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Abstract Let M be a compact complex supermanifold. We prove that the set Autg(M)
of automorphisms of M can be endowed with the structure of a complex Lie group acting
holomorphically on M, so that its Lie algebra is isomorphic to the Lie algebra of even
holomorphic super vector fields on M. Moreover, we prove the existence of a complex
Lie supergroup Aut(M) acting holomorphically on M and satisfying a universal property.
Its underlying Lie group is Autg(M) and its Lie superalgebra is the Lie superalgebra of
holomorphic super vector fields on M. This generalizes the classical theorem by Bochner
and Montgomery that the automorphism group of a compact complex manifold is a complex
Lie group. Some examples of automorphism groups of complex supermanifolds over P; (C)
are provided.
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1 Introduction

The automorphism group of a compact complex manifold M carries the structure of a com-
plex Lie group which acts holomorphically on M and whose Lie algebra consists of the
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holomorphic vector fields on M (see [6]). In this article, we investigate how this result can
be extended to the category of compact complex supermanifolds.

Let M be a compact complex supermanifold, i.e. a complex supermanifold whose under-
lying manifold is compact. An automorphism of M is a biholomorphic morphism M — M.
A first candidate for the automorphism group of such a supermanifold is the set of automor-
phisms, which we denote by Auts(M). However, every automorphism ¢ of a supermanifold
M (with structure sheaf O ) is “even” in the sense that its pullback ¢* : Orr — @(Opaq) is
a parity-preserving morphism. Therefore, we can (at most) expect this set of automorphisms
of M to carry the structure of a classical Lie group if we require its action on M to be smooth
or holomorphic. We cannot obtain a Lie supergroup of positive odd dimension.

We prove that the group Autg (M), endowed with an analogue of the compact-open topol-
ogy, carries the structure of a complex Lie group such that the action on M is holomorphic
and its Lie algebra is the Lie algebra of even holomorphic super vector fields on M. It should
be noted that the group Autg(M) is in general different from the group Aut(M) of automor-
phisms of the underlying manifold M. There is a group homomorphism Autg (M) — Aut(M)
given by assigning the underlying map to an automorphism of the supermanifold; this group
homomorphism is in general neither injective nor surjective.

We define the automorphism group of a compact complex supermanifold M to be a com-
plex Lie supergroup which acts holomorphically on M and satisfies a universal property.
In analogy to the classical case, its Lie superalgebra is the Lie superalgebra of holomorphic
super vector fields on M, and the underlying Lie group is Autj(M), the group of automor-
phisms of M. Using the equivalence of complex Harish-Chandra pairs and complex Lie
supergroups (see [24]), we construct the appropriate automorphism Lie supergroup of M.

More precisely, the outline of this article is the following: First, we introduce a topol-
ogy on the set Autg(M) of automorphisms on a compact complex supermanifold M (cf.
Sect. 3). This topology is an analogue of the compact-open topology in the classical case,
which coincides in the case of a compact complex manifold with the topology of uniform
convergence. We prove that the topological space Autg(M) with composition and inversion
of automorphisms as group operations is a locally compact topological group which satisfies
the second axiom of countability.

In Sect. 4, the non-existence of small subgroups of Auts(M) is proven, which means
that there exists a neighbourhood of the identity in Autg(M) with the property that this
neighbourhood does not contain any non-trivial subgroup. A result on the existence of Lie
group structures on locally compact topological groups without small subgroups (see [25])
then implies that Autg(M) carries the structure of a real Lie group.

In the case of a split compact complex supermanifold M, the fact that Autg(M) carries
the structure of a Lie group follows more easily as described in Remark 8. In this case it
can be proven that Autg (M) is the semi-direct product of a finite-dimensional vector space
and the automorphism group of the vector bundle corresponding to M, which is by [17] a
complex Lie group.

Then, continuous one-parameter subgroups of Autj(M) and their action on the super-
manifold M are studied (see Sect. 5). This is done in order to obtain results on the regularity
of the Auty(M)-action on M and characterize the Lie algebra of Autz(M). We prove that
the action of each continuous one-parameter subgroup of Auty(M) on M is analytic. As a
corollary we get that the Lie algebra of Autg(M) is isomorphic to the Lie algebra Vecg (M) of
even holomorphic super vector fields on M, and Auty(M) carries the structure of a complex
Lie group so that its natural action on M is holomorphic.

Next, we show that the Lie superalgebra Vec(M) of holomorphic super vector fields on
a compact complex supermanifold M is finite-dimensional (see Sect. 6). Since Auty(M)
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carries the structure of a complex Lie group, we already know that Vecg(M), the even
part of Vec(M), is finite-dimensional. The key point in the proof in the case of a split
supermanifold M is that the tangent sheaf of M is a coherent sheaf of Oy;-modules on the
compact complex manifold M, where O, is the sheaf of holomorphic functions on M.

Let a denote the action of Autj(M) on the Lie superalgebra Vec(M) by conjugation:
a(@)(X) = p(X) = (¢ H* o X o p*forg € Autg(M), X € Vec(M). The restriction of
this representation « to Vecy(M), the even part of the Lie superalgebra Vec(M), coincides
with the adjoint action of the Lie group Auty(M) on its Lie algebra, which is isomorphic
to Vecy(M). Hence o defines a Harish-Chandra pair (Autg(M), Vec(M)). The equivalence
between Harish-Chandra pairs and complex Lie supergroups allows us to define the automor-
phism Lie supergroup of a compact complex supermanifold as follows (see Definition 2):

Definition (Automorphism Lie supergroup) Define the automorphism group Aut(M) of a
compact complex supermanifold to be the unique complex Lie supergroup associated with
the Harish-Chandra pair (Autg (M), Vec(M)) with representation o.

The natural action of the automorphism Lie supergroup Aut(M) on M is holomorphic,
i.e. we have a morphism ¥ : Aut(M) x M — M of complex supermanifolds. The automor-
phism Lie supergroup Aut(M) satisfies the following universal property (see Theorem 22):

Theorem If G is a complex Lie supergroup with a holomorphic action Vg : G x M — M
on M, then there is a unique morphism o : G — Aut(M) of Lie supergroups such that the
diagram

Y,
G x M ¢ M

M/

Aut(M) x M

is commutative.

The automorphism Lie supergroup of a compact complex supermanifold is the unique
complex Lie supergroup satisfying the preceding universal property.

Using the “functor of points” approach to supermanifolds, an alternative definition of the
automorphism group as a functor in analogy to [20,22] is possible, which is studied in Sect. 8.
If M is a compact complex supermanifold, this functor from the category of supermanifolds
to the category of sets can be defined by the assignment

N {p: N x M— N x M| is invertible, and prr o ¢ = pry},

where pry, : N x M — N denotes the projection onto the first component. The two
approaches to the automorphism group are equivalent and the constructed automorphism
group Aut(M) represents the just defined functor.

In the classical case, another class of complex manifolds where the automorphism group
carries the structure of a Lie group is given by the bounded domains in C™ (see [8]). An
analogue statement is false in the case of supermanifolds. In Sect. 9, we give an example
showing that in the case of a complex supermanifold M whose underlying manifold is a
bounded domain in C™ there does in general not exist a Lie supergroup acting on M and
satisfying the universal property of the preceding theorem.

In Sect. 10, the automorphism group Aut(M) or its underlying Lie group Autg(M) are
determined for some supermanifolds M with underlying manifold M = P;C.
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2 Preliminaries and notation

Throughout, we work with the “Berezin-Leites-Kostant-approach” to supermanifolds (cf.
[1,15,16]). If a supermanifold is denoted by a calligraphic letter M, then we denote the
underlying manifold by the corresponding uppercase standard letter M, and the structure
sheaf by O r. We call a supermanifold M compact if its underlying manifold M is compact.
By a complex supermanifold we mean a supermanifold M with structure sheaf O x4 which
is locally, on small enough open subsets U C M, isomorphic to Oy ® A C", where Oy
denotes the sheaf of holomorphic functions on U. For a morphism ¢ : M — A between
supermanifolds M and A, the underlying map M — N is denoted by ¢ and its pullback by
©* 1 Onr = @O pq. An automorphism of a complex supermanifold M is a biholomorphic
morphism M — M, i.e. an invertible morphism in the category of complex supermanifolds.

Let E be a vector bundle on a complex manifold M and £ its sheaf of sections. Then we
can associate a supermanifold M = (M, O ) by setting Opq = /\ €, which has a natural
Z-grading (and hence a Z/27-grading). Split supermanifolds are supermanifolds M such
that there is a vector bundle on M with sheaf of sections £ such that M = (M, A\ €). If
E is e.g. the trivial bundle of rank n on M = C™, then we get the supermanifold C"" =
C©", \€) = (C", Ocn ® AT".

For a complex supermanifold M, let 7 denote the tangent sheaf of M. The Lie superal-
gebra of holomorphic vector fields on M is Vec(M) = Tp((M), it consists of the subspace
Vecy (M) of even and the subspace Veci(M) of odd super vector fields on M.

