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Abstract

In this paper we investigate surfaces in CP? without complex points and characterize the
minimal surfaces without complex points and the minimal Lagrangian surfaces by Ruh—
Vilms type theorems. We also discuss the liftability of an immersion from a surface to C P>
into S° in Appendix A.
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Introduction

In recent years minimal Lagrangian surfaces in C P2 have been studied intensively (see [3,13—
16], etc.). It turned out that an automorphism o of sl3C of order 6 is of crucial importance.
Similar investigations have used the restriction of ¢ to real forms of s[3C and have discussed
the surface classes of minimal Lagrangian surfaces in CH 2 112] and definite affine spheres
[6]. Also the class of indefinite affine spheres and timelike minimal Lagrangian surfaces
in the indefinite complex hyperbolic 2-space have been investigated in a similar way [4,
7]. Moreover, those classes of surfaces have a unified picture by using real forms of the
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Kac-Moody Lie algebra of Aéz) type [9]. While o arose naturally in classical geometric
investigations, the question arose, whether also o> and o3 have a simple geometric meaning.

The starting point for an approach to this question was the paper [13], which investigated
arbitrary immersions from Riemann surfaces to C P2 without complex points. However, since
immersions from S% to CP? have been investigated intensively, for the final goals of this
paper we exclude the Riemann surface > from our discussion. More precisely, we consider
an immersion f : M — CP? without complex points, where M is a Riemann surface
different from $2. For our approach it is crucial to lift f to amap § : M — S§° such that
f = mofwhere w : §°> — CP? denotes the Hopf fibration. To clarify, when such a lift
exists we have proven in the appendix that for a non-compact Riemann surface such a lift
always exists and that in the case of a compact Riemann surface either the given immersion
already has a global lift to S5 or one can find a threefold covering : M — M of M such
that the immersion f = f ot : M — CP? admits a global lift to S°.

So for this paper we always assume that any immersion under consideration does have
a global lift to 3. For a more detailed investigation of liftable immersions f : M — CP?
with global liftf : M — S5, we consider, to begin with, their composition with the universal
covering 7 : D — M of M. In other word, we first investigate the case, where M = D is
simply-connected.

In this setting the ideas presented in [13] is applied. However, while in loc.cit. the inves-
tigation quickly moved on to consider minimal Lagrangian tori in C P2, in the present paper
we consider a natural SU3-frame F (f) and thus obtain a setting similar to the one used in [5].

In particular, two lifts with SU3-frame only differ by a cubic root. Moreover, the Maurer-
Cartan form of the frame F(§) clearly displays the natural invariants of an immersion into
C P? without complex points.

To understand what surface classes correspond to o, o2 and o3 we apply the notion of a
primitive harmonic map relative to some automorphism of s[3C. The corresponding theory,
basically due to Black [1], is collected in the first three subsections of Sect. 2. Then we prove
(Theorem 2.4) that the lift f : M — §> of a liftable immersion f : M — CP? without
complex points is primitive harmonic relative to o, 0> and ¢ respectively if and only if
f is minimal Lagrangian, minimal without complex points and minimal Lagrangian or flat
homogeneous, respectively. It is natural to ask, whether actually any primitive harmonic map
relative to o, o2 and o3 is associated to an immersion into C P2 without complex points.
This is assured in Theorem 2.6.

The last part of the paper answers a natural question arising from the above: when consid-
ering primitive harmonic maps one singles out special immersions among a larger class of
immersions and the frames of these immersions project to k-symmetric spaces like a “Gauss
like map”. How does this work out for the surface classes considered in this paper?

We start by considering spaces FL;, j = 1,2, 3 similar to [12]. Thus we obtain three 6-
symmetric spaces of dimension 7 which all are actually equivariantly isomorphic to SU3 /U
(Theorem 3.3 and Corollary 3.4). From these spaces we obtain natural projections to four
different spaces (Theorem 3.5). Two of these are equivariantly diffeomorphic symmetric
spaces relative to o> of dimension 5 and two are equiv/aii@tly diffeomorphic 3-symmetric
spaces relative to o2 of dimension 6. Let SL; (3, C), SLG: (3, C) denote the symmetric spaces
above and Fl, Fl, the 3- symmetric spaces above. Then for any immersion f : D — CP?
without complex points and with lift § : D — §3 and SU3-frame F (f) we define a Gauss
type map G; to FLj, Hi to SLg(3, C), Ha to Flp, H3,1 to SLg:(3, (C) and H3 to FZQ
given by the natural projection of F(f). We finally prove the Ruh-Vilms Theorems for o,
o2 and o3 (Theorem 3.6), characterizing minimal Lagrangian surfaces and minimal surfaces
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without complex points by the primitive harmonicity of the corresponding Gauss maps. In
appendix A, we discuss the liftability of an immersion f : M — CP? into S°.

1 Theory of surfaces in CP?
1.1 Basic definitions: the metrics

Let CP? denote the 2-dimensional complex projective space endowed with the Fubini-Study
metric of constant holomorphic sectional curvature 4.

For the convenience of the reader we recall the definition. For this we will use the natural
C-bilinear quadratic form

3
zZ-W= Zkak,
k=1

where Z = (z1, 22, 23), W = (w1, wa, w3) € C.
Then it is well known that the Fubini-Study metric can be given in homogeneous coordi-
nates by the formula: B }
2 \ZP*1dZ)? —(Z -dZ)(Z - dZ)
ds® =
1Z|*

: (1.1)

where Z is a local holomorphic section of the tautological bundle of C P2.

Now it is an easy computation to show that Eq. (1.1) is unchanged, if one replaces Z by
hZ,where h is any scalar C*°-function with values in C*. As a consequence, we can replace
Z by Z/|Z| and thus obtain:

ds> =1dZ)* - (Z-dZ)(Z -dZ) = dZ — (dZ-2)Z)® dZ — (dZ - Z)Z). (1.2

Note that now Z maps into the unit sphere > in C3. Also note that we will obtain the same
expression if we replace here Z by hZ, where h is any C*®-function with values in S'.

Letnw : §° — CP?bethe Hopf-projection, p — [p]. Then  is a Riemannian submersion,
if one considers the metric on $° induced from the standard Hermitian product on C* and
the Fubini-Study metric on C P2.

1.2 Liftable surfaces in CP?
Let M be a Riemann surface different from S% and f : M — CP? a conformal immersion.
We will write the induced metric locally in the form

g =2e%dzdz, (1.3)

for some real valued function w.
For the approach used in this paper we will need lifts of f : M — CP%>tof: M — §°.

Lemma 1.1 Let M be a contractible Riemann surface and f : M — CP? a conformal
immersion, then there exists a conformal immersion f : M — S such that f = 7 o § holds.

