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Abstract

We introduce sufficient as well as necessary conditions for a compact set K such that there is
a continuous linear extension operator from the space of restrictions C®°(K) = {F|x : F €
C*®(R)} to C*°(R). This allows us to deal with examples of the form K = {a, : n € N}U{0}
for a, — 0 previously considered by Fefferman and Ricci as well as Vogt.
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1 Introduction

For a compact subset K of R? we endow the space of smooth restrictions
Co(K) = (Flg : F € C*(R")
with the quotient topology of the Fréchet space C°(RY), i.e., with the sequence of norms
A ln = inf{| Fll, : Flg = f} where
IF |l = sup{|d“ F ()] : x € RY, || < n}.

This is a Fréchet space and the restriction operator R : C (R — C®(K), F +> Flg is
surjective. We are interested in the question whether there exists a continuous linear extension
operator E : C®(K) — C*®(R?) which means that Ro E = Idcoe (k. If this is the case we
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say that that K has the smooth extension property. Till know, very few cases are understood,
a remarkable result of [2] says that semicoherent subanalytic sets have the smooth extension
property.

One of the many difficulties with this question is that, for small K, there are no derivatives
for f € C®(K) so that many classical analytical tools are not directly accessible. In one
dimension — and this is the case we concentrate on — one can use divided differences as
a substitute, they were used, e.g., by Merrien [13] to prove C®°(K) = ﬂneN C"(K) for
K CR.

This equality is no longer true in higher dimensions (for subanalytic sets K itis equivalent
to semicoherence [2,3], an elementary example can be found in [16]) so that the recent deep
result of Fefferman [5] that, for every n € N, there is an extension operator E,, : C"(K) —
C"(R?) is not directly applicable.

Instead of C°°(K) one can consider the space of Whitney jets

EK) = {(*Flk)qens : F € CORD)

also endowed with the quotient topology from C*(R?). The corresponding question whether
there is a continuous linear extension operator &(K) — C>(R?) (then K has the Whitney
extension property) is not completely solved but much better understood than the smooth
extension property, we refer to [9] for many sufficient and necessary conditions. It is proved
in [9, Remark 3.13] that the existence of an extension operator for &(K) implies &(K) =
C®°(K) (more precisely, (3% F|x) weNd — F|g gives an isomorphism), thus, the Whitney
extension property implies the smooth extension property. Therefore, if K is the closure of
its interior and has Lipschitz boundary [18] or, more generally, not too sharp cusps [1,17]
then it has both extension properties. The same holds for such porous sets as the Sierpifiski
triangle [7]. An example with C*°(K) = &(K) and without extension property is the sharp
cusp {(x,y) e RZ:0<x < 1,0 <y <exp(—1/x)}in[19].

However, if C*°(K) is different from & (K) much less is known. The extreme case of a
singleton K has the smooth extension property (trivially, since C*°(K) is one-dimensional)
but not the Whitney extension property [14]. The same holds for semicoherent subanalytic
sets with empty interior.

For general sets without further analytical properties a characterization of the smooth
extension property seems to be far out of reach. In this article we continue the investigation
of rather special sets K = {a, : n € N} U {0} for real sequences a, — 0 as considered by
Fefferman and Ricci [8] and Vogt [20]. In [8] it is shown that for a, = n® with o < 0 the set
has the smooth extension property.

This was generalized by Vogt to decreasing sequences @, — 0 such that

(a) ap — a1 is decreasing,
(b) a,/an+1 is bounded, and
(¢) al/(a, — ay41) is bounded for some ¢ € N.

In particular, {¢™" : n € N}U {0} has the smooth extension property. However, examples like
a, = 1/log(n), a, = e’”z, ora, = e~ 2" are not covered by Vogt’s approach. We are going
to introduce several sufficient conditions as well as necessary ones in order to deal with such
sequences.

Whereas Fefferman and Ricci gave an explicit construction of an extension operator Vogt
as well as Bierstone and Milman used the splitting theory for short exact sequences of Fréchet
spaces and we will follow this strategy. For the ideal Zy = {F € C*® (RY) : Flg = 0} we
have a short exact sequence
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0> Tx — C*RY) X =) =0

and, by definition, K has the smooth extension property if and only if the sequence splits in
the category of Fréchet spaces (the right inverses of R are precisely the extension operators).
The celebrated splitting theorem of Vogt and Wagner [15, chapter 30] says that it is sufficient
to prove that Zg satisfies the topological invariant (2) and C*°(K) satisfies (DN) (has a
dominating norm, we will recall the definitions later on). If K has the smooth extension
property we can replace E(f) by ¢ E(f) where ¢ is a smooth function with compact support
and equal to 1 near K to obtain an extension operator with values in Z(B) for some ball B.
Since Z(B) satisfies (DN) and (£2) we conclude that K has the smooth extension property if
and only if Zx € (R2) and C*°(K) € (DN).

