Mathematische Zeitschrift (2019) 293:1181-1199

https://doi.org/10.1007/500209-019-02241-9 Mathematische Zeitschrift
()

Check for
updates

An adelic arithmeticity theorem for lattices in products

Uri Bader' - Alex Furman? - Roman Sauer?

Received: 28 May 2018 / Accepted: 4 December 2018 / Published online: 24 January 2019
© Springer-Verlag GmbH Germany, part of Springer Nature 2019

Abstract
In this paper we prove that, under mild assumptions, a lattice in a product of semi-simple
Lie group and a totally disconnected locally compact group is, in a certain sense, arithmetic.
We do not assume the lattice to be finitely generated or the ambient group to be compactly
generated.
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1 Introduction and statement of the main result
1.1 Motivation

Our goal in this paper is to show that, under mild conditions, a lattice I in a product of a semi-
simple Lie group H and a totally disconnected locally compact group D is—what we will
call—arithmetically constructed. Under the assumption that I' < H x D is irreducible and
I is finitely generated or D is compactly generated such arithmeticity results are obtained
by Caprace-Monod in [8]. In this work we drop these assumptions and obtain an adelic
arithmeticity result for lattices in H x D. An application will appear in [2].
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1182 U. Bader et al.

The exact formulation of the main result is given in Theorem 1.6 below. Before formally
stating it we will provide some motivation and an idea of what arithmetically constructed
means. A prototypical example is the lattice embedding

PGL2(Q) < PGLy(A) = PGLy(R) x [ [ PGL2(Q)).
p

Here the factor PGL, (R) is a connected, center-free semi-simple, real Lie group. Further, A
denotes the ring of adeles. By ]_[/ we denote restricted products in the sense of adeles: for
almost all places p the corresponding element lies in PGL2(Z). A similar example is

SL2(Q) < SLa(A) = SLy(B) x [ [ SL2(Qy).
P

Despite the similarity, note that the image of SL,(Q) in PGL,(A) under the obvious map
SL,(Q) — SLy(A) — PGL,(A)

is not a lattice. Indeed, it is of infinite index in the lattice PGL,(Q), as can be seen by the
exact sequence

1 > {+1, —1} - SL12(Q) — PGL,(Q) — Q*/(Q%)? — 1.

Intermediate subgroups between PGL; (Q) and the image of SL,(Q) are arithmetically con-
structed lattices in the sense of Definition 1.4. A special case of our main result identifies,
under mild conditions, an arbitrary lattice in PGL> (R) x D with an arithmetically constructed
lattice.

1.2 Notation and basic setup

Throughout, let K be a number field with ring of integers O. Let V be the set of inequivalent
valuations (places) of K, let V> denote the archimedean ones, and Yhin — ) — P the
non-archimedean ones (finite places). Given a subset S C V we set S = § N V™ and
sfin — § N Vfin. We let

O[S]:={x € K | x|, < 1 forallv e V" — 5}
be the ring of S-integers in K. For a semi-simple K -algebraic group H we denote by Hyg the
(truncated) S-adeles of H, that is, the restricted product
Hs = {(x,) € [ [H(K,) | x, € H(O,) for almost all v € S}.
veS

We let H§ be the closure in Hg of the image of H(K') under the diagonal embedding.

For a field extension k of K we denote by H(k)™ < H(k) the normal subgroup as defined
in [5, Section 6]. Since k is perfect, H(k) T is the subgroup generated by all unipotent elements
and it has finite index in H(k). If v € V*°, then H(K,) ™ is just the connected component of
the identity in the real Lie group H(K,). We denote by H; the restricted product

H{ == {(x,) € [ [H(K,)" | x, € H(O,) for almost all v € S}.

ves

Note that if S is finite, then
Hy = [[H&,). Hj=]]HE)"

ves ves
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An adelic arithmeticity theorem for lattices in products 1183

In this case H;’ < Hj has finite index. In general, this is false for infinite S.

Definition 1.1 In the above context S is said to be compatible with H if the following hold:

(1) Forevery v € S, His K, -isotropic.
(2) S contains all v € V*° for which H is K, -isotropic.
(3) S contains at least one finite and one infinite place.

The following group-theoretic notion plays an important role.

Definition 1.2 Two subgroups of an (abstract) group are commensurable if their intersection
has finite index in both subgroups. A subgroup H of a group A is commensurated if H and
any conjugate A H1~! are commensurable.

One easily sees that commensurability is an equivalence relation.

1.3 Arithmetically constructed lattices

The definition of arithmetically constructed lattices builds on the following proposition which
we prove in Sect. 4.

Proposition 1.3 Foreveryi € {1, ..., n} let K; be a number field, H; be a connected, non-
commutative, absolutely simple, adjoint K;-group, and S; C V; be a (possibly infinite) subset
of places of K; which is compatible with H;. Then the following hold.

(1) (Hi);_[in is an open subgroup of (Hi)*;rm foreveryi e {l,...,n}.

(2) For e\l)ery subgroup

A<T] ((Hf)*;iﬁn / (H,-);m)
i=1 '

let Dy < H?:l(Hi)z_ﬁn be the preimage of A under the quotient map, and let T 4 <

[T7= Hi (Oi[Si]) be the preimage of Da under the product of diagonal embeddings
H; (O;[Si]) — (H,')iﬁn. The subgroup obtained via the diagonal embedding

n
Fa< H(Hi)sfo x Dy

i=1

is a lattice.

Definition 1.4 A subgroup of [['_, H;(K;) is an arithmetically constructed lattice if it con-
tains the group I'4 from Proposition 1.3 as a subgroup of finite index for some subgroup

A<J] ((Ho‘;iﬁn / (H,-);m) :
i=1 '

Example 1.5 We coptinue ghe example from Sect. 1.1. Here K = K; = Q,n = I, H =
H; = PGL; and S = Sfi" consists of all finite primes. Let Ay = H;;;éoo Q) be the ring
of finite rational adeles. The determinant morphism det: Gy, (Afn) — A,/ (Agn)2 modulo
squares descends to a morphism from PGL;(Agn). The group Af | of ideles is the subset of
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1184 U. Bader et al.

