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Abstract We study the Galois descent of semi-affinoid non-archimedean analytic spaces.
These are the non-archimedean analytic spaces which admit an affine special formal scheme
as model over a complete discrete valuation ring, such as for example open or closed poly-
discs or polyannuli. Using Weil restrictions and Galois fixed loci for semi-affinoid spaces
and their formal models, we describe a formal model of a K -analytic space X, provided that
X ®x L is semi-affinoid for some finite tamely ramified extension L of K. As an application,
we study the forms of analytic annuli that are trivialized by a wide class of Galois exten-
sions that includes totally tamely ramified extensions. In order to do so, we first establish a
Weierstrass preparation result for analytic functions on annuli, and use it to linearize finite
order automorphisms of annuli. Finally, we explain how from these results one can deduce
a non-archimedean analytic proof of the existence of resolutions of singularities of surfaces
in characteristic zero.

1 Introduction

Let K be a field which is complete with respect to a non-archimedean absolute value, and let
R be its valuation ring. In this paper we study the Galois descent of semi-affinoid K -analytic
spaces, that are those non-archimedean K -analytic spaces that admit as a model a formal
R-scheme that is affine and special (that is, formally topologically of finite type). Roughly
speaking, they correspond to the analytic spaces that are bounded (without necessarily being
compact), such as open polydiscs and their closed subspaces. The underlying idea is that

< Lorenzo Fantini
lorenzo.fantini @imj-prg.fr
https://webusers.imj-prg.fr/ lorenzo.fantini

Daniele Turchetti
daniele.turchetti @unicaen.fr
https://turchetti.users.Imno.cnrs.fr/

Institut Mathématique de Jussieu, Université Pierre et Marie Curie, Paris, France

Laboratoire de Mathématiques Nicolas Oresme, Université de Caen Basse-Normandie, Caen, France

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00209-018-2054-9&domain=pdf

1086 L. Fantini, D. Turchetti

semi-affinoid spaces have enough bounded analytic functions to be determined by them, and
that they are simpler to study via their R-algebras of bounded functions, rather than via the
whole K -algebra of analytic functions, which for example may not be noetherian.

Let K’|K be a finite extension and let R’| R be the corresponding extension of valuation
rings. We are interested in how one can determine a formal R-model of a K -analytic space
X, knowing an affine formal R’-model 2" of the base change X ® ¢ K’ and the action of the
Galois group of K'|K on the latter. We are able to describe the situation completely in the
case when K’ is a finite tamely ramified Galois extension of K. More precisely, we prove
that X is itself semi-affinoid, and has as R-model the Galois-fixed locus of the (dilated) Weil
restriction of 2" to R; this is the content of Theorem 5.1.

This is inspired by work of Edixhoven [13], who used this technique to study the behavior
of Néron models of abelian varieties under totally tamely ramified base field extensions. To
carry out these constructions in our setting, we need to study the problem of the representabil-
ity of the Weil restrictions of semi-affinoid spaces and their models, building on results of
Bertapelle [3], and define the dilated Weil restriction, a variant of the Weil restriction of spe-
cial formal R-schemes. While being merely a computational tool, the dilated Weil restriction
allows us to describe explicitly and in a simple way a formal model of the Weil restriction of
a semi-affinoid space under a tame extension, which proves to be very useful in practice. This
can be thought of as a correction to the fact that, for ramified extensions, the Weil restriction
to R of a special formal R’-scheme 2~ is not a model of the Weil restriction to K of the
K’-analytic space associated with 2.

Semi-affinoid K-analytic spaces appear naturally as fibers of closed points of the spe-
cialization map that goes from a K -analytic space X to the special fiber of an R-model (for
example a semi-stable or, more generally, a strict normal crossing model) of X. If X is a
smooth and proper K -analytic curve and £~ is a semi-stable R-model of X, then all those
fibers are open discs and open annuli. This relation between the structure of non-archimedean
analytic curves and their semi-stable reduction goes back to work of Bosch and Liitkebohmert
[5], where it was used to give a non-archimedean analytic proof of the semi-stable reduction
theorem of Deligne and Mumford. Since in general semi-stable models of a curve exist only
after a finite separable base change K’|K, it is natural to study the K-forms of K’-analytic
discs and annuli, that are those (strictly) K-analytic spaces which become isomorphic to a
disc or to an annulus over K.

Tamely ramified forms of discs are well understood. Ducros [11] proved that if K'|K is
tamely ramified and V is a K -analytic space such that V ® ¢ K’ is an open (poly)disc, then
V is itself a (poly)disc, while the analogous result for (one dimensional) closed discs was
proven by Schmidt [23]. As an application of our descent machinery, we devote our attention
to the study of forms of annuli, both open and closed. Unlike the case of discs, annuli admit
tamely ramified forms that are not themselves annuli. In fact, for some K-forms V that
become annuli under a quadratic extension K'| K, the Galois group Gal(K'|K) may switch
the branches of the annulus V ® ¢ K, that means exchange the two irreducible components of
its canonical reduction, but this can only happen if V is not an annulus itself. In Theorem 8.3
we show that this is indeed possible, and classify these forms up to isomorphism. On the
other hand, we prove in Theorem 8.1 that if the extension K’| K is Galois and reasonably well
behaved (that is, its residue characteristic does not divide [K’ : K1, its residual extension is
solvable, and K contains the [K’ : K" ]-th roots of unity) and Gal(K’|K) does not switch
the branches of V ®g K’, then V is an annulus. Combining the two results, when K’|K
is a quadratic extension we obtain a complete description of the K-forms of a K’-annulus
X or in other words we determine the set H' ( Gal(K'|K), Autg/ (X )) arising from group
cohomology.
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The results of Theorem 8.1 for all tamely ramified extensions of complete valued fields
have been independently proven by Chapuis in [9], where he also treats the cases of polyannuli
and closed polydiscs. Note that our tools also allow to retrieve the results of Ducros (in
dimension one) and Schmidt, provided that the extension turning the K-forms into discs
is well-behaved in the sense discussed above. We believe that this is interesting in itself,
since our techniques are quite different from those of Ducros, Schmidt, and Chapuis, which
are all based on Temkin’s theory of graded reduction and on the graded counterparts of
several classical algebra results. Note that their use of graded reductions allows them to
work over non-discretely valued fields and to also treat non-strict discs and annuli. While
our techniques do not apply in those cases, they are much more effective to study non-trivial
forms, as Theorem 8.3 shows.

Two K -analytic discs are isomorphic over K if and only if their radii differ by an element
of the value group | K| of K. The moduli space of K-annuli is a bit richer : we describe it in
Theorem 7.4. As a consequence, we can completely classify up to isomorphisms the forms
we obtain in Theorem 8.1.

To prove the results on forms of Sect. 8, we compute explicitly the Galois-fixed locus of
the Weil restriction of an affine R-formal model 2" of an annulus V ® ¢ K’. An essential
ingredient in these computations is a complete description of the possible Galois actions on
annuli. To achieve this, using techniques reminiscent of the theory of Newton polygons we
establish a Weierstrass preparation result for functions on both open and closed annuli (Propo-
sition 6.5), and then deduce some linearization results for tame finite order automorphisms of
the algebras of annuli (Propositions 6.8 and 6.9). The idea of obtaining a linearization result
via the Weierstrass preparation theorem is already present in work of Henrio [15,16], but we
are able to generalize his results by allowing closed annuli and a much more general class of
automorphisms. We are convinced that these results are of independent interest besides the
applications in the present paper.

The reason we grew interested in the study of forms of annuli was in relation with the
first author’s previous work [14]. There, he developed a theory of non-archimedean links
that provides a solid bridge between the birational geometry of surfaces over k£ and the
theory of semi-stable reduction for curves over k((¢)). At the end of the paper we explain
how our results on forms of annuli, combined with the techniques of [14], yield a proof of
the existence of resolution of singularities for surfaces over an algebraically closed field of
characteristic zero (Theorem 8.6), a classical result of Zariski [27]. This new proof, which is
completely non-archimedean analytic in spirit, is inspired by the existing analytic proofs of
the semi-stable reduction theorem, as for example in [12].

Semi-affinoid spaces and their forms appear naturally also in arithmetic geometry. Let R
be be the valuation ring of a p-adic field and let IF; be its residue field. It is a central problem
in the p-adic local Langlands program to study the modularity of the liftings of a Galois
representation p: Gal(@?,lg@ ») — GL2(F,) to a representation with values in GLy(R).
The rings of deformations of such liftings can be studied with the help of a [, -variety, the
Kisin variety of p, and the deformations associated with a given closed point of the Kisin
variety admit a canonical semi-affinoid structure. Since this study is generally simpler after
passing to a finite and totally tamely ramified Galois extension (see for example [8]), it would
be interesting to describe the forms of such semi-affinoid spaces.

Let us now give a short overview of the content of the paper. In Sect. 2, we introduce semi-
affinoid spaces and describe their basic properties. In Sect. 3, we discuss the Weil restriction
functor and its representability for semi-affinoid spaces and their models. The dilated Weil
restriction of an affine special formal scheme is also studied there, while the G-fixed locus
functors are treated in Sect. 4. Section 5 contains the main descent result, Theorem 5.1, which
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describes a formal model of a K-form of a semi-affinoid K’-analytic space X in terms of
the G-fixed locus of the dilated Weil restriction of a model of X. We then move to the study
of annuli, which are defined in Sect. 6, where we also prove the Weiestrass preparation for
functions on annuli (Proposition 6.5), and use it to deduce linearization results for the tame
automorphisms of annuli (Propositions 6.8 and 6.9). In Sect. 7 we define annuli with fractional
moduli, and describe their moduli space. Finally, Sect. 8 is devoted to the study of forms of
annuli: the triviality in the case of forms with fixed branches is proven in Theorem 8.1, while
the case of switched branches is addressed in Theorem 8.3.

Notation

Throughout the paper, we denote by K a field which is complete with respect to a (non-trivial)
discrete valuation, by R its valuation ring, by 7 a uniformizer of R, and by k = R/ R the
residue field of K. We denote by K a finite extension of K, by R’ its valuation ring, by @ a
uniformizer of R’, and by k' = R’ /@ R’ the residue field of K'.

We use straight letters, such as X, to denote non-archimedean analytic spaces (over K or
K’), while curly letters, such as 2", will be reserved for formal schemes (over R or R’).
All the affinoid algebras and affinoid spaces that we consider are strict. In particular, all our
results can be interpreted in the framework of rigid geometry or in any of the other languages
of non-archimedean analytic geometry. That said, the authors are partial to Berkovich theory,
and so the text contains a few remarks about the geometry of the Berkovich spaces underlying
the analytic spaces considered.

2 Semi-affinoid analytic spaces

Let R be a complete discrete valuation ring, K its fraction field, & a uniformizer of R, and
k = R/m R the residue field of K. In this section we recall the notions of special R-algebras
and their associated K -analytic spaces.

A topological ring A is called a noetherian adic ring if A is noetherian, separated and
complete and there exists an ideal J of A such that the set of powers {J}¢~0 of J is a
fundamental system of neighborhoods of 0 in A. Any ideal J as above is called an ideal of
definition of A. Note that an ideal of definition of A is not unique; for example if J is an ideal
of definition then so is J” for n > 1. However, there is a largest ideal of definition of A, the
ideal generated by those elements of A which are topologically nilpotent in A, i.e. nilpotent
in A/J for some (and thus for every) ideal of definition J of A. A topological R-algebra A
is called a special R-algebra if it is a noetherian adic ring and A/J is of finite type over k
for some ideal of definition J of A.

Recall that R{X1, ..., X,u} = lim_, (R/(x")[X1, ..., Xp] is the sub-algebra of the
R-algebra R[[X1, ..., X;]] consisting ‘of those power series in the variables (X1, ..., X,,)

whose coefficients tend to zero in a w-adic norm. By [1, 1.2], the special R-algebras are
exactly the adic R-algebras of the form

R{X1, oo, X} IY1, -, Yl o RIYVL, - VXD - X
1 - I ’

with ideal of definition generated by 7w and by the Y;’s. Observe that all special R-algebras are

excellent: this follows from [24, Proposition 7] when the the characteristic of K is positive
and from [25, Theorem 9] when it is zero.
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An dffine special formal R -scheme 2" is the formal spectrum of a special R-algebra A,
that is

2 = Spf(A) = l%)nSpec (A/J),
where the limit is taken over all the ideals of definition J of A. While this definition can
be easily globalized, in this paper we content ourselves with the affine case, mostly as a
convenient way to keep track of special R-algebras, and we do not make use of any deep
results about formal schemes. The interested reader can find a more thorough introduction
to the theory of noetherian formal schemes in [7].

