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Abstract In this article we revisit some classical conjectures in harmonic analysis in the
setting of mixed norm spaces Lfa J L2, ¢ (R"). We produce sharp bounds for the restriction
of the Fourier transform to compact hypersurfaces of revolution in the mixed norm setting
and study an extension of the disc multiplier. We also present some results for the discrete

restriction conjecture and state an intriguing open problem.

1 Introduction

The well-known restriction conjecture, first proposed by E. M. Stein, asserts that the restric-
tion of the Fourier transform of a given integrable function f to the unit sphere, f|g:-1, yields
a bounded operator from L” (R"), n > 2, to L4 (S”_l) so long as

This conjecture has been fully proved only in dimension n = 2 by Fefferman [10] (see also
[6] for an alternative geometrical proof). In higher dimensions, the best known result is the
particular case ¢ = 2and 1 < p < %, which proof was obtained independently by
Tomas and Stein [16].
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The periodic analogue, i.e. for Fourier series, was observed by Zygmund [19], but also in
two dimensions. It asserts that for any trigonometric polynomial

P(x) = Z a,e®™ivr e 72,
[vI=R

the following inequality holds:

I1Plizscoy S P20y -

uniformly on R > 0 and where Q is any unit square in the plane.

The alternative proof given in [6] allows us to connect both the periodic and the nonperiodic
restriction theorems, explaining the reason for the apparently different numerologies of the
corresponding (p, ¢) exponent ranges. It also raises an interesting question about the location
of lattice points in small arcs of circles [5].

The first result in this paper goes further in that direction: given {§ j} a finite set of points
in the circle {||£]| = R} of the plane, let us consider

1
M=wﬂkbkrfﬂsmy
J
We have:
Theorem 1 The following inequality holds
4 i 1
. . 1
sup [/ > e ] ap (x)] M (Dlal) (L.D)
w(@=1LS0

where the supremum is taken over all unit squares of R* and ju corresponds to the Lebesgue
measure.

The corresponding result in higher dimensions (z > 3) is an interesting open problem:

Conjecture 2 Let {¢;} € S~ and M := sup; # {Sk,

|f§k - & “ = R? }, is it true that

= 1
T an <x>] st (Cal) . a2

sup |:/ ‘Zakebﬁ&w
0

n(@)=l1

Although there are many interesting publications by several authors throwing some light
on the restriction conjecture, its proof remains open in dimension n > 3. One of the more
remarkable improvements was B. Barcelo’s thesis [15]. He proved that Fefferman’s result
also holds for the cone in R3. Another interesting result was given by L. Vega in his Ph.D.
thesis [17], where he obtained the best result in the Stein—Tomas restriction inequality when
the space L? (R") is replaced by LY, L7, (R").

Here we shall consider the restriction of the Fourier transform to other surfaces of revo-
lution in these mixed norm spaces. Several special cases have already been treated [11,12]

but we present a more general and unified proof for “all” compact surfaces of revolution:
Fr={g@,.0,0eR™ 0es" ' a<z<b 0<geC'(ab)}.

That is, in R"*!, n > 2, we consider cylindrical coordinates (r, 8, z) where the first compo-
nents (r, 0) correspond to the standard polar coordinates in R”; 0 < r < o0, 0 € |
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Radial multipliers and restriction to surfaces of the Fourier... 1481

z € R denotes the zenithal coordinate. In this coordinate system, the LY, ,L2,, L3, (R"!)
norm is given by

1

(/oor"—l (/oo/ |f(r,0,z)|2d9dz)2dr) .
0 —o0 J §n—1

We can state our result.

Theorem 3 Let I' be a compact surface of revolution, then the restriction of the Fourier
transform to T is a bounded operator from LfadLgenLgng (R”‘H) to L? (T), i.e. there exists
a finite constant C, such that

1
00 X 5 !
(/ /H 8 "' J1+ g (2)? ’f (g(@,0, z)‘ d@dz)

< Cp ||f||l‘£’adL§enLgng(R"+l) s (1.3)

2n
solongasl < p < =4.