(xp) € [1£00 Q) such that x), € Zj, for almost all primes p. Identifying the p-adic units
Qj}, with Z, x Z we obtain an isomorphism

GuAin) = [] 2o x P Z
pF00 pF00

of topological groups and a commutative diagram of topological groups:

GLy(Afin) == [1' GL2(Qp) — 2 TT,s00 Z X Do Z
| L
PGLy(Afin) == [T PGL2(Qp) ~% 1,200 (Z5)/(Z5)* X D sy Z/2L

In this example we have

HY, = dec”! (1) x @) 2/22)
pFoo
H+

gin = ker det .

Thus the quotient Hiﬁn /H;rﬁ“ appearing in the previous definition is here isomorphic to
&b potoo L/2Z.

1.4 Main result

The main goal of this paper is to establish the following partial converse of Proposition 1.3
which is an arithmeticity theorem for lattices in products. We use the abbreviation tdlc for
totally disconnected locally compact groups.

Theorem 1.6 Let H be a connected, center-free, semi-simple, real Lie group without compact
factors, D be a tdlc group and ' < H x D be a lattice. Assume that

(1) the projection ' — D has a dense image,
(2) the projection ' — H has a dense image,
(3) the projection I' — H is injective.

Then there exist number fields K1, . .., K,, connected, non-commutative, absolutely simple,
adjoint K;-groups H;, and (possibly infinite) compatible subsets S; C V; of places of K; (see
Definition 1.1) with the following properties: There is a topological isomorphism

n
H = [ JH)5~
i=1

and a short exact sequence 1 — C — D — Q — 1 of topological groups, where C is
compact, and Q is a closed intermediate subgroup

n n

[[HE) < 0 <@g

i=1 i=1

so that the inclusion T' < H x D is contained in the image of
n n
[[H:i (k) — [ [Hs,,
i=1 i=1
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An adelic arithmeticity theorem for lattices in products 1185

and, identifying T with a subgroup of [['_, Hi(K;), T is an arithmetically constructed
lattice as in Definition 1.4.

Furthermore, compact generation of D, finite generation of T', and finiteness of all S; C V;,
are equivalent conditions. If they hold, each (Hf):?t has finite index in (H;)s,, so up to
commensurability T is the product of S;-arithmetic lattices ]_[I'-L:1 H; (O;[S;]) diagonally
embedded in

H x D/C :]i[HS,. :]i[H;
i=1

i=1

where >~ means being commensurable.

Remark 1.7 This result is an important ingredient in our work on lattice envelopes [2] (see
also the announcement [1]). See especially Sect. 1.4 in [2] for an overview of the proof of
the main structural result in /oc. cit. and how the previous theorem enters.

In this application finite generation and irreducibility of I" are not known a priori.

For finitely generated I" or compactly generated D, such results are proved by Caprace and
Monod [8, Section 5]. Our approach is different except for step (i) below that uses Margulis’
commensurator criterion for arithmeticity.

An adelic analog of Margulis’ arithmeticity where one assumes the ambient group of
algebraic origin is proved by Oh [13].

1.5 Strategy of proof

The proof of Theorem 1.6 can be roughly divided into the following steps:

(1) Choosing a compact open subgroup U < D, we observe that the projection A of I' N
(H xU)to H is alattice in H, commensurated by the projection A of all of I" to H. Then
Margulis’ commensurator superrigidity theorem provides the arithmetic structure of A
yielding the algebraic groups Hy, ..., H,, the product of which defines the arithmetic
structure on H. (The possible multitude of these groups corresponds to the possibility
that A is reducible).

(2) The commensurator of A in H can be identified with the image of [[H; (K;),and A = T
is viewed as a subgroup of the latter. Considering the projections of I" to various finite
places we identify (see Theorem 3.7) the sets Siﬁ“ of the non-archimedean places, so that
on one hand

r <[ [H@ilsD,

i=1

and on the other the closure T of the projection of I" to []"_, (H;) s, contains [7_, (Hi)}: .
(If S; is finite then (Hi)z_ has finite index in (H;)s; ).

(3) Next we construct a continuous surjective homomorphism with compact kernel from D
to the closure of the diagonal image of T in [J(H;) ¢n. This step is conceptualized in the
notion of representations of commensurable pairs l(cf. Sect. 5). This identifies I" as an
arithmetically constructed lattice.

(4) Finally, finite generation of I', finiteness of each §;, and compact generation of D turn
out to be equivalent.
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1186 U. Bader et al.

2 Generalities on lattices
For later use we collect here some lemmas about lattices in locally compact groups.

Lemma 2.1 [15, Theorem 1.13 on p. 23] Let G be a locally compact second countable group
and N < G a normal closed subgroup. The projection of a lattice ' < G to G/ N is discrete
if and only if ' N N is a lattice in N. If so, then the projection of I to G /N is also a lattice.

Lemma 2.2 [15, Lemma 1.6 on p. 20] Let G be a locally compact group, and H < L < G
closed subgroups. Then H < G has finite covolume if and only if both L < G and H < L
have finite covolumes.

The following easy lemma is well known (cf. [7, 2.C]).

Lemma 2.3 LetT" < G bealattice in a locally compact second countable group. Let U < G
be an open subgroup. Then I' N U is a lattice in U.

3 Around Margulis’ super-rigidity for commensurators

Throughout, let K be a number field and H a connected almost simple K -algebraic group.
We also retain the notation from Sect. 1.2.

Let v be a place of K. Whenever we consider the O-points or O,,-points of H for some
place v we pick an embedding H < GL,, in advance and set H(O) = GL,(O) N H(K)
and similarly for ©,. Let H be the simply connected cover of H (in the algebraic sense) and
i: H — H be the canonical central isogeny. Since i is defined over K but not necessarily
over O, for a place v of K we do not necessarily have i(I:I((’)v)) C H(O,). But according
to the following result there are only finitely many exceptional places.

Lemma3.1 [12, Lemma 6.6 on p. 295] For all but finitely many finite places v, the central
isogeny i is defined over O, thus i (H(O,)) C H(O,).

