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Abstract In this paper we prove a Moser-Trudinger inequality for the Euler—Lagrange func-
tional of general singular Liouville systems on a compact surface. We characterize the values
of the parameters which yield coercivity for the functional, hence the existence of energy-
minimizing solutions for the system, and we give necessary conditions for boundedness from
below. We also provide a sharp inequality under assuming the coefficients of the system to be
non-positive outside the diagonal. The proofs use a concentration-compactness alternative,
Pohozaev-type identities and blow-up analysis.
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1 Introduction

An essential tool in the study of the embeddings of Sobolev spaces is the Moser—Trudinger
inequality, which gives compact embedding in any L” space for finite p > 1 and also
exponential integrability.

If we consider a 2-dimensional compact Riemannian manifold (X, g), due to well-known
works from Moser [18] and Fontana [13] we get

1
log/ dV, —f udV, < —/ Vul2dV, +C  Vue H'(D), )
x > 167'[ )]
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1170 L. Battaglia

where V = V, is the gradient given by the metric g and C = Cy ; is a constant depending
only on ¥ and g.
This inequality has fundamental importance in the study of the Liouville equations of the

kind ,
eu

—Au=p(-—2C ), 2

" p(fz hetdV, ) @

where A = A, is the Laplace-Beltrami operator, o a positive real parameter, & a positive
smooth function and X is supposed, without loss of generality, to have area equal to |X| = 1.
In fact, the solutions of (2) are critical points of the functional

1
I,(u) = 5/ |Vul*dV, —p(log/ he"dV, —/ udVg);
P z z

using the inequality (1) we can control the last term by the Dirichlet energy, thus showing
that /, is bounded from below on H I(2) if and only if p is smaller or equal to 8.

Equations like (2) have great importance in different contexts like the Gaussian curvature
prescription problem (see for instance [6,7]) and abelian Chern—Simons models in theoretical
physics ([21,24]).

An extension of the inequality (1), which takes into consideration power-type weights,
was given by Chen [8] and Trojanov [22]. For a given p € ¥ and « € (—1, 0], they showed
that

1
(1+a) (log/ d(-, p)*e"dv, —/ udVg) < —/ IVul’dVy+C  Yue H'(D).
D) ) 167 b
3

This inequality allows to treat singularities in the Eq. (2), that is to consider equations like

" M
—Au—p(L—l)—mTZa 6, —1) o
= m\9p,, s
J5, hetdVy —
where we take arbitrary py, ..., py € L and oy, > —1 foranym € {1,..., M}.

This is a natural extension of (2), which allows to consider the same problems in a more
general context. For instance, it arises in the Gaussian curvature prescription problem on
surfaces with conical singularities and in Chern—Simons vortices theory.

Defining G, as the Green function of —A on X centered at a point p, through the change

of variables
M

U u+4r ZamGpm Q)]

m=1

Equation (4) becomes

A he" |
— AU = —_—

P Js hetdV,
with Z — he 47 Z%:] AmGpy

Since G p, has the same behavior as ﬁ log ﬁ around p, then J behaves like d (-, pm)*em
around each singular point p,,, hence the energy functional
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1 -
I, (u) = 5/ |Vul?dV, —p(log/ he"dV, —/ udVg)
z ) x

can be estimated, as in the regular case, using (3).
The purpose of this paper is to extend inequality (3) to singular Liouville systems of the

type

M
hje'i .
—Au; = E ajjpj (f hedv, )—471 E Aim(8p, — 1), i=1,...,N,

m=1

where A = (a;;) isa N x N symmetric positive definite matrix and p;, h;, o, are as before.
Applying, similarly to (5), the change of variables

M
uj > u; +4m E ainGp,

m=1

the system becomes

N ﬁje“j .
_Auizzaijpj m—l N l:l,...,N, (6)

j=1

with & ;j having the same behavior around the singular points.
The system has a variational formulation with the energy functional

Jp(u) == Z w/w, Vu;dV, — Zp, (log/he AV, — /uidVg), (7

1]1

with '/ indicating the entries of the inverse matrix A~! of A.
A recent paper by the author and Malchiodi ([2]) gives an answer for the particular case
of the SU (3) Toda system, that is N = 2 and A is the Cartan matrix

2 -1
(2 7)
This is a particularly interesting case, due to its application in the description of holomorphic
curves in CPV in geometry ([3,5,9]) and in the non-abelian Chern—Simons theory in physics
([12,21,24]).