In Sect. 2 we will show (£2) not only for Zx with compact subsets of R but for every
closed ideal 7 in C®°(R) (the case Z = {F € C®R) : F®|x = 0forallk € Ny} is
known and corresponds to &'(K)). Therefore, K € R has the smooth extension property if
and only if C*°(K) satisfies (DN), and we will prove a sufficient condition in section 3 and
two necessary ones in section 4. This allows us to show that K = {a, : n € N} U {0} has the
smooth extension property for the very fast decaying sequence a,, = ¢~ but it does not for
extremely fast sequences like a, = e~ 2".

2 Closed ideals in C*°(R)

In this section we will show that every closed ideal of C*°(R) satisfies property (£2) of
Vogt and Wagner [15,21]. This is possible because a simple instance of Whitney’s spectral
theorem [12,24] gives a full description of all closed ideals Z: There is a multiplicity function
u R — Ny U {oo} such that

IT={feC®: fPx)=0forallx e Rand0 < j < u(x)}

(for w(x) = O there is thus no condition on f(x)). We will prove (£2) in the following form
(which is equivalent to the submultiplicative inequalities for the dual norms in the definition
in [15, chapter 29]): A Fréchet space X with fundamental sequence of seminorms || - ||,
satisfies (€2) if

YVneNdm>nVk>m3IseN,c>0Ve >0 every x € X with ||x],, <1

can be written as x = x — y + y such that|x — y|, < eand ||yl < cs™".

Note that these are approximation problems with respect to the n-th norm requiring specific
bounds for the k-th norm of the approximants. We are going to solve these problems in 7
for the seminorms || f||, = sup{|f(-/)(x)| 2 |x|] < n,0 < j < n} by using rather classical
approximation properties of Hermite interpolation polynomials. Below, we will explain that
the following theorem generalizes in a certain sense Merrien’s result mentioned above.

Theorem 2.1 Every closed ideal T of C*°(R) satisfies (£2).
Proof We take a multiplicity function p for Z as above. For n € N we will prove the (£2)-
condition withm = 2n + 1 and s = k (for given k > m). Even the constants ¢ = ¢, will turn

out to be independent of the ideal. In the following, ¢ and ¢ always denote constants which
are independent of f and ¢ > 0 and may vary at different occurrences.
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We start with a partition of unity of the form

Y et—0=1

LeZ

where ¢ is a positive smooth function with support in the interval (—1, 1) so that, for each
x € R, at most two terms of the series do not vanish. Such a partition can be seen, e.g.,in [11,
Theorem 1.4.6]. For ¢, = |l¢|lx and ¢ > 0 the scaled functions g¢ ¢(x) = ¢(x/e — £) then
satisfy loe.clle < cx/ek, suppoee € I = (€ — De, (€ + De), and 3 06.¢(x) = 1 with
again at most two non-vanishing terms. Given now f € Z with || f|l,, < 1and ¢ € (0, 1) (for
& > 1 there is the trivial (€2)-decomposition f = f — 04 0) we make the following ansatz:

8= Z Oc.L8¢

LeZ

with polynomials g, of degree m to be chosen in a way such that o; ¢g¢ € Z, || f — glln < &,
and [Igllx < cxe™ .

For the choice of g, we distinguish two cases depending on the number N, of prescribed
zeroes (counted with multiplicities) of the ideal in Iy, thatis, Ny = ) . I wx). I Ny > m+1
or || > (n+1)/e we justput g, = 0. Otherwise, we increase one of the j(x) for an arbitrarily
chosen x € I; so that Ny = m + 1, and take g, as the unique solution of the Hermite
interpolation problem with data {(x, f)(x)) : x € I;,0 < j < u(x)}. This means that g,
is a polynomial of degree m such that géj)(x) = fDx) forallx € [p and 0 < j < p(x).
Since f € Z the polynomial g, satisfies in /; all necessary conditions for belonging to Z.
Therefore, o¢ ¢g¢ € Z and hence g € 7.

We will first estimate || g||x with k& > m for which it is enough to estimate ||o¢ ¢g¢llx for
each £ with g¢ # 0. For j < k we apply Leibniz’ rule and the inequalities for the derivatives
of o, ¢ from above to get, for all x € I,

|(0e.08)” )] = e suplgl 0l -0 < i < 1y
= cxe ™ supllgy’ ()] : 0 =i <m)

because g, is a polynomial of degree m. To estimate the derivatives of g, we need the
concrete form of the Hermite interpolation polynomials and, in order to be consistent with
the commonly used notation as, e.g., in [4, chapter 4,§6], we fix an ordered vector (xo, . . . , X;;)
in which each x € I, appears @ (x) times. Then

ge(x) =Y flxo, .-, xs]x = x0) -+ (x — x4-1)
s=0

with the (generalized) divided differences as coefficients. For real valued f (which we may
assume, of course) there are £ € I such that f[xo, ..., xs] = f®)(&)/s!. Since |x — xj| <

