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Abstract

We re-visit the eigenvalue estimate of the Dirac operator on spin manifolds with boundary
in terms of the first eigenvalues of conformal Laplace operator as well as the conformal
mean curvature operator. These problems were studied earlier by Hijazi-Montiel-Zhang and
Raulot and we re-prove them under weaker assumption that a boundary chirality operator
exists. Moreover, on these spin manifolds with boundary, we show that any C>* confor-
mal compactification of some Poincare—Einstein metric must be the standard hemisphere
when the first nonzero eigenvalue of the Dirac operator achieves its lowest value, and any
C3* conformal compactification of some Poincare—Einstein metric must be the flat ball in
Euclidean space when the first positive eigenvalue of the boundary Dirac operator achieves
certain value relating to the second Yamabe invariant. In two cases the Poincare—Einstein
metrics are standard hyperbolic metric.

Keywords Eigenvalue - Dirac operator - Boundary condition - Yamabe invariant -
Poincare—Einstein metric

B Xiao Zhang
xzhang @amss.ac.cn

Daguang Chen
dgchen@math.tsinghua.edu.cn

Fang Wang
fangwang1984 @sjtu.edu.cn

Department of Mathematical Sciences, Tsinghua University, Beijing 100084,
People’s Republic of China

2 School of Mathematical Sciences, Shanghai Jiao Tong University, Shanghai 200240,
People’s Republic of China

3 Institute of Mathematics, Academy of Mathematics and Systems Science, Chinese Academy
of Sciences, Beijing 100190, People’s Republic of China

4

School of Mathematical Sciences, University of Chinese Academy of Sciences, Beijing 100049,
People’s Republic of China

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00209-018-2210-2&domain=pdf
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1 Introduction

Let (M, g) be aclosed (compact without boundary) n-dimensional Riemannian spin manifold
with the positive scalar curvature R > 0. Let A(D) be the eigenvalue of the Dirac operator
D. In 1963, Lichnerowicz [25] firstly proved

1
)2(D) > ~inf R. (1.1)
4 M

By modifying the Riemammian spin connection suitably, Friedrich [13] improved the Lich-
nerowicz inequality (1.1) and obtained the sharp estimate

Az(D) - _n
“4(n—-1)

If the equality holds in (1.2), the manifold is Einstein. In 1986, using conformal covariance
of the Dirac operator, Hijazi [16] showed, for n > 3,

infR. 1.2
inf (L.2)

W2(D) > — (1.3)
“4(n—1 ’

)
where 1 is the first eigenvalue of the conformal Laplace operator. If the equality holds in
(1.3), there exists the real Killing spinor and the manifold becomes Einstein.

For any n-dimensional (n > 3) compact manifold M with boundary X, let {e,}7'_, be the
local orthonormal frame along ¥ such that e, is a global outward normal to £ and {e; }:7;11 is
tangent to X. We denote by ¥ the Levi-Civita connection with respect to the induced metric

£ on the hypersurface X. The Gauss formula gives
Viej =¥iej — hjje, (1.4)
where h;; is the second fundamental form of X defined by
hij = g(Vien, ej) = —g(Viej, ey).

The mean curvature H of hypersurface ¥ is given by

1
H = 1trgh.

The conformal Laplace operator L and the conformal mean curvature operator B are defined
as
4(n —1)
n—2

L= A+ R,

B 2 + H
= e .
n—2"

The variational characterizations of the first eigenvalue of L and B are given by

Ju (421:2]) IVFP+ sz)dug +2(n — 1) [y Hf*doy

ni(L) = inf ,
FECI(M), ££0 S Frdpg
) /M (£|Vf|2 + 2(;11—1)Rf2)d“g + fz Hfzdc’;é
wB) = inf . ,
FECI (M), ££0 Jx f*doy
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respectively. In [9,10], Escobar proved the first positive eigenfunctions always exist, i.e. there
exists a unique f > O satisfying

Lf = L on M,
f=um(L)f (1.5)
Bf =0 on X,
and there exists a unique f > 0 satisfying
Lf =0 on M,
(1.6)
Bf =vi(B)f on X,

provided vy (B) > —oo. (It was first pointed out by Jin that v{(B) could be —oo, and this
is the case to remove a small geodesic ball on a compact manifolds without boundary with
negative scalar curvature [10].)

