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Abstract

The Unitary Dual Problem is one of mathematics’ most important open problems: classify
the irreducible unitary representations of a group. The general approach has been to clas-
sify all representations admitting non-degenerate invariant Hermitian forms, compute the
signatures of those forms, and then determine which forms are positive definite. Signature
character algorithms and formulas arising from deforming representations and analysing
changes at reducibility points, as in Adams et al. (Unitary representations of real reductive
groups (ArXiv e-prints), 2012) and Yee (Represent Theory 9:638-677, 2005), produce very
complicated formulas or algorithms from the resulting recursion. This paper shows that in
the case of irreducible Verma modules all of the complexity can be encapsulated by the affine
Hecke algebra: for compact real forms and for alcoves corresponding to translations of the
fundamental alcove by a regular weight, signature characters of irreducible Verma modules
are in fact “negatives” of Hall-Littlewood polynomial summands evaluated at g = — 1 times
a version of the Weyl denominator, establishing a simple signature character formula and
drawing an important connection between signature characters and the affine Hecke alge-
bra. Signature characters of irreducible highest weight modules are shown to be related to
Kazhdan-Lusztig basis elements. This paper also handles noncompact real forms. The cur-
rent state of the art for the unitary dual is a computer algorithm for determining if a given
representation is unitary. These results suggest the potential to move the state of the art to a
closed form classification for the entire unitary dual.

Mathematics Subject Classification Primary 22E50; Secondary 0SE10

1 Introduction

In the 1930s, Gelfand introduced a programme in abstract harmonic analysis that is a grand
generalization of Fourier analysis (see the series of survey articles at the end of [8] for the
history of his work). The idea is to attach to a problem a corresponding algebraic problem
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which may be solved by decomposing it into simpler (possibly infinitely many) problems.
This permits the solution of difficult problems in diverse areas of mathematics. Realizing
Gelfand’s programme motivates the Unitary Dual Problem: classify the irreducible unitary
representations of a group. The unitary dual is known only for a limited selection of groups.

A common approach to classifying unitary representations is to first classify the Hermitian
representations (those admitting an invariant Hermitian form), then compute the signatures
of the invariant Hermitian forms on the Hermitian representations, and then determine which
of those forms are positive or negative definite. Signatures may be expressed using signature
characters, and determining if a form is positive definite is equivalent to finding if the signature
character and the character are the same. Important philosophies for computing signature
characters were developed in [28] and [29].

Standard limit representations may be constructed from one-dimensional representations
of the Cartan subalgebra by cohomological induction (see [1, Definition 8.18]). In many
cases the construction is equivalent to applying a Bernstein functor to a Verma module [14,
Theorem 0.50]. Irreducible Harish-Chandra modules are linear combinations of standard
limit representations, thus it is important to study Verma modules. While it is known that
under certain conditions in a more general setting, applying Zuckerman functors to unitary
representations preserves unitarity (see [28,29]), unitary representations may also arise from
the application of Zuckerman functors to non-unitary representations. Thus it is important
to know signature characters of non-unitary highest weight modules as well. Thus signa-
ture characters of invariant Hermitian forms on Hermitian irreducible Verma modules and
Hermitian irreducible highest weight modules were computed in [29-32].

The papers [31] and [32] show that the signature character of an invariant Hermitian form
on an irreducible highest weight module can be expressed in terms of the signature charac-
ters of invariant Hermitian forms on irreducible Verma modules and signed Kazhdan—Lusztig
polynomials which are Kazhdan—Lusztig polynomials evaluated at —1 up to a sign. Similar
formulas for Harish-Chandra modules are obtained in the impressive preprint [2]. Unfor-
tunately, signature characters of invariant Hermitian forms on irreducible Verma modules
are indexed by alcoves of the affine Weyl group and the signature character formula in [30]
depends on a choice of alcove path and appears complicated: it involves powers of 2, products
of signs, and a summation over subsets of reflections in the alcove path chosen. (Please see
Theorem 3.16.) Fortunately, the main result Theorem 7.9 of this paper simplifies the descrip-
tion of the signature character by showing that when the real form is compact and the highest
weight is regular and in a translation of the fundamental alcove, the signature character of
the invariant Hermitian form on the irreducible Verma module is equal to the “negative” of
a summand of a corresponding Hall-Littlewood polynomial evaluated at ¢ = —1 times a
version of the Weyl denominator. For alcoves of other forms, the signature character of the
invariant Hermitian form on the irreducible Verma module can be expressed as a sum of
Hall-Littlewood polynomial summands at g = —1 times a version of the Weyl denominator.
Signature characters of invariant Hermitian forms on irreducible highest weight modules are
sums of signature characters of invariant Hermitian forms on irreducible Verma modules.
Therefore signature characters of invariant Hermitian forms on irreducible highest weight
modules can be expressed in terms of sums of “negatives” of summands of Hall-Littlewood
polynomials evaluated at ¢ = —1 times a version of the Weyl denominator and Kazhdan—
Lusztig polynomials evaluated at — 1. The signature characters of irreducible highest weight
modules are shown to be related to Kazhdan—Lusztig basis elements.

We use the following approach to prove the main theorem. First, we simplify the formula
for the signs appearing in the signature character formula for invariant Hermitian forms on
irreducible Verma modules. Then we study the formula for Hall-Littlewood polynomials in
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terms of alcove walks of Schwer and Ram [25,27]. We establish a connection between the
summands which appear in the signature character formula and the summands which appear
in the Hall-Littlewood formula by establishing that the summands that appear in the former
formula correspond to positively folded alcove walks. We then use a result from Matthew
Dyer’s thesis [6] which allows us to use R polynomials to show that the signature character
formula and the “negative” of a summand of the corresponding Hall-Littlewood polynomial
evaluated at ¢ = —1 are the same after multiplication of the latter by a version of the Weyl
denominator.

The paper is structured as follows. We begin by introducing notation in Sect. 2. In Sect. 3,
we provide background material on signature characters of invariant Hermitian forms on
irreducible Verma modules. In Sect. 4, we simplify the signature character formula for irre-
ducible Verma modules by simplifying the signs and products of signs that appear in it.
Next, we review the affine Hecke algebra and Hall-Littlewood polynomials in Sect. 5. In
Sect. 6, we discuss Schwer and Ram’s formula for Hall-Littlewood polynomials in terms
of alcove walks and establish some basic relations to the signature character formula. In
Sect.7, we introduce a formula of Dyer and use it to show that when the real form is com-
pact, for alcoves of the form w(—A 4 dominant fundamental alcove), the signature character
formula and the “negative” of a summand of the corresponding Hall-Littlewood polyno-
mial are the same (up to multiplication by a version of the Weyl denominator). This is
accomplished by evaluating a summation of R polynomials. In Sect. 8, we express signa-
ture characters for irreducible Verma modules of highest weight corresponding to alcoves of
the form w(—A + x (dominant fundamental alcove)) in terms of “negatives” of summands of
Hall-Littlewood polynomials evaluated at g = —1. In Sect. 9, we discuss the case of singular
highest weight. In Sect. 10, we treat the case where the real form is noncompact. We use
the simplified formula for irreducible Verma modules to write down formulas for signature
characters for irreducible highest weight modules in Sect. 11.

2 Notation

In [30-32], the focus of the papers was signature characters and it was convenient to index
Verma modules using antidominant weights and the Weyl group and to use the antidominant
fundamental Weyl chamber and alcove. In this paper, we also discuss Hall-Littlewood poly-
nomials, where it is standard to use the dominant fundamental Weyl chamber and alcove.
Therefore we introduce notation for both choices.

Notation 2.1 We fix the following notation for this paper:

— go is a real semisimple Lie algebra

— 6 is a Cartan involution on go inducing the decomposition gg = €y @ po

— bho = to @ agp is the Cartan decomposition of a §-stable Cartan subalgebra

— omitting the subscript 0 indicates complexification

— ~ applied to elements of g and h* denotes complex conjugation relative to the real form
g0

— b = b @ nis aBorel subalgebra giving positive roots A* (g, h) andg=n® hSn" is
the corresponding triangular decomposition

— let T = {ay, - -+ , ) be the simple roots of A1 (g, h) and let ag be the root for which
ay is the sum of all the highest coroots for each simple component of g
— lets; = sy, and S = {s1, ..., Sm}
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— A, is the root lattice and A" is the set of non-negative integral linear combinations of
the simple roots

— A is the weight lattice and A1, . .., A, the fundamental weights

— p is one half the sum of the positive roots and p" is one half the sum of the positive
coroots

— W is the Weyl group, €y the antidominant Weyl chamber, and &, the dominant Weyl
chamber

— wy is the long element of W

—forwe W, Aw H={aeAt(gh::wla <0}

— A € h* is a dominant weight

— for u € b*, W, is the stabilizer of 1 in W and W* is the set of minimal length coset
representatives of W /W, where u is dominant or antidominant

— for u € b*, M(n) = U(g) ®up) Cu—p is the Verma module of highest weight 1 — p
with canonical generator v,_,

— H, , denotes the affine hyperplane Hy , = {1 € f)é : (u, ) = n} where @ € A(g, h)
and n € Z and s, 5, is the corresponding affine reflection

- H,f, and H, denote the half-spaces H,\, = {ix € b : (u, ") > n}and H,, = {u €
by : (@) < n)

— W, is the affine Weyl group generated by the 54, Ao = Ngen H(;O N H(:g’_l, A, =
Ngell Hoj,_(] NH, . (Itis the affine Weyl group for the dual root system A" (g, h) = {a" :
o€ Ag, h})

- ~: W, — W is the group homomorphism induced by the semidirect product structure
W, = A, x W. Note that 5y, = S¢.

= 8¢ =SU{sgy—1}and S, = SU {541}

3 Signature characters for irreducible Verma modules

We review background on invariant Hermitian forms, signatures, and signature characters of
invariant Hermitian forms on irreducible Verma modules. A more detailed explanation of the
material in this section may be found in [30].

Definition 3.1 Given arepresentation V of the complex semisimple Lie algebra g, a Hermitian
form (-, -) : V x V — C is an invariant Hermitian form on V if

(X-v,w)=—(, X - w)

forallv, w € V and all X € g. Note that invariance depends on the real form due to complex
conjugation with respect to the real form.

Definition 3.2 Givenaweight i € h*, define the complex conjugate ji of uby (H) = w(H)
for all H € h. The weight u is real if i = p, imaginary if i = —u, and complex if it is
neither real nor imaginary.

Definition 3.3 Given u € h*, define O € h* by (Op)(H) = (@' (H)) for all H € b.

For « € A(g, b), because by is O-stable, « is imaginary-valued on ty and real-valued on
ap. Thus O = —p for u € A,, so imaginary roots are supported on t, real roots on a, and
complex roots on both. (See [13] for details.)

Remark 3.4 1If gg is equal rank, then h may be chosen so that hh = t so all roots are imaginary.
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Since o = « for « imaginary, fg, = g, and we conclude that g, C € or p.

Definition 3.5 Let o be an imaginary root. It is compact if g, C € and it is noncompact if
ga CP.

Definition 3.6 Let « be an imaginary root. Define €(«) = 1 if « is compact, and € () = —1
if & is noncompact. If , B, and o + B are roots and if & and 8 are imaginary, from [gy, gg] =
Gatp. 1€, €] C € [E p] C p, and [p, p] C £, we see that e(a + B) = e(a)e(B). Therefore €
may be extended to a Z;-grading on the imaginary root lattice.

Proposition 3.7 [30, p. 641] The Verma module M (w) admits a non-trivial invariant Her-
mitian form if b is maximally compact, 6(A™* (g, b)) = AT (g, h) (recall we selected b to be
0-stable), and | is imaginary. A non-trivial invariant Hermitian form on a Verma module is
unique up to a non-zero real scalar.

If b is maximally compact, all roots are either imaginary or complex. For the rest of this
paper, we assume we are in the setting where non-trivial invariant Hermitian forms exist on
Verma modules.

We pick a canonical form on each Verma module admitting an invariant Hermitian form:

Definition 3.8 Given p € b*, if M(x) admits a non-trivial invariant Hermitian form, then
the unique invariant Hermitian form (-, -),, on M (w) for which (v, _,, v—p), = 1is called
the Shapovalov form.