The authors prove a sharp inequality, that is they show that the functional J, is
bounded from below if and only if both the parameters p; are less or equal than
47 min {1, 1 + min,, «;, }, thus extending the result in the regular case from [15].

Concerning general regular Liouville systems, Wang [23] gave necessary and sufficient
conditions for the boundedness from below of J,, following previous results in [10,11] for
the problem on Euclidean domains with Dirichlet boundary conditions. Analogous results
were given in [20] for the standard unit sphere (S2, go) and in [19] for a similar problem.

In these papers, the authors introduce, for any Z C {1, ..., N}, the following function of
the parameter p:

Az(p) =8rm Zpi - Z aijpip;-

ieT ijeT
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1172 L. Battaglia

What they prove is boundedness from below for J,, forany p € R_’X which satisfies Az(p) > 0
for all the subsets 7 of {1, ..., N}, whereas inf 1 (5)v J, = —00 whenever Az(p) < O for
someZ C {1,...,N}.

The first main result of this paper is an extension of the results from [10,11,23] to the case
of singularities.

Similarly to Liouville equation, we will have to multiply some quantities by 1 + .
Precisely, we have:

Theorem 1.1 Let J,, be the functional defined by (7) and set, for p € RQ’O, x € X and
ieZcC{l,...,N}:

ai(x) = [g‘fm TX=Dm (o) =87 3 (L ai o — S apin;

otherwise
ieZ i,jel

A = A . 8
(o) T ’?IN} z.x(p) ®)
Then, J, is bounded from below if A(p) > 0, whereas J, is unbounded from below if
A(p) < 0.

Notice that, in the definition of A, the minimum makes sense because it is taken in a finite
set, since «; (x) = O for all points of X but a finite number, and for all the former points A7
is defined in the same way.

As a consequence of this result, we obtain information about the existence of solutions
for the system (6).

Corollary 1.2 The functional J, is coercive in ﬁ] (X) if and only if A(p) > 0.
Therefore, if this occurs, then J, admits a minimizer u which solves (6).

Theorem 1.1 leaves an open question about what happens when A (p) = 0. In this case,
as we will see in the following Sections, one encounters blow-up phenomena which are not
yet fully known for general systems.

Anyway, we can say something more if we assume in addition ¢;; < O for any i, j €

{1,..., N} withi # j. First of all, we notice that in this case
A(p) = min (871'(1 + ;) pi — aiipiz) , where
iefl,...,N}
o = min o;(x) = min [0, min ozim’ ; (O]
me{l,....M},xex me{l,...,M}
hence the sufficient condition in Theorem 1.1 is equivalent to assuming p; < w for

any i.

With this assumption, studying what happens when A7 (p) = 0 is reduced to a single-
component local blow-up, which can be treated by using an inequality from [1]. Therefore,
we get the following sharp result:

Theorem 1.3 Let J, be defined by (7), @; as in (9) and A(p) as in Theorem 1.1, and suppose
ajj <0foranyi, je{l,..., N} withi # j.

Then, J, is bounded from below on HY'(Z)N ifand only if A(p) > 0, namely if and only
if pi < 8”(IJ’”")foranyz e{l,...,N}.

We remark that the assuming A to be positive definite is necessary. If it is not, then J, is
unbounded from below for any p.
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Moser-Trudinger inequalities for singular Liouville systems 1173

In fact, suppose there exists v € R" such that vajzl aviv; < —6|v|? for some 6 > 0.
Then, we consider the family of functions u* (x) := Av - x; by Jensen’s inequality we get

N N
Jo (u)“) < % Z a'l /2 Vuix . Vu;YdVg — Z Pi /2 logﬁidVg
i,j=1 i=1
<-D2pprtc
2
—> —o00.
n——+00
We also notice that, with respect to the scalar case, in Theorem 1.1 and Corollary 1.2 the pos-
itive coefficients «;,,’s may affect the definition of A (p), hence the conditions for coercivity
and boundedness from below of J,.

