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Abstract In this paper we give a detailed proof of the fact that the Milnor fiber X; of an
analytic complex isolated singularity function defined on a reduced n-equidimensional ana-
lytic complex space X is a regular neighborhood of a polyhedron P; C X; of real dimension
n — 1. Moreover, we describe the degeneration of X; onto the special fiber Xy, by giving a
continuous collapsing map v; : X; — Xo which sends P; to {0} and which restricts to a
homeomorphism X,\ P, — Xo\{0}.

1 Introduction

Let f: (X, x) — (C, 0) be a germ of complex analytic function f at a point x of a reduced
equidimensional complex analytic space X C CV (with arbitrary singularity). In [11] the
first author proved that there exist sufficiently small positive real numbers € and n with
0 < n < € < 1 such that the restriction:

fiiBeynXxn i) — ok
is a locally trivial topological fibration, where B (x) is the closed ball of radius ¢ around

xeCV, D, is the closed disk of radius n around 0 € C and ]D); = D, \{0}.

The topology of the fiber X; := B, (x)NXN £~ (z) does not depend on € small enough (see
Theorem 2.3.1 of [14]). We call X, the Milnor fiber of f, with boundary 9 X, := X; NS (x).
We also set Xg := Bc(x) N X N £~1(0).
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Fig. 1 The semi-disk DT
D"Iz

The first author sketched a proof of the following theorem in [13]:

Theorem 1 Let X C CV be a reduced equidimensional complex analytic space and let
S = (Sy)aeca be a Whitney stratification of X. Let f: (X, x) — (C, 0) be a germ of complex
analytic function at a point x € X. If f has an isolated singularity at x relatively to S and
if € and n are sufficiently small positive real numbers as above, then for each t € ]D); there
exist:

(i) a polyhedron Py of real dimension dimc X; in the Milnor fiber X;, compatible with the
Whitney stratification S, and a continuous simplicial map:

& :0X; —> P;

compatible with S, such that X; is homeomorphic to the mapping cylinder of &
(ii) a continuous map VY, : X; — Xo that sends P, to {0} and that restricts to a homeo-
morphism X\ Py — Xo\{0}.

The purpose of this paper is to give a complete and detailed proof of Theorem 1, following
the strategy proposed in [13].

That theorem was conjectured by Thom in a seminar, in the early 70’s, when X is smooth.
He noticed that Pham gave an explicit construction of such a vanishing polyhedron in [19]
when f: C" — Cis a polynomial of the form:

fGim) =g 4+,

with v; > 2 integer, fori = 1,...,n.

In this paper, we are going to prove the following stronger version of Theorem 1. Let D
be a closed semi-disk in D;, as in Fig. 1 (with 0 € oD™).

So our main theorem is:

Theorem 2 Let X C CV be a n-dimensional reduced equidimensional complex analytic
space and let S = (Sy)qeca be a Whitney stratification of X. Let f: (X, x) — (C,0) be a
germ of complex analytic function with an isolated singularity at x, relatively to S. Let € and
n be sufficiently small positive real numbers as above, and let D be a closed semi-disk in
Dy, C C such that 0 is in its boundary. Then there exist:

(i) A polyhedron PT in X+ := XN f~1(DH) NBe (x) of real dimension n+ 1, compatible
with the Whitney stratification S, such that for eacht € D\{0} the intersection PT™NX,
is a polyhedron P; of real dimension n — 1, compatible with the Whitney stratification

S.
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(ii) A continuous simplicial map:
£, 90Xt —» PT

compatible with S, such that X is homeomorphic to the mapping cylinder of §+, and
such that for each t € DT\{0} the map &, restricts to a continuous simplicial map:

ét . BX, —> PI
compatible with S, such that X; is homeomorphic to the mapping cylinder of &, where
0XT := XTNSc(x), 30X, := X; NSe(x) and S¢(x) is the boundary of Be (x).
(iii) A continuous map r; : X; — Xo that sends P; to {0} and that restricts to a homeo-
morphism X\ P; — Xo\{0}, for any t € DT\{0}.

In Sect. 2 we recall some classical definitions and results. In Sect. 3 we construct the relative
polar curve of f, which is the main tool to prove Theorem 2. In Sect. 4 we prove Theorem 2
when X is two-dimensional. Then in Sect. 5 we present two propositions (Propositions 29
and 30) and we use them to prove Theorem 2 in the general case. In Sect. 6 we prove those
Propositions by finite induction on the dimension of X. Finally, in Sect. 7 we make the
detailed construction of a vector field (Lemma 35) that is used in Sect. 6.

The authors are grateful to the reviewer’s valuable comments and suggestions, which
improved the readability and quality of the manuscript.

2 Background

In this section we recall some definitions, references and theorems that will be used in this
paper.

2.1 Whitney stratification

Following [14] (Section 1, p. 67), we have:

Definition 3 Let X be a subanalytic set (resp. a reduced complex analytic space). We say
that a locally finite family of non-singular subanalytic connected subsets S = (S¢)xeca of X
is a subanalytic stratification (resp. complex analytic stratification) of X if:

(i) the family S is a partition of X; and
(i1) the closure S, of S, in X and Sy \ Sy are subanalytic (resp. complex analytic) subspaces
of X, for any @ € A.

The subsets S, are called strata of the stratification S of X.

In this paper we will use both subanalytic and complex analytic stratifications. Although
we work with a complex analytic space X C CV, when we intersect it with a closed ball B,
in CV we obtain a subanalytic set.

We say that a (subanalytic or complex analytic) stratification S = (Sy)qea as above
satisfies the frontier condition if for any («, B) € A x A such that S, N S g 7 ¥ ones has that
So C S’ﬁ. In this case, S, and S’(X\Sa are union of strata of the stratification S, for any @ € A.

We have:

Definition 4 Let X be a subanalytic set (resp. reduced complex analytic space). We say that
a subanalytic (resp. complex analytic) stratification S = (Sy)qea 0of X is a subanalytic (resp.
complex analytic) Whitney stratification if:
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(i) the stratification S satisfies the frontier condition; and

(ii) for any (o, B) € A x A such that S, N Slg # () the pair of strata (Sy, Sg) satisfies
the Whitney condition, which is the following: for any y € S, there exists a local
embedding of (X, y) in (RY, 0) such that for any sequence (X, yn)neN in Sg x Sy that
converges to (y, y) and such that the limit 7" of the tangent spaces 7, Sg and the limit
A of the real secants X, y, in RY exist, one has the inclusion A C 7.

One can verify that, for any y € S, fixed, if the condition above is satisfied for some local
embedding, then it is satisfied for any local embedding.

In [23] and in [7] (for the complex case and for the subanalytic case respectively) it is
proved the following:

Theorem 5 Let X be a subanalytic set (resp. reduced complex analytic space) and let (®;);er
be a locally finite family of subanalytic (resp. complex analytic) closed subsets of X. There
exists a subanalytic (resp. complex analytic) Whitney stratification of X such that each ®; is
a union of strata, fori € I.

Next we give a lemma due to Cheniot [4] (see also Lemma 4.2.2. of Chapter III of [21])
that will be implicitly used many times in the paper:

Lemma 6 Ler X and Y be two subanalytic sets in RN (or reduced complex analytic spaces
in CN, in the complex case) such that X has a subanalytic (resp. complex analytic) Whitney
stratification S = (Sy)qeca and such that Y is non-singular. If Y intersects each stratum Sy
transversally in RN (resp. in CN ), then the Whimey stratification of X induces a subanalytic
(resp. complex analytic) Whitney stratification P = (Py)qea of XN Y, where Py := S, NY,
foreach a € A.

Next we will present a stronger version of the Whitney stratification. But first we need the
following definition. Given two vector subspaces A and B of RV set:
8(A, B) := sup xca d(x, B),
\

[x]I=1

where d(x, B) is the distance between x and B. Then we have:

Definition 7 Let X C RY be a subanalytic set (resp. reduced complex analytic space)
with a Whitney stratification S = (Sy)aeca. We say that S has the property (w) if for any
(o, B) € A x A such that S, N Sﬁ # () the pair of strata (S, Sg) satisfies the Kuo—Verdier
condition below:

For any y' € S, there exists a neighborhood U of y’ in RV and a real constant C > 0
such that for any (x, y) € (Sg N U, S N U) one has that:

8 (T (Sp), Ty(Sa)) < Cllx = ylI.
In Theorem 1.2 of chapter V of [21], Teissier proved the following:

Lemma 8 Let X C CN beareduced complex analytic space with a complex analytic Whitney
stratification S = (Sy)qea- Then S has the property (w).

The analogous of this result in the subanalytic case is not true (see Example 1 of [3] for
instance).

Definition 9 Let X and Y be subanalytic sets and let A C X be endowed with a Whitney
stratification S = (S¢)weca. We say that a morphism f: X — Y is transversal to S if, for any
o € A, f induce a smooth morphism f, : S — Y.
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According to Remark (3.7) of [22], we have:

Lemma 10 Let X be a subanalytic set (resp. complex analytic set) and let A C X be
endowed with a subanalytic (resp. complex analytic) Whitney stratification S = (Sy)aca
with the property (w). If Y is smooth and if f: X — Y is transversal to S, then for any
smooth and locally closed subset Z C Y one has that f~'(Z) N S is a subanalytic (resp.
complex analytic) Whitney stratification of AN f~1(Z) with the property (w).

Considering f: X — R the square of the distance function to a point x € X and Z a
closed interval [0, €2], we have:

Corollary 11 If X C CV is a reduced complex analytic space with a complex analytic
Whitney stratification S = (Sy)aca and if B¢(x) is a ball around x € X in cN of small
enough radius € > 0, then S induces a subanalytic Whitney stratification on X N B¢ (x) with
the property (w).

Let X be a subanalytic set endowed with a Whitney stratification S = (Sy)qea that has
the property (w). We say that a Whitney stratification S’ = (S,/s) pea’ With the property (w)
is finer then S (or that S’ is a refinement for S) if for any 8 € A’ there exists @ € A such that
S C Sa-

As in Remark (3.6) of [22], we have:

Remark 12 Let X and Y be subanalytic sets and let A C X be a closed subset. Let S =
(Sa)aeca be a Whitney stratification of A and let Z = (Zg)gep be a Whitney stratification of
Y, both of them with the property (w). If f: X — Y is a morphism such that the restriction
fia © A = Y is proper, then we can consider arefinement S = (S/,)yea’ of S and a refinement
Z = (Z//s)ﬁeg/ of Z such that, for any 8 € B’, one has that:

GQ f! (Z};) N A is a union of strata of &';

(i) the restriction fj : ffl(Z;g) — Zl/3 is transversal to S’ N f’l(Z/’g).
Now let f: X — C be a complex analytic function defined on a complex analytic space
X with a Whitney stratification S = (Sy)qe4- Following [12], we have:

Definition 13 We say that f hasanisolated singularity atx € X relatively to the stratification
Sif:

(i) the restriction of f to Sy is a submersion, for any o € A such that S, does not contain
X3

(ii) the restriction of f to Sy (x) has an isolated critical point at x, where Sy (y) is the stratum
that contains x.