We now recall how to associate a K -analytic space 2~ 2 with an affine special formal
R-scheme 2. This construction was introduced for rigid spaces by [2]; we refer the reader
to that paper as well as to [10, Sect. 7] and [1] for more detailed expositions.

If 2 is the formal spectrum of the special R-algebra R{X1, ..., X, }[Y1,...,Yull/
(f1, ..., fr), then the associated K -analytic space is

22 =V(fi,..., f,) C D xg (D) C At

where DY = {x € A%’an ‘ |X;j(x)] < 1foralli =1,..., m} is the m-dimensional closed
unit disc in AR™, (D))" = {x € AR™ | |[Y;(x)] < Lforalli = 1,...,n} is the n-
dimensional open unit disc in A'I'éa“, and V(fi, ..., fr) denotes the zero locus of the analytic

functions f;.

A more intrinsic definition of the analytic space 2~ 3 that also has the advantage of being
clearly independent of the choice of a presentation of the special R-algebra O 4 (2") is the
following. Let A be a special R-algebra and let I be the largest ideal of definition of A.
For every n > 0, denote by A [I"/7] the subring of A ®g K generated by A and by the
elements of the form i/z fori € I", and write B,, for the /-adic completion of A [1 " /71].
Finally, set C,, = B, ®r K. Then the algebras C,, are affinoid over K and the canonical
morphisms C, 1 — C, identify M(C,) to an affinoid domain of M (C,,4+1) and (Spf A):l
to the increasing union of the affinoid spaces M(C),,).

Remark 2.1 The construction of 2 = is functorial, sending an open immersion to an embed-
ding of a closed subdomain, therefore it globalizes to general special formal R-schemes by
gluing. If 2" is of finite type over R then 2= is compact, and this construction coincides
with the classical one by Raynaud (see [22] or [7, §7.4]).

We say that a K -analytic space X is semi-affinoid if it is of the form 2 2 for some affine
special formal R-scheme £, and call model of X any flat affine special formal R-scheme
whose associated K -analytic space is isomorphic to X. The terminology semi-affinoid K -
analytic space is used in [20]; those should not be confused with the semi-affinoid K -spaces
from [17]. Every (strictly) affinoid K-analytic space is semi-affinoid, admitting a model
which is of finite type over R.

Let & = Spf(A) be a flat affine special formal R-scheme. By [10, 7.1.9], the K -analytic
space 2 3 depends only on the K -algebra A ® g K (such a K -algebra is called semi-affinoid
in [17]). In particular, if Spf(B) is another model of 2 then Bogr K = A ®g K, and
therefore, since A @g K = (A/m-torsion) ®g K, every semi-affinoid K -analytic space has a
model. Moreover, 2 = does not change if we replace 2 by its integral closure in the generic
fiber, that is the affine special formal R-scheme Spf(B), where B is the integral closure of
Ain A ®p K. Observe that B is a special R-algebra since it is finite over A because A is
excellent.
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If 2" = Spf(A) is a model of a semi-affinoid space X, then the canonical homomorphism
A ®r K — Ox(X) is injective. Indeed, let f be an element of A ® g K which vanishes in
Ox (X), and let 9 be a maximal ideal of A ® g K. By [10, Lemma 7.1.9] 9t corresponds to a
point x of X, and the image f (x) of f in the completed local ring of X at x coincides with the
image a( fon) via the completion morphism a: (A g K)o — (A Qr K)Qn of the image
fon of f in the localization of A ®r K at 1. It follows that «( fon) = 0, hence for = 0
because (A ®r K)gx is a local noetherian ring and so its completion morphism is injective.
Since this is true for every maximal ideal of A ® g K, it follows that f = 0. Moreover, since
A is flat over R, the canonical homomorphism A — A ®g K is also injective. This shows
that if X is reduced then both A and A ® g K are reduced. Since by [10, Proposition 7.2.4.c]
X is reduced whenever A is reduced, these three properties are actually equivalent.

A reduced semi-affinoid space is completely determined by the ring O% (X) of bounded
Jfunctions, which is defined as the subring of Ox (X) consisting of those analytic functions f
such that | f(x)| < 1 for every point x of X, as is explained in the following lemma.

Lemma 2.2 [f X is a reduced semi-affinoid K -analytic space then 2~ = Spf (O}(X )) isa
model of X. Moreover X is the unique model of X which is integrally closed in its generic
fiber:

Proof Let Spf(A) be a model of X. By replacing A with its integral closure in A @ K
(which is itself special because A is excellent) we can assume that A is integrally closed in
its generic fiber. Moreover, A is reduced because X is reduced. Therefore, by [20, Theorem
2.1] we have A = O%(X). Observe that O% (X) is flat over R because the analytic function
induced by 7 on X becomes invertible in Oy (X). This proves both parts of our statement. O

If X = (Spf A)= as in the proof above is not reduced, then the canonical injection
A — O%(X), which is an isomorphism after killing the nilradicals, may fail to be surjective
in general, and O% (X) may then fail to be special over R. See [20, Example 2.3] for an
example.

Let X be a reduced semi-affinoid K-analytic space. We call canonical model of X the
special formal R-scheme 2" = Spf ((93’( (X )), and we define the canonical reduction X¢ of
X to be the reduced affine special formal k-scheme (Z5),.4 associated with the special fiber
Zs = Z Qg k of 2. We say that a semi-affinoid K -analytic space X is distinguished if it is
reduced and the special fiber Z of its canonical model is already reduced, i.e. if it coincides
with X.

Remark 2.3 Let X be an affinoid K -analytic space. Then X is distinguished if and only if
its affinoid algebra A is distinguished in the classical sense, see [4, §6.4.3]. Moreover, when
this is the case then the canonical reduction X of X is the usual reduction of the affinoid
space X. Indeed, A is distinguished if and only if it is reduced and its spectral norm | - |sup
takes values in | K| (this is [4, 6.4.3/1], since by [4, 3.6] discretely valued fields are stable).
In particular, to show both implications we can assume that X is reduced, and therefore
by Lemma 2.2 its canonical model is 2~ = Spf .A°, where A° = {f € A| [flsup < 1}.
Observe that |Alsyp = |K| if and only if 74° = {f € A||flswp < ||} coincides with
A°° = { f e A] [ flsup < 1}. It follows that if A is distinguished then the special fiber
25 = Spec (A°/m A°) of 2 coincides with the usual reduction Spec (.A°/ A°°) of X, which
in particular proves that X is distinguished. Conversely, assume that | A|s,, 2 | K|, so that A
is not distinguished. Then there exists an element f € A such that || < | flsuyp < 1. This
implies that there exists some n > 0 such that f” € 7. A° while f € A°\ 7.A° hence Z; is
not reduced, which proves that X is not distinguished.
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Galois descent of semi-affinoid spaces 1091

We conclude the section with a simple lemma.

Lemma 2.4 Let X be a semi-affinoid K -analytic space and assume that X has a model 2
with reduced special fiber. Then X is distinguished and 2 is its canonical model.

Proof Since 2" is R-flat and has reduced special fiber then it is reduced, so X is reduced as
well. By Lemma 2.2 we have to show that 2" is integrally closed in its generic fiber. Write
2 = Spf(A) and let & be an element of A ®g K = A[m '] such that & + a,,_1a” ! +
...+ ap = 0, where the a; are elements of A. We can write « = an’”, where a is an element
of A\mAandr € Z.If r < 0, since A has no w-torsion we can divide both sides of the
equality above by 7" to deduce that a € 7w A, which gives a contradiction. Therefore » > 0,
hence @ € A, which is what we wanted to prove. m]

3 Weil restrictions

In this section we introduce the Weil restriction functor and discuss its representability for
semi-affinoid analytic spaces and their models. We then define the dilated Weil restriction, a
modified version of the usual Weil restriction for formal schemes, as a notational tool that is
useful to describe in a simple way the Weil restriction of a semi-affinoid space.

Let C be a category with fiber products. For an object . of C denote by C.» the category of
Z-objects of C and let . — . and 2" — .#’ be two morphisms in C. The Weil restriction
of 2" to . is defined as the functor

]‘[yw X Cy —> (Sets)
(Z - .9)— Hom o (¥ x9S, ).

When this functor is representable we also denote by [[ 5/, 2 the object of C» which
represents it, and call it Weil restriction of 2" to .#. In this paper we only deal with Weil
restrictions of affine special formal schemes with respect to a finite extension R’|R of com-
plete discrete valuation rings, and with Weil restrictions of semi-affinoid analytic spaces
with respect to a finite separable extension K’|K of complete discrete valuation fields. In
these settings, we write [ [ g/ instead of [ [g,¢ g spf g and [ [ g g instead of [T nqxnack)
respectively.

Observe that it follows from the definition that the Weil restriction is compatible with base
change, that is, for every morphism 2 — .7 in C we have

H:f\f (2 x50 2) = (H,sﬂw x) xs %,

where 2" = % x o .

When C is the category of schemes, the representability of the Weil restriction functor is
well understood: we refer the reader to [6, Sect. 7.6] for a thorough discussion.

As observed in [3], the representability of the Weil restriction functor on the category of
formal R-schemes can be studied in terms of the representability of the Weil restriction of
ordinary schemes in the following way. If 2™ = 11_11)1 X, is aformal scheme over .’ = ll_I'I)l s
where each X, is a scheme over ., such that | SIS X, is representable for all n, then
[[s/5 Z is represented by 11_1’1)1]_['5,,”,|(5,/'1 X,. See Theorem 1.4 of loc. cit. for a precise
statement including conditions for the representability. In the case of an affine special formal
scheme the Weil restriction is always representable, and the formal scheme representing it
can be described explicitly in a simple way; this is the content of the next lemma. Recall
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that an element of a noetherian adic ring A is said to be topologically nilpotent if its powers
converge to zero in A, or equivalently if it belongs to some ideal of definition of A.

Lemma 3.1 Let A and A’ be two special R-algebras. Assume that A’ is a free A-module with
basis eq, . .., e,—1 and that e, . . . , eq are the elements of this basis which are topologically
nilpotent in A’. Let A" = A'{X}[[Y11/I be a special A’-algebra, where X is an r-tuple and
Y is an s-tuple of variables. Then nSpf A spf 4 SPE A’ is represented by the formal spectrum
of the special A-algebra

AlXg, oo X Yoo o Y MY gy - Y

IC

)

where the X; are r-tuples and the Y ; are s-tuples of variables, and I ¢ is the ideal of the
coefficients of I, that is the ideal generated by the coefficients appearing when expressing
the elements of I in the basis ey, .. ., ey via the isomorphism A’ = egA @ ... D ep_1A
and writing T = Toeo + . .. + Tu—1em—1 for every variable T among the X and Y.

Proof The proof is a slight extension of the one of [6, Sect. 7.6, Theorem 4]. The only
difficulty which is not present in loc. cit. is the case A" = A’[[Y]], where Y is a single
variable. Observe that being covered by affine formal R-schemes, any formal scheme is
determined by its functor of points on affine formal R-schemes, that is by its points with
values in adic R-algebras. Therefore, what we need to show is that for any adic A-algebra L
there is a bijection

Homy (A'[[Y]], L&4A") = Homy (A{Yo, ..., Ya}[Yas1, ... Ym_1]l, L)

which is functorial in L, where the Hom sets are sets of continuous homomorphisms. Since A’
is finite over A we have LQ 4 A’ = L ® 4 A’ by [4, 3.7.3/6]. A continuous A’-homomorphism
o' A'[[Y]] > L ®4 A’ is determined by o/ (Y'), which is a topologically nilpotent element
of L ® 4 A’. Using the decomposition

m—1
Los A =D Le;
i=0
we write
m—1
o'(¥)=) F(¥)®e.
i=0
where the o (Y;) are elements of L. These elements give rise to a homomorphism of
A-algebras 7 : A[Yy, ..., Y,_1] — L. The fact that o/(Y) is topologically nilpotent trans-
lates to the fact that 5(Y;) ® e; is topologically nilpotent in L ®4 A’ for each i. This
imposes no condition on & (Yy), ..., 5 (Yy), while 6(Y411), ..., (Y,—1) have to be topo-
logically nilpotent in L. Therefore ¢ extends to a continuous morphism of A-algebras
o: A{Yo, ..., Yg}[Y4s1, ..., Ym—1]] — L. The association o’ + o is the bijection we
are after, and the general case is then a simple translation of the arguments of [6, Sect. 7.6,
Proposition 2 and Theorem 4]. O

In the remaining part of the section we discuss Weil restrictions in the context of K -analytic
spaces, building on the work of Bertapelle [3].

