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Abstract In this paper, we study the blow up of a sequence of (both extrinsic and intrinsic)
biharmonic maps in dimension four with bounded energy and show that there is no neck
in this process. Moreover, we apply the method to provide new proofs to the removable
singularity theorem and energy identity theorem of biharmonic maps.
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1 Introduction
In this paper, we study the neck analysis in the blow-up of a sequence of biharmonic maps
in dimension four.

Suppose (N, h) is a closed Riemannian manifold which is embedded in RX . Consider the
following functionals for a map u from Q C R* to N,

H () :/ |Aul? dx,
Q

T (u) =/ I (u)|* dx
Q
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and
E(u) =/ |V“dul’ dx.
Q

Here 7 (u) is the tension field of u, or equivalently, the tangential part of Au and V¥ is the
induced connection of the pullback bundle u*7 N. The critical points of all these functionals
are called biharmonic maps. Usually, critical points of H (1) are called extrinsic biharmonic
maps, because the functional H (#) depends on the particular embedding of (N, &) into the
Euclidean space. Critical points of the other two functionals are called intrinsic biharmonic
maps. In this paper, we study all three types of biharmonic maps and call the critical points
of T'(u) intrinsic Laplace biharmonic maps and the critical points of E (u) intrinsic Hessian
biharmonic maps.

The study of biharmonic maps was pioneered by Chang, Wang and Yang [2], which is
followed by Wang [18-20], Moser [11], Lamm and Riviere [6], Struwe [17], Scheven [15,16]
and many others. Most of these work is concerned with the regularity problem of biharmonic
maps.

In this paper, we consider a sequence of smooth biharmonic maps {u; } with bounded W22
norm in the critical dimension. Since the functionals are scaling invariant in this dimension,
the theory is similar to the blow-up analysis of harmonic maps in dimension two. Most
important of all, an e-regularity lemma holds for biharmonic maps with small energy (see
Theorem 2.1 in Sect. 2). Hence, routine arguments as for harmonic maps in dimension two
work for biharmonic maps. It implies that we have a weak limit # o, from €2 to N and finitely
many ‘bubble’ maps, w; : R* — N. Since none of the biharmonic functionals above is
conformally invariant, these bubbles are not biharmonic maps from S*, which is a difference
from the theory of harmonic maps.

In the blow-up analysis, we are interested in the following two questions: Is there unac-
counted energy in the limit? Is the image of the weak limit and the bubble maps connected?
The affirmative answer to the first question is known as energy identity, or energy quanti-
zation. This has been proved for critical points of E(x) by Hornung and Moser in [5], for
critical points of H (1) by Wang and Zheng [21,22]. There is also a unified proof for both
cases by Laurain and Riviere in [7].

The main result of this paper is to give an affirmative answer to the second question which
is first studied in Parker’s paper [12] for harmonic maps and in Qing and Tian’s paper [13]
and Lin and Wang’s paper [9] for approximated harmonic maps and usually known as ‘no
neck’ result. For simplicity, we assume that 2 is B*, the unit ball in R* and 0 € B* is the
only blow-up point. We further assume that there is only one bubble w : R* — N. It follows
from an induction argument of Ding and Tian [3] that the result is true for the general case
(see also [8] for more details). Precisely, we prove

Theorem 1.1 Let u; be a sequence of biharmonic maps from B* to N satisfying
/ 1V2u;|* + |Vui [* dx < A (1.1)
B

for some A > 0. Assume that there is a sequence of positive ,; — 0 such that
ui(Ajx) -> w

on any compact set K C R*, that u; converges weakly in W>? to uso and that w is the only
bubble. Then,

lim lim 'lim OSCB,S(O)\B“A,R(O)ui =0. (1.2)

8§—0 R—00i—>00
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Among other things, the theorem implies that lim|y| o w(x) exists. This observation
enables us to explain the limit in (1.2) as the length of a neck connecting the weak limit and
the bubble, which is shown to be zero by the theorem. The proof of this observation is very
elementary and is given at the end of Sect. 2.

Remark 1.2 The biharmonic map problem is not conformally invariant. So we can not use
the removable singularity theorem to see that lim|,|— oo @ (x) exists. Note that this problem
is also considered in Lemma 3.4 of [20], where the author showed that even if the problem
is not conformally invariant, the method of proof can still be used.

Remark 1.3 The assumption (1.1) is very natural for extrinsic biharmonic maps, since it
follows from the bound of H (1) and the fact that N is compact. For intrinsic Hessian bihar-
monic maps, itis also areasonable assumption because if the sequence has uniformly bounded
energy E(u;) and uniformly controlled fa B, |du; |2 do, by Lemma 2.2 and Theorem 2.1 of
[11], (1.1) holds. However, for intrinsic Laplace biharmonic maps, such an assumption is
rather strong and unexpected. The reason is well explained in [11]. We still include this case,
simply to show that our proof is robust and can be applied to a variety of equations.

The proof of Theorem 1.1 requires refined understanding of the maps «; in the neck region
Bs\ B;, r. As a byproduct of this understanding, we give new proofs to other known results
in the field of neck analysis. The first one is the following energy identity result, which was
proved for extrinsic biharmonic maps by Wang and Zheng [21,22], for intrinsic Hessian
biharmonic maps by Hornung and Moser [5] and for both cases by Laurain and Riviere [7].

Corollary 1.4 [5,7,21,22] Let u; be a sequence of biharmonic maps from B* to N satisfying
/ V2> + 1V [ dx < A
By

for some A > 0. Assume that there is a sequence positive A; — 0 such that
ui(Aix) > w

on any compact set K C R*, that u; converges weakly in W>? to uso and that w is the only
bubble. Then,

lim lim lim |V2u|2 + |Vul*dx = 0. (1.3)

§—0 R—o00i—00 Bs\By, &
The proof of Corollary 1.4 is completely contained in the proof of Theorem 1.1. Our second
byproduct is a new proof of the removable singularity. In the theory of harmonic maps, it
was first proved by Sacks and Uhlenbeck [14]. Then it became a special case of Hélein’s
regularity theorem [4] for weak harmonic maps of two dimensions. It is Hélein’s idea that
was generalized to the case of biharmonic maps and it was shown in [11] that weak intrinsic
Hessian biharmonic map in W22 is smooth and the case of extrinsic biharmonic maps
and intrinsic Laplace biharmonic maps is proved in [18]. Hence, the removable singularity
theorem of biharmonic maps follows as a corollary of the regularity of weak solution in
dimension 4. While the removable singularity theorem for harmonic map can be approached
via both methods, the Sacks—Uhlenbeck counterpart for biharmonic maps is still missing.

In Sect. 6, we give the Sacks—Uhlenbeck style proof of the following removable singularity

theorem, which is known in [11,18]. It shall be clear in Sect. 6 that the proof here uses the
three circle lemma and follows a similar argument of Theorem 1.1, but it does not rely on
Theorem 1.1.
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810 L. Liu, H. Yin

Theorem 1.5 [11,18] Let u be a smooth biharmonic map on B\ {0}. If
/ |V2u|2 + |Vu|4dx < +00,
By

then u can be extended to a smooth biharmonic map on Bj.

