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Abstract In this article, we prove that on any compact spin manifold of dimension m =
0,6,7 mod 8, there exists a metric, for which the associated Dirac operator has at least one
eigenvalue of multiplicity at least two. We prove this by “catching” the desired metric in a
subspace of Riemannian metrics with a loop that is not homotopically trivial. We show how
this can be done on the sphere with a loop of metrics induced by a family of rotations. Finally,
we transport this loop to an arbitrary manifold (of suitable dimension) by extending some
known results about surgery theory on spin manifolds.
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1 Introduction and statement of the results

For this entire article, let (M, ®) be a closed Riemannian spin manifold of dimension m
and ® : GL*M — GL* M be a fixed topological spin structure on M. For any Riemannian
metric g on M, we denote by Eﬁ‘;M — M the spinor bundle with respect to g and K € {R, C}.
The associated Dirac operator is denoted by D%. We think of this operator as an unbounded
operator
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Df  HY(ZEM) € LA(ZEM) — LA (ZEM)

densely defined on the first order Sobolev space H l(EH!’;M ) of sections of ZE’;M . In that
sense the operator has a spectrum spec D% C R. One is usually interested in the case K = C.
In terms of a local orthonormal frame, the Dirac operator is given by D5 = >hei Vﬁi
and its spectrum comprises of those & € R for which there exists a non-trivial spinor field
¥ € T'(Z§ M) such that

Dy = Ay (1.1)
The Eq. (1.1) is called the Dirac equation and our main result about it is as follows.

Main Theorem (Existence of higher multiplicities) Let (M, ®) be a closed spin manifold
of dimension m = 0,6,7 mod 8. There exists a Riemannian metric g on M such that
the complex Dirac operator D% has at least one eigenvalue of multiplicity at least two. In
addition, g can be chosen such that it agrees with an arbitrary metric g outside an arbitrarily
small open subset on the manifold.

1.1 Dahl’s conjecture

The result of the Main Theorem fits nicely into the context of a conjecture by Dahl [9], which
deals with the question of what sequences of real numbers can occur as Dirac spectra. In
general, the Dirac spectrum depends on the metric and even on the spin structure, see [10].
On the other hand, all Dirac spectra have certain properties in common.

Lemma 1.1 (Properties of Dirac spectra) Let (M, ©) be a closed spin manifold and g be any
Riemannian metric on M. Then IDé is a self-adjoint elliptic first order differential operator
and its spectrum satisfies the following properties:
(DI1) spec D% C R is discrete and unbounded from both sides.
(D2) In case m =2,3,4 mod 8§, there exists a quaternionic structure on the spinor space
(hence and all eigenspaces are even-dimensional over C).
(D3) In case m # 3 mod 4, the Dirac spectrum is symmetric about zero including multi-
plicities.
(D4) The kernel of the Dirac operator satisfies the estimate
[A(M)|, m=0,4 mod 8,
dimc ker DY, > {1, m=1 mod 8 anda(M) # 0,
2, m=2 mod 8anda(M) # 0.

Here, A(M ) denotes the A—genus and a(M) denotes the a-genus.
(D5) The growth of the Dirac eigenvalues satisfies a certain Weyl’s law.

For a proof of these elementary facts as well as for an introduction into spin geometry in
general, the reader is referred to [11,16,24].

Lemma 1.1 raises the question whether or not one can prescribe Dirac spectra artibrarily
as long as one does not violate its assertions.
Conjecture 1.2 ([9]) Let k € N, A1, A2 € R, A| < Ay, and (M, ®) be a compact spin
manifold. For any non-zero A1 < --- < Ax €]A1, Aj[ satisfying (D2) and (D3), there exists
a metric g on M such that

spec DE NIA L, Az[= {1 < -+ < Mg},

where the eigenvalues are counted with multiplicities.
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In the same article, Dahl also gives a proof of this conjecture in the case where all eigen-
values are simple, see [9, Thm. 1]. In this context, an eigenvalue A is called simple if its
multiplicitiy

H, m=2,3,4 mod 8,

A) := dimg ker(D% —)), K :=
) K (De —4) [(C, otherwise

is equal to 1. Here, H denotes the quaternions.

Remark 1.3 (Multiplicities) Denote by puk (1) := dimg ker(Dﬂi —2) the multiplicity of an
eigenvalue A over K € {R, C}. Then the various notions of multiplicity are related by

ucA) = pr@), m=0,6,7 mod 8,
n) = {pc) = Jur(™), m=1,5 mod 8,
Tuc) = tur(), m=2,3,4 mod 8.

We will be primarily concerned with the case m = 0,6,7 mod 8, where all these notions
agree, see also Remark 1.4.

The question what one can say about Conjecture 1.2 in case of higher multiplicities has
been open ever since. One would guess that one can prescribe eigenvalues of arbitrary finite
multiplicity. Unfortunately, the proof of Conjecture 1.2 in case of simple multiplicities does
not carry over to higher multiplicities. Therefore, the aim of this article is to introduce some
new techniques to approach Conjecture 1.2 in case of higher multiplicities, which will allow
us to prove the Main Theorem.

Remark 1.4 (Real vs. complex spin geometry) The restriction in the dimension in the asser-
tion of the Main Theorem stems from the fact that we need tools from real and from complex
spin geometry. In dimensions m = 0, 6,7 mod 8, complex spin geometry is the complex-
ification of real spin geometry. More precisely, the complexification of an irreducible real
representation of the real Clifford algebra will be an irreducible complex representation of the
complex Cilfford algebra. This follows from the explicit classification of real and complex
Clifford algebras, see for instance [24, [.§4]. Hence the complexification of the real spinor
representation is a complex one. This behavior under complexification goes through for all
other structures on the spinor bundle, in particular Clifford multiplication, the spinorial con-
nection and the Dirac operator. Thus, in dimensions m = 0, 6,7 mod 8, we can jump back
and forth between the real and the complex spin geometry.