A central point in this area is C. Fefferman’s observation that the disc multiplier in R” for
n > 2, given by the formula

Tof (&) = xso &) f &),

is bounded on L? (R") only in the trivial case p = 2. However, it was later proved (see

Refs. [8,13]) that Ty is bounded on the mixed norm spaces Lfa sz (R™) if and only if

ang
nzﬁ <p< nzT”l Here we extend that result to a more general class of radial multipliers.

Theorem 4 Let T, be a Fourier multiplier defined by
(T ) &) :=m (&) f (&), (1.4)
Sor all rapidly decreasing smooth functions f, where m satisfies the following hypothesis:
1. Supp (m) C [a, b] C RT, and m is differentiable in the interior (a, b).
2. fab |m’ (x)| dx < oo.

2n
n—1°

T, is then bounded in LfadLan (R™) so long as % <p<

Finally, let us observe that this result was already proved by Duoandikoetxea et al. through
the study of radial weights in [9]. We however give a direct proof that relies only on the decay
of Bessel functions. We finally highlight that this theorem admits different extensions taking
into account Littlewood—Paley theory.

2 Restriction in the discrete setting

Proof of Theorem 1 First let us observe that, by an easy argument, we can assume M = 1
without loss of generality. Next we take a smooth cut-off ¢ sot that

1
=1 B0, =),
] on ( 2)

¢ = 0 when |lx]| > 1,
¢ € CF (R?).
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1482 A. Cérdoba, E. Latorre Crespo

We can then write

fE) =D ap € +&) e
k
= app (§) 4,
k

where ¢ is a point in R>. We have

[0 =2 ap(x —gq) 0D,
k

Note that the L* norm of f majorizes the left hand side of (1.1),

~ 4
[lieofax= [
x—q€Qo
2/ ‘ZakeZniSk-X
0

2
where Qo = [—1, 1]  and 0 = ¢ + Qo.
On the other hand, we have

[licol ax= [irerepa

. 4
Zakezmé"'(x_q)(ﬁ (x —q)| dx

4
dx,

2

=/ Zakajwk*fﬂj(é)eié'q dé.

k.j

Furthermore, because the supports of ¢ and ¢; have a finite overlapping, uniformly on the

radius R.
[l axs (Siar).

[m}

Using similar arguments we can obtain the following analogous result: In R? let us consider
the parabola y (1) = (t, ) and a set of real numbers {¢;} so that |t;;1 — ;| > 1, then

1
sup Zajez”iy(’j)'x < (z ’aj|2)2 .
nw(@)=1 j 140)

An interesting open question is to decide if the L* norm could be replaced by an L” norm
(p > 4) in the inequality above. It is known that p = 6 fails, but for 4 < p < 6 itis, as far
as we know, an interesting open problem [2].

3 The restriction conjecture in mixed norm spaces
Recall that in R"*! we establish cylindrical coordinates (r, 8, z), where (r, 0) corresponds

to the usual spherical coordinates in R” and z € R denotes the zenithal component. We will
also use the notation (p, ¢, ¢) to refer to the same coordinate system.
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The L? ,L2,,L2,, (R"") norm is therefore given by

rad ~zen~ang

1
00 00 £ »
||f||Lp,2,z=(/0 pil (/ /llf(r,e,z)lzdedz)zdr) . (3.1)

Let g be a continuous positive function supported on a compact interval I of the real line
that is almost everywhere differentiable, and consider the surface of revolution in R+ given
by

M={(g@.0.2eR™, g5 —c0<z<o0}. (32)

We are interested in the restriction to I' of the Fourier transform of functions in the Schwartz
class S (R”'H). The restriction inequality

1), = €01 a2y
forl < p< % is, by duality, equivalent to the extension estimate:
Hde L4922 (Rr+1) = Cqlf 2
for g > nzT"l

To compute f/dT“ let us recall

dr = g (2)"! V14 (2))%dzdo

= G1(z)dzdb,

so that
fdr(,o,qb,;):/ / G1(2) f (z,0) e e (P80 g g7 (3.3)
—00 Sn—]

Next we use the spherical harmonic expansion

F@0) = aw; @Y ©.

