2], the operator deﬁned by

Dom(0F) = {s € Dom(@ ) "Dom(@" ") : 3 s € Dom(@" ), 3" 's € Dom(@ )},
OFs =39 s+ 8 s forseDom(@F), 2.2)
is a positive, self-adjoint extension of Kodaira Laplacian, called the Gaffney extension.
Definition 2.2 The space of harmonic forms s#7:9(X, F) is defined by
APAX, F) = Ker(OF) = {s e Dom@") N Ly (X, F):DFs=0}. (23
The g-th reduced L2-Dolbeault cohomology is defined by

Ker @ )N L, (X, F)
He (X, F) = —— ’ , 2.4)
[Im(3 )ﬂL%,q(X, ]

where [V] denotes the closure of the space V. The ¢g-th (non-reduced) L2-Dolbeault coho-
mology is defined by

Ker (3 )NL2 (X, F)
Hiyl (X, F) = —— - : (2.5)
Im(@ ) N LG (X, F)

According to the general regularity theorem of elliptic operators (cf. [19, Theorem A.3.4]),
s € #P4(X, F)implies s € QP4(X, F). By weak Hodge decomposition (cf. [19, (3.1.21)
(3.1.22)]), we have a canonical isomorphism

Hpl (X, F) = #%(X, F) (2.6)

forany g € N, which associates to each cohomology class its unique harmonic representative.
The g-th cohomology of the sheaf of holomorphic sections of F is isomorphic to the g-th
Dolbeault cohomology, H4(X, F) = H%4 (X, F).
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For a given 0 < ¢ < n, we say the fundamental estimate holds in bidegree (0, g) for
forms with values in F, if there exists a compact subset K C X and C > 0 such that

—F —F
MW5aMsW+M*V+/qux @.7)
K

fors € Dom(ﬁF) N Dom(gF’*) N L(%.q (X, F). K is called the exceptional compact set of
the estimate. If the fundamental estimate holds in bidegree (0, ¢) for forms with values in F,
the reduced and non-reduced L2-Dolbeault cohomology coincide, see [19, Theorem 3.1.8].

For a given 0 < g < n, we say that the concentration condition holds in bidegree (0, q)
for harmonic forms with values in F, if there exists a compact subset K C X and C > 0
such that

wwsc/uWw, 2.8)
K

fors € Ker(gp) N Ker(gF*) N L(z) q(X , F). The compact set K is called the exceptional
compact set of the concentration. Note if the fundamental estimate holds in bidegree (0, q)
for forms with values in F, the concentration condition holds in bidegree (0, ¢) for harmonic
forms with values in F'.

2.2 g-convex complex manifolds and I"-coverings

Definition 2.3 [2] A complex manifold X of dimension 7 is called g-convex if there exists a
smooth function ¢ € ¥°°(X, R) such that the sublevel set X, := {0 < ¢} € X forallc e R
and the complex Hessian 390 has at least n — ¢ + 1 positive eigenvalues outside a compact
subset K C X. Here X, € X means that the closure X, is compact in X. We call ¢ an
exhaustion function and K exceptional set. We say X is g-complete if K = ¢ in additional.

Definition 2.4 A complex manifold X of dimension n is called a g-convex manifold with a
plurisubharmonic exhaustion function near the exceptional set, if there exists a compact subset
K C X and a smooth function o € ¥°°(X, R) such that the sublevel set X, := {0 < ¢} € X
for all ¢ € R, and the complex Hessian 90 has at least n — g + 1 positive eigenvalues on
X\K and +/—1930 > 0 on X.\K for some X, with K C X..

Let M be a relatively compact domain with smooth boundary M in a complex manifold
X.Letp € €°(X,R)suchthat M = {x € X : p(x) <0}anddp #O0onbM = {x € X :
p(x) = 0}. We denote the closure of M by M = M UbM. We say that p is a defining function
of M. Let Tx(l’o)bM ={v e TX(I’O)X : dp(v) = 0} be the analytic tangent bundle to bM at
x € bM. The Levi form of p is the 2-form %, := ddp € €°(bM, TTV*pM @ T O D*pM).

Definition 2.5 A relatively compact domain M with smooth boundary bM in a complex
manifold X is called strongly (resp. (weakly)) pseudoconvex if the Levi form .Z), is positive
definite (resp. semidefinite).

Note that any strongly pseudoconvex domain is 1-convex.

Definition 2.6 A complex manifold X is called weakly 1-complete if there exists a smooth
plurisubharmonic function ¢ € €°°(X, R) suchthat{x € X : ¢(x) < ¢} € X foranyc € R.
¢ is called an exhaustion function.

Note that any 1-convex manifold is weakly 1-complete.
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346 H. Wang

Definition 2.7 A Hermitian manifold (X, w) is called complete, if all geodesics are defined
for all time for the underlying Riemannian manifold.

If (X, w) is complete, for arbitrary holomorphic Hermitian vector bundle (F, hfyon X,
Qg” (X, F)is dense inDom(3" ), Dom(gz*) and Dom(3" )N Dom(gz*) in the graph-norms

of 3", 52* and 3" +5§* respectively, see [19, Lemma 3.3.1 (Andreotti- Vesentini), Corollary
3.3.3]. Here the graph-norm of R is defined by ||s|| + || Rs]|| for s € Dom(R).

Definition 2.8 Let (X, w) be a Hermitian manifold of dimension n on which a discrete group
I acts holomorphically, freely and properly such that w is a '-invariant Hermitian metric
and the quotient X /T is compact. We say (X, w) is a I'-covering manifold.