Let M be a complex supermanifold of dimension (m|n), and let Z4 be the subsheaf of
ideals generated by the odd elements in the structure sheaf O 4 of a supermanifold M. As
described in [19], we have the filtration

Om=CMm)° D @M D@D DE@m)" T =0

of the structure sheaf O by the powers of Z4. Define the quotient sheaves gr; (Oa) =
(IM)k/(IM)k"'l. This gives rise to the Z-graded sheaf gr Opq = P, g1, (O ). Further-
more, grM = (M, gr Opq) is a split complex supermanifold of the same dimension as
M.

Note that £ := gr (O ) defines a vector bundle E on M. An automorphism ¢ of M yields
a pullback ¢* on O z4. Following [10], its reduction to the Ojs-module E yields a morphism
of vector bundles ¢y € Aut(E) over the reduction ¢ € Aut(M). By [17] the automorphism
group of a principal fibre bundle over a compact complex manifold carries the structure of
a complex Lie group. Since every automorphism of a vector bundle canonically induces an
automorphism of the associated principal fibre bundle and vice versa, the automorphism
group of the associated principal fibre bundle and Aut(E) may be identified. Moreover, this
identification also respects the topology of compact convergence on both groups. Hence,
the group Aut(E) also carries the structure of a complex Lie group. On local coordinate
domains U, V with ¢(U) C V we can identify Onp|ly = Tagly and Opmly = Tarlu
and following [21] decompose ¢* = @;exp(Y) with Z-degree preserving automorphism
¢y : Taplv — Tagly induced by ¢o and where Y is an even super derivation on I'4g|y
increasing the Z-degree by 2 or more. Note that the exponential series exp(Y') is finite since
Y is nilpotent.

More generally, there is a relation between nilpotent even super vector fields on a super-
manifold and morphisms of this supermanifold satisfying a certain nilpotency condition. This
is a direct consequence of a technical result on the relation of algebra homomorphisms and
derivations (cf. [23], Proposition 2.1.3 and Lemma 2.1.4). If ¢ : M — M is a morphism of
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supermanifolds with underlying map ¢ = idys and such that ¢* —id% ; : Oapg — Opg is
nilpotent, i.e. there is N € N with (¢* — id*M)N = 0, then

N (_])nJrl
X =log(p*) = Z T(‘/’* —idj )"

n=1

is a nilpotent even super vector field on M and we have

1
* — n
¢" =exp(X) = E —n'X .

n>0 "

Furthermore, for any nilpotent even super vector fifeld X on M, the (finite) sum exp(X)
defines a map O 4 — Oy which is the pullback of an invertible morphism M — M with
the identity as underlying map, and the pullback of the inverse is exp(—X).

3 The topology on the group of automorphisms

Let M be a compact complex supermanifold. An automorphism of M is a biholomorphic
morphism ¢ : M — M. Denote by Auty(M) the set of automorphisms of M.

In this section, a topology on Autg(M) is introduced, which generalizes the compact-
open topology and topology of compact convergence of the classical case. Then we show
that Auty(M) is a locally compact topological group with respect to this topology.

Let K € M be a compact subset such that there are local odd coordinates 0y, ..., 6, for
M on an open neighbourhood of K. Moreover, let U € M be open and f € Oaq(U), and
let U, be open subsets of C for v € (Z>)". Let ¢ : M — M be an automorphism with
@(K) C U. Then there are holomorphic functions ¢, on a neighbourhood of K such that

(=Y epb.
ve(Z)"
Let
AK, U, £,6;.Uy) = {9 € Autg(M)| §(K) € U, ¢7.,(K) € Uy},

and endow Autg(M) with the topology generated by sets of this form, i.e. the sets of the
form A(K, U, f,60;, U,) form a subbase of the topology.

For any open subset U € M such that there exist coordinates for M on U, fix a set of
coordinates functions f; IU, RN f,,lf +n € Oam(U). Using Taylor expansion one can show that
the sets of the form A(K, U, flU, 0;, Uy,) then also form a subbase of the topology.

Remark I In particular, the subsets of the form
A(K,U) = {p € Autg(M)| ¢(K) € U}

are open for K € M compact and U € M open. Hence the map Autg(M) — Aut(M),
associating with an automorphism ¢ of M the underlying automorphism ¢ of M, is contin-
uous.

Remark 2 The group Autg(M) endowed with the above topology is a second-countable
Hausdorff space since M is second-countable.
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Let U € M be open. Then we can define a topology on O (U) as follows: If K € U
is compact such that there exist odd coordinates 61, ..., 6, on a neighbourhood of K, write
feOmU)onKas f=7Y, f6".LetU, C Cbe opensubsets. Then define a topology on
O (U) by requiring that the sets of the form {f € Or(U)| f,(K) € U, } are a subbase of
the topology. A sequence of functions f; converges to f if and only if in all local coordinate
domains with odd coordinates 0y, ..., 0, and fr = Y, fi 0", f =, f,0", the coefficient
functions fi , converge uniformly to f, on compact subsets. Note that for any open subsets
Ui, Uy € M with Uy C U, the restriction map O (Uz) — Om(Uy), f = fluy, 1s
continuous.

Using Taylor expansion (in local coordinates) of automorphisms of M we can deduce the
following lemma:

Lemma 3 A sequence of automorphisms ¢ : M — M converges to an automorphism
@ : M — M with respect to the topology of Autg(M) if and only if the following condition
is satisfied: For all U, V. C M open subsets of M such that V contains the closure of p(U),
there is an N € N such that ¢ (U) C V for all k > N. Furthermore, for any f € O (V)
the sequence (¢r)*(f) converges to *(f) on U in the topology of O (U).

Lemmad [fU,V C M are open subsets, K C M is compact with V C K, then the map

AK,U) x Op(U) = Opm(V), (9, ) > ¢*(f)

is continuous.

Proof Letyy € A(K, U) beasequence of automorphisms of M convergingtop € A(K, U),
and f; € Opm(U) a sequence converging to f € Oaq(U). Choosing appropriate local
coordinates and using Taylor expansion of the pullbacks (¢x)*(f;), it can be shown that
(¢r)*(f1) converges to ¢*(f) as k,I — oo. This uses that the derivatives of a sequence of
uniformly converging holomorphic functions also uniformly converge. m}

Lemma 5 The topological space Auty(M) is locally compact.
The following remark about invertible morphisms is useful for the proof of this lemma.

Remark 6 (See e.g. Proposition 2.15.1 in [15] or Corollary 2.3.3 in [16]) Let M be a
complex supermanifold and ¢ : M — M any morphism. Let &;,...,&, and 0y, ..., 6,
be local odd coordinates for M, and superfunctions ¢; i, ¢;, such that ¢*(§;) =
Y ket 9j kO + D ivii=3 Liv8”s where [[v]| = [|(v1, ..., va)|| = vi + -+ 4+ v, > 3. Then
¢ is locally biholomorphic if and only if the underlying map ¢ is locally biholomorphic and
det (((p k(1< j,kgn) # 0. The morphism ¢ is hence invertible if it is everywhere locally
biholomorphic and ¢ is biholomorphic.

Proof (of Lemma 5) Let ¢ € Autg(M). For each fixed x € M there are open neighbour-
hoods V; and U, of x and ¥ (x) respectively such that V(Ky) C Uy for Ky := V.. We

may additionally assume that there are local odd coordinates &1, ..., &, for M on U, and
01, ..., 6, local odd coordinates on an open neighbourhood of K. For any automorphism
¢ M —> Mwith@(Ky) © Uy, letgj, @jo (for [[v]] = [[(vi, ..., vl =vi+-+v, =

3) be local holomorphic functions such that

n
P ED =D eiath+ Y 90"

k=1 IIvl[=3
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Choose bounded open subsets U x, Uj,, C C, suchthat v x(x) € Ujrand ¥, (x) € Uj .
Since ¥ is an automorphism, we have

det (W k() 1<jk=n) # 0

forall y € K, by Remark 6. For later considerations shrink U x such that det(C) # 0 for all
C = (cji)1<jk<n With cjx € Uj . After shrinking V, we may assume v/ x(K,) C Uj
and ¥; ,(Ky) € U;,,. Hence v is contained in the set ®(x) = {¢p € Autz(M) | @(Ky) C
U,, ejk(Ky) € Uj_k, pjv(Ky) € Uj,v}, which contains an open neighbourhood of .
Since M is compact, M is covered by finitely many of the sets Vy, say Vy, ..., Vy,. Then ¢
iscontained in ® = @ (x1)N---N O (x;). We will now prove that @ is sequentially compact:
Let ¢ be any sequence of automorphisms contained in @. Then, using Montel’s theorem
and passing to a subsequence, the sequence ¢ converges to a morphism ¢ : M — M. It
remains to show that ¢ is an automorphism of M.