2e < 2 for x € I, we thus get |g§j)| < c|| f|lm on I; and hence

—k
lglle = cxe™" Il fllm-

It remains to show | f — gll, < ce with a constant independent of ¢ (which afterward
can be removed by applying the obtained decomposition for &€ = &/c), and because of
f— g =>0e¢(f — gp) it is again enough to estimate each term. We do this for the case
where g¢ # 0, the other one is similar (and even a particular case of the following arguments

by choosing xo, . .., x;, arbitrarily among the zeroes of Z in I;).
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Given xo, ..., X, as above we write H for the linear map assigning to h € C™ (1) its
Hermite interpolation polynomial for the data {(x, hD((x)) 1 x € Iy,0 < j < u(x)}. Then
H is a projector onto the subspace of polynomials up to degree m. For the midpoint y = £¢
of Iy and the Taylor polynomial Ty’" f of degree m around y we thus have on /;

f—g=f-Hf)=(-T]NH+HT]f-f).

By Taylor’s theorem, the derivatives up to order n of the first term are less than 2|| f ||, ~".
The j-th derivative of the second term is

() m )
(H@ s =) 0= 3@ f = Pl 2] (6 = x0) - (6= x5 )Y
s=0

=Y (T f = HOE) ((x—x0) -+ (x = x- 1))V

s=j

with & € I;. On I, we thus get again by Taylor’s theorem and Leibniz’ formula a constant
¢ (depending only on m) with

‘(H(Ty’”f -n)"

<e 3| @Y - re0| ey
s=j

m
<Y S Ine" @) < &) flly <
s=j
Combining this with o) (x)] < ¢,e~" and m = 21 + 1 we finally get

If —glln < ce™ ™" = ce. O

In the proof above we did not use that f is smooth but only that f € CZ*(R). In
particular, we have shown for any set K € R and

Ty ={f € C"®): flx =0)

thatevery f € I%(”H canbe decomposed as f = f—g+gwithg e Z¥ and || f —gll, < &.
(The proof even simplifies a bit because one does not need the estimate for ||g||x and, because
all zeroes of the ideals are simple, one can use Lagrange instead of Hermite interpolation.)
Expressed differently, the closure of Z¢° in T¢ contains Ilz<”+1. This reducedness of the
projective spectrum (T )nen, allows us to apply the abstract Mittag-Leffler procedure, see,
e.g., [22, section 3.2]: For each n € Ny we have a short exact sequence

0—7Z¢ - C"R) > C"(K) > 0
and the projective limit (with respect to the inclusions as spectral maps) of these sequences
is
0— I — C®®) > [ C"(K) - 0.
neNp

In general, the projective limit of exact sequences need not be exact at the last spot and the
non-exactness is measured by the first derivative of the projective limit functor. The abstract
Mittag-Leffler theorem [22, Theorem 3.2.1] now states that this first derivative vanishes for
reduced spectra. As this is case here we get that the limit is indeed exact. We have thus a new
proof of the following result from [13]:
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Theorem 2.2 (Merrien) C*®°(K) = (), C"(K) for every set K C R.

We do not know any compact set K € R? such that the vanishing ideal Zx = {f €
C®(RY) - flx = 0} does not satisfy (£2). To be concrete, we thus state a very optimistic
conjecture:

Conjecture 2.3 Every vanishing ideal Tk in C®(RY) satisfies (S2).

3 A sufficient condition for (DN)

In this section we prove a sufficient condition for a compact set K C R such that C*°(K)
has a dominating norm.

Let us recall that for a Fréchet space X with fundamental sequence of seminorms || - ||,,
the n-th seminorm is dominating if

Vm>n3dk>m,c>0VxeX

2
lxll =< cllxlizlixla-

An equivalent condition is 39 € (0,1) Vm > n 3k > m,c > 0 such that x|, <
c||x||Z||x||,lfl9 (the passage from the given ¢ to ¢+ = 1/2 is done by iterating the latter
condition if ¢ > 1/2 and it is trivial for ¢ < 1/2) which is satisfied if (and only if) we have

do>1VmeNIk>m,c>0,6€(0,)VxeX,0<e<g

lxllm < cellxlli + &~ [lxlln).

Indeed, by increasing the constant we get the inequality for all ¢ € (0, 1) and minimizing
the right hand side then implies the submultiplicative inequality with ¥ = o/(1 + o) (and a
different constant).

Just for convenience, we will slightly modify (a finite number of) the seminorms of C*°(R)
from the previous section: Given a compact set K € R we set || F||, = Sup{IF(j)(x)| 10 <
j<n,x € KU[—n,n]}.