k.j

where for each k, {Y k/ } s is an orthonormal basis of the spherical harmonics degree
j=l...,
k. We then obtain:

. . [e'9) n 1
FdT (p.¢.¢) = D 2mi*y] (¢)p‘72/ ¢ (14 (¢ @)

k,j -
i j (@) Jyynz2 (pg (2)) €' dz,
where J, denotes Bessel’s function of order v (see Ref. [18]). Denoting by G; (z) =
1 —
g (Z)% (1 + (g’ (z))z) : , the Fourier transform fdI" becomes

Z Znikij () p_% / G2 () ay,j (2) T2 (0g (2)) e ¥ dz. (3.4)
k.j o0

Taking into account the orthogonality of the elements of the basis {ij } together with

q

Plancherel’s Theorem in the z-variable, we obtain that the mixed norm || fdT'|| 1422

isup to
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1484 A. Cérdoba, E. Latorre Crespo

a constant equal to

o0 ne? 1 o0
/ praT LS / lg (O
0 k. j —00

q
2

L (¢ @) faxj @ 7 (g @) |,

(3.5)

where vy = k + % On the other hand we have

2
/FlfIZZ/ /S (S a @ O s 1+g @2d0ds
—00 n— j.k
:Z/ |“k,j(Z)|28(z)”_lmdz. (3.6)
Jide 770

Therefore our theorem will be a consequence of the following fact:

Lemma 5 Given any sequence of positive indices { v j} withvj > "—;2 forall j and Schwartz
functions aj, the following inequality holds:

q

2

1+ (8 @)’|la @I 9, (g @[ dz | dp

o0 o2 | o0
/ p TN Z/ lg @I"
0 j —00

2

X/ ot (146 @) o @fdz ) (3.7)
j —00

2n
Jorq > =5

Remark 6 Taking into account the hypothesis about g we will look for estimates depending
upon A = sup,.; |g (x)| and B = sup,; |g’ (x)|, where I is the compact support of g. It is
also easy to see that we can reduce ourselves to consider the sums over the family of indices

{vj};il such that v; > % Therefore it is enough to show

q
*° _qﬂ.l,_n—l o X 2 2 :
0 P Z bj @] |1y, (g ()| dz | dp
j —00

q

2

< Z/ b; (2)]* dz (3.8)
T /oo

for a family of smooth functions {b j}j and indexes v; > %

In order to show (3.8) we will need a sharp control of the decay of Bessel functions;
namely the following estimates:

Lemma 7 The following estimates hold for v > 1.

1. J,(r) < l,% whenr > 2v.

2. J,(r) < %, when r < %v.
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1
3. Jy (v +pvl/3) < ST when (0 < p < %v2/3.
4. J, (v — pvl/3) < ﬁ, when 1 < p < %v2/3.

5. y(r)y<r',asr — 0.

These asymptotics follow by the stationary phase method as it is shown in [1,7,18].

Proof of Lemma 5 To prove 3.8 we shall first decompose the p-integration in dyadic parts:
[0, 00) = [0, 1) J U222, 2.

q
2

1 B o0
/o p Tl Z/ b @ |4, (og @) dz | dp
j —00

q
2

2M _ 00
w3 [T (S @F 1y e @ dz) dp 39)
M j i

where M =2" , m =0,1, ... O

For the lower integrand, we have the following splitting:

1

1 n—2 | q A n=2 1 3 ! n=2 1 4
/ p 4T [...]de=/ p~ T [-.-]Zd/ﬂr/1 p T ]2 dp
0 0 a

A

=I1+11I

In order to bound / we invoke Minkowski’s inequality and property 5. of Lemma 7.