For compact manifold M with boundary %, the (normalized) first and the second Yamabe
invariants are given by

S (=19 P R2) dig + 20 = 1) [ Hf oy

YM, %)= inf —3 5
CL(M), f#0 2n_ o
f€ ( )f?(: (/‘anﬁdug)
2 . 1 .
oot 5= (VP g RE) dns £ Jy Hidoy
s = in — ,
feCl (M), f#0 2(n—1) =1
(fz [ d0g>

respectively. If uy (L) > 0, vi(B) > 0, by Holder inequality, we have

Y(M, %)

ni(l) =2 —, (.7
Vol(M)n

vi(B) > Q(Mi,iil) (1.8)
Vol(Z)n-1

Equality occurs in (1.7) if and only if the corresponding eigenfunction is constant in M and
equality occurs in (1.8) if and only if the corresponding eigenfunction is constant on X.

For compact spin manifold M with boundary X, suitable boundary conditions should be
imposed in order to make the Dirac operator self-adjoint and elliptic. There exist two basic
types of boundary conditions, the global Atiyah-Patodi-Singer (APS) boundary condition
and the local boundary condition [1-3,12,14]. The Friedrich inequality was generalized to
spin manifolds with boundary under the two types of boundary conditions as well as certain
mixed boundary condition [18,20]. For conformal aspect of the Dirac operator on manifolds
with boundary, the APS boundary condition is not conformal invariant, but the local boundary
condition can be used to generalize the Hijazi inequality to spin manifolds with boundary for
n > 3 with a boundary chirality operator [18] as well as for n > 2 with a chirality operator
[29]

n
———wni(L), n=3,

4(n—1)
23 (D) = o (1.9)
= )
Area(M?,g)’ " ’
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when 11 (L) > 0. Moreover, for internal boundary X of compact domain in a spin manifold,
the conformal integral Schrédinger—Lichnerowicz formula and local boundary condition also
yield

n—1

J1(D*) = vi(B) (1.10)
when vi(B) > 0, where A1(D¥) is the first positive eigenvalue of the Dirac operator of %
[20]. It was assumed that X is an internal hypersurface in order to use the unique continuation
property of the Dirac operator. But this property does not seem to be verified when X is the
boundary of M and the Riemannian structure and spin structure are not products near % (c.f.
Remark 8.4 in [6]).

In this paper, we re-visit and prove (1.9) and (1.10) when ¥ equips with a boundary
chirality operator. For n > 3, we also study the rigidity of (M, , g) as a C>* conformal
compactification of Poincaré—Einstein manifold (1\;1 ,8+4):

Ric,, = —(n—1)gy, inM
8+ 8+

and g = p?g, can be C>* extended to the boundary ¥, where p is any smooth boundary
defining function. It is answered from different point of view when a Poincaré-Einstein
manifold is the hyperbolic space [8,26,28,30]. Here we provide a new characterization of
this rigidity in terms of the eigenvalues of Dirac operators. If

D) = g (L), (1.11)

then (M, %, g) is isometric to the standard hemisphere and g is isometric to the hyperbolic

space. If

n—1QM,X)
2 vol(z)mT

then (M, 3, g) is isometric to the flat ball in R” and g is isometric to the hyperbolic space.

We point out that the existence of boundary chirality operator on the boundary is weaker
than the existence of chirality operator on the whole manifold. Although it is not conformal
invariant, the boundary chirality operator yields to a local boundary condition which consists
well with the conformal integral Schrodinger—Lichnerowicz formula.

The paper is organized as follows. In Sect. 2, we recall some basic facts about spin man-
ifold, Dirac operator, local boundary condition, integral Schrédinger-Lichnerowicz formula
and conformal covariance properties of Dirac operator. In Sect. 3, we review the concepts
of a conformal compactifiction of a Poincaré—Einstein manifold and give the proofs of two
rigidity results for certain conditions for Ricci curvature and mean curvature. In Sect. 4, we
state and prove the main theorems.

;1(D¥) = (1.12)

2 Preliminaries

In this section, we provide some well-known facts for Dirac operators on manifold with
boundary.