2.2 Rugose vector fields

Following [5], we will briefly define a rugose vector field on a subanalytic set X ¢ RV
endowed with a Whitney stratification S = (Sy)yeca With the property (w). See [22] for the
detailed definitions.

We say that a real-valued function f: X — R is a rugose function if for any @ € A one
has that:

(i) the restriction of f to S, is smooth;
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1008 L. D. Trang, A. M. Neto

(ii) for any x € S, there exists a neighborhood U of x in RY and a real constant C > 0
such that for any x’ € U N S, and for any y € U N X one has that:

1) = FDI = Cllx = .

We say that a map f: X — RM is a rugose map if each of its coordinate functions is a
rugose function. We say that a vector bundle F' over X is rugose if its chart change maps are
rugose.

A rugose vector bundle F on X tangent to the stratification S is a vector bundle over X
such that, for every stratum S, there is an injection iy : F|s, — TS, such that the vector
bundle morphism F — i*TRY |y induced by i is rugose.

A stratified vector field v on X is a section of the tangent bundle TR" |x such that at each
x € X, the vector v(x) is tangent to the stratum that contains x.

A stratified vector field v on X is called rugose near y € S, if there exists a neighborhood
U of y in RY and a real constant C > 0 such that:

PG =Vl < Clly' = x,

for every (x, y") € (U N Sg, UNS,) with S C 5'/5.

On the other hand, we say that a rugose stratified vector field ¥ on X is integrable if there
exists an open neighborhood U of X x {0} in X x R and arugose map 6 : U — X such that
for any o € A one has that:

1) 6 ((Sq xR)yNU) C Sy /
(ii) for any x € S, such that (x,t) € (S NR) N U one has that %G(x, H=v0(x,1)).

We say that the map @ is the flow associated to the vector field v.

For each xo € X we say that the restriction 6|y, xr)nv : ({xo} x R)NU — X is an
integral curve for the vector field v with initial condition x(. Condition (i) above assures that
if x( is in a stratum S, then the image of the integral curve for v with initial condition x is
contained in Sy.

We have (Proposition 4.8 of [22]):

Proposition 14 Any rugose stratified vector field on a closed subanalytic set X of RN is
integrable. Moreover; given a rugose vector field, if 0 and 0 are rugose maps defined in open
neighborhoods U and U’ of X x {0} in X x R, satisfying the properties (i) and (ii) above,
then 0 and 0’ coincide in U N U’.

2.3 Stratified maps

We have:

Definition 15 Let X and Y be subanalytic sets (or reduced complex analytic spaces) with
Whitney stratifications (Xq)eeca and (Yg)gep respectively. A real analytic (resp. complex
analytic) morphism & : X — Y is a stratified map if:

(i) h sends each stratum X, to a unique stratum Ygy), for some B(a) € B;
(ii) the restriction of 4 to each stratum X, induces a smooth map /i : Xo — Yp(a).

We say that a stratified map 4 as above is a stratified submersion if each /4, is a (surjective)
submersion.

We say that a stratified map & as above is a stratified homeomorphism if 7 is a homeo-
morphism and each A, is a smooth diffeomorphism.
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Leth : X — Y beastratified map as above and let v be a stratified vector field on Y. We say
that a stratified vector field ji on X [ifts v if for each x € X one has that dh (ji(x)) = v (h(x)).
We have (see [22], Proposition 4.6):

Proposition 16 Let X be a real analytic space endowed with a Whitney stratification S =
(Se)aca with the property (w), and let Z be a locally closed subset of X which is union of
strata Sy. Let Y be a non-singular real analytic space and let h : X — Y be a stratified
submersion. If V is a smooth vector field in Y, then there exists a rugose stratified vector field
i1 on Z that lifts V.

There is a more general version of the theorem above, which includes the case when Y
is not smooth or the case when the vector field v is non-everywhere smooth, as we present
below (see [22], Remark 4.7):

Proposition 17 Let X and Y be real analytic spaces with Whitney stratifications S =
(Se)aca and W = (Wg) gep, respectively, both of them with the property (w). Leth : X — Y
be a stratified submersion. Also, let Z be a locally closed subset of X which is a union of
strata S. Suppose that each restriction:

fiws 1 Z 0 f71(Wp) — Wp,

with B € B, is transversalto SNZ N f~! (Wg) (that is, fiw, induces a smooth map on each
stratum of f~ (Wg) N Z). If v is a rugose stratified vector field on f(Z), then there exists a
rugose stratified vector field j1 on Z that lifts V.

2.4 Simplicial maps

Let X be a topological space. A triangulation for X is a pair (K, ), where K is a simplicial
complex and / is a homeomorphism 4 :  — X. We say that X’ is triangulable if there exists
a triangulation (KC, ) for X.

Hironaka proved in [7] that any subanalytic set is triangulable.

In this paper, a polyhedron is a compact topological space that is triangulable. We are only
interested in the existence of a simplicial structure; a particular decomposition into faces is
not important in this work.

We say that a map f: P — P’ between two polyhedra is a simplicial map if there exist
triangulations (IC, h) and (K',h') for P and P/, respectively, such that the induced map
f K — K’ is a simplicial map in the usual sense (that is, f has the property that whenever
the vertices vp, ..., v, of K span a simplex of /C, the points f(vp), ..., f(v,) are vertices
of a simplex of K').

Notice that our definition is slightly different from the usual definition of a simplicial map,
since it relates spaces which do not have fixed simplicial structures (compare with Lemma
2.7 of [17]).

Finally, we have:

Definition 18 Let P be a polyhedron contained in a subanalytic space X endowed with a
Whitney stratification S = (Sy)qeca- We say that P is adapted to the stratification S if the
interior of each simplex of P is contained in S, for some @ € A.

2.5 Some useful results

Now we will state two results that will be used later. The first one is Thom—Mather’s first
isotopy lemma (Proposition 11.1 of [15]):
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1010 L. D. Trang, A. M. Neto

Lemma 19 (Thom-Mather’s first isotopy lemma) Let M and P be smooth manifolds and
let X be a closed subset of M with a Whitney stratification (real or complex). If f: X — P
is proper stratified map and if it is a submersion on each stratum, then f is a locally trivial
fibration.

The second one is Remmert’s theorem (see Corollary 1.68 of [6] for instance):

Theorem 20 (Finite mapping theorem) Let f: X — Y be a finite morphism of complex
analytic spaces and Z C X a closed analytic complex subspace of X. Then f(Z) C Y is an
analytic subset of Y.

3 Polar curves

In the rest of the paper, X will be a fixed reduced equidimensional complex analytic space
in CV such that 0 € X, and f: (X,0) — (C,0) will be the germ of a complex analytic
function. Notice that if we prove Theorem 2 with this assumption, then we clearly prove it
in the general case f: (X, x) — (C, 0), and we do so just to simplify the notation.

Moreover, we will endow the germ (X, 0) with a fixed complex analytic Whitney strati-
fication S = (Sq)wea such that £~1(0) is a union of strata (see Lemma 5).

The notion of polar curve for acomplex analytic function defined on an open neighborhood
of CV relatively to a linear form £ was introduced by Teissier and by the first author in [20]
and [9], respectively. Later, in [10] the first author extended this concept to a germ of complex
analytic function f: (X, 0) — (C, 0) relatively to the Whitney stratification S = (Sg)geca-
We are going to recall that.

Notice that by now we are not supposing that f has an isolated singularity (in the stratified
sense). This hypothesis will be asked after the lemma below.

Let f: X — C be a representative of the germ of function f such that X is closed in an
open neighborhood U of 0 in CV. For any linear form:

t:cVN—>c
the function f and the restriction of £ to X induce the analytic morphism:
e X — C?

defined by ¢¢(z) = (€(z), f(2)), forany z € X.
We have the following lemma:

Lemma 21 There is a representative X of (X, 0) in an open neighborhood U of 0 € CN and
a non-empty Zariski open set Q in the space of non-zero linear forms of CV to C such that,
for any € € Q and for any stratum S, which is disjoint from f~'(0), the analytic morphism
¢¢ + X — C? satisfies:

(1) The critical locus of the restriction of ¢¢ to Sy is either empty or a smooth reduced
complex curve, whose closure in X is denoted by I'y,.
(i1) The image (Ay, 0) of (I'y, 0) by ¢y is the germ of a complex curve.

Proof Let us choose an open neighborhood U of 0 € CV such that the intersection U N S,
is not empty for finitely many indices «. Furthermore, we may assume that the closure S, in
U is defined by an ideal I (S,) generated by complex analytic functions g1, . .., g, defined
on U, thatis, I(Sy) = (g1, ..., &m)-
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Now consider a linear form £ = a;x| + - - - +ayxy and a stratum S, that is not contained
in f ~1(0) and such that 0 € S,. Let C 1.« be the critical set of the restriction of ¢y to S,.
Consider the matrix:

ag1/0x1 ... 0g1/dxn
=0
ogm/0x1 ... 0gm/0xn

A point z of S, is a point where the rank of J, at z is p = max, s rank(]a (z)), since
it is a non-singular point of S,. A point of C¢_4 is a point of S, where the matrix:

ag1/9x1 ... 0g1/dxn
Jo.0 = | g /0x1 ... dgm/dxn
af/ox1 ... df/oxy

aj RN an

has rank at most p + 1. So the determinants of the (p + 2)-minors:

3g,'1 /axq,‘l . 3g,'1 /ax/'p+2
8g,-p/8xj1 3g,‘p/3xj'p+2
af/oxj;, ... f/0xi,,
aiy aip+2
are zero, that is:
0gi /0xj, ... 0&/0xj, 08 /0xj,, ... 08 /axjp+2
p+2 . . . . . .
D (=D g - det - . : : : : =0.
=1 Bg,-p/ale Bgip/axjkfl 8g,~p/8xjk+, 8g,~p/8xjﬂ+2
affoxj, ... offox;_,  Of/0xj, ... Of/dxj,.,
An analytic version of a classical theorem of Bertini (see [1] and [2]) states that if
hi, ..., h, are holomorphic functions defined on a complex analytic space Y and if the
complex numbers A; are sufficiently generic, fori = 1, ..., r, then the singular locus of the

subvariety {Zle Aihi = 0} is contained in the union of the singular set of Y and the set:
(hi=---=h, =0}.