Remark 1.5 (Neighborhood) The precise nature of the neighborhood mentioned in the Main
Theorem will become clear in the proof. It will be a surgery disc around a point, where
we perform a connected sum, see in Fig. 5. However, g will typically not be in a small
C'-neighborhood of g in the space R(M) of Riemannian metrics on M.

1.2 Proof strategy

The key idea to prove the Main Theorem is the following simple topological reasoning to
which we will refer to as the Lasso Lemma, see Fig. 1.

Lemma 1.6 (“LassoLemma”) Let X be a simply connected topological space andletY C X
be any subspace. Let y : S' — Y be a loop and E — Y be a vector bundle such that
y*E — SUis not trivial. Then X\Y is not empty.
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Fig.1 The “Lasso Lemma”

Proof Since X is simply connected, there exists a homotopy H : I> — X from y to the
constant loop. Since y*E — S! is not trivial, y cannot be null-homotopic in Y. Thus, there
has to be at least one point in X\Y that is hit by H, hence X\Y # 0. O

Remark 1.7 Of course we can identify /2 with D? and obtain that any extension H : D? — X
of y : S! — Y satisfies H(p) € X\Y for at least one p € D?.

We will apply this reasoning in the following way: We set X (M) = (R(M), ¢h, the
space of all Riemannian metrics on M endowed with C!-topology. The set ¥ (M) will be a
subspace of metrics tailor-made such that X (M)\Y (M) # ¢ directly implies the existence
of an eigenvalue of higher multiplicity. (The set Y (M) contains the set of all metrics for
which all eigenvalues are simple, see Definition 3.1. We use Y (M) instead of this simpler
set for technical reasons.) The bundle E := E (M) consists of the span of the eigenspinors
corresponding to a certain finite set of eigenvalues, see Definition 3.1. For the loop y we will
have to construct a suitable loop g : ' — Y (M) of Riemannian metrics.

Unfortunately, we will not be able to construct this loop directly. Therefore, we will use
the following strategy: In Sect. 4.1, we consider loops of spin diffeomorphisms ( fy),cgt On
M and study loops of metrics induced by setting g, := (fa_l)*g, aeS' geRWM). We
will work out a criterion when this loop induces a non-orientable bundle over S! as desired,
see Theorem 4.12. This reduces the problem of finding a loop of metrics to finding a loop of
spin diffeomorphisms (which might be even harder in general). In Sect. 4.2, we will show
that the family of rotations by degree « on the sphere S will suit our purpose, if we start
with a metric go that is obtained from the round metric by a small perturbation. This will
give us the desired loop of metrics on the sphere S™.

Finally, we will have to transport the loop of metrics on the sphere S™ to our original
manifold M. Any smooth m-manifold M is diffeomorphic to MgS™, where f denotes a
connected sum, which is a special type of surgery. In Sect. 4.3, we will review the concept
of surgery in the setting of Riemannian spin geometry and ultimately show that the existence
of a suitable loop of metrics is stable under certain surgeries, see Theorem 4.26. Applying
this to the connected sum will yield the desired result, see also Fig. 5.

1.3 Comparison to results for Laplace, Schrodinger and other operators

One should note that Conjecture 1.2 has not only been formulated for the Dirac operator.
The Laplace operator on functions and the Schrédinger operator has been studied by Colin
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de Verdiére [6-8]. Some parts of these articles are formulated for more general classes of
self-adjoint positive operators (notice however that the Dirac operator is not positive). These
results were generalized later by Jammes [18-21] to the case of a Hodge Laplacian acting
on p-forms and even to the Witten Laplacian.

It is interesting to note how the research on the problem of prescribing the eigenvalues of
the Laplace operator has progressed: Jammes started with simple eigenvalues, advanced to
double eigenvalues and finally considered eigenvalues of arbitrary multiplicity. Therefore,
we think that a similar approach for the Dirac operator is reasonable.

A similar problem is given by the Laplace operator Ag = — > ; 83 on a domain Q2 C R”
with Dirichlet boundary conditions. The spectrum {A ;(2)}jen of Ag depends on €2, but it
cannot be prescribed arbitrarily by varying € among all domains of R” with a fixed volume.
By the theorem of Faber-Krahn, the Ball B of volume c satisfies A{(B) = min{A(2) |
QER™, Q| = c}. Analogously, by the theorem of Kran-Szegd, the minimum of A, (£2)
among all bounded open subsets of R” with given volume is achieved by the union of two
identical balls. A proof of these results (and many more results in this direction) can be found
in [14].

While it is possible to prescribe eigenvalues of higher multiplicity for the Laplace operator,
there are other physically motivated operators L for which Lu = lu always implies that X is

simple. For instance, consider the Sturm—Liouville operator Lu := — (;—X (p . %) + q)u =

Au on Lz([a, b]) subject to the boundary conditions
cqu(a) +dyu' (@) =0, cpub) + dpu’ (b) = 0. (1.2)

for some fixed constants c,, d,, cp, dp € R. Here, p is differentiable and positive and ¢ is
continuous. As a domain for L we can choose the closure of the C> functions satisfying
the boundary conditions (1.2) under the L2-scalar product. Then L is an elliptic self-adjoint
operator of second order depending on the functions p and g. However, any eigenvalue A of
L is always simple regardless of the choice of p and ¢, see for instance [12, Thm 4.1].

2 Construction of the set

The construction of a subset ¥ (M) suitable to apply Lemma 1.6 needs a consistent enumera-
tion of the spectrum for all metrics by globally defined continuous functions. This is possible
by the following result.

Theorem 2.1 ([26, Main Thm. 2]) There exists a family of continuous functions {X; :
R(M) — R}jez such that for all g € R(M), the sequence (X;(g)) jez represents all the
eigenvalues of D% (counted with multiplicities) and is non-decreasing, i.e. all g € R(M)
satisfy 1 (g) < (), if j < k.

We fix one such family for the entire article.