2.1 Dirac operators on manifold with boundary

Let (M, g) be an n-dimensional Riemannian spin manifold with boundary (X, £), where # is
the induced metric. Given a spin structure (and so a corresponding orientation) on manifold
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M, we denote by Sy, the associated spinor bundle, which is a complex vector bundle of rank
21*#], Denote by y the Clifford multiplication

y : Cl(M) — Endc(Sy),

which is a fibre preserving algebra morphism. Let V be the Riemannian Levi-Civita connec-
tion of M with respect to the metric g and denote also by the same symbol its corresponding
lift to the spinor bundle Sy,. It is well known [24] that there exists a natural Hermitian metric
(, ) on the spinor bundle Sy, which satisfies

X (¥, 9) = (Vx¥, 9) + (¥, Vxo), Q.1
(Y XO¥, y(X)e) = IXI* (¥, 9), 2.2)
Vx(y(MN¥) = y(VxY)¥ + y(Y)Vx ¥, (2.3)

for any vector field X, Y € I'(T M), and for any spinor fields ¢, ¥ € I'(Spr). Let w, be the
complex volume form defined by

n+l]

w,lz(ﬁ)[ : el -...-ey. 2.4

When the dimension n of manifold M is even, the spinor bundle Sy, splits into the direct
sum of the subbundles
Su=S;; Sy,

where Sﬁ are the £ 1-eigenspaces of the endomorphism y (®;,).
The Dirac operator D on Sy, is the first order elliptic differential operator locally given

by )
Dy =) y(e)Vep

k=1

for ¢ € I'(Syr), where {ey, ..., e,} is alocal orthonormal frame of 7M. When n is even, the
Dirac operator D maps Sﬂi,, onto S}, i.e. it interchanges positive and negative spinor fields.
The unit normal vector field e, of hypersurface induces a spin structure on X. Denote the
restricted spinor bundle by Sy, = Sy/|x. This Sy, is referred as the extrinsic spinor bundle
of ¥. We denote also by V* the spinorial connection acting on the spinor bundle Sy. The
extrinsic spin connection and the extrinsic Dirac operator of ¥ acting on Sy, are given by

|
V= i=d+ 48(Vei ep)y ey (e)), 23

and
D¥ = y(en)y(e) V. (2.6)

As X equips with the induced spin structure, there is the intrinsic spin bundle §y, on X with

induced spin connection ¥ and the Clifford multiplication . The intrinsic spin connection
¥ and the intrinsic Dirac operator Jp of X acting on By, are given by

1
¥ i=d+ Zé’(Wei, ej)y ey (ej), 2.7

and

D =y(e)yi. (2.8)
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490 D.Chen et al.

In general, (Sz, DE) and (SZ ,lD) are not equivalent. They are isomorphic to each other if

n is odd, and the dimension of Sy, is twice the dimension of By, if n is even. However, they
play the same role. In particular, D> and /) have the same eigenvalues (c.f. [20]).

The restriction of the spin connection V on ¥, acting on Sy, differs with V* by the second
fundamental forms, i.e., for ¢ € I'(Sy),

1
Vip =VZEp+ 78(Veien, €))y (en)y (e))9
2.9)

1
=VZp+ 5h,'J-)/(ern)J/(eJ'M"

This is called the spinorial Gauss formula. Therefore, on X, for ¢ € Sy, direct calculation
yields

1
y(en)y(e)Vig = y(en)y(ei) (V[Z + *hijy(en)y(ej)) ¢

2

> n—1
=D*p— ——H¢.
2
On the other hand,
Vi(y(en)®) =y (Vien)p + vy (en)Vid
=y(en)Vig +hijy(e;)o.
Therefore

1
VZ(y(en)$) = Vi(y (en)) — 58WVien, ey (en)y (€j)(y (€n)P)

1
=y(ey)Vip — Ehijy(en)y(en)y(ej)d’
=y(e)V> 9.
and

D> (y(en)p) = vy (en)y () VE (v (en)d)
=y(en)y(e)y(en)VED
= —y(e,)D¥¢.

These yield to the integral Schrédinger-Lichnerowicz formula

R
/ |V¢|2dug=/ (|D¢|2—Z|¢|2>dug
M M

—1HH
+f2 (<¢, D¢) — %W) doy. (2.10)
2.2 Local boundary condition
It is straightforward to derive
[ ws.nan,~ [ w.owdn, = [ eppndo. @
M M z

@ Springer



Eigenvalue estimate of the Dirac operator and Rigidity of Poincare-Einstein metrics 491

From (2.11), we know that D is not self-adjoint without posing suitable boundary value.
We refer to [1-6,12,14,17,18] for relevant elliptic boundary conditions. However, neither the
Dirichlet nor the Nermann boundary value makes D elliptic and self-adjoint.

As D is the first order differential operator, and acts on spinors which are vector value
functions, the standard theory of PDEs indicates vanishing of “half” vector value functions
on the boundary is elliptic boundary condition. This requires Sy = SJEr @ S5, where S:'ZE are
two sub spinor bundles of equal dimension. Then we can take “half” part to be zero. This is
called local boundary condition. There is topological obstruction for the existence of local
boundary condition to make D self-adjoint. However, it does exist if the boundary chirality
operator exists. An operator I' € Hom(Sy) is said to be a boundary chirality operator if it
satisfies the following conditions, for ¢, ¢ € Sy,

I =Id,
VET =0,
y(e)l' =—Ty(en), (2.12)

y (el =Ty (ei),
(Lo, T'y) =(o,¥).