Proof We consider the pullback f*S° of the Hopf fibration to M. Then f*S° is an S'-bundle
over M. But fiber bundles over a contractible base are trivial. Therefore there exists a section
s : M — f*S° and the composition of s with the natural map from f*$> to > yields the
desired map. O
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For general Riemann surfaces M and general conformal immersions f : M — CP? such
a (global) lift f : M — S may not exist.

As a consequence, papers considering surfaces as we do in this paper usually restrict f
to contractible open subsets U of M. Since it is not clear how one can glue these maps
for different U’s together, we will not follow this approach, but rather consider exclusively
liftable immersions, where an immersion f : M — CP? is called liftable if there exists an
immersion f : M — S° such that f = 7 o { holds.

Note, two lifts of some immersion f differ by a scalar function which takes values in S'.
In the rest of this paper we will always use conformal liftable surfaces.

1.3 The basic invariants for surfaces f : D — CP? in terms of §

Let fi : M — CP? be a liftable immersion and fp; : M — § a lift of f.

Using the universal cover 7 : D — M of M we will also consider the immersion
fM =fymom andwritefM =f:D— $5.

We consider next the following diagram.

D—" 5

[l
M " cp2

Lemma 1.2 One can choose without loss of generality | such that the diagram commutes.
Proof We have chosen f such that the diagram

D—J s

~ 4
fm

CPp?

commutes, i.e., 7 o f = fM. We also have the relations fj; = 7 o f); and fM = fyom and
write fyy = f: D — 8.
It suffices to prove that the diagram

D— 5

| A

M

commutes. We observe w o fyy o7 = fy o = fM = 1 o f. Therefore there exists a scalar
function / with values in S! such that f3; o # = hf holds. Thus by replacing f by /f we obtain
the claim. O

In the rest of the paper we will always assume that the diagrams just considered all
commute. Also note that we have adjusted our notation so that objects defined on ID usually
have neither a - nor the subscript M.
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We want to define a (moving) frame for fj; and will build it by using the lift f : D — 3.

On D we will use the complex coordinates z = x +iy and 7 = x — iy, respectively. In the
following, the subscripts z and z denote the derivatives with respect to z and z, respectively,
defined via the Cauchy-Riemann operators

1/9 ) 1 /0 .0
oy ==——-i— ), Oz==(—+i—).
2 \ox ay 2 \ ox ay

Thus we obtain, e.g.,

P () NP B WP Y () A
=i (a i) s ()

The following definition is crucial for this paper

§:=f.— (. Df and n:=f:— (- DF. (1.4)
After substitution into (1.2) the fact that the metric g is conformal gives
§-=§-F=n-F=0 (1.5)
et -E+e n-ii=a+b=2, (1.6)
where we define B
a=e ®t-& and b:=e “n- 7. (1.7)

Writing temporarily £ = £[f] and analogously for 7 it is easy to check that £[hf] = h&[f]
and n[hf] = hn[f] hold for all functions # : D — S!. Therefore a and b are independent
of the choices of the local lift f and the complex coordinate z. Since 0 < a, b < 2, we can
define globally an invariant function 6 : D — [0, 7] by

6 := 2 arccos <\/§) . (1.8)

It is easy to verify that the invariant 8 defined above is exactly the Kihler angle of f, see
for example [18]. In particular, a = b is equivalent to f being Lagrangian. In this case
a=b=1.

Definition 1 A point p € D is called holomorphic (anti-holomorphic or real respectively)
for f : D — CP%if6(p) =0 (;r or % respectively). A point is called a complex point of
f, if it is holomorphic or anti-holomorphic.

Note that p is a complex point of f if and only if a = 0 or a = 2. As a consequence, § = 0
or n = 0, respectively.

In order to be able to describe all immersions into CP? without complex points we
introduce two more invariants:

® = e~ - fidz == dz, (1.9)
Wi=& - qde = ydD (1.10)

Using (1.5) one can easily check that ® and W are independent of the choices of a lift § of
f and the complex coordinate z of D and thus are globally defined on the Riemann surface
D.

Moreover, if f istransformed by anisometry T € SUz to T f, then &€ and 1 are transformed
by T to T& and Tn respectively. From the definitions it follows that ® and W are SU3-
invariant.
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We call W the cubic Hopf differential and & = i (® — ®) the mean curvature form. (Note,
some authors call ® the mean curvature form.)

Remark 1.3 The definitions of ® and W show that the complex points of f are zeros of ®
and W.

1.4 The moving frame equations for surfaces without complex points

f : D — CP? be a contractible surface without complex points and let f : D — S° be a lift
of f. We define & and 7 by (1.4). Then at each point of ID we obtain a basis of C> given by
{& n. .

We combine these vectors to form a matrix
F=Enp.
Due to (1.5), (1.6) and the fact that § - f = 1 holds, this matrix satisfies the two equations
F,=FU, F;=7FV,
where

afatw.+p+aly —a'¢p 1

U= b lem®y p+b7lp0],
0 —be® p
—p—ale —a~le=y 0
V= b='¢ bi/b+wi—p—blp 1 |,
—ae® 0 —p
and where we have abbreviated
p =¥ (1.11)

Note, if we can choose f as a horizontal lift, i.e., satisfying df - f =0, then p = 0.
The integrability condition

U — V. = [U, V]

splits into the following four scalar conditions

pz + p; = (a — b)e?, (1.12)
(loga),z + wyz = (b —2a)e® — (@' $): — (@™ '$), — (ab) "' 1$I* + (ab) e |y 2,
(1.13)

Yz 4 (@ =Y 4 (@ = bTNe®P? = (¢, — w.¢) — e®p(log(ab)),,  (1.14)

(logb).z + wzz = (a — 2b)e” + (b ¢)z + (b 'p), — (ab) > + (ab)'e |y |2.
(1.15)

We note that (1.12) is not essential. By using the Dolbeault Lemma, see [10, Theorem 13.2],
we obtain
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Proposition 1.4 One can choose without loss of generality f such that p satisfies
1
= —(a —b)e”. (1.16)
2
In this case we write pg instead of p.

Proof Define pg as above. Then (1.12) is equivalent to

(0 —po)z + (p — po)z =0. (L.17)

Moreover, Q = i{(p — po)dz — (p — po)dz} is a closed real 1-form. Let § : D — R denote
a solution to dé = 2. Then the new lift f = ¢ satisfies the compatibility conditions above
with p = po. o

Remark 1.5 1. The result above hinges heavily on the fact, that multiplication of f by a
scalar function with values in S! does not change a, b, w, ¢ and ¥, as was pointed out
in a previous subsection.

2. But we will also need that the diagrams in Sect. 1.3 all commute. To maintain this fact
we will also need to adjust fjs by the same factor we have used for §.

For later use it will be convenient to bring the matrices I/ and V into a more symmetric form.
For this purpose we consider
F =FR,

where R denotes the diagonal matrix
_ -1
R:diag( ie 2f ,—le 7«/1; ,1).