For a closed ideal with multiplicity function ;« whose zero set Z(Z) = {x € R : u(x) > 0}
is contained in K all quotient seminorms

£ Nl = inf{l| Fll, - F represents f}

(where, of course, F represents f if f is the equivalence class F + Z of F) are in fact norms
on C*(R)/Z.

As mentioned in the introduction, theorem 2.1 implies that a closed ideal Z is comple-
mented in C®(R) if C®°(R)/Z satisfies (DN), i.e., it has a dominating norm. Using the
specific form of closed ideals and a partition of unity one easily sees that the assumption that
Z(Z) is compact is no restriction of generality.

As before, for a closed ideal 7 with multiplicity function s and / € Rwecall )~ ; u(x)
the number of zeroes of Z in /.

It is quite natural to expect that (DN) for the quotient C°°(R)/Z depends on the way the
points of Z(Z) accumulate. The theorem below describes a kind of thickness of K near its
points which are not “very isolated” expressed in terms of a local Markov equality. Several
versions of it appeared in the context of Whitney extension operators, e.g., in [1,6,7,9,17]. A
more geometric condition will be derived afterwards.
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Theorem 3.1 Let Z C C*®°(R) be a closed ideal such that K = Z(Z) is compact. The norm
Il - Nl is dominating in C*°(R)/Z provided that the following condition holds:

dr>1,y>1Ym,keN3Ic>0,6€(0,1)Vxe K, 0<e < g

either (x — &", x + €") contains at most n + 1 zeroes of T or there is y € K N (—¢, €) such
that

; c
PP = o supllPM]:1 € KN (y—e,y+e)
Jor all polynomials P of degree < k and all j € {0, ..., m}.

Proof We may assume that r and y are integers. Given m > n we set m = (r + 2)m and
k = (r+ 1)m+ym. The condition applied to m and k responds with a constant ¢ and & > 0.
We fix f € C*°(R)/Z and ¢ € (0, &;).

As in the proof of theorem 2.1 the constants below may vary from one occurrence to the
other but are always independent of ¢, x € K, and f. We take a partition of unity o1, ..., 0m
on K, such that supp(o¢) € Iy = (x¢ —&", x¢ + &), every x € R belongs to at most two Iy,
and

lo (x)] < ce™".

We will construct a representative F' = ZQ/IZ] o¢ge of f with suitable g, by distinguishing
two cases:

(i) If the number Ny = er]z w(x) of zeroes in Iy is < n+ 1 we let g¢ be the polynomial of
degree Ny — 1 interpolating the values and derivatives of f up to order u(x) — 1 for all in
x € I (note that this does not depend on the representative Fp, i.e., f D) = Fé/ ) (x)
is well-defined for j < p(x)).

(ii) Otherwise we choose G € C*°(R) representing f such that |G|z < 2|l| flllx, which is
possible since ||| f|ll; is the infimum of all such ||G|x (of course we only have to deal
with the case ||| fll; # 0). We put g, = G.

Since all g¢ represent f in I, and Zé)w:l o¢=1onK = Z(Z) we getthat F = Zévzl 008¢
represents f.

We will estimate the derivatives up to order m of the terms oy g, of F.

Case (i) is similar to the proof of theorem 2.1. We put the N, zeroes of Z in I, in a vector
(x0,...,xy) with N = Ny — 1 and write for x € I,

ge(x) = flxol + flxo, x11(x —x0) + -+ flx0, x1, ..., xn](x —x0) - -+ (x —xN—1).

Given any representative Fy of f there are & € I, with
Fg' &)

Flxo,x1, o x] = =07
S

so that |géj)(x)| < C||Foll, forx € I; and all j < m (for j > n the derivative is 0 because
g¢ is a polynomial of degree N < n). Combined with Leibniz’ rule and the estimates for the
derivatives of o, we getforx e Rand j <m

l(0ege) (x)] < ce ™™ || Folln.

Passing to the infimum over all representations the last term can be replaced by ce =" ||| f ||l -
In case (ii) we choose a point y € K N (x¢ — &, x¢ + &) where the Markov type inequality
is satisfied for derivatives up to order 7.

