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Abstract We develop the homological theory of KLR algebras of symmetric affine type. For
each PBW basis, a family of standard modules is constructed which categorifies the PBW
basis.
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244 P. J. McNamara

1 Introduction

Khovanov-Lauda—Rouquier algebras (henceforth KLR algebras), also known as Quiver
Hecke algebras, are a family of Z-graded associative algebras introduced by Khovanov
and Lauda [11] and Rouquier [23] for the purposes of categorifying quantum groups. More
specifically they categorify the upper-triangular partf = U, (g)" of the quantised enveloping
algebra of a symmetrisable Kac—Moody Lie algebra g—see Sect. 5 for a precise statement.
Let I be the set of simple roots of g and N7 the monoid of formal sums of elements of 7. For
each v € NJ there is an associated KLR algebra R(v).

In this paper we will assume that g is of symmetric affine type. For now however, we
will describe the theory developed in [4,22] where g is finite dimensional. The results of this
paper generalise these results to the symmetric affine case.

One begins with choosing a convex order < on the set of positive roots satisfying a
convexity property—see Definition 3.1. It is this convex order which determines a PBW
basis of f. The representation theory of KLR algebras is built via induction functors from
the theory of cuspidal representations. Write {o; > --- > ay} for the set of positive roots,
remembering that we are temporarily discussing the finite type case.

To each root « there is a subcategory of R(«)-modules which are cuspidal defined in
Definition 8.3. There is a unique irreducible cuspidal module L(«). Let A (o) be the projective
cover of L(«) in the category of cuspidal R(«)-modules.

Given any sequence m = (my,...,my) of natural numbers, the proper standard and
standard modules are defined respectively by

Z(]‘[) = L(al)om 0---0 L(O{N)O”N
A@) = Ala) ™ o0 Afay)T™)

where o denotes the induction of a tensor product and (7r;) is a divided power construction.
Then in [22] it is proved that the modules A (7) categorify the dual PBW basis, have a unique
irreducible quotient and that these quotients give a classification of all irreducible modules.
In [4] it is proved that the modules A () categorify the PBW basis and their homological
properties are studied, justifying the use of the term standard.

Now let us turn our attention to the results of this paper where g is of symmetric affine
type. Again the starting point is the choice of a convex order < on the set of positive roots.
The theory of PBW bases for affine quantised enveloping algebras dates back to the work of
Beck [3] and is considerably more complicated than the theory in finite type. It is a feature of
the literature that the theory of PBW bases is only developed for convex orders of a particular
form. We rectify this problem by presenting a construction of PBW bases in full generality.

For « areal root, the category of cuspidal R («)-modules is again equivalent to the category
of k[z]-modules while the category of semicuspidal R(na)-modules is again equivalent to
modules over a polynomial algebra. Whereas in finite type the proofs of these results currently
rest on some case by case computations, here we give a uniform proof, the cornerstone of
which is the growth estimates in Sect. 15.

For the imaginary roots, the category of semicuspidal representations is qualitatively very
different. The key observation here is that the R-matrices constructed by Kang, Kashiwara
and Kim [9] enable us to determine an isomorphism

End(M*")o = Q[S,]

where M is either an irreducible cuspidal R(§)-module or an indecomposable projective in
the category of cuspidal R(§)-modules (here § is the minimal imaginary root). We are then
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Representations of Khovanov-Lauda—Rouquier algebras III... 245

able to use the representation theory of the symmetric group to decompose these modules
M°". This presence of the symmetric group as an endomorphism algebra can also be seen to
explain the appearance of Schur functions in the definition of a PBW basis in affine type.

With the semicuspidal modules understood we are able to prove our main theorems which
are analogous to those discussed above in finite type. Namely families of proper standard and
standard modules are constructed which categorify the dual PBW and PBW bases respec-
tively. See Theorem 24.4 and the following paragraph for this result. Compared with the
corresponding theorem in [13, Proposition 4.11], we are able to identify the imaginary con-
stituents of the PBW basis. The proper standard modules have a unique irreducible quotient
which gives a classification of all irreducibles and the standard modules satisfy homological
properties befitting their name, leading to a BGG reciprocity theorem.

As a consequence we obtain a new positivity result, Theorem 24.10, which states that
when an element of the canonical basis of f is expanded in a PBW basis, the coefficients
that appear are polynomials in ¢ and ¢ ~! with non-negative coefficients (and the transition
matrix is unitriangular).

We thank A. Kleshchev, P. Tingley and B. Webster for useful conversations.

2 Preliminaries

The purpose of this section is to collect standard notation about root systems and other objects
which we will be making use of in this paper.

Let (Z, -) be a Cartan Datum of symmetric affine type. Following the approach of Lusztig
[19], this comprises a finite set / and a symmetric pairing -: I x [ — Z such thati - i = 2
foralli € I,i-j <0ifi # j and the matrix (i - j); je; is of corank 1. Such Cartan data are
completely classified and correspond to the extended Dynkin diagrams of type A, D and E.
We extend -: [ x I — Z to a bilinear pairing N/ x NI — Z.

Let ®T be the set of positive roots in the corresponding root system. We identify / with
the set of simple roots of ®. In this way we are able to meaningfully talk about elements
of N1 as being roots.

The set of real roots of ®7 is denoted @

Forv=>,;vi-i €I, define |v| =)
the height of the root and denote it ht(v).

Let ® ¢ be the underlying finite type root system. A chamber coweight is a fundamental
coweight for some choice of positive system on ® ;. If a positive system is given, let £2 denote
the set of chamber coweights with respect to this system.

Let p: ® — @ denote the projection from the affine root system to the finite root system
whose kernel is spanned by the minimal imaginary root §. For « € ®, let & denote the
minimal positive root in p~! ().

Let W = (s; | i € I') be the Weyl group of ®, generated by the simple reflection s; which
is the reflection in the hyperplane perpendicular to «;.

Let A ¢ be the standard set of simple roots in ® ¢. Let W be the finite Weyl group.

Let P denote the set of partitions. A multipartition A = {A,},eq is a sequence of partitions
indexed by Q. We write A - nif ) |A,| =n.

The symmetric group on n letters is denoted S,. If u, v € I, the element w[u, v] € S);4
is defined by

ie1 Vi- If v happens to be a root, we also call this

i+ ifi<u
i — || otherwise.

wlp, vl@) = {
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246 P. J. McNamara

3 Convex orders on root systems

Definition 3.1 A convex order on ®7 is a total preorder < on &7 such that

e [fa <pBandua + Bisaroot, thena <o+ < B.
e Ifa < B and B < « then o and B are imaginary roots.

Theorem 3.2 A convex order < on ®7 satisfies the following condition:

e Suppose A and B are disjoint subsets of ® such that o < B foranya € A and B € B.
Then the cones formed by the Rx( spans of A and B meet only at the origin.

Remark 3.3 In [25], this condition replaces our first condition in their definition of a convex
order. This theorem shows that their definition and our definition agree.

Remark 3.4 The following proof requires being in finite or affine type since it depends on the
positive semidefiniteness of the natural bilinear form. We do not know if a similar statement
is possible for more general root systems.

Proof We will write (-, -) for the natural bilinear form on the root lattice. Let {«; } be a finite
set of roots in A and let {;} be a finite set of roots in B. For want of a contradiction, suppose
that for some positive real numbers c¢;, d; we have

> e =Y d;ip; (3.1)
i J
Let
W=7, x2,....51,¥2,..) | xi,yj € Q,inai = Zyjﬂj
i j

Then (c1, ¢2,...,d1,dz,...) € W®qR, since the root system @ is defined over Q. As Q
is dense in R, W is dense in W ®q R. So there is a point in W with all coordinates positive.
Hence we can assume that each ¢; and d; are rational numbers without loss of generality.
Clearing denominators, we can assume they lie in Z.

Now suppose we have a solution to (3.1) where the ¢; and d; are positive integers with
>i ¢i + 2 dj as small as possible.

For any i # j,if o; + «j were a root, we could replace one occurrence of ; and o ; by
the single root o; + o to get a smaller solution, contradicting our minimality assumption.
Therefore a; + o is not a root for any i # j. This implies that (o;, @j) > 0 fori # j.

If all o; and B; are imaginary, there is a contradiction since there is only one imaginary
direction. So there exists at least one real root in the equation we are studying, without loss
of generality say it is a.

Applying (-, o) leaves us with the inequality

> di By ew) = exlou, o) > 0.
J
Therefore there exists j such that (8, ax) > 0, which implies that B; — ay is a positive
root. By convexity this root must be greater than §;. So now we may subtract o from both

sides of (3.1) to obtain a smaller solution, again contradicting minimality.
Therefore no solution to (3.1) can exist, as required. O
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Representations of Khovanov-Lauda—Rouquier algebras III... 247

The imaginary roots are all multiples of a fundamental imaginary root, which we will
denote §. In any convex order, these imaginary roots must all be equal to each other.

Let < be a convex order. The set of positive real roots is divided into two disjoint subsets,
namely

O s={eecd |a=<3s)
and
O, s={aecd® a3}

Ifwecan write @5 = {1 < a2 < ---}and @, 5 = {B1 > B> > - - -} for some sequences
of roots {o;}72, and {B; ?":1, then we say that < is of word type.
Example 3.5 Let (V, <) be a totally ordered Q-vector space. Let 4 : Q¥ — V be an injective
linear transformation. For two positive roots « and §, say that « < B if h(«)/ht(e) <
h(B)/ht(B) and @ < B if h(a)/ ht(a) < h(B)/ht(B). This defines a convex order on .

In the above example, we can take V = R with the standard ordering to get the existence
of many convex orders of word type.

An example of a convex order not of word type which we will make use of later on is the
following:

Example 3.6 Let V. = R? where (x,y) < (x/,y)ifx < x’orx = x’ and y < y'. Let
Ay be a simple system in ® ¢ and pick & € Ay. Define h:Q® — V by k(@) = (0, 1),
h(B ) = (xg,0) for B € A \{a} where the xg are generically chosen positive real numbers,
and 11(8) = 0. We extend by linearity, noting that {§} U {8 | B € A ¢} is a basis of Q.

In this example, we have

o< Ta4 s+ <Ta 428 <ZogS < <aA+28<a+8<a

and all other positive roots are either greater than & or less than —a.

Recall that p is the projection from the affine root system to the finite root system.
Lemma 3.7 There exists w € Wy such that p(P<5) = w<I>}' and p(®.5) = w@}.
Proof First suppose that ¢ € p(P~s) and —a € p(P<s). Then there are integers m and n
such that the affine roots —« + mé and o + né are both less than § in the convex order <. By
convexity, their sum (m + n)§ is also less that §, a contradiction. Since a similar argument
holds for p(®. s), we see that for each finite root o, exactly one of o and —« lies in p(Ps).

Now suppose thata, 8 € p(P~s5) and o 4 B is aroot. Then for some integers m and n, the
affine roots o +m3g and B +né are both less than §. By convexity, their sum (¢ + )+ (m+n)3,
which is also an affine root, is also less than é. Therefore @ + 8 € p(®<s).

We have shown that p(® ;) is a positive system in the finite root system & . This suffices
to prove the lemma. O

Define a finite initial segment to be a finite set of roots &y < @y < - - - < oy such that for

all positive roots B, either 8 > «; foralli =1,..., N or B = «; for some i.
For any w € W define ®(w) = {o € &t | wla € 7).
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248 P. J. McNamara

Lemma 3.8 Let o1 < ap < --+ < ay be a finite initial segment. Then there exists w € W
suchthat{o, . ..oy} = ®(w). Furthermore there exists a reduced expressionw = s;, - - - Siy
such that o = s, - -+ 8ip_, o, fork =1,... N.

Proof The proof proceeds by induction on N. For the base case where N = 1, any root o
which is not simple is the sum of two roots « = 8+ y. By convexity of <, either § < o < y
or y < a < f. Either way, o # a1 so «j is simple, @1 = «; for some i € I and we take
w =gj.

Now assume that the result is known for initial segments with fewer than N roots. Let
v =5, ...Siy_,- Consider v™'ay. By inductive hypothesis, it is a positive root. Suppose for
want of a contradiction that v™'a is not simple. Then we can find positive roots 8 and y
such that v-lay = S+ y.

We can’t have vB = ay as this would force y = 0. If vy = «; for some j < N then
B = v’laj which by inductive hypothesis is in ®~, a contradiction. Therefore either v is
a positive root satisfying v > ay or v € ®~. A similar statement holds for vy.

To have both v8 and vy greater than oy contradicts the convexity of <. Therefore,
without loss of generality, we may assume vB € ®~. Then —vf is a positive root with
v~ (—vB) = —p which is a negative root, so by inductive hypothesis, —vf = a; for some
Jj < N.Now consider the equation ay + (—vB) = vy. The convexity of < implies that
vy = aj forsome j' < N. This option is shown to be impossible in the previous paragraph,
creating a contradiction. Therefore v—'ay must be a simple root.

Define iy € I by a;, = vlay and let w = iy -+ Siy. It remains to show that
{o1,...ay}={e e @7 |wla e 7).

If B is a positive root that is not equal to «; for some j < N, then by inductive hypothesis
v!g e ®t. Thenw™'8 =s;, (v™!B) € d~ ifand only if v~' B = «;,, which isn’t the case
since this is equivalent to 8 = ay.

If B = aj for some j < N then vige d . Sow g = s,-N(v_l,B) € ®~ unless

vIg = —a;, . This isn’t the case since it is equivalent to 8 = —o;, .

The above two paragraphs show that for a positive root g, if 8 € {oy, ..., an—1} then
w™!'p € &t whileif B ¢ {1, ..., an}, then w™ '8 € ®F. Since wlay = —a;, € O,
this completes the proof. O

Lemma 3.9 [7] The restriction of a convex order to ® s is of the form
o] <012 < <021 <0 <X o0 s <0yl <Oy <+
for some positive integer n.

For a convex order <, define
I(<)={aedt|{8ed|B < a)is finite}

Lemma 3.10 Let < be a convex order. Let B be the smallest root that is not in any initial
segment of ®¥. Assume that B is real. Let S be a finite set of roots containing B. Then there
exists a convex order <’ such that 1(<') = I1(<) U {B} and the restrictions of < and <" to S
are the same.