Let K’ be a finite and separable non-archimedean extension of K. As is the case for
affine schemes and formal schemes, Weil restrictions of affinoid K’-analytic spaces to K
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Galois descent of semi-affinoid spaces 1093

are always representable. However, the argument of Lemma 3.1 needs to be refined, since if
o’: K'{X} — K’ is any bounded homomorphism of K’-affinoid algebras then the induced
homomorphism o: K{Xq..., X;;—1} — K may not be bounded. Indeed, one can have
||U/(X)||sup = Z:n:_()l o(Xi)® ei”sup < 1 but ||U(Xi)||sup > 1 for some i.

To control the sup norm of o’(X) it is useful to consider characteristic polynomials.
Let A = K'{Xy,...,X,}/I be a K-strictly affinoid algebra. Recall that, for each n-
tuple of positive real numbers r = (r1, ..., r,), the K-algebra K{rl_le, ol rn_] X} =
> ,arX May|r! — 0} is the algebra of functions that converge on the closed K -polydisc
of polyradius r. By [3, Proposition 1.8], we have ]_[K,lK M(A) = li_r)n/\EN M (B;), where
B;, is the strictly K -affinoid algebra

B K{|7T|)\XO,17-~-7|7T|)\X0,n»|7T|)\X1,17---»|7T|)LXm—l,n}{Z0,lv-~-va—1,n} )
A= )

(I, Zo,1 — co(Xa,)s -y Zm—1.n — Cm—1(Xen))
c;j € Klxo,...,xp-1] is the coefficient of the term of degree j of the characteris-

tic polynomial of the endomorphism given by the multiplication by sz:_ol xje; in the
Kl[xo...,Xm—1]-vector space K'[xg ..., Xx;—1], and as before I°¢ is the ideal of the coeffi-
cients of 1. Moreover, since K'|K is separable, the Weil restriction [ | K'|K M(A) is compact,
therefore there exists a A9 € N such that for every A > Ao we have [] KK MA) EM(B)).
In other words, [ | x|k M (A) is the affinoid subspace of (AF")™ cut out by the elements of
I and by the conditions |c; (X, ;)| < I.

Example 3.2 Let p # 2 be a prime number, set R = Z, and R’ = Z,[,/p], and let K and
K’ be the respective fraction fields. Then the set {1, ,/p} is a basis both for R’ over R and
for K’ over K, and therefore Lemma 3.1 gives I—[R’|R Spf R'{X} = Spf (R{Xo, X1}).On the
other hand, by the Eq. (1) the Weil restriction of the unit disc is given by

[T MEXD = M(K{p"Xo, IpI* X1H=2Xo0, X§ — pXT}),
which, for A big enough, is the analytic subspace of Ai’”" defined by the inequalities

[Xol <1
X3 — pX3| <1,

which is isomorphic to the 2-dimensional polydisc of polyradius (1, |p|~"*). Indeed, this
polydisc is clearly contained in [] K'IK M(K'{X}). For the converse inclusion, observe
that if [pX3| = |XZ| then |pX3| < 1, while if [pX}| # |X3| then |X§ — pX}| =
max {|Xo[%, |pl|X1*} < 1. Inboth cases, |X|| < 1/|/Pl.

Example 3.2 shows that [z x ((Spf R’{X}):l) and ([ Tz Spf R/{X}):l do not coincide
in general. It is therefore convenient to introduce a variant of the formal Weil restriction to
be able to describe the Weil restriction of a semi-affinoid K’-analytic space in terms of an
R-model. In order to do this, let us fix some notation. Given two coprime positive integers a
and b, with b > 0, we set ¢ = b[a/b] — a > 0, where [a/b] is the ceiling of a/b, and we
write RIW. Z

R{|n|“/bX}:7‘{ ’ }b : @

(7¢Z — Wb)
This way, after a base change to K we obtain R{|7 |/ X} Q@ K = K{W, Z}/(7°Z — W) =
K{|7|"MX, z}/(Z — n*X") = K{|=|" X}, which is the K -affinoid algebra of the closed
disc of radius |r|~"”, where the second isomorphism is defined by sending W to 7 ["/1X.
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Similarly, we set R[[ | |"/”X]] = R[[W, Z]1/(x€Z — W?). This notation is primarily a way
of keeping track of equations when considering models of polydiscs of rational polyradii that
are contained in a given polydisc. For example, for n € N then R { || X } is isomorphic to
the algebra R{W} of a closed disc of radius one, but this notation allows us to keep equations
in the variable X, avoiding a change of variables. More interesting examples with rational
radii are given in Sect. 7.

Let A" = R'{X}[[Y]]/I be a special R'-algebra, where X is an r-tuple and Y is an s-tuple
of variables, and set 2" = Spf A’. We define the dilated Weil restriction ]_[ r|g X of Z to
R to be the affine special R-formal scheme h_r)n eN Spf(Ay), with A, the special R-algebra

Ay,
R{lﬂ‘AXOv e ‘ﬂl)‘im,l, |7[|)LZ()7 e |7T|AL,1,1 }{Z(),l, ey Zmfl,r}[[z(),rJrl PRI mel,rJrs]]
(Ic’ Z(),l - CO(Xn.l)a s mel,r - Cmfl(Xo,r): Z(),r+l - CO(Y0.1)7 e mel.r+s - C)nfl(Yo,s)) '

where, as before, ¢; is the coefficient of the term of degree j in the characteristic polynomial
of Zm 01 xie; € K'[xg ..., xm_1],and I ¢ is the ideal of the coefficients of /. Note that, since
K’|K is separable, [3, Proposition 1.8] ensures that the K -analytic space associated with the
dilated Weil restriction is contained in a compact subspace of the analytic affine space, and
therefore there exists a positive integer Ao such that l—[%} g Z = Spf A, forevery A = Ao.
The following proposition shows that, as expected, the dilated Weil restriction of an affine
special formal scheme is a model of the Weil restriction of the associated analytic space.

Proposition 3.3 Let K'|K be a finite extension of discretely valued fields, let R'|R be the
corresponding extension of valuation rings, and let 2" be an affine special formal R’-scheme.
Then we have

l_[K’lK (%:) = (H(Iiei'lm %)j'

Proof Write 2" = Spf (R’ {X}IY1/1 ) so that 272 is the increasing union of the affinoid
domains U, = M(K'{X, |zx|~""Y}/I) forn > 0. Let U be the set of all strictly K’-affinoid
domains of 22, let Y be a strictly K -affinoid space, and let¢ : Ygr — Z “beak’ -analytic
morphism. We claim that the covering {¢~1(U) | U € i} of Yg can be refined to a covering
of the form {V xx K’ |V € 2} for some admissible covering U of Y. Indeed, since 2 Jis
semi-affinoid, it is an increasing union of affinoid domains, and so ¢ (Yg), being compact,
is contained in an affinoid domain W of 2°=. The claim follows by applying [3, Proposition
1.14] to W, since [ | K'IK W is representable. Now, by [3, Theorem 1.13], we deduce that
[k 23 is obtained by gluing [lxyx U for U € 4, and therefore also by gluing the
[1x/x Un along the immersions [ [ g/ x Un <> [[g/x Uy Whenever n’ > n. When 23 is
affinoid, that is when 2 is of finite type over R’, the proposition follows immediately from
the description of the Eq. (1), therefore to prove the theorem it is enough to treat the case of the
open disc. So assume from now on that 2~ = Spf R'[[Y]], so that U,, = J\/I(K’{|71|_I ”Y})
is a closed disc of radius |7|'/”. Weil restrictions of general K -affinoid spaces, including
non-strict ones, behave exactly in the same way as in 1, see [26]. In particular, by Proposition
3.1.4 of loc. cit., we have

N (17 *Yo, - P Yot Wi 17 Zo, - 1™ 2
[T Un UM( ( )

220 Zo—co(Ye), ... Zm—1 — cm—1(Ya))
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as subspaces of (A%)". It follows that

ad~
1_[1<’|1<% :UHK’\KUn
NU ( (17| Yo,...,|n|AYm_1}{|n|l/"zo,‘..,|n|‘"’”/"zm_l})
(

Zy—co(Ye), ..., Zp—1 — Cm—l(Yo))

= Us f< {7 Yo..... I Y1 }[[Zo. ... zml]]>

(Zo—co(Ya), ... Zm—1 — cm—1(Ys)) )
This is the subspace of (A%)*" defined by the inequalities |c;(Y,)| < 1, which is precisely
( ‘}ei/l IR A )3 from the definition of the dilated Weil restriction. O

In the case of unramified extensions, the usual formal Weil restriction is sufficient to obtain
a model of the Weil restriction of a semi-affinoid K’-analytic space, as the following propo-
sition ensures. Observe that in this case no element of a basis of R’ over R is topologically
nilpotent.

Proposition 3.4 Let K'|K be a finite extension of discretely valued fields, let R'|R be the
corresponding extension of valuation rings, and let 2" be an affine special formal R'-scheme.
Then we have an immersion

(HR/‘R 5&’): SN HK/‘K 23,

which is an isomorphism if K' is unramified over K.

Proof When 2" is topologically of finite type, this result is proved in [21, Prop. 2.5 (5)].
The general case then follows then from the description of semi-affinoid spaces as increasing
unions of affinoid domains. O

In Example 3.2 we computed explicitly the Weil restriction of a closed disc. Now we
generalize that description to the restriction of any semi-affinoid space with respect to a
tamely ramified extension.

Proposition 3.5 Let K'|K be a totally tamely ramified degree m extension of discretely
valued fields, let R'|R be the corresponding extension of valuation rings, and let A’ =
R{X}I[Y11/I be a special R'-algebra. Then we have

(]_[j:,lm Spf A/)J

L 1 m—1
- <Spf RiXo. | X, o |77 X, MUY, | |n Yy, | L,,l]]>3

IC

Proof We prove the result in the case of the open disc, that is A’ = R’[[Y]], the general
case being completely analogous. Let @ be a uniformizer of R’ such @™ is a uniformizer of
R.Then {1, w,..., wm_l} is a basis of R” over R. To compute the coefficients c;j appear-
ing in the expression 1 we consider the matrix of the multiplication by Z?’;ol xiw' =l in
K'[xo, ..., Xm—1], which is

xo @Mxp_1 ... "X
X1 X0 R A D)
M =
Xm—1 Xm—2 ... X0
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The c¢; correspond then to the sums of the (m — j)-th principal minors of M. Now, for every

ie{0,...,m—1},sety; = o x;. With this substitution, the matrix becomes
Yo @yme1 .. @™y Yo Ymel oo VI
4 Yo N ) Y1 Yo o W
e s SRR 1) Ym-1 Ym—2 -0 YO

the equivalent matrix on the right being obtained by multiplying the i-th row by @' and
the j-th column by @ —/. Observe that the ¢ j are invariant under equivalence, and the
matrix obtained on the right is the matrix associated with the multiplication by Z;'l:_ol yial
in K(a)[yo, ..., ym—1], where & = 1. Since the extension K («) is unramified over K, the
inequalities |cj (Yo, ..., Ym—1)| < 1 define an open unit disc. Therefore, over K the inequal-
ities |cj (xo, ..., Xu—1)| < 1 define a polydisc of polyradius {1, ||t ..., |o|'~™), which
implies the result we want from the definition of the dilated Weil restriction. m}

More generally, since any tamely ramified extension decomposes as a totally tamely
ramified extension of an unramified extension, one can combine Propositions 3.4 and 3.5
to compute in two steps the Weil restriction of a semi-affinoid space with respect to such an
extension. A computation of this kind is performed in Sect. 8 to study tame forms of annuli.

4 Fixed loci

We now move to the study of Galois-fixed loci for semi-affinoid analytic spaces and their
models. This is the second ingredient that we need to study forms of semi-affinoid K’-analytic
spaces via their models.