Although Verma modules are infinite dimensional, we may discuss the signature of the
Shapovalov form because we can decompose the Verma module into a direct sum of orthog-
onal finite dimensional spaces.

Proposition 3.9 [30, p. 643] If v,v' € A and —v = 0(v) # V', then by invariance
(M(M)ufups M(M)u—v’—p)u =0.

If v is imaginary, then the u© — v — p weight space is paired with itself. If v is complex, then
the © — v — p weight space is paired with the u — 6(v) — p = u + v — p weight space. In
the complex case, it can be shown (see [28, Lemma 3.18] or [30, p. 644 and 645]) that the
number of positive and negative eigenvalues of a matrix representing the Shapovalov form
on M (i) y—v—p ® M (1) —6(v)—p are equal. Thus we can define:

Definition 3.10 The signature character of the Shapovalov form (-, -),, on the Verma module
M () is the formal sum

cheM(u) =Y (p(v) —gq(w)e" "
ueAr+
vimaginary
where a matrix representing the Shapovalov form on M (1), —v—, has p(v) positive eigen-
values and ¢ (v) negative eigenvalues.

In order to derive signature character formulas for irreducible Verma modules, we must
understand reducibility of Verma modules. The maximal proper submodule of a Verma mod-
ule is the radical of the Shapovalov form, so a Verma module is reducible precisely when
the Shapovalov form is degenerate. By a modification of the classical (invariant bilinear)
Shapovalov determinant formula, we have:

Proposition 3.11 [30, p. 644] When v € A} is imaginary, up to a scalar, the determinant of
a matrix representing the Shapovalov form on M (1) —v—p is
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l_[ 1_[ (([,L,Olv) _n)P(Ufnot)

aeAt(g,h) n=1

where P is Kostant’s partition function.
When v € A} is complex, up to a scalar; the determinant of a matrix representing the
Shapovalov form on M (1) u—v—p ® M (1) y—gv—p is

1_[ 1‘[ ((M, oY) — n)P(v—na) ((M» o) — n)Pwu—na) '

aeAt(g.h) n=1

Therefore Verma modules are reducible precisely on the affine hyperplanes H, , where
a € AT(g, h) and n € ZT. Within any connected region avoiding these reducibility hyper-
planes, the Shapovalov form remains nondegenerate so the signature of the form cannot
change. This idea was introduced in [28]. In [29], Wallach noted that there is a large region
containing the antidominant Weyl chamber where the signature of the Shapovalov form stays
constant:

(Meent,) N H .
By an asymptotic argument, Wallach obtained:

Theorem 3.12 ([29, Lemma 2.3], reformulated in [30, Theorem 2.10 and Theorem 6.12]) If
W € b* is imaginary and if u € (ﬂaen Ha,l)_ N HOZ),I’ then the signature character of the
Shapovalov form on M () is

chyM ()| = e*le  and
e=nlt

[Toea+p.o( =) [Tpear@.o(l +e™)

Because signatures are constant in regions bounded by reducibility hyperplanes H,, ,, it makes
sense to find a formula for signature characters of invariant Hermitian forms on irreducible
Verma modules indexed by the affine Weyl group. Define:

chsM()|¢ =

Definition 3.13 Let R(u) := ZveA,* cy,e* V7P where the constants ¢, are such that R(u) =

chgM () when u € (ﬂaen Ha,l)i N HOZ) | is imaginary. For an alcove A of the affine Weyl

group Wy, let R4 () := ZveA:’ cl’j‘e“_”_" be the formal sum such that R4 (i) = chy M (1)
when © € A is imaginary.

To arrive at a formula for R4, the philosophy is as follows: first determine how signatures

change as you cross areducibility hyperplane, then take a path from A to (Naen Ho,1) NHy,

where the signature is known by Wallach’s work and apply induction on the number of
reducibility hyperplanes crossed. Specifically:

Lemma 3.14 [30, Proposition 3.2 and Lemma 4.3] Let A and A’ be adjacent alcoves sepa-
rated by the reducibility hyperplane Hy , where o is imaginary. Then

RA(w) = RY (1) + 26 (A, AR (1 — nav)
where e(A, A') = £1.
This is because as you cross a reducibility hyperplane at a point not intersecting any others,

the signature changes by the signature of the radical M (u — na) which is the signature of
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the Shapovalov form or its opposite since invariant Hermitian forms on Verma modules are
unique up to a real scalar.

The formula for (A, A”) from [30] is complicated and its simplification forms the content
of the following section. Note that (A, A") = —e(A’, A).

Complex o are somewhat more complicated. Let u € h* be imaginary and suppose
W € Hy , where o is complex. Then p € Hpgy,, as well. Then:

Lemma 3.15 [30, Propositions 3.7 and 3.8] Let the imaginary weights be partitioned into

alcoves by the affine hyperplanes Hy . Let A and A’ be adjacent alcoves separated by the

reducibility hyperplane H, , where a is complex. Then they are also separated by Hpq .
If o and O« are orthogonal, then

RA(w) = RY (w).

If a and O« are not orthogonal so that o + O« is a root (note that it is imaginary), then
Hey 1 0(a),2n also separates A and A" and

RA(w) = RY () + 2€(A, AYRAT2M@H@O) (1 _ 2p(a 4 6(a))).

Thus crossing only reducibility hyperplanes corresponding to imaginary roots results in
changes to the signature character.

Using these lemmas, by induction applied to an alcove path from A to the region
(ﬁael'IHa,l) NnH,

wp, 1

Theorem 3.16 [30, Theorems 4.6 and 6.12] Let A; (g, h) be the imaginary roots of A(g, b).
Use subscripts and superscripts i to indicate that objects are associated with A;(g, h). In
this theorem, simple roots, roots, Weyl group, length, reducibility hyperplanes, fundamental
alcove, alcoves, affine Weyl group and so on are associated with the imaginary root system
(which is just the usual root system when go is equal rank). The alcoves are the regions
in the imaginary weights of §* partitioned by reducibility hyperplanes of the form H ,
where a € A+(g h) and n € Z*. Let A be an alcove of Wl and let - W’ — W; be the
homomorphism arising from the semidirect product structure W’ A’ x Wi. Letw € W; be
such that A C w@é). Let A = Cy A Cy 3 Cy AU Cy = wAf) be a (not necessarily
reduced) alcove path (the C; are alcoves, the r; are affine reflections, and C; = r;C;_1 for
1 <i < ¥). Then for imaginary u € A,

chyM()|q = e* Ple and
chsM ()l = R (ulo)
Fiy Tig = Fig Tig. i Tiy (=) | ¢

e
e()2! — —.
Z » [Toeat o — e [Toent o +e™®)

1={i1<-~-<1k}
I1c{l,....6}
Where 8(1) = S(CilflaCil)g(’;ilcizfl’filciz)"'g(fil "'Fik_lcikflvfil "'fik_lcik))
e(@) =1, e(C, C") = 0 if the hyperplane separating the alcoves C, C' is not a reducibility
hyperplane and the formula for ¢(C, C') when the alcoves are separated by a reducibility
hyperplane will be stated in Theorem 3.17.

Theorem 3.17 [30, Theorems 6.12, 5.3.4] We maintain the notation and setting of the previ-
ous theorem. Let C and C' be adjacent alcoves of W"; separated by the reducibility hyperplane
H, , where y € Af(g, h),n e Z*, C C Hy o and C' C H):n. Let w € W be such that
C.C'cC wQ%. Lety = sj, -+ si,_ o, where the a;; € T’ are such that ht(si; -« si,_4,)
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strictly decreases as j increases. Let w, = s;, - - - s;,. Recall € the Z-grading on the imagi-
nary root lattice. Then if y does not form a type G, root system with other roots:

e [0 does not fix any element of the component of Tl corresponding to y, then:
e(C,C") = —1.
e [f 0 fixes some element of the component of Tl corresponding to y, then:
e(C,C) = e(ny) x (_1)#{ﬂ€Ai(w;‘):\ﬂ\=ly\,ﬁ#% and B,sgy €hi(w™h)

¢ (— 1yHUBEA; (w5 :IBIFly | and B.—sps, Beiw ™)

Let a1 and o be the long and short simple roots for a type G root system, respectively. We
have the following table of values for ¢(C, C'):

[ 2.0 Iy
l w H o [ o] + o [ 201 + 32 [ o) + 200 o) + 32 [ o) ]
1 0 0 0 0 0 0
S1 C 0 0 0 0 0
$152 e(a))"| e(a +a)" 0 0 0 0
S15251 e(a)"|—e(a; +a2)"| €Ray + 3ap)" 0 0 0
s1s28182  ||€(ap)" | —€(ay + )" |—€(ay + 302)" | €(ay + 2a2)" 0 0

518525185281 ||€(ay)" |—€(ay +a2)"| €Roy + 3a2)" |—€(ay + 200)" | € + 3a2)" 0
s1s281525182||€ (@)™ |[—€ (01 + 02)"| €Ray + 3a2)" | €(o1 + 202)" | —€(e1 + 302)" |€ ()"

$2515285182 0 e(ap +a)" |—€QRay + 3a2)"| (o +202)" |—e(ay + 3ap)" |€(ar)"
52515251 0 0 €(2ay + 3a2)" | —e(a + 2a2)" | —€ (o) + 3a2)" |€(a2)"
§28152 0 0 0 (o] +20)" |—e(ay + 3ap)" |e(ar)"
$281 0 0 0 0 e(a) + 3a2)" |e(a)"

52 0 0 0 0 0 e(a)"

Note that in the referenced results, we have (— I)M't{mmcomp act o, :lei; |2 [y 1} as the first of three

terms in the formula for ¢ (second bullet point). We can replace it by €(ny) by the proof of
Theorem 3.7 (2) of [32].

Note that we have to treat type G, separately because Theorems 5.3.4 and 6.12 of [30]
hold for roots y not forming a type G, root system with other roots in A;“(g, h).

See section 6 of [30] for more information on A; (g, h) and IT;.

Combining Theorems 3.16 and 3.17 gives a formula for chy M () when M (p) is irre-
ducible.

4 Simplifying the formulas for £(C, C’) and £(/)

In [28], Vogan introduced the idea of computing the signature of a non-degenerate invariant
Hermitian form on a finite length (g, K)-module by studying how signatures change as you
cross reducibility points. Computing changes across reducibility points required knowledge
of a sign (g, as in Sect. 3) which was unknown at the time. The sign was first computed in
[30]. We prove a simple formula for ¢ for Verma modules in this section.

We want the formula for ¢ to hold for as general gg as possible, so we work in the setting
of Theorem 3.16 when we work on the formula for ¢; in other words, the root system we are
working with is A; (g, h) and all attached objects and quantities are associated to that root
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system. (In the equal rank case, A; (g, ) = A(g, ), etc.) We revert to a generic Weyl group
and root system when working on definitions and lemmas that hold in general settings (i.e.
not necessarily arising from the study of signature characters).

In [30], we showed that for adjacent alcoves C, C’, ¢(C, C’) only depends on the hyper-
plane separating the alcoves and the Weyl chamber containing the alcoves. Thus we defined:

Definition 4.1 For y € A;r(g, h), n € Z*, define e(H,,,, w) = (C, C") where C, C’ are
adjacent alcoves separated by H,, ,, C,C' C w@f), CcC H;:n and C' C Hy,,.

Remark 4.2 Note that in the definition, we require that y hyperplanes are positive in w@é;
i.e.if H, , intersects w¢y, then n > 0. This is equivalent to y € A;(w™). See the proof of
[30, Lemma 5.2.3] for details.

To simplify the formula for ¢(C, C’) = e(Hy, n, w), we need to reformulate the second
and third terms in the product in Theorem 3.17. Thus we define (in a general setting):

Definition4.3 Let y € A*(g,h) and let w € W be such that y € A(w™!). Recall Wy,
defined in Theorem 3.17. Let

Siow=1Be A,y 1Bl=Iyl.p #y, and B, spy € Aw ™)
and let
Sy w=1B €A, : |Bl # lyland B, —sps,p € Aw ")}

Lemma4.4 Lety € AT (g, b) and let w € W be such that y € A(w™"). Suppose y does
not form a type Gy root system with other roots. Then:

So,w=1Be AN AW N =5, A )\ {y}: 18] = Iy]}

and
Sy = {/3 € Aw,HNA@ HN=s, A )\ (v} : Bl # |y|].
Therefore Siy’w U Siy’w = A(w;l) N A(w—l) N —SVA(w_l) \ {y}.