@ Springer



1544 L. Frerick et al.

For j € {0, ..., m} and x € I, Taylor’s theorem gives
: : GUTP(y) G™ &) -
g0 =60w= 3 T =)™

p=m—j—1

for some & between x and y. From |x — y| < 2¢ we then get, by the same estimate for the
derivatives of g, as above,

‘(gzgz)m(x)!fce—’m( sup |G<ﬁ><y>|+s"'1—m||c||n~1>
0<p<m—1

Applying the local Markov inequality to the Taylor polynomial T{,‘G of G around y gives
for <m <k '

GO =TGP <ce™  sup  [(TFG) ()]

wekK,|y—w|<e

<ce " ( sup [(TFG)(w) — G(y)| + sup |G<w>|>

[y—w|<e wekK

< ce ™" (H1G e+ 111l )

because of Taylor’s theorem and the fact that all representatives of f coincide on K.
Combining both inequalities and using m — (r + )m = m, k — ym — rm = m, and
1Gln = 1GlIk < 201 flllk we get

|@eg0 P @)| = ¢ (57T MIG + &I £l + Gl )
= (" Nf M+~ ™ )
By the definition of m = (r +2)m we get, with o = y (r +2) +r, in both cases the inequality
|eg) P )| < ¢ (™ 11k + &~ 1 llo) -

Summing over £ and taking the supremum of all x € K we have thus proved
Al < NFlm < e (€™M Mx 477" N £ lln)
for all & € (0, &;). Replacing & by &'/ we obtain

WAl < € (llf i+ e MLf )

for all & € (0, &) which proves that ||| - |||, is a dominating norm. ]

It is clear that the Markov type inequality cannot hold for polynomials of degree k if
K N (y — &,y + ¢) has strictly less that k points. On the other hand, we will show that it
is sufficient to find k£ points in the intersection which are regularly distributed so that the
minimal distance between two points is comparable to the maximal distance. We thus get a
sufficient geometric condition for the smooth extension property which can be evaluated in
concrete cases.

Theorem 3.2 Let K be a compact subset of R and n € N such that

dr>1,y>1YmeN,keN3Ic>0,6 >0Ve e (0,61),x € K
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whenever (x — ", x + &") contains strictly more than n + 1 points of K then

k—
SUPg<i v<k lyi =yl - c
inf; 2, [yi — yol¥ T oerm

Iyo,..., vk € KN(x —e&,x +¢&) with

Then K has the smooth extension property.

Proof With the quantifiers as above, x € K such that K N (x — &”, x + &") has more than
n + 1 points, yo, ..., yr as above, and a polynomial P of degree & we write it with Lagrange
interpolation as

k k
i=0,iv (T — Vi)
P(t) = P(y,)Ly(1). where Ly (1) = Hicoim® =50
- [Tien v = 30)
v=0 #
For j € {0, ..., m} we then have
k
. . t—v;
PO = P(n) > Higs€ =30
V=0 SCH0,... KNV}, S|=k—j [Tizo Gv = 30)
Denoting the quotient in the statement of the proposition by ¢ we thus get for j € {0, ..., m}

wek, lo—yol<e

n
. Cc
PPGo0)| = Ylpoleq < IP@)L
V=

We have thus verified the required inequalities of theorem 3.1 for y = yy. |

It is interesting to note that the conditions of theorems 3.1 and 3.2 are both stable under
unions, i.e., if it is satisfied for K and L with ng and ny, then it is also fulfilled for K U L
withn = ng 4+ ny 4+ 1. We do not know however if the smooth extension property is stable
under unions.

We will now apply theorem 3.2 to sets with only one accumulation point of the form
K = {0}U{ay : £ € Ny} for a decreasing null sequence such that the sequence of differences
dy = ag — ag41 is decreasing. Since this monotonicity is equivalent to ay < (ag—1 + ag+1)/2
such sequences are called convex. The following proposition improves Vogt’s results [20] as
well as those of Fefferman and Ricci [8].

Proposition 3.3 Let (ay)¢cn, be a decreasing convex null sequences such that, for every
p > 1, the sequence af Jag+1 is bounded.
Then K = {0} U {ay : £ € No} has the smooth extension property.

Proof We will verify the condition of theorem 3.2 forn = 0,r = y = 2, and g = 1/4k.
Let us thus fix m, k € N, & € (0, &¢) and x = ay € K such that (a; — &2, a; + &2) contains
at least two elements of K so thatdy = ag — apy1 < &% < e/4k.

For the construction of yp, ..., yx we distinguish two cases depending on whether the
limit point O of the sequences belongs to (a; — €, a; + €). If it does not not, i.e., ay > &, we
set yo = ay and define yy, ..., yi recursively: If yg, ..., y;_1 are already defined we let

@) =min{j e N: y;_ —aj = e/4k} and y; = agiy-

We have to show that yq, ..., yx are indeed well-defined elements of K N (a; — &, ag + €).
Since d; is decreasing we have d; < d; < &/4k, and for all £(j) which are already defined
this implies y; | — y; < &/2k. Hence

Yo—Yici=Qo—y) 4+ -+ @iz —yi—1) < (@ —De/2k <g/2
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1546 L. Frerick et al.

which yields y;—1 > yo — €/2 > ¢/2. Since a, tends to 0 we get that £(i) is well-defined.
By this construction, we have |y; — y,| > ¢/4k for all distinct i, v € {0, ..., k} as well
as |yo — yk| < ¢/2. This implies

k7
SUPo<;,v<k lyi =yl

e Te— < (/D" @k /o) < e
1#V 1 Jv

The condition of theorem 3.2 is thus satisfied even with y = 1.