The underlying map ¢ : M — M issurjective sinceif p ¢ ¢(M),thengp € A(M, M\{p})
and therefore g € A(M, M \ {p}) for k large enough which contradicts the assumption that
¢k is an automorphism. This also implies that there is an x € M such that the differential
D¢(x) is invertible. Using Hurwitz’s theorem (see e.g. [ 18], p. 80) it follows det (D@ (x)) # 0
for all x € M. Thus ¢ is locally biholomorphic. Moreover, ¢ is locally invertible due to the
special form of the sets @ (x;).

In order check that ¢ is injective, let p1, po € M, p; # pa,suchthatg = ¢(p1) = ¢(p2).
Let £2;, j = 1,2, be open neighbourhoods of p; with £2; N £2, = @. By [18], p. 79,
Proposition 5, there exists kg with the property that g € ¢x(£21) and ¢ € @ (£27) for all
k > ko. The bijectivity of the ¢;’s now yields a contradiction to 2| N £2, = @. O

Proposition 7 The set Auty(M) is a topological group with respect to composition and
inversion of automorphisms.

Proof Let ¢ and i be two sequences of automorphisms of M converging to ¢ and ¥
respectively. By the classical theory, ¢ o U converges to ¢ o ¥, and </7/<_1 to gl

Let U, V, W € M be open subsets with 3(V) € W, @ (V) € W, ¥ (U) € V, J;(U) C
V, for k and [ sufficiently large and let f € O x¢(W). Then the sequence (¢x)*(f) € Om (V)
converges to ¢*(f) on V, and by Lemma 4 (¢r o ¥)*(f) = (¥1)* ((pr)*(f)) converges
to Y*(@*(f)) = (p o ¥)*(f) on U as k,I — oo, which shows that the multiplication is
continuous.

Consider now the inversion map Autg(M) — Autg(M), ¢ o~ ! Let ¢ be a
sequence in Auty(M) converging to ¢ € Auti(M). Note that since the automorphism
group Aut(M) of the underlying manifold M is a topological group, the inversion map
Aut(M) — Aut(M) is continuous. For any choice of local coordinate charts on U, V C M
such that the closure of @~ (U) is contained in V we can conclude: Since O ! converges
to @~ !, we have <p~k71 (U) C V for k sufficiently large. Identify Onq(U) = g (U), resp.
Om (V) = I'yg(V) and decompose ¢* = ¢ exp(Y), ¢f = <p,’f,0 exp(Yy) as in Section 2.
Note that ¢ is induced by an automorphism ¢y of the vector bundle E. We can verify by an
observation in local coordinates that the map Autg(M) — Aut(E), ¢ = ¢, is continuous.
Hence, the sequence i o converges to ¢p and ¢ , converges to ¢;. By [17] the inversion

on Aut(FE) is continuous. Therefore, (. (1))* converges to (¢, ])*. Due to the finiteness
of the logarithm and exponential series on nilpotent elements, Y; converges to Y. Hence,
(9 )" = exp(=Yi) (g} )" converges to exp(=¥)(¢)) ™" = (¢") 7. O

Remark 8 Let M be a split supermanifold and let E — M be a vector bundle with associated
sheaf of sections € such that the structure sheaf O x4 is isomorphic to /\ €. By [17] the group of
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automorphisms Aut(E) of the vector bundle E is a complex Lie group. Each automorphism
¢ of the supermanifold M induces an automorphism ¢ of the vector bundle E over the
underlying map ¢ of ¢, and the map 7 : Autz(M) — Aut(E), ¢ +— g, is continuous.
An automorphism of the bundle E lifts to an automorphism of the supermanifold M if
we fix a splitting Opy = AE.If x : E — E is an automorphism with pullback x* we
define an automorphism of M by the pullback f1 A... A fi = x*(f1) A ... A x*(fi) for
fIAA fr e /\k £. This assignment defines a section of . In particular, 7 is surjective
and we have an exact sequence

0 — kerm — Autg(M) — Aut(E) — 0,
which splits. Consequently, the topological group Autg(M) is a semidirect product
Autg(M) = kerm x Aut(E).

The kernel of 7 consists of those automorphisms ¢ of M whose underlying map ¢ is the
identity on M and whose pullback ¢* satisfies

@ —idE <@ (Are).

k>2

In this case (¢* — id*) is nilpotent and there is an even super vector field X on M with
exp(X) = ¢* as mentioned in Sect. 2. The super vector field X is nilpotent and fulfills

X(/\"S) c P (/\’5)

[>k+2

for all k. More generally, the map

X e VeegM) | X (€)@ (N'€) forallk | — kerm,

I>k+2
X — exp(X),

which assigns to a super vector field X the automorphism of M with pullback exp(X), is
bijective. In Sect. 6, we will prove that the Lie superalgebra Vec(M) of super vector fields on
M and thus subspaces of Vec(M) are finite-dimensional. Therefore, the topological group
Autg(M) = ker m x Aut(E) carries the structure of a complex Lie group.

In the general case of a not necessarily split supermanifold M, the proof that Autg(M) can
be endowed with the structure of a complex Lie group is more difficult. In order to prove the
corresponding result also for non-split supermanifolds, the structure of Auty(M) is further
studied in the next two sections.

4 Non-existence of small subgroups of Autj (M)

In this section, we prove that Autg (M) does not contain small subgroups, i.e. that there exists
an open neighbourhood of the identity in Autg(M) such that each subgroup contained in
this neighbourhood consists only of the identity. As a consequence, the topological group
Auty(M) carries the structure of a real Lie group by a result of Yamabe (cf. [25]).
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Before proving the non-existence of small subgroups, a few technical preparations are
needed: Consider C™" and let zy, . .., zm, £1, . . . , & denote coordinates on C"". Let U C
C"™ be an open subset. For f = )" f,&" € Ocmin (U) define

dORE =D 1A,
v U v

where || f, ||y denotes the supremum norm of the holomorphic function f, on U. For any
morphism ¢ : U = (U, Ocmin|y) — C™" define

1 lly =

lplly =Y lle* @l + Y _lle*EDllu-
i=1 j=1

Lemma9 Let U = (U, Ocmin|y) be a superdomain in C™". For any relatively compact
open subset U’ of U there exists ¢ > O such that any morphism ¥ : U — C™" with the
property ||y — id||y < € is biholomorphic as a morphism from U’ = (U’, Ocmin|yr) onto
its image.

Proof Letr > 0 such that the closure of the polydisc
AL (@) = {(wi, ..oy wn) | lw) — 2] < r}

is contained in U for any z = (z1, ..., zm) € U’. Let v € C™ be any non-zero vector. Then
we have z + ¢v € U for any z € U’ and ¢ in the closure of Aﬁ(O) ={teC|lt] < leTI}’

If for given ¢ > Oitis ||y —id||y < ¢ t}~1en we have in particular 1V —id||ly < & f0r~the
supremum norm of the underlying maps ,id : U — C™. Then, for the differential D of
Y and any non-zero vector v € C" and any z € U’ we have

HDI/;(Z)(U) - vH = H% (xﬁ(z +tv) — (z +tv))H

1 ¥ (z+¢v) — (2+Lv)
2 94 1 (0) ¢
SL/ w(Z+§v)2—(z+§v) de
27 94 ) ¢
ellvl|
< .

r

This implies ||D1/~/(z) —id|| < f with respect to the operator norm, for any z € U’. Thus
¥ is locally biholomorphic on U’ if ¢ is small enough. Moreover, ¢ might now be chosen
such that 1/~/ is injective (see e.g. [13], Chapter 2, Lemma 1.3).

Let ¥k, ¥jv be holomorphic functions on U such that ¥*(§;) = Y [_, ¥jiéc +
2 ivij=3 Vj,vE". By Remark 6 it is now enough to show

det((¥j ) 1<jk<n()) #0

for all z € U’ and ¢ small enough in order to prove that i is a biholomorphism form ¢/’ onto
its image. This follows from the fact that we assumed, via || —id||y < &, that ||y |l < &
if j#kand||Y;; — 1y <e. ]
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This lemma now allows us to prove that Autg(M) contains no small subgroups; for a
similar result in the classical case see [5], Theorem 1.

Proposition 10 The topological group Auty(M) has no small subgroups, i.e. there is a
neighbourhood of the identity which contains no non-trivial subgroup.