So it follows from the analytic theorem of Bertini that there exists a non-empty Zariski
open set £, in the space of non-zero linear forms from CV to C such that for any £ € €, one
has that the singular points X, , of Cy 4 are contained in the union of the set of the points
where the determinants above are zero and of the singular locus of S, . That is:

Ser, < (Crit (f5,) U Ts,) NS

Since this intersection is contained in f ~10) N S, which is empty, it follows that Cy 4 is
either smooth or empty.

Now, since ¢, 1(0, 0) N (I'y, 0) C {0}, it follows from the geometric version of the
Weierstrass preparation theorem given in [8] that the restriction of ¢, to the germ (I'y, 0) is
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1012 L. D. Trang, A. M. Neto

finite. So the finite mapping theorem (Theorem 20) implies that the image A, of the analytic
set 'y by ¢y is a complex curve.

Finally, notice that there is a finite number of indices « € A such that S, is not contained
in f ~1(0) and such that 0 is contained in S,. Let Ag be the finite subset of A formed by such
indices. So the set:

Q= () Qu

a€Ag

is the desired non-empty Zariski open set in the space of non-zero linear forms from CV to
C. O

For any £ € Q we say that the germ of curve at 0 given by:

Ty = Ura

acA

is the polar curve of f relatively to € at 0 and that the germ of curve at O given by:
Api= ] Aa

is the polar discriminant of f relatively to € at 0.

From now on, we fix a linear form £ € 2 and we set ¢ := ¢p¢, ' := 'y and A := Ay.

Notice that there exists an open neighborhood U of 0 in C? and a representative X of
(X, 0) such that the map ¢ = (¢, f) : X — U is stratified and such that it induces a stratified
submersion X\¢~'(A) = ¢(X)\A.

From now on we will assume that f has an isolated singularity at 0 relatively to the
stratification S. So by an analytic version of Corollary 2.8 of [16], there exist € and 7, small
enough positive real numbers with 0 < 17, <« € < 1 such that, for any ¢ € I;,, the sphere
Se of radius € around 0 intersects f~!(¢) N S, transversally, for any « € A.

We can also choose the linear form ¢ in such a way that there exists 1 sufficiently small,
with 0 < 70 < 01 < € < 1, such that p~ (s, 1) N Se = £~ 1(s) N f~1(r) N S, intersects
Se transversally, for any (s, ) € D, x D,,, where D, and D, are the closed disks in C
centered at 0 and with radii n; and 7;, respectively.

So we have:

Proposition 22 The map ¢ = (€, f) induces a stratified submersion:
¢ :B.NXN (;’fl(]D),71 x Dp\A) = Dy x Dy, \ AL
In particular, the first isotopy lemma of Thom—Mather (Lemma 19) gives:
Corollary 23 The restriction ¢| above is a topological locally trivial fibration.

Therefore the curve A plays the role of a local topological discriminant for the stratified

map ¢.
For any ¢ in the disk ID;, set:

D; :=Dy, x {t}.

If t # 0, the Milnor fiber £~!(f) N\ B of f is homeomorphic to qb_l (D;) N B¢ (see Theorem
2.3.1 of [14]). So, in order to simplify notation, we reset:

X, = ¢ "(D,) NB-.
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Notice that with this notation, the boundary 3 X; of X; is given by the union of ¢! (D) N'Se
and ¢~ (dD;) N B,.

By Lemma 10 together with Corollary 11, the (complex analytic) Whitney stratification
S of X induces a (subanalytic) Whitney stratification S(¢) of X;. Precisely, the strata of such
stratification are the following intersections, for o € A:

@) S N (X:\0X))

(i) Sy NP~ (D) NSe
(i) Sy N~ 1D, N B,
(iv) Sa N~ 1@Dy) NSe

Now, for any ¢ € ]D);2 one has that ¢ induces a stratified map:
E, . Xt —> D[.

By construction, the restriction of ¢; to each stratum of X, is a submersion at any point that
is not in I". Therefore it induces a locally trivial fibration over D;\(A N D). That is, if we
set:

ANDy={yi1(t),..., ()}

then the restriction of ¢; given by:

ot XA\G (1@, v (0)) = DADI®), - ()}

is a stratified submersion (see Definition 15) and a locally trivial fibration, by Thom—Mather
first isotopy lemma (Lemma 19).

We notice that at this moment the parameter ¢ is fixed, and the points y; (t) are numbered
in an arbitrary way, as there is no natural way to do it. But in Sect. 4.2 and 6.2 those points
will be defined in a continuous manner for 7 varying on a closed semi-disk D™ C D,, as in
Fig. 1 above.

Remark 24 1In the case that I" is empty, one has that:
¢ :BeNXNg (D, x Dy,) — Dy, x Dy,

is a locally trivial topological fibration, which implies a locally trivial topological fibration
{; : X; — D,. Hence in this case the Milnor fiber X; is homeomorphic to the product of D;
and the general fiber of ¢;.

So from now on we shall assume that the polar curve I is not empty.

4 The two-dimensional case

We shall prove Theorem 2 by induction on the dimension » of the analytic space X. We could
start by proving the theorem for n = 1 and then proceed by induction for n > 2, but we
choose to start with the 2-dimensional case, in order to provide the reader a better intuition
of the constructions.

So in this section we prove Theorem 2 when (X, 0) is a 2-dimensional reduced equidimen-
sional germ of complex analytic space and f: (X, 0) — (C, 0) has an isolated singularity at
0 in the stratified sense.

One particularity of this 2-dimensional case is that the singular set ¥ of X has dimension
at most one. If ¥ has dimension one, we can put it inside the polar curve I". More precisely,
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only in this section we denote by I'" the union of the polar curve of f with X. We also denote
by A the union of the polar discriminant of f with ¢ (X). Notice that if A is not empty, then
it is a complex curve.

In order to make the constructions easier to understand, we will proceed in three steps. The
first step will be to construct a polyhedron P; in X;, which we call a vanishing polyhedron,
and a simplicial map & in X;, for any 7 € Dy, \{0} fixed. In the second step, we do the
construction of P, and & simultaneously, for ¢ varying in a closed semi-disk D of Dy, asin
Fig. 1 above (with 0 € D). This will give a polyhedron P*in X* := X N f~1(D*) N B,.
In the third step, we will construct the map ¥; : X; — Xo, for any t € D\ {0}. We call v,
a collapsing map for f.

4.1 First step: constructing the vanishing polyhedron P; and the map .§,

Letus fixt € ]D;2 fixed. We recall that:

AND; ={y@),..., (®}

Let A; be apointin D/ \{y1(?), ..., yx(t)} and foreach j =1, ..., k,let §(y;(¢)) be the line
segment in D, starting at A, and ending at y;(¢). We can choose A, in such a way that any
two of these line segments intersect only at A;.

Set:

k
0= J st

j=1
and
Poi=£71(0)).

Since ¢; is finite, one can see that P; is a one-dimensional polyhedron in X, (see Sect. 2.4).
And since the map ¢; : X,\Zt_1 ({yl(t), R yk(t)}) — D\{y1(t), ..., y(t)} is a stratified
submersion, the interior of each 1-simplex of P; is contained in some stratum X; NSy of X/,
so Py is adapted to the stratification S (see Definition 18).

We shall call P; a vanishing polyhedron for f.

Recall that in this 2-dimensional case, by definition, the curve I" contains the singular set
Y of X, so P; contains the intersection ¥ N X;. Hence X;\ P; is a smooth manifold.

Lemma 25 There exists a subanalytic Whitney stratification Z = (Zg)gep of D, with the
property (w), and a continuous vector field v, on D, such that:

It is non-zero on Di\ Q;

It vanishes on Q;;

It is transversal to d D, and points inwards;

It restricts to a rugose stratified vector field on the interior D, of D; (relatively to the
stratification Z);

5. The associated flow q; : [0, 00) x (D/\Q;) — D;\Q; defines a map:

L=

& 0Dy — O

u+— lim gq,(t,u),
T—>00

such that & is continuous, simplicial (as defined in Sect. 2.4) and surjective.
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y;(t)

Dy

Fig. 2 The line-segments 1\71-

Proof Letd; : D; — R be the function given by the distance to the set Oy, thatis d;(x) :=
d(x, Qy). Consider the small closed neighborhood of Q; in D, given by:

Ry = (d) ([0, r])

for some small » > 0. Since both Q; and d; are subanalytic, it follows that R, is subanalytic.

Since we have k-many points y(¢), ..., yx(t), it follows that there exist exactly k-many
points in 9R; whose distance to the point A; is r. Let us call them py, ..., px. For each p;,
let N; be the closed line-segment in R, that joins the points p; and A;, and let ]Vi be the
closed line-segment in D, that contains both the points A; and p;, and also some point of the
boundary of D;. See Fig. 2.

We consider the Whitney stratification Z of D, with the property (w) that has the smallest
number of strata, such that Q; and the line-segments Ni are union of strata.

We will prove the lemma in two steps.

First step: We will endow R, with a vector field vy, as follows:

For each point y; (¢), let L ; be the line-segment in R, that is ortogonal to the line-segment
8(y;(t)) at y;(¢). Notice that the line-segments Ly, ..., L together with the line-segments
Ny, ..., Ny give a decomposition of R, in 2k-many polygons Ry, ..., Ry that contain the
point A; and k-many semi-disks M, ..., My such that y;(t) € M;,for j =1,..., k. See
Fig. 3.

Now we endow each polygon R, form =1, ..., 2k, with a vector field w,, as follows:

Let h; be the combination of the rotation and the translation in R? that takes A, to the
origin and that takes the line-segment 6(y;(¢)) contained in R, to a line-segment [xg, O]
in the first coordinate-axis. Notice that & takes the line-segment N; contained in R, to a
line-segment contained in the real line of equation y = ax, for some o € R. See Fig. 4.

Also, let h; be the diffeomorphism from the rectangle [xg, 0] x [0, r] onto i1 (R,,) given
by:

ha(x,y) = (x +aMy, y) .
X0

@ Springer



1016 L. D. Trang, A. M. Neto

Fig. 3 Decomposition of R;

o 0

Fig. 4 The diffeomorphism i

Setting h := hl_1 ohy, we have that & : [xg, 0] x [0, r] — Ry, is a diffeomorphism such that:

o /i takes [xq, 0] x {0} onto 6(y;(1));
o /i takes {xo} x [0, r] onto L ;
e h takes {0} x [0, r] onto N;.

Now let p : [x0, 0] x [0, 7] — R be the function given by the square of the distance to
[x0, 0] x {0}, thatis, p(x, y) := yz, and let o be the vector field in [xg, 0] x [0, r] given by
the opposite of the gradient vector field associated to p. Notice that @ is continuous, smooth
outside [xg, 0] x {0}, non-zero outside [xg, 0] x {0} and zero on [xg, 0] x {0}.

The differential of & takes @ to a vector field &,, on R,, that is smooth and non-zero
outside §(y;(t)) and zero on §(y;(1)).