B 2
00 1 2
15 / Z(/A{p‘<”‘2>+3<”—‘>lb,- @[ |4, (02} dp) dz
B —00 j 0

q
2

[N

q
r ' 2 93
o 2 v 4 —q"’2+(n—])+qv- !
< Z|bj(z)| AV p 12 idp ) dz | ,
—00 . 0
L J
where A = ||g|l. Since the sum is taken over all v; > %, the inner integrand is well
defined and we can bound
q
2
n—1 —n © 2
1 <A Z/ |bj )| dz | . (3.10)
joT®
The second part is similarly bounded
q
2
n—1 b 2
115 (14407 ) Z/ b @ dz ]| 3.11)
. —00
J

Then Lemma 5 will be a consequence of the following claim:
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1486 A. Cérdoba, E. Latorre Crespo

Claim 8 For all g > 4, the following inequality holds true

g
2

oM 00
/M p Z/ 1b; @ |, (og @) dz | dp
jorTee

q

2

<M / S ib; @ dz) (3.12)
-

Indeed, if ¢ > 4 we need only to note that

2

M o0 2 2
[ ([ @ 1 es@nlaz | do
jT

M

q
2

2M 00
SM‘"’Z’(’%“)/ P Z/ b, @ |1, (pg @)|*dz | dp.
M j —00

invoke our claim and sum over all dyadic intervals in (3.9):

q
om+ 1 2

Z/zm patzHen] Z/ by @I |4, (08 @D dz | dp
m j —©

q
2

4 00
< 3 a2 / S b @Fdz) (3.13)
m %
It is then a simple matter to check that the exponent is negative for g > HZT”I
If the exponent ¢ is however smaller, nzfl < g < 4, we need to use an extra trick. Note

that Eq. (3.12) implies

a1

)

a1 a1
2 2

2M o) e8]
/M z/ [b; @ |4, (og @[ dz | dp < M'=2 / > b @ dz)
jUTe <

for all g; > 4. Then using Holder’s inequality and the previous inequality,
q

oM 0 , ,
/M > / b; @[ |J; (0g @[ dz | dp
j —00

q
q1
5 q1

—a 2M e} 2 2
su' S b @Pla, we@nPaz ) ap
M T /o0
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Therefore, summing over all intervals, we obtain

q

om+1 2

S [ (2 el i eors) @
%

/Z|bj(z)|2dz ,
NP

cyrbes

m

n 1 2n
where the exponent — + n is negative for all ¢ > =5

To prove Claim 8 let us split each dyadic integrand in (3.9) in three parts corresponding
to the different ranges of control of Bessel functions.

2

/ | X @P s, ee e az) ao

vjel®
2M i
/ / Z bj (2)] |Jv, (pg(z))| dz | dp
uel‘
q
oM f
+/ / > by @) 0, (pg )P dz | dp
M V€I°°

22(11(\)4+IM+1M)’
M
where 11?,1 =1[0,Mg (z) /2), I}; = [Mg (z) /2,4Mg (2)), and Iy} = [4Mg (2) , 00).
Recall that if 2k < r, |Jx (r)| < r~ Y% in 11?,1 we have 2v; < Mg (z) < pg (z), hence

q
2

oM
I,?,, < A*%/ pl’% / Z ]b (z)| dz | dp

vel0
A ) *© 2
<atm® / Slb @l dz) (3.14)

Similarly, I is also easily bounded as if k > 2r, |J; ()| < k1, and in Iy, k >
4Mg (z) > 2pg (z). Furthermore, since pg (z) > 1, (pg (2)) ™% < (pg (z))~" and, in IS},
we have |Ji (pg @)* < (pg (z))~". This shows that again

q
2

<A tm / Z|b @[ dz]| . (3.15)
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1488 A. Cérdoba, E. Latorre Crespo

Finally, we need to work a little bit harder than in the previous cases to obtain a suitable
estimate for /7. First of all note that Minkowski’s inequality yields

00 2M
1;45/ /M o X b @F |1y o @) | dpt az| (3.16)
- v;el¢

In I, we want to use estimate (3) of Lemma 7, we thus need to split the inner integral so
that pg (z) ~ v; + av; in the according range of «. Consider the family of sets

M 1 2 M 1 _2
Ga=[7+aM3g(z) 3,7+(a+1)M3g(z) 3],

fora =0,1,2,..., [(Mg (z))%], so that | J G4 2 [M, 2M] and in each interval pg (z) ~