If the dimension n of M is even, one can always find boundary chirality operator I' :=
y(wn)y(ey). If M is a spacelike hypersurface with boundary ¥ and timelike unit normal
vector eg in a Lorentzian manifold. The boundary chirality operator is defined as I' :=
¥ (e0)y (e,). In both cases there exists chirality operator globally defined over M. However,

boundary chirality operator is only defined on the boundary, which is weaker that the existence
of chirality operator. Supposing the boundary chirality operator exists, we define

riec — {¢ €Sy : Pig :0},
where P are pointwise projection operators acting on Sy, defined by

Py = %(qu:r). (2.13)

It is easy to check that, for ¢, ¥ € I'(Sy),

(P, Pxy) =0. (2.14)

This implies that P and P_ are orthogonal to each other. From (2.12), (2.13) and (2.14), we
have
D*Py =P+ D%, (2.15)

If ¢ € T'2°, then y (e,)¢p € TL2°. Therefore, from (2.11) and (2.13), D is self-adjoint under
the local boundary condition.
It is straightforward that, for ¢, ¢ € I'(Sy),

(y(e)y(epp. V) = —(p.y(e)y(e;¥), for i ],
ei(¢. V) = (Vio. ¥) + (. Vih)
= (V7. ¥) + (6. V7V),
VE(y(en)y(e))$) =y (en)y(e))VZ¢.
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492 D.Chenetal.

Using (2.10), we can obtain

ei(y(e)y (e, v) =(D¥¢,¥) — (¢, D*V)
=(v(en)y(e)Vig, ¥) — (. y(en)y (i) Vi),

which imply that D* and y (en)y (e;)V; are both self-adjoint on X, i.e., for ¢, ¥ € I'(Sy),

/(D%,Wog Z/(¢aD21//)d0g,
x )

and

[ e @rvio.vidoy = [ @ vty envivido.
b by
The following theorem is well-known.

Theorem 2.1 Suppose M is an n-dimensional compact spin manifold with boundary ¥ which
equips with a boundary chirality operator (n > 3). Suppose the scalar curvature R > 0 and
the mean curvature H > 0. Moreover, either R > 0 at some pointin M \ ¥ or H > 0 at
some point on X. Given any ®g € Sy, ¢po € Sy, there exists a unique smooth spinor ¥ such
that

DV = @ in M,
P:l:quP:l:d)O on X.

2.3 Conformal covariance of the Dirac operator

We now recall some properties of the conformal behavior of spinors on a Riemannian spin
manifolds. For more details, we refer to [16,18,20,23]. Let u € C°° (M) be a smooth function
defined on manifold M and g = ¢*“g be a conformal change of the metric g. This yields the
bundle isometry between the two spinor bundles Sy and Sy, i.e.

SM—>gM
o — Q.

We can also relate the corresponding Levi-Civita connections, Clifford multiplications and
Hermitian scalar products. Denoting by V, y and (, ) ; the associated Levi-Civita connection,

Clifford multiplication and Hermitian inner product on sections of the bundle Sy, one has

_ 1 1
Vx¥ =Vxy — EV(X))/(VMW 3 (X, Vu) v,
Y XY =y (X)),
(V. 9); = (V. 0).
for all ¥, ¢ € I'(Sy), X € I'(TM) and where X := e~ X denotes the vector field over

(M", g). From these identifications, one has the relation between the Dirac operators D and
D acting respectively on sections of Sy, and Sy, i.e.

5@=€_%"m (2.16)

which shows that the Dirac operator is a conformally covariant differential operator.
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Eigenvalue estimate of the Dirac operator and Rigidity of Poincare-Einstein metrics 493

The conformal change of metric on M induce the corresponding change of metric on the
hypersurface ¥, i.e. £ = ¢* 4. Denote by D the hypersurface Dirac operator acting on the
spinor bundle Ss. := Sy |sx. For the Dirac operators D* and DX, we have, for v € I'(Sy),

ﬁ(e_%ua) _ 4 DT!” (2.17)

which is analogous to (2.16). o
Assume that the dimension n > 3 and f € C®(M) is positive function satisfying

e = f é The volume forms of two metrics g, g and their restriction to the boundary
% satisfy
2 20-1)
dug = frn-2dpug, dog = f 2
The conformal Laplace operator and conformal mean curvature operator obey the conformal
transformation laws

doy.