Let C be a category, fix an object . of C, and let 2~ — .¥ be a morphism in C. Let G
be a finite group acting equivariantly on .2~ — ., with the trivial action on .#. Then the
G-fixed locus 2°¢ of 2 is defined as the functor

29 Cy —> (Sets)

(Z > #) —> (Homy (%, 2))°,

where ( Hom o (%, & ))G is the subset of Hom & (2, 2") consisting of those .’-morphisms
f such that g o f = f for every g in G. When this functor is representable we also denote
by 2°C the object of C.» which represents it, and call it the G-fixed locus of 2.

Observe that the G-fixed locus is compatible with base change: if G acts trivially on a
morphism Z — . we have

(2 xg ) =220 x, 7.

In this paper we only consider fixed loci of affine special formal schemes and semi-affinoid
analytic spaces. We start by discussing the case of special formal R-schemes as it is slightly
simpler: if 2 is a separated formal R-scheme then .2 € is a closed formal subscheme of 2.
Indeed, write 2" = h_n)l X, then G acts on each of the X,, and they are all separated, so by

[13, Proposition 3.1] the G-fixed locus (X,)C of X,, is represented by a closed subscheme
of X,,. Then 2 C is the closed formal subscheme 1i_r)n(X,,)G of 2.

The fixed loci of affine formal R-schemes can be simply described as follows. If G is a finite
group acting continuously on a commutative ring A, we define the ring of G-coinvariants
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Ag of A as the quotient of A by the ideal generated by the set {a — g(a) |a € A, g € G}.
Observe that if A is a special R-algebra then Ag, being an adic quotient of A, is itself a
special R-algebra.

Lemma 4.1 Let 27 = Spf A be an affine formal R-scheme and let G be a finite group acting
continuously on A. Then

(Spf A)¢ = Spf Ag.

Proof If L is an adic R-algebra, the quotient map A — A defines an injection between the
sets of continuous R-homomorphisms ®: Homg(Ag, L) < Homg(A, L). A homomor-
phismo: A — L belongs to the image of ® if and only if o (a) = o (g(a)) forevery ain A

and every g in G, that is if and only if o belongs to (Hompg (A, L))G. Therefore ® induces a

bijection Homz (Ag, L) = (Hom RrR(A, L))G, and since this bijection is functorial in L this
proves the lemma. O

We can now move to the study of G-fixed loci in the category of K -analytic spaces. Let
A be a K-affinoid algebra and let G act on M (A), trivially on K. Then G acts on A, the
ring of coinvariants Ag is a K-affinoid algebra, and the same argument given in the case
of special formal schemes proves that the G-fixed locus of M (.A) is the affinoid K -analytic
space M(Ag). Now, if 2~ = Spf A is an affine special formal R-scheme and G is a finite
group acting on .2, with the trivial action on R, we obtain by functoriality an action of G on
2=, trivial on K .

Remark 4.2 This action can be constructed explicitly as follows. Denote by I the largest
ideal of definition of A and, as in the construction of 2" in Sect. 2, write A, = A [I n /7'[],
let B, be the I-adic completion of A,, and set C,, = B, ®r K for every n > 0, so that
23 = (U, M(Cy).If g is an element of G, then g acts on A as a continuous ring morphism
g: A — A whichis invertible and whose inverse is continuous. Therefore we have g(/) = I,
since g~ (I) C I by continuity of g and g(I) C I by continuity of g~!. It follows that for
every n > 0 the element g induces an action on A,, hence actions on B, and C,,. Since the
C, — C,4 are equivariant, then g induces the wanted action on 2~ 3. See Lemma 5.2 for
an example of a computation of such an action.

We can now describe the G-fixed locus of the semi-affinoid space 2~ 3,

Proposition 4.3 Let 2" be an affine special formal R-scheme and let G be a finite group
acting on 2, with trivial action on R. Then we have
(2% = (29~

Proof Let p: A — Ag be the quotient map and set I = p(I). Then Ag is a special
R-algebra with ideal of definition /. For any n > 0, write A, = Ag [(I(;)”/rr], let B), be
the I-adic completion of A}, and set C;, = B, Qg K, so that (Spf Ag) = U, M(C)).
Since (%3)6 =U, M(C,)° = U, M((CH)G), to prove the proposition it is now enough
to show that for every n > 0 the map p induces an isomorphism (C,)¢ = C,,. In order to
prove that, if we call o, : A, — AJ, the natural surjection defined by sending an element of
the form a/m,a € A, to a(a/mw) = p(a)/m, it is sufficient to show that the kernel ker(«,,)
of «,, coincides with the ideal J of A, generated by the elements of the form x — g(x) for
some x in A, and some o in G. If a/7 is an element of ker(«,,) then 0 = «, (aw) = p(a)/m,
so that p(a) = 0 and therefore a/m € J. Conversely, consider an element of A,, of the form
x =a/m —o(a/w) = a/m — o(a)/7. Then we have a, (x) = p(a — o (a))/m = 0. This
shows that J C ker(«;,), concluding the proof. O
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Remark 4.4 1f G-acts on a reduced semi-affinoid space X, then this action extends canon-
ically to its canonical model 2" = Spf (O;’((X)). Indeed if f € O%(X) and 0 € G then
o acts on f by sending it to f o (o), which is still bounded by 1. This action is contin-
uous since it restricts to an action on the biggest ideal of definition of O%(X), which is
[feosX) | 1f@)] <1 Vxe X'}

5 Descent of semi-affinoid spaces

Let K’ be a finite tamely ramified Galois extension of K with Galois group G, let X be a
K -analytic space and denote by X’ = X ®x K’ its base change to K'. In this section we
explain how we can use Weil restrictions and G-fixed loci to describe a model of X in terms
of a model of X’, when the latter is a semi-affinoid K’-analytic space.

Group actions naturally induce actions on Weil restrictions as follows. Let C be a category
with fiber product. If G is a finite group acting equivariantly on morphisms 2~ — ./ and
" — & inthe category C, with trivial action on .#, then we have a G-action on [ ] R A
defined by ¢ - 0 = 097 0 ¢ 0 oy, Wwhere & — % is amorphism, 2’ = & xo .7, ¢ €
[lo9 Z(Z),0 € G,o4 isthe automorphism induced by o on 2", and 0y = 0.9/ x 1 &
where o & is the automorphism induced by o on ..

Since dilated Weil restrictions are not defined by a universal property, the argument above
does not apply to them. Assume now that G acts on an affine special formal R’-scheme

2. Then we obtain a G-action on the K'-analytic space (2" ):l, hence a G-action on
Mgk (27 ):l. Whenever this action extends to a G-action on ]_[‘};}‘ r 2, which by Propo-
sition 3.3 is a model of the latter, we say that the G-action on the dilated Weil restriction is
compatible with the G-action on (2" ):l. Such an action is described explicitly in the case

of a base change in Lemma 5.2, while explicit computations in the case of models of annuli
are performed in Sect. 8. We can now state the main result of the section.

Theorem 5.1 Let K'|K be a finite tamely ramified Galois extension of discretely valued
fields with Galois group G, let R'|R be the corresponding extension of valuation rings, and
let X be a separated K -analytic space. Assume that X' = X Qg K' is a semi-affinoid K’-
analytic space, and let 2" be an affine model of X' such that G acts on the dilated Weil
restriction H%,ll r X' compatibly with the natural semilinear Galois action on X'. Then we

have
. 3
G dil G
<|| X’) ;<( ' x) ) ~ X
KK R'IR

The proof of this result relies on an explicit computation which is the content of the
following lemma.

Lemma 5.2 Let K'|K be a finite Galois extension of discretely valued fields with Galois
group G, let R'|R be the corresponding extension of valuation rings, and let A be a special
R-algebra. Moreover, assume that one of the following properties holds:

(i) K’ is totally tamely ramified over K ;
(ii) K’ is unramified over K.

Then G acts on n(liei}m Spf(A®g R') compatibly with the natural Galois action on Spf (A ®g
R")2, and we have

(]‘[‘;}m Spf(A ®x R/))G =~ Spf A.
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Proof Case (i). Write m = [K’ : K] and let @ be a uniformizer of R’ such that @™ € R.
Then {1, w, ..., wm_l} is a basis of R’ as a free R-module. Moreover, G is in this case
cyclic, and given a generator o € G the action of G on R’ is determined by o (w) = (@,
where ¢ is a primitive m-th root of unity in R’. Write A = R{X}[[Y]]/I, where X and Y
denote finite sets of variables. Proposition 3.5 yields ]_[ ®'|R SPI(A ®R R’) = Spf B, with

R{Xp. | |Xy. [0 Xs. .. | " X, J[[Yor @Yoo 1" Y,, ]
Ic ’

In order to describe explicitly the action of o on B, let T be one of the variables among X
and Y. Since o acts trivially on the variables of A ® g R’, by writing

B =

T=To+oTi+...+@" 'T,_,
we have
o(T)=0(To)+ two(T) + ...+ " o o (T =T,

so that we can deduce that the action of G on B must verify o (7;) = ¢y for every i > 1.
Since the ramification is tame, ¢’ — 1 is invertible in R for every 1 <i <m — 1. Hence, for
every such i, the variables 7; vanish in Bg. Since this is true for all the variables in X and Y,
we deduce that BG = R{X}[Yl1/(I° N R{Xy}[Y(1]). From the definition of /€ it readily
follows that B = A, which by Lemma 4.1 is what we wanted to prove.

Case (ii). Let k, k" be the residue fields of R, R’. Since K’ is Galois and unramified over
K, it follows that k" is Galois over k, with [k’ : k] = [K’ : K] = m, and we have a natural
isomorphism Gal(K'|K) = Gal(k’|k). Write Gal(K'|K) = {op = id, ..., 0,—1}. By the
normal basis theorem (see for example [19, VI, Sect. 13, Theorem 13.1]) there exists a basis
(@g, ..., am—1) of k" over k such that o; (ag) = a; for every i. As a result, given an element
ap € R’ lifting ay, the set {o;(ap) : 0 < i < m — 1} is a basis of R’ as a free R-module.
As before, write A = R{X}[[Y]]/I, where X and Y denote finite sets of variables. Since
K'|K is unramified the dilated Weil restriction coincides with the classical one, and so by
Lemma 3.1 we have H%}IR Spf(A ®g R") = Spf B, where

— R{X()v ce 7Xm71}[[X07 e 7Xm7]]]
I¢ ’

Let T be one of the variables among X and Y, and write

T =aoTo + o1(ao)Ty + ... + om—1(ao) Tn—1.

Observe that each o; permutes the elements of the set {o; (ap) : 0 < i < m — 1}, because o; is
an automorphism and for each j we have 000 = Oy for some 0 < k;; < m— 1. Therefore,
since o acts triviallyon 7 € A®pg R’, the G-action on B must verify o; (T}) = Ty; for every
i and j. Moreover, since for every j the association i > k;; is bijective, for every j and k
there exists i such that 0;(T;) = Ti. It follows that B = B/(X; — Xj, Y, — Xj)i,j- Asin
case (i), we deduce that B = R{X}[[Y(11/(I° N R{X(}[[Y(]]). This shows that B = A
which, together with Lemma 4.1, concludes the proof. O

Proof of Theorem 5.1 We begin by showing that the statement of the theorem is local on X.
Let {X;} beacover of X by affinoid subsets and set X; = X; ® x K’ forevery i, so that we have
X" = UX;. The Weil restriction functor gives immersions [ [/ x X; < []g/ g X' for every
i,and [] kK X " is obtained by gluing [] Kk X { along the natural isomorphisms induced
by [Tk Xi 0 1kik X = Tkix (xin X;) Finally, since the action of G on X' arises
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from base-change, the isomorphisms involved in the gluing procedure are G-equivariant by
construction. It follows that (HK,‘K X/)G is the gluing of the (I—[K,‘K Xl’)G Hence, if the

theorem holds for every X;, we have that (]_[ Kk X ’)G is obtained by gluing the X; along

their intersections, so that (] kX )G = X. Let us now show that the theorem holds for
X affinoid K -analytic space. If K” is an intermediate extension between K and K’, by the
universal property of the representing object we have that [ [ g x (I1 kixr X' ) =11 xx X
For the same reason, if the extensions K'|K” and K”|K are Galois, with respective Galois
groups G and G, then we have

<l_[K”|K (l_[K’lK” X/)GI>GZ - (l_[K’lK X/)G

Now, since the extension K’|K is the composition of the two Galois extensions K'| K" and
K" |K, where K" is the maximal unramified extension of K contained in K’, and therefore
K' is totally ramified over K"', we can assume without loss of generality that K'| K satisfies
the hypothesis of Lemma 5.2. To conclude, observe that if Spf A is a model of X then we

have (Spf(A R R’)):l X' = (5&”):‘. Combining this fact with Propositions 3.3 and 4.3,
we obtain

Al NG\= 43 dl o AD\C
((HMR‘%) ) - ((Hmk‘%) )
(Mg (277)" = (T (0704 @5 R)%)”
353 G 4i3

< ((Hj:,llRSpf(A ®x R/))J) = ((H‘jj}lRSpf(A ®x R/))G)j.

