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Abstract We present a construction of an explicit Hodge decomposition for d-operator on
Riemann surfaces.
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1 Introduction

Classical Hodge decomposition on the space ZzO-Dyy ¢ £0-D(y)y of smooth d-closed
(0, 1)-forms on a smooth algebraic curve V. C CP", (n > 2) with metric induced by Fubini-
Study metric of CP", has the following form

Hodge Theorem [22,24,38,39] For any form ¢ € ZOV (V) there exists a unique Hodge
decomposition:

¢ = dR[¢] + Hi[$], (1.1)

where H\ is the orthogonal projection operator from ZOD (V) onto the subspace HOD V)
of antiholomorphic (0, 1)-formson V, Ry = 8*Gy, 3* : EOV(V) —» £0.0 (V) §* = —x 3%

Peter L. Polyakov was partially supported by the NEUP program of the Department of Energy.

Gennadi M. Henkin: Deceased.

B Peter L. Polyakov
polyakov@uwyo.edu

Gennadi M. Henkin
guennadi.henkin @imj-prg.fr

Institut de Mathematiques, Universite Pierre et Marie Curie, BC247, 75252 Paris Cedex 05, France
2 CEMI Acad. Sc., Moscow 117418, Russia

Department of Mathematics, University of Wyoming, 1000 E University Ave, Laramie, WY 82071,
USA

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00209-017-1972-2&domain=pdf

712 G. M. Henkin, P. L. Polyakov

is the Hodge dual operator. )ior_f_), xis the Hodge operator, and G 1 is the Hodge-Green operator
for Laplacian A = 90* +3*9 on V.

Hodge Theorem was proved by Hodge in [22] using the Fredholm’s theory of integral
equations. Weyl used his method of orthogonal projection from [38] to correct and simplify
the Hodge’s proof in [39], and was followed by Kodaira in [24], who also used Weyl’s
method of orthogonal projection. However, the Hodge Theorem, as it is formulated above
and in [3,6,7], is not explicit enough for some applications. This disadvantage was pointed
out by Griffiths and Harris in [12, §0.6], where the authors remarked that “the Hilbert space
method has the disadvantage of not giving us the Green’s operator” in the form of an integral
operator with “a beautiful kernel on M x M with certain singularities along the diagonal”.

A specific problem that we have in mind is an explicit solution of the inverse conduc-
tivity problem on a bordered Riemann surface, in which the conductivity function has to
be reconstructed from the Dirichlet-to-Neumann map on its boundary (see [4,16]), in more
general setting going back to. We notice that article [16] of Henkin and Novikov on this
subject was motivated by article [17] by the authors of the present article. In [20] we made
the first step toward explicit solution of the inverse conductivity problem by constructing an
explicit Hodge-type decomposition for d-closed residual currents of homogeneity zero on
reduced complete intersections in CP". In the present article using Theorem 1 from [20] we
construct an explicit formula for operator Ry in (1.1) assuming the knowledge of operator
Hj. A problem that is definitely worth considering is the construction of an explicit form of
H;. Our choice of Riemann surfaces is motivated by the application mentioned above, though
we consider the generalization of Theorem 1 from [20] to locally complete intersections as
another interesting and important task.

The main result of the present article is the construction in Theorem 2 of an explicit Hodge
decomposition for d-closed forms on an arbitrary Riemann surface assuming the knowledge
of the Hodge projection. This construction is based on a generalized version of Theorem 1
from [20], which is presented in Sect. 2 and covers the case of arbitrary homogeneity. The
decompositions in Theorem 1 and in the propositions below are explicit in the sense that
they depend only on the equations from (2.1) describing V as a subvariety of CP", and are
defined by explicit integral operators with singular kernels of the Coleff—Herrera [5] and of
the Cauchy—Weil-Leray types [27,37].

Construction of integral formulas on CP” with application to complex Radon transform
was initiated in [17] and [2]. Application of such formulas to solution of E_)—equation on
singular analytic spaces was initiated in [18] and motivated further work in this direction
(see for example [1,9,34]). The development of specific residual formulas in [20] and in
Theorem 1 above has a long history going back to Poincaré [31], Leray [27], Grothendieck
[13], Herrera-Lieberman [21], Dolbeault [8], and Coleff and Herrera [5]. As it is pointed out
in [5], the authors” work was conceived on the one hand as a generalization of the theory of
residues of meromorphic forms and of the Grothendieck’s theory of residues presented by
Hartshorne [14], and on the other hand of the work of Ramis and Ruget [33] on dualizing
complex in analytic geometry.