Moreover, the restriction of @, to the line-segment L j coincides with the vector field on
L ; given by the opposite of the gradient of the square of the function given by the distance to
the point y;(¢). Also, the restriction of @, to the line-segment N; coincides with the vector
field on N; given by the opposite of the gradient of the square of the function given by the
distance to the point A;. See Fig. 5.
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Fig. 5 The vector field &y

On the other hand, we endow each semi-disk M, for j = 1, ..., k, with the vector field
w; given by the opposite of the gradient of the square of the function given by the distance
to the point y; ().

So putting all the polygons Ry, and all the semi-disks M ; together, each of them endowed
with the corresponding vector field @,, or w ;, we get a continuous vector field ¥; on R, such
that:

v is smooth on each stratum of the stratification of R, induced by Z;

v1 is non-zero outside Q;;

vy is zero on Qy;

v} never points in the direction of the gradient of the function given by the square of the
distance to the point A;.

Let us show that:
e Uj is a rugose vector field.

Set Wy :=D,\(QtU1\71 U«~«UNk)andsetW2 = Q,UZ\~/1 U~~~U1§7k.

If z € Wo NR; is not A, let U be a neighborhood of z in D, that is contained in the union
of two polygons R, and R,,. Then for any z; € Wy NU and z» € W, N U, we have that the
line-segment z1z; that joints z; and z; is contained either in R, or in R, . Let us suppose
that it is contained in R;,. Then we have:

lom(z1) = @m (22| < Kmllz1 — 221,

where K, is the Lipschitz constant of the Lipshitz vector field @,,.

If z = X, let U be the open ball around A, of radius . Givenz; € WiNU andzo € WoNU,
consider the line-segment 71z, starting from z; and going to z,. It intersects the set Q at
points g1, . . ., g5, and it intersects the line-segments N; at the points 1, . . ., ty, in this order.
That is:

2122 = 2191119212 - - - 4s—115—14522 OF 2122 = 21119110292 - - - 15G522.

Let us consider the first case (122 = 2191119212 - - - gs—115—1¢522); the second case is analo-
gous.
Let re-order the polygons R, in such a way that, foreachi =1, ..., s, we have:

— Ry is the polygon that contains z1;
— Rp;_ is the polygon that contains the line-segment g;?;;
— Ry; is the polygon that contains the line-segment #;q; 1 1.

Setting K := max,—1,..2«{Kn}, we have:

l@o(z1) — @5 (22)]]

@ Springer



1018 L. D. Trang, A. M. Neto

< ll@o(z1) = @o(gD |l + lo1(q1) — @1t + l@2(11) — d2(g) || + |@3(q2) — @3(22) || + - - -
e s —2(t5—1) — @25-2(gs) | 4 ld2s—1(gs) — D25—1(z2)l

< Kolzi —qill + Killgr — t1ll + K2llt1 — q2ll + - - - + Kos—2llts—1 — gsll + Kas—1llgs — 221|
< 2sK|lz1 — z2ll < 2kK|lz1 — 22|

Second step: Constructing the vector field v, on D.

Let 7’ be a small real number with 0 < r’ < r and with r — ' < 1, and set R} :=
(d)~1(10,7'1), so R, C R;. We endow D;\int(R}) with the vector field U, given by the
opposite of the gradient vector field of the function on D, \int(R;) given by the square of
the distance to the point A;.

Since the vector fields v; and v, never have opposite directions, the vector field v, is
obtained by gluing the vector fields ¥; and v, using a partition of unity. That is, we consider
a pair (p1, p2) of continuous functions from the compact disk D; to the closed unit interval
[0, 1] such that:

e for every point p € D; one has that p1(p) + p2(p) =1,
e the support of p; is contained in int (R;),
o the support of p; is contained in D,\R).

Hence for any p € R; we have that (o1(p), p2(p)) = (1,0) and for any p € D,\int(R;)
we have that (o1(p), p2(p)) = (0, 1). So we set T, := pi U1 + p212 .

Clearly, v, is a continuous vector field on D, that is non-zero on D,\ Q,, zero on Q, and
transversal to d D;, pointing inwards, and that restricts to a rugose stratified vector field on
the interior of D, (relatively to the stratification Z of D;). Moreover, each orbit associated
to V; has a limit point in Q.

So the flow ¢; : [0,00) x (D,\Q;) — D,\Q; associated to v, defines a continuous,
simplicial and surjective map:

& 10Dy — O

u+— lim gq;(t, u).
T—>00
O

Remark 26 Lemma 25 is still true if the set Q; is taken as the union of simple paths that
intersect only at a point A;, instead of considering line-segments. It is enough to consider a
suitable homeomorphism of the disk D; onto itself which is a diffeomorphism outside the
point A; and which sends the union of those paths to a union of line-segments.

Now recall the proper map ¢, : X; — D, and recall that X, has a subanalytic Whitney
stratification S(¢) with the property (w) induced by the Whitney stratification S of X. By
Remark 12, we can consider a refinement S’(¢) of S(7) and a refinement Z' = (Z/’g),geg/ of
Z such that:

) 6;1 (Z;}) is a union of strata of S'(¢);

(i) the restriction £, : Z,’l(Z,’S) — Z}j is transversal to S’(t) N f’l(Zl’s).

One has:

Proposition 27 We can choose a lifting of the vector field V; of Lemma 25 to a continuous
vector field 9; on X; so that:

1. It is non-zero outside P; and zero on Py;
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2. It is transversal to 0 X; and points inwards;

3. It restricts to a stratified rugose vector field on the interior of X; (relatively to the
stratification S'(t));

4. The flow q; : [0, 00) x (X;\P;) — X; associated to 5, defines a map:

$,23X1—>P,

7+ lim g;(7,2)
T—>00

such that & is continuous, simplicial and surjective;
5. The fiber X; is homeomorphic to the mapping cylinder of &.

Proof Recall from Proposition 22 that the restriction ¢, of the linear form ¢ to the Milnor
fiber X; induces a stratified submersion:

ot XA\G 1@, (O)) > DADL®), L (D)

So, by Proposition 17, we can lift the vector field v, to a continuous vector field 5, in X,
that satisfies properties (1), (2) and (3).

Let us show that we can choose ;9, satisfying also condition (4). Fix z € 9 X;. We want to
show that lim;_, oo q,(t 7) exists, that is, that there exists a point p € P, such that for any
open neighborhood U of j in X, there exists 6 > 0 such that T > 6 implies that §,(z, z) € U.

From Lemma 25 we know that there exists p € Q; such that lim;_,  g: (7, ¢:(z)) = p,
where g; : [0, 00) x (D,\Q;) — D is the flow associated to the vector field v;. So for
any small open neighborhood U of p in D; there exists & > 0 such that T > 6 implies
that g; (7, £;(2)) € U. Setting {p1, ..., pr} =€, (p) we can Con51der U sufficiently small
such that there are disjoint connected components U Lovenns U of ¢, (U ) such that each U
contains p;.

Since ;% is a lifting of v;, we have that g,(t, £,(z)) = £;(¢:(z, z)) for any T > 0. So
T > 6 implies that Z;l (Z,(c},(r, z))) C Z;l(U). Hence for some j € {1, ..., r} we have that
Gi(t,2) € ﬁj. Therefore lim; .« g;(z, z) = p;. This proves (4).

Now we show that X, is homeomorphic to the mapping cylinder of . In fact, the inte-
gration of the vector field 9, on X, gives a surjective continuous map:

a:[0,00] x 0X; > X,
that restricts to a homeomorphism:
a):[0,00) x 0X; — X/\Pr.

Since the restriction o, : {00} X dX; — P is equal to 5,, which is surjective, it follows that
the induced map:

[aoo] = ((fo0) x 3X1)/ ~) = P,

is a homeomorphism, where ~ is the equivalence relation given by identifying (oo, z) ~
(00, 7) if oo (z) = @00 (z’). Hence the map:

[o] = (([0, 00] x 0X;)/ ~) = X;

induced by « defines a homeomorphism between X; and the mapping cylinder of £ This
proves (5). m]
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Fig. 6 The triangles 7}

4.2 Second step: constructing Pt and §+

Recall from Lemma 21 that the polar curve I is not contained in f~!(0). Hence A is not
contained in I;), x {0}, and so the natural projection 7 : D, x D, — Dy, restricted to A
induces a ramified covering:

A — Dy,

of degree k, whose ramification locus is {0} C A.

So the intersection of the polar discriminant A with the product D,,, x D give semi-disks
Y1, ..., YxinD,, x DT such that ¥; projects differentially onto D™ outside 0 € Y;, for each
j=1,...,k.Theset A := {0} x D" is also a semi-disk in Dy, x D, which can be supposed
to intersect ¥; only at 0 € C2, for any j =1,...,k.

We can choose the simple paths §(y; (1)), ..., 8(yx(¢)) for each t € DT in such a way
that 8(y;(¢)) depends continuously on the parameter ¢ € DT, foreach j = 1,...,k; and it
forms a 3-dimensional triangle 7; in D,,, x D bounded by the semi-disks ¥; and A and by
the union of paths Ute]D*ﬁaD,,z §i(y;j®).

The Fig. 6 below represents the 2-dimensional triangles T; := 7; N (D, x y), for
j =1,...,k, where y is a simple path in DT going joining some fy € D* N3D,, to 0 € C.
It helps the reader to understand the construction of each 7.

Setting Q" := Ulj‘-=1 T;, we define:

PTi=¢71(0"),

which is contained in X+ := XN £~ (D*)NB,. Itis a polyhedron adapted to the stratification
ST of Xt induced by S, and the intersection P N X, is a vanishing polyhedron P; as in
Sect. 4.1, for any ¢ € D\ {0}. Moreover, P™ N Xy = {0}.
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Notice that the complex Whitney stratification S of X in factinduces a subanalytic Whitney
stratification ST of X with the property (w). This is because S has the property (w), by
Lemma 8, and hence one can use Lemma 10.

Now, analogously to Lemma 25, we can construct a Whitney stratification Z* of D), x D
with the property (w), and an integrable vector field vy in D, x DT that deformation retracts
Dy, x D" onto Q. That is, we can consider a continuous vector field V. in D,, x D" such
that:

e It is non-zero outside Q% and it is zero on Q7;

o Itis transversal to 9D, x D7;

o It restricts to a rugose stratified vector field on the interior of D, x DT (with respect to
Zhy;

e The projection of vy onto DV is zero;

e The flow g1 : [0,00) x ((@y, x DP\QT) — D, x DT associated to v, defines a
map:

£y 1 D, x Dt — QF
zr—> lim ¢.(7,2)
that is continuous, simplicial and surjective.
As we did above, we can use Remark 12 to obtain a refinement (S*) of ST and a
refinement (Z+) = (Z;_ )pep of ZT such that:
@i) ¢_1(Z;/) is a union of strata of (ST)’;
(ii) the restriction ¢ : ¢_1(Z;/) — (Z;r/) is transversal to (ST)' N f_l(Z;r/).
So by Proposition 16 we have:
Proposition 28 The vector field vy can be lifted to an integrable vector field 134,. in X such
that:

(i) For anyt € DT\{0}, the restriction of 13+ to X, gives a vector field l?/‘t as in Proposi-
tion 27, relatively to the polyhedron P, = P N X,.