Our proof of Theorems 1.1 and 1.5 for all three types of biharmonic maps are similar.
Hence, we shall present only the complete proof for extrinsic biharmonic maps and show in
Sect. 7 that why the proof works for other cases as well.

The proof contains two ingredients. The first is a generalization of Qing and Tian’s proof
of no neck result for harmonic maps [13]. Precisely, we prove a three circle lemma for
biharmonic functions and then show that the lemma holds for some approximate biharmonic
functions. For u; in the neck region,

ui(x) — ui(x)do

[0By| JaB,
will be shown to be approximate biharmonic function in the above sense. Hence, we can
argue as in Qing and Tian to see that the tangential derivatives of u; satisfy some decay
estimate.

Next important idea for the proof is a Pohozaev type argument. In the case of harmonic
maps, it was first introduced to the study of neck analysis by Lin and Wang [9] and it says the
tangential part of the energy is the same as the radial part. The computation is generalized
to biharmonic maps in [5,22] and [7]. Because the biharmonic maps satisfy a fourth order
PDE, boundary terms arise in the computation and the authors of [5] and [22] managed to
show that the boundary terms are small so that they can still compare the tangential energy
and the radial energy. In this paper, we make use of this piece of information in a different
way. We derive an ordinary differential inequality for the radial part of energy. Thanks to the
decay of tangential energy, we can prove that the radial energy decays in a similar way in the
neck.

The rest of the paper is organized as follows. In Sect. 2, we set up the notations and recall
the e-regularity theorem, which is frequently used in the proof of later sections. We also show
that lim|y|_ s @ exists for a biharmonic map with finite energy from R* to N. In Sect. 3,
we prove the three circle lemma, which is used in Sect. 4 to show the exponential decay of
tangential energy. The proof of the main theorem is completed in Sect. 5 by showing the
decay of radial energy. In Sect. 6, we show how to use the method of three circle lemma
to give an elementary proof of the removable singularity theorem. In the last section, we
indicate why the proofs of this paper work for intrinsic biharmonic maps as well.

2 Preliminaries

In this section, we recall some basic results about biharmonic maps in dimension four. For
simplicity, we assume that 1 is a map from € C R* into some closed Riemannian manifold
N and N is isometrically embedded in RX .

An extrinsic biharmonic map is a critical point of H (u), hence it satisfies the Euler—
Lagrange equation

A’u = A(Bu)(Vu, Vi) + 2V - (Au, V(P (u))) — (AP (), Au). (2.1)

Here P(y) : RK — T, N is the orthogonal projection from R to the tangent space 7y N and
for X,Y € TyN, B(y)(X,Y) = —VxP(y)(Y) is the second fundamental form of N as a
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Neck analysis for biharmonic maps 811

submanifold in RX . Since we consider smooth biharmonic maps only, it was proved in [18]
that the above equation is equivalent to

A?u L T,N.

For intrinsic biharmonic maps, the equations are more complicated. We postpone their
discussion to Sect. 7. It suffices to note here that they are scaling invariant.

The following e-regularity theorem is the corner stone of the neck analysis of biharmonic
maps. Its proof can be found in Lemma 2.6 of [5], Lemma 5.3 of [16] and Theorem A of
[18].

Theorem 2.1 [5,16,18] There exists €9 > 0 depending only on N and p > 1 such that if
u € WHP(B)) is a biharmonic map satisfying fBl IV2u|? + |Vul*dx < e, then

- 2
lu = @llwars, ) < C (1V2ull 2 + IVullL4s,))

where u is the mean value of u over the unit ball.

In the “Appendix”, we provide a proof which is some elementary PDE arguments and only
depends on the critial nonlinearity of the equation. Hence it applies to all three types of
biharmonic maps. We also note that it’s apriori estimate instead of regularity statement.

To conclude this section, we show how Theorem 1.1 implies that limy|— o @ eXists, as
promised in the introduction.

It suffices to show that for any ¢ > 0, we can find R large such that for any R’ > R, we
have

OSCBR,\BRLU < €.
Since u; (A;x) converges strongly to w on Bg/\ B, we need to show that
OSCB, p\ByrHi < e/2.

This is a consequence of (1.2) because when i is large B;, g is contained in Bs for any § > 0.

3 Three circle lemma

This section consists of two parts. In the first part, we show the three circle lemma for
biharmonic functions defined on B,,\B,, C R*. In the second part, we generalize this to
some approximate biharmonic functions.

3.1 Biharmonic functions

Let f be a biharmonic function defined on B,,\B,, C R*. Let <pfl & =1,...,hy,n =
1,2,3,...) be the eigen-functions of S3 (excluding constant functions), i.e.

Aggl = —n(n +2)¢l.

Moreover, we assume that {(pfl} are normalized so that they form an orthonormal basis of
L2(8%). If we denote the coordinates of §° by 6, then <pr is a function of # and f is a function
of r and 6, where r = |x]|.
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812 L. Liu, H. Yin

By separation of variables, we can write

f = Ao+ Bor* 4+ Cor ™% + Do log r

oo hy
30D (b + B Cl 4 DL
n=1I=1
For some L > 0 to be determined later and i € Z™, set

Aj = B,—i-nL\B,-iL

and

1
= [ s,
A

i lxl
We will prove the following three circle lemma for biharmonic functions.
Theorem 3.1 There is some universal constant L > 0. If f is a nonzero biharmonic function
defined on Aj_1 U A; U A1 satisfying
/ f(r,0)de =0
3

forallr € [e=UtDL o=G=DL] then

2F(f) < e H(Fim1 () + Frn ()
The proof is direct computation. First, by our assumption, we may assume that

oo Ny
£=20 0 (Al Bl s 2 4 D) g
=1

~

n=1
Second, since
e*(i*l)L
1 2
E-(f)=/ 7( fde)dr
e—iL r S3
and {(p,@} are orthonormal basis, it suffices to prove the theorem for
f = (A" + Br= " 4+ "2 4 Dr g
where ¢ is one of {¢] }.
Finally, we observe that by scaling, it suffices to prove the case i = 0. Hence, in the

following, we assume f is definedon A_; U Ag U A;.
We note that F; is a quadratic form of (A, B, C, D). Precisely, we have

5 1
f 761’)(
B,_i—nL\B,-iL r

e~ (=1L

1
= / (Ar" + Br"t2 4+ cr " + Dr_”_z)zqozfdrdvsa
e—iL s3 r
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Neck analysis for biharmonic maps 813

e—(i—l)L

1
:/ (Arn + Br}’l+2 + Cr—l’l + Dr—n—2)27dr
e—iL r
A
= (A, B,C,D)M; B
C
D

Here M; is a4 x 4 matrix. Direct computation shows

g2n)  g2n+2) g0 g(=2)
| s@n+2) g@ntd @) 2(0)
’ 2(0) 110)) g(=2n)  g(—2n—2)

8(=2) g0)  g(=2n-2) g(=2n—-4)

where

e~(=DL 5o L B=0
g(ﬂ)=/eiiL r dr:[ée_’ﬂL(eﬁL—l) 80,

By the above discussion, to prove the three circle lemma for biharmonic functions, it
suffices to show that the matrix

e_L(M_l + M) —2My

is positive definite for some universal constant L > 0.

