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Abstract

In this paper, we begin the study of regularity of partial differential equations in the space of
global L? Gevrey functions, recently introduced in Adwan et al. (J Geom Anal 27(3):1874—
1913,2017) and Hoepfner and Raich (Indiana Univ Math J, forthcoming) and in a generalized
and new function space called the space of global L4 Denjoy—Carleman functions. We develop
a wedge approach similar to Bony’s theorem (Bony in Séminaire Goulaouic—Schwartz
(1976/1977), Equations aux dérivées partielles et analyse fonctionnelle, Exp No 3. Centre
Math, Ecole Polytech, Palaiseau, 1977) and prove three main theorems. The first establishes
the existence of boundary values of continuous functions on a wedge. Next, we borrow the
FBI transform approach from Hoepfner and Raich (forthcoming) to define global wavefront
sets and prove a relationship between the inclusion of a direction in the global wavefront set
and the existence of boundary values of sums of weighted L? functions defined in wedges.
The final result is an application in which we prove a global version of a classical result:
namely, the relationship between the global characteristic set of a partial differential operator
P and the microglobal wavefront sets of u and Pu.
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1 Introduction

The purpose of this paper is to explore a new concept of regularity that is well suited for
the global LY Denjoy—Carleman function spaces. These function spaces are generalized
version of the L9 Gevrey function spaces introduced and studied in [4,13,25]. In this paper,
we show that appropriate global versions of three classical results on the boundary values
of ultradistributions, wavefront sets, and characteristic sets of constant coefficient partial
differential operators hold for these global function spaces. The function classes are natural
generalizations of the global L7-Gevrey functions that we studied in [4,25], and the majority
of results that hold for global LY-Gevrey functions hold in this more general setting.

The origin of this study resides in the [,-heat kernel estimates of Boggess and Raich,
in which they recover exponential decay of the order e=a"" yia a Fourier transform [13].
This led to their development (in our language) of the notion of global L9 Gevrey functions
and proofs of some basic implications. Although the Fourier transform is a powerful tool
to recover smoothness and/or size estimates in many circumstances, we showed that it is a
deficient tool to recover global L” smoothness estimates [25]. A very satisfying replacement
for the Fourier transform is the FBI transform. More precisely, in [25], we showed that
certain estimates of the FBI transform exactly characterize the behavior of global L?-Gevrey
functions. The FBI transform first appeared in the work of Bros and Iagolnitzer [10] to study
local analyticity and later was shown to be the right tool to study microlocal (hypo) regularity
among many function classes, including (real) analytic, Gevrey, Denjoy—Carleman, and C*°
(see [7,9,11,16,20,21,30]).

The topic of this work is microglobal regularity and the global wavefront set. Intuitively,
microlocal analysis and the wavefront set capture directions (in the cotangent space) that
prevent regularity of a function nearby a given point. The question, then, is the appropriate
global object to capture global obstructions to regularity. For this, we take our lesson from the
Fourier transform—smoothness and decay are interchanged under the action of the transform.
This means that if a function lacks smoothness at any point, then its FBI (or Fourier) transform
will lack decay. Similarly, if a function lacks decay in any direction, then its transform will
lack smoothness. Consequently, the global behavior is determined by exactly which directions
are in the wavefront set, regardless of where they occur. Thus, our global objects need to
record the directions which are well-behaved at every point or poorly behaved at any point,
and they need to be defined in terms of the FBI transform because of the well-documented
problems with the Fourier transform.

One of the themes of this paper, and indeed of all of our work on global LY Denjoy—
Carleman functions, is that there are appropriate global versions to many of the powerful local
theorems. In this paper, we prove two structure theorems and provide one application. The
first of our main results, Theorem 2.2, establishes that continuous functions on a wedge which
exhibit controlled growth in L? have boundary values in the space of ultradistributions. These
ultradistributions are exactly ones that are dual to the space of global L¢ Denjoy—Carleman
functions. Our second main theorem, Theorem 2.5, is a further exploration of boundary
values and the global L4 Denjoy—Carleman function spaces. We prove a relationship between
directions in the global wavefront set and boundary values of a sum of continuous functions,
each of which is defined on a specific wedge. Our final result, Theorem 2.8, is a global version
of the classical result that the wavefront set of Pu is contained in the wavefront set of u,
which in turn is contained in the union of the wavefront set of Pu and the characteristic set
of P. Here, P is a constant coefficient partial differential operator.
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Microglobal regularity and the global wavefront set 973

The local versions of our results appear in a variety of settings in the literature. For
example, in Hormander [21-24] and the references therein, there are concise and complete
proofs of the local results and their applications, including propagation of singularities,
pseudodifferential operators, and extensions of CR functions. Hérmander proved the most
classical case of Theorem 2.8 [21, Chapter 8] and versions appear more specific to Gevrey
and ultradifferentiable functions in [29] and (for example) [18]. Later development in the
local theory, such as the study the local and microlocal regularity of CR functions, solutions
of more general vector fields, and even first order (system of) nonlinear partial differential
equations appear in [1-3,6,8,8,9,12,14,15,17,20,26] and references therein.

We hope that this machinery can be used as a tool to study global PDE’s in noncompact
settings where compactness is of fundamental nature as, for instance, in the recent research
article [5].

2 Definitions and statements of the main results
2.1 Global L9 Denjoy—Carleman functions and boundary values of their duals

Let N = NU {0} = {0,1,2,3,...} and fix a sequence M = (M) en, of nonnegative
numbers. Suppose  C RY. Define WX4 () as the space of k-times differentiable functions
in L9(R2). For a multiindex ¢ = («y, ..., og) of nonnegative integers, positive constants
A, B >0,and I < q < oo, define the seminorm gy, A,0,¢,M : W"""q(Q) — [0, 00)

ID%gllLa ()

Qu,AQ,M(8) = 0u(8) = A,

We suppress as many indices for g, as possible.

Definition 2.1 Let 1 < g < oo and M = (M) en, be a sequence of positive numbers. A
function g € W4(RQ) is said to satisty global LY Denjoy—Carleman estimates of order M
if there exist constants A, C > 0 so that for every d-tuple of nonnegative integers o

ID%gllra(q) < CA M.

We say that a function that satisfies global L Denjoy—Carleman estimates of order M is a
global LY Denjoy—Carleman function of order M. For a fixed A > 0, we set

&M@ =g € WUD : (ean g @Niaizo € 1220
and

M@ = | J g4 @.
A>0

The choice M; = (j N? yields the global L7-Gevrey functions of order B, see [4]. For a
given sequence M = (My)cN,, define the associated function M(t) by

£

t
M(t) := suplog — 2.1
Q) KP LN 2.1

and its Young conjugate by
4
. s My

M*(s) = —1 f . 2.2
)= —tog o 5 >
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974 G. Hoepfner, A. Raich

Itis well known (see Lemma 5.6 in [28]) that M * is comparable to the function w™* : [0, c0) —
[0, oo] given by w*(r) = sup,~o{M(t) — rt}, in the sense that for every H > 1 there exists
a positive constant C such that

M*(Hs) — C < w*(s) < M*(s), foralls > 0. (2.3)

From now on the sequences M = (M) en, Will be assumed to satisfy the standard
conditions (A.1), (A.2), (A.3), and (A.9) and we will refer to such M as convenient sequences.

The final piece of notation we need to state our first main theorem is that of a truncated
cone. A set ' C RY will be called a cone if x € I implies zx € I for all 7 > 0. Given
acone I’ C Rz, we will write I's := I' N Bs(0) for the truncated cone of height §. Let
§i-l.={yeR?:|y|=1}sothat s ={ry : 0 <7 <Sand y € [ N §¢~1}.