Then we obtain
FUdF =Udz +vdz,

where
—1- . @
%%+%w7+p+a o) —vab ¢ iJae?
U= Vab ey Al v+l 0 | (LIY)
0 ivbe? P
—%—‘ éap p—a 1¢ —\/Eile_ww 0
V= Jab ¢ 1yl — p—b1G ivbet |- (1.19)
iJae? 0 —p

Several remarks are in place:

1. F and F = FR have the same last column. As a consequence f = Fe3 = Fes. Hence
a local lift of some immersion f without complex points can be retrieved from both
frames.

v=-u’.

traceU) = (a~' +b)p +3p + L& — &),

trace(V) = —trace(Uf).

F~'dF = Udz + Vdz is skew-hermitian.

If the initial condition for the solution to the equation F~'dF = Udz + Vdz is in Us,
then the whole solution F is in Us. In particular, in this case det(F) € S L

AR
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7. Sometimes we will need to know from which f the frame F has been constructed. In such
a case we write F = F(f).

With these pieces of information we obtain

Theorem 1.6 (Fundamental Theorem of liftable surfaces in C P2 without complex points,

[11])

1. Let far : M — CP? be a liftable immersion without complex points and lift {31 : M —
S3. Let g = 2e®dzd7 denote the induced metric, 0 : D — (0, ) the Kihler angle,
W the cubic form, ® the mean curvature form (all defined from § as in Sect. 1.3). Set
a = 2cos %, b= Zsin% and p = py is defined by (1.11). Then the conditions (1.12),
(1.13), (1.14) and (1.15) are satisfied.

2. Conversely, let g = 2¢“dzdz be a Riemannian metric on the simply connected Riemann
surface D. Let 6 : D — (0, ) be a real valued function and ® and ¥ a (1, 0)-form
and a (3, 0)-form on D respectively. Set a = 2 cos %, b= 2Sin% and p = po is given
in Proposition 1.4. If these data satisfy the conditions (1.12), (1.13), (1.14) and (1.15),
then there exists an immersion f : D — CP? without complex points such that the given
data have the meaning for f as stated in (1). In particular, in this case the given data
are the corresponding invariants for some liftf: D — S of f.

Moreover, if § descends to a map f M — §° for some Riemann surface M, then
T o f M — CP%isa liftable immersion wzthout complex points from M to CP2.

3. If two isometric surfaces f : D — CP? and f D — CP? without complex points
have the same forms ® and ¥ and the same Kihler ﬁmctlon 0, i.e., lf there exists some
diffeomorphism k : D — D such that g = k*3,0 = O ok, ® = k*d and ¥ = k*\,
then there exists an isometry T € SU3 such that f =T o f oK.

The following result will be particularly convenient.

Theorem 1.7 Let fy : M — CP? be a liftable immersion without complex points. Then one
can choose, without loss of generality, a lift §3r : M — S of f such that the corresponding
frame F has determinant 1. Such lift is called a special lift for fu.

Proof First we note that  is unitary and thus has determinant § in S'. Since F is defined on
D, we can take a cubic root of 8. Let 1 € S! denote the inverse of this cubic root. Then the
property £[hf] = h&[f] and n[hf] = hn(f] for all functions z : D — S! implies the claim,
where we also need to adjust f3; as before. O

Corollary 1.8 Under the assumptions above one can specialize the lift fy; in two ways (by
multiplication by a function with values in S') so that one can assume that p = po holds, or
so that F € SU3 holds.

From here on we will always assume that 7 € SU3. It is important to note that now p can
not be assumed to have the special form pg.

Corollary 1.9 Under the assumptions above the trace of the Maurer-Cartan form of F van-
ishes identically.

In the case of minimal Lagrangian surfaces, « = b = 1 and & = 0, thus one can have
a horizontal lift f, i.e., p = 0 and the trace of the Maurer—Cartan form of F vanishes
automatically.
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2 Algebraic digression

In this section we discuss briefly the algebraic setting which will be used in the following
sections.

2.1 The automorphism ¢

We consider the order 6 automorphism o of the Lie algebra g = s[3C, given by

0 € 0
o(X) = —PX"P, where P=|¢* 0 0 (2.1)
0 0 1

with € = e'7. We also consider the connected Lie group G = SL3C and the automorphism
oG of order 6
Goy — Ty\—1
%) =Pg")'P. 22)

Then o is the differential of ¢ and we will use from now on the same notation for both
homomorphisms. By abuse of notation we will also write 0 by . We would like to point
out that o is an outer automorphism of g.

By a simple computation we obtain

o2(X) = P,XP; !, with P, =diag(e, €%, 1). (2.3)

The formula on the group level is the same. We would like to point out that o2 is an inner
automorphism.
Finally we derive

24

- o O

0 1
a3(X)=—-PX'P;, with ;=1 0
0 0

We would like to point out that o> is an outer automorphism of g. In the context of certain
surface classes we will discuss the automorphisms o, o2 and o3 of g.

Since, the eigenspaces of the various powers of o all can be derived from the eigenspaces of
o, we discuss this case first. Explicitly the eigenspaces gx of o with respect to the eigenvalue
€k in sl3C are given as follows

a 0O b O

g = —a laeCy, g1 = 0 0 alla,beCy,

0 a 0 O

0 0 a a

g = 0 0 O0)|laeCy, g3= a laeCy,
0 —a O —2a
0O 0 O 0 0 a

g4 = 0 0 allaeC;, g5= b 0 O]|a,beC
—a 0 0 0 a O

The eigenspaces of o2 are

o g1 + g4 for the eigenvalue €2,
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1760 J. F. Dorfmeister et al.

e g + gs for the eigenvalue €*,

e g3 + go for the eigenvalue 1.
The eigenspaces for o> are

e g4 + g2 + go for the eigenvalue 1,
e g1 + g3 + g5 for the eigenvalue e =—1.

2.2 Thereal form involution 7

The real form g® = su3 of g = sl3C is given by the anti-linear involution
1(X)=-X", X eshC.
We also consider the anti-linear involution ¢ on G = SL3C
%) =@ geSLC 2.5)

By abuse of notation we will also write 7¥ by 7. Then a direct computation shows that o in
(2.1) and T commute, i.e., T o 0 = 0 o T, thus T and the eigenspaces of o have the relation

tg))=9g-j, j=01,...,5 2.6)

In particular go and go @ g3 are subalgebras of su3 with the obvious complexifications.

2.3 k-symmetric spaces

As we discussed in Sect. 2.2, o and T commute, and thus we arrive at a definition of k-
symmetric spaces, as it will be used in our paper.

Definition2 Let GR/ GE)R be a real homogeneous space such that G® is a real form of a
complex Lie group G given by a real form involution 7, that is, GR = Fix(G, ). Moreover,
let o be an order k (k > 2) automorphism of G, leaving GR invariant and commuting with
. Then G®/ G](l$ is called a k-symmetric space if the following condition is satisfied

Fix(G®, 0)° c G c Fix(G®, 0), (2.7)

where Fix(GR, o)° denotes the identity component of Fix(GR, o).