2.3 Kodaira Laplacian with 8-Neumann boundary conditions

Let (X, ) be a Hermitian manifold of dimension # and (F, h¥) be a holomorphic Hermitian
vector bundle over X. Let M be arelatively compact domain in X. Let p be a defining function
of M satisfying M = {x € X : p(x) < 0} and |[dp| = 1 on bM, where the pointwise norm
| - |is given by g7 X associated to w.

Lete, € T X be the inward pointing unit normal at bM and e,(,o’ Dits projectionon 7@V X
In a local orthonormal frame {wy, . .., wy} of T(:9 X we have ef,o'l) =— Z'l’-:l w;(p)w;.

Let B*4(X, F) := {s € Q“/(M,F) : i ons = 0 on bM}. We have B*4(M, F) =

Dom(gz*) N Q%4 (M, F) and the Hilbert space adjoint 52* of 3" coincides with the formal
adjoint 5F* of 5F on B%9(M, F), see [19, Proposition 1.4.19]. We consider the operator
Oys =23 9 "s+9 3" sfors € Dom(y) := {s € B (M, F): 9" s € B+ (M, F)).
The Friedrichs extension of Ly is a self-adjoint operator and is called the Kodaira Laplacian
with d-Neumann boundary conditions, which coincides with the Gaffney extension of the

Kodaira Laplacian, see [19, Proposition 3.5.2]. Note QO*(M, F) is dense in Dom(gF) in the
graph-norms of 51:, and B%*(M, F) is dense in Dom(gz*) and in Dom(gF) N Dom(gz*)
in the graph-norms of 52* and 5E + 55*, respectively, see [19, Lemma 3.5.1]. Here the
graph-norm of R is defined by ||s| + || Rs|| for s € Dom(R).

2.4 Hermitian metric with analytic singularities on line bundles

Definition 2.9 Let X be a connected compact complex manifold of dimension n and L
a holomorphic line bundle on X. On L we say h’ is a Hermitian metric with analytic
singularities, if there exists a smooth Hermitian metric hé and a function ¢ € Lllo X, R)
with locally

o=slog (1A | + v 29)

jeJ
where J is at most countable, ¢ is a non-negative rational number, f; are non-zero holomor-
phic functions and v is a smooth function, such that Wt = hée‘z‘/’.

Note that for a Hermitian metric with analytic singularities on line bundles over connected
compact complex manifolds (see Definition 2.9), the non-negative rational number ¢ does
not depend on the local form (2.9) of the weight ¢.
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For any local holomorphic frame ey, of L, h(l)‘ (er,er) = e %Yo where Yo is smooth, thus
the local weights of htis given by % log(}>_, I fj %) + (¥ + o). Because locally ¥ + v is
smooth, we use (2.9) to represent the local weight of h for simplifying notations.

Forp € L }0 (X, R), the Nadel multiplier ideal sheaf ¢ (¢) is the ideal subsheaf of germs
of holomorphic functions f € Oy x such that | f [2¢72¢ is integrable with respect to the
Lebesgue measure in local coordinates near x. We define _# (hl) = J (¢), which does not

depend on the choice of ¢, see [10] or [19, Definition 2.3.13].

3 Asymptotic estimate for L>-cohomology with semipositive line
bundles

Let (X, w) be a Hermitian manifold of dimension n and let (L, k%) and (E, h%) be holo-
morphic Hermitian line bundles over X. Let #%9(X, LF ® E) be the space of harmonic
(0, g)-forms with values in L¥QE. Let {s?}jzl be an orthonormal basis of 5#%4 (X, LF® E)

and let Bz be the Bergman density function defined by

Bl(x) =Y sk}, .. x € X, 3.1
izl
where | - |, is the pointwise norm of a form, see [31]. The function (3.1) is well-defined
by an adaptation of [7, Lemma 3.1] to form case. By replacing E ) AT X) for E in
"X, LF ® E), we can rephrase [31, Theorem 1.1] as follows.

Theorem 3.1 Let (X, w) be a Hermitian manifold of dimension n and let (L, htyand (E, hE)
be holomorphic Hermitian line bundles over X. Let K C X be a compact subset and assume
that (L, h™) is semipositive on a neighborhood of K .

Then there exists C > O depending on the compact set K, the metric w and the bundles
(L, h%y and (E, h®), such that foranyx € K, k > landq > 1,

Bl(x) <Ck", (3.2)

where Bg (x) is the Bergman density function (3.1) of harmonic (0, q)-forms with values in
LF® E.

A general result on asymptotic estimate for L2-cohomology with semipositive line bundles
over Hermitian manifolds follows immediately.

Theorem 3.2 (Theorem 1.1) Let (X, w) be a Hermitian manifold of dimension n. Let (L, h*)
and (E, hE) be holomorphic Hermitian line bundles on X. Let 1 < q < n. Assume the
concentration condition holds in bidegree (0, q) for harmonic forms with values in L*¥ @ E
for large k. Moreover, assume (L, h) is semipositive on a neighbourhood of the exceptional
set K. Then there exists C > 0 such that for sufficiently large k we have

dim 2% (X, LF @ E) < Ck"71. (3.3)
The same estimate also holds for reduced L*-Dolbeault cohomology groups,
dim Hyl (X, L} ® E) < Ck" . (3.4)

In particular, if the fundamental estimate holds in bidegree (0, q) for forms with values in

L*¥ ® E for large k, the same estimate holds for L?-Dolbeault cohomology groups
dim H

o) (X, L*® E) < CK"™4. 3.5)
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Proof By Theorem 3.1 and the concentration condition, we have

dim Hy;" = dim #4(X, L @ E) (3.6)
= Z ||s§||2 < Co/ Bl (x)dvx < CoC vol(K)k" ™1 (3.7)
j=1 K

for sufficiently large k. Note that H, (02;’ (X, F) = ﬁ(()z? (X, F) and the dimension is finite, when
the fundamental estimate holds in bidegree (0, ¢) for forms with values in a holomorphic
Hermitian vector bundle (F, ht) by [19, Theorem 3.1.8]. m]

3.1 g-Convex manifolds
3.1.1 Exhaustion functions with the plurisubharmonic near the exceptional set

In this section we prove the following general result about the growth of the cohomology of
g-convex manifolds.