Now we are ready to state the first main theorem of this paper. This result provides
sufficient conditions to guarantee the existence of boundary values, bf , of certain continuous
functions f defined on wedges W := Q x I's C Rg X ]Rfvl.

Theorem 2.2 Let f € C(W) N LP (W) be a function satisfying the following: there exists a
positive constant C > 0 such that

(1) foreveryl < j < dandfor% + é =1
8
sup / ”85/.f(. +ity) HLp(Q) dt < C < o0; 2.4)
y'ernsd=1J0
(2) foreach x € Q2 and for all . > 0,
s
sup / {Hf(-—i—iry’)HLp(Q)e_M (’/A)}dr§C<oo. (2.5)
yernst=1J0

Then limrsy—o f (- + iy) exists in E1M(Q)', that is

(bf, @)= lim /Qf(x +iy)p(x)dx (2.6)

Is2y—0

exists and defines a ultradistribution in E9-M (Q)'.

2.2 Global wavefront sets and the FBI transform

As we showed [25], the Fourier transform is not suitable to characterize the global behavior
of L? functions. Rather the FBI transform serves as a fitting substitute. We use of the FBI
transform by Sjostrand [30], as written by Christ [16].

Fory e R9, set
) =y1+yP

and define the function «(x, &) and the form w by
o=dxi A ANdxg NdE Fixi(E) A Ad(Eg +ixg(E))

=ax,&)dxi AN---NdxgNdEy AN --- NdEg

where & € I, and I' is a conic neighborhood of R? in which (-) is a holomorphic function.
Note that
a(=x, =§) = (=1)’a(x, §). @7
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Microglobal regularity and the global wavefront set 975

Given two global L7 Denjoy—Carleman function class £7-* () and £9-¥ (), we say
that £9-M (Q) completely contains E‘I’M/(Q) if EZ’M(Q) D Eq’M/(Q) for all A > 0, and we
will denote complete containment by £9 M(Q) = g9M ' (£2). Moreover, it is equivalent to the
following (see, for instance, [27], for the class of local L® Denjoy—Carleman functions)

for all € > 0, there exists C > 0 such that M} < Cee"Mj, Vj € Np. 2.8)

Let £9M (R?) be a global L Denjoy—Carleman function class that completely contains

g4 3 (R2), the global LY Gevrey functions of order % Then for a distribution u € £9-M (R4Y,
define the FBI transform of u by

Fulx,§) = {u, O g (x . g)).
The function F u is well defined for u € SZ’M(]R")’ since the exponential function e—al P i
in EZ’M(R‘I) [4, Section 4.1]. We can extend [25, Theorem 2.2] to £7-M (Q).

Theorem 2.3 Ler £9M(R?) completely contain g‘f’% (RY). Suppose A > 0 and u €
SZ’M(Rd ). Then there exist positive constants Ag, a, and c that do not depend on u, and a
positive constant C so that for any multiindex J € Ng, and any r satisfying g < r < 00,
Fu(-,&)isin Sg’éw (R?) and satisfies the estimates

1D Fux, €)@y < CAY My e eM@ED (2.9)

for any u € EZ’M(R‘I). Conversely, to each Ag > 0, there exists A = A(Ag) so that for
any u € ETMRAY such that Fu(-, &) € Ei’f (R?) and (2.9) holds, then u is a function and
ue &M R,

Proof The proof is a straight forward adaptation of the proof of [25, Theorem 2.2]. m}

Definition 2.4 Let u € £9-M (R4) and £° € R?. We say that u is £9°M -microglobal regular
at R x {£9) (or simply £9) if there exist a conic neighborhood I'g of & 0in R4 \ {0} and
constants ¢, C > 0 such that foreach g <r < oo,

J _1
1D} Futx, )l ey < CAG Mygje™e™@ED - ve € T, (2.10)

We define the £9°M-wave front set of u as the complement of the set of the directions & in
which u is £9° -microglobal regular, that is

WFeqm(u):=1{§ € R? : u is not Sq’M-microglobal regular at &£}.

Our second main theorem relates directions not in the global wavefront set and boundary
of certain functions in £4- (R9)’.

Theorem 2.5 Suppose that E1M (R?) g‘f’%(Rd), u e MR and&® € RY. The vector
£0 ¢ W Feq.m (1) if and only if there exist open and acute cones 'y, ..., Ty C R4\ {0} and
8 > 0 so that

(1) Foreachje{l,...,k},£°-T; <0;
(2) For each j € {1,...,k}, there exist functions f; on RY x (I'j)s satisfying (1) from
Theorem 2.2;
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976 G. Hoepfner, A. Raich

(3) There exists a > 0 so that forall p <r < oo and all » > 0,

sup [ £+ i)l e O < 4y, @.11)
yel'j)s

for some A, _, > 0.
(4) So that bf; exists in E1M (R?) and

k
u—Y bfj e EPM®RY).
j=1

Remark 2.6 The functions f; that we construct satisfy a much stronger estimate than (2.11).
Namely, there exist A, C > 0 so that for all multi-indices J,

sup { H D(Jx,y)fj(' + iy)‘

e—“M*ﬂ«V'/”] < ACYHI M. 2.12)
yerl;

LP(R4)

Therefore, we can think of Theorem 2.5 as a self-improving theorem. In one direction, we
start with functions and cones that satisfy (2.11) and conclude that & ¢ W Fgq.m (1). Once
we have that § ¢ W Fgq.m (1), we then apply Theorem 2.5 again and conclude that there
exist new functions { f;} and cones {I';} on which f; satisfies a much stronger estimate,
namely (2.12).

2.3 Application: global characteristic sets of linear partial differential operators

13 __; 8
Let D; = Pox; = gy

Definition2.7 Let P = ) ;' , Py (x, D) beadifferential operator with C* coefficients where
each Py(x, &) is a polynomial of degree £ in & and smooth in x. The characteristic set Char P
is defined to be

Char P = {(x,§) € T*(X)\ {0} : Pp(x,&) =0}.
The global characteristic set Charg P is defined to be

Charg P = {£ : (x, &) € Char P}.

Theorem 2.8 Let P be a constant coefficient differential operator of order m and M be a
sequence so that G1° L(RY) < £9-M(RY). Then

W Fgqm(Pu) C WFgqm(u) C WFgqm(Pu)U Charg P.

3 Properties of £9M(Q)

The function spaces £9°¥ (Q) share many properties with G4-# () that can be proven by the
same techniques as in [4,25].

Proposition 3.1 £2°M(Q) is a non-quasianalytic DFS-space that is invariant under differen-
tiation and composition.