The theorem now follows by applying Lemma 5.2. O

(98]
e

The Weil restriction and the G-fix locus of a semi-affinoid analytic space under finite
tamely ramified extensions are both semi-affinoid, so we obtain the following corollary of
Theorem 5.1.

Corollary 5.3 Let K’ be a finite, tamely ramified extension of K, and let X be a K -analytic
space such that X' = X @ g K' is a semi-affinoid K'-analytic space. Then X is semi-affinoid.

Remark 5.4 From the computation of ( ]_[‘}ei/l‘ r SP(A®R R’ ))G in the proof of Lemma 5.2,
one can see that this result remains true if we replace the dilated restriction with the usual
Weil restriction. However, this is not sufficient to prove Theorem 5.1, as the isomorphisms
provided by Proposition 3.3 no longer hold when K’ is ramified over K.

Remark 5.5 Following the notation of the theorem, we obtain a model of X if we consider
the flatification of the dilated Weil restriction 2~ = I—[%/l IR 2, which is the affine special

formal R-scheme Spf ((9 2 () -torsion). Moreover, the theorem holds if we replace 2"
by its integral closure in its generic fiber. Since K is separable over K, X' is reduced if and
only if X is reduced. When this is the case, and 27 = Spf (O%,(X")) is the canonical model
of X', the G-action on X’ extends canonically to 2"/, as observed in Remark 4.4. Putting
all of this together, we obtain the canonical model of X by taking the integral closure in its
generic fiber of the flatification of the formal scheme produced by Theorem 5.1.
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6 Annuli and their automorphisms

In this section we study automorphisms of finite order of annuli, not only of closed annuli
but also of open and semi-open ones. Using techniques reminiscent of the theory of Newton
polygons, we prove an analogue of Weierstrass preparation theorem for bounded functions
on annuli. We use this result to show that, for a suitable choice of a presentation, every tame
automorphism of finite order of an annulus is linear.

A K-analytic space V is said to be an open annulus (or semi-open annulus, or closed
annulus) if it is a semi-affinoid K -analytic space having a model of the form Spf A, with A =
R[[X, Y]1/(XY — ) (respectively A = R{X}[[Y]]/(XY — 7€), or A = R{X,Y}/(XY —
7¢)) for some positive integer ¢ € N. Given such a presentation, the pair (X, Y) of elements
of A is referred to as a Laurent pair for the annulus V, and the integer e as the modulus of
the annulus.

Observe that V is distinguished, Spf A is its canonical model, and by Lemma 2.2 we have
A = Oy, (V). The canonical reduction of an open (or semi-open, or closed) annulus is Spf Ay,
where Ay = k[[X, Y]]/(XY) (respectively Ay = k[X][[Y]]/(XY),or Ax 2 k[X, Y]/(XY));
in all three cases it has two irreducible components, of generic points (X) and (Y). As usual,
if f € A is a bounded function on V, we denote by 7 its reduction, that is its image in the
ring Ag.

Remark 6.1 Tf A is a special R-algebra, an element f of A is a unit if and only if its image f
in Ay is a unit. In particular, a bounded function f(X,Y) =} ;. a X+ Y i=obi Y on an
open (or semi-open, or closed) annulus is invertible if and only if ord,; (ap) = 0 (respectively
ordy (ap) = 0 and ord; (a;) > 0 in the semi-open case, or ord; (ag) = 0, ord; (a;) > 0, and
ord; (b;) > 0 in the closed case).

Remark 6.2 Observe that two annuli which are isomorphic over K have the same modulus.
Indeed, if V is a K -annulus of modulus e, then e + 1 is the number of irreducible components
of the special fiber of the minimal regular model of V over R. An interpretation in terms of
the geometry of the associated Berkovich space is the following. If V is a K -annulus, then the
topological space underlying the associated Berkovich space is an infinite tree that retracts
by deformation onto its skeleton, which is the unique subset that connects the two points of
the boundary of V and is homeomorphic to an interval. If V has modulus e, then its skeleton
contains in its interior exactly e — 1 points onto which a K -rational point retracts.

To study analytic functions on annuli it is useful to consider some valuations of the ring
Oy, (V). For the reader’s convenience, we first recall what happens for analytic functions on
discs. Let f = Zi>0 a; X' € R[[X]] be abounded function on the open unit K -analytic disc
D™ = {x S A}(’an ‘ IX(x)| < 1}, and denote by n(f) = min;{ord; (a;)} the valuation of
f at the Gauss point of the disc. Then the smallest degree of a monomial of the reduction
f/n(f) € k[[X]] of f/n(f)is v(f) = min {i ez | ord; (a;) = nx(f)}. It follows from
the Weiestrass preparation theorem that f has v(f) zeros on D™ . If moreover f converges
on the closed unit K -analytic disc D, that is it belongs to R{X}, then f/n(f) is a polynomial
of degree v(f) =max {i € Z | ords(a;) = nx(f)}, and so f has v(f) zeros on D.

Assume now that V is a K-analytic annulus, and let (X, Y) be a Laurent pair for V.
We define boundary valuations associated with each irreducible component of the canonical
reduction of V. To the component corresponding to the ideal (X) one attaches the rank
2 valuation on Of,(V) defined by f (nx(f), vx(f)) € Zso X Z, where we write
f =Y icza: X" as afunction of X and set
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nx (Y, @X') = minfords (ap)},
ox (Y, @X) =min{i € Z | ords(a) = nx(f)}.

In the same way, by expressing f as a function of Y, one can associate with the component
corresponding to the ideal (Y) a rank 2 valuation f > (ny(f), vy (f)).

Remark 6.3 The (unordered) pair of boundary valuations of an annulus does not depend on
the choice of a Laurent pair. Indeed, if (X', Y’) is another Laurent pair, then there exists a
unit u of OF, (V) such that either X "=uX or X’ = uY, and the boundary valuations vanish
on u. This independence is reflected by the fact that boundary valuations are the two type 5
points pointing toward the interior in the boundary of the adic space of the annulus.

Finally, if V is a closed annulus, with every element f = ) a; X" of oy (V) we
associate the integer

vx(f) =max {i € Z | ordy(a;) = nx(f)}.

We are going to give a geometric interpretation of the valuations introduced above, and
deduce a Weierstrass preparation result for analytic functions on annuli. The basic step is the
following lemma. To simplify the notation, we write f(a) = f(a, a=lwe).

Lemma 6.4 Let f(X,Y) € R{X,Y}/(XY — 7¢) be a bounded function on a closed K -
analytic annulus. Then:

(1) If there exists an element a of R* such that f(a) = 0, we can write
YF(X,Y)=(Y —a 'n%g(X,Y)

for some function g(X,Y) in R{X,Y}/(XY — 7).
(ii) The function f has vx(f) — vx (f) many zeros on the subset of V defined by | X| = 1.

Proof Write f(X,Y) =), aiX + D0 b;iY', and assume that f(a) = 0. By replacing
f(X,Y) with f(aX, a_lY), we can assume without loss of generality that a = 1, so that
F) =Y a + Y bim® =0.Sete; = =Y jo;parand dj = Y o bpwr®=D . Then
gX,Y) = Yoo X' + Y, odiY' is an element of R{X,Y}/(XY — 7¢). Comparing
coefficients, one verifies that Y (X, Y) = (Y — 7%)g(X, ¥), which proves (i). Now, for a
general f, observe that vy (f) = vx(f) if and only if the reduction f/nx(f) of f/nx(f)
is a monomial of degree vy (f), that is if and only if all zeros of f are contained in the
subset of V on which |X| < 1. If f(a) = 0, without loss of generality, after replacing K
by an extension, we can assume that @ belongs to R. By the previous part we can then write
YF(X,Y)= (Y —a'7%g(X,Y),and since vy (¥Y) = vx(Y) = —land vy (Y —a~'n®) =
1 =vx(Y —a~ 179 +1, it follows that vx(f)—vx(f) =vx(g) —vx(g)+ 1. We can repeat
this argument as long as vy(g) — vx(g) > 0, until we obtain a factorization of the form
yvx(H=wx (. f(X,Y) = P(Y)- g(X,Y), with P a polynomial having vx (g) — vx(g) > 0
zeros in W = {x € Kol | |x] = 1} and satisfying vy (P) — vx(P) = vx(f) — vx(f), and
g nowhere-vanishing on W. This proves (ii). O

Let f be a bounded function on V, which as before we write as f(X) = >, ez @i X i
Given a real number 0 < r < e, consider the positive real number

n-(f) = miél{ordn(ai) +ir}.
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Observe that no(f) = nx(f) and n.(f) = ny(f), and that the map r — n,(f) defines a
piecewise linear function on [0, e]. Moreover, the derivative of this function is discontinuous
at a point r €]0, e[ if and only if the value defining 7n,(f) is attained by more than one
monomial of f. This can happen only for finitely many values of r, since the valuation of R
is discrete, and those values are all rational. We say that a rational number 0 < r < e (with
0 <r < eif V is a semi-open annulus, and 0 < r < e if V is an open annulus) is a critical
radius of f if the value defining n, (f) is attained by more than one monomial of f.

Observe that, if r is rational, then after passing to the extension K (z") of K we have
1-(f(X)) = nx(f(x"X)). In particular, it follows from the definition that r is a critical
radius of f if and only if vy (f(n"X)) #* vy (f(rer)), or equivalently, by part (ii) of
Lemma 6.4, whenever f(a) = O for some element a of K¢ such that |a| = |7|". In
particular, since f has finitely many critical radii, by Lemma 6.4 it can only have finitely
many zeros on V.

More generally, given a rational number 0 < rg < 1, the right derivative of 1, (f) at rg is
vy ( fx"X )), while its left derivative at rg is vy ( fx"X )), since in a small neighborhood of
ro we have 1, (f) = min { ord, (a;) —|—ir|i € {vx (f(r" X)), vX(f(n’X))}}. Combined with
Lemma 6.4, this makes it possible to count the zeros of f on any open or closed sub-annulus
of V in terms of vy and vy.

It is now simple to prove the following form of Weierstrass preparation for annuli.

Proposition 6.5 (Weierstrass preparation) Let V be a K -analytic annulus, let (X,Y) be a
Laurent pair for V, and let f € OF,(V) be a bounded analytic function on V. Then there
exist a monic polynomial P € R[Y] and a unit u of OY,(V) such that

YOF(X,Y) =a"" D P u(X, V),
where a = vx (f) if V is an open annulus and a = vx (f) otherwise.