In the second case 0 € (a; — ¢, ag + ¢), this neighbourhood contains all terms of the
sequence with a; < . We define p > 1 by the equation kp?**1 =k + 1 and get a constant
¢ > 2 (depending only on k) with af/ajﬂ < cforall j € N. We thus get 0 € (0, 1/2) with
ajy1 > Qaf. We claim that we then have

V5 € (0,a0) 3i € N witha; € [087,6).

Indeed, if i € N is maximal with a;_; > § we have a; < § as well as a; > Qaip_l > o68P.
. . iy il j+1 .
Defining fo = ¢ and 111 = ot?, ie., tj41 = o' TP+ H1gP’" we get a partion of
g j+ ot; i+ o g p
(0, ) into subintervals [t 41, ;) each of which containing elements of K (of course, we may
assume ¢ < ap). We choose y; € K from every second interval, i.e., y; € [f2;41, t25) for
j€{0,...,k}.For0 <i < j <k we then have

P
Yi—YjZY¥j-1—YjZhj-1—hj=hj-1—00L;_ ;-

Sincetrj | <& < land p > 1,thisis > (1 —0)t2j—1 = (1 — @)t2x—1. The explicit formula
for ¢; thus gives a constant & > 0 (depending via ¢ and p only on k) such that

2k—1
yi —yj = ag?

From this and the choice of p we finally get, for y > 2
. k—m

SUPg<i v<k lvi — yvl

infj 2y [yi — yolk

L n2k+1 _ _
chk m—kp = ce (m+1) < ce ym. O

Below we will show in example 4.7 that we cannot replace the quantifier for all p > 1 by
afixed p > 1. Monotonicity and convexity of the following examples are easily checked by
calculus. It is of course enough to have these properties for large ¢.

Example 3.4 The set K = {0} U {a; : £ € N} has the smooth extension property in each of
the following cases:

(1) ag =log(t + 1)*/¢P fora € Rand g > 0.
(2) ag = exp(—£%) fora > 0.
3) ar =1/log(t + 1)* fora > 0.

Vogt’s results mentioned in the introduction yield the cases (1) and (2) foro < 1 but they do
not cover the other cases. The situations in (2) and (3) exhibit extremely fast and slow decay,
respectively, so that one is tempted to believe that any set of the form K = {0} U {a, : £ € N}
with a decreasing null sequence might have the smooth extension property. As we will show
in the next sections this is not the case.
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4 Necessary conditions
4.1 A geometric necessary condition

To obtain a geometric necessary condition we will need a result of Whitney [23] describing
C°°(K) for a compact set K € R in terms of divided differences. For f : K — R and

distinct xo, . . . , X, the divided differences are given by f[xo] = f(x¢) and
[x0, - s Xn—1]— flx1, ..., Xl
f[xo,...,xn]zf k ! =
X0 — Xp
We define
| fln = sup{| f[x0, ..., x;1l: 0 <j <n, xo,...,x; € K distinct}.

Whitney’s theorem says that f : K — R belongs to C"(K) if and only if the n-th divided
difference map is uniformly continuous, i.e., for all ¢ > 0 there is § > 0 such that for all
x € K,x0,...,x, € KN(x—46, x+9) distinct,and yy, ..., y, € KN(x —§, x +§) distinct
we have

[flx0, .- -s xn] = flyo, ... yall <&

From this it is easy to obtain that | - |, is a complete norm on C"(K). Since by Merrien’s
theorem 2.2

CX(K) = ) C"(K)

neN

this implies that the system of norms {| - |, : n € N} defines the Fréchet space topology of
C>®(K).

Theorem 4.1 If C*°(K) has a dominating norm then there exist n € N, s € N such that for
all e € (0,1/2), z € K we have: If (z — €*, z + &%) contains at least n + 2 points of K then
KN(iz—ez+e)\(z—¢&",z+¢&) 0.

Proof Let |- |, be adominating normon C®(K)andm =n+ 1. Wetakek > mandc¢ > 0
from the (DN)-condition in submultiplicative form, i.e.,

IfI2,1 < clflel fla forall f € C®(K).

Assume that, for all s > 2, there exist z = xo € K and xy, ..., X,4+1 € (x0 — &%, xo + €°)
so that K N (xo — &, x0 + &) \ (xo — &*, xo + €*) = ¢ (the dependence on s is notationally
suppressed).