Theorem 3.3 Let X be a g-convex manifold of dimension n, and let (L, hL), (E, hE) be
holomorphic Hermitian line bundles on X. Let o be an exhaustion function of X and K the
exceptional set. Let (L, h') be semipositive on a sublevel set X, ‘= {x € X : o(x) < c}
satisfying K C X, and let /=1330 > 0 on X \K. Then there exists C > 0 such that for
any j > q and k > 1, we have

dimH/ (X, L* @ E) < Ck"/. (3.8)

Let X be a g-convex manifold of dimension 7, let o be a plurisubharmonic exhaustion
function of X and K the exceptional set. By the definition, o € ¢°°(X, R) satisfies X, :=
{o <c) € Xforallc € R, /—1930 has n — g + 1 positive eigenvalues on X\ K. In this
section, we fix real numbers u¢, # and v satisfying ug < u < c <vand K C X,,.

Let (L, h") and (E, h*) be holomorphic Hermitian line bundles on X. We have that the
fundamental estimate holds in bidegree (0, j) for forms with values in L¥ ® E for large k
and each ¢ < j < non X, when X is a g-convex manifold, see Proposition 3.8, which was
obtained in [19, Theorem 3.5.8] for the proof of Morse inequalities on ¢g-convex manifold.
For the sake of completeness, we prove it here.

Firstly, we choose now a Hermitian metric on a g-convex manifold X.

Lemma 3.4 ([19, Lemma 3.5.3]) For any C1 > O there exists a metric gTX (with Hermitian
form w) on X such that for any j > q and any holomorphic Hermitian vector bundle (F, ht)
on X,

((990) (i, W)WE Aimys, s)n = Cils], s € Q07 (X, \X,, F), (3.9)

where {wy}]_, is a local orthonormal frame of TCO X with dual frame {wl}?‘:1 of THO* X

Now we consider the g-convex manifold X associated with the metric w obtained above as
a Hermitian manifold (X, w). Note for arbitrary holomorphic vector bundle F on a relatively

compact domain M in X, the Hilbert space adjoint 52* of 3" coincides with the formal
adjoint 3~ of 3" on B/ (M, F) = Dom(3};) N Q%I (M, F), 1 < j < n. So we simply
use the notion gF* on Bovj(M, F),1<j<n.
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Secondly, we modify Hermitian metric h; on L and show the fundamental estimate
fulfilled. Let x (t) € €*°(R) such that x'(¢) > 0, x”(¢) > 0. We define a Hermitian metric

hl);k = WL e=kx(©@) on L¥ for each k > 1 and set Ll)‘( = (Lk, hlik). Thus

REY = kRLx = kR 4 ky'(0)330 + kx" (0)d0 A do. (3.10)

Lemma3.5 ([19, (3.5.19)]) There exists Cy > 0 and C3 > 0 such that, if x'(¢) > C3 on
X\ Xy, then

Cr, —E —E
lIs|I> < 7<||aks||2 + 113, " s11%) (3.11)

fors € B%/(X., L* @ E) with supp(s) C X,\Xu, j = q and k > 1, where the L2-norm
|| - || is given by w, h;k and hE on X..

Lemma3.6 Ler € > O satisfying Xey\Xc—e = {c —€ < 0 < c+ €} € X,\X,. Let
¢ € CK(JOO(X,), R) with supp(¢p) C X, \Xy suchthat0 < ¢ < land ¢ =1 0on Xeye\Xc—e-
Let K' :=X,._ = {o < c —¢€}. Then, foranys € Bo’p(Xc, LF® E), 1 < p <n, we have

fostP = Ist? = [ Istduy, (3.12)
K/
where the Hermitian norm | - | and the L*-norm || - || are given by w, h)L(k and hE on X,.

Proof Fors € B%?(X,, L"QE) = Dom(gf*)ﬁﬂo*p(yc, L*®E),¢s € Q"7 (X, L*®E)
and ie(o<1)(¢s) = ie(m) (s) =0onbX, by ¢s = s on the neighbourhood X4\ X._. of bX,.

Thus ¢s € B“?(X., L*¥ ® E) with supp(¢s) C X\ Xy,

Ipsl® = / (s Pduy = f  lgsiPdvy = f (s Pduy + / (s Pdvx
X X\ Xu {c—e<p<c} u<p<c—e
_ / is2dvy + / \ps 2dvx
{c—e<p<c} {u<o<c—e}
z/ _ |S|2de:||S||2—/ Is|*dvx. (3.13)
X \Xc—e K’

O
Lemma3.7 Let ¢ be in Lemma 3.6, and let & := 1 — ¢ and Cy := sup,yx, Idé(x)lﬁT*X > 0.
Then, for any s € BO’I’(XC, LF® E), 1 <p<n,andk > 1, we have
—E —E 3 —E —E
8 EI* + 19, E)? < E(||8ks||2 119, s +6C1 s, (3.14)
1 —E —E 5 —E ~E 12Cy
2 (5, @)% + 13 ()1 < ;(naksn2 + 119, s 1% + T||s||2, (3.15)

where the L*-norm || - || is given by w, hl);k and hE on X,.