1
v; +av ; , and split (3.16) in the following way

q 2 2
7 q
. o0 2 2
Iy S Sl oo D@ |y g @] | dpy dz| .
%0 o Ga Uj E[C
Let us also define
2
Ap= D b
vieGp
We can then invoke Lemma 7 and rearragne the sums to bound 7}, by
q
O EA

1

/_ Z/ ZA 3 — pdp ¢ dz

few  (a—Bl+D2M3g(2)73

=

q
2

1
+/ / pdp ¢ dz
Z A& pr rmi o

Bza

Note that the second sum is easier to control than the ﬁrst We shall, therefore, focus on the
first term, I . Since the intervals G, have length M 5 g3

(A
_

6 < Mt a2t ”/ dz
i - Z 2.4 P = I+ 172 ﬂ|+1)2

Bz«
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Furthermore, using Young’s inequality, since ¢ > 4, taking 2/q = 1/s — 1/2 we obtain

q

q
2 25
p——— 3 A
Z ;t ﬁ|+1)2 ; 14

A

[N

N

DAy
Y

We have thus showed that the central integrand I}, can also be bounded in the desired way:;

q

2
L
IfoSA 3 / > larlPdz | . (3.17)

ke]f

4 Generalized disc multiplier

In the late 80’s it was proved independently in [8,13] that the disc multiplier operator is

bounded in the mixed norm spaces L”, dLgng (R™) for all % <p< nzi Let us here

explore further the theory of radial fourier multipliers following the ideas presented in the
aforementioned articles.
Let m be a radial function and consider the fourier multiplier

(T ) (&) =m (E]) f (&).

Once again, recall the expansion of a given function f in terms of its spherical harmonics,

oo d(k)

FE =23 fej DY/ (| |)

k=0 j=1

Then, the classical formula relating the Fourier transform and the spherical harmonics expan-
sion, [14], yields

oo d(k)
P § (k252
fer=>>v (|s| ok fe (47 / fie (0 Jyyn2 Q15| 0) " 2 dr.
k=0 j=1
The expression of T}, in terms of its spherical harmonics expansion is then
oo d(k) - ) %_ ( _ )
Tuf ()= > 2mi* / 2””‘fmaswkf( )|s|
= &1
Jj=
o0
Fi i (O, nn 2 €] 1) 5T drde.
0 2J k+13
Exchanging the order of integration, the previous expression becomes
oo d(k)
> > omit / foj (O 7T g, (x) dx,
k=0 j=1
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1490 A. Cérdoba, E. Latorre Crespo

where

0 © = m (€D gz el 6 () v ()

Therefore, computing once more the Fourier transform of a radial function,

oo d(k)
. iy
Tuf (r0) = > > 4 (=D Y] O) T/ f (),

k=0 j=1

with
k.j o0 nt2k—1  _ nt2k—1
Tm f(r): o fk,j(t)t 2 r 2 Kk_;,_% (tar)dta

where

b
K, @t r) = Jﬁ/ m(s) J, Qmts) J, 2murs) sds.

In order to simplify the notation, note that
oo dk) L
Tuf (r0) ~ D> ¥ O) Ty £ ()
k=0 j=1
with Tﬁ’j defined as before, but

b
K, (t,r) :JE/ m (s) Jy (ts) Jy (rs) sds.

Let us take a closer look at the kernel of the operator K,

b
Ky (2,7) :Jﬁ/ m (s) Jy (£5) Jo (rs) sds.

4.1)

4.2)

It is suitable to decode these kernels in terms of an auxiliary function U, (s) = /rsJy (rs).

The use of Bessel’s equation yields

8% {Ut- (U (s) = U (HU. ()} = (t2 - r2) Nirdy (rs) Jy (ts) s.

Therefore, after an integration by parts in (4.2), we obtain

b

— 2

1
Ko (1,1) = [m ) 53 {u- U () =ty (s)U] (S)}]

a

b 1
_/ ' ) 5 (U U (5) = U (YU} ()} ds.