On the other hand, under the assumptions of Theorem 1.3, coercivity and boundedness
from below only depend on the negative «;,,’s, just like for the scalar equation.

The plan of this paper is the following: in Sect. 2 we will introduce some notations and
some preliminary results which will be used throughout the rest of the paper. In Sect. 3 we will
show a sort of Concentration-compactness theorem, showing the possible non-compactness
phenomena for solutions of the system (6). Finally, in Sects. 4 and 5 we will give the proof
of the two main theorems.

2 Notations and preliminaries

In this section, we will give some useful notation and some known preliminary results which
will be needed to prove the two main theorems.

Given two points x, y € X, we will indicate the metric distance on X between them as
d(x,y). We will indicate the open metric ball centered in p having radius r as

B,(x)={yeX:dx,y) <r}.

For any subset of a topological space A C X we indicate its closure as A and its interior part
as A.
Given a function u € L1 (), the symbol # will indicate the average of u on X. Since we

assume |X| = 1, we can write:
ﬁ:/ udVy :]l udVs.
b b

We will indicate the subset of H!(X) which contains the functions with zero average as
H () ={ueH () : u=0}.

Since the functional J, defined by (7) is invariant by addition of constants, it will not be

restrictive to study it on " ()N rather than on H!(Z)V.

We will indicate with the letter C large constants which can vary among different lines
and formulas. To underline the dependence of C on some parameter «, we indicate with Cy
and so on.

We will denote as o4 (1) quantities which tend to 0 as « tends to 0 or to +o00 and we will
similarly indicate bounded quantities as O (1), omitting in both cases the subscript(s) when
it is evident from the context.
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1174 L. Battaglia

First of all, we need a result from Brezis and Merle [4]. It is a classical estimate about
exponential integrability of solutions of some elliptic PDEs.

Lemma 2.1 ([4], Theorem 1) Take r > 0, Q := B,(0) C R?, f € L' (Q) with Ifll e <
47 and u solving

—Au=finQ
u=>0 on o2’

Then, foranyq € |:1 ) there exists a constant C = Cg,, suchthat [, et Wldx < C.

__4r
Pl g
A crucial role in the proof of both Theorems 1.1 and 1.3 will be played by the concentration
values of the sequences of solutions of (6).
For a sequence u” = {u}, ..., u’,’\,}neN of solutions of (6) with p = p" = {pf. ..., ok},
we define (up to subsequences), for i € {1, ..., N}, the concentration value of its i’ h com-
ponent around a point x € X as

hiei dv,
o;(x) := lim lim p{‘M

= (10)
r—0n—+oo fE h;eti dVg

In a recent paper ([16], see also [14] for the regular case) it was proved, by a Pohozaev
identity, that the concentration values satisfy the following algebraic relation, which involves
the same quantities as in Theorem 1.1:

Proposition 2.2 ([14], Lemma 2.2; [16], Proposition 3.1) Let {u"},cn be a sequence of
solutions of (6), @i (x) and At x asin (8) and o (x) = (01(x), ..., on(x)) asin (10). Then,

i=1 i,j=1
To study the concentration phenomena of solutions of (6) we will use the following simple

but useful calculus Lemma:

Lemma 2.3 ([15], Lemma 4.4) Let {a"},cn and {b"},cn two sequences of real numbers
satisfying
n
a® — +oo lim — <O.
n—-+4o00 n——+oo g”

Then, there exists a smooth function F : [0, +00) — R which satisfies, up to subsequences,

0<F(t)<1 VYt>0 F't) — 0 F(a")=b" — +oo0.

——+00 n—-+oo

Finally, as anticipated in the introduction, we will need a singular Moser-Trudinger
inequality for Euclidean domains by Adimurthi and Sandeep [1], and its straightforward
corollary.