— -1 42

L(f~v)=f r2Lv, (2.18)

B(f ') = f "2 B, (2.19)
where v € C°°(M). From [10], the scalar curvatures and mean curvature under conformal
change yield

n+2

R = f n2Lf, (2.20)
H = f "2Bf. (2.21)

Taking v = f~ = ¢, by (2.16) and (2.17) we have
Dy =~ D§. DE(f'Y) = fT*2D%.
The Penrose (or twistor) operator P is defined by
1
Px¢ =Vxo + ;)/(X)Ddh (2.22)

forany X € I'(TM) and ¢ € T'(Sys). The integral Schrodinger-Lichnerowicz formula (2.10)
can be written as

—1H
/E<<¢,Dz¢> o ) |¢>|> =/M<|7>¢|2+ 61? |D¢|)dug.

(2.23)
Applying (2.23) to the conformal metric g and ¥ € I'(Sy), it gives
L — —1)— —
/2<<1/f,D21/f)g—(n2 ) %,)da / (|7’¢/| +*|W| —7|D1/f| >dug
(2.24)

Since ¢ = f_%qb = f_n%zf_lqﬁ, we have

DTG = 7 @)y @)@ f ) g+ f DR (f71)
1 n— . n .
= —— /T @hH 7@ @d+ /7 [ D%,

Noting that (¢, (en)y(e,)d) is imaginary, we can obtain

/@p D) gdo _f fT7(p, DEg)zdo Z/Efféw”)%)d”g'
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494 D.Chenetal.

On the other hand, a direct calculation yields
1772 -t -2 -1 2
H|y|zdoy = = [T 2 f7 Bfl¢|-doy,
R IJI =
|5$| f =2 |D|*.

Finally, we obtain the conformal integral Schrodinger-Lichnerowicz formula

/f_ﬁ(¢D¢> U )f Bf|¢>|)d0g

T 1 (2.25)
2 (n+) n—
- /M Fo (lP g L T|D<z>|2> ditg.

4

where ¥ = f_%d).

3 Poincare-Einstein metrics and rigidity

In this section, we study the rigidity for (M, X, g) asa C 3. conformal compactification
of the Poincaré-Einstein manifolds (M, g+) under certain curvature assumptions. Denote
M = M\ ¥. We assume (M, g ) is a n-dimensional Poincaré—Einstein manifold (n > 3):

Ric,, = —(n— gy in M,
8+ +

and g = p”g4 can be C3* extended to the boundary X for some smooth boundary defining
function p. Recall ¢ = g|x is denoted as the boundary metric, R* is denoted as the scalar
curvature of (X, £) and E;; is denoted as the trace free part of Ricci curvature tensor of
(M, g).

Theorem 3.1 If (M, X, g) is a C>% conformal compactification of Poincaré—Einstein man-
ifold (M, g.) and satisfies

. R
H =0, E:=Ric——g=0,
n

then (M, £, g) is isometric to the half sphere (S"., S"~!, gs) and hence (M , &+) is isometric
to the hyperbolic space H".

Proof First by the Gauss-Codazzi equation, R* = ”,—:ZR when H = 0 and £ = 0. Hence
RZ is a constant. Consider the transformation of scalar curvature and Ricci curvature under
conformal change g = p2g.., which gives

n
A 27*1(v2—1)—71e, 31
sp =50 Vel S RP G.D

1 1
VZp — —(Agp)g = ———pE =0, (3.2)
n n—2

By identifying a collar neighborhood of ¥ with [0, €) x X, g takes the normal form

g=dr’ +g(r)
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where g(r) is a family of metrics on ¥ with g(0) = 4. Moreover, according to [15], p has
the asymptotical expansion

p=r+ cart 4 card + o)

where
1 1 5 1 1

_2(n—1)H:0’ B= s =D&

_ R =
6(n—1)

=
Let

n 1
A="0"1(1Vp2=1)+ ——Rp.
2 (' Pl )+2(n—1) P

Then direct computation shows that
Alx =0

and

~1 j_n - 2 1
ViA =np~ pijp 3P (IVplg—l)pHrmei

=p A —2p7! (IVPIZ,—1>+LR0 pi =0
852 8 2 —1)

Hence A = A|x = 0. Thus equations (3.1) and (3.2) become

Agp + Rp =0, (3.3)

1
(n—1)
Vot Reg=o. (3.4)
nn—1)
Notice that p > 0 in the interior. Hence R must be a positive constant. Up to a constant
scaling, we can set R = n(n — 1).