A very useful result is the characterization of the dual spaces.
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Microglobal regularity and the global wavefront set 977

Proposition 3.2 Let 1 < g < oo and p be the dual exponent of q, i.e., % + % = 1. For

a convenient sequence M = (M) jeN, of nonnegative numbers, the dual of £9M(RY),
ETLM(RAY | can be identified with the following space

M,
F= 2 0 fa e LP@®D and YA >0, Y — Sl falliogay <00 . (D)
aENg aeNg
Proof 1t is similar to the one given in the case where M; = j!¥, s > 1, see [4,25]. O

3.1 Generalized Carleman’s problem for £9'" functions
Fix convenient sequences M = (M) jen, and N = (N;) jeN,-

Definition3.3 Let @ ¢ R? and U C R” be open sets, and 1 < ¢,q < oo. We define

£9M(©; €2V (U)) to be the space of functions f (x, 1) € C*°(Q x U) for which there exist
constants C, C’, A, A’ > 0 so that

W D £ 7y < €A Ny
@ [IDEDY f o Mgl paqy < CAN A Mg Nig).
Define

grM@ etNwy = | e @ el wy.
AA'>0

Definition 3.4 Let 2 C RY be an open setand M = (My)cn, a convenient sequence. Given
f = f(x) € £9M (Q) we say that a smooth function u = u (x, y) defined in a neighborhood
Q x Vof QinR? x R?, is an £9°M -almost analytic extension of f if the following is true:

(1) u e &M (Q; £>M(Vv))
2) u(x,0) = f (x) forall x € 2; and
(3) there exists a positive constant A such that

sup { [ 0z,u(, 1) 1) € PP} = C <00, Vi=1,.n, 3.2)
y
Here, we write z; = x; +iy;, &, = 3 (3x; +idy;) for j =1, ..., m as usual.
Theorem 3.5 (Almost analytic extensions, [4]) Let Q C R? be an open set and M =
(My)gen, a convenient sequence. Then every [ € EXM (Q) has a 1M -almost analytic
extension.
Definition 3.6 Let 2,V C R be an open sets such that 0 € V and M = (My)een, a
convenient sequence. A function F € £9M (Q; £°M (V) satisfying (3.2) will be called an
E9M _almost analytic function.

4 Existence of traces: the proof of Theorem 2.2

Proof of Theorem 2.2 As in [19] the proof will be divided into 3 steps.
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978 G. Hoepfner, A. Raich

Step 1. We first claim that the limit in (2.6) exists along a fixed direction y’ € ' N "1 when
fecomynwhromw).
Fixy' =@, ....,ypeln §9=1 and consider the complex vector field

8" = y10z, +...y,0s,
and the (m + 1) dimensional submanifold
M :=Qx (ry'}:={(x.1y): x €Q, 7 €(0,28)) CRY x RY.
Let IT = © x [0, 28) and f/(x, t) : IT — C be the function defined by restricting f (x, y)
to I/, namely, f'(x, 1) := f(x,7Yy),0 < T < 28. Writing

n
0 =i + )yl
k=1

and observe that differentiating y = 7y’ with respect to T gives
I = yidy, + -+ v, 0y,

Consequently, we may regard 9’ as a single globally integrable vector field in (m+1) variables
(x, v) € I, with first integrals

Z'(x,7) = (Z{(x,7), ..., Z,(x, 7)), where Z;(x, T) 1= x;j +i1'y;, j=1,....d.

Therefore, by (2.4),

8'f'(x.T) =Y i3, ) (x.Ty) € LP(R x (0.8)). @.1)
J
For0 < ¢ < §/2,let fl(x, 1) := f'(x, & + 1) then, it follows from (2.4) and (2.5) that

5/2 8/2
wp [ O g dr = X s [ D 0] g dn
J

t'ernsn=1 - t'ernsn=1J0

)
<Y swp /0 @z, 16T i 7

j t'ernsn—1

<C < (4.2)

and since M*(t /1) is decreasing in t > 0,

8/2 i
[ s e e e g ar
0 rernsn—1

5/2 .
< [ s |reranetreom]
0 rerngn-! Lrey
5
< su H (., 1 /)e*M*(’/A)‘ dt <C < o0 4.3)
/o v MY L@

independently of 0 < ¢ < §/2.
We will now prove the theorem, continuing our assumption that f € C(W) N whrow).
Fix ¢ € E2M(Q) and let W(x, y) € £2M(Q; £2M(V)) be the almost analytic extension
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Microglobal regularity and the global wavefront set 979

of ¢ given by Theorem 3.5 and satisfying (1)—(3) from Definition 3.4. Define ¥/(x, ) =
W (x, tt’). It follows from Eq. (3.2) that

W (-, T)eM /M) . < Z H(Bz_,\ll)(', ry’)eM*"/”‘
J

L4(Q)

<C<o. (44

=2 sup g wie e W] s
J

i yels

Also, for any g(x, ) € WP (IT), we have

m

dg(x, 1) = d'g(x. T)dr + Y By, 8(x, 1) dZ}(x, 7).
k,j=1

LetdZ'(x, ) = dZ] A--- AdZ) the volume element generated by the first integrals. Then if
glx,v) = fllx, )W (x,7),0 <& < §/2, and w(x, 7) = g(x, 7)dZ'(x, 7), it follows that

do = fl(x, 1)V (x, 1) dt AdZ' + (3 f))(x, D)W/ (x, ) dT AdZ'.

Using Stokes Theorem, for 8’ < §/2, we get

5/
// da)(x,t):/w(x,S’)—/a)(x,O).
aJo Q Q

Writing things out explicitly, we obtain

/ fl(x,8) p(x)dx :/ f(x,8 +e)W'(x,8)dZ' (x,8)
Q Q
— / / o' fl(x, DV (x,7)dt AdZ'(x, T)
0 Q

— / / flex, )3V (x, 1) dr AdZ/(x, T) 4.5)
0 Q

We now show that the limit as € — 0 exists for each of the integrals on the right-hand side
of (4.5). Since we are assuming that f is continuous, the function f'(x, 8" + ¢) is well-
defined and the L?”-assumption, a priori defined for almost all € is actually continuous in
€. Consequently, the integral, as a function of € is continuous and defined on a compact set
(in €) and hence attains its max. We can now use the Dominated Convergence Theorem to
establish the limit as € — 0. For the first double integral on the right hand-side of (4.5) we
note that, in view of (4.2) and (1) in Definition 3.4, we have

/.8/
0

8
< c/o 19 "0 o dt - sup W6 )o@ =€ <00 (4.6)
ye

/ o fl(x, D)W (x,7)dt AdZ'(x, 7)
Q

independently of ¢ and ¢’ and we again use the Dominated Convergence Theorem to send
& — 0. For the second double integral on the right hand-side of (4.5) we will use Eq. (3.2)
in Definition 3.4 together (4.3) and (4.4) and observe

8/
/ / flx, 'V (x, t)dt AdZ'(x, )
0o Ja
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980 G. Hoepfner, A. Raich

8/
EC/ /If;(x,r)leM*(’/“*M*“m|a/\lf’(x,r)|dxdr
0 Q

5/
SC/ ‘
0

Thus, it follows that the limit when ¢ — 0 in the second double integral on the right hand-side
of (4.5) also exists, independently the direction 7’ and hence lim,_, o+ fQ [, ey)e(x)dx
exists and

(-, y) M BI/P <C < .

dt - sup Loy =

LP(2) yel“

ey |

lim f(x,ey’)go(x)dx:/ fx, )V (x,8)dZ (x, 8)
Q

e—>0t Jo
8
_f / [ OV + £/@ W), 1) dr AdZ (x, T) @.7)
0 JQ

Also, it follows from the proof that

’/Q fx, ty)ex)dx| < C,,. (4.8)

Step 2. Assume that f is only of class C (V) N L? (V). By regularizing f with a convolution
of a¢p € EHM(Q), with compact support and integral equal to one (see [4]), we may prove
this step using the same ideas as in [19].

Step 3. The formula (4.7) is independent of the direction . In fact, fix ¢ € £7°M(Q) and
consider the function

T(y) :=f9f(x,y)<ﬂ(x)dx, veTs

One can use (4.8) to show that (see step 3 in [19]) T'(y) is a Lipschitz function and has a
limit as y — 0O in proper subcones of I's. In fact, in the sense of distributions, we have

9y, T(y) = —i /Q 2, £ (6, Vo) dx — i fg £ )3 0(0) d (49)

and it follows from (4.8) that 7'(y) is a Lipschitz function and therefore using (4.7) we have
that bf (x) is an ultradistribution in £9'M (Q)’. ]

5 Microglobal analysis: the global wavefront set
We first recall an inversion formula for the FBI transform proved in [25]. Let

Uue(x) = (2n)—d/ Fulx, £)dE. (5.1)

[§l=e™

then [25, Theorem 2.1] (5.1) holds in G7-# (R?)/, for B> % Specifically, if u € ET-M(RAY

and £4°M (RY) = G493 (RY), then the limit defined in (5.1) converges in £9-M (RY)'.