Theorem 2.4 ([1], Theorem 2.1) For any r > 0, o € (—1, 0] there exists a constant C =
Ca,r such that if Q := B,(0) C R? and u € H} (), then

/ IVu(x)2dx < 1 :>/ x| 2t I+’ 4y < ¢
Q Q
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Moser-Trudinger inequalities for singular Liouville systems 1175

Corollary 2.5 For anyr > 0, o € (—1, 0] there exists a constant C = Cy , such that if
Q:= B,(0) C R?> and u € H} (), then

1
a +a)10g/ Ix|?%e*@dx < —/ |Vu(x)|>dx + C
Q 167 Q

4 (14a)

; ; 2 Loy —
Proof By the elementary inequality u < 6u” + 55 with 6 = T Vuo Py

we get

IA

(1+a)10g/ 2 dx (1+ot)log/ e[ 220+ g
Q Q

1
= —/ |Vu(y)|2dy+(1+ot)log
167 Q

2
4 (14| ——ee

IA

_— Vv d C.
1671/9' u(y)Pdy +

3 A Concentration-compactness theorem

The aim of this section is to prove a result which describes the concentration phenomena
for the solutions of (6), extending what was done for the two-dimensional Toda system in
[2,17].

We actually have to normalize such solutions to bypass the issue of the invariance by
translation by constants and to have the parameter p multiplying only the constant term.

In fact, for any solution u of (6) the functions

V= — log/ hie"idV, + log p; (11)
o
solve N _
—Av; = Y _aij(hije¥i —p;
[ ~’ i (b i) i=1,...,N. (12)
fZ h,-e"idvg = 0;
Moreover, we can rewrite in a shorter way (10) as
o;(x) = lim lim e’ dV.

r=>0n—+00 | p (1)
For such functions, we get the following concentration-compactness alternative:
Theorem 3.1 Let {u"},cn be a sequence of solutions of (6) with p" . ~>_+)oo p € ]Rﬁ and
Wt = VI'h; with V" o Lin €N, (v ey be defined as in (11) and S be defined,
forie{l,..., N}, by
S; = [er:Elx —> x such that v} (”) — —i—oo]. (13)

n——+oo n——+o0o

Then, up to subsequences, one of the following occurs:
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1176 L. Battaglia

o IfSi =W foranyi € {l,..., N}, then V" —+> vin Wz'q(E)N.forsomeq > 1 and
n——+00

some v which solves (12).
o IfS; # () for some i, then it is a finite set for all such i’s. If this occurs, then there is a

subset T C {1, ..., N} such that v —> —o0in L3 (E\ U;\{:l Sj/)for any j €T

J n—+oo loc

n . 2,q9 N . . )
and v} n_)—+>oo vjin Wit ( 2\ U/-/:] Sjr ) for some g > 1 and some suitable vj, for any

je{l,...,N}]\Z.
Since i{j is smooth outside the points p,,’s, the estimates in wa (¥) are actu-
ally in cxe (Z\ Unﬂle pm) and the estimates in WIZO’Cq (E\ U?izl Sj/) are actually in

loc
Clzo’g (Z\ (U?{:l Sjr U Unﬂle pm)). Anyway, estimates in W24 will suffice in most of
the paper.
To prove Theorem 3.1 we need two preliminary lemmas.

The first is a Harnack-type alternative for sequences of solutions of PDEs. It is inspired
by [4,17].

Lemma 3.2 Let Q@ C X be a connected open subset, { f"},en a bounded sequence in
L?OC(Q) NLY Q) for some g > 1 and {w"},en bounded from above and solving —Aw" = "
in Q.
Then, up to subsequences, one of the following alternatives holds:
e w" is uniformly bounded in L7, (S2).
e W' —> —ooin L5 ().
n—-+oo

Proof Take a compact set K € Q and cover it with balls of radius 5, with 7 smaller than

the injectivity radius of . By compactness, we can write K C UZI: 1 B% (xp). If the second
alternative does not occur, then up to relabeling we get supp () w" > —C.
Then, we consider the solution 7" of

—AZ" = f" in By (x1)
7"=0 on 9B, (x1) ’

which is bounded in L*° (B, (x1)) by elliptic estimates. This means that, for a large constant
C, the function C — w" + 7" is positive, harmonic and bounded from below on B, (x{), and
moreover its infimum is bounded from above; therefore, applying the Harnack inequality
(which is allowed since r is small enough) we get that C — w” + z" is uniformly bounded in
L (B% (xl)), hence w" is.