Recallthat (M, X, g)isaC 3.0 compactification of a Poincare—Einstein manifold (M , 84)-
By the boundary regularity theorem given in [7], (M, X, g) has umbilic boundary. Since
H = 0, the boundary is actually totally geodesic. Take (M, £) to be the double of (M, g)
across its boundary and p to be the odd extension of p. Then on M, p satisfies the equation

V2o +pg =0. (3.5)

This is the standard Obata’s equation on closed manifold studiNed in [27]. Since M is connected
and p is a non-constant solution to (3.5), Obata proved that (M, g) is isometric to the standard
sphere

St — {Z c Rn-H . |Z| — 1}

and p is the coordinate function z; up to a rotation and constant scaling. Hence (M, %, g),
which is corresponding to § = z; > 0, is isometric to the half sphere (S, $"~!, gs) and
(M, g+ = p~2g) is isometric to the standard hyperbolic space H". O

Theorem 3.2 If (M, X, g) is a C>% conformal compactification of Poincaré—Einstein man-
ifold (M, g.) and satisfies

H=C, Ric=0,
then (M, 2, g) is isometric to flat ball (B", S*~', gr) and hence (Ilol, g+) Is isometric to the
hyperbolic space H".
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496 D.Chen et al.

Proof Notice here R> = ”n;] H? by the Gauss-Codazzi equation and hence R is a constant.
Consider the transformation of scalar curvature and Ricci curvature under conformal change
g = pZg,, which gives

n _
Aep =57 (1901 1), (3.6)

1 1
V2o — —(Agp)g = ———pE = 0. 3.7)
n n—2

By identifying a collar neighborhood of ¥ with [0, €) x X, g takes the normal form
g =dr* +g(r) (3.8)

where g(r) is a family of metrics on ¥ with g(0) = 4. Then according to [15], p has the
asymptotical expansion

p=r+ cr? 4+ car® + 0(r3),

where
1 1 1

—  H. & ) 2
2(n—1)

- T2t - T

Direct computation shows that

n
Agpls = —mH,

and
_ i n _
Vi(Agp) =np~'pijp! — 2P 2(IV,Olﬁ - 1) pi
_ n _
=p I[Agp—gp 1(IVplf,—l)]pz:O-

Hence all over M,

Since p > 0 in the interior, we have that H must be a positive constant. Up to a scaling, we
canset H =n — 1 and hence A, p = —n. Thus equations (3.6) and (3.7) become

Vol —1+2p =0, (3.9)

Vip+g=0. (3.10)

Moreover, R* = Z—jH 2 = (n — 2)(n — 1) implies that the boundary (%, £) has positive
Yamabe constant. By [31], ¥ is connected.

Take any normal geodesic y (¢) such that y(0) = p € X. Then y(t) = (¢, p). By Eq.
(3.10), the function f(t) = p(y(t)) satisfies

" +1=0, f(0)=0, fO)=0dplx=1
Hence in the small colloar neighborhood,

12 12
fO=1-3% = p=r—or’ 3.11)
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On each hypersurfaces X, = {r = constant} for r small, p|5, is a constant. Moreover, by
(3.10) plx, satisfies

(VE)p — (3:0)h(r) +g(r) =0

where h(r) is the second fundamental form for each level set (¥,, g(r)) w.r.t. outward unit
normal —d, and V> is the Levi-Civita connection w.r.t. (Z,, g(r)). However, we know
h(r) = —% g’ (r) while taking the normal form (3.8). This implies that

A=rg ) +2g(r)=0, = gr)=0-r)g. (3.12)

Those formulae (3.11) and (3.12) hold in the collar neighborhood such that (3.8) holds. At
any point 0 < rg < 1, if (3.12) holds, then (3.8) extends in a neighborhood [rg, ro + €)
and hence (3.11) and (3.12) also can be extended. The extension will not stop until arriving
r = 1. Therefore,

g=dr’+(1—-r?g 0<r<l.

When r — 1, (¥, g(r)) shrink to one point since it is connected, which corresponds to the
unique maximum point of p. The maximum point is non-degenerate and smooth. Hence £
must be the standard sphere metric on S"~!. Therefore, by taking s = 1 — r

(M, g) = ([0, 1], x S, g = ds* + s%gs)

which is the flat ball of radius one in R”. And g4 = p~—2g with p = (1 — s2)/2 shows that
(M, g4+) is the standard hyperbolic space H". O

4 Main theorems

In this section, we firstly re-visit and prove the eigenvalue estimates (1.9) and (1.10) when X
equips with a boundary chirality operator. Then we prove the rigidity of Poincaré—Einstein
manifold when (1.11) or (1.12) holds.