Proof Suppose 8 € S,%V,w. Since (B, ) > 0 by Lemma 3.2 of [32] and since |8| = |y]|,
therefore sgy = y — B = —s,, 8. Then

sgy = —syB € A(wil) — PBe —s},A(wfl).

Ifg e Ssj%w then, again, (B, y) > 0. The root s,, 8 is orthogonal to 3, so we have —sgs, 8 =
—sy B. Then

—sgsyB=—sy€Aw™ ) &= Be—s,Aw™).
[m}

') 3
Thensince e(Hy ,, w) = e(ny)(— 1)#5"”V (= 1)#5"’V v _therefore it follows from the lemma:

Proposition 4.5 Lety € Af(g, h), let w € W; be such that y is positive on w€6, and suppose
0 fixes some element of 1. Suppose y does not form a type G, root system with other roots.
Then:

. -1 . -1 e X —1
e(Hy n, w) = (—1)FAI0y DN wTHN=sy Ai(w=OAY )

where w,, is defined in Theorem 3.17.
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We wish to remove the dependence of the formula for & on a choice of element w,,.
The next lemma holds in a general setting.

Lemma4.6 Given y € AT (g, h), let y = i\ Siy * ++ Si, where ht(s,-_/. oS0, Strictly
decreases as j increases. Recall we defined w, = s;,s;, - - - s;,. Then:

(1) wy = sj,Si, - -+ 8;, is a reduced expression, and
(2) sy =5i,8iy -+ Si, = -~ 8,8, is a reduced expression.

Proof The first result can be found in the proof of Theorem 5.3.4 of [30]. To prove the second,
suppose the expression is not reduced. Then there exist indices jj and j as close to k as pos-
sible such that s;, ---s;, - -8, = 85 ~-~§,~j CeeSi §ij2 -+ -5;, by the deletion condition.
The deleted terms straddle (and may include) s;, since s;,s;, - - - 5;, is a reduced expres-

sion for w, . Without loss of generality, suppose ji = 1. Then s; s, - - - 55 - - - Sij a1 Sij, =
Siy * Sy =+ + Sij, 4, 50 by Theorem 1.7 of [11], atjy = iy + -+ SiySiy_y =+ * Sij, 1 @i, - From the
height condition in the construction of w,,, (Oll'j s Sijyy “Sio) <O0forj=1,..., k-1
But then
0 > (ail ) Siz e Sik_laik)

- (si2 S Sig Sij2+1aij2 » Sip sik_laik)

= = (Sig_y + Sijy iy > Aig))

= _(O(i_,‘2 s Sij2+1 e Sik,]aik)

>0
—contradiction. Therefore our expression for s, must be reduced. ]

It follows that (again, we keep the next lemma general):

Lemma4.7 Lety € AT (g, b) and let w,, be as defined in Lemma 4.6. Then
Alsy) = Awy, ") U —s, A(w;, )

where the only root common to both sets on the right hand side is y.

Proof By the reduced expressions for w, and s, in Lemma4.6 and by [11, p. 14],

-1
Aw, ") = {oy, siy @iy, -+, Siy - si, 0, ) and
A(sy) = {0y Siy Qigs v 5 Siy = Sip_ iy Siy *** Siy_y SipQiy_ys 5 Siy =+ Sip *** Sip Qi 1.
Since s;, - - 8i, S S Oy = (Siy === Siy == Siy)SiySiy - Si O = =Sy Sy S O, there-
fore A(sy) = A(w, ") U —sy A(w, ). Since y belongs to both sets in the right hand side
and since £(s,) = 2¢(w,,) — 1, we have proved the rest of the lemma. ]

Lemma4.8 Let y € AT (g, h) and let w € W be such that y € A(w™"). Let w, be as
defined in Lemma 4.6. Then A(s),) N Aw Hn —syA(w’l) \ {y} is the disjoint union of
two sets:

A(w;l) N AW N =5, Aw )\ {y)U - syA(w;l) NAw™ N —s, Aw™H\ {y}.
Furthermore,

Alsy) NAW ™) N—s, A ™ H\ {y} =A™ H N —s, A\ {y).
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Therefore

N = N =

# [A(w;l) NAa@™ N —s,Aw )\ {y}] # [A(sy) NA@™ N —s,Aw Y\ {y}]

# [A(w_l) N —sy Aw™ )\ {y}] ,

Proof The disjoint union follows from the previous lemma.
Notethat 8 € Aw,; HNAw™HN—s, A(w™")\{y}ifandonlyif —s, 8 € —s, A(w; )N
Aw™hHnN —syA(w_l) \ {y}. Therefore

|
# {A(w;‘) A N—s, Aw 1)\ {y}} = S# {A(sy) N AN —s, A=)\ {y}} .

Note thatif 8 € A(w™')N—s, A(w™")\ {y}, then —s, 8 € A(w™!) C A (g, ), therefore
syB < 050 B € A(sy). Therefore A(sy) N A(w™H) N —s, A H \ {y} = A= Hn
—SVA(w_l) \ {y}. This proves the lemma. ]

The above lemma allows us to remove dependence on a choice of w, from the formula
for e(Hy ,, w).

Proposition 4.9 Lety € A?‘(g, h), w € W; be such that y hyperplanes are positive on weﬁf),
and suppose 0 fixes some element of T1. Then

E(Hy a W) = e(ny)(—l)%#m" (s)NA; (w™HN—s, A; (w™H\{¥}}

— e(ny)(—1) 7A@ DN=5, A @ O\r}),

Proof The proposition is straightforward to verify for a type G, root system. Otherwise, we
combine the previous lemma with Proposition 4.5. O

We can simplify the formula for & even further. For that, we need the following (general)
lemma:

Lemma4.10 Lety € At (g, h) and w € W be such that y € A(w™"). Then
#HAW ™) N —s, Aw™H} = Lw) — £y w).

Proof This is straightforward to verify for type G», which must be treated separately since
Lemmas 3.4 and 3.6 of [32] do not apply to roots y forming a type G root system with other
roots. Otherwise, we prove this result by induction on w.

For the base case, we consider when w is minimal with respect to the Bruhat order such
that y € A(w™"). (Note that such w may not be unique.) Let w = s;;s;, - - - 5;, be a reduced
expression. Since w is minimal, therefore y ¢ A((s;; - - - si,_, )~1). Thus

y € AN\ A s )7 = (i siy o Sig_ i)
Let x = ws;, and s = s;, in Lemmas 3.4 and 3.6 of [32]. Then Sﬁ)y’w = Sfuy =10
so Aw, ) N AN —s,Aw™")\ {y} = 0 by Lemma 4.4. Then since by Lemma 4.8
A(w™HN—s, Aw~")\{y}is the disjointunion of A(w; HNAw~HN—s, A(w~")\{y}and
—s, (A(w;l) AAW) N —s, Aw")\ {y}),therefore Aw™HN—s, A=Y\ {y} = 0.
Thus

S, W
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#HAW DN =) Aw N =#y) =1=k — (k- 1) = L(w) — (s, w)

proving the base case.

Now suppose w is not minimal with respect to the Bruhat order such that y € A(w™!).
By induction, suppose that for all x < w such thaty € A, #HAE"HN —Sy Ax~ Y =
£(x) — £(syx). Take in particular x = ws, where « is simple and £(x) = £(w) — 1.

Case 1: y = xa. We can apply Lemmas 3.4 and 3.6 of [32], as in the base case. Again,
we have A(w™!) N —s, A(w™!) = {y} and #H{AW ' N —s) A} =1 =
L(w) — £(syw).
Case2: y € AxH=Aw™hH \ {x}. By induction, we have
#HATH N =5y ATHY = £(x) — £(sx).
We also have
Aw™ =A™ U {xa)
—SVA(U)_]) = —syA(x_l) U {—syxa}.

We have £(w) = €(x) + 1 and £(s, w) = £(s,x54) = £(s,x) £ 1. Therefore

B e = £(syx) if syxa >0
bw) = tsyw) = {Z(x) —U(syx) +2 ifsyxa <O. “.D
First, we show that xa # —s, xa. If, by contradiction, xa = —s,xo = —xo + 22};;/;(;) Y,
then ZEVS‘) ¥ = 2xa which implies that y = xa. But {y} = {xa} = A(w~") \ A(x~!) and
in the current case, y € A(x~!)—contradiction. Therefore xa # —syxa.
Next, note that xa € —syA(x_l) if and only if —s, xa € A(x~1). Therefore
#A(w_l) N —SVA(U)_I) =# (A(x_l) U {xa}) N (—SVA(X_I) U {—s,,xot})
C[#AGTH N =5y AT if xa ¢ —s, A(x™h)
T l#aGcTH N —s, AcTH 42 ifxa e —s, A7)
_[#AGTH N —s, AT if —syxa ¢ A(x!)
T l#acTHn s, AT 42 if —syxa e AT
4.2)

We prove the lemma from Eqgs. (4.1) and (4.2) by showing that the case conditions of the
latter equation correspond to the case conditions of the former equation.

If —syxa € A(x~1), then syxa < 0, which is the second condition in Eq.(4.1). Then
combining the Egs. (4.1) and (4.2), we have

L(w) — L(syw) = L(x) —L(syx) +2 = #A(xil) N —syA(xfl) +2
=#Aw HN—s, A,
If —s,xa ¢ A(x™1), then the argument is more complex. We want to show that s, xa > 0,

giving us the first condition of Eq.(4.1). Suppose, by contradiction, that s, xa < 0. Since
—syxa ¢ A(x~1) and —syxa > 0, therefore x‘lsyxa < 0. Observe that

2(ct, x 7!
1 (a,x7y) xil

X S Xe =8,-1,0 =0 — —————— %
4 v (x~ly,x~ly)

and x~'y < 0 since y € A(x~!). Since « is simple and x‘lsyxoz < 0, therefore
(a,x_ly) < 0.
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2y.xe) 2(ar,x”!

Now s, xa = xa — vy Y = Yo — W)y)y > 0. But s, xa < O—contradiction.

Therefore we must have s, xa > 0, which is the condition for the first case of Eq. (4.1). Thus
when —s, xa ¢ A,

E(w) — €(sy) = £(x) — £(syx) = #AGx™) N —s, A(x).
O

Finally, applying the previous lemma to Proposition 4.9 and from Theorem 3.17, we see
that:
Theorem4.11 Let y € A?‘(g, ), n € Z*, and let w € W; be such that y hyperplanes are
positive on w€6. Then

-1 if @ does not fix any element of the
e(Hyp, w) = component of Tl corresponding to y
e(ny)(—1) 2E@—tis =D Geheppise.
From this simplified formula for (C, C) = e(H, », w), we get:
Theorem 4.12 We use the setting and notation of Theorem 3.16. Suppose go is such that
either 6 fixes some element of each component of T1 or 0 fixes no element of each component
of TL. Let A be an alcove ofWé and letw € W; be such that A C wQZf). Let A = Cy 4 Cq 3
Cy 3.4 Cy = u)Af3 be a path that stays in the Weyl chamber w%. Let I = {i; <

<y C{1,...,€}). Let x(I) = rj, - - - Ij,. Consider the translation r;, - - - ;1 - - Iiy.
Letv(I) € Ay be suchthat u—v(Il) =7, -« -Fiyri, -+ -riypforall p € b*. Ife(l) # 0, then

(=DM if 0 does not fix any element of T1

FD =0 )= DGO ohepyise.