Proof Let U C V C W be open subsets of M such that U is relatively compact in V
and V is relatively compact in W. Suppose that W = (W, Oq|w) is isomorphic to a
superdomain in C™mandletzy, ..., Zm, &1, ..., &, belocal coordinates on W. By definition
AV, W) ={p € Autg(M)] @(V) € W} and A(U, V) are open neighbourhoods of the
identity in Autj(M). Choose ¢ > 0 as in the preceding lemma such that any morphism
x 'V — C™" with ||x —id||v < e is biholomorphic as a morphism from { onto its image.
Let 2 € A(V, W) N A(U, V) be the subset whose elements ¢ satisfy ||¢ —id||y < &. The
set §2 is open and contains the identity. Since Autg(M) is locally compact by Lemma 5, it is
enough to show that each compact subgroup Q C £2 is trivial. Otherwise for non-compact Q,
let 2’ be an open neighbourhood of the identity with compact closure 22’ which is contained
in £2, and suppose Q C £2’. Then Q C 2 cQisa compact subgroup, and Q is trivial if
0 is trivial.
Define a morphism v : V — C™I" by setting

V(i) = / q"(zi)dgq and Y*(§)) = / q"(j)dq,
Q o
where the integral is taken with respect to the normalized Haar measure on Q. This yields a

holomorphic morphism ¢ : V — C™I" since each g € Q defines a holomorphic morphism
Y — W C €™ Its underlying map is ¥ (z) = fQ q(z) dq. The morphism i satisfies

V" (zi) — zillv = H/;(f(m) —zi)dgq

5/ llg* ) — zillv dg
1% o
and similarly

V(&) —&jllv Sv/Qllq*(éj)—Ejllde-

Consequently, we have

Iy —idlly = Y17 G) —zilly + D97 ED — &l
i=1

j=1

§/Q Y llg* G - zillv + 3 lla*E) — &llv | dg
i=l1

i=1
= [ 1l ity dg <.
9]

Thus by the preceding lemma, 1|y is a biholomorphic morphism onto its image. Further-
more, on U we have ¥ o ¢’ = ¢ for any g’ € Q since

(¥ og") (@) = (@)W @) = (¢ (/Qq*(Zi)dq> = /Q(q/)*(q*(zl')) dq

=f(qoq/)*(z,-)dq=/ q*(zi)dq = ¥*(z)
0 0
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due to the invariance of the Haar measure, and also
(W oq)" (&) = ¥ (&)).
The equality ¥ o ¢’ = ¥ on U implies ¢|y = idy; because of the invertibility of . By the
identity principle it follows that ¢’ = id o4 if M is connected, and hence Q = {ida(}.
In general, M has only finitely many connected components since M is compact. There-

fore, a repetition of the preceding argument yields the existence of a neighbourhood of the
identity of Autg(M) without any non-trivial subgroups. O

By Theorem 3 in [25], the preceding proposition implies the following:

Corollary 11 The topological group Auty(M) can be endowed with the structure of a real
Lie group.

5 One-parameter subgroups of Aut;(AM)

In order to obtain results on the regularity of the action of Autg(M) on the compact complex
supermanifold M and to characterize the Lie algebra of Autg(M), we study continuous one-
parameter subgroups of Autg(M). Each continuous one-parameter subgroup R — Autg(M)
is an analytic map between the Lie groups R and Autg(M).

We prove that the action of each continuous one-parameter subgroup of Autg(M) on M
is analytic and induces an even holomorphic super vector field on M. Consequently, the Lie
algebra of Auty(M) may be identified with the Lie algebra Vecy(M) of even holomorphic
super vector fields on M, and Autz(M) carries the structure of a complex Lie group whose
action on the supermanifold M is holomorphic.

Definition 1 A continuous one-parameter subgroup ¢ of automorphisms of M is a family
of automorphisms ¢; : M — M, t € R, such that the map ¢ : R — Autg(M), t — ¢, is
a continuous group homomorphism.

Remark 12 Lety; : M — M,t € R, be afamily of automorphisms satisfying ¢s; = @50,
forall s,z € R, and suchthat ¢ : R x M — M, ¢(t, p) = ¢;(p) is continuous. Then ¢; is
a continuous one-parameter subgroup if and only if the following condition is satisfied: Let
U,V C M be open subsets, and [a, b] C R such that ¢([a, b] x U) € V. Assume moreover
that there are local coordinates z1, . . ., Zm, &1, .. ., & for Mon U. Thenforany f € O (V)
there are continuous functions f, : [a,b] x U — C with (f,); = fu(t,-) € Oap(U) for
fixed ¢t € [a, b] such that

@) (f) =D flt, 08"

We say that the action of the one-parameter subgroup ¢ on M is analytic if each f, (¢, z) is
analytic in both components.

This equivalent characterization of continuous one-parameter subgroups of automor-
phisms also allows us to define this notion for non-compact complex supermanifolds.

Proposition 13 Let ¢ be a continuous one-parameter subgroup of automorphisms on M.
Then the action of ¢ on M is analytic.

Remark 14 The statement of Proposition 13 also holds true for complex supermanifolds M
with non-compact underlying manifold M as compactness of M is not needed for the proof.
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For the proof of the proposition the following technical lemma is needed:

Lemma 15 Let U € V. C C™ be open subsets, p € U, 2 C R an open connected
neighbourhood of 0, and let « : 2 x U — V be a continuous map satisfying

a(t,z) =a(t+s,2) — f(t,s,2)

for (t, s, z) in a neighbourhood of (0,0, p) and for some continuous function f which is
analytic in (t, z). If o is holomorphic in the second component, then it is analytic on a
neighbourhood of (0, p).

Proof Forsmall t, h > 0, z near p, we have
h h
h-a(t,z) = / a(t +s,z)ds — / f(t,s,2ds
0 0
h+t h h
= / (s, z)ds —/ (s, z)ds —/ (f(t,s,2) —a(s,z))ds
t 0 0
h+t t h
= / (s, z)ds —/ (s, z)ds —/ (f(t,s,2) —a(s,z))ds
h 0 0
! h
= / (a(s +h,z) —als, 2))ds —/ (f(@,s,2) —als, z))ds
0 0

t h
2/ f(s,h,z)ds—/ (f(,s,2) —al(s, z2))ds.
0 0

The assumption that f is a continuous function which is analytic in the first and third com-
ponent therefore implies that « is analytic. O

Proof (of Proposition 13) Due to the action property ¢s4+; = @y o ¢ it is enough to show
the statement for the restriction of ¢ to (—¢, &) x M for some ¢ > 0. Let U,V C M be
open subsets such that U is relatively compact in V, and such that there are local coordinates
Z1y s Zms &1y - - - &g on V for M. Choose ¢ > 0 such that ¢,(U) C V forany r € (—¢, &).
Let «;,, B;,1 be continuous functions on (—¢, &) x U with

(@)* (@) = ) ain(t, 2)E"

[v[=0
and
(@)*E) =Y Bjvt, D&,
[v|=1
where |[v| = |(vi,...,v)| = (v + ...+ v,) mod 2 € Z;. We have to show that « and 8

are analytic in (¢, z). The induced map ¥’ : (—¢, &) x U x C* — V x C" on the underlying
vector bundle is given by

4] ar,0(t, 2)
am.o(t,
‘. im — . m,O( 2) i
V] D i1 B, Dk
Un Y et Buk(t, 2)vk
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where B = Bj,e ifex = (0,...,0,1,0,...,0) denotes the k-th unit vector. The map W’
is a local continuous one-parameter subgroup on U x C" because ¢ is a continuous one-
parameter subgroup. By aresult of Bochner and Montgomery the map v/’ is analyticin (¢, z, v)
(see [4], Theorem 4). Hence, the map ¥ : (—&, &) x U — V given by (¥)*(z;) = «; (¢, 2),
W) Ej) = ZZ:l Bj.x(t, )&k is analytic. Let X be the local vector field on ¢/ induced by
v, ie.

a
X(f)=§

W) (f).
0

We may assume that X is non-degenerate, i.e. the evaluation of X in p, X (p), does not
vanish for all p € U. Otherwise, consider, instead of ¢, the diagonal action on C x M
acting by addition of ¢ in the first component and ¢, in the second, and note that this action
is analytic precisely if ¢ is analytic. For the differential dyr of ¥ in (0, p) we have

a a

Therefore, the restricted map ¥|(—¢,¢) x (p} is animmersion and its image ¥ ((—¢, £) X {p})
is a subsupermanifold of V. Let S be a subsupermanifold of ¢/ transversal to ¥ ((—e, €) x {p})
in p. The map V¥ |(—¢¢)xs is a submersion in (0, p) since dyr (T(o,p)(—¢,€) x {p})) =
Tyy((—e,e) x {p}) and dy¥(T(0, {0} x S) = T,S because ¥ |jojxyy = id. Hence x :=
¥l(—e,e)xs 18 locally invertible around (0, p), and thus invertible as a map onto its image
after possibly shrinking U and ¢, and

oY = X(p) #0.