Let E; be the set of exceptional places from the previous lemma, and let E; be the of
exceptional places described by the next lemma.

Lemma3.2 [16,3.9.1 on p. 55] For all but finitely many finite places v, H(O,) < H(K,) is
a maximal compact subgroup. Similarly for H.

Letv ¢ E; U E5. Then i~! (H(0,)) is a compact subgroup that contains I:I(Ov). Hence
it coincides with it. We record this for later use:

Corollary 3.3 For all but finitely many finite places v, i~LHO,)) = ﬁ(Ov).

Lemma3.4 Let I C V" be the set of finite places v of K such that H is K ,-isotropic. Let
J C I. Assume Hy is not compact. Then:

(1) The image of i : H, > H/ equals H'}'

(2) H;r < Hj is closed, and the map H, - Hj is open.

(3) H'JF is an open subgroup oin.
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An adelic arithmeticity theorem for lattices in products 1187

Proof (1) For every v € J by [11, Corollary 1.2.3.1(a)] and [11, Corollary 1.1.5.5],
i(H(K,)) = i(H(K,)") = H(K,)t. By [11, Corollary 1.2.3.1(b)] H(K,)" is closed in
H(K,). With Lemma 3.1 we obtain that i(ﬁ J) C H;r For the reverse inclusion, consider an
element (x,),ey € H}“ Foreachv € Jlety, € I:I(KV) be a pre-image of x,,, s0 i (y,) = x,.
Since x,, € H(O,) for all but finitely many v, we also have y, € ﬁ(Ov) for all but finitely
many v. In other words, (y,),es € ﬁj, and we proved that i(ﬁj) = Hj

(2) Note that H; as a topological space is the colimit of H;’ x [[,_g H(O,) running over
finite subsets S C J. The subgroup H}r < Hyj is closed since for every finite subset S C J
the intersection

B 0 (Hf x []HO)) =1 x ([]HO) N HEK)Y)
J-S J-S

is closed being the product of a closed and compact groups. By the open mapping theorem
[6, IX. §5.3] we conclude that the map ﬁj — Hj is open.

(3) By [12, Theorem 7.12] the simply connected group H satisfies the strong approximation
property. Hence the image of H(K) in Hy is dense which implies that H}r is a subgroup of
H’j. To show that it is an open subgroup we first consider the case J = Vin:

Let U =[], ey H(O,); it is a compact open subgroup of Hyin. By Corollary 3.3 there is a
finite subset £ C V" of exceptional places and compact open subgroups C, < H(K,) for
v € E so that

i~Y(U) = ]_[ fI(OV)xHCV

veVin\ E veE

and i (H(O,)) = H(O,) if v € VI"\E. In particular, i ~' (U) and [],cym H(O,) are com-
mensurable. Further, the groups i(ﬁ((’))) and H(O) are commensurable within H(K ) by [11,

Corollary 1.3.2.9], and H(O) is dense in Hiﬁn N l_[vevﬁn H(O,). We prove that i (Hy,in) =
H;ﬁn is open in H?;ﬁn by proving that the closed subgroup (see (2)) H;-m NnNU < H’;ﬁn nu
has finite index, thus is open. This follows from the following commutative diagram which
collects the information obtained so far.

H(O) —— [yepm HOY)
3commen.
l’il(U) —> ﬁvﬁn

b b

i(H(0)) HY;, NU —— HJ;,

fomm L

HO) <5 Hf nU —— HY,

The diagram shows that there is a subgroup L < i(ﬁ((’))) NH(O) < H(K) that has finite
index in H(O) such that the induced homomorphism

H(O)/L — H;, NU/M |, NU

has dense image. Since the left hand side is finite, it is surjective and so the right hand side
is finite too.
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1188 U. Bader et al.

Next we show the openness statement for general J. Note that the projection Hy,in — Hy,
which is locally given as the proper homomorphism [, ¢ yfin H(OU) = [lhey H((’) ), sends
closed groups to closed groups. It follows that the image of HVﬁn is H F.and p HVﬁn — H*tj’t

is open by the open mapping theorem [6, IX. §5.3]. We conclude that of HT 7= =i(Hy) =
p(i(Hym)) < HY is open.

Lemma 3.5 Let K be a number field and H be a connected, almost simple K -algebraic group.
Assume Hyw is not compact. Let I C V™ be the set of non-archimedean places v such that
H is K, -isotropic. Let ¥ be a subgroup of H(K) which contains a finite index subgroup of
H(O). Then the closure of the image of ¥ in Hy contains an open subgroup ofH;r.

Proof We let i : H — H be the canonical central isogeny, where H denotes the simply
connected cover of H. By [12, Theorem 7.12] the simply connected group H satisfies the
strong approximation property. In particular, the image of H(K) in H; is dense. It follows
that the image of H(O) is dense in ]_[Ve I H(O ). Therefore the image of any finite index
subgroup of H(O) has an open closure in H1, and so is the closure of the image of i -I(x).
By Lemma 3.4 the image of H; — Hj is HJr and the map H; — H is open, hence we are
done by the commutativity of the obvious dlagram

H(K) — H;

| !

H(K) — H;
O

Theorem 3.6 Let K be a number field and H be a connected, adjoint, almost simple K -
algebraic group. Assume Hyo is not compact. Let ¥ be a subgroup of H(K) which contains
a finite index subgroup of H(O). Let S be the set of places v of K such that ¥ is unbounded
in H(K,). Then the following hold:

(1) The closure of the projection of Z to Hgsn contains H{,
normal subgroups.

(2) The closure of the projection of ¥ to Hy_g is compact.

(3) A finite index subgroup of ¥ is contained in H(O[S)).

Sfin and it has no non-trivial compact

Proof In the proof we will use L to denote the closure of the diagonal embedding of X in
H; for J C V. We will alsouse L, = Lyy).