Proof The first inequality follows from [19, (3.2.8)]. For simplifying notations, we use 9
and 9" instead of 5,f and 55* respectively. From 1[[a(¢s)[1> — [13s]> < 95 — (s,
18" (@)1> = 18"s1> < "5 — 8" (¢5)|1? and the first inequality, we have

1 - — 5 _ —
5(||a<¢s>||2 + 113" (ps)II*) < 5(||as||2 + 13 s1®) + 6C1 1512, (3.16)
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thus the second inequality follows. O

Proposition 3.8 Let X be a q-convex manifold of dimension n with the exceptional set K C
X,. Then there exists a compact subset K' C X, and Co > 0 such that for sufficiently large
k, we have

Co  —E —E
Is1? < 2T 1P + 13 51%) +C0/ Is2dvx 3.17)
K/

foranys € Dom(gf) ﬂDom@,ﬁZ) N L(Z)’j(XC, LF®E) and g < j < n, where x'(0) > C3

on X \X,, in Lemma 3.5 and the L*>-norm is given by w, hik and ht on X..

Proof We follow [19, Theorem 3.5.8]. Since Bo*j(Xc, LF® E) is dense in Dom(ng) N
Dom(5£2) n L(2) i Xe, L* ® E) with respect to the graph norm of 5,15 + 552, we only to
show this inequality holds fors € B%J (X, L¥ ® E) with j > ¢ and large k. A

Supposenow s € B/ (X., LXQ E). Let ¢ be in Lemma 3.6. Thus ¢s € B™/ (X, L*®Q E)
with supp(¢s) C X,\X,. By Lemma 3.5, there exists C; > 0 and C3 > 0 such that for
j > qandk > 1, we have

Co, —E =E
lps* < 7(”3/( @7+ 13, ()% (3.18)
where x’(0) = C3 on X,\ X, and the L%-norm || - || is given by w, hﬁk and hZ on X.. Next
applying (3.15) and Lemma 3.6, we obtain
5C2 —E —E 12C1C2
11 —/ IslPdvx < == (U3 sI” + 13, 1) + ———ls|I*- (3.19)
K’ k k
For k > 24C) Cy, it follows that 1 — 12G1€2 > L and
10C, —E _E
Is1P = ST sIP 13 51D +2 [ IsPur. (3.20)
K/
The proof is complete by choosing Cp := max{10C3, 2} and k > 24CC>. O

Thirdly, we will show that (L, h™x)issemipositive if (L, k') is semipositive by choosing
a appropriate x.Let Cp > 0 and C3 > 0 be in Lemma 3.5. We choose x € ¢°°(R) such that
x"(t) >0, x'(t) > C3on (u, v) and x () = 0 on (—00, ug). Therefore, x'(0(x)) > C3 > 0
on X,\X, and x(o(x)) = x’(0(x)) = 0 on Xy, Note that K C X, andug <u <c <v.
Now we have a fixed x which leads to the following proposition.

Proposition 3.9 Let X be a q-convex manifold with /—1890 > 0 on X \K. If (L, k") is
semipositive on X, then (L, hﬁ) is semipositive on X for x defined above.

Proof From the above definition of y, we have x'(0) > 0on X, x'(¢) = O on K. Since ¢ is
plurisubharmonic on X \K, i.e., v/—13390 > 0 on X.\K, we have v/—1x’(0)330 > 0 on
X.. Since x”(0) = 0 and /=190 A 3o > 0 on X., we have /—1x"(0)d0 A do > 0 on X..
Finally /—1RLx = /=1RY 4+ /=1x'(0)330 + /—1x"(0)d0 A 30 > 0 on X,. O

Now we can prove the main result of this section as follows.
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Proof of Theorem 3.3 By Proposition 3.9 with the fixed x, Proposition 3.8 and using Theo-
rem 1.1 for X, endowed with Hermitian metric w obtained in Lemma 3.4, there exists C > 0
such that for any j > ¢ and sufficiently large &,

o

dim Hyj (X, L* ® E) = dim #°7 (X, L* ® E) < CK"™/ (3.21)

(
holds with respect to the metrics w, h; and 2 E on X ... From [19, Theorem 3.5.6 (Hormander),
Theorem 3.5.7 (Andreotti-Grauert)(i), Theorem B.4.4 (The Dolbeault isomorphism)], we
have for j > ¢,

HI(X,L*® E) = H/(X,, L ® E) = H*/(X,, LF ® E) = H%/ (X,, L* ® E).

(@]

Thus the conclusion holds for sufficiently large k. Also we know that for any holomorphic
vector bundle F,dim H’/ (X, F) < oofor j > ¢ by [19, Theorem B.4.8 (Andreotti-Grauert)].
So the conclusion holds for all £k > 1. O

Proof of Theorem 1.4 Apply Theorem 3.3 for 1-convex manifolds. O

By adapting the duality formula [15, 20.7 Theorem] for cohomology groups to Theo-
rem 3.3, we have the analogue result to [31, Remark 4.4] for seminegative line bundles.

Corollary 3.10 Let X be a g-convex manifold of dimension n with a plurisubharmonic exhaus-
tion function o near the exceptional set K, and let (L, hEy, (E, hE) be holomorphic Hermitian
line bundles on X. Let (L, h%) be seminegative on a sublevel set X, = {x € X : o(x) < ¢}
satisfying K C X.. Then there exists C > 0 such that forany 0 < j <n—q andk > 1, the
Jj-th cohomology with compact supports

dim[H%/ (X, L* ® E)]o < Ck/. (3.22)
In particular, dim[H*° (X, LF @ E)]o < C.