2.4 Primitive maps and the loop group formalism

In the last subsection we have discussed complex Lie algebras and Lie groups. For the
applications to geometry we will need to work with real Lie groups.
Thus we consider a complex Lie group as before and let ¢ denote an anti-holomorphic
involution of G. Then we put
G® = Fix(G, 7).

Similarly we define Lie G® = gR.

Definition 3 Let « be any automorphism of g of finite order k > 2. Let g,, denote the
eigenspaces of k, where we choose m € Z and actually work withm mod k.LetF : D — G
be a smooth map. Then F will be called primitive relative to « if

@ Springer



Ruh-Vilms theorems for minimal surfaces without complex. . . 1761

FYUF =a_1dz + afdz + ajdz + a1dz € g1 + go + g1,
where o, o, and o take values in an eigenspace g, of k.
By abuse of notation we will also write ag = )dz + a(dz.

Lemma 2.1 Let F be primitive relative to k and let us write F~'\dF = a_1dz + ag + a1dz.
Then A Ya_1dz + ap + Aa1dZ is integrable for all ). € C*.

Proof Together with a straightforward computation one needs to use that because of k > 2
the sum g_; + go + g1 of eigenspaces is direct. O

The importance of this observation has been elaborated on and explained in [2, Section 3.2]
and [1].

Theorem 2.2 [1,2] Let G be a complex Lie group, o an automorphism of G of finite order
k > 2 and t an anti-holomorphic involution of G which commutes with o. Let G%Q be any
Lie subgroup of G® satisfying Fix(GR, 0)° C GE)R C Fix(G®, o). Then we consider the k-
symmetric space GX/ GH§ together with the (pseudo-)Riemannian structure induced by some
bi-invariant (pseudo-)Riemannian structure on GX. Let h : D — G®/ G§ be a smooth map
and F : D — GR a frame for h, i.e, h = 7 o F, where w : GRX — GR/GHs denotes the
canonical projection.
Then the following statements hold:

1. Ifk = 2, then h is harmonic if and only if \"'a_1dz + ag + Aa1dZ is integrable for all
reCr
2. Ifk > 2, then h is harmonic if F is primitive relative to o.

From the above theorem, we have the following definition.

Definition 4 Retain the notation in Theorem 2.2.

1. The frame F is called primitive harmonic, if F~'dF = a_1dz + ag + «1dz such that
A la_1dz + g + raydz is integrable for all A € C*.
2. The map 4 is called primitive harmonic map, if the frame F is primitive harmonic.

This admits a direct application of the loop group method (see [8] for the basic formalism,
presented in loc.cit. for compact groups.)
The first step here is to integrate

FldF, =2 e idz + ag + rardz.

Since T maps g,, to g_,,, we can assume that ; is contained in G* for all » € S'. Note
that we will write F(z, A) or F) (z), whatever is most convenient. We will usually also assume
F(z0, A) = I for a once and for all fixed base point zg.

Then it follows from the above that also i) = F, mod GE)R is a primitive harmonic map
with frame ). Usually F, is called an extended frame for h.

The loop group method constructs in principle all these extended frames. For this one
does not read F(z, A) as a family of frames, parametrized by A, but as a function of z into
some loop group.

Here are the basic definitions:

1. AG ={g: S' - G}. Considering G as a subgroup of some matrix algebra Mat (s, C)
we use the Wiener norm on A Mat(n, C) and thus induce a Banach Lie group structure
on AG.
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1762 J. F. Dorfmeister et al.

2. MG =lgeq g has illholomorphic extension to the open unit disk .
and g~ has the same property
3. AFG={ge ATG | g(0) = I}.
4 A-G=lgeG | g has iilholomorphlc extension to the open upper unit disk in CP .
and g~ has the same property
5. A;G={ge A"G | g(oo) =1}
6. AGR ={ge AG|t(g(V) =g forall e S}

Finally, we will actually always use twisted subgroups of the groups above. First we have
AG, ={g € AG | o(g(e 1)) = g(») forall 1 € S'}.
The other twisted groups are defined analogously, like
AfG, = ATGNAG,.

By the form of F, Ld 7, we infer that all the loop matrices associated with geometric quanti-
ties are actually defined for all A € C*. However, geometric interpretations are usually only
possible for & € S!.

To understand the construction procedure mentioned above one considers next again h
and F as above and decomposes

Fz, ) =C(z, ) - L4(z, 1),

where C is holomorphic in z € D and holomorphic in A € C* and £, (z, 1) € A1 G,.
Since $? does not occur in this paper as domain of a harmonic map, such a decomposition
is always possible, and defines a holomorphic potential n for h by the formula

n=cldc.
The potential 7 takes the form
n=A""n_1)dz + AOn0(2)dz + A (2)dz + Anp()dz + - (2.8)

We would like to emphasize:

1. All coefficient functions n; are holomorphic on ID.
2. All n; are contained in gy, (), where m(j) =0,1,2,...,k —land m(j) = j mod k.

This explains the procedure to obtain a holomorphic potential from a primitive harmonic
map. The fortunate point is that this procedure can be reversed.
The following theorem is a straightforward generalization of a result of [8].

Theorem 2.3 (Loop group procedure, [8]) Let G, o and t as above. Leth : D — GR/GHOQ be
a primitive harmonic map with extended frame F). Define C by F(z,A) = C(z, X)) - L4 (z, 1)
and put ) = C~'dC. Then 1 has the form stated in (2.8), the coefficient functions nj of n are
holomorphic on D and we have n; € g (j) and m(j) = j mod k.

Conversely, consider any holomorphic 1-form & satisfying the three conditions just listed
for n. Then solve the ODE dC = C& on D with C € AG. Next write C = F) - V4 with
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Fy € AGD§ and Vy € AT G,. Then F, is the extended frame of the associated family of
some primitive harmonic map h : D — GR / G]Ef.

2.5 Evaluation of the meaning of primitive harmonic maps relative to o, 62, and ¢3

We start by evaluating what it means that a Maurer-Cartan form of some frame of some
liftable immersion into CP? without complex points is primitive relative to o, o2, or o
respectively.

We will use the notation introduced just above.

Theorem 2.4 Let G = SL3C and g = szC its Lie algebra. Let t denote the real form
involution of G singling out G® = SU3 in G and let ¢ = 6C be the automorphism of order
6 of G given by o(g) = P(gT)~' P in (2.1). Assume moreover, that | is the lift of a liftable
immersion f into CP?* without complex points and with frame F in GR. Then the following
statements hold:

1. F is primitive harmonic relative to o if and only if f is minimal Lagrangian in CP2.

2. Fis primitive harmonic relative to o'® if and only if f is minimal in C P* without complex
points.

3. F is primitive harmonic relative to o> if and only if either f is minimal Lagrangian or
f is flat homogeneous in C P2.