Definition 2.2 (Construction of Y(M)) Let k € 2N +1 be a fixed number (whose precise
value will be specified later, see Remark 4.15). Then

YM):={geRM) |3 <j<k:ukjg)e2N+I1,
r0(g) < A1(8), A(g) < Air1(2)),

i.e. Y(M) is the set of all metrics, where at least one of the eigenvalues with index 1, ...,k
is of odd multiplicity.

@2.1)
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Remark 2.3 One might wonder, why we define Y (M) in such a complicated manner. For the
moment we recall that X (M) = R(M) and convince ourselves that

XM\Y(M) ={g € R(M) |Vl < j <k:u®;(g)e2Nor

r0(g) = A1(g) or Ak (g) = Aky1(8)}
ClgeRWM) |31 <j<k:u(;@) =2}

Therefore, if we can show that X (M)\Y (M) is not empty, we have shown the existence of
an eigenvalue of higher multiplicity.

3 Construction of the bundle
3.1 Definition of E (M) as a set

The construction of the vector bundle E (M) as a set is straightforward.

Definition 3.1 (Construction of E(M)) Let k be a fixed number as in Definition 2.2. We
define

E$(M) := span{yy € H'(S§M) |31 < j <k : DE Y = 2;(¥),

EM):= || E*(M)— vm), 3.1)
geY (M)

where the bundle projection simply maps a i € H' (E%M ) to g. That means that at each
g € Y(M),thebundle E$ (M) is spanned by the eigenspaces corresponding to the eigenvalues
X1(g), ..., Ax(g) mentioned in Definition 2.2.

Remark 3.2 Recall that {A;} jez evaluated atany g € R(M) is anon-decreasing enumeration
of the Dirac spectrum spec Dﬂi counted with multiplicities. This is why we had to add the
conditions Ag(g) < A1(g) and Ax(g) < Ak4+1(g) in (2.1); they ensure that the vector spaces
defined in (3.1) have constant dimension, thus E (M) has constant rank.

Notice that E (M) consists of real vector spaces, since they are spanned by real eigenspinors
of the real Dirac operator. We want to use E(M) to make a conclusion about the complex
Dirac operator, so we will have to jump between the real and the complex spin geometry as
discussed in Remark 1.4.

3.2 Topologization of E (M)

It remains only to topologize E(M) and show that it is a continuous vector bundle. The
topology will be the subspace topology of a universal spinor field bundle. The continuity
claim will follow from standard arguments of functional analysis.

For the definition of a topology on E(M), we need to compare the spinors in spinor
bundles formed with respect to two different metrics, let’s say g, h € R(M). The problem
is that the the two Dirac operators Df( and lDﬁ’( cannot be compared directly, because not
only the operators depend on the metric, but also their domains. Therefore, the expression
E)H‘i — ID%’( does not make any sense. A solution to this problem is to systematically construct
identification isomorphisms (of Hilbert spaces)

Brg: L*(ZhM) — L2 (=5 M) 3.2)
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292 N. Nowaczyk

for any two metrics g and / and use these maps to pull back one Dirac operator to the domain
of definition of the other. In the Riemannian case, this program has been carried out in [5]
by means of a connection, but can also be described using only the Lifting Theorem, see
[25]. There is also an alternative approach using generalized cylinders that also works in the
Lorentz case, see [3]. We will apply these results in the following way.

Theorem 3.3 (Universal spinor field bundle) The universal spinor field bundle defined by

L*(ZxM) = [l yeron L (ZEM) — R(M)
Vv e LX(ZEM) > g

has a unique topology as a Hilbert bundle such that for any g € R(M),

B - L*(ZxM) — L*(SEM) x R(M)
Ve L2(ZEM) — (Brg(¥). h),

is a global trivialization. Here, Bh, ¢ 18 the identification isomorphism (3.2).

Proof We fix a metric g € R(M) and define the topology on L*(XZx M) by simply declaring
B2 to be a trivialization. To see that this topology is independent of g, one has to show that
the identification isomorphisms fj, , themselves depend C'-continuously on the metric. This
is clear from the construction, but a bit tedious to carry out, see [27, Chapter 4] for details.
O

Theorem 3.4 (Continuity of eigenbundles) Let Y C R(M) be any subspace and k € N
such that

Vg el () <Ari(g)s M(g) < Ag+1(g).

Then the eigenbundle

k
E:=[]D ker(Df —1;(2)) > ¥

geY j=1

is a continuous vector bundle of rank k over K, when endowed with the subspace topology
inherited from the universal spinor field bundle L2(E%M ) from Theorem 3.3.

Proof For any g in Y, we can find a simple closed curve ¢ : §' — C such that
A1(g), ..., Ak (g) lie inside the area enclosed by ¢ and the rest of the spectrum lies out-
side this area. Since the A ;’s are continuous, the same holds in a small neighborhood of g.
We obtain that the expression

PE(Y) == N ?{ (z — %) "dz (3.3)
2i J.

depends continuously on g. It is shown in [22, Theorem 6.17, p. 178] that P$ and id — P$

define operators with spectrum A1(g), ..., Ax(g) respectively {A;(g), j # 1, ..., k}. Since

the Dirac operator is self-adjoint, it follows that (3.3) is actually the spectral projection onto

the sum of eigenspaces spanned by A1(g), ..., Ax(g). As a result the images of the various

P8’s assemble to a continuous vector bundle, see [27, Thm. 4.5.2] for more details. O

Corollary 3.5 (Topologization of E(M)) The bundle E(M) — Y (M) from Definition 3.1
is a continuous vector bundle of rank k

@ Springer



Existence of Dirac eigenvalues of higher multiplicity 293

3.3 Triviality of vector bundles over S!

Ultimately, we want to apply Lemma 1.6 and therefore, we will have to verify that a real
vector bundle over S! is not trivial. The question whether or not a vector bundle is trivial can
in general be approached by various topological machineries. But we are mainly interested
in vector bundles over S' and here the situation is very simple: The set of isomorphism
classes of vector bundles of rank k over S! has only two elements, see for instance [13, p.25].
One class represents the trivial, hence orientable bundles, the other class consists of vector
bundles that are non-orientable, hence non-trivial.