Proof Combine [15, 20.7 Theorem] and Theorem 3.3. ]

3.1.2 Line bundles with positivity near the exceptional set

A natural question in Theorem 3.3 is whether the hypothesis on plurisubharmonic exhaustion
function is necessary. In this section, we show that such hypothesis can be replaced by the
positivity assumption of line bundle near the exceptional set.

Proof of Theorem 1.3 Let X be a g-convex manifold of dimension n, let (L, hhy, (E, hE) be
holomorphic Hermitian line bundles on X. Let o € ¥°°(X, R) be the exhaustion function
satisfying ~/—19d0 has n — g + 1 positive eigenvalues on X\ K.

Since (L, h%) be semipositive on a sublevel set X, = {x € X : o(x) < ¢} satisfying the
exceptional set K C X, and positive on X\ K, we fix real numbers u, u, ¢’ and v satisfying
up < u <c¢ <v<cand K C X, Thus for X := {x € X : o(x) < ¢}, we see
K Cc Xo,L >00n X and L > 0on X,\K. For simplifying notions, we still denote ¢’ by
¢ in this proof, that is, there exists real numbers ug, u, ¢ and v satisfying ug < u < c < v
and K C X,,and L > Oon X, and L > Oon X,\K.

Firstly, we choose the metric w on X from Lemma 3.4.
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Secondly, we show the fundamental estimate holds. Note L > 0 on X,\ K, by the same
argument in Lemma 3.5 without modification of hl by hL, we have that there exists C > 0
and kg > 0 such that

C, —E —E
lIslI* < 7<||aks||2 + 119, s11%) (3.23)

fors € BO'j(XC, LF ® E) with supp(s) C X,\Xu, j = g and k > ko > 0, where the L2-
norm | - || is given by w, AL and hE on X ¢- As in Proposition 3.8 without the modification
of hL, we conclude that there exist a compact subset K’ C X, (In fact, let € > 0 such that
{[c—e <o <c+e} @X,\Xu, K' :={0 < c — €} asin Lemma 3.6) and Cy > 0 such that
for sufficiently large k, we have

Co  -E —E
s < == 3 1> + [Erile! +C0/ Is|*dvy (3.24)
o

forany s € Dom(gf) N Dom(@i%) N L%’j(XC, L¥ ® E) and each qg < j < n, where the
L?-norm is given by o, AL and hE on Xe.
Finally, we can apply Theorem 1.1 on X.. Therefore, there exists C > 0 such that for any
j > q and sufficiently large k,
o

dim H 5

o) (Xe, LY® E) < ck"/ (3.25)

holds with respect to the metrics w, ht and hE on X,.. As in the proof of Theorem 3.3, the
conclusion holds for all k > 1. O

By adapting the duality formula [15, 20.7 Theorem] for cohomology groups to Theo-
rem 1.3, we have the analogue result to [31, Remark 4.4] for seminegative line bundles.

Corollary 3.11 Let X be a g-convex manifold of dimension n, and let (L, hL), (E, hE) be
holomorphic Hermitian line bundles on X. Let o be an exhaustion function of X and K the
exceptional set. Let (L, hl) be seminegative on a sublevel set X, = {x € X : o(x) < ¢}
satisfying K C X, and let (L, h™) be negative on X \K. Then there exists C > 0 such that
forany 0 < j <n—qandk > 1, the j-th cohomology with compact supports

dim[H*/ (X, LF ® E)]o < Ck/. (3.26)
In particular, dim[H%0(X, LF® E)]g < C.
Proof Combining [15, 20.7 Theorem] and Theorem 1.3. ]

Remark 3.12 (Compatibility to the vanishing theorem on g-convex manifolds) Let (E, hF)
be a holomorphic vector bundle on X. If (L, k%) > 0 on X. with K C X, instead of the
hypothesis (L, i) > 0 on X\ K in Theorem 1.3, then for j > ¢ and sufficiently large k,

dim H/ (X, L* @ E) = 0. (3.27)
In particular, if X is g-complete, then H? (X, E) = 0 for p > ¢ and arbitrary holomorphic

vector bundle E. In fact, the fundamental estimates hold with K = @ in these cases, thus the
space of harmonic forms is trivial, see [19, Theorem 3.5.9].
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3.2 Pseudo-convex domains

Theorem 3.13 Let M € X be a smooth strongly pseudoconvex domain in a complex manifold
X of dimension n. Let (L, hly and (E, h®) be holomorphic Hermitian line bundles on X.
Let (L, h%) be semipositive on M. Then there exists C > 0 such that for any ¢ > 1 and
k > 1, we have

dim HY(M, L* ® E) < Ck" ™1, (3.28)
Proof Note a strongly pseudocovex domain is 1-convex and applying Theorem 1.4. O

Proof of Theorem 1.5 We follow [19, Theorem 3.5.10]. Let w be a Hermitian metric on X.
Note L > 0 around bM, by the same argument in Proposition 3.8 without the modification
of h, we conclude that there exist a compact subset K’ C M and Co > 0 such that for
sufficiently large k,

Co  —E —E
lIs||? < 7(||aks||2 + 18, 1% + Co / Is|*dvx (3.29)
K/

forany s € Dom(ﬁf) N Dom(g,?;i) N L%’q(M, L*¥ ® E) and each 1 < ¢ < n, where the

L?-norm is given by w, At and hE on M. Finally, we apply Theorem 1.1 on M. O

3.3 Weakly 1-complete manifolds

Proof of Theorem 1.6 We follow [19, Theorem 3.5.12]. Let ¢ € ¥°°(X, R) be an exhaustion
function of X such that /—199¢ > 0 on X and X. := {¢ < ¢} € X forall c € R. We
choose a regular value ¢ € R of ¢ such that K C X by Sard’s theorem. Thus X is a smooth
pseudoconvex domain and L > 0 on a neighbourhood of bX.. We apply Theorem 1.5, for
any g > 1 and sufficiently large k

dim Hy! (Xo, L* ® E) = dim #%(X,, L* ® E) < Ck" 1. (3.30)
Finally, by [29, Theorem 6.2] (see [19, Theorem 3.5.11]) and Dolbeault isomorphism, it
follows that H9 (X, L*Q E) = HY(X., LX® E) = H%Y(X., L*QE) = #%4(X., L®E)
for ¢ > 1 and sufficiently large k. O