(1) For v € S, L, is unbounded. By [11, Corollary 1.2.3.1(c2)], H(K, ) /H(K,)™ is finite,
thus L, NH(K,)" is unbounded. By Lemma 3.5, L, NH(K,)* is openin H(K )" It follows
from [14, Theorem T] that H(K,)* < L,. The group generated by the groups H(K )" for
v € Sisdensein H; Since L contains an open subgroup of H; by Lemma 3.5, it actually
contains H;r that is H;f < Ls < Hg. Assume N < Lg is a non-trivial compact normal
subgroup. Then there exists v € S such that the image of N, N, is non trivial under the
projection Hg — H(K,). By [11, Theorem 1.1.5.6(i)], either H(K,)™ < N or N is central.
Both cases are impossible, the first by the compactness of N and the second by H being
adjoint.

(2) First we define two finite exceptional sets Fi, Fo C VAN of finite places. We let

"H—>H again denote the canonical central isogeny of the simply connected form H of H.

According to Lemma 3.2 and Corollary 3.3 there is a finite set F of finite places such
that for v € Vi — F| we have that i ' (H(©,)) = H(O,) and both H(®,) and H(O,) are
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An adelic arithmeticity theorem for lattices in products 1189

maximal compact subgroups in ﬁ(K\,) and H(K), respectively. For v € yiin _ g HO,)
is the unique compact open subgroup of H(K, ) that contains i (I:I((’)U)). To see this consider
the Bruhat-Tits building of H(K,) with its ﬁ(K p)-action via i. The subgroup ﬁ(Ov) has a
unique fixed point, hence it is contained in a unique maximal compact of H(K,).

Next we define F>. By [12, Theorem 7.12] the simply connected group H satisfies the
strong approximation property. In particular, the image of H(K) in Hvﬁn is dense. It follows
that the image of H(O) is dense in [, eVfin H(OV) Therefore the image of any finite index

subgroup of H(O) has an open closure in Hvt‘m. Hence i~1(2) < Hvt‘m is open. It follows
that i —! () contains a finite index subgroup of the compact group [ Tyfin ﬁ(Ov). Hence there
exists a finite set F» C Vi such that for every v € yin _ g, I:I(OU) < i~ ().

We now fix v € V" — § — F| — F, and claim that L, < H(O,). Observe first that
iW(L,) = I:I(Ov). Indeed, i ! (L) is acompact group because of v ¢ S that contains I:I(Ov)
because of v ¢ F>. Hence it coincides with it because of v ¢ Fj. It follows i(I:I(Ov)) < Ly,
and the claim follows by the fact that for v € Vin _ g H(O,) is the unique maximal
compact subgroup which contains i(fI(Ov)).

We conclude that Ly _g is contained in the compact group

[T w)x( [ How)

V=8S)N(VXUF|UF) V—-8S—(VXUFUF)

hence it is compact, proving our second point.
(3) By compactness a finite index subgroup of Lyn _g is contained [ [y,i_g H(O,), hence
its preimage in X is contained in H(O[S]). O

Note that in the setting of Theorem 3.6, Hg is a center-free, semisimple real Lie group
without compact factors, the image of H(O) in Hge~ under the diagonal embedding is an
irreducible lattice which is commensurated by the image of X. Moreover, ST = ¢ if and
only if H(O) is of infinite index in X. The following is a sort of a converse to this situation.

Theorem 3.7 (Commensurator Super-Rigidity) Let H be a connected, center-free, semisim-
ple real Lie group without compact factors. Let A < H be an irreducible lattice. Let A be
a group such that A < A < Commeng (A) and [A : A] = oo. Then there exist a number
field K, a set of places S, a connected, adjoint, almost simple K -algebraic group H and a

subgroup ¥ < H(K) and an isomorphism of topological groups ¢ : ng > H so that

(1) =Y (A) equals the diagonal image of T in Hg,

(2) ¢’1 (A) in X is commensurated with H(O).

(3) a finite index subgroup of ¥ is contained in H((’)[S])

(4) The closure of the projection of Z to Hgsn contains H{,
normal subgroups.

(5) S is compatible with H (see Definition 1.1).

Sfin and it has no non-trivial compact

Proof Let G be the Zariski closure of the image of H in its adjoint representation. Then G
is a real algebraic group and Ad(H) = G(R)? (see the beginning of Section 6 of [11, IX]).
By the center-free assumption on H, H = Ad(H). Thus we may and will identify H with
GR)".

We apply [11, Theorem IX.6.5] and get that A is arithmetic in G. For the definition of
arithmeticity see [11, Definitions IX.1.4]. According to this definition there exists a number
field K, a connected non-commutative absolutely almost simple K -algebraic group H, a
finite set of places T C V containing all archimedean places v for which His K, -isotropic
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1190 U. Bader et al.

and a continuous homomorphism q~5 cHr — G(R) such that q{;(I?I(O[T])) is commensurable
with A, where O is the ring of integers in K. By [11, Remark IX.1.6(i)] we may and will
assume that H is simply connected (justifying our choice of notation).

Working through the intricate definition of the class W appearing in [11, Defini-
tions IX.1.4], which is given in [11, IX.1.3], and taking into account that G is an R-group,
we get that T C V*°. In particular, O[T] = O and (Z)(ﬁ(@)) is commensurable with A. By
[11, Remark IX.1.3(ii)], Ker(d;) is finite and H = G(R)? < qS(I:IT). The facts above are also
explained in [11, IX.1.5(%)].

Denoting by / C V™ the set of archimedean places v such that H is K -isotropic, we
get I ¢ T C V™. We denote by H the adjoint form of H. Let p be the composition
of the natural projection H;r — H; and the isogeny H, — H;. By the choice of 1, p
has a compact kernel. By [11, Theorem 1.1.2.3.1(a’)], H, = I:I;r and by [11, Theorem
1.1.5.5] its image in Hy is H;r, which equals H? by [11, Theorem 1.1.2.3.1(a)2)]. Note
that H = G(R)? = G(R)* has no non-trivial compact normal subgroups, by assumption.
It follows from [11, Theorem 1.1.5.6(i)] that also d;(I:IT) has no normal subgroup, as it
contains G(R)™. From the compactness of Ker(p) we conclude that ¢~> factors through the
image of p, namely H(I). We denote the map thus obtained by ¢. Since the image of ¢ is
a connected subgroup of G(R) containing H, it must be H, and since H? has no compact
normal subgroups, we may view ¢ as a continuous isomorphism, ¢ : H(} = H.By astandard
Baire category argument ¢ is also a homeomorphism. In particular, I # @.