The modern development of the formulas of Cauchy—Weil-Leray type was initiated in
[26,28,29,32].

Asapreliminary step in the construction of the explicit Hodge decomposition of Theorem 2
we use Theorem 1 and construct in Proposition 3.2 an intermediate explicit Hodge-type
decomposition on an arbitrary compact Riemann surface X, not necessarily embeddable into
CP?. According to a classical result (see [25]), going back to Gauss and Riemann, such a
surface admits an embedding as an algebraic submanifold in CPP3. This embedding can be
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Explicit Hodge decomposition on Riemann surfaces 713

composed with a generic projection on CP? to produce an immersion into CP? with only
nodes as singularities (see [12,15]). Then we use the Hodge-type decomposition of Theorem 1
on the image C of this immersion, which we lift and appropriately modify on X'. An important
role in this construction is played by Proposition 3.1, in which we establish an isomorphism
between the residual cohomologies on C and the cohomologies of the structural sheaf of C.
This proposition might be considered as a step in constructing a Hodge-type decomposition
of cohomologies on curves with singularities, following direction of [6,7,13,15]. We notice
that the proof of Theorem 2 generalizes verbatim to the case of a nonsingular projective
complete intersection.

In Sect. 4 using Theorems 1 and 2 we obtain explicit formulas for solutions of d-equation
and present two explicit versions of the Hodge-Kodaira Vanishing Theorem for open Riemann
surfaces.

The corresponding author would like to thank the referee for the useful discussion on the
subjects of the article, for suggested simplification (3.14) of the original explicit formula in
Theorem 2, and for pointing out several typos.

2 Generalized version of Theorem 1 from [20]

Below we present a generalized version of Theorem 1 from [20], which gives a Hodge-type

decomposition of residual currents of arbitrary homogeneity on reduced complete intersec-

tions in CPP". Before formulating this version we introduce definitions from [19] and [20].
Let V be a complete intersection subvariety

V={zeCP": Pi(t) = = Pu(z) =0} @1

of dimension n — m in CIP" defined by a collection {P;};"_; of homogeneous polynomials.
Let

{Ua = {z e CP": z4 # 0}}Z=0

be the standard covering of CP", and let

d

Fi¥ ) Pi(2)/z "

Fo@=| 1 |= :

deg Py

i (2) Pu(2)/za

be collections of nonhomogeneous polynomials satisfying
deg P
(Zﬂ/za) eh 0
F®(7) = Agp(2) FP(7) = FP (z)
d Pm
0 e (Z 8 /Za) cg

on Uaﬂ =U, N Uﬂ.
Following [13] and [15] we consider a line bundle £ on V with transition functions
28 D i deg Py
lop(z) =det Agg = | —
Za

on Uyg and the dualizing bundle on the complete intersection subvariety V

a)?/ = wWCpn ® [,, (22)
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714 G. M. Henkin, P. L. Polyakov

where wcpn is the canonical bundle on CP".

Forg = 1,...,n —m we denote by E""="=D (V, £(—£)) = EQ"=m=D (V, &5, (—0))
the space of C*° differential forms of bidegree (n, n —m — g) with coefficients in L& O(—£),
i.e. the space of collections of forms

[ra e gm0 )|’
a=0

satisfying

-
Vo = lug - (?ﬁ) v + Z FY .y on Uy nUg. 2.3)
o

Then, following [5,19,30] we define residual currents and d-closed residual currents on V.
By aresidual current ¢ € C(0 @) (V, O(£)) of homogeneity £ we call a collection {QD(O 4) ]

of C* differential forms satisfying equalities

a=0

¢ m
D, = (j—ﬁ) o5+ > FY ™ on U, N U, (2.4)
o k=1

actingon y € gn=—m=q) (y r(—g)) by the formula

(¢.7) = Z/ aVa/\@a/\a d_ef}ﬁOZfem Yo ! Do 2.5)

@ o p@’
k=1 Fk le

where {0 }},_ is a partition of unity subordinate to the covering {Uy}/_, and the limit in
the right-hand side of (2.5) is taken along an admissible path in the sense of Coleff—Herrera
[5], i.e. an analytic map € : [0, 1] — R™ satisfying conditions

lim; 0 €, (¢) =0,

it
i 16,() =0, forany/ e Nand j=1,...,m — 1, (2.6)
t—0 Gj+1(t)
and
TEO = [z cU,: ‘F,f“)(z)‘ — (1) for k = 1m} 2.7)