At this point, by connectedness, we can relabel the index % in such a way that B £ (xp) N
B% (xp+1) # W forany h € {1, ..., H — 1} and we repeat the argument for B% (x2): since it
has nonempty intersection with B% (x1), we have sup B, (x2) w" > —C, hence we get bound-

edness in L™ (B z (xz)). In the same way, we obtain the same result in all the balls B% (xp),

whose union contains K, therefore w” must be uniformly bounded on K and we get the
conclusion. o

The second Lemma basically says that if all the concentration values in a point are under a
certain threshold, and in particular if all of them equal zero, then compactness occurs around
that point.

On the other hand, if a point belongs to some set S;, then at least a fixed amount of mass
has to accumulate around it; hence, being the total mass uniformly bounded from above, this
can occur only for a finite number of points, so we deduce the finiteness of the S;’s.

@ Springer



Moser-Trudinger inequalities for singular Liouville systems 1177

Precisely, we have the following, inspired again by [17], Lemma 4.4:

Lemma 3.3 Let {v"},cny and S; be as in (13) and o; as in (10), and suppose o;(x) < aiofor
anyi € {1,..., N}, where

50 47 min {1, I +minjeq,. Nyme(l,..., M) Oljm}

i N
ijl “;

Then, x ¢ S; foranyi € {1,..., N}.

Proof First of all we notice that al.o is well-defined for any i because a;; > 0, hence

Zy h a > 0.
Under the hypotheses of the Lemma, for large n and small » we have

/ hie'idV, <ol (14)
By (x)

Let us consider w} and 7} defined by
N

—Aw! =—3 a,-jp;’ in By (x) —AzZl! Z a+h”e i in B, (x) (15)
j=1 : :

w! =0 on 9B, (x) 7/ =0 on 9B, (x)

Is it evident that the w!’s are uniformly bounded in L™ (B, (x)).
As for the z}'’s, we can suppose to be working on a Euclidean disc, up to applying a

perturbation to 71{’ which is smaller as r is smaller, hence for » small enough we still have the
strict estimate (14).
Therefore, we get

H_AZH|L1(B,(X)) Zau/ eldV <Za a <4 min{l, I 4+ o; (x)}

B, (x) =

and we can apply Lemma 2.1 to obtain fB « )e‘”Z?‘dVg < C for some g > m

If o (x) > 0, then taking g € ( Mﬁ) we have

'~ n\ 49 n
B, (x) B, (x)

On the other hand, if «; (x) < 0, we choose

4 , 4 1
qgell, — q € — ,
—AZ | 1, () — A () 4 —q || =Ag | 1p )~

and, applying Holder’s inequality,

~ n\ 4 n
/ (rret) av, < ¢, / d(-, x)24 W 13 gy,
By (x) B, (x)
-2

ne
c(/ d(.. x)z"""”(x)dV) (/ q—l‘zl'dv) !
B (x) B (x)
c,

@ Springer
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1178 L. Battaglia

because gq’o;(x) > —1 and qq,q—ila,- x) < . Hence Z?ezf is uniformly

. 4Ar
=271 8, )
bounded in L9 (B, (x)) for some g > 1.