Proof of Theorem 2.5 Suppose that u € £2°M (R?)’ and let €2 € R \ {0} be such that £0 ¢
W Feq.m (u). By Definition 2.4, there exist a conic neighborhood I'y of £° in R? \ {0} and
constants ag, Ag > 0 such that, for each ¢ < r < oo, we have

J|+1 _1
ID] Fulx, &)l prgay < Af T Mo eM@ED - ve e 1, (5.2)
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Microglobal regularity and the global wavefront set 981

Let Cy, ..., Cx open acute cones in R? satisfying,
k
R\To=|JCj. C;NCi=0, forall j#i (5.3)
j=1

and, for some small positive constant c,
Fi={ve R? : &-v>clé|lv[forallé € Cjand &y - v < 0} 5.4

are open acute and nonempty cones. Inspired by the FBI inversion formula (5.1), we define
u;(x)fore >0and j €{0,...,k}as

u§(x) = 2n)~¢ / Fu(x,&)dE (5.5)
&ely
|&]<e!
and
uj-(x) =Q@2n)™? / Fu(x,&)dE, je{l,... k}. (5.6)
§eC;
& <e!
By [25, Theorem 2.1], we have that
k
u= g%;uj(x), in €M (RYY'.
Next we consider, for each j € {1, ..., k},
fix +iy) = @m)™ / Fu(x +iy, £)dg, x+iy e R +iTl;. (5.7)
£eC;

Note that, in view of hypothesis (5.2), we have

lin})ug(x) = (2m)~¢ / Fu(x,&)de in ETMRY). (5.8)
&elp

Therefore, it follows that ug € £4-M (Rd ). Hence, the proof will be completed once we show
that for each j € {1, ..., k} the following hold true:

(1) for every p < r < oo there exist positive constants a and & such that the function
fj(x +iy) is in the weighted space EM(RY; 5:?;%*(‘},‘) (I"j)s), meaning that for every
A > 0 there exist positive constants C and A = A(r, A, d) such that (2.12) holds.

(2) the function f; is of exponential M* growth, that is, it satisfies hypothesis (1) and (2)
from Theorem 2.2 for @ = RY and W = R? + il'j; and

(3) bfj = limeou in ELM(RAY
In fact, fix j € {1, ..., k}.

Proof of (1) Since Fu(z, &) is aholomorphic functionin z = x+iy, (1) will be a consequence
of Minkowski inequality for integrals and the following fact: there exists a, C > 0 and
Fi¢) € Ll(Cj) such that for all A > 0 and p < r < oo there is a positive constant
A = A(r, A, d) such that the following inequality holds true:

< ACVHIM e N i), VI eNd.  (5.9)

J .
[Pyt +15.9)] 0, =
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982 G. Hoepfner, A. Raich

First, the function —M*(-) is an increasing function, so we only need to worry about proving
(5.9) for values of A € (0, 1). Second, note that since

d
d(&j +ixj(E) =d&j +ix; Y %
k=

we see that a/(x, &) is a sum of terms of the form (ix)”! (%) % where |81| = |B2] < d.
Next, we use the decomposition for u given by (3.1), to write u = Zy eNd u](/w in

g-MRTY, with u, € LP(RY) and 3 ML\l |l Lo ey < oo for every A > 0. We
therefore, can write Fu as a sum in 1, B2, y, (finite in By, B2), of Ug, g, ,, Where
Uﬂ],ﬂz,y(x iy, £) = ¢y / u),(t) Dt)/{ei(x+iy—t)~$—(E)(x+iy—t)2 (x+iy— t)ﬂl( ) }dt
R4
(5.10)

Since derivatives in y in (5.10) can be replaced by derivatives in x multiplying by a
constant with absolute value equals to one, to prove (2.12) it will be enough to differentiate
only in x. The same remark holds for the derivatives Df . Thus differentiating in x, J € Ng
times, we have

DJUﬂl By (X +1y,8)
= e ()" fua 1y ) (DY e (¢ )

=y (— 1)|y\( ) o 1y (1) ZL<J+)/ (y+1) DL{ i(x+iy—1)-E—(€) (x+iy—z>2}

x DI T (x4 iy — %) dr. (5.11)
Let
O, x +iy, &) = if - (x +iy —1) — (E)(x +iy — 1),
then
L , . .
‘DLI O(t.x+iy, S)” < Z (L )‘D)%[{ezs-(x—Hy—t)H’sz{e—(s)(x+zy—t)2}’
Li+L=L 1
L .
< Z (L >|§_—|L1€—§'Y . |D}%2{e—(§)(x+ty—t)2}|. (5.12)
Li+Lr=L 1

Also, for any K € Ng with K < 1, we obtain

Bi!
(B1 — K)!
Using (5.12) and (5.13) (with K = J +y — L < 1) one can estimate D{Uﬁ]7ﬂ2,y(x+iy, &)
given in (5.11) by

1D} Up, oy (x + iy, §) < CCVIHIT =8y 5™ g

Lcy+J
Li+Lr=L

x{lity ()] 5 |+ iy) P77 (DE2 = OCH ) [} (),
(5.14)

DXlx+iy—nf} = [ +iy—nfr=K] (5.13)
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Now, given r € [p, oo], let 7 > 1 satisfying % +1= % + %, we can integrate (5.14) with
respect to x € R? and apply Young’s inequality to obtain that for (¢, &) € | (T xCj)

1D Up, .y ¢ + i, )l 1r ey < CCYIHY ™Y | |10

x> g

L<y+J
Li+L>=L

¢ +l-y)ﬂ1+L—ny(DLze*(@('Jri.V)z)
X

L7
(5.15)

Assume, without loss of generality that |§] > 1 [the case where |£] < 1 is similar, see
(5.19)]. Using Corollary B.4, Eq. (B.5), one can further bound the last expression by

. _E. )12
1D} Up, oy - + iy, )l pray < CCq AV EXF @Dy 1 Y~ 510

L<y+J
Li+Lr=L
Ly 1Ky St
- +HKal—5—3 2
X 2 72 K7 5.16
> <1<] & 2. (5.16)
Ki1+Ky=L>
0<t<d

Thus, for |y| < § sufficiently small one can use (5.4), and introducing a parameter 0 < 6 < 1,
we obtain

. A NV ey
”D){Uﬁl,ﬁL}’('+ly»§:)||Lf(]Rd) <CCqy (m) e 2‘§”}|||My”Lp Z |§'|L1

L<y+J
Li+Lr=L
1
Lz)((QISI)K'>2 X

x 2 ) Mg, €K

Py Z_ (Kl Mk, o

1+Kx=L>

ANV ey L

<ccy (5) T2 MEED g ST R (5.17)

Ki+Kr=L<y+J

Now, fora given0 < A < 1, fix0 = 2% then we can further estimate D Ug, 4, , by

D] Ug, .y - + iy, )l gy

I+HP] 3 (3 26h 16 2XEL LY 1, 2k
<ca(g) " AU TIEE D S Y e,
< Ki+Ky=L=<y+J
BANVIHYL 3 () 1y 200, B

) 2
scd(m) oM () ;~aMCs N[ty 1l s > H

Ki+Ky=L=y+J

ZANIFHYL 304 1., 2ch
=G (ﬂ) 1M () = 8MCSHED o My My € L'®RD) (5.18)
C.

where the last inequality is a consequence of Lemma B.1 with £ = 4,k = |L| < |y + J|
and r = | K3|. Finally, in view of (3.1), this quantity is summable in y. This proves (5.9) for
|&€] > 1. Note that for [§] < 1 one can rewrite estimate (5.16) as (taking into account that,
when we apply Corollary B.4,a = (§) > 1)

ID]Ug, oy + iy, E)l 1 e

5CcdAU|+|V|e*CIEHY\”uy”LP Z |5|IL1|

L<y+J
Li+L,=L
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984 G. Hoepfner, A. Raich

L2 ‘Kl‘
IK11/2+|K3| 3
X K| 2
E (Kl)(%') |K1]
K1+K>=L,
0<t<d

< ccy (5) e MO S Rl
o Ki+Ka=L<y+J

(5.19)

and we can proceed as before. This shows claim (1).