(i) The vector field Oy is non-zero on X ™\ P, zero on P, transversal to X, pointing
inwards, and it restricts to a rugose stratified vector field on the interior of X = (relatively
to the refinement (ST)).

Analogously to the proof of (6) of Proposition 27, one can show that the flow associated
to the vector field ¢ defines a map & with the desired properties.
This proves (i) and (ii) of Theorem 2 in the 2-dimensional case.

4.3 Third step: constructing the collapsing map v,

First, let us recall that X, :== B, N ¢~} (Dy, x {t}) and that the map:
$=(f):X—>C

induces a stratified submersion ¢ : B N X N ¢_1(]D>,71 x Dp\A) — Dy, x Dy, \A (see
Proposition 22).

Let y be a simple path in D;, joining 0 and some #p € dID,,, such that y is transverse to
0Dy, . See Fig. 7. We want to describe the collapsing of f along y, thatis, how X, degenerates
to Xo ast € y goes to 0.
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Fig. 7 The path y

Recall the sets O and P defined above, and set Q,, := Q" N (D,, x y). Itis a union
of triangles T1, ..., T, as in Fig. 6. Also set P, := Pt~ 1y).

The vector field V. constructed above restricts to a continuous stratified vector field v, in
Dy, x y such that:

It is non-zero outside Q,, and it is zero on Q,;

It is transversal to 0D, x y;

e It restricts to a rugose stratified vector field on the interior of D,;, x y (relatively to the
Whitney stratification Z+ N (Dy, x y) (with the property (w)) induced by 2zt

The projection of v, onto y is zero;

The flow g, : [0, 00) x ((Dy, x ¥)\Qy) — Dy, X y associated to v, defines a map:

& 0Dy, xy — Oy
z+— lim g, (7, 2)
T—>00

that is continuous, simplicial and surjective.

Now, for any real number A > 0 set:

Va(Qy) = Dy, x ¥)\qy ([0, A) x 9Dy, x ¥),

which is a closed neighborhood of 0, inID;;; x . This gives a system of closed neighborhoods
of 0, in Dy, x y, such that:

(i) The boundary 0V4(Q, ) of V4(Q, ) is a stratified topological manifold, for any A > 0,
since it is the image of 0D, x y by &,;
(i) Vo(Qy) =Dy, X y;
(iii) Forany Ay > A one has V4,(Q,) C Va,(0y);
(iv) For any open neighborhood U of Q, in I, x y, there exists Ay > 0 sufficiently big
such that V4, (Q, ) is contained in U.

Notice that dV4(Q, ) fibers over y with fiber a circle, by the restriction of the projection
7Dy x Dy, = Dy,
Now, setting:

Xy = Xﬁfil(y)m]Be,

we can finally construct a stratified rugose vector field ZV in X, \ P, (relatively to the stratifica-
tion §’(y) of X, induced by the stratification (S ) of XT) whose flow gives the degeneration
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of X, to Xo. We will say that Zy is a collapsing vector field that gives the degeneration of f
along the path y.
Recall that the restriction:

¢ ¢ ((Dy, x D)\ Q) — (Dy, x D)\ Q

is a stratified submersion (relatively to the stratification S), and that the restriction of 7 o ¢
to ¢! (8 Va (QV)) N Be is a proper locally trivial fibration over y.

Let 6 be a vector field on y that goes from fp to O in time @ > 0 and fix A > 0. We are
going to construct a smooth and integrable vector field Z'y in X, \ P, that lifts 6 outside {0},
and such that Ey is tangent to ¢! (8 VA(QV)), for anyA’ > A. We will construct it locally,
that is, for each point p € X, \ P, we will construct a vector field Ep in some neighborhood
U, of p, and then we will glue all of them using a partition of unity associated to the covering
given by the neighborhoods U, (see Lemma 41.6 of [18] for the proof of the existence of a
partition of unity associated to an infinite covering, since X, \ P, is not compact).

Each Z'p is constructed in the following way:

() If p ¢ ¢_1 (VA(Q},)) N Be, there is an open neighborhood U, of p in X, that does not
intersect the closed set ¢! (VA(Q],)) N Be. Then we define a smooth vector field Z »
on U, that lifts 6.

b) If p e [qb_l (VA(QV)) N ]BSG] \ Py, there is an open neighborhood U, of p in X, that
does not intersect P,. We define a smooth vector field Z'p on U, that lifts 6 and that
is tangent to each stratum of ¢! (0V4/(Q,)) N Be, for any A’ > A. This is possible
because the restriction of 77 o ¢ to ¢~ ! (VA(Q,,)\QV) N B is a stratified submersion,
which restricts to alocally trivial fibration ¢ =1 (8 V4 (Q;))NBe — y,foreach A’ > A.

Then the collapsing vector field g“,, is obtained by gluing the vector fields {F using a
partition of unity. Notice that ;V lifts & outside {0}.

Hence the flow & : [0,a] x X,\P, — X, \P, associated to Zy defines a stratified
homeomorphism 1},0 from Xy, \ Py, to Xo\{0}.

Moreover, we can show that the extension ¥, : X;) — Xo given by:

Uiy (x) if x € X1\ Py

Vi () 1= [o if xep,

is continuous. It is enough to show that if (x,),cRr is a sequence of points in X\ P;, such
that x, € qb’l (8 V,(Qy)), for r sufficiently large (so x, converges to a point x € Py), then

the sequence of points (IZ,O (x,)) = in X converges to 0. Since the collapsing vector field
re

Ey is tangent to ¢! (8 Vr(Qy)), for each r sufficiently large, it follows that:

Vi () € 971 (3V4(Q,)) N Xo.

On the other hand, by the condition (iv) above, we have that the system of neighborhoods
V,(Q,) is such that NenV, (Qy) = Oy, 50 ¢~ (3V,(Q,)) N Xo goes to {0} when r goes
to infinity, in the sense of condition (iv) above. Precisely, for any open neighborhood U of
0in X¢ there exists R > 0 sufficiently large such that qb_l (8 VR(Qy)) N X is contained in
U. Therefore, the sequence of points (1/7,0 (xr))rer in Xo converges to 0.

This finishes the proof of Theorem 2 in the 2-dimensional case.
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5 Elements of the proof of the main theorem

Now we go back to the general case of a germ of complex analytic function
fi(X,x) = (C,0)

at a point x of a reduced equidimensional complex analytic space X C CV of any dimension.
Let S = (S¢)aca be a Whitney stratification of X and suppose that f has an isolated
singularity at x in the stratified sense.

In order to simplify the notations, suppose further that x is the origin in CV.

Recall the polar curve I' of f relatively to a generic linear form ¢, as well as the polar
discriminant A := ¢ (I"), where ¢ is the stratified map:

¢ =, f):(X,0) — (C2,0).

As before, we assume that the polar curve I" is non-empty.
In the next section, we will prove the following proposition:

Proposition 29 Foranyt € Dy , there exists a refinement S'(t) of the Whitney stratification
S(t) of X; (with the property (w)) induced by S, such that there are:

(i) A polyhedron P; of dimension dimc X — 1 that is contained in the Milnor fiber X; :=
BN f “Y(@t) and that is agfapted to the stratification S'(t);
(ii) A continuous vector field ¥y in X, so that:

1. It is non-zero outside P; and it is zero on Py;

2. It is transversal to 3 X, (in the stratified sense) and pointing inwards;

3. It restricts to a rugose stratified vector field on the interior of X; (relatively to the
stratification S' (1))

4. The flow g; : [0, 00) x (X;\P;) — X; associated to 13, defines a map:

S,:f)Xt—)P,

z+— lim ¢;(7,z)
T—>00

such that é, is continuous, stratified, simplicial and surjective; y
5. The Milnor fiber X; is homeomorphic to the mapping cylinder of &;.

We say that the polyhedron P; above is a vanishing polyhedron for f.

The idea of the construction of P; is quite simple and we will briefly describe it here. First
recall the stratified map ¢; : X; — D; given by the restriction of ¢ to X;.

By induction hypothesis, we have a vanishing polyhedron P/ for the restriction of f to
the hyperplane section X N {£ = 0}.

For each point y;(¢) in the intersection of the polar discriminant A with the disk D, :=
Dy, x {t} as above, let x ; (¢) be a point in the intersection of the polar curve I" with E,_l (y ;i (t)).
To simplify, we can assume that x ; (¢) is the only point in such intersection (see Conjecture 34
below).

Also by the induction hypothesis, we have a collapsing cone P; for the restriction of
the map ¢; to a small neighborhood of x; (). The “basis” of a such cone is the polyhedron
Pj(aj) :=P; N Z,_I(aj), where a; is a point in 8 (y; ())\y;(¢) close to y;(¢).

Since ¢; is a locally trivial fiber bundle over 8(y; (t))\y; (), we can “extend” the cone P;
until it reaches the “central” polyhedron P/. This gives a polyhedron C;. The union of all
the polyhedra C; together with P; gives our vanishing polyhedron P; (see Fig. 8).
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v
I!

y;(t) B

Fig. 8 The vanishing polyhedron P;

The detailed construction of P; will be given in the next section. We will also show in the
next section that the construction of the polyhedron P, and the vector field ¥ can be done
simultaneously, for any ¢ in a closed semi-disk Dt of Dy, such that O is in its boundary, as
in Fig. 1.

Precisely, we will prove the following:

Proposition 30 Let DT be a closed semi-disk in Dy, such that 0 is in its boundary, and set
Xt := X N f~1D%) N Be. There exists a refinement (ST of the Whitney stratification
ST of X (with the property (w)) induced by the stratification S of X such that there are a
polyhedron P, adapted to the stratification (ST, and an integrable vector field 5_,_ inXT,
so that:

(i) the intersection P N X, is a vanishing polyhedron P, as in Proposition 29, for any
t € DT\{0}, and P+ N X = {0};
(ii) for anyt € DT\{0}, the restriction of 5+ to X; gives a vector field 5, as in Proposi-
tion 29, relatively to the polyhedron P, = PT™ N X;;
(iii) the vector field O is non-zero outside P, zero on P, transversalto dX+ := XT NS,
in the stratified sense, pointing inwards, and it restricts to a rugose stratified vector
field on the interior of Xt (relatively to the stratification (ST)’).