It turns out that we can choose the universal constant L to be 3. For n = 1, we can check
by hand (or by computer software) that the above 4 by 4 matrix is positive definite. In the
following proof, keep in mind that L = 3 and n > 2 and we need this to justify certain
inequalities. (We will not mention this fact every time we use it.)

‘We write this matrix in the form of
A B 3.0)
BT ¢ '

Here
(eZnL_1)(6(2n71)L+67(2n+1)L_2) (e(2n+2)L_1)(6(2n+1)L+67(2n+3)L_2)
A= 2n 2n+2
- (6(2"+2)L—l)(e(2"+1)L+e_(2"+3)L—2) (e(2n+4)L_1)(6(2n+3)L+e—(2n+5)L_2) ’
2n+2 2n+4
5 2L L —1) —1Ee — (e el —2)
L2l — 1) (el + 73 —2) 2L L -1
and
_ (e—ZnL_1)(67(2n+1)L+e(2n—1)L_2) _ (e—(2n+2)L_1)(e—(2n+3)L+e(2n+l)L_2)
C = 2n 2n+2
- _ (e—(2n+2)L_1)(6—(2n+3)L+e(2n+1)L_2) . (e—(2n+4)L_1)(6—(2n+5)L+e(2n+3)L_2)
2n+2 2n+4

In order to show that (3.1) is positive definite, we show that both A and C are positive
definite and they dominate B so that the whole matrix is positive definite. More precisely, we
consider
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814 L. Liu, H. Yin

T . T A B (X)
. )(BT c) y

=xTAx+x"By +y"B x + yTCy.

Let m be the largest coefficient in B, then
7 By| + |yTB x| < 2m 1] Iy (32)
Denoting the small eigenvalues of .A and C by A and u respectively, we have
A= axP o Yoy =y
Hence, it suffices to show that
hlxf? = 2m x| 1yl + p|yP? = 0
for all x and y. This is equivalent to

m? = < 0. (3.3)

(9)

- 4(ac — b?)
B 2a+c+(a—c)2+4ab?)

For matrix A, since L = 3, then it is obvious that ¢ > b > a for all n. With this in mind,
we claim that

For a two by two symmetric matrix

the smaller eigenvalue is given by

ac — b?*
A >
- 3c

34

In fact, we shall prove below that ac — b* > 0 and the claim follow from

a+c++(a—c)?+4b% <6e.

To see ac — b > 0, we compute

a = Zi(ean —1)(e@ DL 4 p=@ntDL _ )
n

@n—DL _ p,2nL _ ,@n=DL 4 ,~L _ ,~Qn+DL 2)

v

-

2n ¢

1 (e(4n—l)L _ oL _ e(2n—1)L>
2n

2

— | é

2n

v

@4n—1L _ 3ean) _
Here we used e 2L — ¢=@n+DL 4 2 > O forallnand L = 3.
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Neck analysis for biharmonic maps 815
Similarly,
1
_ @nt4L _ |yp2n+3L —@nt+S)L _ 5
c=z" n 4(6 )(e +e )
= 1+4 (e(4n+7)L 4o L e+l _ QntHL _ —Cn+SL 2)
n
> 1 (e(4n+7)L _ 36(2n+4)L) '
~ 2n+4
We also need upper bound of b and c.
1
_ Qn+4)L (n+3)L —(@2n+5)L
c=—I(e —1)(e +e -2
2n +4 ( ) )
- 1 eUn+L
~ 2n+4
and
1
b= DL _ 1y (p@ntDL y —Cni3)L _ o
2n + 2( ) )
- 1 p@nt3L
“ 2n+2
ac— b > 1 (e(4n—1)L _ 3e2nL) (e(4n+7)L_3e(2n+4)L) _ 1 LB +6)L
~ 2n)2n+4) (2n +2)2
< 1 (€(8n+6)L _ 66(6n+7)L) . 1 (8n+6)L
T 2n)2n+4) (2n + 2)?
- 4 oBntOL _ ie(6n+7)L
T 2n)Q2n+2)22n +4) n? '
A > 1 (4n—1)L __ §e2nL
~ 12n(n+ 1)2 n
For L =3 and all n > 2, we have
A> U=l (3.5)
~ 24n(n + 1)2
for all n.
Now, we repeat the above argument for
. _e_ZZ:—l (e—(2n+1)L 4+ e@n=DL _ 2) _e—@z":j);—l (e—(2n+3)L 4+ e@nDL _ 2)
- —@n+2 —(@n
e <2n++>2hl (e—(2n+3)L + e@ntDL _ 2) —¢ E;ﬁq (e—(2n+5)L + e@3L _ 2)

We still use a, b and ¢ to denote the coefficients in C and we still have a < b < ¢. Similar

computation shows that

a = 1 (1 _ e’Z”L) (67(2n+1)L 4 e@n=DL _ 2)

on

_ i (e(2n—l)L 4o @tDL _ o ,~@n+DL _ =L 4 Ze—ZnL)
2n

> i (e(Zn—l)L _ 4) ’
2n
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816 L. Liu, H. Yin

c = (l —(2n+4)L) (e~ Cn+IL L (QntIL _ o)
_l’_
_ 1+ (e(2n+3)L QAL _ o ~(nt9L _ L | 267(211+4)L) ’
1 (e(2n+%)L ) <c< 1 o2 HIL
n+4 2n 44
b= 1 ( 7(2n+2)L) (67(2n+3)L 4 e@ntDL _ 2)
< 1 on DL
“ 2n+2 ’
and
ac— b > 1 (e(2n—1)L _ 4) (e(2n+3)L _ 4) _ 1 Ut
T 2n)2n+4) (2n +2)?
> 4 WL _ Le(zn%)g
~ 2n)(2n +4)(2n + 2)? 2n)2n +4)
In summary,
- ac —b?
m= 3¢
- 2n + 4e_(zn+3)L 4 6(4n+2)L _ 8 e(2n+3)L
- 3 2n)(2n +4)(2n + 2)2 2n)2n +4)
. 1 @n—1)L
T 12n(n+ 12

Finally, by the formula of B, we see m < %eSL. Forn >2,m? < Ap is implied by

le()L < 1 (4n—1)L 1 2n—1)L
4 24n(n + 1) 12n(n + 1)2

which is true if L = 3. This concludes the proof of Theorem 3.1.