Therefore, a residual current ¢ can be considered as an equivalence class of collections
[ Q&O’q) ], where two collections represent the same residual current if their actions in (2.5)

coincide.
From definition (2.5) we obtain the following definition of 3-operator on residual currents.
Namely, we define for a differential form ¢ € £ (n=m=—q=1) (y r(—g))

a N 0Dy
(3, ) _hmZ/em O,L 2.8)

()
t—0 1 Fk

A residual current ¢ of homogeneity ¢ we call d-closed (denoted ¢ e Zg)‘q)(V, (’)(Z))) if

there exist a representative {@fxo’q) } and smooth forms Q,({“) , such that the following equality
holds

QJI

m
Z F* . on U,. (2.9)
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Explicit Hodge decomposition on Riemann surfaces 715

We notice that from the definitions above it follows that if a residual current ¢ is defined
by a 9-closed form, then d¢p = 0 in the sense of (2.8). The converse, however, is not true

in general (for a counterexample, see for instance Remark 12.1 in Andersson-Larkang,
arXiv:1703.01861).
Below we present an extended version of Theorem 1 from [20] that is used in this article.

Theorem 1 Let V. C CP" be a reduced complete intersection subvariety as in (2.1). Then

(i) for an arbitrary ¢ € Zg)’q) (V, O(¥)) the following representation holds

¢ = d1,[p] + Ly[4], (2.10)
where Lg[¢] = 0if 1 < g <n—m, Ly_nl¢] € Zj?’”‘"’) (V, O)) is defined by
formula

: = ¢ ()
Lnfm[¢] = Cn,m,d,r)lim (z {) =
05,52_1_5 =0 Jig =11 P l=ec X} [Te=i Pe(©)
/\ det {z 0(,z) dz } Aw(l) (2.11)

withd =Y}, deg Py, and the current I,[¢] € C0-9=D (v, O(0)) is defined by formula

. ¢(&)
I,[¢] = C(n.q.m) lim ————
! e {lel=1.41Pc@)=eco, } TTe=1 Pe(@)

q—1 n—m—q
m ——

d , )
N 5 3e 242 Feo seo |10
(2.12)
where the functions {Q};({, z)}fork =1,....,m,i=0,...,n satisfy
Pe@) — Pe(z) = Y10 04(¢.2) - (&G — i) 2.13)

0\ (g, A7) = 2%eP=l. 0t (¢, 2) for A € C,

and
n n
B .= % (6 -2).  BCa=) 5 (¢ —2)
j=0 j=0
(ii) a d-closed residual current ¢ € Z;eo’"fm) (V,0) is d-exact, i.e. there exists a current
W e COn=m=D (v O)) such that ¢ = 3, iff
Ly—ml¢] =0. (2.14)

Remark Current I,;[¢] in Theorem 1 might not be a residual current in general. Estimates
proved in [20] show that it is a residual current on the set of regular points of V', and, therefore,
in general, on manifolds. However, I;[¢] € C ©.9=D (v ©(¢)),1i.e. itis a current on reduced
complete intersections, which can be defined with the use of equality

L4191(9g) = 01411(2) = plg] — Llgl.
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(that is equivalent to equality (5.4) in [20]), where the right hand side is represented by
residual currents.

We present here a sketch of proof of the theorem. In this sketch we are concerned with
extending the validity of all lemmas and propositions comprising the proof of Theorem 1 in
[20] to the case of nonzero homogeneity.

In the lemma below we prove that the operators L and I defined in [20] preserve homo-
geneity, validating equalities (2.6), (2.11) and Proposition 2.3 from [20] in the case of nonzero
homogeneity.

Lemma 2.1 If¢ € C;eo’q)(\/, O)) is a residual current defined by a differential form ® in
a neighborhood of V satisfying
d(Ay) = 2" @(0), 2.15)

then for the forms Ly, [®] and I, [®] defined by operators L, _, and 14 in formulas (3.24)
and (4.22) of [20] respectively, the following equalities hold
Ly [®](h2) = ° - Ly [@] (2),
I [®1(2) = AL 1, [®] (2). (2.16)