We say that the polyhedron P is a collapsing cone for f along the semi-disk D™ .
As an immediate corollary, we have:

Corollary 31 Let y be a simple path in Dy, joining 0 and some ty € Dy, (as in Fig. 7), and
set X, ;== XN Y (y) N Be. There exists a refinement S'(y) of the Whitney stratification
S(y) of X, (with the property (w)) induced by the stratification S of X such that there are a
polyhedron P, in X, adapted to the stratification S'(y), and an integrable vector field lg‘y
in X,, so that:

(i) the intersection P, N X, is a vanishing polyhedron P; as in Proposition 29, for any
t € y\{0}, and P, N X = {0},
(ii) foranyt € y\{0}, the restriction ofzgy to X, gives a vector field l;t as in the proposition
above, relatively to the polyhedron P, = P, N X;;
(iii) the vector field 5)/ is non-zero outside Py, zero on Py, transversal to 0X, := X, NS¢
in the stratified sense, pointing inwards, and it restricts to a rugose stratified vector
field on the interior of X,,.
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We say that the polyhedron P, above is a collapsing cone for f along the path y .
One can check that the flow g, : [0, 00) x (X, \P,) — X, given by the integration of
the vector field ¥%,, on X, \ P,, defines a continuous, simplicial and surjective map:

éy 10X, — P,

z+—> lim g,(7,2)
T—>00
such that X, is homeomorphic to the mapping cylinder of §y (see Proposition 27).

Remark 32 In order to prove Theorem 1, we just need Corollary 31. Nevertheless, we will
need Proposition 29 to prove Proposition 30 and we will need Proposition 30 when dim¢ X =
n — 1 to prove Proposition 29 when dim¢ X = n.

So let us assume now that Proposition 30 is true. Itens (i) and (ii) of Theorem 2 follow
easily from Proposition 30 (the proof that X ™ is homeomorphic to the mapping cylinder of the
map &, given by the vector field 5+ is analogous to the proof of item (7) of Proposition 27).
Then we can easily prove (iii) of Theorem 2 as follows:

Fixt e ]D):2 and let y be a simple path in D), connecting ¢ and 0. Consider the polyhedron

P, and the vector field 5}, in X, given by Corollary 31, as well as the flow g, given by the
integration of .
For any positive real A > 0 set:

Va(Py) 1= Xy \Gy (0. A) x 0Xy),

which is a closed neighborhood of P, in X, . Notice that using the first isotopy lemma of
Thom—Mather (Lemma 19), the boundary o Va (Py) of Va (Py) is alocally trivial topological
fibration over y.

Following the steps (a) and (b) of the end of Sect. 4.3 and using Proposition 16, we can
construct a collapsing vector field Zy on X, \ P, such that:

e it is a rugose stratified vector field (relatively to the stratification S’(y) of X, ):
e it projects on a smooth vector field 6 on y that goes from 7o to 0 in a time a > 0;
e itis tangent to dV4(Py), for any A > 0.

So the flow g : [0,a] x X,,\P, — X, \ P, associated to the collapsing vector field Zy
defines a homeomorphism v; from X,;\ P; to Xo\{O} that extends to a continuous map from
X, to X and that sends P; to {0}, for any ¢ € y\{0}. This proves (iii) of Theorem 2.

Remark 33 Notice that the collapsing vector field ZV on X, \ P, that gives the collapsing of
f along the path y can be extended to a collapsing vector field ¢y on X\ P that gives the
collapsing of f along the semi-disk D*.

6 Proof of Propositions 29 and 30

We will prove Propositions 29 and 30 by induction on the dimension of X, in the following
way: we will prove that if Proposition 30 is true whenever dimc X = n—1, then Proposition 29
is true whenever dimc X = n, and this implies that Proposition 30 is true whenever dim¢ X =
n.

Notice that in Sects. 4.1 and 4.2 we have proved Propositions 29 and 30, respectively,
when dim¢c X = 2.
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6.1 Proof of Proposition 29: constructing the vanishing polyhedron

As we said above, the polyhedron P; will consist of a “central” polyhedron P/ on which we
will attach the polyhedra C;. The first step will be to construct the central polyhedron P/,
and then we will construct the polyhedra C;.

Recall that we have fixed a linear form £ : CV — C that satisfies the conditions of
Lemma 21. Then I" is the polar curve of f relatively to £ at 0 and A is the polar discriminant
of f relatively to £ at 0.

Also recall from Proposition 22 that the map ¢ = (¢, f) induces a stratified submersion
(relatively to the stratification induced by S):

¢ :Be N XN~ LDy, x Dy \A) = Dy, x Dp,\A

and that for each ¢ € ]D)z2 fixed, the restriction ¢; of ¢ to the Milnor fiber X, induces a
topological locally trivial fibration:

o XA (1), . k) = DAI@), . (D),

where D, =Dy, x {t} and {y{(¢), ..., yx(t)} = AN D,.

Forany t € ID;, set A; := (0, 7). Since the complex line {0} x C is not a component of A,
we can suppose that A, & {y1(¢), ..., y(1)}.

Foreach j =1, ..., k,let8(y;(¢)) be asmooth simple pathin D, starting at A, and ending
at y;(t), such that two of them intersect only at A,.

First step: constructing the central polyhedron P;’:

Consider the restriction f’ of f to the intersection X N {¢ = 0}, which has complex
dimension n — 1. Then we can apply the induction hypothesis to f’ to obtain a vanishing
polyhedron P, in the fiber X; N {¢ = 0} and an integrable vector field 5; in X; N {¢ = 0}
that deformation retracts X; N {¢ = 0} onto P,.

Second step: constructing the polyhedra C;:

First of all, in order to make it easier for the reader to understand the constructions, we
will suppose that I" intersects Z;l (y i (t)) in only one point, which we call x;(¢). The proof
of the general case follows the same steps. In fact, we make the following conjecture:

Conjecture 34 For € general enough, the map-germ ¢y = (£, f) : (X,x) — (C%,0)
induces a bijective morphism from I' onto A.

Now recall that ¢; induces a locally trivial fibration over §(y;(¢))\{y;(¢)}. If we look
at the local situation at x;(z), we can apply the induction hypothesis to the germ ¢, :
(X;,xj(t)) — (Dy, yj(1)), which has an isolated singularity at x;(¢) in the stratified sense,
in lower dimension. That is, considering a small ball B; in CN centered at x j(t); asmall disk
D; in D; centered at y;(¢) and a semi-disk Ds+ of Dy which contains §(y;(¢)) N bs in its
interior, we obtain:

e acollapsing cone P;r for ¢, along the semi-disk D;";
e a collapsing cone P; for £, along the path Dy N &(y;()), of real dimension n — 1;

which give the collapsing of the map ¢;| : B; ﬂﬂt_l (Dy) — Dy along the path Dy N8(y;(t)).
See Fig. 9.
Now we are going to extend the cone P; until it hits P/, as follows.

First we need to construct the following vector fields on A; := Efl (8 jO)\ly; (t)})
that will be used to extend the cone P; and glue it on the central polyhedron P,
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Fig. 9 The restriction ¢;

\//
. —_
Integral curves associated to =

Fig. 10 The vector field &

o Vector field E: let 5 be a smooth non-singular vector field on §(y;(¢))\{y;(¢)} that
goes from y;(t) to A, = (0, ). Since the restriction of ¢, to each Whitney stratum
of S has maximum rank over §(y;(¢))\{y;(¢)}, we can lift § to an rugose (and hence
integrable) stratified vector field EonA j (see Proposition 16). In particular, for any
u € 8(y;j(t))\{y;(t)} we can use the vector field E to obtain a stratified homeomorphism
ay 47 () = €7 (u), which takes P/ to a polyhedron a, (P/) in €; ! (u). See Fig. 10.

e Vector field i: we can transport the vector field 5,’ of Kfl(kt) = X; N {€ = 0} given
by the induction hypothesis to all the fibers ¢, 1(u), for any u € 8(y;(t))\{y;(®)}. The
transportation of 5‘; to ¢, ! (u) is tlle vector field on E,_l (u) given by the flow obtained as
image by «,, of the flow given by ©,. So we obtain a vector field ¥ on A ; whose restriction
to €, Y() is 5,’ . The flow associated to ¥ takes a point z € ¢, () to the polyhedron
oy, (P)). See Fig. 11.
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Integral curves
associated to =

v, (C): an integral curve associated to )

Fig. 11 The vector field ¥

L

Integral curves associated to 1

Fig. 12 The vector field kg

o Vector field k1: let O be a smooth function on §(y (1)) such that 6(1,) = 0 and such that
6 is non-singular and positive on §(y; (¢))\{A,}. It induces a function :=00 £; defined
on Aj. Set:

K1:=k + 0 - é,
which is an integrable vector field, tangent to the strata of the interior of A ; induced by S.

Furthermore, this vector field &/ is pointing inwards on the boundary dA ;, i.e. transversal
in A; to the strata of 0A; induced by S. See Fig. 12.

Since the vectors k(z) and é(z) are not parallel for any z € A;\ P/, the vector field K1 is
zero only on the vanishing polyhedron P, of Zt_l (X¢). Then if z is a point in AJ\E,_] (As), the
orbit of iy that passes through z has its limit point z| in P/.

Moreover, since the integral curve associated to i that contains z € A; has its limit point
7' in the polyhedron oy, ;) (P/) (which is the transportation of P, to ¢! (¢:(2)) by the flow
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aj /\t

y;(t)

Fig. 13 Decomposition of the vanishing polyhedron Py

associated to 2), it follows that z| is the point corresponding to z’ by E, thatis, 7y = o, ().
In fact, if u := £,(z) and if w := (e,) "' (2) is the corresponding point in Z,_] (A;), then by
construction the integral curve C, (z) associated to ¥ that contains z is given by o, (C(w)),
where C(w) is the integral curve associated to 5; that contains w.

Setaj := 0D; N48(y;(t)) and Pj(a;) := P; N Z;l(aj), where P; is the collapsing cone
for £, at x;(t) along the path Dy N §(y;(#)), as defined above. By the previous paragraph, K1
takes Pj(a;) to P/.

Since the action of the flow given by & is simplicial, we can assume that the action of the
flow given by & is simplicial. Then the image of P;(a;) by the flow of | is a subpolyhedron
Pj’. of P/. Moreover, the orbits of the points in P;(a;) give a polyhedron R;. See Fig. 13.

Set:

Cj Z=PjURjUPJ/».