By [11, Corollary 1.3.2.9] the image of ﬁ((’)) is commensurated with H(O) in H(K),
which we now embed diagonally in H;. Since (]E(H(O)) is commensurated with A in H we
conclude that ¢‘1 (A) is commensurated with H(O) in H;.

Note that for every v € I, H(K,) is not compact. By Theorem A.6 the commensurator
of H(®) in Hy is H(K). Thus, $~'(A) is contained in the diagonal image of H(K). We
denote by ¥ < H(K) its preimage. We can now consider the preimage of A in ¥ and we
conclude that it is commensurated with H(O). We are now in the setting of Theorem 3.6,
and everything else follows. O

4 Arithmetically constructed lattices

Throughout, we retain the notation of Sect. 1.2 and fix number fields K1, . .., K,, connected,
non-commutative, absolutely simple K;-groups H;, and (possibly infinite) compatible subsets
Si C V; of places of K; (see Definition 1.1). By convention, unspecified products are to be

taken from 1 to n, e.g by [] K; we mean [/_, K;.

Lemma 4.1 ]_[(Hi)’@s‘lﬁn contains ]_[(H,-);rﬁn as an open normal subgroup, and the discrete

group H(Hi)*;rm/ ]_[(H,-);rln is a torsion abelian group.

Proof By Theorem 3.6, ]_[(H,')?ﬁn contains ]_[(Hi);ﬁn. Normality is proved in [11, [.2.3.1
(b)]. Openness follows from Lemma 3.4. The quotixent is a torsion abelian group by [11,
1.2.3.1(c)].

Proof of Proposition 1.3 By Lemma 4.1 we are left to show that

Ta < [[Hise x Da

@ Springer



An adelic arithmeticity theorem for lattices in products 1191

is indeed a lattice. By reduction theory,

[[H:i@itsi) < [[Mos, = [ JHse x [ [#)gon
is a lattice. By Lemma 2.2, [ [H; (O;[S;]) is a lattice in ]_[(Hl)soo X H(H’)S“" The claim

follows from Lemma 2.3 and the openness statement in Lemma 4.1. O

Lemma4.2 LetT be asubgroup of || Hi (K;) and D be the closure of the diagonal embedding
of T to [[(H;) gin. We assume:

(1) T contains a finite index subgroup of [ H; (O;).
(2) Aﬁnite index subgroup of T is contained in [ H; (O; [S;]).
(3) (H;))T. is contained in the projection of D to (H;) ¢tn for eachi € {1, ..., n}.

Then T is an arithmetically constructed lattice.

Proof We first claim that [](H,)7,

Sﬁn

Sﬁn
Then D is open since it contains a finite index subgroup of the image of ]_[H (O;) which
is dense in an open subgroup by strong approximation [12, Theorem 7.12]. For each i and
v e Sﬁn DN H (K,) is open in H (K,) and normal in D. Hence it is also normal in H (K,)
asD — (H ) sfin = H; (K,) is surjective by the assumption that the projection D — (H;) sfin

< D. Denote by D the preimage of D in ]—I(H,-) gfin-

contains (H;)7; sin° By [11, Theorem I.1.5.6(i)] we get that H; (K,,) < D. The group generated

by these is dense Hence D = [[(H;) sfn- By Lemma 3.4 we conclude that [](H;)7; s“"

Denote I'g = ' N [[H; (O;[S;]) and let Dy be the closure of the projection of I'p to
[TH) sfin- Then I'y < I" and Dy < D are of finite index.

We claim that the group [](H; )t has no proper closed finite index subgroup. Indeed,

S(‘m
foreveryi andv € S , by [11, Corollary 1.1.5.7], the groups H; (K, ) has no proper finite
index subgroup, and the group generated by these is dense in [](H;)7;,. We conclude that

[TH)HE s, < Do.
By Lemma 4.1 [J(H; )S“"/ [TH; )Sﬁn is discrete. Since the image of I'g in Dy is dense,

they have the same image in [](H;)* sin JTIHEHE
Proposition 1.3, clearly Dy = Dy and I'p = I'4. So I is arithmetically constructed. ]

Sﬁn

sin> which we denote A. With the notation of

5 Representations of commensurable pairs

An invariant commensurability class in a group is a commensurability equivalence class that
is closed under conjugation.

Example 5.1 Let G be a topological group. Then the class K of compact open subgroups
of G is an invariant commensurability class.

A pair (A, C) consisting of an abstract group A and an invariant commensurability class
C in A is called a commensurability pair. If (A, C) is an invariant commensurability pair then
every A € C is a commensurated subgroup in A; conversely, the commensurability class C
of any commensurated subgroup A < A defines an invariant commensurability pair (A, C).
Note also that under a group homomorphism, the preimage of a commensurated subgroup is
commensurated. This proves:
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Lemma 5.2 Let G be a locally compact group and let f: A — G be a homomorphism. Let
U < G be a compact open subgroup. Then f~V(U) is commensurated by A.

Definition 5.3 A tdic representation of a commensurability pair (A, C) is a tdlc group G
together with a homomorphism ¢ : A — G such that ¢_1 (K) € C for some (hence any)
K € Kg. If, in addition, im(¢) is dense in G we call it a dense tdlc representation.

A morphism of tdlc representations ¢: A — G and ¢': A — G’ is a continuous homo-
morphism ¢ : G — G’ such that ¥ o ¢p = ¢'.

Let ¢ : A — G be a tdlc representation of a commensurability pair (A, C). For A € C,
the closure of ¢ (A) is compact in G, and it is also open, thus ¢ (A) € Kg, provided ¢ is
dense. Further, for any open group H < G, H = ¢(¢p~'(H)). We summarise:

Lemma 5.4 For a dense tdlc representation ¢: A — G of a commensurability pair (A, C),
C is the commensurability class of any preimage ¢~ V(K) with K € Kg and {p(A) | A €
C}=

Because of this lemma we may and will drop C from the notation when dealing with dense
tdlc representations.