Proof We begin by claiming that we can write Y*~"X®) f(X,Y) = P(Y)g(X,Y), where
P (Y) belongs to R[Y] and the function g € OF,(V) has no zeros on V. Indeed, we can pass
to an extension K’ of K such that the zeros a;, ..., a, of f on V are all K'-rational, so
that by applying Lemma 6.4 n times we obtain Y" f(X,Y) = P(Y)g(X,Y), with P(Y) =
]_[;’:1 (Y—7'(€a;1 ),and wehaven = a—vyx(g) because g hasno zeroson V. Since f isdefined
over R, the g; are permuted by the Galois group of K’ over K, so that P(Y') has coefficients in
R, and since P(Y) is monic then g has coefficients in R as well. Now, since the function g does
not vanish on V/, the value of 1, (¢) is attained for every r by a unique monomial a,,(g) X "X ®
of g(X), with ord, (ay,) = nx(g). Hence, one has g(X,Y) = ax@ xvx @y (X, Y), where
u is a unit of OF, (V). Substituting this in the first relation and multiplying both sides by
YVx® we obtain the equality Y* f (X, Y) = n"x@Fevx(®) p(Y)u(X, Y). We have nx () +
e - vx(g) = ny(g) because the dominant monomial of g(X), which is avx(g)XUX(g), has
smallest valuation also among the monomials in ¥ when writing g as g(w¢Y !, ¥) (to see
this, observe that the constant term of g /(ayy (g) X *X (8)Y has valuation zero, and this remains
true when writing g in ), where it is written as ay () 7¢2X(®) Y ~¥X (&) Moreover, since P (Y)
is monic we have ny(P(Y)) = ny(Y") = 0, and so ny(g) = ny(f), which concludes the
proof. O

Remark 6.6 In the case of open annuli, a Weierstrass preparation theorem was proven by
Henrio in [16, Lemme 1.6.]. His proof relies on an explicit computation to reduce the proof
to the classical Weierstrass preparation for open discs. While it is possible to prove Proposi-
tion 6.5 extending Henrio’s techniques, we believe that the method we employ allows a deeper
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understanding of the geometric nature of the result. Note that if we assumed Proposition 6.5
in the case of open annuli, that is Henrio’s result, we could apply it to the restriction of a
bounded function f(X, Y) on a closed (or semi-open) annulus to the biggest open annulus
it contains. We would obtain an invertible function (X, Y) in R[[X, Y]]/(XY — 7€), but u
might not be invertible, nor convergent, on the closed (or semi-open) annulus.

In the remaining part of the section we study the automorphisms of finite order m of a
K-annulus V, when m is coprime with the residual characteristic of K. We do not suppose
that such an automorphism o acts trivially on K. However, being a morphism of analytic
spaces, o respects the absolute value of K and therefore induces an automorphism ¢ of
the residue field k£ of K. The canonical reduction Spec ((’);’/ V) k) of V has two irreducible
components, with generic points (X) and (Y), where (X, Y) is a Laurent pair for V, and so
the action induced by o on it can either fix both points (X) and (Y), or exchange them. In the
first case we say that o fixes the branches of V; in the second case we say that o switches the
branches of V. Observe that this notion does not depend on the choice of the Laurent pair
X, 7).

Remark 6.7 The automorphism o fixes the branches of the annulus V if and only if its action
on the Berkovich space of V fixes its skeleton pointwise; while when it switches the branches
the action on the skeleton reflects it over a point. This explains our terminology.

We now prove a linearization result for the action on O}, (V) of an automorphism that fixes
the branches of V. In the case of open annuli, a slightly weaker form of this result appears
in Henrio’s unpublished doctoral dissertation [15, Chapitre II, Propositions 3.1 and 3.3].

Proposition 6.8 Let V be a K -analytic annulus of modulus e, and let o be an automorphism
of V of finite order m that fixes the branches of V and acts on 7 as multiplication by a (not
necessarily primitive) m-th root of unity {. Assume that the characteristic of the residue field
k of K does not divide m. Then, there exist a Laurent pair (X, Y) for V and a unit u of R
such that

o(X) =uX,
oY) =cu"'y.

Moreover, if ¢ is primitive, then u can be taken to be a m-th root of unity, whereas if { = 1,
then one can take u = 1.

Proof Let (X, Y) be a Laurent pair for V. Since (o (X), %o (Y )) is again a Laurent pair and
o fixes the branches, one gets nx (o(X)) = 0, vx (0(X)) = vx(0(X)) = land ny (0 (X)) =
e, and analogous relations hold for o (Y). By Proposition 6.5, we have that

Yo(X)=n°PY)U; and Xo(Y)=nm°Q(X)U,,

with U} and U5 units of OF,(V), and P and Q monic polynomials. By multiplying these two
relations one gets % = 72¢ P(Y) Q(X)U, Us, so that P(Y) Q(X) is invertible in O, (V),
yielding P = Q = 1 (because P and Q are monic). It follows that o (X) = XU;. Denote
by a € R* the constant term of U;. Since o has order m, we have that X = ¢ (X) =
Uio(Uy)---o™ (U)X, so that ao (a) - - - 6™V (a) = 1 modulo (7, X, Y). Now let u be
the multiplicative representative in R of the image of a in the residue field k£ of K. Since
the choice of the multiplicative representatives commutes with automorphisms, we have
uo(u)---o™(u) =1in R. Setting

X =X+uloX) +u"low Ho?X) +- +ulo@™) 0" 2w He" TN (X)
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we have that o (X’) = uX’. Moreover X’ is divisible by X because every term of the sum is,
and X’/ X = m modulo (7, X, Y) because every term reduces to 1. Since the characteristic
of k does not divide m, this implies that X" = nX for some invertible element 1 of O, (V).
Then Y’ = 5~'Y is such that (X', Y') is a Laurent pair for V, and we have o (X')o (Y') =
o(m€) = ¢¢m®, so that o(Y') = ¢°u~'Y’. To prove the final claim, observe that if ¢ is
primitive, then o is trivial on k. In this case a reduces to a m-th root of unity of k¥ modulo
(m, X, Y), and therefore u is the unique lift to a m-th root of unity of R. On the other hand,
if £ = 1, then k|k=°> is cyclic of degree m, and so the norm of u relative to the extension
k|k<°> is unitary. It then follows from Hilbert’s Theorem 90 (see for example [19, VI,
Sect. 6, Theorem 6.1]) that there exists b € k* such that b = o (b)ii. Taking a multiplicative
representative v of b in R*, we find that v = uo (v). Hence, if we set X" = vX’, we have
o(X") = oc(uX' = vX' = X". After setting ¥ = v~!Y’, we obtain a Laurent pair
(X", Y") such that the action of o is the identity on the coordinates. o

‘We conclude the section with a similar linearization result in the case of involutions that
switch the branches of V.

Proposition 6.9 Let V be a K -analytic annulus of modulus e, let o be an automorphism of
V of order 2 that acts on m as the multiplication by an element ¢ of {1}, and assume that
o switches the branches of V. Then V is either an open or a closed annulus, (¢ = 1, and
there exist a unit u of R that is invariant under o and elements X, Y of Oy, (V) such that

o(X) =Y,
oY) =X,
together with an isomorphism
o ~ RI[X,Y]]
vV E ——
(XY —ume®)
whenever V is an open annulus, and
o . R{X,Y}
V(V) =
(XY —ume®)

whenever V is a closed annulus.

Proof Let (X, Y) be a Laurent pair for V. First of all observe that V' cannot be semi-open,
because the generic points of the two irreducible components of the canonical reduction of a
semi-open annulus, which is the formal spectrum of k[ X][[Y]]/(XY), cannot be exchanged
by an automorphism. The following proof applies both to the open and to the closed case.
Using Proposition 6.5, one can write o(X) = U;Y and o(Y) = U, X for some units Uj
and U; of O, (V). We have X = o (0(X)) = o (U U2 X, so that o (U;)U, = 1. Morever,
én = o(XY) = o(X)o(Y) = U Uyn®, then yielding U1U,; = ¢°. Therefore, when
¢ = —1 the integer ¢ must be even. Indeed, in this case o fixes k and so, modulo (7, X, Y),
we have 1 = o (Uy)Up = U Uy = ¢°. In particular, U; Uy = 1 regardless of what ¢ is. Up
to performing a change of variables and replacing the condition that (X, Y) is a Laurent pair
with the weaker assumption that XY = £x° for some unit £ € R*, we can suppose that
Ui = U; = 1 mod r. Indeed, if we call x, y, and u; the reductions modulo 7 of X, Y, and
U, respectively, we can replace x with ul_lx in order to get 6 (x) = y and o(y) = x. An
easy computation (see [15, Lemme 2.3.]) shows the existence of lifts X and ¥ of x and y to
Oy (V), and of a lift & of w7~ ! to R* such that XY = £7¢. Hence, recalling that U1 U = 1,
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this change of variables allows us to write Uy = (1 + 7U) L and U, = (1 4+ 7 U) for some
U in Oy, (V). It follows that o (7 U) = wU.

Our goal is to find a unit  of OY, (V) such that no (7) = le_l for some unit v of R satisfying
o (v) = v. Indeed, once we have done so, we can set X' = v_lnX, and Y/ = n_lY, so that
these new variables satisfy

o X)=viemUy =n"ly =Y
and
o) =om 'UT X =v7Inx = X'

Moreover, we have X'Y’ = v~ InpXn~ 'Y = v 'XY = v lén¢ = un®, where u = v~ ¢,
and since o (#) = u this would conclude the proof of the theorem.

Therefore, it remains to find such n and v. In order to do so, we proceed by successive approx-
imations, constructing sequences of functions (77,),en in O, (V) * and elements (v,,),en Of
R* such that

Mo (p) —va(1+7U) =0  mod 7"*!

for every n € N. We first set no = vop = 1, and suppose that we defined successfully v, and
1n. We then write 0,0 (n,) — v, (1 + 7U) = 7" g(X, Y) in O, (V). Since o (n,0 (1)) =
Nno (Mn), 0 (V) = vy, and o (7 U) = U, then n"“g(X, Y) is invariant by o as well, and
SO we can write

"X, Y)=b+ f(X,Y) +0(f(X,Y)) mod "2

for some function f in gl Oy, (V) and some element b of 7"t R such that o (b) = b. Now
set Ny+1 =Ny — f and v,41 = v, + b. Then, modulo 72 we have

Mn+10 Mn+1) = (M — )0 (M) — o (f))
=npo(n) — fo () —o(f)nn
= v (Il +70)+ 7" g — f—o(f)
=v,1+7nU)+b
= vy (1 +7U).

The limits n = limn, and v = lim v, exist in O;’,(V)>< and R* respectively, and satisfy
o(w) =vand no(n) =v(l + wU), as desired. O

7 Fractional annuli

A closed K -analytic annulus of modulus e is isomorphic to the subspace of A}éan defined by
the inequalities |7 |¢ < |X| < 1, where X is a coordinate of the analytic affine line. In this
section, we consider a more general class of K -analytic spaces, that of annuli of fractional
moduli, subspaces of A]K’a" defined by inequalities such as Im|f < |X| < |7|* withe, B € Q.

A K-analytic space V is said to be a fractional open annulus (or fractional semi-
open annulus, or fractional closed annulus) if it is a semi-affinoid space having a
model of the form Spf A, with A = R[[|7]|7*X, |rr|/3Y]]/(XY — 1) (respectively A =
R{m|~*X}[[|=|PY1]/(XY — 1), 0or A = R{|7w|7®X, |#|PY}/(XY — 1)) for some rational
numbers «, 8 such that o < 8.
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When there is no need to specify the type (open, semi-open, or closed) of such a fractional
annulus, we simply denote it by V,, g, and call it a fractional annulus of radii |7 1 < |m|e.
The modulus of a fractional annulus V, g is the positive rational number 8 — .

Remark 7.1 Let V, g be a fractional K -annulus of radii |7 |# < |7|%, and let p be a positive
integer such that pa and pf are both integers. Then the base change of V to the totally
ramified degree p extension K (w'")of K isa K (n I/’J)—analytic annulus of the same type as
V., and of modulus p (B — «). In particular, it follows from Remark 6.2 that two isomorphic
fractional annuli have the same modulus.

Remark 7.2 Annuli are clearly fractional annuli, but not every fractional annulus whose
modulus is an integer is an annulus. For example, the open fractional annulus of radii || <
|77|~"” has modulus 1, but since it contains K -rational points it cannot be isomorphic to an
open annulus of modulus 1. In particular, this shows that two fractional annuli that have the
same modulus are not necessarily isomorphic.

Remark 7.3 Let a, b,d’, b’ be integers such that (a,b) = (a’,b’) = 1 and a/b < d’'/b'.
Observe that the special R-algebra that we used to construct the open fractional annulus of
radii |7r|"” < |7|"”, as defined in Eq. (2), is

R[[Im=9/P X, |7|“/* Y]] R[[U,V, W, Z]]

(XY — 1) - (nbl=a/bl+ay b gbTa/b1-d 7 — Wb UW — gl—a/b1=Ta'/bT)"

The reader should be aware that this algebra is not flat in general, so the canonical reduction of
the fractional annulus is not simply obtained by reduction modulo 7 of the above equations.
For example, the open fractional annulus defined by ||/ < |X| < 1 has model Spf A, with
~ RIW. Z, Y]]
(a2 - WP, WY — 7))

In A we have %! wW-Zz y?® _l) = 0, and the canonical model of this fractional annulus is
the formal spectrum of

RI[W, Z, Y]] RI[Z, Y]]

(7b=1Z — Wb, WY — 7, W — ZYb=1) (7 — ZYP)’

hence its canonical reduction is the formal spectrum of k[[Z, Y]]/ (Z y? )

We can be more precise than in Remarks 7.1 and 7.2, and describe the moduli space of
fractional annuli over K. This is the content of the next proposition. Consider the map

@ : {Fractional annuli over K } — Q- x Q / 7
Vap > (B —a, @)

that sends a fractional annulus V, g of radii | |# < |7|* to the pair consisting of its modulus
and the class & of & modulo Z.