Now, let us consider v} — zI' — w': it is a subharmonic sequence by construction, so for
any y € B% (x) we get

vl(y) — 2/ (y) —wl'(y) < ]L (v — 2} —w}') dV,
Br (y)
2

<c / W — 2 — WiV,
B%(y)

IA

cf far-tean)a
Br(x)

< C(l-l—/ (v;’—z?)+dvg).
By (x)

1
. . . . n . _
Moreover, since the maximum principle yields z;' > 0, taking 6 = [ c (0

ifj(x) <0
1 . ,
, m) ifa;(x) > 0
we get

/ (v —2) " dv, 5/ (WHtdv,
By (x) By (x)

] n
< —/ Vi dV,
€0 JB,.(x)
<l ([, 7705)
( 1) LT (B, (x)) B.(x) i 8
<C.

n

Therefore, we showed that v' — z]' — w}" is bounded from above in B% (x), thatis eV ~% ~¥i
is uniformly bounded in L™ (B% (x)). Since the same holds for ¢ and El’.’ &% is uniformly
bounded in L4 (B% (x)) for some g > 1, we deduce that also

~ n ~ n n_.n_.,.n n
hl’,‘e”i = hle%i Vi T Wi Wi
1

is bounded in the same L4 (B% (x)).

Thus, we have an estimate on H — Az{‘ || foranyi € {1, ..., N}, henceby standard

11 (a00)
elliptic estimates we deduce that z}' is uniformly bounded in L*° (B% (x)). Therefore, we
also deduce that

n __ n n n n n
v = (v =2 —wi) + 2+ w)

is bounded from above on B (x), which is equivalent to saying x ¢ UIN=1 Si. O

From this proof, we notice that, under the assumptions of Theorem 1.3, the same result
holds for any single index i € {1, ..., N}. In other words, the upper bound on one o; implies
thatx ¢ S;.

Corollary 3.4 Suppose a;j < 0 foranyi # j.
Then, for any given i € {1, ..., N} the following conditions are equivalent:

@ Springer



Moser-Trudinger inequalities for singular Liouville systems 1179

e x €S5;.

e 0;(x) 750

o 0; (x) > 0 471 min{1, 14+min,, a“,z}

aiji

Proof The third statement trivially implies the second and the second implies the first, since if
v} is bounded from above in B, (x) then E?e”? isbounded in L9 (B, (x)). Finally, if 5; (x) < o/
then the sequence ﬁl” ¢4 defined by (15) is bounded in L4 for ¢ > 1,50 one can argue as in
Lemma 3.3 to get boundedness from above of v!' around x, thatis x ¢ S;. O

We can now prove the main theorem of this Section.

Proof of Theorem 3.1 If S; = ¢ for any i, then ¥ is bounded in L®(X), so —Av} is
bounded in L9 (%) for any

1
q € |:1, - ) .
—MINje(l,.. N},me{l,...M} ¥jm

Therefore, we can apply Lemma 3.2 to v} on X, where we must have the ﬁrst alternative

for every i, since otherwise the dommated convergence would give f h"e idv, — 0
x 8 n——+o0o

which is absurd; standard elliptic estimates allow to conclude compactness in W27 (X).
Suppose now S; # § for some i; from Lemma 3.3 we deduce

|S; |c7 < Zmaxo/(x) < Z ZO’J(X) < ij,

X€eS; j=1xeS§;

hence S; is finite.
For any j € {l1,..., N}, we can apply Lemma 3.2 on X\ U?{Zl S with " =

~ n
Z?{:] ajj (h'}/eu./" — pj,), since the last function is bounded in Lloc (E\ U?{Zl Sj/).
Therefore, either v goes to —oo or it is bounded in L}y, and in the last case we get

compactness in Wloc by applying again standard elliptic regularity. O

4 Proof of Theorem 1.1

Here we will prove the theorem which gives sufficient and necessary conditions for the
functional J, to be bounded from below.
In other words, setting

E = {,o € Rﬁ : Jp is bounded from below on HI(Z)N] , (16)

we will prove that {A > 0} C E C {A > 0}.
As a first thing, we notice that the set E is not empty and it verifies a simple monotonicity
condition.

Lemma 4.1 The set E defined by (16) is nonempty.
Moreover, for any p € E then p' € E provided plf <piforanyi € {l,...,N}.