Lemma5.5 Let ¥ : G — G’ be a morphism of dense tdic representations from ¢ : A — G
tod' : A — G'. Then  is surjective with compact kernel.

Proof Let K’ € Kgr. Let A = ¢'~'(K’) and K = ¢(A). By the previous lemma K € Kg.
We have

Y (K) =¥ (K) =¥ (p(A) =¢'(d) =K’

and

v K =@ (1K) = (@' (K) = p(A) =
In particular, Ker(y) < K and

G'=K'¢'(N) =y (KW (9(A) = ¥ (K$(A) = ¥(G).
o

The following theorem is well known (however we believe our easy proof below is novel).
It will not be used in these notes, it is only given for context.

Theorem 5.6 The category of tdic representations of the pair (A, C) has an initial object,
which is a dense representation.

Proof The collection of isomorphism classes of dense tdlc representations of (A, C) forms a
set 2. Fix some A € C. For each dense representation ¢: A — G in X we pick the closure
of the image of A in G as a distinguished subgroup of G. Then we take the restricted product
inside ]_[@ A—G)ex G with respect to these distinguished subgroups. Finally, we take the

closure G of the image of A under the diagonal homomorphism. We claim that the resulting
representation é : A — G is an initial object in the category of tdlc representations.

Let ¢: A — G be a tdlc representation. By construction, G admits a projection onto
an isomorphic copy of ¢(A). Composing this projection with the inverse of the alluded
isomorphism and the inclusion of ¢ (A) in G we get ¥ : G — G, which is easily seen to be
a morphism of representations. The uniqueness of this morphism is clear by the density of

®. o
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In the next theorem we consider the category of dense tdlc representations, which is a full
subcategory of the category of tdlc representations.

Theorem 5.7 Let A a countable group, qZ: A — G be a dense tdic representation, and
assume that G has no non-trivial compact normal subgroups. Then ¢ is a terminal object in
the category of dense tdlc representations.

Proof Let ¢: A — G be a dense tdlc representation. We only need to show the existence
of a morphism G — G since there is at most one morphism between dense representations.
We denote G’ := (¢p x J))(A) < G x G and let ¢’ denote the diagonal representation, with
the codomain restricted to G’. Let us denote ¥ = pr; |- By Lemma 5.5 v is surjective
with compact kernel. Since Ker(y) <1 {e} x G = G we conclude that ¥ is injective. Since
A is countable, G', G, G are second countable tdlc groups. By the open mapping theorem
[6, IX. §5.3] we conclude that v is a topological group isomorphism. It is now easy to see
that pry oy~ 1G> Gisa morphism of tdlc representations. O

The following lemma provides an example of a terminal representation appearing in an
arithmetic group setting. It will be useful later.

Lemma 5.8 We retain the setting and notation described at the start of Section 4. In addition

we assume that

(1) each H; is adjoint,

(2) X contains a finite index subgroup of [ H; (O;),

(3) a finite index subgroup of T is contained in || H; (O;[S;]),

(4) the closure of the projection ¥ — (H;) gin has no non-trivial compact normal subgroup
foreachi € {1,...,n}. l

Let Q < [[(H;) ¢t be the closure of the image of % under the diagonal map, and let C be

the commensurability class of © N [[H; (O;) in X.
Then the embedding ¥ — Q is a dense tdic representation of the commensurability pair
(X, C) which is is a terminal object in the category of dense tdlc representations of (X, C).

Proof By Theorem A.6, [[H;(O;) is commensurated in [ H; (K;). Thus the group X N
[TH; (O;) is commensurated in ¥ and C is invariant. For each i let T; = Vl.ﬁ“ — S;. Observe
that

[[H:@imD N[ [HiOilsiD) = [ [Hi©0).
Thus
(=n[Im@inn)n(sn[[H©@lsD) = =n[[H©O.
Since T N[ H; (O;[S;]) < X is of finite index, ¥ N [ H; (O;[T;]) is commensurable with

N l_[H,'(Oi), ieXnN HH,(OZ[T,]) eC.
We claim that the embedding ¢ : ¥ — [[(H;) fin s a tdlc representation: Consider the

compact open subgroup
U=[][] Hon. )<]‘[(H)Sﬁn

i UESr“

The preimage of U in [[H; (K;) is exactly []H;(O;[T;]), thus the preimage in ¥ is £ N
[TH; (O;[T;1), which is in C, proving our claim.
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Hence ¥ — Q is a dense tdlc representation of the commensurability pair (X, C). By
Theorem 5.7 this is a terminal object if Q has no non-trivial compact normal subgroup. The
latter is due to assumption (4). O

6 Proof of Theorem 1.6

Let U < D be an open compact subgroup. We denote its preimage under I' — D by I'|y.
It is commensurated in I' by Lemma 5.2. By Lemma 2.3 I'|y is a lattice in H x U and by
Lemma 2.1 its projection to H is alattice in H. We denote A = pry (I'|y) and A = pry (I').
Thus A < A < H, A isalattice in H which is commensurated by A and A is dense in H.

The lattice A < H might be reducible. The decomposition into irreducible components
gives a splitting H = Hj x --- x H, into n factors and irreducible lattices A; < H;,
i €{l,...,n}suchthat Ay x --- x A, < A is of finite index. Let A; = pry. (I'), where
pry, is the projection H x D — H — H;. Clearly, A; is dense in H;, which implies
[A; 1 Aj] = oo, and A; is commensurated by A;.

We are in a position to apply Theorem 3.7 and obtain for each i: a number field K;, a
compatible set of places S;, a connected, adjoint, almost simple K;-algebraic group H; and
a subgroup ¥; < H;(K;), satisfying the following properties:

e There exists an isomorphism of topological groups ¢; : (H,-)g_Oc = H; such that ¢, 1 (A})
equals the diagonal image of X; in (H;) g and the preimage of A ; in ¥; is commensurated
with H; (O;). ’

e X, contains a finite index subgroup of H;(®;) and a finite index subgroup of X; is
contained in H; (O;[S;]).

e The closure of the projection of X; to (H;) sfin contains (H,-);ﬁn and it has no non-trivial

compact normal subgroups.