Remark 2.5 From Theorem 2.4, in each case, we have a primitive harmonic map in GR / G](If
relative to o, o2 and o3, respectively. We will discuss these maps in Sect. 3 in detail.

Proof Since our statement basically only uses local properties, we can assume without loss
of generality that f and f are defined on a contractible domain D.

1. We consider the Maurer-Cartan form o of some frame of f. Then primitive harmonicity
relative to o means that there is no component of « in the spaces g;, j = 2,3,4. It is
straightforward to see that this is equivalent to ¢ = 0, a = b(= 1) and that the diagonal is
in go. In particular p = 0 and the matrices (1.18) and (1.19) have exactly the form of the
Maurer-Cartan form of a minimal Lagrangian immersion (including the case ¥ = 0).

2. We consider again the Maurer-Cartan form of §. Then primitive harmonicity relative
to o2 means that there is no component of ¢/ in the spaces g;, j = 1,4, and there is no
component of V in the spaces g;, j = 2, 5. These two conditions are equivalent to ¢ = 0.

Thus the primitivity relative to o2 is equivalent to f being minimal without complex
points by Theorem 1.6.

3. In this case we need to consider U = Uy + AU for all & € S!, where U takes values
in the fixed point space of o3 and I/, takes values in the eigenspace for the eigenvalue —1.

From section 2 we know that the eigenspaces for o3 are g4 + g» + go for the eigenvalue
1 and g; + g3 + gs for the eigenvalue €3 = —1. We thus consider a primitive 1-form
Q& = Udz + Vdz, where U is of the form

U=uUy+r""u,

where

ui 0 L(Ja —b)e?
U=120 —ui 0 )

0 —i(Ja—be? 0
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w —Vab~'¢  L(Ja+ bt

Uy = «/ab_le”"lﬂ w 0 ,
0 f(Ja+vb)e? —2w
and an analogous expression holds for V = —()7.

We already know from the beginning of the proof that for A = 1 the map f comes from
some immersion f into C P? without complex points. It thus is of importance to observe that
our 1-form « has the form stated in (1.18) and (1.19). As a consequence, we know the form
of the diagonal entries of &/ and V.

Next we evaluate the integrability condition do + %[Ol Aca] = 0. Expanding in A it is easy
to see that only the following two equations need to be evaluated:

1. Uy = [U1, Vol,
2. 0zUp — 9 Vo = [Uy, V1] + [Up, Vol.

We look first at the first of these matrix equations and evaluate the (11)-entry and the (23)-
entry. After a simple computation we obtain d;w = — 411 (a—b)e® and —3w ’7 (Va— «/l;)e% =
0. Altogether we conclude that @ = b holds on D. In particular we then also havea = b = 1
and that w is holomorphic.

We can assume, since we have normalized our frames to have determinant 1, by using
formula (3) after (1.19), that trace{) = (@~ ' +b"p +3p + %(% — %) = 0, holds. Thus
we have p = —%qb = —2w. In particular, ¢ is holomorphic.

Evaluating the matrix equation (1) above further, we obtain from the matrix entry (13) the
equation % = u11. Now the equations for the matrix entries (12) and (21) imply 0;¢p = 2u11¢
and that v is holomorphic respectively. As a result, ¢ = 0 and the 1-form « is exactly the
Maurer-Cartan form of the SUz-frame of a minimal Lagrangian immersion, or w, ¢ and ¥
are all constant with v is non-vanishing, which gives a Lagrangian homogeneous surface.
One can check easily that with these conditions the 1-form « actually is primitive relative to
o3, O
In the sections above we had always assumed that we start from some liftable immersion into
CP? and consider the frame constructed at the beginning of this paper.

The next theorem is more general. As before we will use e3 = (0, 0, I)T.

Theoren12.6 Let% : D — S’ be a smooth map and F:D — SU3 a frame such that
F.e3 = f. Moreover, we assume that the Maurer-Cartan form & of F has the general form,
more precisely we thus consider a 1-form & = Udz + Vdz, in Asus, where

uip+w U ui3
U= uyy —upn+w 0 s
0 U3 —2w
and
—ujl —w —Uy 0
V= —in an—w—ixn
—i13 0 2w

Furthermore, we assume that u13 and uy3 never vanish. Then the following statements hold:

1. Each primitive harmonic F relative to o can be derived from a minimal Lagrangian
immersion in CP2.
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2. Each primitive harmonic F relative to o2 can be derived from a minimal immersion in
C P? without complex pomts

3. Each primitive harmonic F relative to o> can be derived from a minimal Lagrangian
immersion or a flat homogeneous immersion in C P2,

Proof For the proof we can replace without loss of generality a given f by a gauged one.
Hence, by using the assumptions one can gauge & by a diagonal matrix in SU3 such that for
the matrix entries u j of U we obtain: u 13 = iA and uzy = i B with A and B globally defined
positive functions. We also define ¥ by putting us; = (AB)~'v. Then the matrix ¢/ attains
the form

Ui +w Ui iA
U=|AB "W —uj+w 0
0 iB —2w

and V = —(Z)T has the form
—i1 —w —(AB)™'y 0
V=| —apn an-w iB
iA 0 2w
It is not difficult to verify that there exist uniquely determined a, b > 0 such that

A= \/Ee‘”ﬁ, B =+be”?, a4b=2.

Using these definitions we finally define ¢ by the equation: u 13 = —r ¢. By assumption
we have the solution F to the system dF = F&. We write F = (f 1, fz f) An evaluation of
the equation for F yields A . A

f, = iAf - 2uf.

And similarly we obtain for ]Eg in view of ¥ = —(E)T the equation
§: = i B2 + 2w}

A simple calculation shows now that fz and fz are linearly independent everywhere. Thus f
is an immersion (into $7) and it follows that the projection fof f to C P2 is also an immersion
(and then obviously has the lift f) We need to show that f does not have any complex points.
For this we consider as in (1.4):

gi=F.—G.-Df and n:=f:— G i

A straightforward computation yields & - £ = A> > 0 and a similar computation ylelds
n-7 = B? > 0. Next we observe that one can write A and B uniquely in the form A = /ae %,
B = fe 2, witha,b > 0and a + b = 2. Then we can rewrite a = e~ ¢ - “;‘ and smnlarly
b = e “n - i and it follows that f does not have any complex points.

Note that this implies that f induces the metric g = 2e“dzdz (by comparison to Sect. 1.2).

Moreover we infer p = fz ]E and also fl =—ie % \/571 &.In addition, this implies p = —2w.
Similarly, we have fz = —ie ? \/5_177. .

As a consequence, the frame F coincides with the frame F. Thus f as defined above from
F is the lift of an immersion into C P2 without complex points.