Remark 3.6 (Sign of a vector bundle) A neat criterion to check when a real vector bundle
E — S' of rank k is not orientable is the following: Let GL E — S' be the principal
GL-bundle of frames of E. Let I := [0, 1] be the unit interval and denote by g1 : [ — S 1
the canonical projection. Since / is contractible, 7T§1 (GL E) — [ has a global section W.
For any such section W, there exists A € GL; such that W (1) = ¥(0).A. Clearly,

det(A) > 0 <= E is orientable «—= Eis trivial.
We define sgn(E) := sgn(V) := sgn(det(A)) € Z, := {1} to be the sign of E.

It will be very important that the sign of a vector bundle is stable under small deformations
of the bundle in the following sense.

Theorem 3.7 (Sign stability) Ler H — X be a Hilbert bundle and E, E — X be two k-
dimensional subbundles of H with induced metric. Denote by SE — X the bundle of unit
spheres of E. If

Vx € X : dist(E,, SE,) < 1, (3.4)
then E = E. In particular, if X = S, then sgn(E) = sgn(E).

Proof Let P : H — H be the orthogonal projection onto E. Letx € X, 7 € SE, be arbitrary
and assume P, (v) = 0. By definition, this simply means that v is perpendicular to E. This
implies

dist(Ex, v) = || Px(v) — v = ||lo]l = 1,
which contradicts our assumption (3.4). Consequently, P|z : E — E is an isomorphism.
O
4 Construction of the loop
4.1 Loops of metrics via loops of diffeomorphisms
In this section, we introduce a technique to produce certain loops of metrics via loops of spin
diffeomorphisms. We denote by Diff (M) the diffeomorphism group of M endowed with the

usual C*°-topology, see for instance [17, Chpt. 2.1]. We will also use this topology on all
the other mapping spaces.
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Definition 4.1 (Associated loops of metrics) Let f : ' — Diff (M) be a loop of diffeomor-
phisms and g € R(M) be any Riemannian metric. The family of metrics

g: S > R(M)
ab go = (fi e

is called an associated loop of metrics.

We are primarily interested in loops spin diffeomorphisms. Since there exist slightly
different conventions, we fix the following notion.

Definition 4.2 (Spin diffeomorphism) An orientation-preserving diffeomorphism f of M is
a spin diffeomorphism (or just “is spin”), if there exists f such that

__ ;o
GL*M—~=~>GL'Mm

2:1J® 2:1J/G)
b

GL* M —— GL* M
|, |
M—L sy
commutes. We say f is a spin lift of f. We define
Diff*P" (M) := {f € Diff (M) | f is spin},
Ditt ™" (M) = ((f. /) | © 0 f = fu0©).
the spin diffeomorphism group (with lift).

Notice that in case M is connected and f is spin, there are always two spin lifts fi of fand

N

f- = f+.(—1), where .(—1) denotes the action of —1 € 6]:,: With a bit more work, one
can show the following relation.
Theorem 4.3 Let M be connected. The canonical projection
pr®n  DIFET " (M) — DiffPin (1), f. e f.
isa?2: 1 covering space.

Proof This follows essentizilly from the fact that ® : GL'M — GL* M isa?2: 1-covering
and that locally f, = © o f o ®~!. A detailed proof can be found in [27, Thm. 2.64]. O

Definition 4.4 (Odd/even) A loop of spin diffeomorphisms f : S I — DiffsPi"(M) is even,
if there exists a loop f such that

———spin

L Diff (M)
f -
, 7 2:1\Lprspin (41)
/
st —L— DiffPin(a1)

commutes. A loop is odd, if it is not even.

@ Springer



Existence of Dirac eigenvalues of higher multiplicity 295

Remark 4.5 (Associated isotopy) Recall that we think of S' as I/ ~and thatwgi : [ — § 1
denotes the canonical projection. Clearly, & := f omgi : I — DiffP"" is a path. By the path

lifting property of covering spaces, there exists a lift hiil—Diff (M) of h. Nevertheless,
h will in general only be a path, but not a loop:

—=spin

Dt (M)
h -
" 2:1}“@“ (42)

/o ;
I — DiffsP™(M).
We say h is the isotopy associated to f.

Definition 4.6 (Sign) Let f : S' — DiffP"(M) be a loop and h be its associated isotopy.
The unique number sgn( f) € Z, such that 2(0) = sgn(f)h(1) is called the sign of f.

The sign of f does not depend on the choice of the lift h. Apparently, f is even if and
only if sgn(f) = +1. One can show that the sign has the following abstract characterization.

Lemma 4.7 The map preP™ : ﬁiESpm(M) — DIffP"(M) is a principal Z»-bundle. The
connecting homomorphism § from its long exact homotopy sequence

spin
pry

71 (D (M), (idu, idg + ) —— 71 (DIFP (), idyy) —— mo({idas, Fidgp 0D

satisfies §(f) = (idy, sgn(f) idg +,,) for any loop f : (SL,0) — (Diff*Pi" (M), idyy).

Proof Any 2:1-covering is normal, hence a principal Z,-bundle. Therefore, the claim follows
from the definition of the connecting homomorphism §. O

Lemma 4.8 The sign induces a group homomorphism
sgn : 711 (DIffP (M), id ) — Zo
and the elements of ker sgn are precisely the homotopy classes of even loops.