Proof of (2) Note that hypothesis (2) of Theorem 2.2 follows from (5.9), while hypothesis
(1) of Theorem 2.2 follows from the fact that f; is a holomorphic function in R +il i

Proof of (3) Note that Theorem 2.2 implies that bf; exists in £4-M(RAY for each j €

{1, ..., k} and we can use Proposition 3.2, (3.1), for any ¢ € Eq*M(]Rd), to write
(bfj, @) = 2m)™¢ lim / / Fu(x + iy, £)dE p(x) dx (5.20)
Fj>y—>0 Jrd
EEC/
=@m™ lim O/Rd / (), & CHYDE O (1 gy 1, £))dE p(x) dx
joy—>
§eC;

= @m™ r,-laiigo Z(_I)M
: ¥

X /d f /d My(l)D,y {ei(x+i,v7f)~€*(E)(eriyft)za(x +iy—t, S)} dt d€ o(x) dx
R e, R

~ et T
X 14

« / f uy(t)D,y{ f o(x) ei(x+iy*t)‘§*(§>(x+iy7r)2a(x +iy—1,8) dx} dt dé.
R4 R4
3

eC J
Let W(x + iy) be an £9°Y-almost analytic extension of ¢ granted by Proposition 3.5. Then

jRy—>

(bfj. @) = @m)~* lim OXV:(_])M

x / f uy(t)D,y{/ \y(x—iy)e"“*’)'f*@)()‘*’)za(x—z,g)dx}dzdg
R4 R4
EeCj

=20l S [ [ monr e =i -o)aa

%’EC]'

= (-2m)~ ) (= / /duy(t)D;/{]-?p(z, —£)}dtds (5.21)
R
Y

EEC_,‘

where the last equality is a consequence of the fact that & € £9 M (R £00-M (R4)) and that
W(- —iy) — ¢(-) in the topology of £9M (R?) as y — 0.
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We will now treat the term < (x). In view of Proposition 3.2, (3.1), we can rewrite uj (x),
jefl,... k}, givenin (5.6) as

usn =0 Y o [ [ @ O a1 dras.
J R4

yeNd e
|&]<e!

(5.22)
Now, one can use Eq. (2.7) to write, for any ¢ € £9M (R?),

(S, 9) = @m)~ Y (=nl!
Y

x/ / / uy(t)DtV{ei<x—’>'5—<f><x—f)2a(x—z,s)}dzdggo(x)dx
R4 R4

EEC/
|&]<e!

= (=2m)~ 'y (=Dl

Y
x / /uy(z)/ ga(x)D,V{ei(’*X>'(*§>*<*§><’*x>2a(t—x,—g)}dxdzdg:
R4 R4

§€Cj
& <e!

= (=21)" ) (=D

Y
x / /uy(t)D;/{/ w(x)e"<f—“'<—€>—<—¥>(’—x>2a(r—x,—g)dx}dtdg
R4 R4

%'GCJ'
lgl<e !
= (=2m)" > (=n! / /uy(t)D,V{]-"go(t,—E)}dtdS. (5.23)
Y £eC; R
l§|<e!

Hence, we can use Theorem 2.3 together Proposition 3.2 to conclude that
i € — (—27)¢ _nivl 4 —
fm 0 = 20 3D /MI_ [ w0y 7o ~o)arde. 524

Therefore, claim (3) follows from Eqs. (5.21) and (5.24).
For the converse, using the linearity of the FBI transform, it will be enough to prove the
theorem under the following simpler assumption:

If there exist an open acute cone I' C R4 \ {0} such that & - I < 0, and a function
f defined on RY x Ty satisfying (1) from Theorem 2.2 and (2.11), and u = bf in
E1-M(RAY | then there exists an open acute conic neighborhood of &y, I'g, such that
(2.10) is satisfied.

We first assume that |£] > 1. In this case, (£) < +/2|&|. Next, we note that «(x, &) is a
sum of terms of the form i¢x#! (é—))ﬂ % where |B1], |82] < d as before. Therefore, to prove
estimate (2.9), it suffices to obtain the same bound for

P(x—)-E— —)2
uﬁ'ﬁz(x,éj) = <u, L= )E=(E)(x—) (x — ,)ﬂl (%)ﬁz) (5.25)
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986 G. Hoepfner, A. Raich

in some conic neighborhood of £°. To this end, we first will use the hypothesis that u = bf
to write

ubPrP2(x, £) = hm / F(t+iy)el CDE OG0 )ﬁ'(g) dt. (5.26)

Second, we may assume, without loss of generality (see the proof of Theorem 2.2), that
y = hej, for some fixed 0 < h < §/2. We now apply Stokes Theorem in the complex
variable z; = 1 + is to the function

F@i+ihty, . . 1)@ EOED B g e R, s € [0, h]

and recall that for any C! function g, dgndzy = E%gl dzindzy = 2i Bngl dt; Ads. Additionally,
dzy = dt; when z; € Ror R + iy. We may therefore rewrite ubrPr(x, &) given in (5.26) as

ub1b2 (x, &)

= plim iq / £+ i2y)ef OGN (p b (£ ar

* 62/ / T(f Fis + h)ep)el IO E O =i (o IS)’SI( )ﬁz ds dt}
R4 21
(5.27)

In the first integral in the right hand-side of (5.27), we use estimates (5.12), (5.13) and (5.18),
and the fact that &y - I' < 0. Note that (5.4) was fundamental to obtain (5.18) (see (5.17)), and
in this situation, its substitute is £ - I' < 0 for all £ in a conic neighborhood I'y of &y given
by the hypothesis to obtain a conic neighborhood I'g of &9 such that one can interchange
the derivatives in x with the integral and obtain a limits and obtain an estimate like (2.10)
independent of y. For the second integral in the right hand-side of (5.27), we use that f
satisfies (1) from Theorem 2.2 so that we can reason as in the proof of Theorem 2.2, see
(4.6), together (5.18), to obtain the desired bounds for all derivatives in x uniformly of y.
This allows us to apply D){ to uP1P2 and proceed as in (5.15) (with the difference that now
y = 0) to obtain the desired estimate. O

6 Application: wavefront sets and constant coefficient PDE. Proof of
Theorem 2.8

Proof of Theorem 2.8 We follow the general argument of [21, Theorem 8.3.1]. The inclusion
W Fgqm (Pu) C W Fgq.m (1) is aconsequence of the fact that 7 u(x, &) is defined in terms of a
convolution in x —y and (A.4). In particular, we will show that if u is £9-¥ -microglobal regular
at&, thensois D“u for any fixed k. Supposing this, the inclusion W Feg.m (Pu) C W Fgq.m (1)
is immediate. Therefore, assume that u € £9-M (R?)’ is £9-M -microglobal regular at £°. Then
there exists a conic neighborhood I' of & 0in R4 \ {0} in which (2.10) holds. Let £ € T" and
observe

D;f{DKu}(x,s>=D;/ ¢ EE6 Dy (ya(x — 3, £)dy
Rd
— (—Ip! /Rd u(y)D;{ei<xfy>~sf<s><xfy>2a(x ) 5)} dy

— D]t /R u()e G E O g (x —y ) dy = DI Fux, &)
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where the integration should be understood as a pairing a function with an element in its dual
space. The estimate to show that D¥u is £7-™ -microglobal regular at £° now follows from
the estimate that u is £7-¥ -microglobal regular at £° and (A.4) (which allows us to bound
M, j|+«| in terms of M|;| by paying a price of increasing the geometric constant).