The following two theorems were proved for n > 3 with a boundary chirality operator
[18] as well as for n > 2 with a chirality operator [29]. Here we provide more accurate
statements for » > 2 and manifolds equip with boundary chirality operators. As boundary
chirality operator does not give information of whole manifold as chirality operator does, we
can not conclude that manifold is the half sphere when n > 3 in the equality case [17].

Theorem 4.1 Let (M, g) be an n-dimensional (n > 3) compact spin manifold with boundary
3 which equips with a boundary chirality operator. Suppose that wi(L) > 0. Then the
first nonzero eigenvalue ,1(D) of the Dirac operator D under the local boundary condition
satisfies

WD) = —— (L) @.1)
=g - '

Equality holds if and only if there exists a Killing spinor on M and X is minimal.

Proof The proof follows the main argument in [18,29] and we present here for completeness.
Forn > 3,let f > 0 be the positive solution of (1.5). From (2.20) and (2.21), we find the
4

scalar and mean curvatures of the conformal metric g = f -2 g satisfy
= n42 4
R=f""ILf = u(L)f"72 >0,
H=f"m"2Bf =0,
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Now we consider the following eigenvalue problem for Dirac operator with local boundary
condition

D¢ = A1 (D in M
{¢ 1(D)¢ in M, w2

¢ erie on X.
Along the boundary X, it is easy to check that ¢ € T/2¢ implies D> ¢ € I‘ﬂgc. This gives
(¢. D) =0.

Lety = f = ¢. The conformal integral Schrodinger-Lichnerowicz formula (2.25) shows

/f”2<¢D¢> f Bf|¢|>d0g

2 R (n+1) -1
/ /o 7(P¢I§f +ff*1Lf|¢|2—nTlD¢|2)dug

.
/ o (f (L)——ﬂ(D)) 617 d .

Therefore the inequality holds in (4.1). In the equality case, (4.3) gives that

4.3)

-2( fLr1gP - |D¢| )dug

o 1 S
Px¥=Vxy¥+ vX)Dy =0

forany X € I'(T M). Since D = A1(D) f 72, we know that ¥ is a Killing spinor. Then
the standard argument indicates that f is a constant in M [16]. Thus (M", g) is Einstein and
Y is minimal. m]

Theorem 4.2 Let (M, g) be a 2-dimensional compact oriented surface with boundary %
which equips with a boundary chirality operator. Suppose x (M) > 0. Then the first nonzero
eigenvalue A1 (D) of the Dirac operator D under the local boundary condition satisfies

2

2 e —
r(D) = Area(MP. ) (4.4)

Equality holds if and only if (M, 2, g) is the half sphere.

Proof For n = 2, that conformal changing the metric g = ¢>“g yields the transformation
rules for sectional curvature K and geodesic curvature «

K =K — Au,
_ 4.5)
'Kk =k +e(u),
where e, is the outer unit normal vector field of X. Let u be the solution of
A K ! (/ Kdup, + / d ) in M
u=K—- —— kdoyg |, in
Area(M?, g) \Ju He > ¢ (4.6)
e(u) = —«k, on X,
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Let ¢ be the solution of (4.2) and ¥ = e_%”qﬁ. Applying (2.23) to the conformal metric
g = e*g, we obtain

T s A 1 u—7 oA f o 1 ——
L(eWJﬁwﬁ—zemde%:iL<mw@+zw@—zww@»m@

4.7)
Since (¢, DZ¢) = 0, (¥, y (dgu)y) is imaginary and

— —=— 1
/ (Y, D> Yr)gdoy = — 5/ (Y, y(dsu)y)doy +/ e (¢, D¥¢)doy,
b b b3

we obtain the following identity by taking the real part of (4.7)

2 1 72
5@<mwg SR - 5D wgd%
1 _
25 | ®e = 330) P du.
M

By the Gauss-Bonnet formula for surfaces with boundary

/ Kdug—l—/ kdoy =2 x (M),
M )

L[ 2mx0) o
2 /M <Area(M2,g) A](D)> [y 2 dpg > 0.

This gives the second inequality in (4.4).