Proof 1t follows from Lemma 4.7 that sgn is well-defined on homotopy classes. To see that
sgn is a group homomorphism, let f1, @ e 7| (DiffsP" (M), idps) and consider

fi=f@ s O st DiffsPin(y)
fMan. o

f@@ee-1, 1

<
7 =

t<1i
t<1
Let £ be alift of (! starting at the identity and /@ be a lift of f@ starting hat £ (1).
Then f = f@ x fD is alift of f and
Fy = FO) =sgn(fP) @0 = sgn(r*) f V(1)
= sgn(f @) sgn(f D) f P 0) = sgn(fP) sen(f ™M) £ (0),

thus sgn(f) = sgn(f®) sgn(f ). Clearly, the constant map S' — DiffsPi" (M), o > idyy,
lifts to the constant map o — (idp, idgy +,,), so sgn is a group homomorphism as claimed.
O
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Remark 4.9 Although one cannot just replace the isotopy 4 associated to the loop f by the
loop f itself in (4.1), there always exists a lift f such that

—==spin

f
St == =>Diff (M)

J.z 2;1Jprspin

§! —— Diff*P" (M)

commutes. Here, -2 denotes the non-trivial double cover of 1. This follows from the fact that
due to Lemma 4.8, we have sgn(f o -2) = sgn(f)2 = +1 and thus, f o -2 is even (although
f itself might not be even).

Remark 4.10 In the special case where f : S' — DiffP"(M) is a group action, the notions
of odd and even in the sense of Definition 4.4 coincide with the notions of an odd and even
group action in the sense of [24, IV.§3, p.295].

Remark 4.11 Let f : S' — DiffP(M) be a loop and h be its associated isotopy as in
Remark 4.5. For any ¢ € I, we get an induced isometry

he: BEM — ZEM
Y =[s,v] = [h(s), v]
between all the spinor bundles Z]f(’ M. The induced map on sections, denoted by /;, satisfies
DY oh; = h; o DY (4.3)
and therefore maps eigenspinors to eigenspinors.

The following will be crucial to verify the hypothesis of Lemma 1.6.

Theorem 4.12 Let Y C R(M) be any subset, f : S' — DiffsP" (M) be a loop of spin
diffeomorphisms and g € R(M) such that the associated loop of metrics a + ( fa_l)* gisa
map g : 81 — Y. Furthermore, let E C L>(SgM) — Y be a vector bundle of rank k. Let
hy be the map induced by f as in Remark 4.11 and assume h;(E) C E foranyt € I. Then
g*E — S!is not orientable if and only if f is odd and k is odd, i.e.

—1, fisoddandkisodd,

+1, otherwise,

sgn(g'E) = (

where sgn is as in Remark 3.6.

Proof For any basis (0, (Y1, ..., ¥x)) € g“E|o, the curve

vl — GL(g*E) B
t= (& (Y1), .o he(Yn)))

is a curve of frames for g* E — S' as in Remark 3.6. By definition, we have i = sgn(f)ho.
Consequently, W (1) = W(0).A, where A = sgn(f) I, which has determinant sgn(f)k. By
definition,

sgn(g*E) = sgn(¥) = sgn(det(A)) = sgn( ),

which implies the result. O
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4.2 The sphere

We have not yet shown that there exists an odd loop f : ' — Diff*P" (M) and in general it
is very difficult to construct non-trivial loops of spin diffeomorphisms. Fortunately, the most
obvious candidate on the sphere does the job.

Theorem 4.13 For any o € R, m € N, we define the rotation

In—1 O 0
Ry = 0 cos(e) —sin(a) | : R — ptl,
0 sin(x) cos(a)

The map f : S' — DiffP"(S™), o > Royglsm, is an odd loop of spin diffeomorphisms.

Proof Chose the round metric g° on §™. In this case, the spin structure on S” is simply given
by the universal cover %, 1 : Spin,, | — SOy, 1. By a tedious calculation carried out in

[27, Lem. 5.4.5], one can check that the lift f of f is given by
Vo€ S' v (cos(2) + sin($)em—1em)v.
It follows from this explicit formula that f is odd. O

To obtain an associated loop of metrics g, = (f,; !)*go, we need a start metric go.
Obviously, we cannot take the round metric g°, since rotations are an isometry with respect
to g°, so the resulting loop would be trivial. A way out is provided by the following.

Theorem 4.14 (Odd neighborhood theorem) Let (M, ®) be a closed spin manifold of dimen-
sionm = 0,6,7 mod 8 and gg be any Riemannian metric on M. In every C'-neighborhood
of g0 € R(M), there exists g € R(M) such that B)H‘i has an eigenvalue A of odd multiplicity.

Proof The idea of this proof is as follows: By [9, Thm. 1], there exists a metric g € R(M)
such that H)I[‘i1 has an eigenvalue of multiplicity 1, which is odd. Connect the metric go with
g1, 1.e. define the path g, :=1tg; + (1 —t)go, t € I, see Fig. 2. This path is real-analytic. As
explained in [15, Lem. A.0.16], the Dirac operators D80+ are the restriction of a self-adjoint
holomorphic family of type (A) onto /. Therefore, the eigenvalues of lDHgg can be described
by a real-analytic family of functions {A; : I — R} en. This means that for any ¢ € 1,

Fig. 2 Finding an odd metric
near go
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the sequence (1 (1)) jen represents all the eigenvalues of IDH"’z counted with multiplicity (but
possibly not ordered by magnitude). To prove the claim, we argue by contradiction: If the
claim is wrong, there exists an open neighborhood around 0 in which all metrics g; have
only eigenvalues of even multiplicity. Since the eigenvalue functions A ; are real analytic, this
behavior extends to all of 7 and therefore, all the eigenvalues of g; have even multiplicity as
well. But this contradicts the choice of g;. The technical details of this last argument are a
bit cumbersome and can be found in [27, Thm. 5.4.6]. ]

Remark 4.15 (Choice of k) We define the number & to be the dimension of the eigenspace
of the eigenvalue of odd multiplicitiy, whose existence is asserted by Theorem 4.14.

Remark 4.16 By Theorem 4.14, Theorem 4.12 and Theorem 3.4, we have verified the hypoth-
esis of Lemma 1.6 on the sphere, i.e. we have verified a sufficient criterion, which implies
that the sphere admits a metric for which at least one eigenvalue is of higher multiplicity
(which is well known). We will show in the next section that this criterion is stable under
certain surgeries, which will allow us to verify it on much more general manifolds than just
the sphere.