Proof Let L be the set of roots in @™ less than or equal to 8 under <. Then by [6, Theorem
3.12], there exists v, t € W with ¢ a translation and L = Uj’lozl D (vt™).

Let w be such that S C {o] < -+ < ay} = ®P,. There exists an integer n such that
@ (w) U {B} C ®(vt"). Let v/ = vt". Since ®(v') D ®(w), for any reduced expression of
w, there exists a reduced expression of v’ beginning with that of w.
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We choose the reduced decomposition of w to be compatible with <. Then extend the
reduced decomposition as per the above to get a new ordering <" on L. This has the desired
properties. O

Theorem 3.11 Let S be a finite subset of ®* and let < be a convex order on ®+. Then
there exists a convex order <" of word type such that the restrictions of < and <’ to S are
equivalent.

Proof Suppose our convex order begins
o) <op <+ <P <PBr<---

andthat S N {e; | i € ZT} C {ay, ..., a,}. We now define inductively a sequence of convex
orders <; with I(<;) ={o; | i € ZTYU{B1, ..., Bi} as follows:

Set <gp==<. Assume that <; is constructed. To construct <;1, apply Lemma 3.10 with
S={a1,..., %+, B1, ..., Bi}. We will take the convex order denoted <" whose existence
is given to us by Lemma 3.10 as <; 1.

Now let <"= lim; oo <;. If < is of n-row type, then <” will be of (n — 1)-row type
and the restrictions of < and <” to § are the same. After iterating this process we reach a
new convex order <" whose restriction to S is the same as < and is of word type on ®_s.
Repeating this construction on the set of roots greater than § completes the proof of this
theorem. O

Remark 3.12 Using this theorem it will often be possible to assume without loss of generality
that the convex order < is of word type.

4 The algebra f

The algebra fg(y) is the Q(g) algebra as defined in [19] generated by elements {6; | i € I}.
Lusztig defines it as the quotient of a free algebra by the radical of a bilinear form. By the
quantum Gabber—Kac theorem, it can also be defined in terms of the Serre relations. Morally,
fg(g) should be thought of as the positive part of the quantised enveloping algebra U, (g).
There is only a slight difference in the coproduct, necessary as the coproduct in Uy (g) does
not map Uy, (g) " into Uy ()T @ Uy ()™

There is a Z[g, g~ ']-form of fo(g), which we denote simply by f. It is the Z[q, q -
subalgebra of fg(,) generated by the divided powers 6 = 6! /[n],!, where [n],7! =
[T, — q7/(g — g~ ") is the g-factorial. If A is any Z[q, g~ ']-algebra, we use the
notation f 4 for A ®7, -1 f.

The algebraf is graded by N/ where 6; has degree i foralli € I. We writef = @, n;f, for
its decomposition into graded components. Of significant importance for us is the dimension

formula
> dimfye” = [T (-7 (4.1)
veNJ acdt

The tensor product f @ f has an algebra structure given by

(x1 ® y1)(x2 ® y2) = ¢P 2 x 130 ® y1y2

where y; and x, are homogeneous of degree 8; and a, respectively.
Given a bilinear form (-, -) on f, we obtain a bilinear form (-, -) on f @ f by

(X1 ® x2, y1 ® ¥2) = (x1, x2)(y1, y2).
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250 P. J. McNamara

There is a unique algebra homomorphism r :f —f @ f such that r(6;) =6, @ 1 + 1 ® 6;
foralli € I.
The algebra f has a symmetric bilinear form (-, -) satisfying

6:i,6;) =1 —gH™!
(x,yz) = (r(x), y ® z).

The form (-, -) is nondegenerate. Indeed, in the definition of f in [19], f is defined to be
the quotient of a free algebra by the radical of this bilinear form. It is known that f is a
free Z[g, ¢~ ']-module. Let f* be the graded dual of f with respect to (-, -). By definition,
f* = @enif). As twisted bialgebras over Q(g), fg(;) and f(a( g) are isomorphic, though
there is no such isomorphism between their integral forms.

5 KLR algebras

A good introduction to the basic theory of KLR algebras appears in [16, §4]. Although
it is not customary, we will first give the geometric construction of KLR algebras, then
discuss the standard presentation in terms of generators and relations. In this paper, we must
restrict ourselves to KLR algebras which come from geometry. The primary reason for this
restriction is our reliance on the theory of R-matrices, which we introduce in Sect. 14. The
results presented in Sect. 7 also require the geometric interpretation.

Define a graph with vertex set / and with —i - j edges between i and j for all i # j. Let
Q be the quiver obtained by placing an orientation on this graph.

For v € NI, define E, and G, by

E, = [ ] Homg(C", C%),

i—j

G, =[]GLy(©).

With the obvious action of G, on E,, E, /G, is the moduli stack of representations of Q
with dimension vector v.

Let F, be the complex variety whose points consist of a point of E,, together with a
full flag of subrepresentations of the corresponding representation of Q. The variety F, is
a disjoint union of smooth connected varieties. Let 7, = ui]-"]i} be its decomposition into
connected components and ' : i — E,, be the natural G ,-equivariant morphism. Define

£ =@PHQ,, dim Fi] € D, (E,).

For each v € NI we define the KLR algebra R(v) by
R(v) = @ Hompy, (g, (L. LId]).
€

We now introduce the more customary approach via generators and relations. This presen-
tation is due to [26] and [23], and more recently over Z in [21]. To introduce this presentation,
we first need to define, for any v € NI,

[v]

Seq(v) = {i=(Gr.....ip) e 1" i =v
j=1

@ Springer



Representations of Khovanov-Lauda—Rouquier algebras III... 251

This is acted upon by the symmetric group S|,,| in which the adjacent transposition (i, i +1)
is denoted s;.
Define the polynomials Q; ;(u, v) for i, j € I by

[lios =] 0—w ifi#j

i i(u,v) =
Qi.j(u. v) 0 ifi = j

where the products are over the sets of edges from i to j and from j to i, respectively.

Theorem 5.1 The KLR algebra R(v) is the associative Q-algebra generated by elements e;,
yj, Tk withi € Seq (v), 1 < j < |v|and 1 < k < |v| subject to the relations

eiej = dj jei, Z ei=1,
ieSeq (v)
YeYL = YIYk, Yk€i = €iYk,
Tei = eyit, wh =Pk iflk—1]>1,

2
tiei = Qi iger Vks Yit+1)6is

—ei ifl =k, iy = iry1, 5.1
(kY1 — Y, () Th)E = 3 ei ifl =k+1,ix =ig+1,
0 otherwise,

(Th+ 1 Tk Th+1 — ThTh+1 TR €
Oig ik Ok Ye+1) — Qg iggs Vk+25 Ye+1)

= Yk — Yk+2
0 otherwise.

ei ifiy =irqo,

Remark 5.2 Although the polynomials Q; ;(u, v) are not exactly as they appear in [11], the
reader should not be concerned when we quote results from [11] as all of the arguments
go through without change. The discussion in [12] shows that changing the ordering of the
quiver Q does not change the isomorphism type of R(v).

The KLR algebras R(v) are Z-graded, where e;j is of degree zero, yje; is of degree i; - i;
and ¢ye;j is of degree —iy - ig41.

They satisfy the property that R(v); = 0 for d sufficiently negative (depending on v) and
R(v), is finite dimensional for all 4. Relevant implications of these properties are that there
are a finite number of isomorphism classes of simple modules and that projective covers
exist.

All representations of KLR algebras that we consider will be finitely generated Z-graded
representations. If needed, we write M = @&, M, for the decomposition of a module M into
graded pieces. A submodule of a finitely generated R(v)-module is finitely generated by [11,
Corollary 2.11].

For a module M, we denote its grading shift by i by ¢’ M, this is the module with (¢’ M)y =
Mg_;.

Given two modules M and N, we consider Hom(M, N), and more generally Ext! (M, N)
as graded vector spaces. All Ext groups which appear in the paper will be taken in the category
of R(v)-modules.

Let 7 be the antiautomorphism of R(v) which is the identity on all generators e;, y;, ¢;.
For any R(v)-module M, there is a dual module M® = Homg(M, Q), where the R(v)
action is given by (xA)(m) = A(z(x)m) forallx € R(v), A € M® andm € M.
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252 P. J. McNamara

For every irreducible R(v)-module L, there is a unique choice of grading shift such that
L® = L[11].

Let A, uw € NI. Then there is a natural inclusion ¢ ;, : R(A) ® R(u) — R + ),
defined by ¢, ;. (ei ® €j) = eij, 1,1 (Vi @ 1) = yi, 41w (1 ® ¥i) = Yitaps tau(@i @ 1) = @,
(1 ® ¢i) = Gitin)-

Define the induction functor Ind; ,, : R(A) ® R(u)-mod — R(A + w)-mod by

Ind, . (M) =RO+p) Q) M.
RMA\®R(1)

Define the restriction functor Res; ;, : R(A + w)-mod — R(A) ® R(u)-mod by

Res). (M) =ty (Iry@R(W)M.

The induction and restriction functors are both exact.
For a R(A)-module A and a R(u)-module B, we write A o B for Ind; , (A ® B). Under
duality, the behaviour is
(Ao B)® = g"HB® 5 A®, (5.2)

Khovanov and Lauda [11] prove the existence of a dual pair of isomorphisms

P Go(R(v)-pmod) = f (5.3)
veN/J
and
@ Ko(R(v)-fmod) = f*. (5.4)
veNJ

The category R(v)-pmod is the category of finitely generated projective R(v)-modules
and G( means to take the split Grothendieck group. The category R(v)-fmod is the category
of finite dimensional R (v)-modules and Ky means to take the Grothendieck group. We denote
the class of a module M, identified with its image under the above isomorphisms, by [M].
The action of g € A is by grading shift.

The functors of induction and restriction decategorify to a product and coproduct. The
isomorphisms above are then isomorphisms of twisted bialgebras.

If M is a general finitely generated R(v)-module, then it has a well-defined composition
series, where each composition factor appears with a multiplicity that is an element of Z((g)).
Thus we can consider [M] to be an element of fi(( )

Of great importance will be the following Mackey theorem. The general case stated below
has the same proof as the special case presented in [11].

Theorem 5.3 [11, Proposition 2.18] Let Ay, ..., Ak, p1..., 1 € NI be such that
YiAio= Zj wj and let M be a R(A) ® -+ @ R(Ax)-module. Then the module
Resy,,...u 0oIndy, . 5, (M) has a filtration indexed by tuples v;; satisfying A; = Zj Vij
and pj = Y_; vij. The subquotients of this filtration are isomorphic, up to a grading shift,
to the composition Ind" ot o Resﬁ(M). Here Resﬁ 1 ®;i R(Aj)-mod— ®;(®; R(vjj))-mod is
the tensor product of the Res,,,, T: ®; (®;R(v;j))-mod — ® ;(®; R(v;;))-mod is given by
permuting the tensor factors and IndY : ®; (®iR(vij))-mod— & jR(u;)-mod is the tensor
product of the Ind, ;.

,,,,,

We refer to the filtration appearing in the above theorem as the Mackey filtration. It will
be very common for us to make arguments using vanishing properties of modules under
restriction to greatly restrict the number of these subquotients which can be nonzero.
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For each w € §),|, make a choice of a reduced decomposition w = s ... s, as a product
of simple reflections. Define t,, = 7| - - - 7,,. In general t,, depends on the choice of reduced
decomposition though this is not the case for permutations of the form w[g, y].

Theorem 5.4 [11, Theorem 2.5][23, Theorem 3.7] The set of elements of the form
yf‘ .- -yﬁ}“”‘ Twei withay, ..., ay € N, w e Sy andi € Seq (v) is a basis of R(v).

Theorem 5.5 [11, Corollary 2.11] The KLR algebra is Noetherian.

We work over the ground field Q. It is proved in [11] that any irreducible module is
absolutely irreducible, so there is no change to the theory in passing to a field extension.
This also means that any irreducible module for a tensor product of KLR algebras is a tensor
product of irreducibles, a fact we use without comment.

6 Adjunctions

In addition to the induction and restriction functor defined in the previous section, there is
also a coinduction functor Colnd;, ;, R(A) ® R(u)-mod — R(A + p)-mod, defined by

Colndy, (M) = Homgoygrw (R(A + 1), M)

where the R(A 4 1) module structure on Colndy ,, (M) is given by (rf)(t) = f(tr) for
f €Colndy ,(M)andr,t € R(A 4+ ).
The following adjunctions are standard:

Proposition 6.1 The functor Ind,, ;, is left adjoint to Res, ,,, while the functor Colnd,, ,, is
right adjoint to Resy_ ;.

Asa R(M) ® R(u) module, R(A+ ) is free of finite rank. This implies that the induction,
restriction and coinduction functors all send projective modules to projective modules. As a
consequence, there are natural isomorphisms of higher Ext groups

Ext' (Ao B,C) = Ext'(A ® B, Res; , C) (6.1)

forall A € R(A)-mod, B € R(u)-mod and C € R(A + p)-mod.

Leto, : R(v) — R(v) be the involutive isomorphism of R (v) with o, (e;) = ewyi, 00 (yi) =
Ywl+1—i and oy (tje;) = (1 — 26 )Tjv|— jewoi- This induces an autoequivalence o, of
R(v)-mod.

ij,ij+]

Theorem 6.2 [20, Theorem 2.2] There is a natural equivalence of functors
o7y, oInd, , = g™ Colnd, y o(0} ® 0))).

Proof The statement of this theorem in [20] includes a hypothesis that the modules in ques-
tion are all finite dimensional. Exactly the same proof works for graded modules all of whose
pieces are finite dimensional, which covers all the modules we will ever come across. The
general case follows by writing a module as the direct limit of its finitely generated submod-
ules (noting that R(A + ) is finite over R(A) ® R(u)). O

Remark 6.3 Most importantly, applied to a module of the form A ® B yields an isomorphism

Ind; (A ® B) = ¢ Colnd, ;. (B ® A).
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In particular, there is an isomorphism
Ext'(A, BoC) = g~ " Ext'(Res; , A, C ® B) 6.2)
for any R(X)-module C, R(u)-module B and R(\ + p)-module A.