Theorem 7.4 Let P € {open, semi-open, closed} denote a type of fractional annuli. Then
the map ® induces a bijection

- xQ/z)
@ : {Isomorphism classes of fractional annuli of type P over K } —> (Q>O /Z /"’P

where ~ p is the equivalence relation on Q- x Q / 7, generated by the relations of the form
(a,b) ~p (a,a—>b)if P € {open, closed}, while ~,,,, .. is the trivial equivalence relation.
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Proof We have already observed in Remark 7.1 that isomorphic fractional annuli have the
same modulus. Moreover, it is clear that if two fractional annuli are isomorphic then they are
of the same type P. Therefore, to conclude the proof it remains to establish the following
claim: two fractional annuli Vg, ,,—«, and Vy, , g, of the same type P and same modulus
y are isomorphic if and only if (y,a1) ~p (y,®2). If @1 = o3, then the multiplication of

the coordinate X by 7%~ gives a K-isomorphism Vy, o, — Vi, —a, as subspaces of

A}(’an. Similarly, if the annuli are either open or closed and o] = y — a», a K-isomorphism
Var,y—ai > Vs, y —an s subspaces of A;&an \ {0} is obtained by first sending the coordinate X
toitsinverse X ~!, then applying a transformation as in the previous case. This proves the “only
if” part of the claim above. To prove the “if”” part of the claim, let ¢: Vy, , —q, = Var,y—as
be an isomorphism of fractional annuli over K. Since ¢ induces an isomorphism at the level
of K-rational points, it also induces an isomorphism between the biggest annuli contained
in the two fractional annuli:

Vi= {x € Voyy—a

7= < 1x) < J e} S v

= {x € Vasymaa | ImI7 71 < 1] < )},

and therefore ¢ is an isomorphism between the complements Vy, , —o, \ Vi and Vi, o, \ V2.
Assume that the annuli are either open or closed and that « is not an integer; the remaining
cases can be treated similarly and are left to the reader. Observe that Vi, o, \ Vi has a
connected component C that is a fractional annulus of modulus &1 — |« |. On the other hand,
the connected components of Vi, ,, ¢, \ V1 are two fractional annuli of moduli ox — [ | and
y —ap — [y —aa], so C has to be isomorphic to either of the two. This implies that o1 — |« |
equals either o — g | or y —ap — [y — 2], which means precisely that (y, oy) ~p (y, &2).
O

Remark 7.5 As can be seen from the proof above, from the point of view of Berkovich spaces
if Vi g is a fractional annulus then & measures the length of the segment of the skeleton of
Va,p that connects the boundary point corresponding to the component (X) of the canonical
reduction of V, g to the closest point of the skeleton onto which a K -rational point retracts.

8 Tame forms of annuli

We say that a K -analytic space V is a K-form of an annulus if there exists a finite extension
K'|K suchthat V' = V ®k K’ is an annulus. We then say that the extension K'|K trivializes
the form V. As we observed in Remark 7.1, fractional annuli over K are K-forms of annuli;
we say that a K -form of an annulus V is itself trivial if it is isomorphic to a fractional annulus
over K.

In this section we apply Theorem 5.1 and the results of Sect. 6 to classify forms of annuli
for a large class of Galois extensions that includes totally tamely ramified extensions. In
particular, in Theorem 8.1 we show that all such forms are trivial as long as the action
induced by the Galois group of K'|K fixes the branches of the K’-annulus V’. On the other
hand, in Theorem 8.3 we show that up to isomorphism there exists only one non-trivial form
of an annulus of given modulus (except in the semi-open case, where all forms are trivial)
trivialized by a quadratic extension that switches the branches of V.

Observe that the corresponding problem for discs is well understood, since all tame forms
of open polydiscs are trivial by [11], and all tame forms of closed discs are trivial by [23].
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Our methods also allow to retrieve easily those results in dimension 1 for the extensions that
we consider. On the other hand, the triviality of forms of annuli when the Galois group fixes
the branches has also recently been obtained by Chapuis, with different techniques, in [9].

We begin by studying the case when the action induced by the Galois group on the
trivialized annulus V ® ¢ K’ fixes its branches.

Theorem 8.1 Let K’ be a Galois extension of K of degree m and ramification index p such
that K contains all p-th roots of unity, its residue characteristic does not divide m, and the
residual extension k'|k is solvable. Let V be a K -form of an annulus trivialized by K'|K.
Then, if every element of the Galois group of K'|K fixes the branches of V @k K', the form
V is trivial.

Example 8.2 Tf K’ is a Galois and totally tamely ramified extension of K of degree m,
then it satisfies the conditions of Theorem 8.1, since it is generated by an m-th root @ of
a uniformizer 7 of K, and a generator of the Galois group of K’|K has to act on @ by
multiplication by a primitive m-th root of unity ¢ € K’, so that a primitive m-th root of unity
exists in k' = k.

Proof of Theorem 8.1 We only treat the case when V is the form of an open annulus of mod-
ulus e. The cases of semi-open and closed annuli are completely analogous, only requiring
to replace some power series rings by the corresponding convergent version. Let @ be a
uniformizer of R’ which is a root of 7, and denote by G the Galois group of K'|K. By
Theorem 5.1, if (X, Y) is a Laurent pair for V' then V is isomorphic to the K -analytic space
associated with the special formal R-scheme

dil R[[X,Y G
2 =TT, Spf<7[[ 1 )) -
R'IR (XY — @°)
where e is the modulus of the open annulus V ® ¢ K’. We now compute explicitly the special
formal R-scheme above. To simplify notations, let A be the ring of the dilated Weil restriction
of Spf (R/[[X, Y11/(XY — we)) to R, so that 2 = Spf(Ag). We divide the rest of the proof
into three steps.
Step (i). Assume that the extension K’|K is totally ramified. Then R’ is a free R-module
of rank m, with basis {1, @, ..., @™ '}, and the ring A is obtained as follows. Write
X=Xo+X1@+...+ Xp_1o™ !,
Y=Yo+Yio+...4 Yp_ 1™ .

Then, by Proposition 3.5 we have an isomorphism

4= RIXo. [@1X1 [@PXa, ..o Xy, Yo, (@ Vi, [ 7 Y]]

7 )
where J = (fo,..., fiu—1) is the ideal generated by the coefficients of the expansion of
XY — w€ in the basis {1, @, ..., @™ !}. Writing ¢ = a + bm for some 0 < a < m and

b > 0, a simple computation of (Xo +...+ Xm_lwm_l)(Yo +...+ Ym_lwm_l) —w*
yields

i m—1
Jfi= ZXjYi—j + < Z Xan1+i—j)7T — 8q,im”
=0 j=i+l

foreveryi =0,...,m — 1, where §,; is equal to 1 if ¢ = i and to 0 otherwise. Denote by
o a generator of G and let { € R be the primitive m-th root of unity such that o (w) = (.
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By Proposition 6.8 we can assume that o (X) = ¢(*X ando (Y) = cPY forsome0 < o, B <
m — 1. Observe that then « 4+ 8 must be congruent to e modulo m. It follows that, by a similar
computation as the one performed in the proof of part (i) of Lemma 5.2, o (X;) = (%' X;
and o (Y;) = {ﬂ_iYi for everyi = 0,...,m — 1. The kernel of the surjection A — Ag
is generated by the monomials (1 — ¢*~¥)X; and (1 — ¢#~7)Y;, therefore only X, and Yg
survive in Ag. It follows that f; = O for every i # a, and

XaYﬁ—nh ifa+ B8 =a,

Ja= XaYﬁn—nh ifa+B=m+a.

In both cases we see that V is a fractional annulus, which is what we wanted to show.

Step (ii). Assume that K'|K is cyclic and unramified. As in the proof of part (ii) of
Lemma 5.2, we can apply the normal basis theorem ([19, VI, Sect. 13, Theorem 13.1]) to
find o € R’ such that || = 1 and (oz, o(a),..., am_l(cx)) is a basis of R as a free R-
module, where o is a generator of G. Moreover, by dividing « by its trace Z?ZOI ol(@) #0
we can assume that the trace of « is 1, so that an element a of R, when seen as an element of
R’, can be expressed as a = Z;":_O] ao' () in the basis above. Let T be one of the variables
among X and Y, and write

T =Toa+Tio(@) + ...+ T_10" (),

so that as before we we have an isomorphism A = R[[Xo, X1, ..., Xm—1, Y0, -+, Ym—111/J,
where J is the ideal of the coefficients of XY — @w ¢ in the basis (a, o(a),...,om! (a)). By
Proposition 6.8 we can assume that o (T) = T. Since we also have o (T) = o (Tp)o («) +
o(T)No%(@) + ... + 0 (T_1 e, in the ring Ag we have Xo = X; = -+ = X,,_; and
Yo=Y =---=Y,_1, and therefore

XY — ot = (XO > ai(a)) (YO > ai(a)) —7¢Y ol

so that all the generators of J become XoYo—m¢. This provesthat Ag = R[[Xo, Yoll/(XoYo—
7¢), that is V is an open annulus of modulus e.

Step (iii). Let us treat the general case. Up to adding to K’ a p-th root 7'/ of 7, we
can assume that the extension K’|K decomposes as an extension K'|K (/) of the totally
ramified extension K (7r'/) | K . The extension K'|K (7r'/) is Galois, unramified and solvable,
and so it can be decomposed as a tower of unramified, cyclic Galois extensions. By applying
the result we proved in step (ii) to each extension in this tower, we deduce that the K (7 Y-
form V @x K (/") of the K’ -analytic annulus V ®k K’ is itself an annulus. Finally, the
extension K (7 I/”)|K is totally ramified, cyclic Galois, because K contains all p-th roots of
unity, so that the result we obtained in step (i) shows that the K-form V of the annulus
V ®xk K (') is a fractional annulus, concluding the proof of the theorem. O

If K’ is an extension of K satisfying the hypotheses of the theorem above, this result,
together with Theorem 7.4, classifies completely the K -forms of a K’-annulus X of modulus
e with fixed branches. Those are all the fractional annuli of radii |77|# < |7|* with 8 —a =
e/pand o, B € %Z, where p is the ramification index of K’|K. In the language of group
cohomology, the set of isomorphism classes of these forms is H' ( Gal(K'|K), Autf}(", (X )),
where Aut%", (X) is the normal subgroup of Autg(X) that consists of the K’-automorphisms
of X fixing its branches.

If V is a K-form of an annulus trivialized by an extension K'|K, and if there exists an
element of the Galois group of K’ over K that switches the branches of V ® ¢ K’, then the
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K-form V cannot be trivial. The next proposition shows that such non-trivial forms (both
ramified and unramified) indeed exist, and classifies those that are trivialized by a quadratic
extension.

Theorem 8.3 Let K/ = K (ﬁ) be a quadratic extension of K of ramification index p €
{1, 2}, and assume that the residue characteristic of K is different from 2. Let V' be a K'-
analytic annulus of modulus e. Then there exists a K-form V satisfying V Qg K' = V’
and such that the action induced by the generator of the Galois group of K'|K switches
the branches of V' if and only if V' is either an open or a closed annulus and p divides e.
Moreover, when this is the case we have

R[[X.lal"Y]] \?
)

V = Spf
P ((X2 —aY? +un/

whenever V' is open, and

R{X, |a|"Y} )3
)

V = Spf
P ((X2 —aY? +un'h

whenever V' is closed, for some unit u of R.

Proof Let V be a K-form such that V @ ¢ K’ = V’. Proposition 6.8 implies that V' is either
an open or a closed annulus. We focus on the former case, as the other one is completely
analogous. Let o be a generator of the Galois group of K’ over K. We treat separately two
cases, according to whether the extension K'|K is ramified or unramified, and proceed as
in the proof of Theorem 8.1, computing explicitly the model Spf A ) of V, where Spf A =

‘Iiei/l IR Spf ((9‘{, (V)). Given the similarities with that proof, some details are left to the reader.