We take ¢ € 2(R) with supp(¢) C (xo0 — &, x0 + €), ¢ = 1 on the small interval
(xo — €%, x0 + &%), and || < cje’j, where c; are absolute constants. Let P(x) =
I—[;f:()(x —xj)and f = ¢P. Then

[flne1 = |Plxo, ..., Xpr1]l = TER

P(”'H)(é) ’
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From f[xo,...,x;]1= fY)(&)/,j! we further get

|fle <sup{|fPE): 0<j <k, &eR)

Ck ¢
o swoswp | Y0 [Je—xo| = o

E" xe(xg—e.xo+e) 0<j<k |S|=n—j LeS

the last estimate comes from |x —x¢| < 1 foreachx € (x9 —e&, xo+¢) so that ¢ only depends
onk.

To estimate | f|,, let us take distinct point yo, . .., y, in K. Because of the symmetry of the
divided differences we can assume that yo < y; < --- < y,. Leibniz’ rule for the product

f =¢f onK says

Syos -5 yul = @lyol fyos - - - yul + @lyo, yilfy1s - -5 yul
+¢[y07 yla YZ]f[yZ’ "-’yn] +

If a is the first index with y, > xo — &° then the firsta — 1 terms of this sum vanish because
Ya—1 is outside (xo — &, xo + €) so that ¢[yo, ..., ya—1] = 0. Estimating |¢[yo, ..., y;1| =
l &)/ )1 < cje™! we get

C, .
LF1Y0s -« yall Snﬁsup{lf[zo,...,z,-]l 120,...,2; € KN (xg—¢*,00), j <n}.

In the same way we estimate | f[zo, ..., 2,]| by ¢, " times divided differences with nodes
in K N (xg—e&*, x0+¢&%). Since f = P in K N (xg — &%, x9g + &) this yields

C,
fln = 57 supllfDyo o yell s 0= €=, y; € KN (z—e' 246"

C,
5 SUPIPLy0, o yell : 0= <n, yj € KN (=2’ z+eh)

IA

S sup(lPOE): 0<bsntez—e.z48)) < g’
& &

where ¢ is another constant which only depends on n. Taking the (DN)-inequality together
with the estimates obtained for | f|,+1, | f|, and | f|x, we get for some constant ¢ which is
independent of s that

For s — oo this is impossible. i
Example 4.2 The set K = {0} U {% + je % : 0 < j <k, k e N}does not have the smooth

extension property.

4.2 A necessary Markov type inequality

We fix ¢ € Z(R) such that supp(¢) € [—1,1] and ¢ = 1 in [—1/2,1/2] and write,
@ey(x) = (%) fory e Rand & > 0.

Proposition 4.3 If |||-|ll,, is a dominating norm on C*°(K) then the following holds:

Vm e N3Ir>1Vk € N3¢y >0 such that for all polynomials P of degree < k, ¢ > 0,
accumulation points y of K, and f € C*°(R) with supp(f) S (y—¢,y+¢) and f = @; P
on K we have
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Ck j
PPOP =S sup (POl sup  1F0)

lt—yl<e [t—yl<e, j<n

Proof The (DN)condition implies that, for all m > n, there are r > m and C > 0 such that
forall h € C*°(K)

A5, < ClUANL N,

Given the situation from the proposition we set 1 = f|x = ¢, P|k. Since y is an accu-
mulation point of K we have g™ (y) = P™(y) for all g € C®(R) satisfying g|x = h.
Hence

1P )12 < 1812 < Clge.y PllrllflIn-

It remains to combine the Leibniz rule for ¢, , P with the estimate |<p£f)y| < c¢/¢' and the
classical Markov inequality

c
sup PP <= sup [P =
xely—e,y+e] E” te[y—e,y+e]
C"(R)

The density 112(’”rl - @ (see the remarks after the proof of theorem 2.1) allows us
to write the n-th norm of 4 € C*°(K) as

A, = inf{ll fll. : feC* (R), f=honK}).

In the situation of the previous proposition we can thus replace f € C®(R) by f €
C2n+l(R).

We now consider K = {0} U {a, : £ € N} with a; — 0 to get examples where C*°(K)
does not satisfy the condition in proposition 4.3.

Proposition4.4 Let K = {0} U {a; : £ € N} with a null-sequence such that (|a¢|)¢en
decreases and |ag| < lag—1|/2. If |I|ll,, is a dominating norm for C*°(K) then, for all s € N,
there is r > 1 such that, for all k > s, there exists Cy > 0 such that for alld € N

k—s

Ck
4(2n+2 2k(2n+2 3n+4
[ ]laasj*® 2 < ——laa @2 jag .
il |aal

(For k = s the empty set in the product of the left hand side is 1.)