There are parabolic analogues of all the functors and results discussed in this section.

7 The Ext bilinear form

By the decomposition theorem [1], we have

L= @ Ly, ®Pp
beB,

where each L is a nonzero finite dimensional graded vector space and P} is an irreducible
G ,-equivariant perverse sheaf on E,. The indexing set B, can be taken to be the set of
elements of weight v in the crystal B(c0), though for our purposes it is not necessary to know
this fact.

The maximal semisimple quotient of R(v) is @pep, End(Lj) and hence the simple rep-
resentations of R(v) are the multiplicity spaces L. The projective cover of Ly is the module
@4z Hom Db (Ey) (L, Ppld]). In this way we get a bijection between simple perverse sum-
mands of vaand irreducible representations of R(v). By Lusztig’s geometric construction
of canonical bases, the class of a simple representation under the isomorphism (5.4) lies in
the dual canonical basis while the class of its projective cover under (5.3) lies in the canonical
basis.

As has been noted by Kato [8], each algebra R(v) is graded Morita equivalent to the
algebra

AW) = PHomp, ) | D Po. P Pold]

deZ beB, beB,

The algebra A(v) is a N-graded algebra with A(v)o semisimple. Under this Morita equiv-
alence the self-dual irreducible module L; gets sent to a one-dimensional representation of
A(v) concentrated in degree zero.

Lemma 7.1 Let M be a finitely generated representation of R(v) and let N be a finite
dimensional representation of R(v). Fix an integer d. Then there exists iy such that
Ext'(M, N)g =0 foralli > iy.

Proof Replace R(v) with the Morita equivalent algebra A(v) and assume that M and N are
A(v)-modules. Let --- — P! — P9 — M — 0 be a minimal projective resolution of
M. As M is finitely generated, there exists do such that Mj = 0 for j < dp. Since A(v)
is nonnegatively graded with A(v)o semisimple, P} = 0 for j < dy + i. The vector space
Ext! (M, N) is a subquotient of Hom(P?, N) and for sufficiently large i, Hom(P?, N)y = 0
by degree considerations. O

By the above lemma, if M is a finitely generated R (v)-module and N is a finite dimensional
R(v)-module, then the infinite sum

(M,N) = (~1)' dimy Ext' (M, N).
i=0
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is a well-defined element of Z((g)). We thus get a pairing on Grothendieck groups
() B (g X B = ZA(@).
Lemma 7.2 The pairing (-, -) satisfies the following properties

(f@)x, g@)y) = f(@)glg™)(x,y)
0,67 =1
xy,20) =xQy,r())
x,y2) =¢"7(r(x),2®y)

forallx,y,z € £, f(q) € Z((q)), 9(q) € Zlg,q~ "1, where y and z are homogeneous of
degree B and y.

Proof The first formula is obvious. The second is a simple computation in R(i) = k[z]. The
third follows from (6.1) and the fourth follows from (6.2). O

Let (x, y) = (x, y). The pairing (-, -) can be extended by Z((g))-linearity to give a bilinear
pairing on fi((q)).

Lemma 7.3 The pairing (-, -) satisfies the following properties

(f(@)x.g@)y) = f(@g(g)(x,y)

0,6 = (1 —g>"!
(xy,2) = (x ®y,r(2)
(x,yz) =(r(x), y ®2)

Proof These follow from the analogous formulae in Lemma 7.2. To derive the third we need
to know that r commutes with the bar involution while to derive the fourth we need to know
that yz = ¢#"7Zy for homogeneous elements y and z of degree 8 and y. O

Corollary 7.4 The pairing (-, -) defined using the Ext-pairing is equal to the usual pairing
on £ as in the end of Sect. 4.

Proof 1t is immediate that there is a unique pairing satisfying the properties of Lemma 7.3
and these properties define the pairing in [19]. O

Lemma 7.5 Let M be a finite dimensional R(v)-module with

n
(M]=Y"> airq'[L]
i=m L
where the second sum is over all self-dual simple modules L. If a,. 1 # 0O then q"L is a
submodule of M while if ay, 1 # 0 then g™ L is a quotient of M.

Proof If this lemma is false, then there exist self-dual irreducible representations L; and
Ly of R(v), and an integer d < 0 such that Ext! (L1, L2)g # 0. Now replace R(v) by
the Morita equivalent A(v). We compute Ext! (L, L») by computing a minimal projective
resolution of Li. Since A(v) is non-negatively graded with A(v)o semisimple, we see from
this computation that Ext!(L,, L») is concentrated in degrees greater than zero. O
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8 Proper standard modules

Definition 8.1 Let « be a positive root and n be an integer. A representation L of R(nw) is
called semicuspidal if Res; ;, L # 0 implies that A is a sum of roots less than or equal to o
and p is a sum of roots greater than or equal to «.

Lemma 8.2 Let « be a positive root, my, ..., m, € ZT and L; be a semicuspidal represen-
tation of R(m;a) for eachi = 1,2, ..., n. Then the module L1 o - - - o Ly, is semicuspidal.

Proof This immediate from Theorem 5.3 and the definition of semicuspidality. O

Definition 8.3 Let o be a positive root. A representation L of R(w) is called cuspidal if
whenever Res; ;, L # 0 and A, i # 0, we have that A is a sum of roots less than « and u is
a sum of roots greater than .

Remark 8.4 1Tt is clear that if « is an indivisible root then any semicuspidal representation
of R(«) is cuspidal. If « = né for n > 2 we will see in Theorem 19.10 that there are no
cuspidal representations of R(«).

Definition 8.5 A sequence of modules Ly, ..., L, is called admissible if each L; is an
irreducible semicuspidal representation of R(m;a;) with m; € Z* and the positive roots ;
satisfy o) > ap > -+ > .

Lemma 8.6 Let o) > ap > --- > o and By > P2 > --- > By be positive roots and
mi, ..., Mg, Ny, ...,n be positive integers. Let Ly, . . ., Ly be semicuspidal representations
of R(miay), - -+ , R(myay) respectively. Then

R L I 0 unless B < o
eSnBi..... o---oL; = i =
PP Li® --®Lk ff=qa,

where we are considering bilexicographical ordering on the multisets o and B.

Proof Consider a nonzero layer of the Mackey filtration for Res; g, n5 L1 0---0 L. It
is indexed by a set of elements v;; € NI such that m;a; = Zj vijandn;B; = Zi v;;. For
the piece of the filtration to be nonzero, it must be that Res,, | .1, , Li 7 0 for each i.

Suppose that 7 is an index such thatm;o; = n; B; fori < t. We will prove that in order for us
to have a nonzero piece of the filtration, it must be that either §; < o; or m;o; = n; By = vy ;.

By induction on ¢, we may assume that v;; = m;a; = n;f; fori < t. Therefore v; ; =0
foralli and j withi > rand j < t.

Suppose i > t. Since the module L; is cuspidal, this implies that v; ; is a sum of roots less
than or equal to «;, which are all less than or equal to «;.

Now n:B; = Y ;-, Vi is written as a sum of positive roots all less than or equal to ;.
Therefore, by conveiity of the ordering, either 8; < «; or n;8; = m;«,. In this latter case,
equality in our inequalities must hold everywhere, hence v; ; = n;f; as required.

This is enough to conclude that « > S under lexicographical ordering. Similarly we get
o > f under reverse lexicographical ordering, so we have o« > S under the bilexicographical

order. m]
Lemma 8.7 Let o) > ay > --- > « be roots, my, ..., m, be positive integers and
Ly, ..., L, beirreducible semicuspidal representations of R(m1ay), ..., R(mya,) respec-
tively. Then
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(1) the module Ly o --- o Ly has a unique irreducible quotient L, and

..... muyay, Lio---oL,= Resmlal,.“,mnan L=L® --QLj.
Proof Suppose that Q is a nonzero quotient of Lj o - -- o L,. Then by adjunction there is
anonzero map from L ® --- @ L, toRes Q. As L1 ® - - - ® L, is irreducible, this map is

injective.
The restriction functor is exact and by Lemma 8.6, Res(Lj o - - - o0 L) is simple. Therefore
the head of L] o - - - o L, must be simple. O
If Ly,..., L, is asequence of representations, we define A(Ly, ..., L,) = cosoc(L; o

-+ Ly). The below two theorems appear also in [13] and [25]. We provide proofs of both
after the statement of Theorem 8.9.

Theorem 8.8 Every irreducible module for R(v) is of the form A(Ly, ..., L,) for exactly
one set of irreducible semicuspidal representations Ly, ..., L, of R(miay), ..., R(myay,)
respectively, where a1 > - - - > a, are positive roots.

Theorem 8.9 If « is a positive real root and n is a positive integer, there is one simple
semicuspidal module for R(na). For the imaginary roots, let f(n) be the number of simple
semicuspidal representations of R(né) (and set f(0) = 1). Then

i i = ﬁ(l —H)!=H
i=1

n=0

Proof Here we prove Theorems 8.8 and 8.9 by a simultaneous induction on v.

First let us consider the case where v is not of the form na for some root «. The number
of irreducible representations of R(v) is equal to dim f,,, which is the coefficient of ¥ in the
power series (4.1).

By inductive hypothesis applied to Theorem 8.9, the number of admissible sequences of
semicuspidal modules (Ly, ..., L,) is equal to dimf,. By Lemma 8.7, each of the mod-
ules A(Lq, ..., L,) are irreducible, and by applying various restriction functors, we see
via Lemma 8.6 that these modules are all distinct. Therefore we have identified all of the
irreducible R(v)-modules in this case, proving Theorem 8.8.

Now we turn our attention to the case where v = ko for some root . By the same argu-
ments as in the previous case, the modules of the form A(Ly, ..., L,) where n > 2 yield all
the irreducible modules for R (ko) except one, unless v = né, when the construction yields all
irreducible modules except f (n). It suffices to prove that if L is an irreducible representation
of R(v) with L not of the form A(Ly, ..., L,) withn > 2, then L is semicuspidal.

Suppose that A and y are such that Res; , L # 0. We need to prove that A is a sum of roots
less than or equal to « (the result for p is similar) and we may suppose that neither of A and p
is zero. Let Ly ® L, be an irreducible submodule of Res;, L. By inductive hypothesis L; =
A(Ly, ..., L) for some admissible sequence of semicuspidal representations. Suppose that
L is a R(mpB) module where B is a root. Then Res;g,,—mpg L # 0.1f B < «, then A is a sum
of roots less than or equal to S and hence a sum of roots less than or equal to «.

Therefore without loss of generality we may assume that A = mp and that L, is semicus-
pidal. For want of a contradiction, assume 8 > «. We may further assume without loss of
generality that 8 is the maximal root for which Res,,g,,—mg L # O for some positive integer
m. We may further assume that m is as large as possible.

By inductive hypothesis, write L, = A(Mj, ..., M) where M| is a R(ky)-module for
some root y and positive integer k.
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Therefore Res; 41y, u—ky L # 0. If ky # p, then by maximality of 8, A + ky is a sum
of roots less than or equal to 8. By maximality of m, y < . By adjunction this implies that
L is a quotient of Ly o My o---0o My. As (L, My, ..., M) is an admissible sequence of
semicuspidal modules, this is a contradiction.

Therefore L, is semicuspidal, with u = ky. By convexity y < a < f. By adjunction
there is a nonzero map from L) o L, to L. As L is irreducible, this exhibits L as A(Ly, L;,),
a contradiction. This completes the proof. O

9 Real cuspidals

For i € 1, there is an automorphism T; of the entire quantum group Uy (g) satisfying

—ij
k —i-j—k
k=0

for all i # j. In the notation of [19], 7; is the automorphism T’

Now we will define the PBW root vectors for the real roots. Let o be a positive real root
and suppose that o < 8. Let S, = {8 € ®* | « — B € NI}. Then S, is a finite set of roots.
By Theorem 3.11, we can find a word convex order <’ whose restriction to S, agrees with
the restriction of < to S, .

By Lemma 3.8 there exists w € W such that ®(w) = {8 € ®* | 8 <’ «} and a reduced
expression w = ;, ... S;, suchthata = s;,s;, - - - 8i_, @i . We define the root vector E, € f
by

Ey =TT, - T;

IN—1

Oiy

If o happens to be greater than §, then in a similar vein we get a reduced expression but
now define E, € f by

Ee =TT T 1 Oy

In all cases, we then define the dual root vector E} = (1 — g E, € f*.

A proof that the elements E, and E are well deﬁned based on [19, Proposition 40.2.1]
is possible. Alternatively, this result will follow from Theorem 9.1.

Fora € <1>;’;, let L(«) be the unique self-dual cuspidal irreducible representation of R(«).
The existence of a cuspidal irreducible module is Theorem 8.9 above while the fact that it
can be chosen to be self-dual is in [11, §3.2].

Theorem 9.1 Let o be a positive real root. Then [L(a)] = E}.

Proof Let iy, ...,iy be as in the construction of E, above. For 1 < k < N let o =
Siyp o Sip_ . Thenap < -+ <oy =a.

First we will prove by induction on n for 1 < n < N that there exists x,, € fQ( 2 such that
[L@)] =T, - T,_, (xn).

For the case n = 1, let x; = [L(«)]. Now assume that the result is known for n = k and
consider the case n = k + 1.

By [19, Ch 38] we can write x; = 67 y + Tj; () where y, z € f§) ). Then

[L(O{)] = (Tll o Tikfl (9;:))(7‘1] o T;‘k71 (Y)) + Ti] te T}k (Z)
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Since L(«x) is cuspidal and o < o, Resg, oy—ap L(@) = 0. Therefore [L(«)] is orthog-
onal to the product (T3, --- T;,_, (9;))(7}1 -+ T, (). Since this product is orthogonal to
T;, - - - T;, (2), it must be that (y, y) = 0.

If Q(g) is embedded into R by sending g to a sufficiently small real number, then the form
(-, -) on f, is positive definite. Therefore y = 0. We let xz41 = z.