Proof The first case is clear, so we suppose we are in the second case. Letr; = sg N, Where
Bj € A;r(g, h). Then we may show by induction on k that v(I) = N;, Bi, + Ni,7i, Bi, +- - -+
N;, 7y - - Ty, Bi, - Thus by Theorem 4.11,

e(l) = S(H;s[,_,v,.] sw)e(Hy, g Ny, Ty w) - - - €(Hyy iy By

= €(Niy Biy + NiyFiy iy + -+ + NigFiy -+ Tip, Big)
X (—1) 3 Cw)—€Giy w)—l)(_l)%w(al w)—C(Fi Fryw)=1) | (_1)%(€(ﬁ1 Fig W)=y oy w)—1)

Tiy » e Ty W)

= e((I))(=1) 2 E@=EDw)=I1])
o

Corollary 4.13 We use the setting and notation of Theorems 3.16 and 4.12. Let T1 = T1; UTI,
where Tl consists of the components of T1 for which 6 fixes some element and I1, consists
of the components of Tl for which 6 does not fix any element. Let go = g1 D g2 be the

corresponding decomposition of go and let W = W1 x Wj. Let A be an alcove of W[’; and

: re rep+1 re
let w € W; be such that A C w€. Let A=Co > C; 3 C, 3 - 3 ¢y 5 - 3

Cy, = wAfj be a path that stays in the Weyl chamber w@f) such that rq, ..., re, belong to
Wiandre 11, ..., 1, belong to Wy, Let w = (w1, w2) e Wi x Wo = W. Let =1L U
where I} = {i} < --- < i} CH{l,.... 0} and I = {ix, 41 < ik42 < -+ < ik} C
b1+ 1,61 4+2,---, 8} Ife(I) # 0, then:

e(I) = E(v(ll))(_1)%(l(wl)—5(x(11)wl)—\ll \)(_1)”2\_
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Thus Theorem 3.16 becomes:

Theorem 4.14 Use the notation of Theorems 3.16 and 4.12. Suppose go is such that either 0
fixes some element of each component of T1 or 0 fixes no element of each component of T1.

Let A be an alcove of WL’; and let w € W; be such that A C w(’:f). Let A = Cy 4 Cy 3
Cy 3.8 C¢ = wAl be an alcove path that stays in the Weyl chamber w¢6. Then for
imaginary . € A,

chsM ()| = e=nPla
If 0 does not fix any element of T1,

chsM(w)le = R (1uly)
e P Z (_1)“|2|”eﬂ|t—‘)(l)

I={i|<--<ix}c{1,....0}
w>F,-] u)>F,-1 F,-zw>--»>F,-| -»-F,-kw

[locate o —e ™) [lgearend +e7)

Otherwise,

chsM ()¢ = R (1uly)

e P 3 e((I))(—1) 2 E—=EXDw) =Nl il =v(D)

I={i;<---<ig}c{l,....0}
w>F,-1 w>l7,-1 F,-2w>--->7,-1 ---F,-kw

[locatp o — e [lgearend +e)

Proof To prove our formulas, we only need to prove that the condition (1) # 0 is equivalent
tow > rjyw > rjrpw > -0 > 7y - - w. It clearly holds if 7 is empty. Otherwise,
recall e(I) = e(Cj -1, Cie(ri, Ciy—1, 7, Ciy) - - €@y -+ - Tip_ Cip =1, T3y -+ - Tip_; Cip). Then
for e(1) # 0, we need the affine hyperplane separating 7y, - - - 7;;, ,C;;—1 and 7y -+ - ri; G,
to be a reducibility hyperplane for each 1 < j < k. The adjacent alcoves lie in the Weyl
chamber rj, ---7i; w(’lf]. Let §;; € A;r(g, h) be the type of the affine hyperplane separating
the two alcoves. Thus, we need

(ﬂij»;i1 ...fij_lw(—p,-)) >0 = (1 "'Fij—lw)_lﬂij <0
= B, € Ay i )wT)

— Ti el W > Sﬂiiril Cee b W =Ty Ty T W

where the last equality comes from the fact that r;; corresponds to the affine reflection
through the affine hyperplane separating C;;— and C;;, which give us the formula S, =

Fiy Ty FijFij_y - Ty [}

Corollary 4.15 We use the setting and notation of Theorems3.16 and 4.12. Let T1 = I1; UTI,
where I11 consists of the components of Tl for which 6 fixes some element and T, consists of
the components of Tl for which 6 does not fix any element. Let go = g1 ® g2 and h* = b} © b3
be the corresponding decompositions of go and bh*, respectively. Let W = W| x W, and
Wé = (W )il x( Wz);. Let subscript and superscript 1’s and 2’s refer to objects corresponding
to g1 and g, respectively. Let ;L = 1 + 2 € by @ b3 be imaginary with M () irreducible.
Let |11 belong to the alcove A1y under the action of (Wl); on b} and i belong to the
alcove Ay under the action of (W), on b3. Let A1y C w1(€1)y and Ay C wa(€y)g,. Let
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r® PV PV r<1)
Aqy = C C1 C1 [1 Cl} = wl(Al)’ be an alcove path that stays in the Weyl
) @ @ r® <2’
chamber w1 (€y);,. Let Ay = CO C2 C2 . C%Z = wz(Az)’ be an alcove

path that stays in the Weyl chamber w2(€2)0. Then:

chsM(p)]q = ™ "le

and
chs M ()¢ = (chs M (u1)lg,) (chsM (12)t,)
where
chs M (1)l
e P! 3 e (I))(=1)zE@D=LGDwD=ID | grtaley=v (D)
I1={i1<--<ir}c{l,....01}
w1>r(1 w1>r(1)1(l)w > >r() -fl.(kl)w1
[oear @@ =) Taea+ o) (1 +e7)
and
e~ Z (_1)I1I2\1I€M2\¢2—V(1)
I={ij<---<ig}C{l,....0}
w2>r<>w2>r(2)ri(2)w2> >F(]2) Fl(kz)

chsM(u2)ly, =

[acat i =€) Taeat 1) (1 +€7%)

5 The affine Hecke algebra and Hall-Littlewood polynomials

For 4 € A™, the Schur polynomial s, is the character of the irreducible highest weight
module with highest weight w. This family of symmetric functions played a prominent role
in early work on symmetric functions. It was important in the representation theory of the
groups S, and GL,(C).

Subsequently (see [15]), Hall and Littlewood independently introduced a one-parameter
generalization of the Schur polynomials in [10] and [17], respectively. These polynomials
are now called Hall-Littlewood polynomials. In [9], Green drew a connection between Hall—
Littlewood polynomials and characters of finite general linear groups. In [22], Macdonald
derived an explicit formula for spherical functions of a Chevalley group generalizing the
formula for Hall-Littlewood polynomials. This generalized Hall-Littlewood polynomials to
all root systems and these polynomials are referred to as both Hall-Littlewood polynomials
and as Macdonald spherical functions.

Hall-Littlewood polynomials are a basis for the algebra of symmetric functions. At
g = 0, they are Schur functions and at ¢ = 1, they are monomial symmetric functions
(my =3 ,cw, X"). Therefore they interpolate between two well-known bases of the ring
of symmetric functions.

Hall-Littlewood polynomials are ubiquitous in mathematics. In addition to the areas
already listed, they appear in the study of [16]: projective and modular representations of the
symmetric group, Kostka—Foulkes polynomials, unipotent classes and Springer representa-
tions, statistical physics, and representations of quantum affine algebras and affine crystals.
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We begin this section by recalling the definitions of the Hecke and affine Hecke algebras
and related objects which we will need. This material can be found in more detail in [4,6,11,
24,25,27].

Definition 5.1 Let K be the field of fractions of Z[q%, q_%]. The Hecke algebra 'H is the
K-algebra with K-basis {7}, },yew such that forall s € S and w € W:

Tsw if L(sw) > L(w)

T, Ty = .
’ { (g— DTy +qTsy iflsw) < €(w).

Let fw = q"z(“’)/2 T,. We get another presentation of H: {f’w twew is a K-basis of H with
multiplication rules for s € Sand w € W:

- - Tow if £(sw) > £(w)
I,Ty, =3 - 1 I - .
Tsw+ (@2 —q 2)Ty ifl(sw) < £(w).

From the equations, it can be seen thatif w = s;, - - - 5, is areduced expression, then Ty, =
TS,.1 e Ts,'k (similarly for Ty,), so the Ty where s € S generate H. From the multiplication
rules, we have for s € S:

I '=q¢ ', —(1—¢ 1.

Therefore T, _11 € H for w € W and it can be written as a linear combination of 7, where
x < w. This leads to the definition of R polynomials. First:

Definition 5.2 Let = : Z[g?, ¢~ 2] — Z[q?, ¢~ ] be the ring involution defined by ¢ =
q’%. It extends to a ring involution of { such that 7, = T, J, and T, = f’uj Jl .

Now we define R polynomials:
Definition 5.3 [12,p. 169] Forx, w € W,let R, ,, = 0ifx ﬁ w. Otherwise, let R, 4, € Z[q]
be the polynomials defined by

Tl;—ll = Z Rx,wq_K(X)Tx~
xeW

Definition 5.4 Let o = q’% — q%. Similarly, for x, w € W define I?x,w =0ifx ﬁ w and
otherwise let Iéx,w € Z[a] be defined by

-4 - -
Tw—l = Z Ry w(a)Ty.
x<w

The R polynomials satisfy the recurrence formulas for s € S, w € W where ws < w

R — Rys ws if xs < x
A qus,ws + (q - 1)Rx,ws ifxs > X.

The R polynomials satisfy the recurrence formulas for s € S, w € W where ws < w

- Rys ws if xs <x
x,w — ~ ~ .
Rysws + @Ry s ifxs > x.

The R and R polynomials are related by the formula

Ry = g2l@—teD R
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To discuss the affine Hecke algebra, we must discuss the extended affine Weyl group.
Elements of the Weyl group also map A to A, so we can define:

Definition 5.5 The extended affine Weyl group is
W, =W x A.

The action of W, on the set of alcoves is no longer free. Let 2 be the stabilizer of A
in W,. Then Q = A /A, where the isomorphism is realized by sending g € 2 to the coset
g(0) + A,. Furthermore, W, = W, x Q. For every w € W,, w = vg for unique v € W,
and g € Q. Extend the length function from W, to W, by defining £(w) = £(v). (Note
that for w € W,, £(w) is the number of hyperplanes H, , separating A, and wA_  where
a € AT (g, h) and n € Z. It is also equal to the length of a reduced expression for w in the
generators S, of W,.)

Notation 5.6 For i € A, let 7, € W, be translation by u: 7, (v) = v + L.
We now define the affine Hecke algebra.

Definition 5.7 The affine Hecke algebra H, is the K-algebra with K-basis {Tw}wGWE with
the relations

TyTy = Tow if £(vw) = £(v) + £(w)
f?:(q% —qié)fs+7~’1 forseS,.
It is also the K-algebra with K-basis {7}, },,ew, with the relations
ToTy = Tyw if L(vw) = £(v) + £(w)
T} =(q— DT +4qT fors € S,,.
We define the following elements of H,,.
Definition 5.8 For i € AT, let
XM= fru _ q—ﬂ(m)ﬂTm — XM — q_("v’“)TfH.
For ju € A, there are 11, 12 € AT such that = 111 — py. Let
XM= xtxry~h = xmxrey T = x i

It can be shown that X# X" = X#tV = X" X" Thus K[A] = SpanK{f(“ e A}isa
subalgebra of H,,.

Proposition 5.9 [21, Prop. 3.7] Two K-bases for H, are
{7:1;_115(“ cweW,ue A} and {)2”7:1;_11 we W, ue A}
Definition 5.10 Let

lp= Y T,=q"" > 1

weW weW
and let
- 1 ~ 1 ~
10 — qfl(w)/ZT—_l — ql(w)/ZT
Wog~") U;V v Wolg) ZW !

where Wy (1) = ZweW £ @) i the Poincaré polynomial of W.
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Note that i% = io and
T 1 1p = q "™/,

There is actually a second way K[A] = SpanK{f(“ : 0 € A} is a subalgebra of H,: by
the above formula, {X*1q : © € A} is a basis of H,1p. The map & defined by
@ : K[A] — Halp
f = flo

is a vector space isomorphism.
According to a theorem of Bernstein, the centre of H, is

Z(Ha) = KIATY,
the ring of symmetric functions. _
The spherical Hecke algebra is 19, 1¢.

Theorem 5.11 The ring of symmetric functions and the spherical Hecke algebra are isomor-
phic K-algebras via
@ : K[A]Y = Z(H,) — 1oHa1o
f = flo.
The isomorphism is called the Satake isomorphism.

Thus {iofﬂ‘ io . € A} is abasis for 19H,1o. This leads us to the definition of Hall—
Littlewood polynomials.