Step (i). If K’ is a ramified extension of K, we have R’ = R @ Rw, with w? = 7, and o
acts on R’ by multiplying @ by —1. Again by Proposition 6.8, the modulus ¢ of V ® g K’ is
even, and we can write OF, (V) = R'[[X,Y]]/(XY —uw?®),witho(X) =Y ando(Y) = X,
and where u is a unit of R. We write X = Xo + Xj@ and Y = Yy + Y @, so that we have
A = R[[Xo, |z |X1, Yo, |l |1]1/(X 1Y + X 1Yo, XoYo — 7w X1Y1 — Ltﬂﬂ/z). Since we have
0(Xo) = Yoando (X1) = —Yy, wededucethat A (o) = R[[Xo, | |X111/(X3—n X?—un),
which is what we wanted.

Step (ii). If K’ is an unramified extension of K, we can write R" = R & Ra for some « in
R'suchthate® € Rand o () = —a. We can now apply one last time Proposition 6.8, and the
same computations as in Step (ii) yield as expected A ;) = R[[ X0, Xl]]/(X% —azX% —um®).

Step (iii). It remains to show that (Spf B):l, for B = R[[X, |a|'/2Y]]/(X2 —aY?+un,
is indeed the K -form we expect. Since R’ = R[al/z], with a € R, we have

RUX, lalPY] R'IX, la] “Y]]

B®r R = . )
k (X2 —aY? —un) ~ (X +d"Y)(X —a¥) —un'h)

This is the algebra of bounded functions on an open annulus of modulus e, as the change of
variables X' = X +a'”Y, Y’ = u~'(X — a'”Y) shows. The automorphism o keeps X fixed
but changes the sign of Y, and therefore it exchanges the ideals (X’) and (Y’), which is the
last thing that we needed to verify. O

Together with Theorem 8.1, this result implies that, if K'|K is a quadratic exten-
sion and the residue characteristic is different from 2, then the cardinality of the set
Hl(Gal(K’|K), Autg/ (X)) of K-forms of a K’-annulus X verifies:
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3 if X is not semi-open , p = 2 and e is even,

2 if Xi i- d
|H1(Ga1(K/|K),AutK/(X))| _ if X is semi 'open an '
p =2 or X is not semi-open and p = 1,

1 otherwise.

Remark 8.4 Let V be a non-trivial K-form of an annulus as in Theorem 8.3. Since V is
homeomorphic to V’/ Gal(K’|K), and since the Galois action flips the skeleton of the K'-
annulus V', as observed in Remark 6.7, it follows that V has exactly one boundary point. An
algebraic way to see this consists of showing that the canonical reduction of V is irreducible.
For example, if V' is a closed annulus of modulus ¢ and K’ is unramified over K, then the
formal spectrum of R{X,Y}/(X?> — a¥Y? + un®) is the canonical model of V, and so its
canonical reduction is the spectrum of k[ X, Y]/(X 2 _ aY?), that is irreducible.

Remark 8.5 The methods of this section allow to study forms of open and closed polydiscs
as well. Indeed, as soon as we know that a Galois action can be made linear on the coordinates
of a polydisc, in the same spirit as our Proposition 6.8 does for annuli, then the arguments
of Theorem 8.1 permit to prove the triviality of forms. While in dimension 1 this is always
satisfied (and it can be shown similarly as in Proposition 6.8), in general whether any tame
polynomial action of finite order on the affine n-space is linearizable is a well known open
problem (see [18, §5,6] for a thorough discussion). In particular, beyond the dimension 2 it is
currently not known whether non-trivial tame forms of closed polydiscs exist. Observe that
the linearizability assumption is equivalent to the hypothesis of residually affine action that
Chapuis assumes in [9, Théoreme 2.12] to show the triviality of forms of polydiscs, since if
the action is residually affine one can find a suitable lift that can be linearized after a change
of coordinates of the polydisc.

The results of this section can be applied to obtain a non-archimedean analytic proof of
a seemingly unrelated result: the existence of resolutions of singularities of surfaces over an
algebraically closed field of characteristic zero. This was first proven by Zariski [27]. We
briefly explain how this can be done, building on [14].

Theorem 8.6 Let k be an algebraically closed field of characteristic zero and let X be a
surface over k. Then X admits a resolution of its singularities.

Proof Without loss of generality, by replacing X by its normalization and reasoning locally,
we can assume that X is normal and x € X is its only singular point. With this data, in [14]
is associated a locally ringed space NL(X, x), the non-archimedean link of x in X. Using
[14, Corollary 4.10], we can assume without loss of generality that NL(X, x) is a smooth
Berkovich curve over a discretely valued field of the form k((;r)). By [14, Proposition 10.9],
a resolution of (X, x) exists if and only if we can find a finite and non-empty set S of type
2 points of NL(X, x) such that for each connected component V of NL(X, x) \ S the ring
O°(V) isregular. By applying [12, Théoréme 5.1.14.(iv)] to NL(X, x), we deduce that there
exists a finite set S’ of type 2 points of NL(X, x) such that each connected component V of
NL(X, x) \ S’ satisfies the following condition: there exists a finite separable extension s(V)
of k((7r)) which consists of analytic functions on V, so that V can be seen as an analytic space
over s(V), and V is either a s(V)-form of an open disc or a s(V)-form of an open annulus
whose trivializing extension fixes the branches (in loc. cit., see 3.1.1.4 for the definition of
5(X)). Since the non-archimedean link NL(X, x) does not depend on the choice of a base
field, and s(V) is abstractly isomorphic to k((r)) itself, without loss of generality we can
assume that V is a k((r))-form of an open disc or of an open annulus with fixed branches.
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Assume that V is a form of an annulus. Since k is algebraically closed and of characteristic
zero, the extension of k((7)) trivializing V is of the form K’ = k((z')), where @ is a root of
7, and satisfies the hypotheses of Theorem 8.1, so that V is a fractional annulus over k((r7)).
By adding more type 2 points to S we can assume that O°(V) is regular. Since the same is
true for forms of discs, this concludes the proof. O

Acknowledgements We warmly thank Federico Bambozzi, Marc Chapuis, Antoine Ducros, Florent Martin,
Michel Matignon, Ariane Mézard, Johannes Nicaise, and Jérdme Poineau for interesting discussions about and
beyond the content of this paper, and an anonymous referee for his comments and corrections. We are especially
grateful to Marc Chapuis for keeping us updated on the status of his related work [9]. During the preparation
of this work, the first author’s research was supported by the European Research Council (Starting Grant
project “Nonarcomp” n0.307856) and by the Agence Nationale de la Recherche (project “Défigéo”), while
the second author’s research was supported by the Max Planck Institute for Mathematics and the European
Research Council (Starting Grant project “TOSSIBERG” n0.637027). Finally, each of us warmly thanks the
other author, without whom this paper would have been finished much earlier (but with a lot more mistakes).

References

. Berkovich, V.G.: Vanishing cycles for formal schemes II. Invent. Math. 125(2), 367-390 (1996)
. Berthelot, P.: Cohomologie rigide et cohomologie rigide a support propre. Prepublication 96-03. Institut
de Recherche Mathématique Avancée, Rennes, (1996)
3. Bertapelle, A.: Formal Néron models and Weil restriction. Math. Ann. 316(3), 437-463 (2000)
4. Bosch, S., Giintzer, U., Remmert, R.: Non-Archimedean analysis, volume 261 of Grundlehren der Mathe-
matischen Wissenschaften [Fundamental Principles of Mathematical Sciences]. Springer-Verlag, Berlin.
A systematic approach to rigid analytic geometry (1984)
5. Bosch, S., Liitkebohmert, W.: Stable reduction and uniformization of abelian varieties I. Math. Ann.
270(3), 349-379 (1985)
6. Bosch, S., Liitkebohmert, W., Raynaud, M.: Néron models. Ergebnisse der Mathematik und ihrer Gren-
zgebiete (3) [Results in Mathematics and Related Areas (3)], vol. 21. Springer-Verlag, Berlin (1990)
7. Bosch, S.: Lectures on Formal and Rigid Geometry. Lecture Notes in Mathematics, vol. 2105. Springer-
Verlag, Berlin (2014)
8. Caruso, X., David, A., Mézard, A.: Variétés de Kisin stratifiées et déformations potentiellement Barsotti-
Tate. To appear in Journal Institut de Mathématiques de Jussieu (2016)
9. Chapuis, M.: Formes modérément ramifiées de polydisques fermés et de dentelles. arXiv preprint
arXiv:1703.10525. To appear in Ann. Inst, Fourier (Grenoble) (2017)

10. De Jong, A.J.: Crystalline Dieudonné module theory via formal and rigid geometry. Inst. Hautes Etudes
Sci. Publ. Math. (82):5-96, 1995 (1996)

11. Ducros, A.: Toute forme modérément ramifiée d’un polydisque ouvert est triviale. Math. Z. 273(1-2),
331-353 (2013)

12. Ducros, A.: La structure des courbes analytiques. Book in preparation. Available at http://www.math.
jussieu.fr/~ducros/livre.html, (2014)

13. Edixhoven, B.: Néron models and tame ramification. Compos. Math. 81(3), 291-306 (1992)

14. Fantini, L.: Normalized Berkovich spaces and surface singularities. arXiv preprint arXiv:1412.4676, To
appear in Transactions of the American Mathematical Society (2017)

15. Henrio, Y.: Arbres de Hurwitz et automorphismes d’ordre p des disques et des couronnes p-adiques
formels. PhD thesis, Université Bordeaux 1, Available at http://www.math.u-bordeaux.fr/~mmatigno/
Henrio-These.pdf (1999)

16. Henrio, Y.: Relevement galoisien des revétements de courbes nodales. Manuscr. Math. 106(2), 131-150
(2001)

17. Kappen, C.: Uniformly rigid spaces. Algebra Number Theory 6(2), 341-388 (2012)

18. Kraft, H.: Challenging problems on affine n-space. Astérisque, (237):Exp. No. 802, 5,295-317, Séminaire
Bourbaki, Vol. 1994/95 (1996)

19. Lang, S.: Algebra. Springer, Berlin (2002)

20. Martin, F.: Analytic functions on tubes of nonarchimedean analytic spaces. Algebra Number Theory
11(3), 657-683 (2017)

21. Nicaise, J., Sebag, J.: Motivic Serre invariants and Weil restriction. J. Algebra 319(4), 1585-1610 (2008)

o —

@ Springer


http://arxiv.org/abs/1703.10525
http://www.math.jussieu.fr/~ducros/livre.html
http://www.math.jussieu.fr/~ducros/livre.html
http://arxiv.org/abs/1412.4676
http://www.math.u-bordeaux.fr/~mmatigno/Henrio-These.pdf
http://www.math.u-bordeaux.fr/~mmatigno/Henrio-These.pdf

1114 L. Fantini, D. Turchetti

22.

23.

Raynaud, M.: Géométrie analytique rigide d’apres Tate, Kiehl,- - -. In: Table Ronde d’Analyse non
archimédienne (Paris, 1972). Bull. Soc. Math. France, Mém. No. 39-40. Soc. Math. France, Paris, pp.
319-327 (1974)

Schmidt, T.: Forms of an affinoid disc and ramification. Ann. Inst. Fourier (Grenoble) 65(3), 1301-1347
(2015)

. Valabrega, P.: On the excellent property for power series rings over polynomial rings. J. Math. Kyoto

Univ. 15(2), 387-395 (1975)

. Valabrega, P.: A few theorems on completion of excellent rings. Nagoya Math. J. 61, 127-133 (1976)
. Wahle, C.: Weil restriction of p-adic analytic spaces. arXiv preprint arXiv:0904.3884, (2009)
. Zariski, O.: The reduction of the singularities of an algebraic surface. Ann. Math. 2(40), 639-689 (1939)

@ Springer


http://arxiv.org/abs/0904.3884

	Galois descent of semi-affinoid spaces
	Abstract
	1 Introduction
	Notation

	2 Semi-affinoid analytic spaces
	3 Weil restrictions
	4 Fixed loci
	5 Descent of semi-affinoid spaces
	6 Annuli and their automorphisms
	7 Fractional annuli
	8 Tame forms of annuli
	Acknowledgements
	References