We have now proved the desired preliminary result by the principle of mathematical
induction. Applying this when k = N, we see that [L(x)] = T;, ---T;,_, (xy) for some
XN € (fé( q))"‘izv . Therefore x is a scalar multiple of 6;,, .

Since [L(«)]isanelementofaZlq, g~ 1-basis of £*, the scalar must be a unit in Zlg, q -1,
thus of the form :I:qi forsomei € Z. Since [ L(«)]is invariant under the bar involution, i = 0.
The argument of [13, Lemma 2.35] shows that the sign is the positive one. O

Proposition 9.2 Let « be a real root and n be a positive integer. The module L(x)°" is the
unique simple semicuspidal representation of R(nd).

Proof By Lemma 8.2, L(x)°" is semicuspidal. Therefore [L(«)°"] = f(g)[L] where L is
the unique semicuspidal representation of R(na) and f(q) € N[g, ¢~']. By Theorem 9.1,
L) =TT, - Tiy_, (9;;/)" which is indivisible in f*, hence L(«)°" is irreducible. O

Remark 9.3 This gives the existence of many modules called real in the nomenclature of
[10].

10 Root partitions

Let S be an indexing set for the set of self-dual irreducible semicuspidal representations of
R (né), for all n. It will not be until Theorem 19.10 that we exhibit a bijection between S and
P We write L(s) for the representation indexed by s € S.

‘We now introduce the notion of a root partition, which allows us to index irreducibles by a
finite collection of real roots (with multiplicities), together with an irreducible semicuspidal
imaginary module. We first define a root partition 7 to be an admissible sequence of self-dual
irreducible semicuspidal representations.

To each root partition 7 we define a function f; : <I>:lrd — N where if f; () is nonzero then
there is a representation of R( f; («)a) in 7. Given two root partitions 7 and o we say that
7 < o if there exist indivisible roots « and o’ such that fr (@) < fs (@), fz (&) < fs(a')
and f (B) = fo-(B) for all roots B satisfying either 8 < a or B > o'. If f, = f, we say
T~o.

Since there is exactly one irreducible semicuspidal representation of R (n«) for each n and
each real root &, we can write the datum of a root partition in a more combinatorial manner.
Concretely we write a root partition in the form = = (8{"', ..., B, s, ¥/, ..., ¥/""). Here
k and [ are natural numbers, s € S, B1, ..., Bk, Y1, - - -, Y1 are the set of real roots on which
f= s nonzero, fr (B;) = m;, fx(yi) = n; and

BiL>->Br=8>y>- >y

When we do have a bijection between S and P then we will have a purely combinatorial
description of a root partition.
Letm = (B, ....8 % s, %", ....¥") be a root partition. Let s, = Zk () +

i=1
le=1 (”2-f )- Define the proper standard module A () to be

A(r) =g LB o0 LB o L(s) o L(y)™ oo (y)™".
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Let L () be the head of A(rr). This is an irreducible module by Lemma 8.7.

Theorem 10.1 [13] The proper standard modules have the following property.

(1) Up to isomorphism and grading shift, the set {L(w)} as w runs over all root partitions
of v is a complete and irredundant set of irreducible R(v)-modules.

(2) The module L(w) is self dual, i.e. L(7)® = L(r).

(3) Ifthe multiplicity [A () : L(0)] is nonzero, then o < . Furthermore [A(r) : L(7)] =
1.

Proof Part (1) is Theorem 8.8. For part (2) note that since L (i) is irreducible, by [11, §3.2]
L(m)® = qi L () for some i. By Lemma 8.7(2) and the fact that restriction commutes with
duality, i = 0. Part (3) follows from Lemma 8.6. ]

11 Levendorskii—-Soibelman formula

By Theorem 10.1 the classes [A ()] of the proper standard modules is a basis of f*. We call
this the categorical dual PBW basis. Let { £, } be the basis of f dual to this with respect to (-, -).
We shall call this basis the categorical PBW basis. Later we will identify the categorical PBW
basis both with a basis coming from a family of standard modules, as well as an algebraically
defined basis which generalises the approach of [3].

The results in this section are an affine type analogue of the Levendorskii-Soibelman
formula [17, Proposition 5.5.2]. We refer to both Theorems 11.1 and 11.6 as a Levendorskii-
Soibelman formula.

Theorem 11.1 Let6, € &, USwith® > . Expand [L(O))[L ()] —q PV [LY)IIL©H)]
in the standard basis

[LOILE)] =gV LANLO)] =) cxlAlT)].

If cx # O for some root partition w then w1 < (6, V) where < is the partial order on root
partitions from Sect. 10.

Proof By Theorem 10.1,

[LONLA)] —LO, ¥l e Y Zlg,q ML)
T<(0,¥)
Applying the bar involution on f* yields
gV ILAILO1—[LO, W)€ Y Zig.q "NLE)L.
w<(0,%)

Theorem 10.1 also shows that

> Zig.q 'NL@1= Y ZIlg.q 'AG)]
7<(0,%) n<0,¥)

so upon subtraction we obtain the desired result. O

Lemma 11.2 Let o and 7 be two root partitions. Then ([A(o)], [A(7)]) = O unless o ~ .
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Proof Wehave ([A(0)], [A(m)]) = ([L(01)®- - -®L(07)], [Res, A(rr)]) which, by Lemma
8.6, 1is zero unless o < 7.

Also ([A(0)],[A(@)]) = ([Resz(A(0)],[L(m1) o --- o L(my)]) which again by
Lemma 8.6 is zero unless 7 < o. O

Lemma 11.3 [f9 € @, U S then
Eq € span,/,NG[L(W)].

Proof By definition of Eg, we have (Eg, [A(7)]) = O unless 7 = #. By Lemma 11.2 and
the fact that the classes [A(o)] are a basis of £*, this forces

Ey € Spany, g [Z(W)] = Span¢~0[L(W)]~

Corollary 11.4 [fo,w € S then E; Ey is a linear combination of E; for t € S.
Proof This follows from Lemmas 8.2 and 11.3. O
Lemma 11.5 Let 7 = (w1, ..., my) be a root partition. Then Ex = Ez, -+ Eq,.

Proof By Lemma 11.3, the element Ey, - - - Ex, is a linear combination of elements of the
form [A(o)] where o ~ . Therefore by Lemma 11.2, E, - - - E5, is orthogonal to all
elements of the from [A(n)] where n ~ m. For n ~ m, we compute

k
(Exy -+ Eqp, [AM]) = [ [(Exi» L))

i=1
which is zero unless = 7 in which case it is equal to one. We have shown that the product
Ex, -+ Eq, has all the properties which define E, hence is equal to E. O
Theorem 11.6 Let 0,y € ®F, U S with0 = . Then

EgEy —q"VEyEge Y Zlg,q '1Ex.
T<(0,%)

Proof This is immediate from Theorem 11.1 and Lemma 11.3. O

This yields an algorithm for expanding any monomial in the Ey in the PBW basis. Namely
given a monomial E Ey, - - - E,,, repeatedly apply the following types of moves:

o If k; < k41, replace E, E
orem 11.6.

o If k; and k74 are both imaginary replace the product Ey, Ey,,, with a sum of terms Eg,
which is possible by Corollary 11.4.

with g“'*I*1 E,, | Ey, plus the correction term from The-

Ki+1 Ki+1

12 Minimal pairs

Let o be a positive root. Define S(«) to be the quotient of R(«) by the two-sided ideal
generated by the set of e such that e; L = 0 for all semicuspidal modules L.
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Lemma 12.1 There is an equivalence of categories between the category of S(«) modules
and the full subcategory of semicuspidal R(a)-modules.

Proof 1t is clear from the definition that any semicuspidal R(«)-module is a S(«)-module.
Conversely suppose that M is a S(«)-module. Suppose that A = (A1, ..., A;) is a root
partition such that g” L () appears as a subquotient of M. Then e;M # 0 for some i which is
the concatenation of iy, ..., i;in Seq (A1), ..., Seq (A7) respectively. If A # o, thene;L =0
for all semicuspidal R(«)-modules L. Therefore e; has zero image in S(«), contradicting
eiM # 0. Hence all composition factors of M are semicuspidal, so M is semicuspidal. 0O

Definition 12.2 Let o be a positive root. A minimal pair for « is an ordered pair of roots
(B, ) satisfyingae = B+y,y < B and thereis no pair of roots (8, ') satisfyinga = g+’
andy <y < B < B.

Lemma 12.3 Let a be a positive root and let (B, y) be a minimal pair for «. Let L be a
cuspidal representation of R(ct). Then Res,, g L is a S(y) ® S(B)-module.

Proof Expand [Res, g L] in the categorical dual PBW basis

[Resy p L1 =Y croERE}.
T,0

Then
¢ro = (Ex ® Es, [Resy g L]) = (Ex Es, [L]).

In the previous section we showed how the Levendorskii-Soibelman formula gave an
algorithm for expanding the product E; E,; into the PBW basis. Each term E,, - - - E, which
appears at some point in this expansion has k1 > 71 > Band«, < o7 < y.

The only PBW basis elements which fail to be orthogonal to [L] are those of the form E,
if  is real and Es with s € S if « is imaginary. For such a term to appear, it must arise as a
result of applying Theorem 11.6 to a term Ey, E,, with k| + k7 = «.

We have already showed that k1 > B and k» < y. To apply the Levendorskii-Soibelman
formula we need «; < k> and we also know k| + k2 = «. Since (8, y) is a minimal pair,
this forces k1 = B and k = y. Therefore the coefficient ¢, can only be nonzero if 7 = k|
and o = k3. Hence [Res, g L] is a linear combination of elements of the form [L, ] ® [Lg]
where L, and Lg are cuspidal representations of R(y) and R(f). This implies that Res, g L
is a S(y) ® S(B)-module, as required. ]

A chamber coweight w is said to be adapted to the convex order < if it is a fundamental
coweight for the positive system p(®, ;) in ®r. Let w be such a chamber coweight. Then
there exists aroota € p(®.s) suchthat (w, @) = 1 and (w, ) = 0forall 8 € p(d.5)\ {a}.
Let w; =& and w_ = Za. We will always assume that all chamber coweights are adapted
to the given convex order.

Lemma 12.4 Let a be a positive real root which is not simple that does not have a real
minimal pair. Then there exists a chamber coweight w adapted to < such that « = w1 + né
oroa = w_ + né for some n € N.

Proof Since every root which is not simple has a minimal pair, if & has no real minimal pair
it must be that o« — § is also a root.

Without loss of generality suppose a > 8. The p(«) is a positive root in ® y. We have to
prove that p(«) is simple. Suppose for want of a contradiction that p(e) = 8 + y for two
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positive roots 8 and y. Then o = B + 7 + né for some n. If n > 0 then we can use this
expression to write o as a sum of two roots both greater than §, which proves that « has a
real minimal pair.

Therefore the only case left to consider is if B+ y — 2§ is a positive root. When writing
B + 7 in the form n8 + x with x € @7, n > 2 with equality if and only if 8 and y are
negative under the usual positive system on ® ;. Therefore it is impossible for B +y—-28
to be a root. O

13 Independence of convex order

In this section, we prove some results detailing how some modules which a priori depend on
the entire convex order <, only depend on the positive system p(P_s).

Theorem 13.1 Let w be a chamber coweight. The algebras S(w4y) and S(w-) only depend
on the set p(®s).

Remark 13.2 For a balanced convex order, this is [13, Lemma 5.2].

Proof It suffices to prove that the simple modules L(w_) and L (w4 ) depend only on p(®<s).

We write E; for the root vector defined using the convex order <. Let < and <’ be two
convex orders with p(®_s) = p(P/s). Without loss of generality we may assume that < and
<’ are of word type. Label the roots smaller than § as o1 < ap < -~ and o) <" ) <" ---.

Let n and N be such that

o_ €{ay,...,ap} Claf, ... oy}
Let w be the element of W such that ®(w) = {«y,...,®,} and let u € W be such that
d(u) = {a’l, e, a;V}. Then ®(w) C ®(u). Hence if we fix a reduced expression for w (in

particular the one used to define £ ) then there exists a reduced expression for # beginning
with this fixed reduced expression for w.

By [19, Prop 40.2.1] there exists a subspace U+ () of f which contains E ~ and E :)7 . The
dimension of U™ (u),,_ is equal to the number of ways of writing w_ as a N-linear combination
of roots in ®T (). Any nontrivial expression contradicts the simplicity of p(w_), hence this
space is one-dimensional, so E; and E ;L are scalar multiples of one another.

By Theorem 9.1, (1 — qz)EaL is the character of the irreducible module L(w-), hence
this scalar must be one and the module L(w_) is the same for the convex orders < and <’.
This completes the proof for w_ and the proof for w is similar. O

Lemma 13.3 Let (B, y) be a minimal pair for §. Let Lg and L, be cuspidal R(B) and
R(y)-modules respectively. Then Res,g(L, o Lg) = L, @ Lg and Res,g(Lg o L,) =
g PrL, ® Lg.

Proof By Lemma 13.1, without loss of generality, assume our convex order < is as in
Example 3.6. Thus the only roots between y and 8 are of the form y + né, 8 + né or né.

Consider a nonzero quotient in the Mackey filtration of Res,, g(L,, o Lg). Then we have
A,u,v € NI suchthat A + =y, u + v = §, A is a sum of roots less than or equal to y,
v is a sum of roots greater than or equal to 8, while p is both a sum of roots greater than or
equal to y and a (possibly different) sum of roots less than or equal to 8.

Consider y = A 4+ p which has been written as a sum of roots less than or equal to 8. No
roots between y and B can appear in this sum. By convexity of the convex order, the only

@ Springer



264 P. J. McNamara

options are © = 0, © = y and u = B. We will have to show that the last two options are not
possible.

So suppose for want of a contradiction that &t = y. Thenv = 8 — y = >, v; with each
v; larger than 8. Note that there is at least two terms in this sum as 8 — y is not a root.