’

3.2 Approximate biharmonic functions

By an approximate biharmonic function, we mean a smooth solution u defined on B, \ B,
satisfying

Azu(”s 0) = a;VAu + azvzu + a3Vu + aqu

+ biVAu + byV2u + b3Vu + bau. (3.6)
[0By] JaB,

Here a; and b; are smooth functions, which will be small in the sense that for some small
n >0,

laj| + |b;| < ﬁ on B,,\B,. (3.7)

Sometimes, to emphasize (3.7), we say the function is an n-approximate biharmonic function.

Remark 3.2 Note that if u is n-approximate biharmonic function on B,,\ B, u(%) is also
n-approximate biharmonic on B, \ By, -
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Neck analysis for biharmonic maps 817

(3.6) is not the usual type of PDE because of the integral term. However, we still have the
interior L? estimate.
Lemma 3.3 Suppose that u : B4\ B; — R is an approximate biharmonic function and

4

D llaillg + Ibill L < C.
i=1

Then we have
lullwers\Byy < C lullLrBy\By) -
There is a similar lemma for approximate harmonic function in [10] (see Lemma 3.1).

Proof For0 <o < 1,set A; = B3ys\Ba—o and A, = B3+1+TG\BZ_1+TG. Let ¢ be a cut-off
function supported in A; satisfying: (1) ¢ = 1in As; (2) ’ngo‘ < ﬁ forj =1,2,3,4
and some universal constant c; (3) ¢ is a function of |x|.

Computing directly, we have
A2 (pu) = A(pAu +2VeVu + ulg)
= QA% U+ 4V AUV + 4V uVip + 20ulg + 4V AV + Agu
= gpa1VAu + ¢a2V2u + pazVu + pasu

1
/ b1VAu + b2V2u + b3Vu + bau
|aBr| 0B,

+4V AUV +4ViuV2p 4+ 20ulg + 4V AQVu + Agu.

to

Next, we estimate the L”(p > 1) norm of the right hand side of the above equation. By our
choice of ¢ and the assumption of a|, we have

IV AUVl + oV Aullry) < 7= V2] Loay -

Moreover, Jensen’s inequality implies that

P P
/ 7(/ b1VAu) dx
A, 10B- 1P \Jos,
1
5/ @? (/ |b1VAu|”)dx
A, 19Br] \JsB,

< C/ |V3u‘pdx.
Ay

Similar argument applies to the remaining terms and gives an estimate of L? norm of A (¢u),
by which the L? estimate of bi-Laplace operator implies

llpul <C IVuliry  1Vuliriy | WValirwy | Il
Pullwaray) = [ (1-0)? (1-0)? (-t )

In particular, we have

(1-0)* ||V4MHLP(A(,) =C ((1 —a)’ ”V3””LP(A;) +d - O)ZHVZMHLP(A;,)

+ (=) Vuloay) + lullzray)) -
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818 L. Liu, H. Yin

By setting

W, = sup (1 —0) HVju‘

0<o<l1

LP(As)

and noting that

2

Al = A, and 1—0:2(1— ];U),
we obtain
Wy < C(V3 + W + Wy + ¥). (3.8)
We claim that for j = 1, 2, 3, the following interpolation inequality holds for any € > 0,
U < ety + 5‘1’0'

In fact, by the definition of W}, for any y > 0, there is o, € [0, 1] such that

v = -0y HVfu‘ Loiany 7Y
oy
4-j 4|4 c
=e /(1 —-o0y) ||V u”LP(A(,y) + i ”””Ll’(Aay) tvy
<

4-j c
€ lI’4-|—Z\IJ()+)/.

Here we used the interpolation inequality

|74
with n = €(1 — 0,,). We remark that the constant in the above interpolation inequality is

independent of o}, € [0, 1] (see the proof of Lemma 5.6 in [1]). By sending y to 0 and
choosing small €, we obtain from (3.8)

_; C
Lr(4ey) < | V4u HLP(AGV) + s lullLr(a,,)

Wy < CWy,

from which our lemma follows. ]

Now, we prove the three circle lemma for approximate biharmonic functions. For two
positive integers /1 and I, with (/1 > [»), set

Iy
z=Ja

i=l

and recall that A; = B,—i-1.\B,-i where L is the universal constant in Theorem 3.1.

Theorem 3.4 There is some constant ng > 0 such that the following is true. Assume that
u: ¥ — RX is an no-approximate biharmonic function in the sense of (3.6) and that

/ udf =0 (3.9)
3B,

forr € [e™'L e=@=DL] Then for any integer i with 1y > i > lp, we have

(@) if Fiy1(u) < e " Fi(u), then Fi(u) < e Fi_1 (u);
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Neck analysis for biharmonic maps 819

(b) if Fi—1(u) < e L Fi(u), then F;(u) < e L F;y1(u);
(c) either F;(u) < e LF;_y(u), or F;(u) < e L Fipy(u).

Proof The exact value of i does not matter, because F; is invariant under scaling. Hence,
we consider only the case of i = 2. Assume the theorem is not true. We have a sequence of
nr — 0 and a sequence of u; defined on A; U A U A3 satisfying

Azuk(r, 0) = a1 VAuy + akQVZle + apz3Vuy + arquy (3.10)
+ b1 VAu, + bkzvzuk + bi3Vuy + brauy
|aBr| B,
with
laki| + |bril < me on Aj U Az U As. (3.11)

By taking subsequence, we assume that one of (a), (b) and (c) is not true for uy. If (a) is not
true, then we have

Fa(u) > e F3(u) and  Fa(up) > e " Fy(ug).
If (b) is not true, then
Fy(up) > e"Fi(ue) and Fa(up) > e " Fa(up).
If (c) is not true, then
Fa(ux) > " max{Fy (ug), F3(up)}.

In any case, we control Fi(ug) and F3(uy) by Fa(uy). Multiplying by a constant to uy if
necessary, we assume that F>(ux) = 1 for all k. The above discussion shows that

lurllz2ca04,045) < C-
Lemma 3.3 shows that (by passing to a subsequence) we have

ur —~u  weakly in L2(A1 U Ay U A3z),
ur — u  strongly in L2(A2).

By (3.10) and (3.11), we know that u is a nonzero biharmonic function definedon A{UA;U A3
satisfying (3.9). Theorem 3.1 implies that

2Fu) < e H(Fi(w) + F3)). (3.12)
If (c) does not hold for uy, we have
2F(up) = e F(Fy (up) + F3(uy)).

By the strong convergence of uy in L?(A5) and weak convergence in L2(A1 U AU Az), we
have

2P () > e H(Fi(u) + F3(u)),

which is a contradiction to (3.12). Similar argument works for other cases. ]
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4 Decay of tangential energy

In this section, we assume that u; is a sequence of biharmonic maps defined on By C R4,
which blows up at 0, converges to a weak limit «, and for some sequence A; — 0, we obtain
the only bubble map

o(x) = lim u;(A;x).
11— 00

The neck region is ¥ = Bs\By,;g for small § and large R. Assume without loss of
generality that

l;
Y= U A;
1=l

for A = B,~u-vL\B,~i. and Iy < [;. Note that ; is related to A; and changes with i.
As in [3], for any ¢ > 0, we may assume by choosing § small and R large, that

2
/ V2P 4+ 1Vl < 6* < e, (@.1)
A

forl =y, ..., [; and sufficiently large i. Since our aim is to prove

lim lim lim oscgy\ g, pui =0,
§—0 R—00i—>00 !

it suffices to show that for any ¢ > 0 and let § and R be determined as above and show
0scpy\B;, g Ui < Cé

for i sufficiently large.