©,p)

0 0
X (f> Yo s ox = (Y ox*oX = X.

at at
Therefore, after defining new coordinates wy, ..., Wy, 01, ..., 6, for Mon U via x, we
have X = 33“ and (¢;)* is of the form

(@) ) =wi+14+ Y, we’,

[v]=0,v£0
(@) ) =wi+ Y iyt we” fori# 1,
[v|=0,v7£0
@) O)=0;+ Y Bjult,we",
[vI=1,[v]l#1
for appropriate «; v, B v, Where [[v]| = [[(vi, ..., vl =vi + - + vy,

For small s and ¢t we have

o (9F(wi) = ¢ | wi + 81,5 + Z o (s, w)o"

[v[=0,[[v]|#0
=wi+s1+)+ Y antwl + Y (s, we").
[v|=0,[Iv]|#0 [v[=0,{[v]|#0
(1
Let f;,(t, s, w) be such that
Yo g wd) = D fiult s, w)’ ©))
[v[=0,[Iv]|#0 [v[=0,[Iv]|#0
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For fixed vy the coefficient f; y, (¢, s, w) of 6'° depends only ona; ,, (s, w+tey), B, . (¢, w)
for p with ||| < [[vol|—1,and @}, (f, w) and its partial derivatives in the second component
for v with ||v|| < ||vg|| — 2. This can be shown by a calculation using the special form of
¢/ (w;) and ¢; (#;) and general properties of the pullback of a morphism of supermanifolds.
Assume now that the analyticity near (0, p) of «; ,, B, is shown for ||v]], [|u|| < 2k and
all i, j. Let vp be such that ||vg|| = 2k. Then f; ,,,(¢, s, w) is a continuous function which is
analytic in (¢, w) near (0, p) for fixed s. Since ¢; (@] (w;)) = go,*_H (wj), using (1) and (2) we
get

ai,vo([7 w) + ﬁ.vo(ta s, U)) = “i,vo([ +S7 w)s

and thus «; ,, (¢, w) is analytic near (0, p) by Lemma 15. Similarly, it can be shown that
Bj.uo 1s analytic for ||uol| = 2k + 1 if o 0, B, for [|v]], ||l < 2k + 1. m]

Corollary 16 The Lie algebra of Autg(M) is isomorphic to the Lie algebra Vecg(M) of
even super vector fields on M, and Auty(M) is a complex Lie group.

Proof If y : R — Autg(M), t — y; is a continuous one-parameter subgroup, then by
Proposition 13 the action of ¢ on M is analytic. Therefore, y induces an even holomorphic
super vector field X (y) on M by setting

0
X(y) = 5 (J/t)*,
0

and y is the flow map of X (y). On the other hand, since M is compact, the underlying vector
field of each X € Vecy(M) is globally integrable and the proof of Theorem 5.4 in [12] then
shows that X is also globally integrable. Its flow defines a one-parameter subgroup y* of
Autg (M), which is continuous. This yields an isomorphism of Lie algebras

Lie(Autg(M)) — Vecy(M).

Consequently, we have Lie(Autg(M)) = Vecy(M) and since Vecg(M) is a complex Lie
algebra, Autg (M) carries the structure of a complex Lie group. O

The Lie group Autgi(M) naturally acts on M; this action ¢ : Autg(M) x M — M
is given by ev, o Y* = g* where ev, denotes the evaluation in g € Autg(M) in the first
component.

Corollary 17 The natural action of Autg(M) on M defines a holomorphic morphism of
supermanifolds ¥ : Autg(M) x M — M.

Proof Since the action of each continuous one-parameter subgroup of Autz(M) on M is
holomorphic by the preceding considerations, and each g € Autj(M) is a biholomorphic
morphism g : M — M, the action ¥ is a holomorphic. O

If a Lie supergroup G (with Lie superalgebra g of right-invariant super vector fields) acts
on a supermanifold M via ¥ : G x M — M, this action i induces an infinitesimal action
dyr : g — Vec(M) defined by dyr (X) = (X (e) ®id’ () oyy* forany X € g, where X ®id’,
denotes the canonical extension of the vector field X on G to a vector field on G x M, and
(X(e)® idj\/l) is its evaluation in the neutral element e of G.

Corollary 18 Identifying the Lie algebra of Autg(M) with Vecg(M) as in Corollary 16, the
induced infinitesimal action of the action ¥ : Autg(M) x M — M in Corollary 17 is the
inclusion Vecy(M) — Vec(M).
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6 The Lie superalgebra of vector fields

In this section, we prove that the Lie superalgebra Vec(M) of holomorphic super vector
fields on a compact complex supermanifold M is finite-dimensional.

First, we prove that Vec(M) is finite-dimensional if M is a split supermanifold using that
its tangent sheaf 7\ is a coherent sheaf of Oj7-modules, where Oy denotes again the sheaf
of holomorphic functions on the underlying manifold M. Then the statement in the general
case is deduced using a filtration of the tangent sheaf.

Remark that since Autg(M) is a complex Lie group with Lie algebra isomorphic to the
Lie algebra Veci(M) of even holomorphic super vector fields on M (see Corollary 16), we
already know that the even part of Vec(M) = Vecy(M) @ Veci (M) is finite-dimensional.

Lemma 19 Let M be a split complex supermanifold. Then its tangent sheaf Tp, is a coherent
sheaf of Opr-modules.

Proof Since M is split, its structure sheaf O, is isomorphic to A € as an Op-module,
where £ is the sheaf of sections of a holomorphic vector bundle on the underlying manifold
M . Thus, the structure sheaf O ¢, and hence also the tangent sheaf 74, carry the structure of
a sheaf of Oj/-modules. Let U C M be an open subset such that there exist even coordinates
21, -- ., Zm and odd coordinates &1, ..., &,. Any derivation D € 7p4(U) on U can uniquely
be written as

m ) a n ) 3
D= Y| fin2)E a—a+;g,¢v(x)s %

ve(Zy)" \i=I

where f; ,, gj,v are holomorphic functions on U. Therefore, the restricted sheaf Th|y is
isomorphic to (Oy |U)2" 0n+n) and Thy is coherent over Q. O

Proposition 20 The Lie superalgebra Vec(M) of holomorphic super vector fields on a com-
pact complex supermanifold M is finite-dimensional.

Proof First, assume that M is split. Then the tangent sheaf 7, is a coherent sheaf of Oyy-
modules. Thus, the space of global sections of 7, Vec(M) = T4 (M), is finite-dimensional
since M is compact (cf. [9]).

Now, let M be an arbitrary compact complex supermanifold. We associate the split com-
plex supermanifold gr M = (M, gr O aq) as described in Section 2. Let Z r denote as before
the subsheaf of ideal in O generated by the odd elements. Define the filtration of sheaves
of Lie superalgebras

Tm = (T 1) D (Tram)0) D (Ta) ) D+ D (Ta)(m+1) =0
of the tangent sheaf 74 by setting
(Tm) ) = {D € Tal D(Om) C @a)*, D@ C T )
for k > 0. Moreover, define gr, (Ta1) = (Ta) )/ (Tam) k+1) and set
e (Th) = P e (Tw).
k>—1

By [19], Proposition 1, the sheaf gr(7x,) is isomorphic to the tangent sheaf of the asso-
ciated split supermanifold gr M. By the preceding considerations, the space of holomorphic
super vector fields on gr M,
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Vec(gr M) = gr(Tp) (M) = @B e (Ta) (M),
k>—1

is of finite dimension. The projection onto the quotient yields

dim(Ta) (k) (M) — dim(Taq) (k1) (M) < dim(gry (Taq) (M)
and dim(7x1) () (M) = dim(gr,,(Z7r)(M)) and hence by induction
dim(Th) gy (M) < ) dim(gr; (Ta) (M),
Jj=k
which gives
dim (T (M) = dim ((Zag)(-1)(M)) < dim (gr(Tpm) (M) .

In particular, dim(7(M)) is finite. ]

Remark 21 The proof of the preceding proposition also shows the following inequality:

dim(Vec(M)) < dim(Vec(gr M))

7 The automorphism group

In this section, the automorphism group of a compact complex supermanifold is defined. This
is done via the formalism of Harish-Chandra pairs for complex Lie supergroups (cf. [24]).
The underlying classical Lie group is Autg(M) and the Lie superalgebra is Vec(M), the Lie
superalgebra of super vector fields on M. Moreover, we prove that the automorphism group
satisfies a universal property.

Consider the representation « of Autg(M) on Vec(M) given by

a(@)(X) =g(X)=(g N 0Xog" for ge Autg(M), X € Vec(M).

This representation « preserves the parity on Vec(M), and its restriction to Vecg (M) coin-
cides with the adjoint action of Auti(M) on its Lie algebra Lie(Autz(M)) = Vecg(M).
Moreover, the differential (da)iq at the identity id € Autg(M) is the adjoint representation
of Vecy (M) on Vec(M):

Let X and Y be super vector fields on M. Assume that X is even and let ¢* denote the
corresponding one-parameter subgroup. Then we have

d
(d@)a(O) = — (0. (Y) =[X,Y];
0

see e.g. [2], Corollary 3.8. Therefore, the pair (Autg (M), Vec(M)) together with the repre-
sentation « is acomplex Harish-Chandra pair, and using the equivalence between the category
of complex Harish-Chandra pairs and complex Lie supergroups (cf. [24], § 2), we can define
the automorphism group of a compact complex supermanifold M as follows:

Definition 2 Define the automorphism group Aut(M) of a compact complex superman-

ifold to be the unique complex Lie supergroup associated with the Harish-Chandra pair
(Auty(M), Vec(M)) with adjoint representation «.
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Since the action ¥ : Autg(M) x M — M induces the inclusion Vecj(M) —
Vec(M) as infinitesimal action (see Corollary 18), there exists a Lie supergroup action
v Aut(M) x M — M with the identity Vec(M) — Vec(M) as induced infinitesimal
action and '1’|Aut(,(/\/l)><./\/t = ¥ (cf. Theorem 5.35 in [2]).