Since (y, B — y) = —4, there exists an index j such that (y, v;) < 0. Therefore y + v;
is a root. Now consider

B=@+v)+> v (13.1)
i#]

By convexity this implies y +v; < B and as v; > B > y it must be that y + v; > y.
The Eq. (13.1) implies |y + v;| < |B|. But on the other hand we’ve classified all roots o
between B and y and none of them satisfy |o| < B, a contradiction. The case u = B is

handled similarly.
Therefore there is only one term in the Mackey filtration, which is the one where u = 0,
whence we obtain the lemma. ]

14 Simple imaginary modules

We start by following [9] and defining the R-matrices for KLR algebras. First we need to
introduce some useful elements of R(v).
For 1 < a < n = |v| we define elements ¢, € R(v) by

(taYa — YaTa)ei ifig =lgq1,

Pali = .
7,65 otherwise.

These elements satisfy the following properties
Lemma 14.1 [9, Lemma 1.3.1]

(1) (pgei = (Qu“,va_H (Xq, Xq+1) + 5ua,vu+1)ei-
(2) {@k}1<k<n satisfies the braid relations.
(3) Forw € S, let w = 4, - - - Sq, be a reduced expression of w and set ¢y, = Qa; * - - Pa, .
Then @y, does not depend on the choice of reduced expressions of w.
(4) Forw € S, and 1 <k < n, we have QyXr = Xy (k) Puw-
(5) Forwe S,and1 <k <n,ifwk+1) =wk) + 1, then ¢,k = Ty (k) Pw-
(6) ¢u-1pwei =[] a<b, (Qi,i,(Xas Xb) + 8i iy )ei-
w(a)>w(b)

Let M and N be modules for R(1) and R(u) respectively. Let (A, ), be the degree of

Guwn.u)- Define the morphism Ry y : M o N — g~ **n N o M by

Ry N ®v) = gy, pv ® u.

In [9] an algebra homomorphism v, : R(v) — Q[z] ® R(v) is constructed where v, (ej) =
ei, U:(y;) = y; +zand ¥, (1) = 7. If M is an R(v)-module we define the R(v)-module
M, = ¥*(Qlz] ® M). The morphism ry y : M o N — g*~*#n N o M is now defined by

run = (@ —w) " Ru,.n,) lz=w=0-

where s is the largest possible integer for which this definition is possible. In [9] it is shown
that rps v is a nonzero morphism and that these collections of morphisms satisfy the braid
relation.
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Lemma 14.2 Let L| and L, be two irreducible cuspidal representations of R(8). Then the
morphisms ry, 1, and rp, 1, are inverse to one another.

Proof By adjunction
Hom(Lj oLy, Lyo L) =Hom(L| ® L, Ress s L2 o Ly).

As L and L, are cuspidal, the Mackey filtration of Ress s(L, o L1) has two nonzero
pieces, namely L, ® L1 and L ® L. In particular this implies that Hom(L o Ly, Ly o Ly)
is concentrated in degree zero. Since ry, 1, 7 0, the integer s in the construction of 7, 1,
must be equal to (8, 8), /2.

For j = 1, 2, pick a nonzero vector v; € L; such that y;v; = 0 for all i. The morphism
FLo.LiTL,.L, MAPS U] ® V3 10 ((Z/ . Z)—Zs(pi)[w]vl ® vz) |.=—0 Where the computation
is taking place in (L1); o (L), (by abuse of notation, we write v for 1 ® v € L;). We
can compute this using Lemma 14.1(vi). Since y;v; = 0in L;, we have y;v; = zv; in
(L j)z. Then the product on the right hand side of 14.1(vi) acts by the scalar (Z = 2)©@n
on the vector vi ® v; € (L1); o (L2),. We’'ve already computed (3, §), = 2s and hence
TLy, L \TL;, L V1 @ V2 = V] ® V3.

Since L and L, are irreducible, v ® v, generates Ly o L. Therefore rp, 1,711, is the
identity. o

From the evident maps from End(L o L) to End(L°"), the morphisms rz, ; define n — 1
elements, denoted 7y, rp, ..., r,—1 € End(L°"). The following result was first noticed in a
special case in [15, Theorem 4.13], and is fundamental to the paper [14].

Theorem 14.3 Let L be an irreducible cuspidal representation of R(8). There is an isomor-
phism End(L°") = Q[S,] sending r; to the transposition (i, i + 1).

.....

.....

Therefore dim End(L°") < n!.

By Lemma 14.2, rl,2 = 1. The identity r;rj = rjr; for |j —i| > 1is trivial and the braid
relation r;r; 17, = ri41riri4+1 is a general fact about the morphisms s,y constructed in [9].
This allows us to define r,, for each w € ;.

Recall that in the proof of Lemma 14.2, we showed that s = (8, §),,/2, where s is the
integer appearing in the definition of r, ;. Therefore by induction on the length of w, using
[9, Proposition 1.4.4(iii)], we obtain

TV ® - QU =T,V ®---QV € Z Twl®---QL
L(w")<l(t(w))

where ¢ : S,, — S,5 is the obvious embedding. Therefore the endomorphisms r,, are linearly
independent.

Since the r; satisfy the Coxeter relations there is a homomorphism from Q[S,, ] to End (L°").
We have just shown it is injective. Surjectivity follows from the dimension estimate in the
first paragraph of this proof. O

Let w be a chamber coweight. Let L (w) be the head of the module L(w_) o L(wy).
Lemma 14.4 The module L(w) is an irreducible module with L(w)® = L(w). Furthermore

Resy_,w, L(w) = L(w-) ® L(wy).
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Remark 14.5 The irreducibility of L(w) is in [25] and can also be derived from [10, Theorem
3.2]. Our preference for giving this proof is that we wish to make use of the extra properties
of L(w) that we establish.

Proof Using Theorem 13.1 and the convex order from Example 3.6, we may assume without
loss of generality that (w4, w—) is a minimal pair for 8.

For any quotient Q of L(w_) o L(w4) there is, by adjunction, a nonzero morphism from
L(w-) ® L(w4) to Resy,_ », O which is injective as the source is irreducible. Lemma 13.3
implies that Resy,_ o, L(w-) o L(wy) = L(w-) ® L(wy). By exactness of the restric-
tion functor, this forces the head of L(w_) o L(w4) to be irreducible and furthermore
Res,_,w, L(w) = L(w-) ® L(wy). The self-duality of L(w) follows since every simple
module is self-dual up to a grading shift, duality commutes with restriction and the modules
L(w+) are self-dual. ]

15 The growth of a quotient

Let z be the element y; + - - - + y|y| € R(v). It is straightforward to check that z is central.
The following lemma and proof appeared in an early version of [4].

Lemma 15.1 Let R'(v) be the subalgebra of R(v) generated by ¢;, i € Seq (v), t; and
Vi —Vi+1, | <i < |v|. Then multiplication induces an algebra isomorphism Q[z]® R' (v) —
R(v).

Proof An inspection of the presentation (5.1) of R(v) shows that the set of elements of the
form

1 = y2) (2 — )2 (Ya—1 — y) " Twe

withay, ..., a,—1 € N,w € S,andi € Seq (v) isaspanning setfor R’(v). Since Theorem 5.4
provides us with a basis of R(v), we can see that the collection of elements above forms a
linearly independent set, hence is a basis for R'(v). We compute

n—1

nyn =2+ Y i(yi = yit1)

i=1

and thus y, is in the image of Q[z] ® R’(v). Therefore the multiplication map from Q[z] ®
R’(v) to R(v) is surjective. A dimension count using Lemma 5.4 shows that it must be an
isomorphism. O

Lemma 15.2 Let o be a positive root. There is an injection from Q[z] into the centre of S().

Proof Let S'(a) be the quotient of R’(«) by the two sided ideal generated by all ¢; such
that e; L = O for all cuspidal representations L of R(«). Lemma 15.1 implies that S(a) =
Q[z] ® S'(«). The image of Q[z] ® Q provides us with our desired central subalgebra. 0O

Let @ be an indivisible root, L a cuspidal representation of R(«) and let (8, y) be a
minimal pair for or. Let L” ® L’ be an irreducible subquotient of Res,, g L. By Lemma 12.3,
L" and L’ are cuspidal modules for R(y) and R(8). We will call (L', L") a minimal pair for
L. We inductively define a word i; € Seq (o) as the concatenation iz iy .

Let T (L) be the subalgebra of ej, S(«)e;j, generated by yyej, , ..., yjolei,-
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Lemma 15.3 Let L be a cuspidal representation and (L', L") be a minimal pair for L. The
inclusion R(y) ® R(B) — R(«) induces a homomorphism from T (L") @ T(L') to T (L).

Proof Suppose x € ker(R(y) — S(y)). Consider x ® 1 € R(y) ® R(B) — R(x). On
M € S(a)-mod, x ® 1 acts in the way it does on Res, g M, whichis a S(y) ® S(8)-module.
Therefore x @ 1 acts by zero and hence is in the kernel of R(«) — S(«). m]

Lemma 15.4 Let L be a cuspidal representation of a. The scheme Proj T (L) has a unique
Q-point [x1 : -+ : X|o|], namely x1 = - - - = X|q).

Proof We prove this by induction on the height of &. Choose a minimal pair (8, y) for o« and

(L', L") for L. Suppose that [x : - - - : x|q|] is a Q-point of Proj T'(L). Then by Lemma 15.3
[x1:---:xpland [X}y|+1 : - - X|g)] are points in Proj T'(L") and Proj T (L') respectively.
By inductive assumption, x| = -+ - = x| and X, |41 = -+ = X|g|-

Let w = w[|y|, |B]] and consider the element gog)eiL. By Lemma 14.1(vi) it lives in T (ir)
and since gal% ei, = Puei, i, »Pw, itlives in the kernel of the map from R (@) to S(«). Therefore
gog) ej, is zeroin T'(iy). Lemma 14.1(vi) writes <p5}ei . as a product of elements of the form
x; —xj wherei < |y|and j > |y|. Therefore any Q-point of Proj T'(iz) has x| = - - - = Xl
as required. O

Theorem 15.5 Let o be an indivisible root. Then dim S(«)g is bounded as a function of d.

Proof Consider a composition series for S(«) as a S(«)-module. Every composition factor
must be cuspidal, so

[S@]=)_ fL(@IL] (15.1)

L

where f7(q) € N((g)) and the sum is over irreducible cuspidal representations L. For any
i € Seq(v), we therefore get the equality

dim(eiS(@) = Y _ fr(g) dimeiL. (15.2)
L

Pick an irreducible cuspidal representation L and let iy be the corresponding word
in Seq(v). By Lemma 15.4 and the theory of the Hilbert polynomial, dim 7' (iz)y is a
bounded function of d. From Theorem 5.4 we see that e;, S(«) is finite over T (iz) and
hence dim(ej, S(«))q is a bounded function of d.

We take i = iy in (15.2) and since ¢j, L # 0, the Laurent series f7.(q) = > fL(d)qd has
f L(d) a bounded function of d. Equation (15.1) completes the proof. O

16 An important short exact sequence

Let « be a real root. Define A (o) to be the projective cover of L(«) in the category of S(w)-
modules. Let w be a chamber coweight. Define A(w) to be the projective cover of L(w) in
the category of S(§)-modules.

Lemma 16.1 Let o be an indivisible root. Suppose that (B, y) is a minimal pair for o. Let
Ag and A, be finitely generated projective S(B) and S(y)-modules. Then there is a short
exact sequence

Oeq_ﬂ'VAﬂoAyeAyoAﬁ%Ceo

for some projective S(o)-module C.

@ Springer



268 P. J. McNamara

Proof By adjunction,
Hom(q #7Ago Ay, A, o Ag) =Hom(g Y Ag® A,,Resg, A, o Ap).

Since the modules A, and Ag are cuspidal, the Mackey filtration of Resg, A, o Ag has
only one nonzero term, yielding an isomorphism

Resgy Ay 0o Ag =g PV Ag@A,.

Letg:q #7AgoA,— A, o Ag be the image of the identity map on ¢ #7 Ag ® A, under
the isomorphisms discussed above.
This map ¢ satisfies

(1 ® (Vg ®vy)) = Tyl ® (v, @ vg) (16.1)

forallvg € Agandv, € A,.

There are filtrations of Ag and A, where each successive subquotient is an irreducible
cuspidal module for R(8) or R(y) respectively. This induces a pair of filtrations on Ag ® A,,
and A, ® Ag where the successive subquotients are of the form Lg o L, or L, o Lg for
cuspidal irreducible representations Lg and L,, of R(8) and R(y).

From the explicit formula (16.1), we see that ¢ induces a morphism ¢ on each subquotient
¢:qPVYLgoL,— L, oLpg satisfying

(1 ® (vg ® vy)) = Twip,y11 ® (vy ® vp).

By Theorem 10.1, the module Lg o L, has an irreducible head A(Lg, L, ). Since (8, y)
is a minimal pair, all other composition factors are cuspidal. Taking duals, g8 L, o Lg has
A(Lg, Ly) as its socle with all other composition factors cuspidal.

The morphism ¢ therefore sends the head of ¢ =# Lg o L, onto the socle of L, o Lg.
Hence ¢ induces a bijection between all occurrences of non-cuspidal subquotients as sections
of filtrations of ¢ AV A g oA, and A, o Ag. This shows that ker ¢ and coker ¢ are both
cuspidal R(«)-modules.

Suppose for want of a contradiction that ker ¢ is nonzero. It is a submodule of the finitely
generated module ¢ A Ag o A,. By [11, Corollary 2.11], R(a) is Noetherian and hence
ker ¢ is finitely generated.

As ker ¢ is cuspidal it is a S(«)-module, so by Theorem 15.5 we deduce that dim (ker ¢)4
is bounded as a function of d.

The adjunction (6.2) yields a canonical nonzero map from Res, gker¢ to A, ® Ag. If
X is the image of this map then we have dim X, is a bounded function of d.

The modules Ag and A, are free over the central subalgebra Q[z] of S(8) and S(y).
Therefore Ag ® A, is a free Q[z1, z2]-module. Hence there are no nonzero submodules M
of Ag ® A, for which dim My is a bounded function of d. This is a contradiction, implying
¢ is injective.