It is a polyhedron in P; of real dimension n — 1. We call C; a wing of the polyhedron P;. In
the case when X is smooth, it corresponds to a Lefschetz thimble.
Then the polyhedron we are going to consider is:

k
p=pJcC;
j=1

It is adapted to the stratification S, since P; is adapted to S and the vector field k| is tangent
to the strata of S.
Now we have:

Lemma 35 There exists a refinement S'(t) of the Whitney stratification S(t) of X, (with the
property (w)) induced by S, such that there is a continuous vector field ¥, on X, such that:

(1) It is non-zero on X\ Py and it is zero on P;;
(1) It is transversal to the strata of d X;, pointing inwards;
(iii) It restricts to a rugose stratified vector field on the interior of X, (relatively to the
stratification S'(t));
(iv) The orbits associated to 5, have a limit point at Py when the parameter goes to infinity.
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The vector field ¥, is obtained by gluing several vector fields on X; given by the lifting
by ¢, of suitable vector fields on D;. The detailed proof of Lemma 35 is quite involved since
it contains too many technical steps and constructions, so we present it separately in Sect. 7.

The flow defined by the vector field ét of Lemma 35 gives a continuous, surjective and
simplicial map & from dX; to P, such that X, is homeomorphic to the mapping cylinder of
& (see the proof of Proposition 27). This proves Proposition 29.

We remark that although we have used just Corollary 31 (in lower dimension) in the con-
struction of the polyhedron P;, we will need the stronger Proposition 30 (in lower dimension)
for the construction of the vector field 5: of Lemma 35, in Sect. 7.

6.2 Proof of Proposition 30: constructing the polyhedron P+

Given a closed semi-disk D™ in Dy, as in Fig. 1 above (with 0 in its boundary), we want to
construct a polyhedron P in X+ := XN f~1(D)NB., adapted to the stratification induced
by S, and a continuous vector field 54_ in X, tangent to each stratum of X T, satisfying the
conditions (i), (ii) and (iii) of Proposition 30.

Recall that in Sect. 4.2 we already did that when X has complex dimension 2. Also recall
the 3-dimensional triangles 71, ..., 7 in Dy, x DT, bounded by the semi-disks Y; and A,
where Y, ..., Yi are the semi-disks given by the intersection of the polar discriminant A
with D, x D" and A := {0} x D*. For each j = 1,...,k and for each r € D¥, the
intersection 7; N D; gives a simple path §(y;(¢)) used to construct a vanishing polyhedron
P; as in Sect. 6.1.

Finally, also recall from Proposition 22 that the map ¢ = (¢, f) induces a stratified
submersion:

¢ :BeNX N~ LDy, x Dy, \A) = Dy, x Dy, \A,

where A C Dy, x Dy, is the polar discriminant of f relatively to the linear form £.

We are going to construct P™. The construction of the vector field z§+ is analogous to the
construction of the vector field 5; of Lemma 35, which is described with details in the next
section, so we leave it to the reader.

The construction of the polyhedron P will be made in three steps:

First step: fixing an initial polyhedron Py,:

Fix some 79 € D* N dD,,. By Proposition 29, we can choose a vanishing polyhedron P,
in the Milnor fiber:

Xy = X 0 £ (t0) NBe,

which has the form:
k
Py, :Ptg UCJ’
j=1

where each C; is a wing glued to the central polyhedron P; along a subpolyhedron (P;);,
of Py (recall that P is a vanishing polyhedron for the restriction f” of f to X N {¢ = 0}).

Second step: extending Py, over DT N aD,,.

By the induction hypothesis, the vanishing polyhedron P,;) C X4 N{€ = 0} can be
extended to a collapsing cone (P*) C X+ N {¢ = 0} for the restriction of f to {£ = 0}
along the semi-disk D,

Now set X 1= ¢! (Dy, x (DTN 8]1),72)) and recall that ¢ induces a topological trivial
fibration from X onto Dt N oy, (see Fig. 7).
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Fig. 14 Some suitable
neighborhoods

So we can extend the polyhedron Py, constructed above for 7 varying in D™ N9D;,,. That is,
we consider a polyhedron P in X such that PN X,, = Py, and such that forany r € D*NJD,,
one has that P N X ¢ is a vanishing polyhedron P; in X; with central P/ := (PT)' N X; and
k-many wings, each one of them conic from the corresponding point x; () € I' N X;.

Third step: constructing some suitable neighborhoods:

For each x;(¢) over y;(t), with t € DT, choose a small radius 7 () such that the set:

Bj = | Br(x;)

teDt

is a neighborhood of:

U &)

1D\ {0}

conic from 0, where r(¢) can be taken as a real analytic function of ¢ with r(0) = 0, by
Puiseux’s theorem.
To each B; one can associate a neighborhood:

Aj = U Dy (v (1))

teDt

in D, x D, where s(¢) is an analytic function of r € D" with 0 < s(1) < r(t), if 1 # 0,
and s(0) = 0.

Finally, let U be a neighborhood of A\{0}, conic from 0, that meets all the A;’s, but not
containing any y;(¢). See Fig. 14.

Fourth step: constructing a suitable vector field:

By the induction hypothesis, we have a collapsing cone (Pt in Xt N{¢ =0} and a
collapsing vector field ¢/ in X T N {¢£ = 0} that give the degeneration of f’ along D*. That
is, Z ! is arugose (and hence integrable) vector field, tangent to each stratum of the interior of
X N {£ = 0}, whose associated flow defines a homeomorphism from (X onN{= 0})\P,:)
to (Xy, N {€ = 0})\{0} that extends to a continuous map from X;, N {£ = 0} to Xo N {¢ = 0}
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and that sends P,i) to {0} (see Remark 33). Notice that the vector field Ejr lifts a radial vector
field in {0} x DT that goes to 0.

Set:
U=¢'aHnxt.

Since U is a cone over a contractible space, we can extend the collapsing vector field z Ltoa
integrable vector field ZZ/I on U4, tangent to each stratum of its interior, and that lifts a radial
vector field in {0} x D™ that goes to 0. Notice that the flow given by the vector field Zu sends
the intersection Py N U to {0}, where Py = Py N {L =0}

Since each B;\{0} is a stratified topological locally trivial fibration over DT\ {0}, one can
also construct a rugose vector field 8j on B;\{0} that trivializes it over DT\{0} and that is
tangent to the intersection of the polar curve I' with B;\{0} (which is the set of the points
xj(t) € Bj fort € DT\{0}).

Then, using a partition of unity (o, p1, ..., px) adapted to U, By, ..., B, we glue all
the vector fields ¢;’s and ZM together. We obtain a continuous trivializing vector field:

k
G = pulu+ Y pjo;
j=1

in Xt nw U’;:1 B;) such that:

e itis tangent on each stratum of the interior of X+ N U U]]‘-: 1 Bj);
e itis rugose and hence integrable;
e it projects to a radial vector field in DT that converges to 0.

So the flow associated to the vector field 6 goes from XN o U’jf:] B;) t0 0, and the action
of this flow over P give the polyhedron P.

7 Proof of Lemma 35: constructing the vector field 13,

In this section we give the detailed construction of the vector field 5, onX;:=¢ ! Dy, x
{t}) N B¢ of Lemma 35, whose flow gives a continuous, surjective and simplicial map £
from the boundary of the Milnor fiber 0X; := qb_l(]DDm x {t}) NS¢ to the polyhedron P
constructed in the previous section, such that X; is homeomorphic to the simplicial map
cylinder of &;.

Recall that we have fixed a linear form ¢ : CV — C that satisfies the conditions of
Lemma 21. Then I' is the polar curve of f relatively to £ at 0 and A is the polar discriminant
of f relatively to £ at 0.

Also recall from Proposition 22 that the map ¢ = (¢, f) induces a stratified submersion
(relatively to the stratification induced by the Whitney stratification S of X):

¢ :BeNX N~ LDy, x Dy, \A) = Dy, x Dy, \A.

As before, fix t € D;,\{0} and take a point A; in D; := I, x {t} such that A, ¢
{y1(®), ..., (@)}, where {y1(t), ..., yx(t)} := A N D;. Also, foreach j = 1,...,k, let
8(y;(t)) be a simple path in D, starting at A, and ending at y;(¢), such that two of them
intersect only at A;. We defined the set Q; := U’;Zlé(yj (1)).

Recall that in Lemma 25 we constructed a Whitney stratification Z = (Zg)gep of D,
(with the property (w)) and a continuous vector field v; on D, such that:
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. Itis non-zero on D;\ Qy;

. It vanishes on Q;;

. Itis transversal to d D; and points inwards;

. It restricts to a rugose stratified vector field on the interior lo)t of D; (relatively to the
stratification 2);

5. The associated flow g; : [0, 00) x (D/\Q;) — D\ Q; defines a map:

& 10Dy — O

u+— lim gq;(t, u),
T—>00

AW N =

such that & is continuous, simplicial (as defined in Sect. 2.4) and surjective.

After that, we considered a refinement S’(¢) of the Whitney stratification S(¢) (with the
property (w)) induced by S, and we considered a refinement 2’ = (Z;g) pep’ of Z such that
the restriction £, : X, — D; of £ to the Milnor fiber X, is a stratified map. So ¢; induces a
stratified submersion:

@ s XA (@), - 0 = DAD@), - (D}

Finally, recall that we can apply the induction hypothesis to the restriction f/ of f to
the intersection X N {¢ = 0}, which has complex dimension n — 1. We obtain a vanishing
polyhedron P/ in the intersection X, N {¢ = 0} and a vector field 5,/ that deformation retracts
it onto P/.

The vector field 5, is obtained by gluing several vector fields on X; given by the lift of
suitable vector fields on the disk D; by ¢;. By Proposition 16, the resulting vector fields are
rugose, and hence integrable.

Recall that the polyhedron P; is the union of the wings C; and that the polyhedron P/
is given by the induction hypothesis (as in Sect. 6.1). Moreover, each wing C; consists of a
collapsing cone Pj, a product R; and the gluing polyhedron P; on P/, that is:

Cj:PjURjUPJ{.

See Fig. 13.
Then it is natural that the construction of the vector field ¥; concerns at least three subsets
of the Milnor fiber X;,: the points that are taken to P/ \P; by the flow associated to ; the

points that are taken to P ]/ and the points that are taken to c i\P ]/ . This justifies the complexity
of the construction given below.

7.1 First step: decomposing Dy
Letg; : [0, 00) xdD; — D be the flow associated to the vector field v, defined in Lemma 25.
Set:
V := D; — q:([0, A) x 0Dy),
for some A > 0, which is a closed neighborhood of Q; whose boundary:
oV =q:({A} x aDy)

is transversal to each dDy(y;(?)), that is, the vector field v, is transversal to the boundary
0D, (y;j(1)) of each disk Ds(y;(¢)). See Fig. 15.