Hence the claims (1), (2) and (3) follow from the last Theorem. ]
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3 Ruh-Vilms type theorems

In the famous Theorem of Ruh-Vilms [17], for immersions into R3, one proves that the
Gauss map into S2 of an immersion into R3 is harmonic if and only if the original immersion
has constant mean curvature. We will generalize this situation to minimal surfaces without
complex points in CP? and to minimal Lagrangian surfaces in CP?.

In our discussion of minimal surfaces in CP? without complex points and of minimal
Lagrangian surfaces in C P2 we restricted to liftable surfaces and thus moved the discussion
primarily to surfaces defined on some contractible domain D C C. Therefore, in the following
sections we will exclusively consider immersions defined on D.

3.1 Various bundles

We first introduce three 6-symmetric spaces of dimension 7 which are bundles over 3. Our
approach applies and extends ideas of [14] to our case.
We consider the spaces F L, F Ly, and F L3. We first choose a natural basis

e1=(1,0,007, e2=1(0,1,007, e3=(0,0,1)7

of C.

(1) FL{ : We now consider C3 as the real 6-dimensional symplectic vector space given by
the symplectic form € = Im( , ). Then the family of (real) oriented Lagrangian subspaces
of C3 form a submanifold of the real Grassmannian 3-spaces of C3, that is, they form the
Grassmannian manifold Ly (3, C3) of oriented Lagrangian subspaces. It is easy to see that
La: (3, C3) can be represented as the homogeneous space U3 /SOs. In this paper we use the
special orthogonal matrix group SO3 as the connected subgroup of SU3 corresponding to the
sub-Lie-algebra of su3 given by

ia 0 y
503 = 0 —iay aeR, yeC} Csus,
-y -y 0

which is isomorphic to the standard so3 by the automorphism X +— Ad(H)(X), where

1—i 14i
7 =20

_ | o=
H= |4 Lig
0 01

The orbit of SU3 in Lg; (3, (CS) through the point eSO3 will be called special Lagrangian
Grassmannian and it will be denoted by SLg; (3, C3). The elements in this orbit will be called
oriented special Lagrangian subspaces of C3.

We summarize this by

Proposition 3.1 SU3 acts transitively on SLg; (3, C3), and we obtain
SLg:(3, C?) = SU3/S0s.
The base point eSO3 corresponds to the real Lagrangian subspace of C3 given by H™'R3.

Next we define

FL ={(w,V)|ve S, veV, VeSLg@3, CH).
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It is easy to verify that SU3 acts (diagonally) on F L. Note that the natural projection from
F L1 to CPP? is a Riemannian submersion which is equivariant under the natural group actions.
Since S° = SU3/SU,, where SU, means SU; x {1}, the stabilizer at

1 P 1—i T 1—i 14 T
(e3, spang{é1, &, e3)) € FL,  with a=< j’,—’,o) , éz=<—’,i,o)

2 2 2
is clearly given by SU, N SO3, that is

Ui ={@a ' )]aes".
Therefore
FLy =SU;3/Uj.

(2) FL, : For the definition of F'L,, we consider certain special regular complex flags
in C3. Here by a regular complex flag Q we mean a sequence of four complex subspaces,
Qo = {0} C Q1 C Q2 C Q3 = C3 of C?, where Q; has complex dimension j. We then
define the notion of a special regular complex flag in C> over g € §° by requiring that we
have a regular complex flag in C3, where the space Q satisfies Q1 = Cq. Thus we define

w € §°, W is a special regular complex

FLy={(w,W)| e :
flag over w in C” satisfying W; = Cw

The definition of a special flag means that for a given vector g # 0 in C> one can find three
pairwise orthogonal vectors g1, g2, g3 € C3 with g3 = ﬁ such that the vectors g1, g2 and g3
represent the same orientation as €1, €3, e3. By an argument similar to the previous case we
conclude that SU3 acts transitively on the family of special flags. Moreover, the stabilizer of
the action at the point (e3,0 C Cesz C Ce3z @ Cey C Cesz @ Cep @ Cey) is again given by
SO3 N diag, where diag denotes the set of all diagonal matrices in SU3. Thus it is again U;
and we have altogether shown

Proposition 3.2 SUs acts transitively on F Ly, and F Ly can be represented as
FL, =SUj3/Uj.

Note that the natural projection from FL; to CP? is a Riemannian submersion which is
equivariant under the natural group actions.

(3) FL3 : Finally, using the isometry group SU3 of S°, we can directly define a homoge-
neous space F'L3 as

0 € 0
FL;={UPUT |UeSUsandP=|¢* 0 0]}, 3.1)
0 0 1

where € = ¢7/3,

Theorem 3.3 We retain the assumptions and the notion above. Then the following statements
hold:

L. The spaces FL; (j = 1,2, 3) are homogeneous under the natural action of SU3.
2. The homogeneous space FL; (j = 1,2, 3) can be represented as

FLj =SU3/Uy, where U; = {diag(a,a™', 1) |a e S'}.

In particular they are all 7-dimensional.
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Proof The statements clearly follow from Propositions 3.1, 3.2 and the definition of F L3 in
(3.1), where the stabilizer at P is easily computed as Uj. ]

Corollary 3.4 The homogeneous spaces FL; (j = 1,2, 3) are 6-symmetric spaces. Further-
more, they are naturally equivariantly diffeomorphic.

Proof First we note that the group G® = SUj has the complexification G = SL3C and is
the fixed point set group of the real form involution 7 given in (2.5).
We show that F L3 is a 6-symmetric space. First note that the stabilizer

Stabp = {X € SU3 | XP X' = P} (3.2)

at the point P of F L3 is U;. We already know that the order 6-automorphism o of SU3 given
in (2.2) and the real form involution T commute. Moreover, a direct computation shows that
the fixed point set of ¢ in SU3 is U1. Thus Stab p satisfies the condition in Definition 2. Hence
F L3 is 6-symmetric space in the sense of Definition 2. Furthermore, since all the spaces F'L ;
are SU3-orbits with the same stabilizer, the identity homomorphism of SU3 descends for any
pair of homogeneous spaces FL; and FL,, to a diffeomorphism

Gjm: FLy — FL;
such that for any g € SU3z and p € FL,, we have
¢]m(gp) = g¢jm(P)

As a consequence, also F L and F L, are 6-symmetric spaces. O

3.2 Projections from the bundles

We have seen that the homogeneous spaces F'L; (j = 1, 2, 3) are 7 dimensional 6-symmetric
spaces. In this section we define natural projections from F L ; to several homogeneous spaces.
First from F L1, we have a projection to SLg; (3, Cc? given by

FLi 3 (v, V) —> V € SLg:(3, C).

Itis easy to see that SLg; (3, CHisa symmetric space with the involution o3 defined in (2.4).
Next from F L;, we have a projection to a full flag manifold:

FLy > (w,W)+— W e Fl,
where Fl, is defined as
Fl, = W | W is aregular complex flag in C3.