Now let L be a cuspidal R(«)-module. We apply Hom(—, L) to the short exact sequence

O%qAﬁoAyg A, o Ag — coker ¢ — 0.
and obtain a long exact sequence. As Resg ,, L = 0, we have
Ext'(Ago Ay, L) = Ext'(Ag ® Ay, Resg, L) = 0.
Therefore our long exact sequence degenerates into a sequence of isomorphisms

Ext’ (coker ¢, L) = Ext'(A, o Ag, L) (16.2)
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and by adjunction we have
Ext' (A, o Ag, L) = Ext' (A, ® Ag, Resy g L). (16.3)

Lemma 12.3 shows that Res,, g L isa S(y) ® S(8)-module. Since A, ® Ag is a projective
S(y) ® S(B)-module, we derive that Ext! (Ay ® Ag,Resy g L) = 0. Tracing through the
above isomorphisms yields Ext!(coker ¢, L) = 0 and therefore coker ¢ is a projective
S(a)-module. ]

17 Cuspidal representations of R(§)

We first explain the intertwined logical structure of this section and the following one. Each
statement in Sect. 18 involves a positive root . We prove all the results in this section under
an assumption that the results in Sect. 18 are known for all roots « of height less than the
height of §. The reader will not be worried about the forward references once the logical
structure of Sect. 18 is known.

The results of Sect. 18 will be proved by a simultaneous induction on the height of the
root . In particular, when Theorem 18.1 is proved for a root «, it will be safe to assume that
Theorem 18.2 is known for all roots of smaller height. There are references to the results
of this section in Sect. 18. However they only appear when the root o under question is of
height at least that of §. Thus there is no circularity and the argument is valid.

Let w be a chamber coweight. Recall from Sect. 14 that L(w) is the head of the module
L(w-) o L(w4+) and is irreducible. Let A(w) be the projective cover of L(w) in the category
of S(§)-modules. We caution the reader that while L(w) will depend only on the chamber
coweight w (as in [25]), the module A (w) will depend not just on w but also on the positive
system p(P,s).

Theorem 17.1 Let w be a chamber coweight. There is a short exact sequence
0 — ¢>’Alwy) o Alw_) - Alw_) o Alwy) = Alw) — 0.

Proof As in the proof of Lemma 14.4, we may assume without loss of generality that
(w4, w—) is a minimal pair for §.
By Lemma 16.1, there is a short exact sequence

0 — ¢?Aws) o Alw-) = Alw_) o Alwy) — C — 0 (17.1)

for some projective S(6)-module C.

As C is cuspidal, Resy,,_ C = 0. By adjunction, this implies that Ext' (¢2A(wg) o
A(w-), C) = 0. From the long exact sequence obtained by applying Hom(—, C) to (17.1),
we therefore get an isomorphism

End(C) = Hom(A(w-) o A(w4), C). 17.2)
By Lemma 13.3 and adjunction,
Ext' (A(@-) 0 Aw4), *Aw4) 0 Alw-)) = Ext' (A(w-) ® A1), ¢*Alw-) ® Aws))

which is zero since A(w4) ® A(w-) is a projective S(w4) ® S(w—)-module. From the long
exact sequence obtained by applying Hom(A(w_) o A(w4), —) to (17.1), we therefore have
a surjection from End(A(w-) o A(w4)) onto Hom(A(w-) o A(w4), C).
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Again we apply Lemma 13.3 and adjunction to obtain
End(A(w-) o A(w4)) = End(A(w-) ® A(wy))

By Theorem 18.3 this is isomorphic to Q[x, y] with x and y in degree 2. Concentrating our
attention to degree zero, we obtain End(C)g = Q. Therefore C is indecomposable.

The module L(w) is by construction a quotient of A(w_) o A(w4). Since it is cuspidal,
the same argument that produced the isomorphism (17.2) yields an isomorphism

Hom(C, L(w)) = Hom(A(w-) o A(w4), L(w)).

Therefore L(w) is a quotient of C. Since C is an indecomposable projective S(§)-module,
it must be that C is the projective projective cover of L(w). O

Corollary 17.2 Let w be a chamber coweight. Then [A(w)] € f and when specialised to
g = lisequaltoh, ®t.

Proof This is immediate from Theorems 18.2 and 17.1. O
As a consequence we also obtain the following theorem, which also appears in [25].

Theorem 17.3 The set of all modules L(w), as w runs over the chamber coweights adapted
to the convex order <, is a complete list of the cuspidal irreducible representations of R(3).

Proof Corollary 17.2 shows that the modules A(w) are a complete set of indecomposable
projective modules for S(8). In the last paragraph of the proof of Theorem 17.1, we showed
that the module L () is a quotient of A (w). We also proved that L (w) is simple in Lemma 14.4.
Therefore the set of such L(w) is a complete set of irreducible cuspidal representations of
R(5). O

Let {ny}wen be a sequence of natural numbers. Lemma 14.2 shows that the induced
product

O L)

we

is independent of the order of the factors.
Now we know the modules L(w) are pairwise nonisomorphic, we can use the same
argument as in Theorem 14.3 to obtain a natural isomorphism

End < @) L(a))””’) = X) QIS 1. (17.3)
we2 we

If {myplweq and {n,}necq are two sequences of natural numbers then there is a natural
inclusion

End ( O L(w)m“’> ® End ( O L(w)"“’) — End( O L(a))’”””‘“) (17.4)

we we weR

which, under the isomorphism (17.3) is the tensor product of the natural inclusions

Q[Smw] ® Q[Snw] — Q[Smw+nw]~ (175)
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If w is a chamber coweight and A is a partition of n, we define
Lo, (1) = Homgys, (8%, L(@)*")

where S* is the Specht module for S,,.
Let L = {XA,}weq be a multipartition. Then we define

L) = O Ly(h) = Homgqys,, | <® s, O L(w)"”w) :
0139 we
we
Define the multi-Littlewood-Richardson coefficients by
v o _ Vo
C)\Jl - C)Lwﬂru
- we
where CK is the ordinary Littlewood-Richardson coefficient, which we take to be zero if

vl # (A4 |ul.

Theorem 17.4 The family of modules L()) enjoy the following properties under induction
and restriction:

LG)o L) = P L™

®cy,
A

Resis,ibs L) = P LWL
Ak, pbn—k

Proof This follows from the observation above that the inclusions (17.4) and (17.5) are
equivalent under the isomorphism (17.3), together with the known formulae for the induction
and restriction of Specht modules for the inclusions S, X S, — Sy+4n- O

As a particular case of Theorem 17.4, we have

Resks, (n—k)s Lo (1") = Lo(1%) ® L,(1"7%). (17.6)

18 Homological modules

See the beginning of the previous section for a discussion of the inductive structure of the
arguments in this section.

Theorem 18.1 Let o be an indivisible positive root. Let A and L be S(«)-modules with A
projective. Then for all i > 0,

Ext'(A, L) = 0.

We remind readers that these Ext groups are taken in the category of R(«)-modules which
makes this result nontrivial.

Proof Let (B, y) be a minimal pair for «. If « is a real root, then by the inductive hypothesis
applied to Theorem 18.2 and Corollary 17.2, there exist projective S(8) and S(y)-modules,
Ag and A, such that [Ag][A, ] # qﬁ'V[Ay][Aﬂ]. Therefore in the short exact sequence of
Lemma 16.1, C is a nonzero direct sum of copies of A ().
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If o is imaginary, then without loss of generality assume that A is indecomposable pro-
jective, hence isomorphic to A(w) for some w. Then we use the short exact sequence of
Theorem 17.1 and so in all cases we have a short exact sequence

0—> g P7AgoA, - AyoAg—C—0 (18.1)

and it suffices to prove that Ext’(C, L) = 0 for all cuspidal R(«)-modules L.
By adjunction there is an isomorphism

Ext' (A, o Ag, L) = Ext' (A, ® Ag, Res,p L).

Lemma 12.3 shows that Res, g L is a S(y) ® S(B)-module. Thus by inductive hypothesis we
know that this Ext group is zero.

On the other hand, the group Ext'~!(g=#7 A g o Ay, L) is zero by adjunction and the
cuspidality of L.

Now consider the short exact sequence (18.1) and apply Hom(—, L) to get a long exact
sequence of Ext groups. In the long exact sequence the group Ext’(C, L) is sandwiched
between two groups which we have shown to be zero, hence must be zero itself. O

Theorem 18.2 Let o be a real root. Inside fZ((q)) we have [A(a)] = Ej.

Proof By Theorem 18.1, ([A()], [L(«)]) = 1. We know that A(«) only has L(«) appearing
as a composition factor, and by Theorem 9.1, [L(a)] = EJ. Therefore A(x) is a scalar
multiple of E,. By [19, Proposition 38.2.1], the automorphisms 7; preserve (-, -), hence
(Eq, E}) = 1 and the scalar is 1. O

Theorem 18.3 Let a be a real root. The endomorphism algebra of A(a) is isomorphic to
QIz], where z is in degree two.

Proof As A(w) is the projective cover of L(«) which is the unique simple S(«)-module,
the dimension of End(A(w)) is equal to the multiplicity of L(«) in A(w). Theorems 9.1
and 18.2 tell us that [A(«)] = E4 and [L(«)] = E}. Since E} = (1 — qz)Ea, we have
dim End(A()) = (1 — ¢®)~ .

There is an injection from the centre of S(«) into End(A(«)). By Lemma 15.2, there is
an injection from Q[z] into End(A(w)). A dimension count shows that this injection must
be a bijection, as required. O

Corollary 18.4 Let « be a positive real root. Then the algebras S(a) and Q[z] are graded
Morita equivalent.

Proof The module A («) is a projective generator for the category of S(«)-modules and its
endomorphism algebra is Q[z]. O

19 Standard imaginary modules

Lemma 19.1 Let d < 0 be an integer and let w and o' be two chamber coweights. Then

Q ifd=0andw =o',

dim Hom(A(w), A(0'))g = .
0 otherwise.
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Proof Since A(w) is a projective S(8)-module, the dimension of Hom(A (w), A (")) is equal
to the multiplicity of L(w) in A(w’).
We have

([L(@)], [L(@)]) € 8uer + qZIIg1]

and by Lemma 18.1, the bases {A(w)} and {L(w)} are dual bases for the subspace of f
spanned by the cuspidal modules. Therefore

[A(w)] € [L(®)] + ZCIZ[[Q]] [L(x)]
xeQ

which shows the desired properties of the multiplicities. O

Lemma 19.2 The module O A(w)°"* is a projective object in the category of S(né)-
e
modules.

Remark 19.3 We choose an arbitrary ordering of the factors in oyeq A(w)*. Lemma 19.4
below shows that this choice of ordering is immaterial.

Proof Let L be a semicuspidal R(n§)-module. Therefore Res;
module. By adjunction

sLisaS(0)®---® S(5)-

,,,,,

Ext' (O A(w)™, L) = Ext' ((X) A(@)®", Res;,_s L)

we we

and since each A(w) is a projective S(8)-module, this Ext! group is trivial, as required. 0O
Lemma 19.4 Let w and o’ be two chamber coweights. Then A(w) o A(w') = A(w') o A(w).

Proof We assume that w # «' as otherwise the result is trivial. By Lemma 19.1 and a
computation using adjunction and the Mackey filtration, we compute End(A (w) o A(w'))g =
Q. Hence A(w) o A(w') is indecomposable. By Lemma 19.2 the module A(w) o A(w’)
is a projective S(28)-module which surjects onto L(w) o L(w’), hence is the projective
cover of L(w) o L(w') in the category of S(238)-modules. By Lemma 14.2, L(w) o L(o') =
L(') o L(w), hence their projective covers are isomorphic. ]

Theorem 19.5 Let {m,}pecq and {ny}eecq be two collections of natural numbers with
Y Mo =D, Ne and let d < 0 be an integer. Then

R e QSn, 1 ifmy =ne forallw andd =0

weR weQ 0 otherwise

Hom( O A(@)", O A(w)*"*)g = {
Proof The Mackey filtration for Ress, s(oneqA(w)@) has (3°, ne)! nonzero subquo-
tients, each a tensor product of projective S(8)-modules where the factor A(w) appears n,,
times.

Therefore the filtration splits, and by Lemma 19.1 and adjunction, the Hom space under
question is zero unless m,, = n, for all w and d = 0. Furthermore in this case its dimension
is [, no!.

Since openA(w)°** is a projective S(nd)-module and o,ecqL(w)°"® is a quotient
of oyeaA(w), every endomorphism of o,ecqL(w)" lifts to an endomorphism of
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oweQA(w)°". From the dimension counts in the previous paragraph and (17.3), this lift
is unique in degree zero and hence we get an algebra isomorphism

End( O A(@)°"*)o = End( O L(w)°").

weR weR

So the result follows from (17.3). ]

For a multipartition A = {A,}wecq Where each 1, is a partition of n,,, we define

A(3) = Homggys,, (@™, O Alw)*")
we

Theorem 19.6 The modules A()\) behave in the following way under induction and restric-
tion.

Yoy

AG) o M) = P AW

D v
Resis. s A = P AQ @AW £
Ak, pbn—k
Proof The proof is the same as that of Theorem 17.4 O

Let f; be the dimension of the Specht module S* and for a multipartition A = {1, }weq,
let fi =T, fa,-

As a Q[S, ]-module, Q[S,,] decomposes as Q[S,] = &, (S$1)®/+ Therefore we obtain the
decomposition

O Al)™ = P A (19.1)

we An

Lemma 19.7 Let A be a multipartition of n. The module A()\) is indecomposable.
Proof From the decomposition (19.1) we obtain inclusions

P Mat £, (@ c P Mat f, (End(A 1)) C End( O A(w)°"). (19.2)
X X

we

Comparing dimensions shows that these inclusions are isomorphisms in degree zero.
Therefore End(A (X))o is isomorphic to (Q, hence A (L) is indecomposable. m]

Lemma 19.8 If A # u, then A(L) is not isomorphic to any grading shift of A(u).