Definition 5.12 Given € A, recall that W, is the stabilizer of .« and W* be the set of min-
imal length coset representatives of W /W,,. The Hall-Littlewood polynomial or Macdonald
spherical function P, (X; g~ ") € K[A]Y is the polynomial defined by

Pu(X:q~ Dl = ( > q—f<w>/2fw1,> X" .

weWh
In fact,
s Wol@ D s ous
Pu(X;q Hlg= ——"1oX"1p
. W(g™h

where W, () = ZweWu t“®) is the Poincaré polynomial of W,.
According to Macdonald,
Theorem 5.13 [22, Theorem 4.1.2] For 1 € A,

1 l—qg'x™@
PXia =g Y| x [T i
® weW acA+(g.h)
Thus we can see that Hall-Littlewood polynomials interpolate between characters of irre-
ducible highest weight modules at ¢ = 0 for dominant 2 and monomial symmetric functions
at ¢ = 1. The ultimate goal is to classify unitary representations, so we have to determine
when signature characters and characters are equal. Thus expressing signature characters in
terms of Hall-Littlewood polynomials is useful. This is the purpose of the following two
sections.
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Remark 5.14 Note that when ¢ = —1 and W, is non-trivial, the denominator in Macdonald’s
formula, W, (g~"), is zero. The formula should be interpreted in the following way when
g = —1 (see [23, p. 259]). First, substituting ©# = 0 in Macdonald’s formula gives the
formula for the Poincaré polynomial

_ 1—qg'x@
= T ()
weW

[23, p. 207]. Let A, be the roots associated with Wy, and A} = A, N A* (g, b). Thus

W@ HPu(X; g7

1— —lx—(x
Youlx 1 55

wew aeAt(g,h)
1—g'x@ 1—g'x™
_ vwp - - _
_Z ZX vw 1_[ 1— X« 1_[ 1—X—
veWr weW, aeA}; aeAt(g.h\AL
1-g7'x 1—g'x™
_ v rEE———
= Z X v Z l_[ 1— X« v H 11— X«
veWnr weWu  aeAj aeAT (g, h\AL

since w € W, permutes the roots in A™ (g, h) \ A

1—g'x@
Z X”“[qu(q_l)] v 1_[ 71?)(—01

vewn aeAT(g.h)\AY
B 1— q—lx—ol
=Wu@™h > x" [
vewn aeAT(g.h\AY

giving us the formula

P h= Y xS

) 1— X«
vew! aeAt (g, h\AL

which still holds when g = —1.

6 Alcove walks and Hall-Littlewood polynomials

Determining Kostka numbers and Littlewood-Richardson coefficients are two difficult prob-
lems in representation theory solved by Littelmann’s path model [18]. In [7], Gaussent and
Littelmann introduced galleries, a discrete version of Littelmann paths. They showed that
the gallery model and the path model are equivalent. Further work on this discrete version
of Littelmann paths appeared in [19] and [20]. (History from [27] and [16].)

In [27], Schwer developed a formula for Hall-Littlewood polynomials in terms of posi-
tively folded galleries. In [25], Ram reformulated Schwer’s formula in terms of alcove walks,
which originate from Gaussent-Littelmann and Lenart—Postnikov’s work. Using Lenart’s ver-
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sion of Ram’s formula, we will relate signature characters of invariant Hermitian forms on
irreducible Verma modules and what we call summands of Hall-Littlewood polynomials.

We will discuss alcove paths, alcove walks, Ram’s alcove walk algebra, and Ram’s pre-
sentation of the affine Hecke algebra in terms of alcove walks. We show that the signature
character condition (/) # 0 corresponds with the condition of positive folding. We establish
other basic relationships between Ram’s formula for Hall-Littlewood polynomials and the
signature character formula for irreducible Verma modules.

First, we need to expand our definition of alcove. In addition to thinking of W, as acting
on the alcoves in by by both translations and orientation changes, W, may be thought of in
the following way. Tile Q x b with alcoves. (When we are studying signature characters,
replace this with €2; x the imaginary weights.) The extended affine Weyl group W, acts freely
on Q x b so that g~ 'A_ is in the same place as A_ except on the g “sheet” of Q x hg-
(Note that in the signature character work, the action of W, chosen was w € W, acts on A,
by wA,. In Ram’s work, w € W, acts on the alcove A_ in 2 X b(’; by w_léo. This is so that
you can list from the left to the right the reflections corresponding to the affine hyperplanes
crossed as you take an alcove path [definition below] from A to B.)

Definition 6.1 Two distinct alcoves A and B are adjacent if they share a common alcove wall.
Lenart and Ram have two different ways of indexing alcove walls. If the separating wall is

Hg i, Lenart in [16] writes A —ﬂ> Bif A C H};k and B C H/j’k. Ram’s labelling of alcove
walls is W,-equivariant. That is, he labels the walls of A, 0, 1,2, ..., m corresponding to
Hyg, 15 Hoy 0, - - - s Hy,, 0. Then for w € W,, the walls of wA, are also labelled O, 1, ..., m
in a W,-equivariant way. That is, if the wall F of A, is labelled i, then the wall wF of wA
is also labelled i. Another way to state this is that the wall separating A and s; A, is labelled
i. So is the wall separating wA, and ws; A, for every w € W,.

Definition 6.2 An alcove path from A to B is a sequence of alcoves A = Ag Ll Ay 52)

R
X Ay = B where for 1 < i < ¢, A;_1 and A; are adjacent. Also, R; is the affine

reflection corresponding to the affine hyperplane separating A;_1 and A; and A; = R; A;_1.

We come to Ram’s definition of the alcove walk algebra from [25]. The vertices of A are
labelled 0, 1, ..., m and for g € €2, let A; be the image of the origin under g, i.e. in g_]AO.
Let g(7) be the index such that gsig’1 = Sg(i)-

Definition 6.3 Let the alcove walk algebra A be the K-algebra with generators g € € and
forO<i<m

i i

i i
- | + - | + e o
—>= < O<i<m)
positive i-crossing negative i-crossing positive i-fold  negative i-fold
with relations (straightening laws)
i i i i i i
- | + - | + - T - | + - | + o
= + —> and | = | > T+ ==
(6.1)
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and
i g() i g()
- + - + - + - +
8 = g, g = 8>
i g(@) i g(@)
- + - + - + - +
g = = | = g, g —= | = —>= | g

(Graphics are from [25], used with the author’s permission.) Multiplication in the algebra
is concatenation of words in the generators. These words may be viewed as a sequence of
arrows with the first arrow having its tail in the fundamental alcove.

Definition 6.4 [25] An alcove walk is a word in the generators of A satisfying:

(a) the first step has tail in the fundamental alcove A
(b) at each step, the head of the arrow and the tail of the subsequent arrow are in the same
alcove.

Definition 6.5 The fype of an alcove walk is the sequence of labels corresponding to the folds
and wall crossings of the walk.

Lenart formulates alcove walks as a generalization of alcove paths in the following way
in [16]. An alcove walk from A to B is a sequence (A = Ag, F1, A1, F2, ..., Fy, Ay = B)
where the A; are alcoves and each F; is a codimension one common face of A;_| and A;.

The difference between an alcove path and an alcove walk is that A;_; and A; might be
the same alcove in an alcove walk.

Definition 6.6 If in an alcove walk (A = Ag, F1, A, F», ..., F;, Ay = B) from A to B
A;_1 = A;, then i is said to be a folding position of the walk. The fold is positive if both
A;_1 and A; lie on the positive side of the affine hyperplane containing F;. It is said to be a
negative fold otherwise. If the set of folding positions is empty, then the alcove walk is said
to be unfolded.

Lenart addresses orientation changes (£2) in his formulation by also specifying a weight of
a vertex of the final alcove in the alcove walk as the weight of the walk. We will use Lenart’s
formulation without specifying the alcove walk’s weight by assuming that any orientation
changes are made initially, prior to any affine reflections that take us from A to B. The
orientation of the final alcove will be clear as we will be taking paths from A, to A + A,.

Definition 6.7 An alcove walk is positively folded if all of its folds are positive.

Definition 6.8 For an alcove path p starting in an alcove containing the origin, the weight of
p, wt(p) € A, is the image of the origin under the path. The final direction of p is p(p) € W
where p ends in the alcove wt(p) + ¢(p)A,. The initial direction is 1(p) € W where the
starting alcove is ((p)A,.
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Notation 6.9 Ram uses the notation

° cl.+ for a positive i-crossing,
e c; for a negative i-crossing,
1
° ff for a positive i-crossing, and
e f; for a negative i-crossing

so that an alcove walk may be written as a string in these symbols.

Note that an arbitrary product in the above generators is not necessarily an alcove walk as
the heads of arrows may not meet tails of subsequent arrows when represented diagramatically
(see [25, pp. 144-145] for an example). However, its straightening (first applying relations
it = —fijE and then working left to right applying the relations cft =i+ fl.i) is a sum
of alcove walks.

Ram proves that the set of alcove walks is a basis for the alcove walk algebra .A. He also
describes the affine Hecke algebra in terms of the alcove walk algebra.

Theorem 6.10 [25, Proposition 3.2] Let H 4 be the quotient of the alcove walk algebra A by
the relations

-1 i i
- + - | + P * TR B N 1 _1
, = =—(q2 —q"2), = =(q2—-q ?),

and p = p' if p and p’ are nonfolded walks ending in the same alcove. Then H 4 and H,
are isomorphic via

Tu;l, < image in H 4 of a minimal length alcove walk from A, to wA, and
X" < image in H 4 of a minimal length alcove walk from A, to u + A,
forw e Wand n € A.

(Graphics used with modification from [25] with permission of the author.)
Ram proves the following formula for multiplication in the affine Hecke algebra in terms
of alcove walks:

Proposition 6.11 [25, Theorem 3.3] For an alcove walk p, let f~(p) be the number of
negative folds of p and f(p) be the total number of folds of p. For u € A and w € W, fix a

minimal length alcove walk p,, = CilCpy ooy from A  to wA, and a minimal length alcove

walk p, = cj}cz . cj; from A, to .+ A,. Then
Pl o _ IV TW s 3N () e (p) 71
TAXE =) (=) Pg2 —q )/ DX

p

where the indices p are all alcove walks of the form p = CiCiyCi PitPjy " P where

el €k =€k €k
P isc,cj ,orfjk.

This gives a combinatorial formula for the transition matrix between the bases {Tw_ _11 XK
we W, peAband (XMT ! e A,we W)of H,.

Note that if p in the proposition is dominant, then all the ¢; in p, must be + and so the
only folds which appear in the straightening of p,, p,, are positive folds. Thus it follows from
the proposition:
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Theorem 6.12 ([27, Theorem 5.5], as formulated in [25, Theorem 4.2]) For » € AT, let

1= c;: e c;; be a minimal length alcove walk from A to A + A,. Letting

B, (py) = {positively folded alcove walks of type (i1, ..., i¢) beginning at wA |w € wHy,

PXig = 3 g HEODHGOI 0D (1 _ g1y i),
PEB,(py)

Note that if p begins at wA,, then 1(p) = w.

To relate Hall-Littlewood polynomials and signature characters of invariant Hermitian
forms on irreducible Verma modules, we use Lenart’s analysis of alcove walks from [16].

Definition 6.13 Given an alcove walk p = (Ao, F1, A1, ..., Fy, Ag),letthe folding operator
¢; be defined by

$i(p) = (Ao, Fi, A1, ..., Aic1, Fi, AL F L Ay, . AD)

where for j > i A’j = Ri(A;) and FJ/. = R;(F;) where R; is the affine reflection corre-
sponding to the affine hyperplane through F;. In other words, the folding operator leaves
Ao, ..., Aj_1 alone and reflects the rest of the walk through the affine hyperplane containing
F;.

Lenart observed that any two folding operators commute.

Definition 6.14 Given an alcove walk p, let fp(p) = {j1 < j» < --- < js} be the set of
folding positions of p. Then the unfold operator is defined to be

unfold(p) = @, -+~ ¢, (p),
which produces an unfolded alcove walk.
Notation 6.15 Let Ag = A, 51) A 5% e 55 Ay = L+ A, be aminimal length alcove path
from A, to A + A, where A € AT. Denote it by p;.
ForJ ={j; <--- < js} C{l,..., ¢}, define
¢(J)=Rj,---R;, e W,
M(J) = le "’le\_()\.) € A.

For w € W, let wp, be the path wAg — wA| — -+ = wWAy.