The automorphism group together with ¥ satisfies a universal property:

Theorem 22 Let G be a complex Lie supergroup with a holomorphic action Wg : G x M —
M. Then there is a unique morphism o : G — Aut(M) of Lie supergroups such that the
diagram

vg
G x M M

Aut(M) x M

is commutative.

Proof Let G be the underlying Lie group of G. For each g € G, we have a morphism ¥g(g) :
M — M by setting (¥g(g))* = evg o (Wg)*. This morphism ¥g(g) is an automorphism
of M with inverse Wg(g~") and gives rise to a group homomorphism & : G — Autzg(M),
g ¥g(g).

Let g denote the Lie superalgebra (of right-invariant super vector fields) of G, and d¥g :
g — Vec(M) the infinitesimal action induced by ¥g. The restriction of d¥g to the even part
g5 = Lie(G) of g coincides with the differential (d5), of ¢ at the identity e € G.

Moreover, if ag denotes the adjoint action of G on g, and « denotes, as before, the adjoint
action of Autj(M) on Vec(M), we have

d¥g(ag(g)(X)) = (Fg(g™ )" 0 d¥g(X) o (Wg(g))*
= G(g )" od¥g(X) o (5(g))*
= a(5(9)(d¥g (X))

for any g € G, X € g. Using the correspondence between Lie supergroups and Harish-
Chandra pairs, it follows that there is a unique morphism ¢ : G — Aut(M) of Lie
supergroups with underlying map & and derivative d¥g : g — Vec(M) (see e.g. [24],
§ 2), and o satisfies ¥ o (0 x idp) = Y.

The uniqueness of o follows from the fact that each morphism 7 : G — Aut(M) of
Lie supergroups fulfilling the same properties as o necessarily induces the map d¥g :
g — Vec(M) on the level of Lie superalgebras and its underlying map 7 has to satisfy
T(g) = ¥g(g) = (). |

Remark 23 Since the morphism ¢ in Theorem 22 is unique, the automorphism group of a
compact complex supermanifold M is the unique Lie supergroup satisfying the universal
property formulated in Theorem 22.

Remark 24 'We say that areal Lie supergroup G acts on M by holomorphic transformations if
the underlying Lie group G acts on the complex manifold M by holomorphic transformations
and if there is a homomorphism of Lie superalgebras g — Vec(M) which is compatible
with the action of G on M. Using the theory of Harish-Chandra pairs, we also have the Lie
supergroup GC, the universal complexification of G; see [14]. The underlying Lie group of
GC is the universal complexification GC of the Lie group G. Let g = gj ® gj denote the Lie
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superalgebra of G, gg the Lie algebra of G. Then the Lie algebra gé-)c of GT is a quotient of
g5 ® C, and the Lie superalgebra of GC can be realized as gé-)c @ (g7 ® C). The action of G

on M extends to a holomorphic G -action on M, and the homomorphism g — Vec(M)
extends to a homomorphism gé-)c @ (g7 ® C) — Vec(M) of complex Lie superalgebras,

which is compatible with the GC-action on M. Thus, we have a holomorphic G-action
on M extending the G-action. Moreover, there is a morphism o : G& — Aut(M) of Lie
supergroups as in Theorem 22.

Example 25 Let M = C%. Denoting the odd coordinate on CO by &, each super vector
field on CO1' is of the form X = aé%—}—b% fora,b € C.Theflow¢ : Cx M — M ofaé%
is given by (¢,)*(&) = €&, and the flow ¥ : COl! x M — M ofb% by v*(&) = bt +&.
Let X = S% and X| = % Then Vec(CM) = CXo @ CX; = C'', where the Lie
algebra structure on cHll g given by [Xo, X1] = —X and [X1, X{] = 0. Note that this Lie
superalgebra is isomorphic to the Lie superalgebra of right-invariant vector fields on the Lie
supergroup (c, 1o.1), where the multiplication ;& = w1 is given by u*(t) = t; + 2 and
w*(t) = 11 + €'l 1p; for the Lie supergroup structures on CH! gee e.g. [12], Lemma 3.1. In
particular, the Lie superalgebra Vec(C°!!) is not abelian.

Since each automorphism ¢ of CO!! is given by ¢*(£) = ¢ - & for some ¢ € C, ¢ # 0, we
have Autg(Cl!) = C*.

8 The functor of points of the automorphism group

In [22], the diffeomorphism supergroup of a real compact supermanifold is proven to carry
the structure of a Fréchet Lie supergroup. This diffeomorphism supergroup is defined using
the “functor of points” approach to supermanifolds, i.e. a supermanifold is a representable
contravariant functor from the category of supermanifolds to the category of sets. Starting
with a supermanifold M we define the corresponding functor Hom(—, M) by the assignment
N +— Hom(N, M), where Hom(N, M) denotes the set of morphisms of supermanifolds
N — M, and for morphisms « : N1 — A, between supermanifolds N} and N> we define
Hom(—, M)(«) : Hom(N>, M) — Hom(N7, M) by ¢ — ¢ o a.

In analogy to the definition in [22] for the diffeomorphism supergroup, a functor Aut(M)
associated with a complex supermanifold M can be defined. In the case of a compact complex
supermanifold M, the automorphism Lie supergroup as defined in Section 7 represents the
functor Aut(M), i.e. the functors Aut(M) and Hom(—, Aut(M)) are isomorphic. This is
proven in [3], Section 5.4. Here we give an outline of the main steps in the proof.

Definition 3 Let M be a complex supermanifold. We define the functor Aut(AM) from the
category of supermanifolds to the category of groups as follows:
On objects, we define Aut(M) by the assignment

N = {p : N x M — N x M| g is invertible, and prys o ¢ = pry},

where pry @ N x M — N is the projection. For morphisms o : N} — N3, we set
Aut(M)(ar) : Aut(M)(N2) — Aut(M)(N),

@ = (idaq x (prag o @ o (a x iday))) o (diag x idaq),
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denoting by diag : /i — N} x| the diagonal map and by pr ,, the projection onto M. Thus
Aut(M) () () is the unique automorphism v : A7 x M — N7 x M with Pry, oV =pry,
and pr o =pry oo (a X idpg).

The group structure on Aut(M)(N) is defined by the composition and inversion of auto-
morphisms A" x M — A x M, and the neutral element is the identity map N' x M — N x M.

Let x : N — Aut(M) be an arbitrary morphism of complex supermanifolds and let
¥ : Aut(M) x M — M denote the natural action of Aut(M) on M. Then the composition

@y = (dy x (¥ o (x xidaq))) o (diag x idaq)

is an invertible map N x M — N x M with pry, = prys o ¢,. This defines a natural
transformation:

Lemma 26 The assignments Hom(N', Aut(M)) — Aut(M)(N), x > @y, define anatural
transformation Hom(—, Aut(M)) — Aut(M).

This statement of the lemma can be verified by direct calculations; see also Lemma 5.4.2
in [3].

The natural transformation between Hom(—, Aut(M)) and Aut(M) is actually an iso-
morphism of functors. The injectivity of the assignment x > ¢, follows from the fact
that the Aut(,M)-action on M is effective. As a generalization of the classical definition of
effectiveness, we call an action ¥ of a Lie supergroup G on a supermanifold M effective if
for arbitrary morphisms i, x2 : N' — G of supermanifolds the equality

Yo (x1 xida) =W o (x2 x ida)

implies 1 = xo2; cf. Section 2.5 in [3].

In the proof of the surjectivity a “normal form” of the pullback of automorphisms ¢ :
CO% x M — CO% x M with preok o = preog is used. Let M be a complex supermanifold
and ¢ : C%% x M — C% x M be an invertible morphism with preox o ¢ = preog.
Lett : M < {0} x M C C% x A denote the canonical inclusion. The composition
@ = pr, o @ ot is an automorphism of M. Then ¢ is uniquely determined by ¢ and a set
of super vector fields on M:

Lemma 27 Let ¢ : CO% x M — CO% x M be an invertible morphism with preox o ¢ =
preok. Let T1, ..., T denote coordinates on CO* = CO% % M. Then there are super vector
fields X, on M, of parity |v| for v € (Z2)¥, v # 0, such that

" = (idcox x @)* exp ZIVXV ,
v#0

By 1V X, we mean the super vector field on CO% x M which is induced by the extension
of the super vector field X,, on M to a super vector field on the product CO% x M followed
by the multiplication with t° = T, ...t,:k. In other words for U € M open we have
' Xo(f) = 0 for f € Ocox({0}) C Ocor a({0} x U) and (" X,)(g) = "X, (g) for
8 € OMm(U) C Opoiky p ({0} x U) considering X, (g) as a function on the product.