It is easy to see that Fl, is a 3-symmetric space with the involution o2 stated in (2.3).
Finally from F L3, we have two projections. We first let k € Stabp as in (3.2) with

0 € 0
P=|e* 0 0], e=¢"/3,
0O 0 1

then a straightforward computation shows that

kPPTk ' =kPkTPT = PPT, kPPTPKT = PD) " 'PTk'P=PPTP.
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Therefore we have two projections

FL; > UPUT —s UPPTU! € FI,
FLy>UPUT —s UPPTP)UT € SLg (3, C),

where 1’7\112 and S/E_G/r(3, C) are defined as
Flh ={UPPTYU™" | U e SU3), SLg(3,C) = {UPPTP)UT | U € SU3}.

Note that it is easy to compute

e 0 0 01 0
pPT=10 ¢ of|, PPTP=|1 0 0],
0 0 1 0 01

and the stabilizer in SU3 at PPT of 1?1/2 and the stabilizer in SU3 at PPT P of S/L\&G, ©)
are

StabPPT = D3, StabPPTP = SOS,
where
D3 = {diag(a1, a2, a3) € SU3},

and where Stabpprp is exactly the same group as the stabilizer of SLg(3, C). Thus

SLGr(3, C) and S/f(;(3, C) are naturally equivariantly diffeomorphic. An analogous argu-

ment applies to Fly and 1::1/2 Now the stabilizer of 1?1/2 is determined by the matrix

characterizing 2, whence FI (and thus Fl) is the 3-symmetric space associated with

o2. Similarly, SLg; (3, C) (and thus ﬁ:&(& C)) is the symmetric space associated with o3,
Thus we obtain:

Theorem 3.5 We retain the assumptions and the notion above. Then the following statements
hold:

1. The spaces SLg: (3, C) and S/I_\,a(3, C) are naturally equivariantly diffeomorphic sym-
metric spaces relative to 3, and they are 5-dimensional.

2. The spaces Fl and/I?lz/are naturally equivariantly diffeomorphic 3-symmetric spaces
relative to o2, and they are 6-dimensional.

3. The homogeneous spaces SLg: (3, C) and %(3, C), and Fl, and?l_g/can be repre-
sented as

SLgr(3, C) = SU3/S03, SLG:(3.C) = SU3/S0s3,
Fl, = SU3/D3, Flp = SU3/Ds.
We now define several projections:
7j:SUs — FL;, (j=1,2,3),
and

#1: FLy — SLG:(3,C), #y: FLy — Fly, #3,1: FL3 — SLg(3, C),
w32 : FL3 — ﬁz.
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Schematically, we have the following diagram:

SU3
W
3
FLj
SLGr(3,C) = SLg.(3,C) Fl, =

3.3 Gauss maps

We now define three Gauss maps for any liftable immersion f : M — CP? without complex
points, with M a Riemann surface. For our purposes in this subsection it will suffice to
consider the lift  to a map f : D — CP?, where D denotes the universal cover of M.
Therefore we will assume from now on M = D, unless the opposite is stated explicitly.
So let us thus assume that f is defined on a simply connected domain D C C and that
f is a special lift of f. Then we define the frame F : D — Uj as in Theorem 1.7 such that
det F = 1, that is,
F :D — SUs. (3.3)

F will be called the normalized frame. Note that the function p has been chosen now and
may not coincide with pp as in Proposition 1.4.

Definition 5 Retain the above notation.

1. Consider the projections 7j o F : D — FL; (j = 1,2,3), where ; : SU3 — FLj.
Then

gj:T[jO]: (]:1,2,3)

will be called the Gauss map of f with values in F L ;. These Gauss maps are clearly
well-defined on D (independent of the choice of coordinates).
2. Furthermore we follow the Gauss maps with the projections from F'L ; to SLg; (3, C), Fl,

S/I:G/r(3, C) or Fl} respectively as discussed just above, i.e.,
Hi=miomoF (i=12), Hz;i=m3,0omoF (i=12).

These maps will be called the Gauss maps of f with values in SLg:(3, C), Fis,
SLGr(3,C) or I::l; respectively.

Our definitions were a priori not very geometric. But by following [14] we find analogously
7 obvious geometric interpretations of the Gauss map.
For FL; and SLg,(3, C): Let G| : D — FL; be given by

p = (f(p), spang{&(p), ii(p), f(p)}),

where

£ = —ie_“’/z\/ails, n= —ie_w/z«/ziln,
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and f is a lift of f such that det 7 = 1. Furthermore, the Gauss map H; : D — SLg;(3, C)
is given by 71 o Gy, i.e.,
p > (spang (&(p), i(p), f(p)).
For FL, and Fly: Let G, : D — F L, be given by

p > (f(p), 0 C Cf(p) C Cf(p) ® CE(p) C Cf(p) ® C(p) @ Cij(p)).

Furthermore, the Gauss map H, : D — Fl; is given by 712 0 G, i.e.,
p+ (0 C Ci(p) C Cf(p) ® C&(p) C Ci(p) ® CE(p) @ Cii(p)).

For FL3, S/L\G/I(S, C) and 1?1/2: We observe that one can represent the Gauss map G3 by
using the frame F defined in Theorem 1.7 as

G=FPF', with P=

where € = ¢7!/3. Furthermore, the Gauss mapsH3,1 : D — S/I:_G/r(3, C)andH3, : D — 1’772
are given by 73 ; o G3, i.e.,

Hs1:p> F(PPTPYFT, Han:ipw F(PPTYFL

3.4 Ruh-Vilms type theorems associated with the Gauss maps

We finally arrive at Ruh-Vilms type theorems.

Theorem 3.6 (Ruh-Vilms theorems for o, % and o3) With the notation used above we con-
sider for any liftable immersion into CP? the Gauss maps:

1. G;:M — FLjforj=1,2,3
2. Ho=m0Gy: M — Flyand H3p =7320G3 : M — Fly,
3. Hi=m oG : M — SLg:(3,C) and H3z1 =731 0G3 : M — SLg:(3, C).

Then the following statements hold:

1. G; (j = 1,2, 3) is primitive harmonic map into F L j if and only if F is primitive harmonic
relative to o if and only if the corresponding surface is a minimal Lagrangian immersion
into CP2. .

2. Hy or Hz 2 is primitive harmonic in Fly or Fly if and only if F is primitive harmonic
relative to o> if and only if the corresponding surface is a minimal immersion into C P>
without complex points. o

3. Hi or Ha 1 is primitive harmonic map into SLg (3, C) or SLg,(3, C) if and only if F
is primitive harmonic relative to o if and only if the corresponding surface is either a
minimal Lagrangian immersion or a flat homogeneous immersion into CP2.