Set
u*(r) = u(r,@)da.
' |aBr| dB,
By scaling and Poincaré inequality, we see
1
/ — |ui — P dx < e (4.2)
YREY
Lemma 4.1 There exists some &1 > 0 that if ¢ < &1 in (4.1), w; = u; — u} is an no-

approximate biharmonic function in the sense of (3.6). Here ng is the constant in Theorem
3.4.

Proof For simplicity, we omit the subscript i. Recall that the Euler—Lagrange equation of
biharmonic map is

A%u = oy (u)V AuVu + ap () Vi u#Viu
+ a3 (u)Vzu#Vu#Vu + g () Vu#tVu#Vu#Vu. 4.3)

Here «; (1) is a smooth function of u and # is some "product’ for which we are only interested
in the properties such as

\VAu#Vu| < C|VAu||Vul.
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Since A = ar2 +32 a; + L Ag and [ AfdO =0 forany f, we have

1
/ A udo
[0B:| JaB,

/ a1 (W) VARV + ar )V u#Viu
0B,

AMu*(r) =

138,
+ a3 W) VRV + oa () VultVutVu#Vudo
=T+ II+TIT+1V.

Computing directly, we get

= a1 (W) VAu#Vu — oy (u™)VAu#Vu
[0 B |

+ a1 WHVAu#HVU — ay(u*)VAu*#Vu
+ a1 WHVAU#VY — o)V Au™#Vu*do
+a1(u*)VAu*#Vu*

/ Balul(u — u™) + Br{u]VA(u —u*)
|3Br

+ B3[ulV(u — u™)do + ay (u*)VAu #Vu*.

Here B;[u] is some expression depending on u, u* and their derivatives. Those ;s may differ
from line to line in the following. However, thanks to Theorem 2.1, we have

1Bl (x) < | |l
if £ in (4.1) is smaller than some &;. We shall require the above holds for all 8; and ,Bl./ below
by asking €1 to be smaller and smaller.

The same computation gives

| Palul(u u*) + Ba[ulVA(u — u*)do + ar (u*) VEUHVAu*,

B |aB |
= |08, / Balul (u — u*) + Bolul V2 (u — u®) + B3[ulV (u — u*)do
+a3(u* )V2u*#Vu*#Vu
and
" 9B, /83,_ Balul(u — u*) + B3[ulV(u — u*)do + oy (u*) Vi #Vi Vi # V1"

In summary, u* satisfies an equation similar to (4.3) except an error term of the form

1
0By |

BilulVAw + BolulViw + B3[ulVw + Balulwdo.
0B,

Subtract the equation of u* with (4.3) and handle the terms like oj(u)VAu#Vu —
a1 (Wu*)VAu*#Vu* as before to get
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Aw = Bl ulVAw + B5[ulViw + B4[ulVw + B4lulw

1
+ 9B,] BilulV Aw + Bo[ul V2w + B3[ulVw + Balulwdo.  (4.4)
rl JoB,
This concludes the proof of the lemma. O

Now we apply Theorem 3.4 to the function w;.

Lemma 4.2 For sufficiently small ¢ > 0, we have
Fi(w;) < Ce? (e—L(l—lo) + e—L(l,-_l)) .

Proof We start from ! = lp+ 1 and consider A;_; UA; U A;41. By (c) of Theorem 3.4, either
Fi(w;) < e LF_1(w;), or Fj(w;) < e L Fi41(w;). If the first case occurs, we move on by
adding / by 1 and repeat the same discussion. The argument above stops if (1) =/; — 1 so
that we can not increase [ any more, or (2) we find some [’ so that [by (b) of Theorem 3.4]

Fi_y(w;) > el F(w) fori=1Iy+1,...,1I
and
Fip1(wi) > " Fy(wy) forl=1,...,1; —1.
One may check that the lemma is true in either case, because we have
Fiy(wp), B, (wy) < Ce?
by (4.2). O
We conclude this section by showing a pointwise decay estimate.

Lemma 4.3

max |x|? af’@gw,- <Cse (ef%(lfl‘)) + ef%(lifl)) 4.5)
1

for all integers p + q < 3 and q > 1. Or equivalently, by setting r = €' and taking u as a
function of (t, 0), we have

‘a}’vgzui

(1.0) < Ce (e—%<l°g5") + e—%“—l"gkf")) . 4.6)

Here V 53 1s the partial derivative with respect to 6 in polar coordinates (r, ), or equivalently,
the gradient operator on the unit sphere S3.

Proof Setting
W(x) = wi(e”"Pry),
we estimate

10132 4,) = CFi(wy) < Ce? (7H070) 4 =HGD),

Similarly, |1l .2¢4,u4,u4,) is bounded by a similar quantity with a larger constant C. Lemma
3.3 and the Sobolev embedding theorem implies that

~ _Lg— _ L.
1@l c3a = Ce (77070 4 em 50D
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Noticing the fact that @Sz u? is always zero, we have

Hﬁsaﬁ‘ <Ce¢ (e_%(l_l") + e_%(l"_l)) .
CX(A) —
Scaling back, we have
max Brpﬁggui <Ce (ef%(lfl()) + 6‘7%(1571)) .
Al ;
The second inequality is trivial from (4.5). O

5 Decay of radial energy

In previous section, we showed that in (4.5) that the tangential derivative of u; satisfies some
decay estimate. We will show in this section that this is also true for radial derivative of
u;. Argument of this kind usually uses the so called Pohozaev estimate, which was first
introduced into the neck analysis of harmonic maps by Lin and Wang in [9]. It has been
generalized to the case of biharmonic maps by various authors, see for example [5,7,22].

In this paper, we use essentially the same computation. However, instead of deriving an
inequality relating the tangential energy and the radial energy, we obtain an ODE for the
radial energy on the boundary of balls, in which the tangential energy appears as coefficients.
Our result is proved with the help of this ODE.