Lemma6.16 [16, Proposition 2.5] Let B, (p;.) be as defined in Theorem 6.12 and let J =
{j1 <--- < jg} denote a subset of {1, . .., £}. Then:

(1) The alcove path p € By(py) if and only if p = ¢j, ---¢; (wp;) for some indices
ji<--- < jsand w € W* and

(2) If p € By(ps), p = @j, -+~ ¢, (wpy), then wt(p) = wu(J).
(3) If p € By(ps), p = @j, -+~ &), (wp,), then ¢(p) = we(J).
@) If p € By(pr), p=j, -+ ¢j,(wp,.), then 1(p) = w.

Thus Lenart reformulates Theorem 6.12 as:
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Theorem 6.17 [16, Theorem 2.7] For A € A+, let Ag = A, > A, 5B ... B A =3 + A,
denote a minimal length alcove path from A to A+ A,. Then the Hall-Littlewood polynomial
corresponding to A may be expressed as

PX;gh= Y » g~ S @SN =1 (| _ o=yl g

wewh J={j1<<j}c(l....0}
w>wRj >>wRj R

Note that J =  is permitted in the summation.
For the purpose of comparison to signature character formulas, we define:

Definition 6.18 Given A € A%, a summand of a Hall-Littlewood polynomial P, (X; g~ ') is
the polynomial P (X,q~!) € Z[q% , q’%][A] defined by
PP X, g D = ¢~ 4,
forw e W.
Then, by Lenart’s work:

R
Proposition 6.19 Let . € A" and let Ag = A, & Ay R.E Ag = L+ A, denote a
minimal length alcove path from A_ to . + A_. Then for w € W,

- -1 - - >
PY(X:q7") = > g~ 2 CH@SN=IID (] _ g =1)lJ gond)
I=tj<<isic

w>ij] >--->ijI =R

=
S

We need the following results to compare summands of Hall-Littlewood polynomials and
signature characters of invariant Hermitian forms on irreducible Verma modules:

Proposition 6.20 Let . € A™ be regular and fix w € W. Let
A=A, B A8 B A =0t A,
be a minimal length alcove path from A  to . + A,. From this path, define the alcove path
i 3... %

where C; = w(—A + A;). Use the notation of 6.15 and use the notation x (1) and v(I) from
Theorem 4.12 (although the settings are different: this theorem makes general statements
about alcove paths from A, to A + A, not necessarily arising from studying signature
characters). Then: (1) The path from A, to L + A, may be chosen so that the final
L(wo) + 1 alcoves form a path from A + woA, to A + A, traversing alcoves of the form
A+ xA, where the x € W appearing come from a reduced expression for wg. Specif-
ically, if wo = s}, S joug) is a reduced expression, let the final £(wo) + 1 alcoves be
At S SjougAe A+ Sj Sy 1Ae 0 A+ 85 Ag A+ A, For the remainder of
this proposition, assume that we have fixed such a path. The affine hyperplanes crossed on
the path from Ag_gw) to Ag are of the form {Hy  ov)lor € At (g, b)). That is, the affine
hyperplanes crossed all contain A.

(2) The path from Cq to Cy¢—g(wy) Stays in the Weyl chamber w&€. The affine hyperplanes
crossed on the path from Cy_¢(wy) to Ce are {Hy plo € At(g, b

(3) The condition

W > Fj W > FjFjpW > o0 >y T W
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holds if and only if
w > wlé,-, > wRiIRiz > e > wRi, <+ Ry
(4) For I C {1,2,...,£—€(wo)},
x(DHw = we(I).
(5)For 1 C {1,2,...,¢—£(wp)},
w(=A) —v() = —wu(l).

(6) For J = 1UJ where I C {1,2,...,Z—Z(wo)}andJ_C {€ —L(wo)+1, £ —L(wy)+
2,0, 8},

wp(l) =wp(J).

Proof (1) The affine hyperplanes separating A, and A + A_ are {H,,; 1« € At(g,h), 1<
J < (&, a")}. The affine hyperplanes separating A + A, and A + woA, are {Hy (5 ov) :
a € At (g, h)}. Taking a reduced expression for wy gives a minimal length path between
those alcoves. Since the affine hyperplanes separating A +woA, and A_ are {Hy ; : o €
AT (g, h),1 < j < ( av)— 1}, we can take a minimal length path from A + woA, to
A+ A, and extend it to a minimal length path from A  to A + A,.

(2) We only need to show that —A + Ag, —A + A1, ..., —A + A¢_gwy) = WoA, lie in €.
Note that woA, = A, C €p. The affine hyperplanes separating —A + A and wpA,
are {Hyj 1 a € AT(g,bh), 1 — (A, aY) < j < —1}. Since no Weyl chamber walls are
crossed on the path from —A + Ag to —A + A¢_pwy) = WoA,, therefore the path from Cy
to Cy—_g(wy) stays in the Weyl chamber w&€. The path from —A + Ag_g(u) t0 —A + Ay
traverses alcoves of the form x A where the x € W come from a reduced expression for
wo. Therefore the affine hyperplanes crossed on the path from —A 4 A¢_g(y) to —A 4+ Ay
are {Hy o : @ € AT (g, h)}. Since w € W sends this set of hyperplanes to itself, therefore
the affine hyperplanes crossed on the path from Cy_g(y) to Cy are {Hy ol € At(g, b))

(3) This follows from the fact that 7; = wléjw’l forj=1,...,¢

(4) This also follows from r; = wléjw_l forj=1,...,¢.

(5) For 1 < j < € — £(wp), let the affine hyperplane Hg; N, correspond to R; where
Bi e At(g,h)and Nj e ZT. Let I = {iy <--- <ix} C{l,...,€— &(wo)}.

w,u([) = le-, Ri2 s Rik)\
= wRi] t Rik,l (Rik)‘- + Njkﬁik)
= wRy, -+ Riy_, (Ri,_, Riu A+ Ni, Riy_, Biy + Ni,_, Biy_1)

= w(R;, -+ R+ Ny Riy -+ Riy_, Biy + Niu_, Riy -~ Riy ,Biy_, + -+ Ni Biy)
k
wRyw™ ) R w™Hwh) + Y Ny wRyw™) - (wRi_,w™ Hw;,
j=1

For 1 < j < £ — £(wo), r; corresponds to the affine hyperplane lUHﬂj,Nj—(x,ﬂ_,Y) =

Hwﬂj Nj—GBY)- Note that wB; may not necessarily be a positive root. Let y; = wp;
’ T

andlet M; = Nj — (&, ,ij).
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r,'IU)(—)») = filw(_)\) + Milyil
rizrilw(_}‘) = fizfilw(_)\) + Milfi2yl'1 + Mizyiz

rik"'rilw(_}‘) :fik"'filw(_}‘)+Mi1fik"’fizyil +Mi2fik"'fi3)/i2+"'+MikVik
Thus:
w(_)‘)_v(l) = Fil "'Fikril "'rikw(_k)

= w(_)‘) + Milfilyil + Mizfilfizyiz 4+ MikFil : "Fikyik

k
w(—A) — ZMijfi] "":ijflyij
Jj=1

k
= Fiy o Fw(=A) + (W(=R) = Fyy -+ Fpw(=R) = D My Fiy 7,y vi
j=I
Now
Fiy - Fw(=2) = Foy - Fi_y w(=2) = ((=2), 7 )%3,)
=7 T, (w(=2) — (w(=2), J/,'Z)fik,l)’ik — (w(=2), V,-Zfl)l/ik,l)

= w(=A) — (w(=2), V,’Z)fil o ’fik,l)/ik — (w(=2), Vi;:_l)fil o 'fikfzyikfl
— = R, Y)Y

SO
w(=A) = v(I) = Fyy - Fypriy - ri w(=A)
k
= Fiy o P () + (R, 7)) = M)y Ty
j=1
k
= Fip o Ty w(=2) + D (A BY) = MiFy Ry v
j=1

k
—(wﬁil wil) cee (wﬁikwfl)wk - Z Ni_,- (wléil wil) cee (WRij_l wil)wﬂ,‘j
j=1

—wu(l).

(6) Forj e J, by (1), R corresponds to reflection through a hyperplane of the form Hy (5 o)
where a € A_+(g, h), so it fixes A. Therefore if I = {i} < --- < i} C {1,2,...,€ —
L(wo)}and J = {igy1 < ... < iy} C{€—L(wo)+1,¢—L(wo)+2,...,4£}, then

'LU[/L(J) = wRi1 e Rik Rik_H o Rir ()") = wRi] o Rik ()") = 'U.),U,(I)
[m]

We observe that the path from Cy_g(y,) to C¢ does not cross any reducibility hyperplanes,
so these hyperplane crossings do not alter the signature character. Thus we can use the
path defined above in Theorem 4.14, although our path ends in C; = wA, rather than
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wA, as required by the theorem; however, by our remark on signature characters we can
truncate the path to end in C¢_g@yy) = wA,. Then, instead of I C {1,..., £} we have
I C{l,...,¢—+£(wp)}. Thus for u € A, if go is compact, then:
chyM(w(=2 + p)) = R~ (—wh 4+ wp)
e—Ptwn Z (_1)%(Z(w)—Z(X(I)w)—l]\)zlllew(—l)—v(l)

I={i1<--<ix}C{l,....—€(wp)}
u)>F,-1 w>F,-1 F,-z w>~~~>?,-1 "":"k w

[Moeat(g.p (1 +e™)
e 3 (—1)2C@) =L@ UN=ITD 1| ,=wir(D)

I=(i1<-<i) C{1,..., e~ E(wo))
w>wR,-l >wR,-1 R,-2>~~>wR,-l ~»~R,~k

[ocat g +e)

Compare this with

P)IL“(X; 71) — Z (71)%([(w)ﬂ"[(wﬂﬂj))*”‘)z”‘le/«(-])
J=I1UJ where

I=lip<e<ig UL, £—E(wp)),

J={igyy < <ir}Cl—L(wo)+1,- €},

w>w1§11>w1§[11§;2>--->w1§il---1§;r

- 3 (71)%(f(w)%(waﬁ(l))*\l\)zlllj(wu(l) - 1)%(z<w¢<1ui)>+aw¢<1>)—\J‘|>)_
J=IUJc{l,...,0}
Forall I = {i1 < --- < ik} C {l,...,£ — £(wp)} appearing in the two different

summations, we will prove in the following section that

3 21— 1) 2D Hewo)=1TD _ |

J_:{ikt]<~--<l’,}C_{Z—[(w())+1,”',@l _
wo(D=wR; Ry >w(D)R;y | >>wdp(DR;; ,-Ri,

(6.2)

7 Signature characters of irreducible Verma modules and summands of
Hall-Littlewood polynomials

Throughout this section, we assume that go is compact. We deal with non-compact real
forms in Sect. 10. We compare the Hall-Littlewood polynomial summand P," (X; —1) to the
signature characters of the irreducible Verma modules M (w(—A + w)) and M (w(—A) — )
where u € A, . We show that the signature characters correspond to the “negative” of the
Hall-Littlewood polynomial summand evaluated at ¢ = —1 times a version of the Weyl
denominator when A € A™ is regular. To do this, we reformulate our summations using
material from Matthew Dyer’s thesis [6] on natural orderings and R polynomials.

Notation 7.1 Let 7 = UyewwSw ™! denote the reflections of W.

Definition 7.2 A subgroup W’ of W is a reflection subgroup if it is generated by the reflections
it contains: W/ = (W' N T).

Notation 7.3 Given W’ a subgroup of W, let S(W') = {r € T|N(t) N W' = {r}} where
N(w) = {t € T|L(wt) < €(w)}.
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Definition 7.4 A partial order < on T is a natural order if for every dihedral reflection
subgroup W’ of W with S(W') = {r, s}, either

r <rsr <:.-- <L8rs§ <s§ or § <8rs <. <Lrsr <r.

Note that natural orders are also called reflection orders in the literature.

Proposition 7.5 [6, 6.16]

(1) A natural order is a total order on T.

(2) The reverse of a natural order is a natural order on T.

(3) t1 < tp < -+ < ty(uy) is a natural order on T if and only if there is a reduced expression
WO = iy iy for wg such thatt; = s;, - - “Sij i)

Definition 7.6 [6, 6.22] Fix a natural order < on T'. We make the following definitions:

(1) Let Cy = {(x,y) e W x W :x < y,y = xs4 for some a € At (g, h)}, the edge set of
the Bruhat graph of (W, §).
(2) Forn € Z*, x,y € W, define

Cp(x,y) ={(x0,...,xp) € W' (x;_1,xi) € Ciforl <i <n,xo=x,%, = v}

In other words, C,(x, y) corresponds to the set of paths of length n from x to y in the
Bruhat graph.