4.3 Surgery and eigenbundles

We introduce some basic notions concerning the surgery theory of spin manifolds and recall
some well known results by Bér and Dahl [2]. Similar techniques are also used in [1]. We
denote by S’ the /-dimensional unit sphere and by D' the open unit ball.

Definition 4.17 (Surgery)Let N be asmooth n-manifold, let f : Slxﬁnil — N,0<[<n,
be a smooth embedding and set S := f(S' x {0}), U := f(S' x D"~'). The manifold

N o= ((N\U) u ! x S"’l’l))/ ~,
where ~ is the equivalence relation generated by
Vxe S x st x ~ f(x) €edU,

is obtained by surgery in dimension | along S from N.The number n — [ is the codimension
of the surgery. The map f is the surgery map and S is the surgery sphere.

Remark 4.18 The space N is again a smooth manifold (see for instance [23, IV.1] for a very
detailed discussion of the connected sum). The manifold N is always of the form

N = (N\U)UU, (4.4)

where U C N is open. Here, by slight abuse of notation, (N\U) C N also denotes the image
of N\U in the quotient N, see Fig. 3.

Remark 4.19 (Spin structures and surgery) It can be shown that if one performs surgery in
codimension n — [ > 3, the spin structure on N always extends uniquely (up to equivalence)
to a spin structure on N, if # 1.Incase [ = 1, the boundary S x §"~~! has two different
spin structures, but only one of them extends to D'*! x §"~/~1. Adopting the convention
from [2, p. 56], we assume that the map f is chosen such that it induces the spin structure
that extends. Also, we will only perform surgeries in codimension n — [ > 3.
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Fig. 3 The manifold after
surgery. Notice that 9U is
identified with U C (N\U)

It is natural to ask how the Dirac spectra of a spin manifold before and after surgery are
related to one another. The result is roughly that a finite part of the spectrum before surgery is
arbitrarily close to the spectrum after surgery. For a precise statement, the following notion
is useful.

Definition 4.20 ((A1, Ay, €)-spectral close) Let T : H — H and T’ : H — H' be two
densely defined operators on Hilbert spaces H and H' (over K) with discrete spectrum. Let
e>0and A, A € R, A] < Ay. Then T and T’ are (A1, Ay, €)-spectral close if

(i) A1, Ay ¢ (specT UspecT’).
(ii) The operators T and T’ have the same number k of eigenvalues in JA, A;[, counted
with K-multiplicities.
(iii) If {A; < --- < At} are the eigenvalues of 7' in JA1, Az and {A] < --- < X} } are the
eigenvalues of 77 in JA 1, Ay[, then

VIi<j<k:lr-2jl<e
Using this terminology, a central result is the following

Theorem 4.21 ([2, Thm. 1.2]) Let (N", g, ®8) be a closed Riemannian spin manifold, let
O0<l<n—3and f: S x 5n_[ — N be any surgery map with surgery sphere S as in
Definition4.17. Forany ¢ > 0 (sufficiently small) andany A > 0, £ A ¢ spec Dé, there exists
a Riemannian spin manifold (N¢, §%), which is obtained from (N, g) by surgery such that
D% and Dg are (—A, A, g)-spectral close. This manifold is of the form N¢ = (N\Us)Oljg,
where U, is an (arbitrarily small) neighborhood of S and the metric g¢ can be chosen such
that g|nv\u, = &IN\U,-

We will need not only the statement of Theorem 4.21, but also some arguments from the
proof, which relies on estimates of certain Rayleigh quotients and these are very useful in
their own right. One of the technical obstacles here is that the spinors on N and the spinors
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Fig. 4 Preparing a manifold
N = Ug U Ag U Vg for surgery

on N¢ cannot be compared directly, since they are defined on different manifolds. A simple
yet effective tool to solve this problem are cut-off functions adapted to the surgery.

Definition 4.22 (Adapted cut-off functions) In the situation of Theorem 4.21, assume that
for each ¢ > 0 (sufficiently small), we have a decomposition of N into N = U,UA,UV,
where

Ug :=={x e N | dist(x, S) <.},

. , 4.5)
Ag i ={x € N |rg < dist(x,S) <r.},

for some r,, r, > 0. A family of cut-off functions x¢ € C°(N) is adapted to these decom-
positions, if

@ 0=x =1,
(ii) x® = 0 on a neighborhood of Uy,
(iii)) x® =1on V,,
1v) |Vxtl < i on N for some constant ¢ > 0.

In case N¢ = (N \US)UOE is obtained from N by surgery, the restriction x®|y\y, can be
extended smoothly by zero to a function x® € C° (N¢). The situation is depicted in Fig. 4.

Remark 4.23 (Cutting off spinor fields) We can use the cut-off functions from Definition 4.22
to transport spinor fields from (N, g) to (N, g°) and vice versa: For any ¢ € Lz(Zﬁ‘;N ),
we can think of x® as an element in LZ(E%IW) by extending x ¢ to all of N¢ by zero.
Analogously, for any ¥ € Lz(EH‘i]\?‘?), we can think of XSIZ as an element in LZ(ZH}’;N)
by extending x° /| N7, by zero to N. This correspondence is not an isomorphism, but one
does not loose “too much”: It preserves smoothness and it is shovyn in [2] that under the

assumptions of Theorem 4.21, for each eigenspinor Iﬁg € LZ(ZH“g N?) to an eigenvalue
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Af €] — A, A[, the spinor field ¥¢ := x*¥° € L2(Z§ N) satisfies

I DYV 2 vy < (A + %)IIWIILZ(EH@E), (4.6)
A+5
& 2 & .
||W ”LQ(EiN) = A+e ||1// ”LZ(E%NS). (4-7)

The proof of Egs. (4.6) and (4.7) is an integral part of the proof of Theorem 4.21, see [2,
p. 69]. In combination, they imply the following crucial estimate for the Rayleigh quotient

8 2
I P Yoo 52y ,
s < (At o)’ (4.8)
WU e )

This estimate is then used to apply the min—max principle, see Theorem 6.1, which gives the
conclusion of Theorem 4.21.