Proof To prove the preservation of homogeneity for operator L,_, we use the following
equality for |A| = 1, after changing variables to { = Aw

m n—m
/ rz-o) - &/\da Az Q¢ xz) A7 | Aw(©)
{leI=LUP @) I=a O, [Tisi Pe(©)
m n—m
— [oYON . —— f_-/\
:/ (A7 - Aw) - m(iw)/\det Az Q0w, 22) Az | A w(Qw)
{I1=1,{1Pcw)l=e (O}, } [Tiz) Pe(rw)
B @
:}L{ifd)hnfrrwl)hdfm)hnwﬂ/ Gow)— (w)
{1E1=1.1 Pew) =6 O}, [Tezy Pe(w)

/\ det {xz Qw,z) dz } A w(w)

z-w) %/\det [Kz Q(w, 2) '2?} Aow),

= )f/ .
(I =101 Pe () l=e (O}, } [Te) Pe(w)

where d = Y [, deg Px.
Similarly, we obtain equality

/ @ (hw)
{lel=t 0P l=e )} TTezy Pe@aw)
q—1 n—m—q
- - m - -
Az A —— I rdw
/\ det 00w, A7) A o(w)
B*(Aw, Az) B(Aw, A7) B*(Aw,Az) B(Aw, A7)
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Explicit Hodge decomposition on Riemann surfaces 717

Zké—d)\d—min—m+1)\n+l/ @ (w)
{lel=1 0Py =), } [Tiz1 Pe(w)
q—1 n—m—gq
m —_——
/\dt Z w fQ—(") dz dw A o(w)
c _— ————— w,7) ——— w(w
B*(w,z) B(w,2) B*(w,z) B(w,z)
:ke/ ®(w)
{lel=1.0Peawy=e o, } TTizr Pe(w)
q—1 n—m—q
m —— ——
/\dt 4 w /Q-(/b)\ dz dw A w(w)
($) _— w,z2) ——— w(w).
B*(w,z) B(w,z) B*(w,z) B(w,z)

[m}

To include the case of nonzero homogeneity Lemmas 3.2 and 3.3 in [20] have to be
reformulated. In particular, Lemma 3.2 has to be replaced by the following Lemma.

Lemma 2.2 Let V. C CP”" be a reduced complete intersection subvariety as in (2.1), let
U D V be an open neighborhood of V in CP", and let ® € 5c(0’”_m)(U N Uy) be a
differential form of homogeneity £ on U N Uy, for some o € (0, ..., n).

Then formula

I S LA YRy Q(Z R @), 2.17)
im 20— z .2) dZ | Aw(), (2.
=0 J{j¢ |=2, (1P @) l=e (O}, [Ti=) Pe(0)

where {€; (t)}]_, is an admissible path, defines a differential form of homogeneity £ on U, real
analytic with respect 10 7. If ®(¢) = Y0 F&(0)Qu(2) with @ € EX" ™ (U N Uy),
then the limit in (2.17) is equal to zero.

Proof Preservation of homogeneity follows from the first equality in (2.16) in Lemma 2.1.
As in Lemma 3.2 in [20] without loss of generality we can consider only the case « = 0, i.e.
D e 5C(O’n_m) (U N{¢o # 0}). Then formula (3.15) in [20] for a form & satisfying equality
(2.15) has to be replaced by the following formula

_ =, _ @)
20+ R R
/{;=r.nPk<z>=ek<z>);"_l}( ; ! ’) [T Pe(@)

—— =
Adet |:Z 0(z,z2) dZ:| A (ghtrdego) /\de

j=1

- - ®()
= Z J,— Zi-WwW; T
/{\;|=r,{|Pk<;>\=ek<r>)z;l} ( ’ ; ! ’) [T Pe(®)

———

— n
A det [z 0.2 d2:| A (g1 dgo) /\

/{\;|:r,{|Fk<w)|-><k<w):ek<r>>z;1

,
(zg-}-Zz] w]) ( ntr 0= ldengdé“o)
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718 G. M. Henkin, P. L. Polyakov

m n—m

P w) ido
XW/\det 7 0@, w,z7) az /\de
k=1
P
2T m n
_ i/ ol (=31 deg Pk+l)¢od¢,0/ Zo + Zzi wj
0 {weUo. (| Fe )| xx (w)=ex O}, } = ! '
P
& (w) — —
x po(w) T Ximdeg Pl L T2 det | 7 0, w,z) d7 dw;, (2.18)
[Ti=1 Fr(w) A\ dv;

j=1

where we used nonhomogeneous coordinates {w; = ¢; /¢o}7_, inthe subset S2n+1 @\ {0 =0}
of the sphere S2+1 (1) of radius t in C"*!, notation ¢y = po(w) - €'?0 with

T

po(w) = ——
\/ 1+ Z,r';] |wi|2

on S*"*1(z), nonhomogeneous polynomials

Fr(w) = Pr(£)/¢,

in S?"+1(1)\ {¢o = 0}, and equality (2.15).
The last statement of the Lemma follows as in Lemma 3.2 of [20] from application of
Theorem 1.7.6(2) in [5] to the interior integral in the right-hand side of (2.18). O

deg Py

Lemma 3.3 has to be replaced by the following Lemma.