@ Springer



874 H. Bergner, M. Kalus

Moreover,

exp Z‘L’UXU :Z% ZTVXV
n>0

v#0 v#0
. . . k+1
is a finite sum since (ZV#O 'L'VXV> =0

A version of this lemma is also proven in [22], Theorem 5.1. A different proof using the
relation between nilpotent even super vector fields on a supermanifold and morphisms of
this supermanifold satisfying a certain nilpotency condition as formulated in Sect. 2 is also
possible; for details see also [3], Lemma 5.4.3.

Using the normal form of the lemma, we can prove that the assignment x +— ¢, defines
a surjective map by directly constructing a morphism x with ¢, = ¢ forany ¢ : N' x M —
N x M with prr o ¢ = pry,. It is here enough to prove this statement locally (in ') and
thus to consider the case where ' = N x C%* for a classical complex manifold N. In the
following we indicate how such a morphism x can be defined; for the proof that x fulfills
the desired property ¢, = ¢ see Proposition 5.4.4 in [3].

Letgp : N x C% x M — N x C% x M be an invertible morphism with pr . cox 0 ¢ =
pry ok Bach z € N induces an invertible morphism ¢, : CO% x M — Co%* x M with
preok o @, = preok, and the family ¢, z € N, uniquely determines ¢.

Let X, ; be super vector fields on M of parity |v], v € (Z2)*,v #0,and @, : M — M
automorphisms such that ¢} = (idgcox x @,)* exp (Zv;&o X U,Z) as in Lemma 27. Since
¢ is holomorphic, the coefficients of the super vector fields X, ; and the pullbacks ¢} in
local coordiantes depend holomorphically on z € N. Each ¢, is the automorphism of M
induced by the evalutation in (z,0) € N X COY and an element of Auty(M) by definition.
Let evg, denote the evaluation in ¢, i.e. evg, is the pullback of the canonical inclusion
{@:) <> Aut(M), and let pry ) : N x COF x Aut(M) — Aut(M) be the projection. We
define x : N x Co% — Aut(M) as the morphism whose underlying map is {z} — {@,} C
Auty(M) and whose pullback evaluated in z € N is

X5 = (diou ®evg) oexp | Y (X0 | © Praymy:
v#0
where (X, ;)r denotes the right-invariant super vector field on Aut(M) corresponding to
the super vector field X, ; on M which is an element of the Lie superalgebra Vec(M) of
Aut(M).
The next proposition is then a consequence of Lemma 26 and the surjectivity of the
assignment x > @, .

Proposition 28 (See [3], Corollary 5.4.5) The functors Aut(M) and Hom(—, Aut(M))
are isomorphic. This isomorphism is realized by the natural transformation introduced in
Lemma 26.

9 The case of a superdomain with bounded underlying domain

In the classical case, the automorphism group of a bounded domain U C C™ is a (real)
Lie group (see Theorem 13 in “Sur les groupes de transformations analytiques” in [8]). If
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U C €™ is a superdomain whose underlying set U is a bounded domain in C™, it is in
general not possible to endow its set of automorphisms with the structure of a Lie group such
that the action on I/ is smooth, as will be illustrated in an example. In particular, there is no
Lie supergroup satisfying the universal property as the automorphism group of a compact
complex supermanifold M does as formulated in Theorem 22.

Example 29 Consider a superdomain{ of dimension (1]2) whose underlying setis abounded
domain U C C. Let z, 01, 6, denote coordinates for M. For any holomorphic function
f on U, define the even super vector field Xy = f (z)019238—z. The reduced vector field

X = 0is completely integrable and thus the flow of X ; can be defined on C x ¢/ (cf. [12]
Lemma 5.2). The flow is given by (¢;)*(z) = z +1 - f(2)0162 and (¢;)*(0;) = 0;. For all
holomorphic functions f and g we have [X r, X,] = 0, and thus their flows locally commute
(cf. [2], Corollary 3.8). Therefore, {X | f € O(U)} = O(U) is an uncountably infinite-
dimensional abelian Lie algebra. If the set of automorphisms of ¢/ carried the structure of a
Lie group such that its action on ¢/ was smooth, its Lie algebra would necessarily contain
{Xr| f € OU)} = O(U) as a Lie subalgebra, which is not possible.

10 Examples

In this section, we determine the automorphism group Aut(M) for some complex superman-
ifolds M with underlying manifold M = P;C.

Let L; denote the hyperplane bundle on M = P;C with sheaf of sections O(1), and
Li = (L1)®* the line bundle of degree k, k € Z, on P C, and sheaf of sections O(k). Each
holomorphic vector bundle on P; C is isomorphic to a direct sum of line bundles Ly, ®. . .@ Ly,
(see [11]). Therefore, if M is a split supermanifold with M = P;C and dim M = (1|n),
there exist ki, ..., k, € Z such that the structure sheaf O of M is isomorphic to

NO*) ® ... ® Okn)).

LetUj ={lzo: 211 € P1C|z; #0},j =1,2,andU4; = (U}, Omlu;)- Moreover, define
Up* = Up \ {[1:0]} and U1* = Uy \ {[0: 1]}, and let U;* = (U;*, OM|Uj*). We can now
choose local coordinates z, 61, ..., 6, for M on Uy, and local coordinates w, 1, ..., n, on
U, so that the transition map x : Uy™ — U;*, which determines the supermanifold structure
of M, is given by

1 )
X*(w) = - and x*(nj) =26;.

Example 30 Let M = (P1C, Oxq) be a complex supermanifold of dimension (1]1). Since
the odd dimension is 1, the supermanifold M has to be split. Let —k € Z be the degree of the
associated line bundle. Choose local coordinates z, 6 for M on Uy and w, n on U; as above
so that the transition map x : Up™ — U™ is given by x*(w) = % and x*(n) = Zi,ﬁ.

We first want to determine the Lie superalgebra Vec(M) of super vector fields on M.
A calculation in local coordinates verifying the compatibility condition with the transition
map x yields that the restriction to Uy of any super vector field on M is of the form

N 3 3 3
(g + a1z + a2z )8fz+(ﬂ+ktx2z)9£ + p(z)£+q(z)9£ ,

where ag, a1, a2, B € C, p is a polynomial of degree at most &, and ¢ is a polynomial of
degree at most 2 — k. If k < O (respectively 2 — k < 0), the polynomial p (respectively g)
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is 0. The Lie algebra Vecg (M) of even super vector fields is isomorphic to sl (C) & C, where
an isomorphism 5l (C) & C — Vecy(M) is given by

a b 2 9 X d
<(C —a) ,d) = (=b —2az +cz )aZ + ((d — ka) +kcz)089.

Note that since the odd dimension of M is 1 each automorphism ¢ : M — M gives rise
to an automorphism of the line bundle L_; and vice versa. Hence, the automorphism group
Aut(L_¢) of the line bundle L_j and Autg(M) coincide.

A calculation yields that the group Autg (M) of automorphisms M — M can beidentified
with PSL,(C) x C* if k is even and with SL,(C) x C* if k is odd. Consider the element
((45).s), where s € C* and (%) is either an element of SL(C) or the representative of
the corresponding class in PSL;(C). The action of the corresponding element ¢ € Autg(M)
on M is then given by

" c+dz N 1
) = d 0)=——— 0
¢ (2) PRl @™ (0) ((a+bz)k+s

as a morphism over appropriate subsets of Uy and by

aw + b
" (w) = ;

o 1
Td and ¢"(n) = <7(cw+d)k +s>n

over appropriate subsets of Uj.

The Lie supergroup structure on Aut(M) is now uniquely determined by Autg(M),
Vec(M), and the adjoint action of Autj(M) on Vec(M). Since Autz(M) is a connected
Lie group, it is enough to calculate the adjoint action of Vecg(M) = s[,C @ C on Vecy(M).

Let P; denote the space of polynomials of degree at most /, and set P, = {0} for
| < 0{. The space of odd super vector fields Vecy(M) is isomorphic to Py @ P>_j via
(PR +9@0L) — (p(2), 4(2)).

The element H = ((1) _01) € 5 (C) C sl (C) & C = Vecy(M) corresponds to _218% —
k@%. The adjoint action of this super vector field on the first factor Py of Vecj(M) is
given by by —2z% + k - 1d, and on the second factor P>_j by —21% + 2 —k) -1d
Calculating the weights of the sl (C)-representation on P; and P>k, we get that Py is
the unique irreducible (k + 1)-dimensional representation and P>_j the unique irreducible
(3 — k)-dimensional representation. Moreover, a calculation yields thatd € C corresponding
tod - 9% € Vecy(M) acts on Py by multiplication with —d and on P,_; by multiplication
with d.

If k < Oork > 2, we have

[Veci(/\/l), Veci(./\/l)] =0.