Remark 3.14 Marinescu [22] positively answered a question of Ohsawa [27, §1. Remark 2]
by proving Morse inequalities on weakly 1-complete manifolds. If L is g-positive outside
a compact subset K C X, dim H?(X., L¥) are at most of polynomial growth of degree n
with respect to k for p > g. Theorem 1.6 says that if L is 1-positive outside a compact subset
K C X.and L > 0 on X, additionally, then dim H? (X, LK) are at most of polynomial
growth of degree n — p with respect to k for p > 1.

Generally we have the following result when (L, 2%) might be not semipositive.

Corollary 3.15 Let X be a weakly 1-complete manifold of dimension n. Let (L, h") and
(E, h®) be holomorphic Hermitian line bundles on X. Suppose there exists f € €°° (X, R)

such that V—TREH) 4+ /=199 f > 0 on X, and /—1RE) + /=193 f > 0 on X\K
Sforacompact subset K C X. Then there exists C > 0 such that for any q > 1 and sufficiently
large k, we have

dim HY(X, L* ® E) < Ck" 1. (3.31)

@ Springer



354 H. Wang

Proof Apply Theorem 1.6 for the line bundle (L, hte™ /). O

Note that, by definition, there always exists a smooth function f on a weakly 1-convex
manifold X such that /—190 f > 0, thus Corollary 3.15 implies the estimate may still hold
when (L, k%) is not semipositive everywhere.

Remark 3.16 (Compatibility to Nakano vanishing theorem on weakly l-convex mani-
folds [19, Theorem 3.5.15]) If (L, hL) > 0 on X instead of (L, hL) > 0 in Theorem 1.6,
then for ¢ > 1 and sufficiently large k, H4(X, L* ® E) = 0, which implies the vanishing
theorem on 1-convex (in particular, compact) manifold in Remark 3.12.

3.4 Complete manifolds

Proof of Theorem 1.2 We follow [19, Theorem 3.3.5]. Since (X, ) is complete, 557_, = 55*,

that is, the Hilbert space adjoint and the maximal extension of the formal adjoint of 55
coincide for arbitrary holomorphic Hermitian vector bundle (E, hEY. Let A = i(w) be the
adjoint of the operator w A - with respect to the Hermitian inner product induced by w and h”.
In a local orthonormal frame {wj}'}:l of T(-9 X with dual frame {wj};?:1 of THO*X o) =
\/—712721 w/ AW/ and A = —leiwjiwj. Thus \/TIR(L”’L) = sz;:l w! A w/
outside K.

Let {ex} be alocal frame of L*. For s € Q7 (X\K, L*), we can write s = > =g sywl A
AW AT Qe locally, thus

[V—1RE, Als = Z(qSle/\---/\w"/\wj)®6k=qs- (3.32)
IJ1=q

Since (X\K, v/—TR©-"")) is Kihler, we apply Nakano’s inequality [19, (1.4.52)],

13ksI? + [3s])? = (35, s) = K(IWV=IR", Als, s). (3.33)
Thus forany 1 < g <n,
1Bxs 1>+ 195s1% > gklls|? > ks> (3.34)
Therefore, we have
1 — _
Isl? < (3s > + I3sl1). (3.35)

fors € QuY(X\K, L) with 1 < g <n.

Next we follow the analogue argument in Proposition 3.8 to obtain the fundamental esti-
mates as follows. Let V and U be open subsets of X suchthat K C V € U € X. We choose
a function & € 45°(U,R) suchthat 0 <& < land& = 1 on V. Weset¢ := 1 — &, thus
¢ € €°(X,R) satisfying0 <¢p < land¢p =0on V.

Now let s € Qq? (X, L¥), thus ¢s € Q' (X\K, L¥). We set K’ := U, then

Ipsll® > |sl|> — / Is|2dvx, (3.36)
K/
and similarly there exists a constant C; > 0 such that
1 _ 5 ~ 12C
%(nak@s)uz + 113, (p) 13 < %(naksuz + 1311 + ; s 11 (3.37)
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By combining the above three inequalities, there exists Cp > 0 such that for any s €
Q1 (X, LK) = Qg’q (X, L*F ® Kx) with 1 < ¢ < n and k large enough

Co — —
lIs|I> < - 13kslI? + 1355 11*) + Co / Is|2dvx. (3.38)
K/

Finally, since Qg”(X ,L*¥ ® Kx) is dense in Dom(@fx) N Dom(gfx*) in the graph-norm,
for each 1 < g < n the fundamental estimate holds in bidegree (0, g) for forms with values
in L*¥ ® Ky for k large. So the conclusion follows from Theorem 1.1. O

3.5 Compact manifolds and coverings revisited

Theorem 3.17 ([4]) Let X be a compact complex manifold of dimension n. Let (L, Ly and
(E, hE) be holomorphic Hermitian line bundles on X. Assume (L, Kty is semipositive on X.
Then there exists C > 0 such that for any g > 1 and k > 1 we have

dim H*9(X, L* ® E) < Ck" 4. (3.39)

Note that this theorem is a special case of Theorem 1.1, 1.2, 1.3, 1.4, 1.6, 1.7 and the following
Theorem 3.22.