Proof Leti < 0 be an integer. The inclusions in (19.2) are all isomorphisms in degrees less
than or equal to zero. Therefore Hom(A(A), A(w)); = 0 and thus A(A) is not isomorphic to
q' A(w). Similarly A(w) is not isomorphic to g* A(A). m]

Theorem 19.9 The set A(L) is a complete set of indecomposable projective S(nd)-modules.

Proof The module A(A) is a direct summand of oy,cqA(w)™ which is projective by
Lemma 19.2, hence A (L) is projective. Lemmas 19.7 and 19.8 ensure that the set {A(L)} is
an irredundant set of indecomposable projective S(nd)-modules, up to a grading shift. The
number of indecomposable projective S(nd8)-modules is equal to the number of irreducible
semicuspidal R(né)-modules. This number is known by Theorem 8.9, hence we have found
all of the indecomposable projectives. O
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Theorem 19.10 The set {L(A)}y-n is a complete set of self-dual irreducible S(nd)-modules.

Proof The set A(L) is a complete set of indecomposable projectives, so the set hd A(L) is a
complete set of irreducible S(n6)-modules. Since A (L) surjects onto L(1), the set hd(L())
is a complete set of irreducible S (n8)-modules. So it suffices to prove that L (1) is irreducible.

Let X be a simple submodule of L(1). Then X is semicuspidal so is of the form hd (L (u))
for some multipartition . Therefore we get a nonzero morphism from L(u) to L(A). From

the decomposition O L(w)°" = @, A (A)eafl we obtain inclusions
we

P Mat , (@ c @ Mat ;, (End(L(2)) € End( O L(w)*"). (19.3)

An Abn weR

Comparing dimensions shows that these inclusions are equalities and hence all morphisms
from L(w) to L(A) are either zero or isomorphisms. Hence L(A) must be irreducible, as
required. The self-duality of L(A) is immediate from the self-duality of L(w) and (5.2). O

Theorem 19.11 Let A and u be two multipartitions. Then

Ext! (A, L(w)) = {Q JA=pandi =0,
— 0 otherwise.
Proof In the course of proving Theorem 19.10, the module A(X) was shown to be the
projective cover of the irreducible module L () in the category of S(n8)-modules. This takes
care of the i = 0 case.
Now suppose that i > 0. Since A(A) is a direct summand of o,c0 A (w)°"*, it suffices to
show that

Ext'( O A(@)™", L(n)) = 0.

we
The module Res;, s L() has all composition factors a tensor product of cuspidal R(5)-
modules. The result now follows from adjunction and Theorem 18.1. O

Corollary 19.12 Ler ). and 1 be two multipartitions. Then ([A(M)], [L(W)]) = S&ﬂ.

20 The imaginary part of the PBW basis

We now follow [2] and define the imaginary root vectors. For comparison with their paper,
we note that our ¢ is their ¢ ~!. We will not be able to cite results from [2] since they only
work with convex orders of a particular type. The aim of this section is to describe a purely
algebraic construction of the PBW basis. We will prove that this algebraic construction agrees
with the one coming from KLR algebras in Theorem 24.4.

Let w be a chamber coweight adapted to <. We first define elements ¥/ by

1/’,(;) = En87w+ Ey, — quaur Ens—w, -

Before we continue, we show that the v’ lie in a commutative subalgebra of f.

Theorem 20.1 If L; and L, are irreducible semicuspidal representations of R(n18) and
R(ny9) respectively, then Ly o Ly = Ly o L.
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Proof The modules L and L, are both direct summands of modules of the form o, L (w)°"*.
The space of homomorphisms between two modules of this form has already been computed
to be concentrated in degree zero. Therefore Hom(L{, L>) is concentrated in degree zero.
By the same argument as in the proof of Lemma 14.2, the R-matrices 71, 1, and rp, 1, are
inverse isomorphisms. O

Corollary 20.2 The subalgebra of £ spanned by all semicuspidal representations of R(né)
is commutative.

Lemma 20.3 Let w € Q2 and n € N. There exist semicuspidal representations X and Y of
R(nd) with [X] —[Y]=y2.

Proof The same argument as in the proof of Lemma 16.1 shows that we can take X and Y to
be the cokernel and kernel of a map from g A (w4) o A(né — wy) to A(né — w) o A(wy).
O

Corollary 20.4 The elements \ commute with each other.

Now we return to defining the imaginary part of the PBW basis and recursively define
elements Py’ by Py’ = 1 and

l n _
PO = o S;q" SYL PO .
LetA = (A1 > Ay > ---) be a partition and let > ¢(A) be an integer. We define
Sio = det(Pﬁ7j+j)l§i,j§t-

By Corollary 20.4 the entries in this matrix all commute with each other so there is no
ambiguity in the definition of the determinant.

The elements P’ here should be thought of as playing the role of the complete symmetric
functions in the ring of all symmetric functions. This determinental definition shows that the
elements S}’ are playing the role of the Schur functions. This point of view makes it clear
that the definition of S}’ does not depend on ¢.

Letw = (B]"",..., A ..., ¥") be aroot partition. The PBW basis element Ey is defined
to be
Er=Eg" ... EJ"W (]_[ Si‘;) EGm . B (20.1)
weN

This agrees with the definition in [5] for the special convex orders which they use.

21 MV polytopes

Definition 21.1 Let M be an R(v)-module. The MV polytope of M, denoted P (M), is the
convex hull of the set

{ | Resy,y—py M # 0}

Let @ be a chamber coweight. The w-face of a polytope P is defined to be the intersection
of P with the plane spanned by w, and w_. For a general polytope, this construction is a
cross-section. We choose to call it a face because of the following result.
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Proposition 21.2 Suppose that w is adapted to the convex order <. If L() is a simple
module for some root partition 7w such that the support of 7w is contained in the span of w—
and w4, then the w face of P(L(1)) is a (possibly degenerate) 2-face of P(L(r)).

Definition 21.3 Let A be the functional on the span of w_ and w4 such that A(wy) = 1 and
Alw-) = —1. The width of the w-face of a polytope P is equal to the maximum value of
A(p) — A(q) where p and g are two points in the w-face of P.

Example 21.4 The width of the w-face of P(L(né — w4)) is n.

We know this because a MV polytope is completely determined by its 2-faces, which are
MYV polytopes for rank two root systems.

In the rest of this section, we fix a choice of chamber coweight w adapted to <. Without
loss of generality, we may assume that our convex order is of the form of Example 3.6.

Note that in our labelling of the irreducible semicuspidal modules for R(§) by multi-
partitions, there are choices involved. Namely replacing 77 (), L(») by its negative results in
replacing the partition A, by its transpose. We make a choice of sign in 7 (), (») sSuch that
L, ((2)) has w-width 2.

The reason that such a choice is always possible is that the module L(w’) o L(w”) will
only have w-width at least two if ® = @’ = " and by the Tingley-Webster classification,
there exists a unique MV polytope for 2§ of w-width 2. It must thus come from one of the
summands of L(w) o L(w) and we may replace our R-matrix with its negative if necessary
to ensure that this summand is the one indexed by the partition (2).

This means that the w-face of the MV polytope for L(w, (12)) is

6] (1, 1)

Proposition 21.5 Let A be a partition and w be a chamber coweight. The module L, (\) has
w-width 1 if and only if A = (1").

Proof We prove this proposition by an induction on n. The case n = 1 is trivial and the case
n = 2 is true by the choice of normalisation of the R-matrix.

Note that for ' # w, the module L(w’) has w-width zero. Therefore the w-width of
O L(Xry) is equal to the w-width of L(\y,).

xeQ
Therefore by induction we know exactly how many w-faces of modules of the form

O L(xy) with || < n have width less than or equal to one. By [25] this comprises all
xeQ
MYV polytopes of w-width less than or equal to one except for one polytope of w-width one.

Therefore there exists some partition ¢ - n for which L, (i) has w-width one.

The restriction Resys, (1—k)s L(14) can only have composition factors L1 ® L, where L
and L, have w-width at most one. These restrictions are given by the Littlewood-Richardson
rule (17.4). So by induction the only option is Resgs, (n—k)s L(i) = L,(1%) @ L,(1"%)
which for n > 2 forces u = (1), completing the proof. O

Theorem 21.6
Resns—w, oy Lo,(1") = A(L,(1"), L(w-)) ® L(wy).
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Proof We perform an expansion in the dual PBW basis

[ReSns—wy .0, Lo(I] =) conE} ® Ej.

o,

Then
Com = (Es¢ @ Eg, [Resné—w+,w+ Lw(ln)]> =(EsEg, [Lw(ln)D-

We consider the algorithm of Sect. 11 which teaches us how to write the product E, E; in
terms of the PBW basis.

Let 7 be the smallest root appearing in 7. If ¥ # w4 then as w4 — mx € NI, it must be
that ;< w_. Therefore at all stages in applying the algorithm for writing E, E in terms of
the PBW basis, any term E,, - - - E,, which appears has y; < w_ < 8. Therefore no purely
imaginary terms in the PBW basis can appear, and as [L,,(1")] is orthogonal to all PBW
elements which are not purely imaginary, ¢, = 0 for such 7.

So we may assume 7 = ..

Let o} be the smallest root appearing in o. Suppose that oy is not of the form mé + w_.
Then o < w_. At the first stage of applying our algorithm, up to two terms E,, --- E,
appear. One term has y; = oy < w_ while the other term, if it exists, has y; = o7 + w4 which
is also less than w_, since by convexity it is less than w4 and we know all roots between w4
and w_. By the same argument as in the previous paragraph, ¢, » = 0 in this case too.

Therefore, when ¢, # 0, all roots that appear in o are all in the span of w_ and
wy . This implies that every irreducible subquotient of Res;s—, 0w, Lo(1") is of the form
L(0) ® L(w4) for some such root partition o.

The largest root appearing in o is at most § as L, (1") is cuspidal. Therefore 0 = (A, m§ —
w4) for some multipartition A and positive integer m.

The w-face of P(L(m§ — w4)) has width m. Therefore the w-face of P(L (o)) has width
at least m. As the w-face of P(L (o)) is a subset of the w-face of P (L, (1")) which as width
one,m = 1.

Now by Theorem 17.4,

Res(—1)5.5 Lo(1") = Ly,(1"™ 1) @ L(w).

Therefore the only option for A is 1" at w and zero elsewhere, and furthermore L(1]), w_) ®
L (w4) must appear with multiplicity one, completing the proof. O

Lemma 21.7 Let w be a chamber coweight and o = w_. There is a short exact sequence
0—¢gL(x+8) > L(w)oL(e) > L(w,a) — 0.

Proof Theorem 10.1 tells us that L(w, ) is the head of the module L(w) o L(«) and that
every other subquotient of L(w) o L(«) is cuspidal. Therefore there is a short exact sequence

00— X— L(w)oL(a) > L(w,a) >0

for some cuspidal R(« + §)-module X. Since the head of L (w) o L(«) is known, Lemma 7.5
implies that [X] € ¢N[q]E; +s- Taking duals there is a short exact sequence
0 — L(w,a) — L(a) o L(w) > X® — 0.
‘We now consider

Hom(L() o L(w), L(w) o L(r)) = Hom(L () ® L(w), Resy,s L(w) o L(w)).
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The restriction has two nonzero pieces in its Mackey filtration. The module L (o) ® L(w)
appears as a quotient and we use Lemma 14.4 to identify the submodule as L (o) ® (L(5 —
o) o L(a)).

Now we consider

Hom(L(w), L(§ —a) o L(x)) = Hom(qu(a) ® L6 —a), L(a) ® L(6 —a))

where we have used the adjunction (6.2) and Lemma 14.4 to reach this isomorphism. There-
fore there is a unique (up to scalar) morphism from L(«) o L(w) to L(w) o L(«) in degree
2, and the only other possible morphisms are in degree zero from the other term in the
Mackey filtration. When comparing this with [X] € gN[¢]E] s, the only option is that
X =Z gL(a + 9), as required. O

Lemma 21.8 Let w be a chamber coweight and o = w— + né for some natural number n.
Then there are short exact sequences

0— gL(@+38) - L(w)o L(a) > L(w,ax) = 0

00— A(w) o A(e) - A(a) o A(w) — gA(a+6) & qilA((x +45) — 0.

Proof We prove the existence of these short exact sequences by an induction on n. The case
n = 0 for the first sequence is Lemma 21.7. First we prove the existence of the first sequence
for some n > 0, assuming that both sequences are known for lesser values of n.

As in the proof of Lemma 21.7, we have a short exact sequence

00— X— L(w)oL(a) > L(w,a) >0

where [X] € ¢N[¢g]E and we wish to study

atse
Hom(L () o L(w), L(w) o L(«)) = Hom(L() ® L(w), Resy s L(w) o L(w)).

The Mackey filtration of Resy s (L (w) o L(er)) has two nonzero pieces. The module L(«) ®

L(w) appears as a quotient, and to understand the submodule, we need to first understand

Resq—s.5 L().
By Lemma 12.3, we can write

[Resy—s,5 L(a)] = Z 8x(q@)[L(x — )] ® [L(x)]
xeQ

for some polynomials g, (¢) € N[g, g~ '] which satisfy g,(g) = g.(g~") since restriction
commutes with duality.

For x € Q, let C, be the projective S(a — §)-module which appears in the short exact
sequence of Lemma 16.1:

00— A(x)o Al —8) = Al —8) o A(x) > C, — 0.
We compute

8x(q) = (Eq—s ® Ex, [Resq—s L(@)])
= (Eq—s Ex. [L(2)])
= (Eq—sEx — ExEq—s, [L(2)])
= ([Ci]. [L(@)]).

Therefore Cy = g, (q)A(w).
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If x # w then we can compute the value of [C,] after specialising ¢ = 1 in f to obtain
gx (1) is 0 or 1, which forces g, (g) tobe O or 1.

For x = w, we use the inductive hypothesis applied to the second short exact sequence
to conclude that g,(q) = q + q‘l. Therefore Resy s L(w) o L(a — &) has a submodule
isomorphic to g(L(w) o L(¢ — §)) @ L(w).