In the case k = 0, we have P, = C. Since [%, q(2)60 3%] = q(z)% for any g € P>, we get

[Veci (M), Vec; (M)] = {a (2) B%

ae Pz} =50 (0),

and the map Py x P — Vecz(M), (X,Y) — [X, Y], corresponds to C x P, — Vecy(M),
(P.q(@) > p-qR)E.
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Similarly, if k = 2, we have P,_; = C, and

a a
[Veci (M), Veci(M)] = { (o0 + a1z + azzz)a—z + (a1 + 2a2z)93f9

oj € (C}
=s5hL(C)

since [p(z) 339, az] = p(z) TP "(2)0 a5 and the map P> x Py — Vecy(M), (X,Y)
[X, Y], corresponds to P, x C — Vecyg(M), (p(2),q) — q - p(Z)a% +q ~p’(z)9%
If k =1, then P, & P,_; = C> @ C2. We have

b B a b B b b
— 00— |=—,|z2—,0— z—+ 60—
00 0z 0z 00 0z 9z 90’

90 D [0 8]0, 40
20" oz | T Yoz [Fee Mz | T 0z T e

and consequently [Veci (M), Vecy(M)] = Vecyg(M).
Remark that Aut(M) carries the structure of a split Lie supergroup if and only if k < 0
or k > 2 (cf. Proposition 4 in [24]).

Example 31 Let M = (P1C, Oaq) beasplit complex supermanifold of dimension dim M =
(1]2) associated with O(—k) ® O(—k2), ki1, ko € Z. We will determine the group Autg(M)
of automorphisms M — M.

We choose coordinates z, 0, 6, for Uy and w, 11, ny for U as described above such that
the transition map x is given by x*(w) = z~! and x*(mj) = z_kf«9j.

The action of PSL;(C) on P;C by Mobius transformations lifts to an action of SL,(C) on
M by letting A = (‘g Z) € SL,(C) act by the automorphism ¢4 : M — M with pullback

d ¢i0,)=(@a+b) "o

w, . ctdz
(pA(Z)_a—i-bZ

as a morphism over appropriate subsets of Uy, and

aw + b

— and @3 (n;) = (cw+d)™"n;

(/)A( )_

over appropriate subsets of U;. Using the transition map x one might also calculate the
representation of ¢ in coordinates as a morphism over subsets Uy — U; and U; — Up.

If k1 and k; are both even, we have ¢4 = Id for A = ( _01 01 ) and thus we get an action
of PSL,(C) on M.

Consider the homomorphism of Lie groups ¥ : Autg(M) — Aut(P;C) assigning to
each automorphism ¢ : M — M the underlying biholomorphic map ¢ : P;C — P;C. This
homomorphism ¥ is surjective since Aut(lP;C) = PSL;,(C) and since the PSL; (C)-action
on P C lifts to an action (of SL,(C)) on the supermanifold M. The kernel ker ¥ of the
homomorphism ¥ consists of those automorphisms ¢ : M — M whose underlying map ¢
is the identity P;C — IP|C. This kernel ker ¥ is a normal subgroup, SL,(C) acts on ker ¥,
and we have

Autg(M) = ker ¥ x SL,(C)

if k1 and ky are not both even, and Autg(M) = ker ¥ x PSL,(C) if k1 and k5 are even. Thus,
it remains to determine ker ¥ .
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Let ¢ : M — M be an automorphism with ¢ = Id. Let f and bjx, j,k = 1,2, be
holomorphic functions on Uy = C such that the pullback of ¢ over Uy is given by

0*@2) =z+ f(2)016; and ¢*(0) = B(2)0,

where B(z) = (Z;Eg ZZE?;) and ¢*(0) = B(z)0 is an abbreviation for

©*(0;) =bj1(2)01 + bj2(2)02 for j = 1,2.
Similarly, let g and c;; be holomorphic functions on U; = C such that the pullback of ¢
over U] is given by
¢*(w) = w+gw)mnz and ¢*(n) = C(2)n,

where C(z) = (2: 8 z; 8 ) The compatibility condition with the transition map x gives

now the relation
1
f@) = =2tk <f) for z € C*.
z

Therefore, f and g are both polynomials of degree at most 2 — (k1 + k»), and they are O in
the case k| + ko > 2. For the matrices B and C we get the relation

koo 1\ (z7% 0
b4 Z *
B(Z) = ( 0 Zk2> C (;) < 0 Z7k2> forz € Cc*.

If ky = ko, this implies B(z) = C (1) for all z € C*. Thus, B(z) = B and C(w) = C are
constant matrices, and B = C € GL;(C) since ¢ was assumed to be invertible. Consequently,
we have

ker¥ = Pr_(k,+k) % GL2(C)

in the case k| = k>, where P>_,1k,) denotes the space of polynomials of degree at most

2 — (k1 + k) if k1 + ko < 2 and P>k, k) = {0} otherwise. The group structure on the

semidirect product is given by (f1(z), B1) - (f2(2), B2) = (det By f1(z) + f2(z), B1B2).
Let now k; # k». After possibly changing coordinates we may assume k; > kp. Then we

have
(o 1\ (z7f 0\ e (L) ke (1)
B(z) = ( 0 Zk2> ¢ <g) ( 0 Z—kz) = (Zszklc;] (%) F (l) ) )

for all z € C*. This implies that b1 = c¢11 and byy = ¢y are constants. Since we assume
k1 > ko, we also get b1 = ¢31 = 0 and by3 and ¢y, are polynomials of degree at most
ki — k». Therefore,

~ A p(z
ker ¥ = Py (g +ky) X { (O p; )> ‘ rpeC*pe Pkl_kz},

and the group structure is again given by

(/1(2), B1) - (f2(2), B2) = (det By f1(z) + f2(z), B1B2)

for f1, f2 € Po—(kj+ky)» B1. B2 € {(épff)) ‘ rueC* pe Pk|—k2}-

The semidirect product ker & x SLo(C) (or ker & x PSL,(C)) is a direct product if and
only if ky = ky and ky + ko > 2.
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Example 32 Let M = (P;C, Oaq) be the complex supermanifold of dimension dim M =
(1]2) given by the transition map x : Up™ — U;* with pullback

*(w)—l+109 and x*( ')—ie'
X = Z3]2 XU/—Z21~

The supermanifold M 1is not split and the associated split supermanifold corresponds to
O(-2) & O(—2); seee.g. [7].

As in the previous example, the action of PSL,(C) on P;C by Mobius transformations
lifts to an action of PSL,(C) on M. Let A denote the class of (¢5) € SL,(C) in PSLy(C).
Then A acts by the morphism ¢4 : M — M whose pullback as a morphism over appropriate
subsets of Uy is given by

crdz b g6 and ot0)=— 0.
a+bz (atbo? 2 AT 2

Let ¥ : Autg(M) — Aut(P|C) = PSL;(C) denote again the Lie group homomor-
phism which assigns to an automorphism of M the underlying automorphism of P C. The

assignment A — @4 € Autz(M) defines a section PSL(C) — Autg(M) of ¥, and we
have

Yi() =

Auty(M) = ker ¥ x PSL,(C).

The section PSL>(C) — Autg(M) induces on the level of Lie algebras the morphism
o : 50(C) < Vecy(M), which maps an element (¢ 2 ) € sl5(C) to the super vector field
on M whose restriction to U is

9 9 9
—2az — bz? — b016;) — —2 b)) (61— +6— ).
(c —2az — bz 162) 5. 2@t Z)<1891+ 2802)

We now calculate the kernel ker ¥. Let ¢ € ker ¥. Its underlying map ¢ is the identity
and we thus have

©*(2) = z+ap(2)016, and ¢*(0) = Ap(2)0
on Uy and

¢*(w) =w+ai(w)nn and ¢*(n) = A(w)n

on U; for holomorphic functions ap and a; and invertible matrices Ag and A; whose
entries are holomorphic functions. The notation ¢*(#) = Ay(z)0 (and similarly ¢*(n) =
A1 (w)n) is again an abbreviation for ¢*(8;) = (Ao(2)) ;101 + (Ao(2)) j2602, where Ap(z) =
((Ao(z)) jk) I<j k<2’ A calculation with the transition map x then yields the relations

1 1 1 1 1
Aj(w) = Ag (E) and aj(w) = E <(det Ag <E> _ 1) _ ;ao <E>)

for any w € C*. Since ay, aj, Ay, and A are holomorphic on C, we get that Ag = A are
constant matrices, det Ao = 1, and ap = a; = 0. Therefore, ker ¥ = SL,(C), and its Lie
algebra is

0 0 aii ap
0 ) — 0 6)) — L©C)¢.
{(all 1+ anb) 30, + (a2161 + ax6») 30, <a21 4 € sh(C)

Since Lie(ker ¥) and o (Lie(PSL, (C)) commute, the semidirect product ker ¥ xPSL, (C)
is direct and we have

Autg(M) = SLy(C) x PSLy(C).

@ Springer



880 H. Bergner, M. Kalus

Remark in particular that this group is different from the automorphism group of the
corresponding split supermanifold A/, which is associated with O(—2) @& O(-2), with
Autz(NV) = GL2(C) x PSLy(C).
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