The identification of H with a subgroup of [](H;) seo identifies A with a subgroup X of
the diagonal image of [ [ H; (K;). We summarise some of the information we have so far in
the following commutative diagram (arrows in this diagram are not named, but they are all
explicit from our context):

Cly < I« HxD —» D
- B
A A

H
gcommen. l; l; ? 6.1)

2 N[TH () < b [TH) %
[ | ;
[TH: (0) —— [[Hi(K;) H(Hi)sifm

where the twiddle vertical arrow between A and ¥ N [] H; (O;) indicates that the images of
these two groups in ¥ are commensurated. The dotted arrow from D to [ [(H;) ¢ is not yet

given — its existence is the heart of the theorem. This is what we are now after.
By the above ¥ contains a finite index subgroup of [ [ H; (O;) and a finite index subgroup
of X is contained in [ [ H; (O;[S;]). Also for each i, the closure of the projection ¥ — (H;) gfin

has no non-trivial compact normal subgroup. Denote by O < [[(H;)g¢sn the closure of the
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image of ¥. Denote by C the commensurability class of ¥ N[[H;(O;) in £. By Lemma 5.8
the embedding ¥ — Q is a dense tdlc representation of the commensurability pair (2, C)
and it is a terminal object in the category of dense tdlc representations of this pair (see §5
for definitions). Hence the path from I" to Q in the commutative diagram below is a terminal
dense tdlc representation of the pair (", [T'|¢]).

Ny ——— T — D

gcommen. l: ?
g

EN[[H;(0) — £ — Q — [[H)ghn

By the property of terminal objects we can uniquely realise the dotted arrow in the above
diagram. By Lemma 5.5 the dotted arrow is a continuous epimorphism with compactkernel C.
The composition D — Q — [[(H;)g¢sn is thus a continuous homomorphism with closed
image and compact kernel C which realises the dotted arrow in Diagram (6.1).

Note that ¥ is a subgroup of [[H;(K;) and Q is the closure of the projection of X to
[TH) sfin such that ¥ contains a finite index subgroup of [ H; (0;), a finite index subgroup

of X is contained in [ H; (O;[S;]), and for each i, (H,-);“ﬁn is contained in the projection of
0 to (H;) ¢n. By Lemma 4.2 we conclude that ¥ in is anl arithmetically constructed lattice.
The theorem is now proved by considering the commutative diagram:

I —— HxD/C

E |-

= — [IH)g x 0 < [[(H)s,

This completes the proof of Theorem 1.6.

Appendix A. A theorem of Borel revisited

In this appendix we generalise Borel’s Theorem 3(b) from [3]. Our proof is almost identical
to Borel’s original proof and we have no doubt the sophisticated reader is well aware of this
generalisation. Nevertheless, since the result had not been published elsewhere in the form
that we need, we decided to add the short proof for the reader’s convenience.

Theorem A.1 Let K be a field of characteristic 0. Let G be a connected affine K -algebraic
group and Z. its center. Let H < G(K) be a Zariski dense subgroup. Let A be a K -algebra
and let C be the commensurator of H in G(A). Then the image of C in G/Z(A) is contained
in G/Z(K).

Before proving the theorem, let us recall some basic facts about the functor of points
of a K-algebraic group. For a K-algebraic group G and a K-algebra A we set G(A) =
Homg o (K[G], A), where K[G] denotes the Hopf algebra of K-regular functions on G.
Using the coproduct A : K[G] — K[G] ®k K[G] we get a product structure on G(A), by
sending x, y € G(A) to the map given by the following composition

A X®y m
K[G] —— K[G]®k K[G] ———— A®x A —— A.

Further, G(A) has an identity, given by the augmentation f +— f(¢) € K < A, and
the inverse of x € G(A) is given by x o §, where S : K[G] — K[G] is the antipode,
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Sf(g) = f(g’l). Thus G(A) is a group. The association A ~~ G(A) is called the functor of
points associated with G, see for example Waterhouse’s book [17] for an account on algebraic
group theory based on this point of view.

We set A[G] := A ®k K[G]. Consider the conjugation action of G on itself. This is a
K -morphic action which gives rise to a K -morphic action of G/Z on G. Consider the action
map a : G/Z x G — G. For every g € G/Z(A) the map

a* g®id
K[G] —— KI[G/Z] ®k K[G] —— A ®k K[G] = A[G]

extends uniquely to a A-algebra automorphism A[G] — A[G]. By this we define an action
of G/Z(A) on A[G] by A-algebra automorphisms.

LemmaA.2 Let K be a field of characteristic 0. Let G be an affine K -algebraic group and
Z its center. Let A be a K -algebra. Consider the conjugation representation of G/Z(A) on
A[G]. Considering K[G] as a subspace of AlG] and G/Z(K) as a subgroup of G/Z(A),
we have

G/Z(K) = {g € G/Z(A) | ¢(K[G]) C K[G]}.

Proof Consider K[G/Z] as a Hopf algebra and consider the comodule structure on K[G]
associated with the conjugation representation. By [17, 3.3], K[G] is a direct union of finite
dimensional subcomodules. We let V < K[G] be a finite dimensional subcomodule which
generates K [G] as a K-algebra (K[G] is a finitely generated K -algebra). By the correspon-
dence between subcomodules and subrepresentations, [17, 3.2], V is arepresentation of G/Z,
in the sense that for every K-algebra B, B @k V is a G/Z(B)-invariant subspace of B[G],
and we obtain a natural family of group homomorphisms G/Z(B) — Autg(B ®k V). Con-
sidering the action of G/Z(B) on B[G], it follows that the left hand side is included in the
right hand side in the following equation:

{6 € G/Z(B) | g(K[G]) C K[G]} = {g € G/Z(B) | gV C V}, (A1)

the other inclusion holds as the K-algebra generated in B[G] by V is K[G].