It turns out the computation is easier and clearer in cylinder coordinates. Recall that in

polar coordinates in R?,
Au = ” TR
o2 T Tt
Here A is the Laplace operator on the standard S°. By setting r = ', we have
Au=e 2 (3,2 +28, + Asg) .
Direct computation shows that
A= e (024 Ay - 2at) (3,2 +Ags +20,) u
=7 (0 + Ag)? - 407) u. 5.1)
Suppose that u is a biharmonic map defined on B,. Recall that u is a biharmonic map if
and only if A2u is normal to the tangent space T, N. On the other hand 9« is a tangent vector
at u(x) € N. Therefore,
/ A%u - dudd =0
s3
for all 7, where d6 is the volume element of S3. By (5.1), we have
/ dudfu + dulsu + 20,udf Agu — 4,udfudf = 0. (5.2)
$3

By integrating by parts and noticing that

1
duudtu = o, (8,u8,3u -5 |a,2u}2) ,
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we obtain
3 22 &% 5 2 2
o | 20— [o3u]” +|Agu| - 2[aVsu| —419uPdo =0. (53
$3
We claim that
: 3 212 | & 2 = 2 2
tim [ 20t~ [7u]” +|Agou| - 2|0 Vsu| 4190 =o0.
——00 S3

To see this, u is a smooth map defined on B, for some » > 0. The limit t — —o0 is the same
as the limit » — 0. It suffices to translate back the integral into polar coordinates and note
that

S D (U
3;«“, aru, arbt, ;VSSM, ﬁAS}u’ ;8,«VS3M

are bounded near the origin.
Integrating (5.3) from —oo to ¢, we get
2
-2

~ - 2
/323,u3t3u—’3t2u’2+‘A53u 8,V53u‘ — 419,u?d6 =0
S

for all ¢. Using

duddu = 0,(d,ud?u) — |07ul’,
the above equation can be written as
3
a,/ 0,ududo —/ = 02ul’ + 219l do = O), (5.4)
S3 S3 2
where
1~ 2 -2
o) :/ - ‘Aszu + 8, Vgu
s3 2

This is the ODE that we mentioned at the beginning of this section.
Now, we apply the above computation to the sequence of biharmonic maps u;. u; as a
function of (¢, 0) satisfies (5.4). By (4.6), we know that for ¢ € [log A; R, log 8],

10;(1)| < C&? (e_(1°g5_’) n e—(z—logm») .
Moreover, by &-regularity (Theorem 2.1) and (4.1), we have
6](1,{ < Ce.

max max
r€[log A R, log 8] ge§3

for k < 3. Here V is the gradient of [log(X; R), log §] x S3 with the product metric. Hence,
by integrating (5.4) from [log A; R, log §], we have
log s

3
/ = 02u]” + 2 10,ul? dodr < C&>. (5.5)
log iR J$3 2

Remark 5.1 We remark that in fact, the argument above gives an independent proof of the
energy identity in the blow up analysis of biharmonic maps.
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For some fixed tp € [log A; R, log 8], set

to+t 3 5 2 5
F(t)z/ / = |07ul” + 219,ul* dod:.
to—t JS3 2

F is defined for 0 < ¢ < min {fyg — logA; R, log § — to}. Integrating (5.4) from #to — ¢ to o + 1,
we obtain

1 3 2 2
F(t)f—(/ +/ )fazu +219,ul*>do
2373 \Jio—1yxs®  Jitg+1)x 83 2} ! ’ !

fo+t
+/ |©;(s)|ds.
1o

—t

Direct computation shows

to+t
/ 19;(s)| ds < C&> (e—(logS—to) +e—(to—logAiR)) o
0]

—t

Hence,

F(t) < %8tF(t) + Ce? (e 0EI=) o omloz ki)
Multiplying e~ to both sides of the inequality, we have

(6_2’F(t))/ > _Ce2 (e—(loga—to) + e—(to—logAiR)) =

We assume without loss of generality that logé — 79 < o — log A; R. Then, we integrate the
above inequality from t = 1 to t = log§ — 1y to get

F(l) < e—2(10g5—t0)+2F(10g8 —1o) + C&? (6—(10g8—t0) _i_e—(to—log)»,-R))
Cs? (ef(logﬁfto) n ef(toflog)L[R)) .

Here we used (5.5).
By the Lemma 4.3, we have

IA

fo+1
/0 / 1922 + |Vu2dodt < Ce> (e—aoga—to) _’_e—(to—log)u,'R)).
[l s3

0—1
Direct computation shows that

1 to+1 B 5
/ IV2ul* + — |Vul*dx < c/ / IV2ul? + |Vu|*dodt
B y+1\B -1 x| -1 Js§3

< Ce? (e—(10g5—t0) +e—(to—logAiR>) .

Then by Sobolev embedding and the e-regularity (Theorem 2.1), we have

1 1 ,
max |x|k ‘Vku’ < Cs (efj(mgafzo) +e*§(toflog)»,R))
Jx|=¢'0

fork < 3.
So, we proved the decay of first derivative of u#(x). It is easy to derive the no neck estimate
from here. Hence, we complete the proof of Theorem 1.1.

@ Springer



826 L. Liu, H. Yin

6 Another proof of the removable singularity

In this section, we will give a proof of Theorem 1.5 following the argument of Sacks and
Uhlenbeck in [14].

In previous sections, to prove Theorem 1.1, we study the behavior of biharmonic maps
on the neck region Bs\Bj,g and proved that in terms of cylinder coordinates (z, 0), the
derivatives of u (with respect to the cylinder coordinates) decay with the distance to both
ends of the cylinder [log A; R, log 8] x S3. It is natural to expect that the argument can be
applied to the study of isolated singularities.

For any ¢ > 0, by shrinking the size of the ball, we assume without loss of generality that

/ |V2u|2 + |Vu|4dx < P
B
By Theorem 2.1, we have
e
Vku‘ <=, 6.1)
[x]

where k < 3.
Set as before

oo 1
u*(r) = / udf.
[0B:| JoB,

Lemma 4.1 implies that w = u — u™ is an ng-approximate biharmonic function if ¢ is chosen
to be small. Set

Similar to the proof of Theorem 3.4, we claim that
Fi > e"Fipy
for any [ > 2. If this is not true, by (c) of Theorem 3.4, there is some ly > 2 such that
Flg+1 < fLFlg+2
and by (b) of the same theorem, we know that for all [ > [y + 1
Fy < e “Fiy.

However, this is not possible since

F < c/ lw|?dodr < c/ |Vu|*>dodt
[-IL,—(—1)L]xS3 [—IL,—(—1)L]x S3

and u as a function of (¢, ) has bounded energy on the cylinder (—oo, 0] x S3 (see (6.1)).
The same argument as before we know that for any p +¢ <3 andg > 1 and ¢ € (—o0, 0]

8/ Viu| (1,0) < Cee?. (6.2)

The proof of Sect. 5 implies
3
a,/ 0ududo —/ 2 102ul* + 2 19,ul? do = ©(1) 6.3)
s3 3 2

defined for u as a function (¢, 6) with |®| < Ce2e!.
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Remark 6.1 In the proof of (6.3) in Sect. 5, we need to justify that the limit of

2 ~ 2 2
— 218, Vgsu| —419,u)>do (6.4)

/ 20 — [o7u]” + | A gou
S3
is zero when t — —oo. However, u is not smooth at 0 as in Sect. 5. Fortunately, we have
/ V2u|? + |Vul* dx < +o.
By
Therefore, Theorem 2.1 implies
maxpk ‘Vku‘ =o(1)
By
as p — 0. It follows that the integrand of (6.4) goes to zero when t — —o0.
For any 79 < —1, we define for ¢ € (0, —t9 — 1)

fott 3 2
F(t)=/ / = |02ul” + 2 18,ul* dods
-t J§32

Integrating (6.3), we have

to+t
F(t) < (/ +/ )|a,u| |a,2u}d9+052/ e'ds.
{to—t}xS3 {to+1)xS3 to—t

1
F(t) < EF'(t) + Ce2el0

Hence,

Multiplying —e =% to both sides of the above inequality and integrating from ¢ = 1 to
t=—t)— 1, we get