Then we will construct the vector field 5, on X, by gluing a vector field T in 6,_1 (DA\V),
where V' := D, — q,([0, A'/[xdD,), with A’ > A, A’ — A « 1; and a vector field v in
I ! (V), using a partition of unity.
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Di(y; (1))

Fig. 15 The neighborhood V

y;(t)
Fig. 16 The branch V;

The vector field 7 in Z:l (D;\V’) is a lifting of the vector field v;. It is transversal to
the boundary of X, pointing inwards, and it restricts to a rugose stratified vector field on
¢~ (D\V) NIBe.

The construction of the vector field v in £, (V) is much more complicated. We are going
to do it in the rest of this subsection.

7.2 Second step: decomposing V

We first decompose V into “branches” V; as follows: each “branch” V; is a closed neighbor-
hood of §(y;(#))\{0} whose boundary is composed by dV N V; and two simple paths that
one can suppose to be orbits of the vector field v, constructed above. See Fig. 16.

We will construct the vector field U by gluing the vector fields U; that we are going to

construct on each Efl (V}). In other words, we will construct a vector field v j on E;l Vi),
for each j fixed, which is continuous, integrable, tangent to the strata of S, non-zero and
smooth on ¢! (Vi))\Cj, and zero on C;, where C; is the polyhedron defined in Sect. 6.1.
7.3 Third step: covering e;l(v,-) by open sets W ;

Fix j € {1,...,k}. The approach of the construction of each vector field v ; will be the
following: we will cover Efl(Vj) by open sets W 1, W; >, W; 3 and W; 4. Then we will
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0
y;(t)
Dy
Fig. 17 The vector field @;
construct the vector fields Dj,,- on W;;,fori =1,...,4,in such a way that each orbit of the

vector field U; obtained by gluing them with a partition of unity has a limit point in P;.

As before, given positive real numbers r and s, let B, denote the ball around x; (f) in CcN
of radius r and let Dy denote the disk around y;(#) in D, of radius s.

Let r and r’ be small enough positive real numbers such that r’ < r and r — r’ < 1. Let
us cover Z;l (V;) by the open sets W; |, W; 2, W; 3 and W; 4 defined as follows:

o W= Zt_l(bs N ‘}j) N Bor
and
o Wini=¢"(DyNV)\B,.
To define W; 3 and W; 4 we have to do a construction first. Set:
Wi =6 (V;\Dy),

where s’ < sands —s' < 1.

We can construct a vector field & j in Vj\f)s/ which is smooth, non zero outside {0}, zero
on {0}, with trajectories transversal to 3V N (V;\Dy) and to d Dy N V;, as in Fig. 17.

Since the Whitney stratification S’(¢) of X; with the property (w) induces a Whit-
ney stratification on E,_l (Vj\DOS/) with the property (w), and since the restriction of ¢; to
I ! (Vj\lo)s/) N S, is a submersion for each € A, we can lift & j to a continuous vector field
Q.,- in €, ! (V,-\ﬁs/) that is rugose, smooth and tangent to each stratum, and that trivializes
€71 (Vj\Dy') over V)\ Dy

Recall that the induction hypothesis applied to the restriction of f to X N {£ = 0} gives
a vanishing polyhedron P/ in X, N {¢ = 0} and a vector field 5‘,’ that deformation retracts
X; N {¢ =0} onto P/.

Then one can transport the vector field 5,’ on Z;l (0) to all the fibers Zfl (u) foru € V; \DOS/.
This way we obtain a vector field f/j in Et_l (Vj\DDX/) which is integrable, tangent to each
stratum of ¢, ! (u) N fé%e and transversal to each stratum of £, ! (u) NS¢, forany u € Vj\f)s/.

Now consider the vector field ?j in E,_l (V,-\ﬁx/) given by:
T =V;+Qj,
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Fig. 18 The vector field v;

which is integrable, tangent to the strata of the stratification S’(¢), transversal to the strata of
Se N Zfl (Vj\Dy), non-zero outside P, and zero on P;/.

On_g: can see (as in the case of the vector field k1 of Sect. 6.1) that each orbit of the vector
field Y'; has a limit point in P,

The orbits by the action of ?_,- which intersect £, ! (\?,- NaDg) N B, define a set that we
call A(V;,r). We set W]/‘,4 = A(V;,r) and:

° Wj,4 = W]/'.4 U Wjﬁ].
Finally, the set W; 3 is given by:
o W3 := WJ’-’3\A(V(, ',

wherer’ < r,withr —r’ < 1,and ij = D\q: ([0, A/[xdD;),withA’ < AandA—A’ « 1.
One can check that both W; 3 and W; 4 are open sets.

7.4 Fourth step: constructing the vector fields v; ;

1. Construction of ¥ j.1: We can consider a continuous vector field v 7 on V; which is
smooth and non-zero outsided(y;(¢)), zero on 6(y;(¢)), transversal to V; and tangent
to 0D; N V;, like in Fig. 18 (see the construction of the vector field v; of Lemma 25).

Let D;" be a semi-disk of Dy which contains 6 (y; (#)) N ﬁx in its interior. We will lift v j to
arugose vector field ¥; in £, (Dy N V;) N By, which is zero on ¢; ! (DsN8(y;(1))), tangent
to the strata of S’(¢) and of 15;1 (DDS N ‘o/j) N S,, where S, := 9By, in the following way:

e Recall that we can apply the induction hypothesis to the restriction:
) 67 (DF N DN V)N B, — DFNDy NV,

which has an isolated singularity at x; (¢) in the stratified sense, since E,_l (DN ﬁs N \o/j)
has complex dimension n — 1, where n is the dimension of X.
e Then we obtain a collapsing vector field ? (j) and a collapsing cone Pj+. Let:

qj : [0, +oo[x (¢, /(DS NV)HNS,) — 4D N V)N B,
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be the flow associated to 5‘+ (j) and set:
Pi(w) == q;(lu}y x ¢, (DF N VHNS,),
where u > 0.
e The Whitney stratification S’ (¢) induces a Whitney stratification of P ' () (see Lemma 6
and notice that P;(0) = K,_l (DN \?,-) N S, is the intersection of £~ (D} N \?,-) with the
stratified space X; N S,). Moreover, the restriction of ¢; to each stratum has maximum

rank. So by Proposition 16 we can lift the vector field v; over D N ‘7j to a rugose
stratified vector field that is tangent to the strata of P; (u).

e On the other hand, for any point in K;l ((ﬁs\Doj) n VJ) we just ask the vector field ¥ ;
to be tangent to the strata of S’(r) and to lift v;. This can be done locally and then ¥; is
obtained by a partition of unity.

Notice that at any point of B, N ¢; ' (D} N V;) — {x;(t)} and at any point of (B,\B,") N
¢! ((DO_Y\Dj) N Vj) for /' < r with r — ' < 1, one can extend the vector field 9, (j) on
a small open neighborhood. Now we construct U; | as follows:

e Over a small open neighborhood U xj (1) of x;(t), consider the zero vector field.

e Forany 7z € Lo?, N e;‘ (Dj N ﬁs N ‘o/j)\{xj (1)}, take an open neighborhood U, of z small
enough such that it does not contain x;(¢), it is contained in B N Zt_l (ﬁs N \o/j) and
54_ (j) is well defined on it. Then in U, we define the vector field:

i = 5+(j)|UZ + XU,

where ;Lr (j)v, and X jlu, denote the restrictions of the vector fields 1§+ (j) and x s
respectively, to the neighborhood U,. This vector field is rugose, tangent to the strata of
&'(1), non-zero outside the intersection of U, and Pj and zero on P; N U,, where:

Pj =P 0e (80 0)).
e Foranyz € BN Zfl ((ﬁY\DS‘*) n Vj), take a small open neighborhood U of z and set
T = Xj|U.-
e Forany z € (B,\B,) N ¢ ((Ds\D;") N V;), take a small open neighborhood U, of z
contained in (B,\B,/) N ¢; ! ((lo)s\D;") N V;) and set:
=0 (D, + Xjju.-

e Then considering a partition of unity (p;) associated to the covering (U;), we set the

vector field:
aj,l = Z Pzl

in Zt_l (ﬁx N ‘D/j n B,, whichis continuous, rugose outside the point x ; (¢) (and therefore in
W; 1\ P}), tangent to the strata of S’(r), non-zero outside P; and zero on P; N (Zfl (bs N
‘O/J)) N ér.

e Notice that if z € £, ! (DOS\DS*) N B, its orbit by ;1 has {x;(¢)} as limit point, and the
orbit by ¥, of a point z € Zfl (DHN B, has its limit point in P;.
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Fig. 19 The vector field 7}

2. Construction of U; >: Consider a smooth non-zero vector field 77, in V, N Dy as Fig. 19
and such that, for any u € ‘ofj N Dy one has the following implication:

Aj) +uijjw) =0, >0, pu>=0 = A=u=0,
where v ; is the vector field defined above.

Then v; 7 is a lifting of 7j; in W; », which is rugose vector field, tangent to the strata of
S'(t) and of £, 1(Dy) N S,

3. Construction of Uj 3: We set U; 3 to be the restriction of the vector field T j constructed
above to W; 3.

4. Construction of U j,4: Recall the vector field ;hr (j)ying, ! (D;") N I§r, obtained by the
induction hypothesis, and restrict it to Efl (0Dg N lo/j). Then transport it by the action
of the vector field f,-. We obtain a vector field o on WJ’.’ 4 that is rugose and tangent to
the strata of S’(z).

Over Wj 4 = W}, U W, the vector fields ¢ and 0,1 glue in a vector field U; 4 that is
continuous, rugose and non-zero on W; 4\ P;. The orbits of the points of W; 4 by U, 4 has

limit points in P;.
7.5 Fifth step: gluing all the vector fields to obtain 5,

Now, considering p3, p3 and p4 a partition of unity associated to W; >, W; 3 and W; 4, we
obtain the vector field:

Uj = paUj2 + p30j3 + paUj4
in Z:l (\O/j), which is continuous, rugose, non-zero on K;l (Vi)\ P, and zero on P;.
Gluing these vector fields 0;, for j =1, ..., k, we get the vector field U.
Finally, gluing the vector field © in £, (V) and the vector field T in Z,_I(DZ\V/) con-
structed in Section 6.1, we obtain a continuous vector field ¥, in X; with the properties (i)

to (v) of Proposition 35. We just have to check that the orbits of this vector field have a limit
point when the parameter goes to infinity:

(a) Ifz € Z[l (D;\ V"), the orbit of z arrives to Wj2UW;3UW, 4 after a finite time.
(b) If z € W; 2, the orbit of z arrives to W; 3 U W; 4 after a finite time.
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(c) If z € W;3\W; 4, it has a limit point on UI;.:]C‘,-.
(d) If z € W, 4\W; 3, it has a limit point on P/.
(e) If z € W; 3N W, 4, we have that the orbit passing through z has a limit point that is the

limit point by Y; of the limit point of the orbit of z by & . Hence this limit point is on
PJ,- = Pt/ nc;.
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