Corollary 3.18 Ler X be a compact manifold of dimension n, and let (L, h"), (E, hE) be
holomorphic Hermitian line bundles on X. Let (L, h') be seminegative on X. Then there
exists C > 0 suchthat) <qg <n—1,

dim H*9(X, L* ® E) < CKk4. (3.40)

In particular, dim H%°(X, L* @ E) < C.
Proof It follows from Serre duality and Theorem 3.17. O

For the case of nef line bundles, the following observation refines the estimates in Theo-
rem 3.17 as well as Corollary 3.18, and reflects that the magnitude k"~ are precise.

Lemma 3.19 [12] Let L be a nef holomorphic line bundle on a compact complex manifold
X. Then every non-trivial section in HOX, L™ has no zero at all.

Corollary 3.20 Let X be a compact manifold of dimension n, and let L be holomorphic
Hermitian line bundles on X. Let L be nef. Then, for any k € N,

0 <dim H*"(X, L* ® Kx) = dim H*°(X, L™%) < 1. (3.41)

Proof Suppose there exists k > 1 such that H O(X , L_k) # 0, then there exists so €
HO(X, L7%) such that so(x) # O for all x € X by Lemma 3.19. Let s € HO(X, L7F).
It follows that s ® so_1 € 0(X) = C, thus H°(X, L™%) = Csp. And the case of k = 0 is
trivial. O

Remark 3.21 Let X be a compact complex manifold of dimension n and (L, h*) a holomor-
phic Hermitian line bundle on X. Let M := {v € L* : |v|,.+ = 1}. It is known that the
3, (Kohn-Rossi) cohomology Hik(M) ~ HY(X, L%), see [20, Section 1.5] and [16, (2.8)].
Thus if L > 0 on X, dim HZk(M) <Ck"9forallg > land k > 1.
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The study of L2 cohomology spaces on coverings of compact manifolds has also inter-
esting applications, cf. [14,18]. The results are similar to the case of compact manifolds, but
we have to use the reduced L2 cohomology groups and von Neumann dimension instead of
the usual dimension, see [31, Theorem 1.2] or Theorem 3.22. For example, in the situation
of Theorem 3.22, if the line bundle (L, %) is positive, the Andreotti-Vesentini vanishing
theorem [1] shows that ﬁ(()zg (X, LF @ E) = 04 (X, LY ® E) = 0 for g > 1 and k large
enough. The holomorphic Morse inequalities of Demailly [11] were generalized to coverings
by Chiose-Marinescu-Todor [23,30] (cf. also [19, (3.6.24)]) and yield in the conditions of

Theorem 3.22 that dimp #()2()1 (X,L* ® E) = o(k") as k — oo for q > 1. Hence Theo-
rem 3.22 generalizes [4] to covering manifolds and refines the estimates obtained in [23,30].

Theorem 3.22 [31] Let (X, w) be a I'-covering manifold of dimension n. Let (L, h*) and
(E, hE) be two T-invariant holomorphic Hermitian line bundles on X. Assume (L, hhy is
semipositive on X. Then there exists C > 0 such that for any q > 1 and k > 1 we have

dimp H5! (X, L* ® E) = dimp #%4(X, L} ® E) < Ck"9. (3.42)

See [31, Theorem 1.2] for the complete proof. As a remark, note that for a fundamental
domain U € X with respect to I', we used

dimp %4 (X, L* ® E) = / Bl (x)dvyx, (3.43)
U
which is similar to the formula
dim #%9(X, L ® E) < CO/ B,f (x)dvy (3.44)
K

used in the proof of Theorem 1.1.

The following estimate was firstly obtained by Morse inequalities for covering mani-
folds [23,30]. We do not assume the holomorphic Morse inequalities for coverings in our
proof.

Corollary 3.23 Under the hypothesis of Theorem 3.22, if (L, h) is positive at least at one
point additionally, then there exists C1 > 0 and Co > 0 such that for k large enough

C1k" < dimr HO(X, L* ® E) < Cok™. (3.45)

Proof Tt follows from Riemann-Roch-Hirzebruch formula for coverings [3]
n

- k
S (=" dimp Hes) (X, LF @ E) =

- / (=) (L/T, kYY" 4 0(k™)(3.46)
n! X/r

q=0
(see also [19, Theorem 3.6.7]) and Theorem 3.22. O

4 Semipositive line bundles endowed metric with analytic singularities

Let X be a connected compact complex manifold of dimension n and L a holomorphic line
bundle on X. Let i’ be a Hermitian metric with analytic singularities with local weight

o=3log | Y17 | + v @.1)

JjeJ
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where J is at most countable, ¢ is a non-negative rational number, f; are non-zero holo-
morphic functions and v is a smooth function, such that hL(eL, er) = ™% for a local
holomorphic frame e; of L. We denote by _# (hly = J (¢) the Nadel multiplier ideal
sheaf of h%. We define the regular part of X with respect to A% by R(h') :== {x € X :
kL smooth on a neighborhood of x} and the singular part by S(ht) := X\R(h").

In this section, we follow the argument of Bonavero’s singular holomorphic Morse inequal-
ities [5] closely and provide three lemmas, see [19, 2.3.2] for details. In the end, we combine
them to prove a result which is analogue to Theorem 3.17.

Firstly, we blow up the singularities of 4% as below, see [19, Lemma 2.3.19].

Lemma 4.1 There exists a proper modification T X —> X such that the local weight §
of the metric h* = 7T*hl on L = T*L has the form ¢ o T = 5 log |g|> + ¥, where g is
holomorphic and \ is smooth.