)

Hence, we express the modified disc multiplier in the following way

n42k—1  _ n+2k—1
2

Tmf(r9>=ZY,{<9>/o fojr 2y
k,j

b
. (m b)Yk (r,t,b) —m (a)k (r,t,a) — / m' (s)k (r,t,s) ds) dt, 4.3)
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where ky (7, 1, 5) denotes the kernel r=— {t (YU (s) — Uy () U] (s)}. A simple expansion
of k, reveals the underlying §1ngular1tles of the operator K ;

ky (1.1 5) = (S VI (ts) Jo (rs) /T N VI, (ts) Ty (rs) /7

20 —r) s 20 +r)
\[Ja(fs)f/ (FS)\[_I_ V1 (ts) Jo (rs)f). 4.4
2(r —1) 2(t+r)

A thorough study of the kernel k,, (7, z, 1) was carried out in [8] using the decay properties
of Bessel functions (Lemma 7) in order to show that the disc multiplier is bounded in the
mixed norm spaces L f an < (R") in the optimal range - 2" <p< nZT"I

Although nothing really new has been done, we have brought to light a more general
family of operators underlying the disc multiplier, that is the family of operators 7*° defined
as

TS f (o) => Y/ (9)/ foi O T T T k(s . (4.5)

k.j

Indeed, any bound on operators 7 that is uniform in s implies a bound on 7, for a suitable
m.

Proposition 9 Let [ be a rapidly decreasing function then, for every n2-|’-11 <p< =
175 £ ]2 < Conlf 12 (4.6)
where the constant Cp, ,, is uniformin s.

Proof In order to simplify the expressions we will just write one of the four core kernels of
ko apparent in (4.4), that is

TS NI (1) Jo (rs) 7
r N
2(t—r)

TS f (r0) ~ ny(e)/ fij ()1 dr, (4.7)

k,j

for any fixed s € R. The orthonormality in L? (S"‘l) of spherical harmonics can now be
used in our advantage to complute the Lr ” dL norm of 7. Indeed, | T* f1l , 5 is up to the

notation reduction equal to

ang

2
o0 00 ,
/ o / Ji.j (@) S A MEAQIAG ﬁdt dr
0 ’ 2(t—r)
Two simple changes of variables, # = sz and r’ = sr, yield
2
_n mighl gl VI () Jo (r) 7
' 8 dt d
’ Z‘/ fk]() 2(1—r) r

Note that this expression corresponds to that of the disc multiplier 7p analyzed by in [8]. We
can therefore bound it by

1
£ P

_n L r\ |2
Cous 7 | [ A R (B) F ar|
0 v s
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1492 A. Cérdoba, E. Latorre Crespo

for every % <p< nz—" One last change of variables produces the estimate

1
IT5f ], < Clflpa
where C is uniform on s.

It is now a simple matter to produce a bound for the operator 7,,,.

1T flpz S [176]  +mei|ris| L+ [ 1T s @)

and Theorem 4 follows from the uniformity in the bound (4.6). That is

s€la,b]

b
1T fll 2 < c( sup |m <s>|+/ |’ <s>yds) 1z

Remark 10 Let us highlight that, once obtained the expression (4.5), it is possible to control
the operator 7° f (x) by the universal Kakeya maximal function using the techniques devel-
oped by Carbery et al. [3,4]. That is, for every « > 1 and every radial weight g there exists
a finite constant Cy, so that for every rapidly decreasing function f,

o]
2
/ IT°f ()| g () dx < Ca/ |f () Mqg (x)dx, (4.9)
R" 0
where the constant C is uniformin s. Here M denotes the universal Kakeya maximal function
1
Mgy = swp o [ leldy, (4.10)
XERER, |R| R

where the supremum is taken over all recantles in R” containing the point x, and Myg =
1
(M (IgI*)=.

Indeed, this approach has the advantage that one can easily derive Littlewood—Paley
estimates using the boundedness of the universal Kakeya maximal function acting on radial
functions. Such work was already carried out by Duoandikoetxea et al. [9] and produces the
following result:

Corollary 11 Let T be a Fourier multiplier operator with a radial multiplier m, satisfying
m € L*® (R) and for each dyadic interval I,

/|m/ (1)|dt < C, 4.11)
I
uniformly in I. Then m is an Lfaszng (R™) multiplier for all nz% <p< nz_"l.
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