In the equality case, we deduce that u is constant. Then K is constant and the boundary X
is minimal. Moreover, K = ¢~ 2K = ¢~2A>(D) > 0. Consider (M, &) being the double of
(M, g) across its boundary X. Since X is minimal and one dimensional, it is totally geodesic.
Thus (M g) is a C? closed compact manifold which has constant Gaussian curvature K.
Therefore, (M , §) is isometric to S up to a scaling. Since ¥ is totally geodesic in S?, which
can only be a great circle. Therefore, (M, X, g) is the half sphere. O

we obtain

The following theorem was proved in [20] when X is an internal hypersurface in order to
use the unique continuation property of the Dirac operator. Now we prove it when X is the
(usual) boundary of M which the Riemannian structure and spin structure are not necessary
products near X.

Theorem 4.3 Let (M, g) be an n-dimensional (n > 3) compact spin manifold with boundary
% which equips with a boundary chirality operator. Suppose that vi(B) > 0. Then the first
positive eigenvalue )1 (D) of the intrinsic Dirac operatorD of T satisfies

mMm®P) = V1 (B). (4.8)

Equality implies that (M, g) is conformal to a Ricci flat metric.

Proof The proof follows the main argument in [20]. Let f > 0 be the positive solution of

4
(1.6). Let g = fn-2g be a conformal change of the metric g. From (2.20) and (2.21), we
find its scalar and mean curvatures satisfy

_n42

)
H=f"2Bf = v (B) f 72 > 0.
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Letn = f _ﬁqb, v=7r = ¢. The conformal integral Schrodinger-Lichnerowicz formula

(2.25) reduces to
n—1
/ <<n, D¥) = — vl(B>|n|2) doy
)
2 f =- 2(n+1) n—1
= /M fo (IPwIEfTZ - T|D¢|2> dprg,

Assume that 9 € Sy is an eigenspinor field associated to A (D*) over the hypersurface
¥, ie. D9 = A (D¥)®. Now we solve the following Dirac equation with local boundary
condition

(4.9)

{ Dy =0 in M,
(4.10)

P, =P.(fi209) on E.

The existence of (4.10) follows by showing that vi(B) > 0 implies the equation with

P4 ¢ = 0 has trivial solution. Since n = f _ﬁq), we have P, n = P, 9 along the boundary
¥. From (2.15), we have DZPL9 = M (DE)Psz?. From the self-adjointness for DZE | one
can get

M(DE)/E P = M(DE)/E 2. @.11)

By the Cauchy—Schwartz inequality, we have
P2 by
=2}L1$}t/ (P_v,P_n)doy
b
5?‘1(92)/ (IP_9* + [P_n|*) doy @.12)
)
= (D% [ (PoP + P-nP) doy
o

:“(DE)/Z Il do

Now (1.6), (4.9), (4.10) and (4.12) indicate that

0 [ PVidus
M

by n—1 2
5/2<<D nn - 3 vi(B)|nl )ng (4.13)

—1
5/ (AI(DE)— ”2 V1(3)>|ﬂ|2d0g-
>

Since L1 (D) = A1 (D¥), (4.8) follows. In the equality case, v is a parallel spinor field with
respect to the conformal metric g. Hence (M, g) is Ricci flat. O

Now we prove the following two rigidity theorems for Poincaré—Einstein manifolds.

Theorem 4.4 Let (M, g) be an n-dimensional (n > 3) compact spin manifold with bound-
ary ¥ which equips with a boundary chirality operator. If (M, £, g) is a C>% conformal
compactification of Poincaré—Einstein manifold (M, g4.) and satisfies
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D) = ——— (L)
TP T

then (M, 2, g) is isometric to the half sphere (S}, sn1, gs) and hence (1\;[, g4) is isometric

to the hyperbolic space H".

Proof It is known from Theorem 4.1 that M is Einstein and X is minimal. Then the theorem
follows from Theorem 3.1. O

Theorem 4.5 Let (M, g) be an n-dimensional (n > 3) compact spin manifold with bound-
ary ¥ which equips with a boundary chirality operator. If (M, £, g) is a C>% conformal

compactification of Poincaré—Einstein manifold (M, g4) and satisfies
n—10M,3)
M (DE) = T - 1

Vol(X)n-T

then (M, X, g) is isometric to flat ball (B", s, gr) and hence (A;I, g4) is isometric to the
hyperbolic space H".

Proof The equality implies that

n—1 n—1QWM, %)

J1(DF) = v (B) = .
2 Vol(z)iTt

Thus, from the first equality and Theorem 4.3, we know that g is Ricci flat. The second
equality implies that f is constant on X, hence H is constant. Therefore the theorem follows
from Theorem 3.2. O
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