Secondly, we construct a smooth Hermitian metric hZ on a modified line bundle . on X , see
[19,~ Lemma 2.3.20, Lemma 2.331]. For a holomorphic vector bundle F over X, we denote
by F := n*F the pull-back on X.

Lemma 4.2 With the proper modification in Lemma 4.1, there exists a holomorphic line
bundel L on X and a smooth Hermtian metric h™ satisfying the following conditions:

(1) There exists m € N\{0} such that the curvature is locally given by
REM) — 2madi: 42)

(2) Foranyk € N\{0} and arbitrary holomorphic vector bundle EonX, there exists kN’ eN,
m € 10, m) with k_= mk’ + m’, and a holomorphic vector bundle E,; over X with
rank(E,,’) = rank(E), such that

HIEX IFeE® 7)) = HIX.T¥ ® En). 43)

Here note that there exists C; > 0 and Co > 0 such that for any integer p € [0, n] and
k large enough, C1kP < k'P < CokP.

Thirdly, relation to the cohomology on X, see [19, (2.3.45)].

Lemma 4.3 Let E be an arbitrary holomorphic vector bundle over X. With the proper mod-
ification in Lemma 4.1, for all ¢ > 0 and k large enough, there exists an isomorphism

HIX, L' E® s )y = IR I"e E@ Ky @ K ® #(hE). (44

Finally we substitute these into our setting of semi-positivity of (L, ") on X, and obtain
another generalization of Theorem 3.17.

Proof of Theorem 1.7 Consider a local weight ¢ like in (4.1) defined on an open connected
subset U C X. Thus

S(hL) NU ={x € U : pnotsmoothat x} = Njc;Z(f;), 4.5)

where Z(fj) :=={x € U : fj(x) =0}. ~
_ Let7w: X > Xbea proper modification of Lemma 4.1. The local weight of (L, h%) on
U := 7~ 1(U) has the form

~ C ~ ~ c ~
o =log| Y Ifj ol | +¥ 0T = Sloglsl +7. (4.6)
jeJ
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where J is smooth on U. Thus Z(g):={z € U: g(y) = 0} satisfies
Z(g) ={ye U: @ o % not smooth at y} = #~1(S(hY) N U). 4.7

Since ¢i(L, ht) = FR(L ht) > 0 on X\S(h%), ¢ is smooth plurisubharmonic on
U\S(hL), i.e., v/ — Naaga > 0on U\S(h’;). Therefore, ¢ o7~r is smooth plurlsubhgrmonlc on
7N U\S(ht)) = U\Z(g), and since 33 log |g|*> = 0 on U\ Z(g), we have on U\ Z(g)

V=100 = v/—133(p 0 %) > 0. (4.8)

Next we show Faaw > 0 on Z(g). In fact, suppose there exists yo € Z(g) such that
V=1 BBW(yo) has at least one negative eigenvalue. By the smoothness of w there exists an
open neighbourhood Vy C U of Yo satisfying /=130 has at least one negative eigenvalue
on Vj. Since Z(g) is nowhere dense subset in U, there exists y1 € Vpsuchthaty; U\Z(g)
So we obtain a contradiction. N o

Finally, by using Lemma 4.2 (1), we obtain ¢y (L, hL) = FR(L Wy —m Faw >0
on U ie., (L hL) is a semlposmve line bundle on X. By (4.4), (4.3) and Theorem 3.17
applied to X with (L h'), we have

dim HY(X, L* @ E® 7 (h")) = HI(X, I¥ ® (E ® K3 ® Ki)w) < CK"™1 < CCok" 1.

Since a positive current ¢1 (L, h’) on X is semipositive on R(h%), the last assertion follows.
O

In analogy to the covering manifolds case, we have the following estimate of the space of
holomorphic sections obtained firstly by Bonavero, see [6] and [19, Corollary 2.3.46].

Corollary 4.4 Under the hypothesis of Theorem 1.7, if (L, h™) is positive at least at one point
additionally, then for k large enough

Cik" < dim HO(X, LK ® E® 7 (hY)) < Cok”. (4.9)
In particular, if X is additionally Kdhler, then X is projective.

Proof Tt follows from Theorem 1.7 and asymptotic Riemann-Roch-Hirzebruch formula for
hL with analytic singularities (see [19, (2.3.45), (2.3.31), (1.7.1)])

Z(—l)"*q dim HY(X,L* ® E ® /(th)) _& /R<hL)(_l)ncl (L, h™)" + o(k™),

n!
q=0

(4.10)
where R(h%) := {x € X : h’ smooth on a neighborhood of x} is the regular part of X with
respect to 4L, Thus L is big, X is Moishezon. So X is projective when it is Kihler. O

Corollary 4.5 Let X be a compact manifold of dimension n, let L and E be holomorphic line
bundles on X. Let h™ be the Hermitian metric on L with analytic singularities as in (4.1).
Assume ¢1(L, ht) > 0 on R(h%). Then, as k — oo, we have

];Tn! IX(O) c1(L, hEY' + o(k™), forg =0,
Ok"9), forl <g <n.
4.11)

dimHY(X,E® LF® 7 (h)) =
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Proof The second equality is from Theorem 1.7 and the first is given by combining the second
equality and (4.10). O

Remark 4.6 The smooth version (i.e., ki is smooth everywhere) of Corollary 4.5 are given
by [4,11]. Matsumura [24, Problem 3.4] asked the question if one can remove the assumption
that 4% has analytic singularities. He proved this in the case where X is projective in [25,
Theorem 4.1]. Note that on projective manifolds, Demailly had similar estimates O (k")
for nef line bundles, see [8].
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