POF (~tg — 1) — e 2F (1) > —Ce?eh.
Therefore,
F(1) < Ce%e + Ce™ F(—1y — 1). (6.5)

We claim that F(—f — 1) is uniformly bounded by Ce? with respect to #o. This follows from
the fact that

—1

3
/ /5‘8tzu‘2+2|8,u|2d0dt<c<92.
—00 S}

To see this, we integrate (6.3) from —oo to 0. It suffices to show that

lim / |9yul |82u|do = 0.
$3

[——00

The reason is the same as in Remark 6.1.
In summary, we have shown that

to+1 5 5
/ / IV2u)? 4+ |Vu|>dodt < Ce*e'.
1 $3

0—1

Then the same arguments in the previous section tells us

1
x| Vu| < Celx|2.
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This concludes that u is Holder continuous as a function defined on Bj. Higher regularity
follows from the proof of Theorem 5.1 of [2].

7 Intrinsic biharmonic maps

When we consider intrinsic biharmonic maps, the key difference in the proof is the Pohozaev
type argument in Sect. 5. Here we shall show that why the proof is robust enough so that it
works for intrinsic biharmonic maps as well.

The starting point of the argument in Sect. 5 is (5.2), which uses the fact that u is extrinsic
biharmonic map if and only if Au is normal to the tangent space T, N. For intrinsic bihar-
monic maps, this is no longer true. However, we recognize that the right hand side of (5.2)
is just

r/ P(u)(A%u) - royudo. (7.1)
dB;,

Here P (u) is the projection to T, N. It is known that the Euler Lagrange equation of intrinsic
biharmonic maps are of the form

P(u) (Azu + additional terms) =0.

Next, we show case by case how to modify the argument in Sect. 5.

7.1 Intrinsic Laplace biharmoinc maps

Since
/|r<u>|2dx=/|Au|2— |B)(Vu, V)P dx,

the additional term is contributed by the variation of f |B(u)(Vu, Vu) |2 dx.
Let’s consider the variation given by u;, = I1(u+t¢). Here I1is the nearest point projection
to N defined in a neighborhood of N. Compute

d
£|,=0/ |B(Vu,, Vuy)|> = 2/ B(Vu,Vu)V,B(Vu, Vu) P(u)¢
+2B(Vu, Vu)B(Vu, V(P (u)p))
The contribution to the Euler—Lagrange equation of this part is

I =Pu) |:ZB(Vu, Vu)V,B(Vu,Vu) — 4ZVi (B(Vu, Vu)B(V;u, -))i| . (72

1

For a better understanding of the above terms, we use local coordinates. Let x' be coordinate
system of £ and y® be the coordinates of RX in which N is embedded. We extend the domain
of B to a neighborhood of N. Hence,

B*(Vu, Vu) = Bf, 0;u’ d;u” .

(7.2) in coordinates is

P ()} [2BV (Vi Viu)dy, BY (Vu, Vu) = 4> 3, (BV(Vu, Vu)BY, a,»u")} :

L
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To follow the computation in Sect. 5, we shall multiply the Euler—Lagrange equation by
x*3uP and integrate over 3 B,. Before that, we need the following lemma.

Lemma 7.1 Let X = (X1, ..., X4) be a vector field. We have
3

divX = 8,(X,) + =X, +divgs X .
r

Herer = |x| and X, = (X, 8,) and X" is the projection of X to the tangent space of 3 B,,
divgs is the divergence operator of 9 B,.

Proof The proof is basic computation. We present it for the sake of completeness. Let {w;}
be an orthonormal frame of the tangent bundle of d B, (locally). Due to the decomposition
X = X, 9, + X7, we have

divX = (Va, X.3) + D (Vo X. 1)

1

= (Vy, (X,8,), 8,) + (V5, X7, 8,)
+ D (Vo (Xr0), ) + (Vo X7 1)

1

3
=0,(X,) + =X, +divgs X7,
r

Here we have used the following facts from Riemannian geometry:

1. V8, =0;
2. (Va, X7, 09,) = —(XT,Vy0,) =0;
3. (Vi o, 0)) = 185
O

Now we may proceed to compute the effect of the additional term / on the Pohozaev
inequality. For simplicity, we split I into /1 — I, [as is obvious in (7.2)] and compute

/ bLro,udo.
B,

Since rd,u is a tangent vector of 7, N, we may forget the P(u) in /. We notice that the
remaining part of /I is the divergence of

X = 4(BY (Vu, Vu) BY, d;u").

Hence, we may apply the above lemma to get

3
/ bro,udo = / (8,X, +-X, + diVS3XT) royudo
9B, 9B, r

= / 9 (4B(Vu, Vu)Bpedyu") rou®
9B,

+12B(Vu, Vu) B(0,u, 0,u)
—4B(Vu, Vu)B(Vgu, Vg (royu))do,

where V3 the gradient of 9 B,.
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Using cylinder coordinates (, @) where r = e', the first line above becomes

/ 38, (4B(Vu, Vu) By d,u") rd,u®do
$3

L
- /3 35, [73 (4B, Vu)B,matu"):| du®do
S

1 - - - -
- 7/ —123(Vu,vu)B(a,u,a,u)+a,[(4B(W,W)Bma,u")]a,u“de.
rJs3

Here V is the gradient on S3 x (—o0, 0] with product metric.
Notice that the second line cancels with the first term above. Hence, we have

/ Iro,udo
9B,

1 ~ ~ - ~ - -
= f/ 40,(B(Vu, Vu) B(0;u, o;u)) +2B(Vu, Vu)V,B(Vu, Vu)o:u
rJs3

—2B(Vu, Vu)d; (B(d;u, 8;u)) — 2B(Vu, Vu)d; (B(Vgsu, Vgsu))do.
In summary,
(I — L)royudo

9B,

1 -~ . . 2
- fat/ —4B(Vu,Vu)B(8,u,8tu)+’B(Vu,Vu)‘ de.
r S3

If we multiply the Euler—Lagrange equation of intrinsic Laplace biharmonic map with
rd,u and integrate over d B, we obtain

/ 3,u3t4u + 8;u&§3u + ZB,MBZZASsu — 481u312ud9
3

- - 1 .. 2
+a,/ 2B(u, V) B(@yu o) = 5 |B(Vu, V)| ao = 0. (7.3)
S3
Rewriting the first line as before and integrating over (—oo, ¢) again, we obtain

~ 2 2
B[VSEEM —2|8[Lt|

1 2 1. 2
0:/53 8,u8,3u—5|8,2u} +§‘A53u

~ - 1 ~ ~ 2
+2B(Yu, V) B@yu, dyu) - 3 ’B(Vu, Vu)’ do.