We now establish the second inclusion. Since P has constant coefficients, its symbol does
not depend on x, hence we may write P, (x, &) = P, (£). We may assume that & 0 is such
that P, (£%) # 0. Since P,, is a homogeneous polynomial of degree m and P,,(£%) # 0,
there exists an open cone 'y C R4 \ {0} that contains £9 and a constant C > 0 so that

|E]" < C|Pn(8)| if& € Tp.
Given a suitable v, Pu = f means that
(u, P'v) = (Pu,v) = (f,v)

where the transpose operator, P!, is given by

P! = Z (—=D¥lq, D*.

[c|<m

For fixed & € I'g large and x € R4 we want to find v so that

(u, P'v) = Fu(x, &) = / SOV EEC g (x — y E)u(y) dy.
]Rd

This means we need v to satisfy
Plu(y) = S TVE=EO— (0 gy,

Suppose that A
v(y) = wlx — y)e' T/ P, (8). (6.1)

Then applying P! to the expression for v defined in (6.1), shows that

1 i(x—y)-
o D =0t
1 K K i(x=y):
NG) \KIZ:m(_l)‘ ac Dy (wx =)' F)
_ ei(xﬂ’)fw(x - Iéy{ei(xf_\')fw(x _ y)} (6.2)

where

Ry e w(x — y)} = wix — y)el € — ﬁ(é) D (=DM DY (w(x — y)e )

[c|<m

: 1 K _
— =y E E _1lkl=lyl =y _ Y
=e Pni®) <)/>( D acDy “w(x »é

lk|<m v
lyl=m—1

Pl —y)E Ryw(x —y). (6.3)

Additionally, we can write R = R1_+ --++ Ry, and R; is a differential operator of order at
most j and the coefficients of R;|&|/ are homogeneous functions of & of degree 0. Moreover,

we have the relationship ¢! *™¢ R, = R, e/ ~)¢ which means, of course, that

R) = e 100 E RI Gi)E
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Solving
_ 2
e g(x —y, &) = wx —y) — Ryw(x —y) = (I — Ryw(x —y),

is unlikely to be straight forward since the sum Y o R’; is unlikely to converge. Instead,
set

N-—1
_ 2
wy(x —y) = Y Rife O q(x —y, £)).
k=0

Then
wy — Rwy = e~ & a(x —y &) — RV [ O g (x — y, £)).

We combine this equality with Egs. (6.2) and (6.3) (with wy replacing w) to observe that

1
Pu ()
= CE—O (¢ g £) ei(x—y)-sRN{e—<s>(x—y>2a(x )

Py (x — y)

or, by rearranging,
HE=EO g _ y )

. _ . ~ . —v). _ _12
— ) Pf(el(x ,V)SwN(x _ y)) + RN{el(X ) = &) (x—=y) alx —y, g)}

Suppose now that « is an ultradistribution. It now follows that

Fu(x,&) = (u, I%N{ei(x_")‘ge_<5>(x_y)2a(x -, S)}) + <f, e ](5) TN (x — y)>
(6.4)

where f = Pu is £9"M-microglobal regular at & and, without loss of generality, satisfies
(2.10) for & € TI'y.
We start with the bound for the f term in (6.4), we compute
1 . Nl . 2
—— ([, Ty —y) = [ Ry (x —y 8)
P (§) P (§) Z< 3 f

1
m (&

~
S

N-1

Fr &)+ Y SEFfx.8)

k=1

o

where the operator S = 5’1 + -+ S’m and Sj, Jj €{l,...m},is given by
~ 1
Sig0x.8) = > aj.c&)DS
[k]<j

and where a; , (§) is a function that is homogeneous of degree 0 in &. Thus, if

A’ = max max Z a;
1<j<m |g|=1 12, ()]
[k]=<j
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then
1 N—
D] ——(f, " uyx —y) = ( )D,{Sr' e SF f(x,E).
P () = T\

Consequently, for some A that may increase between every step, we use (A.9) and observe

(f 5wy (x — )|

L"(RY)

(At LM
g Myl
) =0 Ik

Ak AV
< CAVI My e tM @D Z ) < >( |$)|ym M,
v

P (5) P 1

k=0 |y|=k
] (N=1)m AZ
< CAVI M, ;e cM@iéD =M,
! g BE
where m is the vector m = (1 2 .,m). Since M, increases faster than ¢! by (A.10), it

follows that the function £ — M ¢ has exactly one critical point which is a minimum (and

IS\Z
the function has the minimum value exp(—M (‘%l)) < 1). Consequently, using (A.9) in the
final inequality and allowing A to grow as necessary (e.g., in the fourth line), we obtain (for
some H > 0 which we allow to grow later, e.g., in (6.11), if necessary)

(f ey — )|

P (E) ” L"(Rd)
AN=m (N—D)m |&|(N=Dm—¢

1
ECA\JlMJe*;M(d\E\) 1+ MnN_,
Vi |§|(N=Dm (N=bm [Z:g AN=1ym—tM(N=1ym—t

1] L M (alg]) AN Dm !
<CA"'M e ¢ Nm |14+ ——MN-tym———5——
g V=T "inf pen 5 My

1 ag, ot MG@lg]) AL M (5 I€)
<CA M|‘]‘€ M) N 1+WM(N71))11€ A

1 — I M(aleh+M (L gD AN Dm
<CA"'M e ¢ APV Nm 1+|E|m(7N_I)Mm(N—l)

A

H\Y]"
< CAY My LM(aE)){Nm+|:MN<|E|) } |g|’"}. (6.5)

. o . 1 l¢]
where the last inequality is obtained as a consequence of (B. 3) tobound e™ ¢ Ml DeMCF) by
)

< CAVIpy e M@ MR IED (Nm Moy <|E|> ISIm)

(pos51bly decreasmg and increasing A) a constant times e ¢ . Choose N to minimize

My (& H )N . The fact that M, grows faster than £! means that N is smaller than if M, were only
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£! (which would be approximately %)‘ Plugging this information into (6.5) and recognizing
that we can absorb the m term into the constant C, Then

1
P (§)

< CAVIM e e MalgD 1 T m

= e ¢ ﬁ“Le c H

IDL(f, e 5wy (x — y)|

L7 (R4)

< CAVIM e cM@iED (6.6)

with a slight decrease in % see (B.1).