By the inductive hypothesis this module receives a map from ¢?L () ® L(w) and hence
there exists a morphism from L (o) o L(w) to L(w) o L(«) of degree two. In fact this argument
shows us we know even more, namely that all other morphisms between these modules are of
degree zero. So the same argument as in Lemma 21.7 allows us to conclude X = g L(« +6),
as required.

Now we deduce the second short exact sequence from the first. By Lemma 16.1, there
exists a short exact sequence

00— A(w) o Alx) > A(@) o A(w) > C — 0

where C is a projective S(« + &)-module, hence isomorphic to f(q) copies of A(x + §)
for some f(q) € N[g,g~']. The same argument computing pairings as above shows that
f(q) is equal to the multiplicity of L(«¢) ® L(w) in Resy s L(cx + 8). The computation in £
specialised at ¢ = 1 shows f(1) = 2, and since f(q) = f(g~!), wehave f(¢) = ¢' +¢~*
for some i € Z.

The first exact sequence gives us a morphism from gL (« + §) to L(w) o L(«) which by
adjunction induces a nonzero morphism Resy s L(o¢ +8) — L(a) ® L(w). Thereforei = 1,
as required. O

Proposition 21.9 Let k and | be positive integers. There is a short exact sequence

0 — gA(L,(15), L(I + D8 — 04)) — Lu(1¥Th o L8 — w3) — A(L,(151h),
L —wy)) — 0.

Proof This proof proceeds by an induction. By Theorem 10.1, the module L, (1¥t1)o L (16 —
w4) surjects onto A(Lo,(1¥th, Lus — w4)) and all other subquotients are of the form
Xf\’m = q' A(L(L), L((I + m)8 — «)) for some m > 0 and A a multipartition of k + 1 — m.

Setting n = k + 1 — m, the following computation is straightforward as there is only one
nonzero piece in the Mackey filtration.

ReSus, (+mys—ws (Lo(1XT) 0 L8 — 01)) = Ly(1") @ (Lu(1™)) 0 L8 — wy))

Note that if X, is a subquotient of L, (1**1) o L(I8 — ) then L(A) ® L((l +m)§ — o)
must appear as a subquotient of this restriction. Immediately we see that 1, = (1") and
Ay = 0 for all other chamber coweights x.

Consider a subquotient of the form X ﬁhm with A # 0. Then by inductive hypothesis we
know all that there is only a cuspidal subquotient of L, (1) o L(I§ — wy) when m = 1.
Furthermore this cuspidal subquotient appears with multiplicity ¢, which completes the proof
in this case.

So now turn our attention to the remaining case when n = 0. The module L, (1¥1) o
L(l5 — w4) has w-width [ + 1 and the module L ((I +m)3 — w4 ) has w-width [ 4+m. Therefore
m = 1. The result now follows from Lemma 21.8. O

22 Inner product computations

For any natural number n and chamber coweight w, define e = [L,,(1")].
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Lemma 22.1 Let w be a chamber coweight and {ny}cq a collection of natural numbers
with sum n. Then

<1/,a) 1_[ ex > — {(_q)”l l:fnx = Of()r all_x 7& w,

0 otherwise.
xeQ

Proof By Theorem 13.1, we assume without loss of generality that our convex order is as in
Example 3.6.

By definition 1//;:) = Enﬁfaur Ew+ - qu(mr En57w+- Since ReSer,nswar L = 0 for any
semicuspidal representation L, we have

<1/f;“, [1 e;:x> = <Ems_w+ ®Eo [ ] r(e;;)>.
xeQ xeQ

The terms in the product all commute so without loss of generality we may assume that
the r (e, ) term is last.

Each term appearing in the product of the r(e; )’s is a product of terms y ® z with y of
degree at most § and z of degree at least §. Since we need a term of degree (n§ — w4, w4 ),
the only option is that exactly one of the terms does not have degree (1,48, 0).

That particular term will have degree (ny — w4, w1). Now for 7y . 0, (e;ft)
to not be zero, it must be that Res; s o, w, Lx(1"*) # 0 and hence the restric-
tion Res, s—w, o, L(x)°"* is also not zero. By a Mackey argument this implies that
Res,_,w, L(x) # 0.By Lemma 12.3 there is an injection L(w_)® L(w+) — Res,,_ o, L(x)
and so by adjunction there is a nonzero map from L(w_) o L(w4) to L(x). By Theorem 17.3
X =w.

Now Theorem 21.6 and Proposition 21.9 tell us that

o)
N __ _Ni—1l o * *
"nyd—wy, o4 (ena,) = Z( q) Ch—jLjs—w, ® Ew+'
j=1

Therefore
L)
(o Tt = | T | (S5 )
xeQ x€eQ, j=l1
XF#w

Since Ress, (1—1)5—w, A(nd—wy) = 0, there is only one possible term which can be nonzero,
it only occurs when n, = 0 for all x # w and j = n,,. The resulting inner product is easily
evaluated to (—q)”_l. O

Lemma 22.2 Forn > 0, we have

1 ifny = 0forall dny <1,
<Pr2091_[€zx>={ ifnx Jorallx # wand ne, <

0 otherwise.
xeQ

Proof From the definition of P,

(s 11 )

I,
;an s<¢fpf_s,neﬁx>.
s=1

x€Q xeQ
1
= anfs <W:U ® P2, 1_[ r(eifx)>.
s=1 xeQ
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Since each Ly (1"*) is semicuspidal, the only relevant terms in r(e;, ) are of bidegree
(k8, 15) for some k, ! € N, and all these terms are known by (17.6). Therefore

n Ny
(Tl )= e (wrore [T odia)
s=1

xeQ xeQ k=0

This can easily be computed by an induction on n together with Lemma 22.1. O

23 Symmetric functions

Let A be the Hopf algebra of symmetric functions. We consider it over the ground ring
Zlq, g~ ']. It is isomorphic to Z[g, g~ '1[h1, k2, ...] where h, is the complete symmetric
function. Let s, be the Schur function indexed by the partition A. Let (-, -) denote the usual
inner product on A for which the Schur functions form an orthonormal basis. We denote the
coproduct on A by A.

Let B be the subalgebra of £* generated by the elements e?. For x € B we define
rs(x) € B ® B to be the sum of all terms in r(x) of bidegree (aé, b$).

Lemma 23.1 There is an isomorphism of Hopf algebras v : A®S* — B with
V(Qwsa,) = [LV)]

where the coproduct on B is rs.
Proof This is immediate from Theorem 17.4. O

Define an algebra homomorphism ¢ : A% — f by

(p(®whnw) = 1_[ Py?l)u

weR

That such a homomorphism exists is because the £, freely generate A®9 as a commutative
algebra and Corollary 20.4 which implies that the P;’ lie in a commutative subalgebra of f.

Lemma 23.2 Forall x, y € A®S we have
(), ¥ () = (x, y).

Proof Lemma 22.2 establishes this formula in the special case when x = P. To deduce the
general case from this particular case, we use (xy, z) = (x ® y, z) and

((xy), ¥(2)) = (p(x)@(y), ¥ (2)) = (p(x) @ ¢(y), rs(¥(2))) = (p(x) ® ¢(y), ¥ (A(2)))

where in the last step we used Lemma 23.1. O

Corollary 23.3 Let w and o' be two chamber coweights and let A and i be partitions. Then
(S;f)’ [Lo (M)]) = Sww’akn~

Proof The Schur functions are orthonormal. O

Theorem 23.4 Let . = {L,}weq be a purely imaginary root partition. Then

(A1 =[] s,

we
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Proof The nondegeneracy of (-, -) together with Lemma 23.2 implies that ¢ is injective.
By Lemmas 20.3 and 8.2, the image of ¢ lies in the subspace of fZ(( ) spanned by the
semicuspidal modules. A dimension count shows that the image is precisely the span of the
semicuspidal modules. Therefore A, () is a linear combination of the elements S,.

The pairings in Corollary 19.12 and 23.3 force A(X) = S,. B 0

24 Standard modules

The nil Hecke algebra N H,, is the algebra R(ni) for any i € I. It is well known that the nil
Hecke algebra is a matrix algebra over its centre, see for example [24, Proposition 2.21]. In
particular, there is an isomorphism

NH, = Mat 1 (Qx1, . . ., x,157)

where each x; is in degree two.
Let ¢, be a primitive idempotent in N H,,.

Theorem 24.1 Let o be a real root. There is an isomorphism End(A(x)°") = N H,,.
Proof The proof of [4, §3] works in this generality without any change. O

For any positive real root & and any positive integer n, we define the divided power standard
module A(x)™ to be

A(Ol)(n) — ql’l(n—l)/zen (A(C{)on)
Lemma 24.2 Let a be a real root and n a positive integer. Then

. ifi = 0
Ext! (A(@)™, L(a)") = Q i
0 otherwise
Proof We compute by adjunction

Ext' (A(a)", L(a)") = Ext' (A(e)®", Ress

.....

.....

,,,,,

fori > 0 we have
Ext' (A()®", L()*") =0

while for i = 0 we also use the fact that A («) is the projective cover of L(«) in the category
of S(«)-modules to obtain

Hom(A ()", L(@)*") = ¢ [n]1Q.
Since A()®" = ¢ [n]!1A ()™, we obtain the desired result. O

Letw = (8", ..., ﬂ,’:” A, J/ln’, ..., 71" be aroot partition. We define the corresponding
standard module to be

A = ABD™) o0 AB)™ 0 AR o A ™ o0 A1) ™.
Also define
V() = A@m)®.
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Proposition 24.3 Let 7 and o be two root partitions. Then

Q ifi=0andm =0

0 otherwise

Ext' (A(1), V(0)) = {

Proof Letw = (B{"",--- . y;'""). Then by adjunction,
Ext' (A(m), V(0)) = Ext (A(BN™ @ --- @ A(y) ™, Resy V(o))

and by Theorem 10.1, Res; V(o) =Ounless7 < o.
On the other hand, by the adjunction (6.2),

Ext' (A(7), V(0)) = Ext' (Resy A(m), L(y)®"' @ --- ® L(BN®™)

and so again using Theorem 10.1, Res; A(7) = Ounless o < 7.

Thus the only case to consider is when o ~ 7. Remember that this means that o and 7
agree except for the multipartition they contain. Let A be the multipartition in 7z and p be the
multipartition in o. B

By Theorem 10.1,

Res; V() = Resz (A(m)®) = (Resy A(@)® = L(BN™ ® -+ @ L(y)™".
Therefore
Ext*(A (7)., V(0)) = Q) Ext*(A() ", L()*@) @ Ext* (AR, L(1))

where the tensor product is over all real roots «.
The result now follows from Lemma 24.2 and Theorem 19.11. O

Theorem 24.4 Let w be a root partition. The class of the standard module A () is the PBW
monomial Ey, defined algebraically in (20.1).

Proof This follows from Theorems 18.2 and 23.4. O

Proposition 24.3 proves that the classes of the standard modules A(z) and the proper
standard modules A () are orthogonal under (-, -). Therefore the class of each proper standard
module is an element of the dual PBW basis. So we have categorified both the PBW and dual
PBW basis.

A module M is said to have a A-flag if it has a sequence of submodules 0 = My € M; C
-+« € M,_1 € M, = M such that each subquotient M;_/M; is isomorphic to g A(xr) for
some integer m and some root partition 7.

Theorem 24.5 Let M be a finitely generated R (v)-module such that Ext! (M, V(r)) = 0 for
all root partitions . Then M has a A-flag. Furthermore [M : A(rr)] = dim Hom(M, V()).

Proof This is a standard argument, for example see [4, Theorem 3.13]. O
As a consequence we obtain the following BGG reciprocity for KLR algebras.
Theorem 24.6 Let w be a root partition and let P (1) be the projective cover of L(x). Then

P(m) has a A-flag. For any root partition o the multiplicity [P(m) : A(o)] is equal to the
multiplicity [A(o') : L(1)].
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Proof Since P() is finitely generated and projective it satisfies the hypotheses of Theo-
rem 24.5 and hence has a A-flag. Furthermore the multiplicity of the module A(c) in the
flag is

[P(7) : A(o)] = dim Hom(P (7), V(o).

As P(m) is the projective cover of L (), the dimension of this homomorphism space is
equal to the multiplicity [V (¢)® : L(x)]. By duality [V (o) : L()] = [A(o) : L(7r)®] and
since L(r) = L()® we are done. ]

Theorem 24.7 The PBW basis (20.1) is a basis of f as a Z[q, ¢~ ' 1-module.

Proof By Theorem 24.6 and Theorem 10.1(3), the matrix expressing the set {[A ()]} in
terms of the basis {[P(r)]} is upper-triangular, with ones along the diagonal. Therefore the
set {[A()]} is a basis of f as a Z][q, q’l]-module. O

Remark 24.8 This is a generalisation, with a different proof, of a result of [5].
Proposition 24.9 With respect to the PBW basis, the bar involution is unitriangular.

Proof By Proposition 24.3, the PBW basis is dual to the basis [V (;r)] under the pairing (-, -).
It suffices to prove that the bar involution on f* is unitriangular with respect to this basis.
Since each V(i) is an induction product of self-dual simples up to an overall grading shift,
it is easy to see that the bar involution is unitriangular by Theorem 10.1(3). O

Once we have that the bar-involution is unitriangular, it is straightforward to show that
there exists a unique basis b, of f which is bar-invariant and for which

by = Ex + Z ¢roEs
o<Tm
where ¢, € qZ[q]. Theorem 24.10 below shows that the basis {b, } is the canonical basis,
providing an algebraic characterisation of the canonical basis.
Thus from Theorem 24.6 and the fact that the indecomposable projective modules cate-
gorify the canonical basis, we obtain the following positivity result.

Theorem 24.10 The change of basis matrix from the canonical basis to a PBW basis is
unitriangular with off diagonal entries lying in gN[q].

Proof The fact that the coefficients are all nonnegative is from Theorem 24.6 and the fact that
the indecomposable projective modules categorify the canonical basis. That the coefficients
lie in gZ[q] follows from Lemma 7.5. O

This positivity resultis new in affine type. In finite type this resultis [18, Corollary 10.7] for
particular convex orders and for all convex orders is due to Kato and the author independently
in [8,22].
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