We will need the following version of Theorem 4.21 that is slightly more general.

Theorem 4.24 Let (N, ®) be a closed spin manifold of dimensionn > 3, let0) <1 <n—3
and f be a surgery map with surgery sphere S C N of dimension | as in Definition 4.17. Let
(Z, tz) be a compact topological space,

g:(Z, 17) — (R(N),C?

be a continuous family of Riemannian metrics and let A1, Ay € CO(Z, R), A1 < Ay, such
that

Vze Z:A1(z), Ar(2) ¢ spec Dﬁgg .
Then the following hold:

(i) For any ¢ > 0 (sufficiently small), there exists a spin manifold (N¢, ©%), and a contin-
uous family of Riemannian metrics

8 (Z,12) > (R(N®),CP)

such thatforeachz € Z, the manifold (N*, g%) is obtainedfrom (N, g;) by surgery along

S and such that for all z € Z, the operators D]Igg and B)E’;Z are (N1(z), A2(2), €)-spectral
close.
(ii) For any open neighborhood U C N of the surgery sphere, one can choose g° such that

VzeZ:gnu = g:Inu- (4.9)

(iii) Iflﬁzg € LZ(ZH‘% N8,z € Z, is in the span of the eigenspinors corresponding to eigen-
values in [A1(z), A2(2)] and x£ is the cut-off function from Definition 4.22, the spinor

field yf = x¢ &5 satisfies

8z _ g2
1D =ebt P gy,

o <z +9)?, (4.10)
1212z,

where c; = $(A1(2) + A2(2)). I := 3|A2(2) — A1 (D).
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Mgs™

Fig. 5 Connected sum with a sphere

Remark 4.25 Theorem 4.24 generalizes Theorem 4.21 in the following ways.

(i) The metric g is replaced by a compact C2-continuous family of metrics. It has already
been observed by Dahl in a later paper, see [9, Thm. 4], that the proof of Theorem 4.21
goes through in this case.

(i) Theinterval [—A, A]isreplaced by theinterval [A1, A2], which might notbe symmetric
around zero. This is why one has to introduce ¢ and / in (4.10).

(iii) The field is K € {R, C}. This simply makes no difference in the proof.

(iv) We replaced the constants A, A» by continuous functions on Z. This is possible, since
their key function in the proof is to ensure that at any z € Z no eigenvalues enter or leave
the spectral interval [A(z), A2(z2)]. Since they are continuous, they are also bounded,
so uniform estimates are possible. (This generalization is not really needed in our proof
of the Main Theorem.)

These generalizations are all straightforward, but some more arguments can be found in [27
A.8].

We are now able to prove the main result of this section (which will be applied for Z = !
below) (Fig. 5).

Theorem 4.26 (surgery stability) Assume the hypothesis of Theorem 4.24 and in addition
that g : Z — Y(N), where Y(N) is as in Definition 3.1 and le] E(N) — Y(N) be the
corresponding eigenbundle as in Theorem 3.4. Let 8° : Z — R(N 5~) be the family from the
conclusion of Theorem 4.24. Then for ¢ small enough, §° : Z — Y (N®) and the correspond-
ing eigenbundle E(N®) — Y (N?) satisfies

gE = &)E
as vector bundles over Z.

Proof The idea of the proof is to show that the situation of the Lasso Lemma (Lemma 1.6)
still holds, if one perturbs everything a bit, see Fig. 6.

Steplgé:Z—>7Y (N®): By the conclusion of Theorem 4.24, we obtain that for each z € Z,
the operators D‘g” and B)K are (A1(z), A2(z), &)-spectral close. We fix some zp € Z and take

an enumeration of DKO such that AE (g ) is the smallest eigenvalue > A1(zp). Let {k }iez
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X =R(N) X =R(N)

Fig. 6 Lasso before surgery and after surgery

be the corresponding enumeration of eigenvalues on N¢ as in Theorem 2.1. We obtain, that
for & small enough

VzeZ:AH(E) S A <A@ < S AE@ED < Ar(2) < AL (ED).

Therefore, for each z € Z, there are k eigenvalues between A (z) and~A2(z). Since k is odd,
at least one eigenvalue must have odd multiplicity. Hence g° : Z — Y¢(N).

Step 2 (Passing from Neto N ): Let L2(ZgN) — R(N) be the universal spinor field bundle,
see Theorem 3.3, E(N) be the bundle from Definition 3.1 and define

H = g"(L>*(ZxN)) — Z,
E:=g"(E(N)) — Z,
Ef = @) (E(N%) — Z.

Foranyz € Z,let ng , be the canonical cut-off functions from Definition 4.22. These functions
can be chosen such that x? depends continuously on z. We consider the map

7 &5 7 7 z
P:E* >N, P(ZER) 508 vl = 092 €T (SEN),

see also Remark 4.23. In case P(&ZE ) = 0, we obtain 1}5 = 0 by the weak unique continu-
ation property for Dirac type operators, see [4, Rem. 2.3¢)]. Therefore, this is a continuous
morphism of vector bundles that is fibrewise injective. Hence, P has constant rank and its
image E := P(E®) C H — Z is a continuous vector bundle isomorphic to E*.