We now turn to the u term in (6.4). The operator Ry is a constant coefficient operator so
Ry{ei(Xﬂ')'ée*@ﬂﬁ‘)za(x—y, £) e gP12R?) forall 1 < p < 0o. We use Proposition 3.2
to express the ultradistribution u € £ a.M(RAY a5

u = Za’(u,(

d
keNG

where u, € LY (RY), % + % = 1. Consequently, for any multiindex J,if 1 < p < g andr

satisfying % + % =1+ %, we use Young’s inequality and estimate

” D! (u, 1§§v{ei<x—y>~se—<s>(x—y)2a(x _y, 5)”’

L™ (R4)
o
< D el gy | D 8 RN (! T Eem OO g — g )

d
keNG

I,» ey (67

Recall that R = Ry + - - - + Ry, We define operators S, S1, ..., Sy sothat (R;)yg(x —y) =
(Sj)xg(x — y). Then for any multiindex I, set st = SII1 e S,I,{”. The operators S’j defined

above were defined above in an analogous manner so that (R y&(x —y) = (S‘ x8(x —y)
We now compute

|D79* SV (e e~ OF a(x, )} = | DT 9 E SN (e O a(x, £))

=) X <K+J)<];]>|5””*VDVS’{e’<E”‘2“(xv5)}"

=N yCJ+« 14

Observe that 1 has m components so that _;_y (}) < m". Similarly >, (’”;J) <

d%IH1 Next, let m be the Vec/}or m = (1,2, ...,m) as above, and recall that a(x, &) is a
sum of terms of the form x* ﬁ for multiindices w, u’ so that || = || < d. Thus, given

the form of the operator S, there exists a constant A > 0 so that

|§;:‘]+K_VDVSI{€_<E>X2(X(X7,5;:)}| < |$|\J|+|K\—\V|—1-'71 Z |V€xlt||vl)f\+1-ﬁ1—€e—<§>xz .

0<|p|<d
0=<t=u|

By Corollary B.3,

H |VExh] ‘Vly\+l-ﬁ1—ée—<é>x2 |

LP(RY)

< CAWHIA—L gy S IR=I=3) (11 4 oy — )3y H1=0),
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Consequently, assuming that the constants A and C can grow from line to line, we obtain

D795V (5= ax, £) |
= 3 S AN g ey 3R H|V@x“||v‘yl+"'ﬂ*‘e*<f>x2|

LP(RY)
[I|=N yCJ+k 0=<|p|=d
0<t<|u|
< 303 ey g ey
[I|=NyCJ+«
3 AW L=y 3 Y LRI (1) 4 gy By =)
0<|p|<d
0=t=iu|
< Z Z d|K|+|J|mN|%-||J|+|K|*%\V|*%I"ﬁ*ﬁAly\+1-ﬁ(|y|+I'rﬁ)%qy\.t,_].nq)
=N yCJ+k
< Y aVu. )L g~ 2 = Z AL g 11+ =31 B (6.8)
=N yCJ+«k

We need to sum in k so we decompose the sum over J + « into two sums — one over J and
one over . Then (6.8) becomes

|D BKSN{elx.f Xa(x S)H
< 3 ANy R S 4 g =iy, S gl g =3l

[I|=N ycJ Y2 CK

(6.9)
We first sum in «. Our choice of M, forces there to exist B’ and C’ so that
My > C'B"4".

Consequently, we now recall the sum in « from (6.7). In the estimate below, we assume
€] > 1 as the |£] < 1 case is simpler. We also assume |y | is even for simplicity, the |y |
odd calculation requires a simple modification. For B > 1 to be chosen later and C and A
which may grow with each line (though they are required to be independent of |£| and |k |)
and estimate

WZI

ly2] 2
D0 el gy A B Mg

KCNd y2Cx BIKHSPIVZ'M\K\
B 1
1 || lKI=2172]
< 2 | el oy AN B My D —— E——
KNG ok BI7 B M1y,
5
< 20 | Nl gy AN B M 3D (S“" B0
xCNg yeNd 7 =0 ¢
1]
< CppeMts) (6.10)
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where the sum is finite because B > 1 and it is geometric. Next, we investigate the behavior
in N and the sum in / and observe that since we are assuming |£| > 1 that

. N/2 A
T ANy < AN [(N) +(1Lm> }
et €] q

Recall that N was chosen to minimize M Nr(%‘)_N "and M N’ > N'I. Consequently, since
m > 1 and allowing A and H to grow (if need be),

[ @) G
{MN (ﬁ)N} +{MN<|§|)N}

e IMCED), (6.11)

m/2

IA

IA

Finally, we investigate the behavior in J. Observe that (using the same B as above, though
it we may require it to grow later)

Iyl
Z A|J\|€:||J|—*|V|\|yl| 2L —CA'”B‘J||§||J‘ Z lylZ

vl
ncl ycs BYIE|

1 [J|1/172
gl ]
= CATIBTE (|B|u| t B EIR

[J] [1/72\g(1/1/2

Bl Bl

Putting together our estimates (6.10)—(6.12), and choosing B sufficiently large (but indepen-
dent of |§] > 1, A, J, N), there exists a > 0 so we can estimate (6.7) by

H D! (u, R;v{ei<x—y>-se—<s><x—y>2a(X —y. )

L’(R‘/)
Ciylely (EIVD 2N
< Capets <|B|m+ ) AVl
&l HE |11 My, 2181171/2
< Cape M (pp T, Al ]
AB€ ‘J‘M|J||B||‘” + [J1/2 BUI |§_|

1 & ]
< CABe—jM(ﬁ)eM(g)Alf\Mljl

where, as usual, A, C4p, and B only depends on A. By possibly increasing B and allowing B

l¢]
to depend on H, we may use Eq. (B.3) and bound e_%M(‘I%I)eM(%) < Ce’%M(ﬁ) for some
fixed ¢ > 2 and C depending on C and the constants in (A.9). O

Recall that a partial differential operator is elliptic if P, (x,&) # 0if & # 0.

Corollary 6.1 If P is an elliptic, constant coefficient differential operator and M be a sequence
so that G (R c E2M(RY), then

Wng.M (Pu) = Wng,M (u)
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Appendix A: On the sequence M = (M;)

Definition A.1 Let M = (M j) be a sequence of positive real numbers satisfying the following
properties:
(Initial conditions)

Mo=M; =1. (A.1)

(Strong non-quasianalyticity) There exists a constant A > 1 suchthatforallp =1,2,...,
we have

= M; M,
> <Ap—L. (A.2)
Mji Mpy1

j=p
(Strong logarithmic convexity) For some fixed A > 0 and for any r, with0 <r < 1/A,
if we set P; = M;/(j!)", then

PA
the sequence ( - ) is increasing. (A.3)
JPj-1
(Stability under ultradifferential operators) There are constants A > 1 and H > 1,
independent of n, such that foralln = 1,2, 3, ..., we have
M, < AH" min M;M,_;. (A4)
0=j=n

A.1. Some consequences

We refer to the paper [27] for consequences of the conditions listed in Definition A.1. For
instance, condition (A.3) implies: (i) the (usual) logarithmic convexity condition: For all
j=123,...

M7 <M (Mj; (A5)
(ii) forall 0 < j <n,
<’;)M.,-M,,_A,‘ <M, (A.6)
and (iii)
M\
the sequence (—() is increasing. (A7)
J!