(3) Forx, y € W, define a polynomial ' (&) € Z[a] by setting the coefficient of " inr 7,
to be the cardinality of

Cl(x,y) :={(x0,...,xn) € Cylx, y)lxo_l)m < xl_lxz << xn:llxn}.

Theorem 7.7 [6, Theorem 6.23] Let < be a natural order on the reflections of W. Then for
allx,y e W,

(@) = Ry y(@).

As in Proposition 6.20, suppose A € AT is regular and consider the paths Ag = A_ &
A B v A andcy D e B - 2 ¢ where C; = w(—A + A)). Fix a
reduced expression wo = s, - - - 8 j,,, - Suppose from the reduced expression we constructed
a minimal length path from Ay_y@y) = A +wWoA 0 Ag = A+ At Ap_g(wy) = A + WoA,,
Ag—t(wo)+1 = A +Si,Siy - 'Siuwm-lém ...,Ag = A+1A_. The reduced expression also gives
us the natural order < on T':

Rl < lel <--- < Re*[(wo)+2 < RZ*Z(U)O)‘?I'

FixI ={i; <--- <ix} C{l,...,€—£(wp)} appearing in the two different summations
in the discussion after Proposition 6.20. The goal is to prove formula (6.2). Given some
J = {ixt1 < --- < i,} appearing in the equation, let y = xo = wR;, --- R; Ri,,, --- R
xlzwkil---kikk R R R

i1 " ir»
"Ri;‘—l’ L X=Xy = we(l) = wR,'1 cee R,‘k. Note that

k1

1

— — R vl — R -1 — P
Xy X1 = Ri., x| x2 = R,Pl,...,xm_lxm = Rii,-

Thus requiring ix4+1 < ix42 < --- < i, in the summation in (6.2) is equivalent to the
requirement that xalxl < xflxz << x|;|1—1xlfl in the definition of Clj‘(y, X).
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Let r (1) be the left side of formula (6.2). Recall x = w¢ (I).

r(I) = Z 21— 1)z EwsTUD)+ew(D)=1TD
T={igy1<-<ir}C{—E(wo)+1,- €}
w¢>(1):w1§;1 "'Rik >”)¢(1)Rik+l >~~~>w¢(1)1§,~k_'_1 ~~~I§,-r
— Z (_2i)\j|(_1)%(5(w¢(1Uj))+[(w¢(1))
J__={ik_t1<~~<i,}C_{Zfl(wo)+l,~~~,q )
w¢>(1):u)R,-1 ---R,-k >u)¢(1)Rik+l >»-->w¢(l)R,-kJrl R,
P MDY
Y=x n>0 (x0,X1,..., X)) €CF(y,x)
=) r(=20)i )
y<x
=) Ry (=20)i W (7.1)
y=x
by Theorem 7.7.

Lemma 7.8 Letx € W. Then
D Ry o (—20)i OO = 1,
y=x

1 1 ..
2 —q2, so this is

(Note that we are evaluating the Iéy,x at « = —2i. Recall that « = q
equivalent to evaluation at g = —1.)

Proof We prove this result by induction on x. When x = 1, the formula holds. Assume, by
induction, that for x € W,

D Ry (—20)i O = .
y=x
Consider xs > x where s € S.

Z Ry’xs(_zi)l-z(stZ(y) — Zﬁy,xs(_Zi)iaXS)—%(y) + Z I’éy’xs(_zl')iﬁ(xs)-‘rﬁ(y).

y<xs y=x yfx
y=xs

By Property Z (see [5]), for y appearing in the second sum on the right hand side, y > ys
and ys < x. Thus:

Z I’éy’xs(_zi)iﬁ(xs)+ﬁ(y) — Z Rys,x(—Zi)iK(X)H(ys)H

y=xs y<x

ys<y

+ 37 (Ryn (20 OO0 2R, (i) O+
y<x
y<ys

+ Z Rys,x (_Zi)l-l(x)+€(ys)+2

yix
y=xs
(50 y>ys,ys<x)
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Combining the first and last sums on the right hand side:

Z R’y,xx(_zl-)if(xs)Jrf(y) — Z ﬁy’x(_Zi)il(X)+@(y)(_l)
y<xs y=<x
y<ys

+ 3 (ﬁys,x(—Zi)i‘“x)”(”) + zgy’x(_zl«)iaxne(y))

y=x
y<ys

= Y (ﬁyu(_zl«)ﬂx)M(ys)+,§”(_2,~)I-Z<x>+e<y>)

ySX,y<ys

=) Ry (=20)i" )

y=x

where the final equality comes from R’ys, » = 0if ys > x. Thus, by induction, for all x € W,
D Ry (=20 OO =,
y=<x

[m}

Itfollows from Theorem 4.14, Propositions 6.19, 6.20, the discussion following that propo-
sition, the discussion around formula (7.1) and Lemma 7.8:

Theorem 7.9 Suppose gy is compact, A € A" is regular, and w € W. Then for all 1 € A,:

chyM(w(=2 + 1)) = RV (w(—1 + )
e (X: —1))
= dPY(X; —
na€A+(g,b)(1 +e7%) *

where d>()~(") = eV forv € A. Recall that P;"(X; q_l)io = q_@(w)/zfu;l, XM is a
Hall-Littlewood polynomial summand. Also,
e—H—p

chsM(w(=X\) — n) = e—M—UJMChSM(w(_)\ + W)= 1—[ +(a.b (14 e %)
a€AT(g,b)

(P (X; —1)).

Proof The only thing left to discuss is the final equation. w(—X) — u belongs to the alcove
—wAi 4+ wpA, while w(—A + ) belongs to the alcove —wA + wA,. The alcoves —wA + A,
and —wA 4+ wA_ are separated by hyperplanes of the form H, , where o € A(w™"). The
only 8 € AT (g, h) such that 8 hyperplanes are positive in w€q are 8 € A(w™"). Therefore
there are no reducibility hyperplanes separating the alcoves —wA + wpA, and —wA + wA_,
so the signatures are the same for weights in those alcoves. O

Example 7.10 Let gy = su(2), A(g, ) = {Foy}, A = ZA;. Let A = nA| where n € Z+.
Then Ag = A, ! Al Ly A, = A+ A, is a minimal length alcove path from A

tod+A,.
When w = 1, the only set appearing in the summation of Proposition 6.19 is J = {J. Thus
le (X; ¢g~") = X*. It follows from Theorem 7.9 that for u € A

e~ Ati—p e~ A—H—p

ChM(=d+w == and  chM(=h—p)=T———.
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By Proposition 6.19,

PSI(X q—]) — Z(l —1 X.Y]YQI, +q—1XS1k
i=1

_ Z(l —1 X)» iag +q—1XY1)\.

so PN(X; —1) = XSk poxsihtar o xsiitlen 4 g xsiit=Dar g6 by Theorem 7.9

ST—p
chsM(s1(=h + ) = 1_}_7—(11 (e—slk+2e—slk—a1 +26—Sl)»—20ll +_._+2e—s1k—(n—l)oz1>
e
and
e —sph— s1h=2 —sih—(n—1)
ch“-M(sl(—)\)—M))zﬁ(e SV 4 DT SIATAL 4 DpTSIATAAL Ly DT SIAT 0“),
e

8 The signature character for alcoves that are not translations of the
fundamental alcove

In the previous section, we saw that signature characters for weights in alcoves of the form

w(—A+A,) are “negatives” of Hall-Littlewood polynomial summands evaluated atg = —1

times a version of the Weyl denominator. In this section, we show how for weights in alcoves

of the form w(—A4xA,) the signature characters are sums of “negatives” of Hall-Littlewood

polynomial summands evaluated at ¢ = —1 times a version of the Weyl denominator.
Again, throughout this section, gg is compact.

Theorem 8.1 Suppose g is compact, A € AT is regular, and w, x € W. Then for u € A_:

eWXH—p
chs M(w(=2A +xp)) =

w y .
— E oy PP (X; 1)
[Tpea+@gpnd+e yew

where the constants ci” « € Z are defined by

() C:UI = Sw,y

(2) cy s =cy ifxs >xand w < wxsx™ ' where s € S.
(3) ¢y = y,x + 2(—1)2([(“’) —twxsx™h)— l)ci‘,”fc”il ifxs > x and w > wxsx~ where
s €S. )

Proof The proof of formulas (1), (2), and (3) shows that chs M (w(—A + xp)) is a sum of
“negatives” of Hall-Littlewood polynomial summands evaluated at ¢ = —1 times the Weyl
denominator.

(1) is just Theorem 7.9.

Suppose x < xs where s € S. We get a path for computing the signature character of
M(w(—A + xsp)) by concatenating a minimal length path from xsA_ to A, (where the
first alcove crossing is from xsA_ to xA,) and a minimal length path from A, to A + A,
translating by —A, and then multiplying by w.

Recall that for adjacent alcoves A and A’, R4 = R*’ if the hyperplane separating A and A’
is not areducibility hyperplane. Applying thisto A = w(—A+xsA )and A’ = w(—A+xA,)
gives (2).
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Suppose w(—A + xsA,) and w(—A + xA,) are separated by the reducibility hyperplane
H,, ,. Then by Lemma 3.14, for u € A,

chyM(w(—A + xsp)) = eV H7W X eh M (w(—XA + x )
+2e(Hy p, w)e S HT0S e M (w(—A + xsp) — ny)
= WHTW e M (w(—A + xu))
+2e(Hy n, Ww)eWISHTWES L e M (wxsx T (—A) + wxs )
= W HTY e M (w(—A + x 1))
—i—2(—1)%(Z(“’)*‘Z(“’)“”‘q)fl)e“”“”““”“”*chsM(u)xsyfl (—A +xp))

This gives (3). ]

9 The singular case

In the case of type A», all alcoves of the form w(—A+xA_) where A € AT is regular include
all alcoves except those of the form wA,. Signature characters for the latter alcoves are
known since they fall in the region for which Wallach determined a formula. Therefore for
type Ay, a signature character formula for w(—A 4+xA_) where A is singular does not matter.
However, this is not true in general. Consider type A3 and consider the alcove —ai; + A,
for some a € Z*. The alcove is in the antidominant Weyl chamber. If —ai; + A, is of
the form w(—A + xA_) where A € A™ is regular, then w = 1. Then —A is a vertex of
—aki1 + A,. But those vertices are —aki, (—a + 1)A;, —ar; + A2, —ai; + A3, none of
which are regular. Therefore in general, we need to know signature characters for alcoves of
the form w(—A + xA_) where A € A™ is singular in order to know R* for every alcove A.

Computations done using a computer program written by Dan Ursu suggest that if A is
singular then Theorem 7.9 still holds. The singular case is important because, according to
Salamanca-Riba [26], it is known that any irreducible unitary Harish-Chandra module with
strongly regular infinitesimal character must be isomorphic to some A (). Thus to classify
unitary representations we must classify those of singular infinitesimal character. For alcoves
of the form w(—A + A,), one starting point would be on the Hall-Littlewood side to take a
minimal length alcove path from A, to A + A, ending with an alcove path from A + wé woA,
to A + A, where wé is the long element of the stabilizer W.