Step 3 (Analyze Rayleigh quotients): We consider the A ;’s as functions on Z by pulling them
back via g (and analogously for i;). Foranyz € Z,if 11(2), ..., Ak(z) are the eigenvalues of
D in[A1(2), A2(2)],then (A1 (2)—c2)?, ..., (Ak(2)—c;)? are the eigenvalues of (D —c;)?
in [0, I(2)?], where c; = % (A1(2) + A2(z)) and [; := %|A2(z) — A1(2)|. The span of their
collective eigenspinors is the same space E . It follows from (4.10) that the Rayleigh quotients
satisfy
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8z en2
Il (IDK _Cz) WZ ”LZ(E]% N)

Vze Z:Vyf el (TEN) < +e)

e112
[z

Now, choose ¢ small enough such that for all z € Z, we have I, + ¢ < pi+1(z), where
Pk+1(2) is the (k + 1)-th eigenvalue of (Dﬁgg —cz)z. This is possible due to the continuity of
g and since

VZzeZ:ho(2) S A1(@) <22 =+ = 2(2) < A2(2) < Ae1(2)
by hypothesis. By Theorem 6.2, we obtain

I(z) +¢
Pk+1(2)

VzeZ:V1<j<k:d(E,yi?*< <1
By Theorem 3.7, we obtain that E = E¢ = E*. 5 y

All in all, we have verified the hypothesis of Lemma 1.6 for E(N¢) — Y (N¥®) and g°,
which proves the claim. O

Remark 4.27 Theorem 4.26 holds also for other sets than Y (N ). For instance it holds for the
larger set

{g € R(IN) | 2o(g) < A1(8), Ak(8) < Axt1(8)},

with essentially the same proof. It does not hold for arbitrary subsets of R(N) though. For
instance, if one replaces the condition31 < j <k:A; € 2N+1by3dl < j <k:A; € 2N,
the first step of the proof no longer holds, because an eigenvalue of even multiplicity might
split up into two eigenvalues of odd multiplicity.

5 Proof of the Main Theorem

We are now in a position to put all the results together to prove the Main Theorem (stated
below again for convenience).

Main Theorem (Existence of higher multiplicities) Let (M, ®) be a closed spin manifold
of dimension m = 0,6,7 mod 8. There exists a Riemannian metric g on M such that
the complex Dirac operator H)([gj has at least one eigenvalue of multiplicity at least two. In
addition, g can be chosen such that it agrees with an arbitrary metric g outside an arbitrarily
small open subset on the manifold.

Proof The idea is to apply the surgery stability theorem Theorem 4.26, to the connected sum
MgS™, see Fig. 5.

Step 1 (Build lasso on the sphere): By Theorem 4.13, there exists an odd loop of spin
diffeomorphisms on S™. By Theorem 4.14, there exists a metric on S, for which at least
one eigenvalue A has an odd multiplicity k. The associated loop of metrics ggm is a C2-
continuous map gsm : S I' — y(§™), where Y(S™) is as in Definition 2.2. We obtain the
associated real eigenbundle E(S™) as in Definition 3.1. By Theorem 3.4, E(S™) — Y (S™)
is a continuous vector bundle of rank k. By Theorem 4.12, this bundle it not trivial. This
verifies the hypothesis of Lemma 1.6 on the sphere.

Step 2 (Prepare M for surgery): Define the manifold N := M II ™. Choose any metric
g on M. We obtain the loop g := g Ll ggn : §' — R(N). In case A € spec g, we first
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scale ggn a little such that A ¢ spec g. We obtain that spec g, is constant with respect to
z € S'. Since the spectrum is also discrete, we can certainly find continuous (even constant)
functions Ay, A; : S' — R such that

Vo St iho(g:) < A< hi(g) = = Ai(ge) < A2 < hiy1(82)-

=\

It follows that g : S L 5 Y(N). We get that E(N) — Y (N) is a non-trivial vector bundle
of real rank k, since it is isomorphic to the pullback of E(M) — Y (M) along the map
R(N) > R(M), gl h+— g.

Step 3 (Perform surgery): We extend the loop g : S' — Y (N) to a disc D> — R(N), which
is still denoted by g, and set Z := D?. We apply Theorem 4.24 to N in dimension [ = 0
for K = R, i.e. we obtain a connected sum N® = M#S™ together with a resulting family
g° : D? — R(N?®) of metrics. By Theorem 4.26, this gives a loop g°|gi : S' — Y (N?) and
the corresponding bundle E(N®) — Y(N¢) satisfies (g° g1 Y E(N®) = (gls1)*(E(N)), thus
it is also not trivial.

All in all, we have verified the hypothesis of Lemma 1.6 on Né = M#S8™, which is spin
diffeomorphic to M. This proves the first part of the Main Theorem. Recall from Remark 1.7
that our metric lies somewhere on the disc g* : D? — R(M). Therefore, the second claim
follows from (4.9). O
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6 Appendix: Rayleigh quotients and the min—max principle

In this section, we provide a version of the min—max principle suitable for our needs, see
also [28, XIII.1].

Theorem 6.1 (Min—-max principle) Let H be a Hilbert space and T : D(T) C H — H be

a densely defined self-adjoint operator with compact resolvent. Assume that the spectrum of

T satisfies b < Ay < Ao < --- for some lower bound b € R. Then for any k € N, we have
A = min  max (Tx,x), 6.1

UCD(T), xeU,
dim(U)=k [x]|=1

where the min is taken over all linear subspaces U C D(T) of dimension k.

Theorem 6.2 Let H be a Hilbert space, T : H — H be a densely defined operator, self-
adjoint with compact resolvent. Let A > 0 and k € N and assume that the first k + 1 distinct
eigenvalues of T satisfy

O0<Xi < - <Xt <A < Xpyg1-

Define E® = ker(T — 1,), V := @*_, E™, and let x € D(T), ||x|| = 1, such that

(Tx,x) < A + e. Then the distance between x and V satisfies dist(V, x)? < %
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Proof Consider the orthogonal decomposition

[e.¢]
x = ZX(V)’ xM e EOM

By hypothesis
e+ A>(Tx,x)= ZTx(”)—i— Z Tx™, ZX(”)—i— Z x®

v=k+1 v=k+1

O S I
v=k+1 v=k+1

=ZA x> + Z o 212

v=k+1
o0
=W YERE D Ea
v=k+1

Let Py : H — H be the orthogonal projection onto V. We obtain

o0

. A+e
dist(V,x)* = [Py(x) — x> = D> IIx")? < ——
N +1
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