Condition (A.6) insures that the class CY (U) is invariant under composition and, in
particular, that forall 0 < j < n,
M‘/'Mn_j <M,. (A.8)

The condition (A.4) implies the (usual) Stability under differential operators condition;
i.e., There are constants A > 1 and H > 1, independent of n and j, such that for all
1 < j <n, we have

M, < AH" 'M;M,_;. (A9)

We will often replace AH"~! with C".
If the sequence M satisfies conditions (A.1) and (A.3), then it satisfies the following
condition: foralln =1,2,3, ...
M, > n! (A.10)

Condition (A.10) insures that every analytic function belongs to the class C*.
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994 G. Hoepfner, A. Raich

A.2. Associated functions

Definition A.2 Foreach sequence (M j) of positive numbers we define its associated function
M (t) on (0, co) by
tJ
M(t) = log —. A.ll
Q) SIJ}p og M, (A.1D)
For the reader who is interested in learning more about associated functions and how each
of the conditions which we impose on the sequence can be written in terms of the associated
function, we recommend the paper by Komatsu [27]. In particular, it is not difficult to show
that if (M j) satisfies conditions (A.1) and (A.10), then for all # > 0,

logt < M (t) <t. (A.12)

Appendix B: Some estimates

Lemma B.1 (See [25]) If the sequence M = (M) jen satisfies (A.4) and (A.8), then for each
0 >0andk,r, € N such that k > r > 0 we have

le

1
"My, < A o e MO0

My e , forallt >0 (B.1)
where A and H are given by (A.4).

Proof We first note that property (A.4) is equivalent to (see [27, Proposition 3.6])

M (%) < %M(r) +logvVA (B.2)
and this implies that for every £ € N, the following inequality holds true
t 1 =y 1
M(ﬁ) = 27M(t)+10gﬁ2;)§ < e M) +2log VA, (B.3)
j=

Thus if A > 0 and H > O are given by (A.4),and 6 > 0, k, r, £ € N are chosen such that
k > r then it follows from (A.8), (A.11) and (B.3) respectively that

Hr[ (%)r - Hri

"My, < M = M eM(@D/H)
= zl My exp{3: M (01) + 2log v'A}
= Az—:eMkeflfM(e’) (B.4)
as we wished to prove. O

Proposition B.2 Let k € Ny. Then
1.

d2/<

k
2 2 : P
—ax” __ _—ax 1k k)2 i
—dx%e =e E (=D*a" x* by

j=0
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and
d*+1 2 2 k : . :
e~ e~ 2 :( l)kHHakHsz’Hb2k+1,j

2k+1
dx s

for some constants by j, byry1,j > 0.
2. The constants by, j, bary1, satisfy the following (recursion) relations.

(i) bokt1,j = 2box,j +2(j + Dbok j+1:
(it) boky2,j = 2boky1,j—1 + 27 + Dbogy1,j

with the understanding that by j = 0if j < —lorj > L+ 1andbyy1,; =0if j < —1
orj>£+1.
3. The constants by j and byy1,j have the following upper bounds:

(i) bokk = 2% and bogy1 p = 22!
(i1) There exist constants A, C > 0 so that

bak,j < CAYK*™I and by ; < CAMKF.

Proof The proofs of 1. and 2. follow easily from induction. The only interesting part is 3.,
and this will follow from a counting argument. The number by 11, ; is the coefficient of the

. ; 2 . . .
term (up to a sign and a power of a) x>/ T1e=%*"_ Viewing the coefficient by |, ;j are part of
tree, the parents of by 1,; are bok, j and byy, j 41 since

ie—axzx%
dx

We will call by, ; the left parent of byg 1, j and by is the right child of byg 1, j. Similarly,

we will call bog j41 the right parent of by 1, ; and bag41,; the left child of by j 1. To pass

from the left parent to the child, the term is multiplied by —2a, a doubling of the coefficient

and an increase of the power of x. The pass from the right parent to the child, the polynomial
ax? 2j+2
X

—ax? . _—ax? 20—
— —Dge W x2£+1+216 ax xZé ]'

termof e™ is differentiated in x and consequently the child inherits a (2 +2)byg, j+1
summand. Visually, a tree looks like

b0
bro by
b3o D31
bso b4y bap
bso bs1  bsp

beo be1 bs2 be3
b0 b1y b2 b7

For example, the right child of b3 1 is b4 > (down and to the right) and the left child is by ;
(straight down). The key to understand the combinatorics is that in order to have a nonzero
right parent and hence a factorially growing term, the power of the polynomial piece must
be bigger than (in this case) 2j + 1. Observe that if we trace through the tree to get to the
(2k + 1)st row, then it is always the case that for any path

2k = # right children + # left children
and to arrive at a nonzero term at the (2k 4 1)st row, at least half of the children must be right

children. Next, to arrive at byiy1 0, exactly half of the children must be right children and half
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996 G. Hoepfner, A. Raich

left children while to arrive at bax+1,1, we need an additional right child and consequently
one less left child. As aresult, to arrive at bog4 1, j, it follows there must be j +k right children
and k — j left children in the path. Consequently,

2 j = # right children — # left children.

The number of left children produce the factorially growing terms, and hence 3.ii. follows
as k — j left children mean the factorial contribution to the size of bag+1, ; is k=7 1t follows
from this observation that the only way to arrive at by x or bax+1 .« is to follow the path of
all right children, hence 3.i. follows. The argument to bound the size of by, ; is similar. O

Corollary B.3 There exist constants C, A > 0 so that

1.
k
ko o o
ﬁe ax < Ce ax Akakzaszjkk j
X
j=0
and
g2k+1 ) ) ko .
o | < g Akak-H Za1x2/+lkk—j
X
Jj=0

forallk € Nog and a > 0.
2. If, in addition, 0 < € < d, then there exist constants C4, A > 0 so that
¢ d*

X" —e
dx*

ax2

LP(R)

Proof Part 1. of the corollary follows immediately from Proposition B.2. For the second
piece, we estimate that when k is even,

k

< CAkak Zajkk—j ||x€+2je—ax
LP(R) j=0

k 1/p
= CA%GF Zajkk_j </ X PE+2)) p=apx? dx)
R

Jj=0

k 1 . ep\\ /P
i (TG +ir+7)
k —
= CAkGK E alkk=J 21—[21’
j=0 2ap)ztirty

—axz

2
” LP(R)

2k
14 d e
dx2k

k 1o i toyi/p
i PG +ip+5)
k _k k— 2 2
=CA"a E alk"=/ T
Jj=0 2ap)» T2

By Stirling’s Formula, there exist constants Co, Ag > 0 (which may grow from line to line)
so that

. ¢ . Ip i+t
F(%_,_]p_i_TP)l/p -c (jp_|_71’)2p+1+2

< CoA})j/ < CoAJK/.

1 A 1 0
pr"!‘jJrj pﬂ+]+7

@ Springer



Microglobal regularity and the global wavefront set 997

Similarly,
¢ a 2 k k oy k—j| ,.04+2j 2
—ax Jrk—Jj Jj,—ax
Hx 7dx2k“e @ < CA"a Za k Hx e ”LI’(IR)
j=0
k 1 L o4 pyyi/p
= cate Y ot TETPE I TNy
; E+d+ith — 0
j=0 2(“1’) P
[m}

CorollaryB.4 Let 0 < ¢ < d, a > 0and |y| < 1, then there exist constants C4, A > 0 so
that
ky

k2. (BS)

s

H (x + iy)fa)]g {efll[)f‘i’iy]z}

2 k k. Jy— AL —
< C,e™ Ak E ( >a2+2 2p
o =
LY(R) . \k1

k1+ko=
0<t<d

Proof First we note that, since £ < d and |y| < 1 we have

¢ d
AN .
@ +in' =] ( .)xf i) =i DIl (B.6)
=0 N £=0
Also, using Leibniz rule, the derivative of the complex exponential can be written as

af{efa[xﬂy]z} — Z (:1) (3)1;1 {efa(x27y2) }) (3)152 {672aixy })
k

ki+ko=
k ixy
=t 3 (Y@ (= 2ain) e @)
ki o=k N1
which, recalling that |y| < 1, can be easily estimated by

st 3 (Bppeeips e
i 1

‘3)’5 {e—a[x+iy]2}
ki+ko=

The proof now is a consequence of (B.6), (B.8) and Corollary B.3. O
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