Proof Specifying in proposition 4.3 m = 2s(2n + 2) and this concrete K we get: If [[|-|[|,, is
a dominating norm on C*°(K) then the following holds:

Vs e NIr>1VkeN, k> s 3cr > 0 suchthat for all polynomials P of degree < k,
e>0,and f € C*1(R) with supp(f) € (—¢, ¢) and f = ¢, 0P on K we have

Ck :
'PQS(ZM»(O)'ZEE sup |P() sup | fD0)]. (%)

[t—y|<e teR, j<n

For fixed d € N we abbreviate x; = ag4; with the quantifiers from the proposition. We
consider € = |xp| and the polynomial

k
P(x) = H(x2 . x(%)2n+2
j=1
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of degree k= 2k(2n + 2). Since =£x; are zeroes of order 2n + 2 of P the function

_ PO x| = Jx]
flo) = {0 otherwise ’
is in C2*t1(R). Moreover f = ¢e0P on K because ¢, o(x) = 1 for x| < |xx| (as x| <
|x0|/2 = €/2) and, for all other x € K N supp(¢e0), we have x € {x1,..., xx} so that
f(x)=Px) =0.

In order to apply (x) to f we will show the following inequalities:

(o) Form = 2s5(2n + 2) we have | P (0)]? > 1—[/;:1 [ +2)
(B) supy <. |P(1)] < [2x0[2 31 H2),
(v) there are ¢t > 0 (depending only on k) such that

sup sup | f O )] < exla

teR 0<f<n
This will imply the proposition.
(a) P(x) is of the form P(x) = nfz\[:fzv,z;eo(x — y¢) where y_y = —y¢, y¢ € {x1, ..., xx},
N = k(2n + 2), and each *x; appears 2n + 2 times. We have

POy = > ]

|S|=2N—m teS

(more precisely, we sum over all subsets S of {—N, ..., N} \ {0} with 2N —m = 2(2n +
2)(k — s) elements). We claim that all terms of the sum with non-symmetric S (i.e. —S # §)
cancel. Indeed if S is non symmetric we replace ¢ by —¢, where |£| is minimal such that
¢ e S, —£ ¢S toobtain § with [Tsc5 e = —Ilges ye- For symmetric S all terms have

. N .
the same sign (—1) 2 and we can therefore estimate [P (0)| from below by the absolute
value of any term of the sum (since & > s the sum is not empty, in the extreme case k = s it

contains just one term for § = ). Choosing S sothat{y, : £ >0, £ € S} = {x1, ..., Xg—s}
we obtain
k—s
PO = [ lx; P2
j=1

(B) follows from
e — X7 = |(x +x))(x —x))| < 2x0)° for |x| < |xo.

(y) For |t| < |x¢| and j < n we have, with the same notation as in (&),

Po=pPP0 =3 []e-yo.

|S|=2N—j teS

Since x; and —x together appear 2(2n + 2) times in P among all yy, at least 3n + 4 appear

in each product [ ], ¢(t — y;) which is thus in absolute value smaller than |2xx |34 (the
2N

number of terms (2 ay

) only depends on n and j). i
Corollary 4.5 Let (ag)¢en be a null-sequence such that (lag|)een decreases and |ag| <

lag—11/2. If K = {0} U {a; : £ € N} has the smooth extension property then there is
p > 1 such that af/au_l is bounded.
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Proof Taking s = k = 1 in Proposition 4.4 we get |af/ag+1| < Cj forany p > %ﬂrz).

|
From this corollary we get immediately the following example.
Example 4.6 The set K = {0} U{e~* : ¢ e N} does not have the smooth extension property.

We finish with an example of a convex sequence (a¢) showing that boundedness of a f /ae+1
for some fixed p > 1 is not enough for the smooth extension property.

Example4.7 K = {0} U {e"’l : £ € N} with p > 1 does not have the smooth extension
property.

Proof Assume that [||-|[|,, is a dominating norm. We fix s € N such that
p'742n 4+ 2) < Bn +4).

Proposition 4.4 gives some r € N such that, for each k € N, k > s, the sequence

k—s
_r—=2k(2n+2) —(3n+4) 4(2n+2)
qd =4, Aa+k At
j=1

is bounded with respect to d. We calculate
k—s k—s ) pk_s -1
1_[ dd+j = €Xp Z Pt | =exp (-Pd+1 71> >
j=1 j=1 P

hence

k—s
—1
fa = exp (2"(2" +2) = 1)p? + G+ ) pHE — d2n +2)p*! %)

— exp (pd ((2k(2n 12)—r) +42n + 2)%
7K (G +4) — p 42 +2))).

For k big enough such that 2k (2n +2) — r is positive, the sequence is unbounded with respect
tod. O

It is interesting to compare this example (for an integer p > 3) with a result of Goncharov
[10] who proved that the somehow similar set

E=pulJ [e—l’z, e — e—P““]
LeN

does satisfy the Whitney (and hence also the smooth) extension property. This can be also
seen as an application of Theorem 3.1.
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