Lemma 2.3 Let¢p € Z (O’q)(V O(€)) be a d-closed residual current defined by a collection
of forms {Q(O’n_m)} of homogeneity £ on a neighborhood U of the reduced subvariety

V asin (2.1) satisfying (2 4) and (2.9), and let () = Za:O Uy (8) Dy () be a differential
form of homogeneity £ on U.

Then for an arbitrary y € E™9 (V, L(—10)) the equality

Y (@) . / -
lm/ _— lim z-¢)
0 Jp20 T FP () A (HO {1g1=LU PO l=e OV, }

m n—m
Xe—r———— Adet |2 0(¢,2) dz |Aw() ] =0 (2.19)
k=1 Py (C)
holds unless
m
r<y degPi—t—n—1 (2.20)
k=1
Proof We notice that for all values of @ > 0 and € = (ey, ..., €;) the sets

S(a) = {; eSZ”“(a)3{|P"(§)|_E" “degpk}k 1}

are real analytic subvarieties of S"*!(a) of real dimension 2n + 1 — m satisfying

¢ -a**!=™ . Volume (S(1)) < Volumez,41—m (S(@)) < C - a®" =™ . Volume (S(1)).
2.21)
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Explicit Hodge decomposition on Riemann surfaces 719

‘We denote
Bu(t,0) = (2 0) - gy 'Q(Z )%‘1 A ()
«($,2) = (2 B z , 2 z w(f),
l_[k:1 Pk(;)
and apply the Stokes’ formula to the differential form
- u 9 (0) Dy P
ﬂ(C,Z)=Zﬁa(§)©a(§,z)=2(2-§>'~Mdet 20,2 dZ | Ae@)
a=0 a=0 Hk:l Pk(;-)
(2.22)
on the variety
n+1 . _ . deg P, m
[ect{in@I=a =] a<ii<1]
with the boundary
{eic1=a [IP@r=a-a®n]" U {e:1er =1, 1A= e, |-

Then using equality (2.9) we obtain the equality

/ ﬂ(é‘az)_/ m ﬂ(é‘az)
{IE1=L0 P I=e O, } [ic1=a. {IPc@)=exeatee P}y |
nom 1
DN K L@ B¢ )
a0imda [icl=r 1P =ex e P | '

n 1
+ / dr/ d|c| J(094(0) A Pu(C,2)) (2.23)
(,X:(:) a {m:r,{|Pk<c>\:ek(r>~r<’eg"k}Z;l] ( )

for arbitrary r and 0 < a < 1.
Using estimate (2.21) and the homogeneity property

Dp(r-o) =1 1t dg(2) (2.24)

of the coefficients of ®©-"—™ from Proposition 1.1 in [17] we obtain that if

m

rtn+l+€—) degP; >0, (2.25)
k=1

then

< C/(G) _ar+2n+1—m—(n—m)+€—22"=l deg Py 0

B, 2)

/{ Sl=a, {|Pe@)|=ex () -atee P |

ast is fixed and a — 0.
For the first sum of integrals in the right-hand side of (2.23) we have

1
/ dr f F@) - 1. 2)
o MNigi= fir@l=an ey )

1
< C/ dr - prH2ntl=m—(—m)+£=37L | deg P
a
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720 G. M. Henkin, P. L. Polyakov

x / L FO© - (diel B @ 0)
ligl=r. {IPc@I=ex -t} | :
(1 _ g Y deg Pk)

< C'(e) — 0 (2.26)

r+n+2+0-=37  deg Py

ast — 0, since a < 1, condition (2.25) is satisfied, and C'(¢) — 0 ast — 0 by Lemma 2.2.
For the second sum of integrals in the right-hand side of (2.23) we use equality

lim / df/ die| 3 (3950 A dp(z.2)
2 {ar0.lcl=r (1P I=ex -T2 P}, ) ( ! ! )