The 8tu8,3 u term is dealt with as before and we move everything involving tangential deriv-
ative to the right to get

3
at/ dudtudd —/ = [02u]” + 2 18ul® — W()do = O),
$3 3 2

where

1-
= [ 2|
o) /53 2‘ ol

and

2

) . . 1 . B 2
+ 81VSBM — B(atu, a[M)B(Vs3M, Vs31/l) + E B(V53u, V53M)

3 2
v = 5 |B(3,u, 3tu)| .
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Noticing that W is a fourth order polynomial of d,u. By eg-regularity (Theorem 2.1), if &
in (4.1) is chosen to be small, we have

2 !

Remark 7.2 This is exactly why the additional term causes no trouble. The contribution to
the radial part is a fourth order term. By gp-regularity, it is controlled by a second order term
with a small coefficient and can be absorbed into the positive term.

Therefore, by setting

to+t 3 3
F(1) :/ / b ‘8tzu‘2+ ~ 19,u|* dodt,
0—t J§32 2

we have

fo+t
F(t) < / +/ )|a,u||afu|d0+/ |©(t)| dt
{to—1}x S3 {to+1}xS3 to—t

o+t
0 +/ 01| dr.
1

0—1t

=

|- M~

The rest of the proof is the same as the case of extrinsic biharmonic map.

7.2 Intrinsic Hessian biharmonic map

We are interested in the Euler—Lagrange equation of the intrinsic Hessian biharmonic map.
As noted in [11], it is the same as the Euler—Lagrange equation of the functional

/ |1:(1,t)|2 + (R(u) (31-14, aju) Oju, dju)dx.
Q

We want to compute the effect of this additional curvature term on the Pohozaev argument
and show that the previous proof works for this case as well.
If the variation is given by u; = I1(u + t¢), then the variation of the additional term is

d
E|t=0/(R(Mt) (31‘14:7 ajut) djuy, Oius)dx

— /(VMR)(Vu, )P+ D Rapysdi (P ) @)djul dju” 0;u’dx.
@

Here by >, we mean a summation of four terms and the other three are similar and can
be obtained by replacing « with 8, y or §.

Hence, in comparison with the Euler—Lagrange equation of the intrinsic Laplace bihar-
monic maps, there is an additional term

Ji=J1— T =P | (VuR)(Vu,..) = > 8(Rapysdjuldju” 0;u’)
@)
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Applying Lemma 7.1, we have

/ Joroyudo = Z/ Raﬂyga u 8 u’ d,u )raru“
3B,

(@)
+3Rapysdyudjufd;u? d,u’
— Ropys Vg (ror u“)a,-uﬂajqusm‘? do

:Z/ 3o, ( aﬁy[;VuﬁVuyatu) ro,u®
S3

3 ~ -
+ fRaﬁygatuaViuﬂViu’/atus
;

1 - s e
— = Rapys V3 0 u*)VitP Viu? Vsu®do
;

1 - -
= 72/ 0 (Rapystru® il Giad? o)
r 3
()
— Raﬂyaa}u“@iuﬁﬁiuyatué — Ra,gyaﬁss (Btua)ﬁiuﬂﬁiuyﬁssuad&

The symmetry of Riemann curvature tensor implies that

1 o
(i — B)rdudo = 7/ 0 (4Rapys 0 Vi Giad? 0y )
JB, rJs3

+ 0y (Raﬂ},g@juaﬁiuﬂﬁiu’/ﬁjus) do.

The rest of the proof are the same as in the previous subsection.

Appendix

Proof of Theorem 2.1 1t will be convenient to assume that # = 0. Since u is a biharmonic
map, then it satisfies the Euler-Lagrange

AN*u = V3u#Vu + Vu#Viu + Vus#Vu#Vu + VusVu#Vu#Vu.

Let0 <o < lando’ = % take cut-off function ¢ € C§°(B,) satisfying ¢ = 1 in B,

Vol < =

1 —0°
Direct computation shows that

A (pu) = A(pAu +2VuVe + ulg)
= @A’ U+ 4V AUV 4+ 20ulg + AV2uV @ + 4VuV A + ur’y
= (Vu#Vu + V2u#V2u + V2 u#Vu#Vu + VulVukVu#Vu)e
+ V3u#Vo + V2u#Vie + Vu#V3e + uvte
= (V(@u)#Vu + V2 (@u)#Vu + V2 u#Vu#V (ou) + Vu#Vu#Vu#vV (ou))
+ V3u#V(p + Vzu#Vzga + Vu#V3(p + uV4<p + Vzu#Vu#Vq) + Vzw#Vu#Vu
+ Vu#Vu#Vu#vVe.
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Assume first that | < p < %. By the standard L? theory, we have

|W%wmmwoscowwﬁwyw%wmu%mﬂ+nwmmwywawmuiL

1 4=2r (B1)

V2 v v vu|? v )
IV ul2qa) IV s IV @I s 4+ 1Vl IV @0t

7 (B1)
IV3ullres,)  IV?ulles,y  I1VullLes,)
1—0 1—-0)2 (1—-0)3
lullrs,)  IV?u#NVulers,)  IVu#Vulrs,,)
(1—0)* 1—0o (1—-0)2

1
+ ——IVu#Vu#Vu| rr ,)) ,
l—o i
By the Sobolev embedding, if € is sufficiently small, we get

1
IV*@wllLesy = C(T— IV ullLrs,)

1 1
— |V?u , ——|Vullrrs.,
+ 1 _oy IV=ullLr s, + TEPSE IVullLr s,
1 1,
+ m”“”LP(B(,/) + EHV u#tVulLr(s, )
1
+ m IVu#Vu ||L1'(BJ,)

1
o IVu#Vu#VullLrs,,))-

Setting

W= sup (1 —0) V' ullrrs,)

0<o<l1
and noticing that 1 —o =2(1 —0'),1 < p < %, we have

v, <C (\IJ3 + Wy + Wy 4 Yo + ||V2u#vu||Lp(31) + IVu#Vul Lr )
+ IVu#Vu#Vu|| 1r(s,))

< C (W3 + W + Wy + o + [IV2ull 2,y + IVl 4cs,)) -
Using the interpolation inequality as in Sect. 3.2, we get

Wy < C (Yo + V2ull2p,) + IVl L4cs,))
< C (IIV?ull 25,y + 1Vull L2 sy -

We start with p = %. The above argument implies that

2
Il o5 g, ) = CUAVZl 2y + 1Vl (B

The Sobolev embedding theorem implies

[V3u] +1Vull s (B)).

+ ||V2uHL]576(B7/8) + ||Vu||L|6(B7/s) = C(||V2u”L2(B])

16
L9 (By3)
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With this, we can bound the L3 norm of the right hand side of the Euler—Lagrange equation.

The interior L? estimate then shows u is bounded in W* : in B3 /4. The lemma is then proved
by bootstrapping method. O
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