Proof The first equivalence in (1) is due to the definition of primitive harmonicity into a
k-symmetric space. The second equivalence has been stated in Theorem 2.4. The proofs for
(2) and (3) are similar. ]

Remark 3.7 We would like to point out that the result above is not contained in [14].
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Appendix A

In this appendix, we discuss the liftability of an immersion f : M — CP? into S°.

A.1.The non-compact case

Theorem A.1 Let D C C be a simply-connected domain and f : D — CP? an immersion
without complex points. Let fo : D — S be a lift of f and F (fo) the corresponding frame.
Then

(a) There exists some smooth function § : D — § U such that det F (6f0) = 1.
(b) Any two lifts fo and 1 of f for which det F(fo) = 1 and det F(f1) = 1 differ by a cubic
root of unity.

Proof (a)Put§y = det F(fo). Thendp : D — S 1'is smooth. Since I is simply-connected we
can define the smooth function § = 80_1/3 :D — S!, then det F(8fy) = 1.

(b) Assume det F(fp) = det F(f1) = 1. Since fo and f; are both lifts of f on D, there
exists some smooth function & : D — S' such that f; = hfo holds. Then det F(f;) =
det F(hfp) = 1 implies h3 = 1. Hence & is a constant. ]

From this we derive

Theorem A.2 Let M be a non-compact Riemann surface and f : M — CP? an immersion
without complex points. Then there exists a global lift § : M — S°.

Proof Let {U,} be an open covering of M by open contractible subsets (disks). Then on
each U, there exists some lift f, : Uy — S5 of fiu, such that det 7 (f,) = 1 holds. On the
intersection U, NUg we consider a connected component C&ﬁ. Then f, = A, pfpon (o 5 With
some unique smooth function hfxﬁ : C;ﬂ — S!. Now F(fo) = ]—"(hﬁxﬁf,g) = (hfxﬁ)3}'(f,g)
and the requirement that det F(f,) = det F(fg) = 1 holds implies that 8 is a cubic root of
unity. In particular, £, 8 is constant and thus holomorphic. Altogether we obtain f, = heg f5
on Uy NUg with a holomorphic function iy on U, NUg. Itis easy to verify that the family of
heg is a cocycle. Since we have assumed that M is non-compact, the cocycle {hqg} splits (see,
e.g. [10], Corollary 30.5). Therefore there exist holomorphic functions wy on U, satisfying
heg = wy ! wg. As a consequence the family of wqf, defines a globally defined function
f: M — S and thus a global lift of f. O

Remark A.3 1. The frame corresponding to f, as in the last theorem, generally speaking only
makes sense if { is defined on a simply-connected open subset of C. As a consequence,
the condition det F(f) = 1 only makes sense on D.

2. If M is compact, then one can repeat the argument above with a meromorphic splitting.
Hence one needs to admit (finitely many) singularities in the global lift f.

The general case
Recall that we assume that M is different from S2. We use this right below, when we state

that f : D — CPZhas alift f : D — $. This is proven by considering the pull back bundle
and using that ID is contractible.
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Proposition A.4 Let f: M — C P2 be an immersion without complex points and f :D—
ECP2 denote the lift f = f o of f to the universal cover 7 : D — M. Then f has a lift
§: D — $° and the following statements hold

L. Fory € (M), acting on D by Mébius transformations, we obtain that also )/*f is a lift
of f.

2. Forall y € m(M) we have r*D(z. 2) = c(y, 2, Df(z, Z) with ¢ taking values in S.

3. After multiplying f by a scalar multiple in S' we can assume without loss of generality
that f(f) is contained in SU3.

4. For f as just above and y € m1(M) we obtain

YHFM( D) = ey, 2, DF D Dk(y, 2, 2), (A.1)
with k(y, z, 2) = diag(ly'l/y', [Y'l/¥', 1), where y" = y,.

Proof 1. This can be deduced directly after composing these maps with the Hopf fibration.
2. This just rephrases that both maps are lifts of f.
3. As pointed out in the remark above this can be done since the frame is defined on a
simply-connected domain.
4. This claim will follow from a series of simple statements:
First by the chain rule we have (y*%)z =0, (} oy) = f oy -y’. Then it follows that

y*ED) = J/*fz - (T ~7*f)y*f
zy—(y f)z—( (" Dz v Hy*f

1 ~ ~ = -
= 7{(Cf)z = ((cz - cfef}
1 ~ ~ ~ ~ z ~
= V{sz + cf; — ((cf +cfz) - DF}
1 ~
= —c&(f).
Y

Thatis, y*(£(7) = ()" e(y. (). Similarly, we obtain y*(n(7)) = (7) " e(y. In(f). On
the other hand, since y acts on ID by isometries, e®dzdz = y*(e“dzd?) = y*(e®)|y’|?dzdz.
Moreover, the functions a and b are independent of the choice of ? Putting this together we
obtain for the frame F (f) the claim. o

Corollary A.5 Inview of the fact that we can assume det F(§) = 1, the transformation formula
above for the frame implies c¢(y, z, 2)* = 1 and thus

c(y,z2,2) =c(y) € S! (A.2)

forall y € mi(M). In particular, ¢ : 11 (M) — S is a homomorphism with values in the
group A3 of cubic roots of unity, whence the image of c is either {e} or all of As.

From this we derive the following

Theorem A.6 Let M be a Riemann surface, different from S%, and f : M — CP? an
immersion without complex points. Let 7 : D — M denote the universal covering of M
and f fo# : D — CP? the natural lift of f to . Letf D — $3 denote a Lift off
satisfying det F(f) = 1. Let ¢ : w1 (M) — S' denote the homomorphism induced by fand
put T' = ker(c). Furthermore, define the Riemann surface M = T\ID. Then the following
statements hold :

@ Springer



1774 J. F. Dorfmeister et al.

a) The definitions above induce naturally a sequence of coverings

D—"sM—">M, (A.3)

where the first map is denoted by 7t and the second map is denoted by t. Recall that our
definitions imply m = T o 7. Moreover; the covering map t has either order 1 or order 3.
b) Putting f = f o1 : M — CP? we obtain the commuting diagram,

D$SS

| )

M — CP?

i

M

where% :M — S5 is the naturally global lift offA.AThen, either M = M and f itself has
a global lift or t : M — M has order three and M has the global lift f.

Proof Since the image of c is either only the identity element of S! or the full group of cubic
roots, the kernel of c either is all of 71 (M) or a subgroup I' satisfying A3 = 71 (M)/T.

In the first case M = M and f actually is a global lift of f. In the second case, the map
f M — CP? has a global lift, namelyf M — $5. O

Corollary A.7 Let M be a Riemann surface different from S* and f : M — CP? an immer-
sion without complex points. Then either f has a global lift f M — S, or there exists a
3-fold covering t ‘M > M of M such that the immersion f for :M — CP%hasa
global lift, while the given f : M — CP? has not.
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