{ﬂ U,gﬁUa;éﬂ
= lim dr (z-2)
1=0Jq (8: U%}u;éw} {Ca#O,Is“\:r,{\Pk(§)|=ek(t)~rdeg”k};":1}
m l’l*ln

26C) A det|z 000 @F | Ao

(T~ 1Pk(§)]

1
= lim/ dt / <Z . C)F
ey U%,a#ﬂ} [0 lcl=r {1 l=ecree By )

xd|g| ) | 89p(¢) A

m n—m

®a§) Adet |z Q(¢,2) :l/; Aw(l)

dlcl | oy AN el
xd|t| P Olo, N T Bl

@-¢)

= lim dr/
=0Jq [aartolcl=r I P I=ec T P |

- o,
(B: UsnUo 9} k=1 "k «

——
Ndet |z 0@¢.2) dz | rw(@) ]| =0.

which follows from equality (2.4), Lemma 2.2, and the transformation formula for the
Grothendieck’s residue from Proposition 4.2 in [17] (for isolated singularities see [12,36]).
O

This completes the sketch of proof of Theorem 1.

Below we formulate a corollary of Theorem 1, which will be used in what follows. This
corollary gives an explicit form of the Hodge-Kodaira Vanishing Theorem for projective
complete intersections (see II1.7.15 in [15] and §2.1 of [12].

Corollary 2.4 If homogeneity € satisfies inequality
£>d—n—1, (2.27)
then the operator in the right-hand side of equality 2.11 is zero,

dim H™" (V, 0(£)) = 0, (2.28)
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Explicit Hodge decomposition on Riemann surfaces 721

and for any ¢ € Z9" ™ (V, O(¢))
¢ = 0 Lh—ml®]. (2.29)

3 Explicit Hodge decomposition on nonsingular algebraic curves.

In order to construct an explicit Hodge decomposition on an arbitrary nonsingular algebraic
curve X we use the existence of an immersion (see [25], 1.4 in [12], IV.3 in [15])

x 4 cp?, 3.1

such that C = o (X)) is a plane curve with at most nodes as singularities. Our construction of
the sought decomposition on X will be based on a similar decomposition on C, which exists
according to Theorem 1.

We construct a linear map gy : £ Ohxy - z ;?‘ D (C). Here and below we use notations
o« and o* for induced direct and respectively inverse maps on functions and differential
forms. Since o is biholomorphic everywhere outside of nodal points, we have to describe o,
only in the neighborhoods of those points. Let p € C be such nodal point with py, p» € X
such that o(p;) = o(p2) = p. Let z1, 22 be local coordinates at p € U < CP?, such that
z21(p) = z2(p) = 0, and such that

CNU =CLUCQC,,
where C; = {q € U : z1(q) = 0}, zlnd Cr={q €U :z2(q) =0}.
Let ¢ € £9D(X) be a smooth -closed form on X with local representations

0| =4@dzn. ¢ =h@dn
pP1 P2

on X. Let 55 1, 52 be extensions of ¢; and ¢, to U such that

bl =, 09,0, =0 fork # j.

Cj

Then the differential form ~ _
O = ¢1dZ1 + P2d22 (3.2)

defines a d-closed residual current on C in the neighborhood U > p. Current ¢, is d-exact
in U since for the functions 1| and v, chosen so that

52_7‘% =¢;. 0, ¥j =0 fork # j,
we will have
b (F1 +T2) = Frdzs + dadza,
and

In the proposition below we identify the spaces of residual cohomologies Hl(eo’l)(C) of
curve C and the cohomologies H L(c, ©) of the structural sheaf © on C.

Proposition 3.1 (compare with [13,15]) (Isomorphism of cohomologies) Let

C={zeCP*: P(z) =0}
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722 G. M. Henkin, P. L. Polyakov

be a curve in CP2 with nodal points as the only singularities. Then there exists an isomorphism
0,1
1 HYY©e) - H'(@C,0). 3.3)

Proof To define : we consider an arbitrary ¢ € Z 11€ (C, O) represented locally on a cover

{U,-}IN= | by residual currents
N
q>l(0,1)
FO
i=1

satisfying Ad; = F(i)Qfo’z). Then, using existence of \Ili(o’l) e £0-D(y;) such that

é\pi(o,l) _ ngo,z)
we obtain
5 (@ - FOW) =0 iU,

and therefore

®; =00; + FOy;
for some ©; € £0-9 ;).