10 The noncompact case

We obtain formulas for the noncompact case from the compact case as follows.
Recall € : A — {%1} the Z>-grading on the imaginary root lattice. We extend it to the
formal series Z[[Al]]:

Notation 10.1 Let & = Y_ s ayet € Z[[A}]]. Then
€@) =) e(uayet.
HEAL

Theorem 10.2 Let I1 = I1 U I, where I consists of the components of T1 for which 6
fixes some element and T, consists of the components of 1 for which 6 does not fix any
element. Let go = g1 ® g2 and h* = b} @ b3 be the corresponding decompositions of
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go and bh*, respectively. Let W; = Wl.1 X Wl.2 and Wai = (W])Z X (Wz)i. Let subscript
and superscript 1’s and 2’s refer to objects corresponding to g1 and @, respectively. Let
A=A +AQ) € A N Ll)o & AJr N (Q:z)o be regular and imaginary, and let ;11 € (Al)
Ha € (Az)’ be lmagmary and ;0 = 1 + pa. Let w = (wy, wp) € W; = Wl1 X W2
Let wy(A2) + p2) belong to the alcove A o) under the action of(Wz)’ on b3, Let Ap) =
r® o) @ <2)

C0 N c? 2 c? > C2 = wa(A2)! be an alcove path that stays in the Weyl

chamber wo (@2)0. Then:
chs M (w (=1 + p))lq = A7l

and

chyM (w (= + )¢ = (chsM(wi(=Aqy + wi)ly ) (chs M (w2 (=12) + p2))le,)

where
chy M i (—Aqy + i)l =e"H0 P e -1
l_[aEA+(g1,t1)(1 + e_a) o
and
chy M(wa(=A@2) + 12))le,
e M Z (_1)|”2|1|e(w2(—)~(2)+ﬂ2))|LZ—V(I)
I1={i{<--<ir}c{l,....02}
u)2>r(2 w2>r() (2)w2> >7(12) Flf)
[locat @ =€) [aent @i+
Proof This follows from Theorems 4.14 and 7.9. ]

Theorem 10.3 Use the notation and setting of Theorem 10.2. Let w, x = (x1, x2) € W;. Let
@
wa (A 2y +x2/42) belong to the alcove A2y under the action of(Wz)L onbi. Let Ay = Co
(2) <2> r£(2>
c? 2 2, a3 3
w2(€2)0. Then:

C 2 = wz(Az)‘ be an alcove path that stays in the Weyl chamber

chyMW(=A + xp)|a = WA =p)]a
and
chgM(w(—=x + xp)|¢ = (chsM(wi(—rqy + x101)]e;) (chs M (w2 (=) + x2142))] ;)
where

chyM(wi(=Aqy +x1001)) g

ey
— QWIKILI=PI Z 1 e Ve = dD(Pf(l)(X: -1)
yew} Mpear@ien@ +e7)

(the constants cy %, are defined in Theorem8.1) and
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chyM (w2 (=A2) + x212)) ¢,

e Z (= DIl w2 (=) +x2p2)l e, =v (D)
I1={i1<-<ig}C{l,....t2}

=(2) =(2)=(2) -2 =2
W2Ty WS Fy W > >y Ty W)

[aeat .y = ™) Taea+ ey 0 (1 +€7)

11 Signature characters for irreducible highest weight modules

In this section, we assume that gg is equal rank.

We begin this section by discussing the theory of signature characters and signed Kazhdan—
Lusztig polynomials for irreducible highest weight modules. Note that this material is only
required for the proofs of the results in this section and not their statements. For more details,
see [31].

Definition 11.1 Fort € (=34, §), let (-, -); be an analytic family of invariant Hermitian forms
on a finite-dimensional vector space V where the forms are non-degenerate for # # 0. The
Jantzen filtration is

V=V<0>DV<1)D--'DV<N)={O}

where V{7 consists of vectors v for which there exists an analytic map v, : (—€,€) — V
for some small € > 0 such that

(1) »(0) = v, and
(2) foreveryu € V, (y,(t), u); vanishes at least to order j att = 0.

Then

1
(w,v)) == lim —(y, (), yo(t))y Yu,veV
t—0+ tJ

is an invariant Hermitian form on V{/! with radical V/*!), Thus this descends naturally to
a non-degenerate Hermitian form (-, -) ; on Vi) yv U+1) We refer to this quotient as the j*
level of the Jantzen filtration. Levels of the Jantzen filtration are semisimple [3].

Definition 11.2 Given A € h*, the integral Weyl group is
Wphpi={weW:wh—21eA}
Let wf\) denote the long element of W[;,. Let the integral root system of A be

Apyi={a € Ag, h) : (A, aY)) € Z).

The multiplicity of composition factors in a given level of the Jantzen filtration of a Verma
module is given by coefficients of Kazhdan—Lusztig polynomials:

Theorem 11.3 [3] Jantzen’s Conjecture: Let A be regular antidominant and x, y belong to
the integral Weyl group W|;. Then

[M(x2)(jy : L(yA)] = coefficient of gt =tM=D/2 i ngw’wgy(q).

The Jantzen filtration may also be used to study signatures of invariant Hermitian forms.
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Lemma 11.4 [28, Proposition 3.3] We use the notation defined in Definition 11.1. Letting
(pj,qj) be the signature of (-, -) j,

(Zjl’j»Zij) ift >0
(Zjevenp./ +Zjoddq.i’ Zjoddpj +Zjevenqj) ift <0.

This leads to the definition of signed Kazhdan-Lusztig polynomials. Where the coeffi-
cients of classical Kazhdan—Lusztig polynomials record composition factor multiplicity in
a given level of the Jantzen filtration, the coefficients of signed Kazhdan—Lusztig polyno-
mials record the contribution to the signature character of a particular type of composition
factor to a given level of the Jantzen filtration. Note that composition factor multiplicities in
levels of the Jantzen filtration do not depend on the filtration chosen or the highest weight,
but these choices affect signatures, so signed Kazhdan—Lusztig polynomials have additional
parameters.

the signature of (-, -);is {

Definition 11.5 Given X regular antidominant and x, y € W}, consider an analytic path
equal to xA at ¢ = 0 whose direction as t — 0" is § € h*, where § € w€. Consider the
invariant Hermitian forms (-, -) ; on the levels of the Jantzen filtration on M (x1) arising from
that analytic path.

chs(, ) = az);(:i,wgy,.iChSL(y)\)

y<x

for some integers ai ’0"; WOy and we define signed Kazhdan—Lusztig polynomials by
ALY

Aw — Aw Ex)—t(N—-p/2
ngx,wgy(q) T Zang,wgy,jq ’
jz0

Thus by Lemma 11.4:

Proposition 11.6 [31, p. 175] For X regular antidominant, x € W, w € W, u € A,
U Ry M (xA =3 "P"" | (chsL(yA).
e chs M (xh + win) ; 0 w0y (DERsL(YA)

For certain values of w € W, signed Kazhdan-Lusztig polynomials and classical
Kazhdan-Lusztig polynomials are related in a simple way:

Theorem 11.7 [32, Theorem 4.6 and Remark 4.7] Let A be regular antidominant, and let
x,y € Wp). Then

P (q) = e(w) (xA — yA)) Py y(—q)
and

Pl (q) = (=D O e (xa — y1)) Py y (—q).

X,y

Using this formula for signed Kazhdan-Lusztig polynomials, the formula of Proposi-
tion 11.6 may be inverted to give:

Theorem 11.8 [32, Theorem 5.1] Let & € b* be regular antidominant, and let x € Wiy,.
Then

ehsL(xd) = e} (=D OO PRI (Dehs M (2 + 1)

y<x
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= e MY (=) O e (xr — y)) Py (= 1eh M (yh + 1)

y=x
and
chyL(xa) = e ) (=D O O PEI(Dehy M(yh — )
y=<x
=" Y e(xA — yR) Py (= DehyM(yh — )
y=x
where 1 € A,.

Proof The first set of equations is Theorem 5.1 of [32] along with Theorem 11.7. We need
the second set of equations as well to apply the results of this paper since we have a simple
formula for chyM (xA — w). An adaptation of the proof of Theorem 5.1 of [32] along with
Theorem 11.7 prove the second set of equations. O

This concludes our recollection of the theory of signature characters of irreducible highest
weight modules and signed Kazhdan—Lusztig polynomials.
From Theorems 11.7 and 11.8, it follows:

Theorem 11.9 Let A € A™ be regular and x € W. If go is compact, then:

e P

chsL(=x3) = ) Pyr(~1) ® (P (X: ~1)).

= [aeat(gp@ +e™)
If go is equal rank, recalling the definition of € from Notation 10.1, then:

chyL(—xA) = Y e(wo(xA — y2) Py o (—1)e "7

y=x

ey
P/ (X:=1)].
X € (HaeA+<g,h>(1+€_”) (P ( )))

Recall the Kazhdan-Lusztig basis element [12]

C,=q "W Py, Ty

y=x

Notation 11.10 Let C;\’x X:qgHe Z[q% , q_%][A] be the polynomial satisfying
C, (X: ¢ Hlg = C, X .
Theorem 11.11 Let . € A7 be regular and x € W. If go is compact, then:
e~ P
[Toca+(gpd +€7)

If 9o is equal rank, recalling the definition of € from Notation 10.1, then:

chyL(—x) = (—1)t@)/2

(IJ(C;\’X(X; —1)).

exk

[locat g +e™)

chyL(—x)) = (=1) 0/ 2emx4=P¢ ( (C) L (X; —1))) .
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Proof The Kazhdan—Lusztig basis element C/, satisfies C/. = C’. Thus

Ch=q" Py BT,
y<x
— )~
— gt®2 Z J Ty_11~
y<x
"l:he result now follows from the definition of ny , Theorem 11.9, and the fact that Py ,,(—1) =
Py,w (_ 1)- O

Finally, we deal with non-integral regular A.

Theorem 11.12 Recall that g is equal rank. Let A be regular dominant. For x € W[;3, choose
W € A, imaginary such that no affine hyperplanes of the form H, , where a € A" (g, b)
and n € Z cross the interiors of the line segments joining x(—A) and x(—X\) £ u. Suppose
either there exists \' € A™ regular, 77 € W, and ' € A, such that A — X € {v €
b* 1 v € HyoVa € Apy} and x(—)) — u = x(=X + Z'1'); or there exists Lo € AT
regular, zo € W, and o € A, such that A — iy € {v € h* : v € HyoV € Ay} and
x(=Xg) + 1 = x(—Ao + zoM0). (Please see the diagram that accompanies the proof.) Then:

chsL(—x1) = Y e(w(xA — yA) Py (—1)

y=x

yu
y —yN—p € Yivy.
x e € - ‘D(P)\/(X,—l))>>
<weW e (HﬁeA*(g,b)(l"'e 7

in the first case, and in the second,

chsL(=x3) = Y (=)' O~ e (xr — y2) Py (—1)

y<x
Z y yho—p e y
x & e Yhe P (X;—1) ).
Proof o pear gy +ef) 7
x(=2)
X(=2) — p
=x(=¥ +2'u) x(=A)
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‘We prove only the first equation as the proof of the second is similar. We begin by proving
that if x(—1) — u = x(—A' 4+ /i), then y(—=1) — u = y(=A' + y~'xz’i). The interior
of the line segment joining x(—X) and x(—A) — w lies in the interior of an alcove, as does
the interior of the line segment joining x (—A") and x (—A") +xz’ i’ = x(—A) — w. Therefore
there is a path from x(—2) to x(—21’) such that the interior lies in the interior of an alcove.
Thus x(—=A) — x(=A) € A, N{v € h* : v € HyoVa € Apy}. Since yx~' € Wy,
therefore x(—A) — x(—=1') = y(—A) — y(=') = p+x7'1’ = u+ y(y~'xz'1’). Therefore
y(=2) — = y(=" + y~lxz/p). Thus:

chyL(=x2) = Y e (xA — yA))e" Py o (= D)chs M (—yh — 1)

y=x

=D e — ya)e Py o (—DchsM(y(=2 + y~'xz 1))
y=x

=) ew(xh — yA)e Py (—1)
y<x

y
y —yN —xz' —p ¢ Yoy.
X o e € — q)(P,\/(X,—l))))
(wew w,y~lxz (HﬂEA+(g’h)(1+€ P)

= Z el (xh — ya)e Py (—1)

y=x

y
x & e re ¢ o(PL(X: =1 ].
(Z iz [geat@gpd+e? %

weW

[m}

Remark 11.13 Note that we deformed x (—A) in directions so that the signed Kazhdan-Lusztig
polynomials would be easy to evaluate, but then we needed the constants ¢y, in order to

rewrite chy M (y(—A'+y~'xz’ 1)) in our formula for chy L(—x ). We could have chosen the
deformation direction so that z’ = x~! so that all of the signature characters appearing are
of the form chy M (y(—AX' + y~'xz'i’)) = chyM(yA’ — i) in the formula for chyL(—xA)
which can be expressed without the constants c;" - However, we would then have had in our

formula Py’\, "’ evaluated at w not necessarily equal to 1 or wy, for which at the moment we do
not have a simple formula. This suggests that the constants cy . and signed Kazhdan-Lusztig
polynomials are related in some way.
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