We now take B = K, an algebraic closure of K. By definition of Z [4, 1.7], G/ Z(K) acts
faithfully on G(K). It follows that its action on K [G] is faithful as well, and by the fact that
K ®x V generates K[G] as a K -algebra, we get that G/Z(K) acts faithfully on K ®x V.
Thus the morphism G/Z(k) — GL(K ®k V) is injective. By [4, Cor 1.4(a)] its image is a
Zariski closed K -subgroup of GL(K ®x V), and by [4, Proposition 6.4] this morphism is a
K -isomorphism onto its image since it is separable by the characteristic 0 assumption on K.

As K-vector spaces, V = K". Thus we may identify G/Z with a K -algebraic subgroup
H < GL,,. As subgroups of GL,,(A) we have H(K) = H(A) N GL,,(K). We conclude the
first equality in

H(K) = {g e H(A) | g(K") = K"} = {g e H(A) | g(K") C K"}.
The second equality is a triviality since every g is regular. We thus obtain
G/Z(K) = {g € G/Z(A) | gV C V).
The proof is now complete by Equation (A.1). O
Proof of Theorem A.1 Let g € C be an element. We show that its image in G/Z(A) — denoted

also by g —lies in G/Z(K).
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We consider the conjugation action of G(A) on A[G] and claim that g K[G] C K[G]. By
Lemma A.2 this suffices. Let x € K[G]. We write

gx =xo+aix;+ - +apxy, o €A, x; € K[G],

where 1, a1, ..., o, are independent over K and x; # 0. If n = 0 then indeed gx = xp €
K[G].

We assume n > 1 and argue by contradiction. Note that H N gHg~! < H is of finite
index, thus H N gHg~! is Zariski dense in G(K) since G is connected. Thus we can find
he HN gHg_1 < G(K) = Homg ;i3 (K[G], K) such that 2 (x) # 0. From

h(x0) +arh(xi) + - + ayh(x,) = h(gx) = (g7 'hg)(x) € K

we get a non-trivial linear combination of 1, o1, ..., «, over K. This gives the desired
contradiction. u)

Remark A.3 Neither Theorem A.l nor Lemma A.2 are correct as stated if K has positive
characteristic. Take for example K to be the algebraic closure of F», G = SLj, and A =
K[t1/(t?). Then G(K) = SL>(K) has trivial center Z, thus G/Z = G. However, G/Z(A) =
G(A) = SLy(K) x slp(K) has a non-trivial center L corresponding to the scalar matrices in
sl (K). Then L is not contained in G/Z(K), but

L <{g € G/Z(A) | ¢(K[G]) < K[GI]},
and for any H in G(K), L commensurates H in G/Z(A).

Correct statements are obtained by replacing the smooth subgroup Z with a scheme the-
oretically defined center Z. For example, for G = SL,, regardless of the field of definition,
G/Z = PGL,. In characteristic 0 we always have Z = Z. The proof of the corrected state-
ment of the theorem follows formally from the corrected lemma. We will not give the proof
of the corrected lemma but merely remark that it is verbatim the proof above, upon replacing
the notion of “faithfulness of an action" by a scheme theoretical analogue. Moreover, there
is no need to pass to an algebraic closure anymore.

Working with the scheme theoretical center has advantages even if one is concerned only
with the classical setting. For example, if K is reduced then G/ Z(K) = G/Z(K). To see this
one observes that the algebra representing G/Z, modulo its nil-radical, equals the algebra
representing G/Z.

The following application of Theorem A.1 is needed in Sect. 3.

Theorem A.4 We retain the setup in Sect. 1.2. Let H be a connected adjoint semi-simple
K-algebraic group. Assume in addition that H(O[S)) is Zariski dense in H. Then the com-
mensurator of H(O[S]) in Hg (via the diagonal embedding) is exactly H(K).

Remark A.5 The subgroup H(O[S]) < H(K) depends on a choice of embedding H < GL,,
but not its commensurability class. Since H is connected its Zariski-density is unambiguous.

Proof Consider the locally compact totally disconnected group given by the restricted product

’

I1 H(K,),
veVy—-y®—§
which is taken with respect to the compact open subgroups H(O,,) < H(K,). Then

l—[uevaoosz(O”)
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is a compact open subgroup, hence it is commensurated. Its preimage under the diagonal
embedding

H(K) — HUEV—VDC—SH(KU)

is H(O[S]). By Lemma 5.2, H(O[S]) is commensurated by H(K).

We need to show that the commensurator group of H(O[S]) inside Hg is contained in
the diagonal image of H(K). Let A be the K-algebra of S-adeles, that is, the restricted
product [, <s Ky taken with respect to the subgroups O, < K. In [12, pp. 249-250] the
identification H(A) = Hg is explained. Under this identification, H(K) is identified with its
diagonal image. Now apply Theorem A.1 and use the assumption that H is adjoint, hence
has a trivial center. O

For the special case where S is a set of archimedean places we get the following.

Theorem A.6 We retain the setup in Sect. 1.2. Let S C V*° be a set of archimedean places.
Let H be a connected adjoint semi-simple K -algebraic group. Assume that there exists v €
V> such that the Lie group H(K,) is not compact. Then the commensurator of H(O) in
[Toes H(K,) is exactly H(K).

Proof This follows from Theorem A.4, once we show that H(O) is Zariski dense in H. By
[3, Theorem 3(a)] H(O) is Zariski dense if and only if Rg,oH(R) is non-compact where
Rk @ denotes the restriction of scalars from K to Q. By applying [11, Theorem 1.3.1.4(i)]
to the real place,

RgoH®) = [] G(K,).

veVe®

The right hand side is non-compact by assumption. O

In view of Remark A.3, Theorem A.4 has the following analogue in positive characteristic.
The proof is the same as of Theorem A.4, taking into account that for adjoint groups the
scheme theoretical center is trivial.

Theorem A.7 Let K be field of rational functions over a finite field, O its ring of polynomials
and V the set of places of k. We fix a subset S C V. Let H be a connected adjoint semi-simple
K -algebraic group. We assume that H(O[S)) is Zariski dense in H. Then the commensurator
of HO[S)) in [],,cs H(K,) is exactly H(K).
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