From the last equality we obtain that
(0 —©j) =F;Q onUj=U NUj,

and therefore, by defining

1{®;} ={0; — 0,} (34)

we obtain a cocycle in Z L, 0).

To construct the inverse to 1 we take {@i 1 }—a cocyclein Z!'(C, ©). We consider a partition
of unity {%;};_; subordinate to some open cover {Ui}lN: , of an open neighborhood U O V.
Withoutloss of generality we may assume that { 0;; } are restrictions of holomorphic functions
on U;;. We define the cochain

O = Y %O,
k#i, UpNU; #0
and notice that on U;; we have the equality
0, -0; = Z DO — Z 01Ok
ki, UyNU; #0 k#], UkﬁUj;ﬁ@

= Z D (®ik_®jk)+l9j®ij_l9i®ji
ki, j UpnU; #0

= Y %O, 49,0+ 80 + FQj = 0 + FiQ
k#i,j UpNU; #9

with some functions 2;; € £ 0.0 y; ), and its corollary

(0 — ©)) = F;Q;. (3.3)
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Therefore, the collection

o =30;= Y = Opdng ez © (3.6)
k#i, UyNU; #9 i=1

defines a d-closed residual current in a neighborhood of V.
If we apply the map : from (3.4) to the current in (3.6), then using equality (3.5) we obtain

@i} ={0; -0} ={0;} e Z'c.0).
u]

Let now { 17(")}::1 be the nodal points in C, and let points pii), pg) € X be such that

Q(pii)) = Q(pg)) = p® e €. We consider a collection of paths {yi}i_, in X such that

yi(0) = pgi) and y; (1) = pg) and functions { f;}/_, € £ (X) with supports in some neigh-

borhoods U; D y; such that

o (DN o ()N
{ﬁ(p1 ) =0, fi(pP) =1, o

afi =0in V; € U;.

Then for a path y; C X we have

[ 5= 50D o =1

For an arbitrary form ¢ € £V (X) and the corresponding residual current ¢, on C we
consider the decomposition on C that follows from Theorem 1:
¢i = 01[¢] + LI,

and the lift of this decomposition on X’:

¢ = (¢)* = DU[p)" + (LlgeD)". (3.8)
From Proposition 4.4 in [20] it follows thatif ¢ € £©D(X), then I[¢.] € £(C), and therefore

([p«D)" € E(X).

We consider the scalar product on £ 0.1 (x)
(¢, ¥) :/ ¢AY (3.9
X

and assume without loss of generality that the collection of forms {(L[(E_) f,-)*])*}::1 is

orthonormalized with respect to scalar product in (3.9). Then for ¢ € £ 0.1 (x) we define
fori=1,...,r,

ai[¢]=/X¢A(L[(5fi)*])*, (3.10)

and consider operators £ : EOV(x) - £0D(x)and 7 : £O-D(X) — £(X), defined as

r

LIp] = (LIgD* = Y ail$)LIG f):), (3.11)

i=1
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and
I[¢] = (1 [m - Zaim](éﬁ)*D + > ailelfi. (3.12)
i=1 i=1

Proposition 3.2 (Hodge-type decomposition on a nonsingular curve) Let X’ be a nonsingular

curve, and let X > CP? be an immersion of X into CP? with r nodal points. Let {fiYio,
satisfy (3.7) and let operators L and T be defined respectively in (3.11) and (3.12).
Then for the space of (0, 1)-forms £V (X)

(i) the following decomposition holds
¢ = T[]+ LIS, (3.13)
(i) a (0, 1)-form ¢ € EO-D(x) is d-exact, iff L[¢] = 0.

Proof To prove equality (3.13) we use equality (3.8) to obtain for an arbitrary 3-closed form
¢ € EOD(X) the equality

¢— Y ailplofi =5<1 [m—Zai[m(éﬁ)*D - (L [m—Zai[m(éﬁ)*D :

i=1 i=1 i=1

which we can rewrite as

¢ =29 [(1 [«m - Zai[m(éﬁ)*D + Za,-[qb]f,} + LIp] = 9Z[¢] + LIP].

i=1 i=1

According to Theorem 1 and Proposition 3.1 the image of L™ is a subspace of the space
of 9-closed forms—&© D (X) of dimension dim H 11e (C, O) = pq(C)—the arithmetic genus
of C. We notice that for any collection {c;};_, there is no g € £(C) such that

,
dg* = Zciéfi,
i=1

because otherwise we would have

r

g - Zciﬁ = const,
i=1
which contradicts g* taking the same values at pY) and pg) foralli =1, ..., r. Therefore,
dim Ker£ = dim Span {(L[(3 f;).])*} = r,

and
dimIm{£} = dimIm {L*} — r = p,(C) —r.

To prove item (ii) of Proposition 3.2 we consider a d-exact form ¢ = dg for g € £(X)

and assume that .
(L [(ég>* - Zai[éguéﬁ)*D # 0.

i=1
Then from the inequality above it follows that

dim {L {E_)g,g € S(X)}} >r,
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which, according to Proposition 3.1, contradicts the statement from IV.1 in [15], that
dim HOY (x) = pa.(C) —r.
O

Using Theorem 1 and Proposition 3.2 we prove the following version of the Hodge The-
orem for smooth algebraic curves, which gives a formula for solution R{[¢] of equation

AR [¢] = ¢ — Hi[o]

in terms of explicit integral operator Z and the Hodge projection Hj. In a sense it addresses
the deficiency of implicit definition of R mentioned in Introduction.

Theorem 2 (Explicit formulas in the Hodge decomposition) Let X’ be a smooth algebraic

curve, let L and T be operators from (3.11) and (3.12) respectively, and let {a)j }le be an
orthonormal basis of holomorphic (1, 0)-forms on X, i.e.

/ijchZSjk, j,k:l,...,g.
X

Then Hodge operators Hy and Ry in decomposition (1.1) admit the following represen-
tations

8
H1[¢]=Z(/C¢Aw,»)@j,

j=1
Ri[¢] = Z[¢ — Hi[$]] + const. (3.14)

Proof From decomposition (1.1) we obtain that the form ¢ — H;[¢] is exact, and therefore,
using item (ii) from Theorem 1 we obtain equality

IR[p] — 0Z[¢ — Hi[p]] =0,

which implies the second equality in (3.14). O

4 Explicit solution of 3-equation on affine curves.

In this section we prove solvability of the 3-equation on affine smooth algebraic curves. Let
X be a nonsingular algebraic curve, and let ¢ : X — CP? be an immersion of X as in (3.1)
such that

C=0(X)={zeCP*: P(z) =0} 4.1

is a plane curve of deg P = d with at most nodes as singularities. Without loss of generality
we may assume that the intersection of C with the line at infinity

cnN {(Zo, 71,22) € CP?: 79 = 0} = [Z(l), B .’Z(r)] (4.2)
consists of 7 points with multiplicities m, . .., m, such that Zle m; = d. We denote
¢=c\fW,....20
and

2=\ {Q*I(z“)), L g*l(z“))} .
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Proposition 4.1 (Hodge-Kodaira Vanishing Theorem for affine curves) Let X and C C CP?
be curves as in (4.1), with C of degree d satisfying condition (4.2). Let $ OV ¢ E(X) bea
Sform on X, and ¢, be its direct image on C. If for some ¢ satisfying £ > d — 3 the form
;654)* (¢) admits an extension W (¢) € CO-D(C), then there exists a function g € 5(22) such

that _
g = ¢,
{ §=¢ ) 4.3)
lg(2)] < Cl&ol

Proof Let 2/ € ¢ N {CP? : zg = 0} be one of the points of C at infinity. We consider a
neighborhood U ) of zU) in C? with coordinates 1, ¢2 such that

cnuY) = {; € UU):Q:O}.
Using Cauchy—Green formula we solve the 9-equation on C N /) and obtain a function
gV @) eCc@NCE©
with compact support in C N U satisfying equality
dgV) = '/f|cm/<j>v

where V) € UV,
Then the form

d
~ Y 5V
j=1

defines a d-closed residual current on C of degree ¢ > d—3, and therefore, using Corollary 2.4
we obtain the existence of a function g = I; [g“(f - (0)] € COO(() satisfying the equation

g = V.
Therefore function g, = g + Z?: 1 g/ satisfies the equation
0+(6) = ¥(§) = 55¢:(0),
and the function g(¢) = (go_eg*)* satisfies conditions (4.3). ]
Combining results of Theorem 2 and Proposition 4.1 we obtain the following proposition.
Proposition 4.2 Let X and C C CP? be curves as in (4.1), with C satisfying condition (4. 2)

Let OV € £(X) be a form on X, such that its direct i image ¢, has a compact support in C.
Then for arbitrary £ > d — 3 the function

3@ = (&7 hige. — Hilgge)

satisfies equation
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