Proof Let 6 > 0 be the biggest eigenvalue of the matrix (a;;). Then,

N
1 ~ _
Jo(u) > 2 (%/ [Vu; > dV, — p; (log/ hie"idV, —u,-)).
X z z

i=1
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1180 L. Battaglia

Therefore, from scalar Moser—Trudinger inequality (3), we deduce that J, is bounded from
below if p; < w, hence E # (.
Suppose now p € E and p] < p; for any i. Then, through Jensen’s inequality, we get

N ~
Ty ) = Jo) + > (oi — p}) log / eti—titloghiqy,
i=1 z

N
> —C+ 2= o)) [ toghia,
i=1 z
> —C
forany u € HY(Z)V, hence the claim. O

It is interesting to observe that a similar monotonicity condition is also satisfied by the set
{A > 0} (although one can easily see that it is not true if we replace A with Az ).

Lemma 4.2 Let p, p’' € RY be such that A(p) > 0 and p, < p; foranyi € {1,..., N}.
Then, A(p’) > 0.

Proof Suppose by contradiction A(p’) < 0, that is Az x(p’) < 0 for some Z, x.

This cannot occur for Z = {i} because it would mean ,olf > W, so the same
1

inequality would for p;, hence A(p) < Az x(p) <O0.
Therefore, there must be some Z, x such that Az ,(0") < 0and A7\« (p) > O for any
i € T, this implies
0 < An\iyx(p) — Az x(p)
2
= ZZ“UP;P} —a;ip;” —8w(1 4 ;i (x))p}
JjeT

<ol 2D aijp; —8r(1+ai(x)) | . 7)
jeT
It will be not restrictive to suppose, from now on, p; < p; and p; = p; for any i > 2, since

the general case can be treated by exchanging the indices and iterating.
Assuming this, we must have 1 € Z, therefore we obtain:

0 < Az.x(p) = Az.x(p")
= 8n(1 + a1 (x))(p1 — py) — an (,012 - ,012) -2 Z aij(py — p1)p;

JET\{1}

= (p1—pp) | B+ (x) —an (o) +p1) =2 D aijp;

JET\1}
< (p1 = p) [ 8r(1+a1(x)) =2 a1jp} | ,
JjeT
which is negative by (17). We found a contradiction. O

We will now show that if the parameter p lies in the interior of E then not only the
functional is bounded from below but it is coercive in the space of zero-average functions.
In particular, this fact allows to deduce the “if” part in Corollary 1.2 from Theorem 1.1.
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On the other hand, if p belongs to the boundary of E, then the scenario is quite different.

Lemma 4.3 Suppose p € E. Then, there exists a constant C = C o such that

N
1
J >—§ Vu;|?2dv, — C.
"(”)—Cil/z| uil"dve

Moreover, J, admits a minimizer which solves (6).

Proof Choosing § € (0 d(p’aE)) one has (1 +§)p € E, so

> VNipl
N
5 i, 1
5o = 355y 2 v Vgt s

j=1

N
8 2
> Vi P4V, - C,
—29(1+5);/2| nil"dVe

hence we get the former claim.

To get the latter, we notice that, due to invariance by translation, any minimizer can be
supposed to be in ﬁl (E)N ; therefore, we can restrict J, to this subspace. Here, the above
inequality implies coercivity, and it is immediate to see that J,, is also lower semi-continuous,
hence the existence of minimizers follows from direct methods of calculus of variations. 0O

Lemma 4.4 Suppose p € JE. Then, there exists a sequence {u"},cy C H' (2)N such that

Y > Ty (u™)
Z/ |Vul|*dV, — oo lim s <
i=1 7% e notee S Iy ‘V“H dvy

Proof We first notice that (1 — §)p € E for any § € (0, 1). In fact, otherwise, from Lemma
4.1 we would get p’ ¢ E as soon as p{ > (1 — 8)p; for some i, hence p ¢ OF.
Now, suppose by contradiction that for any sequence u" one gets

Ip () >e>0

N
vu'rdv, — +00 = >
2 Jo It S T

Therefore, we would have

N
Jp(u)ZEZ/ |Vui*dVg — C;
i=1 7%

hence, indicating as 0’ the smallest eigenvalue of the matrix A, for small § we would get

N
S ..
T = (18T = 5 a’//ZVui-VujdVg
ij=1

N
& 1)
1+8)- ——)> Vu;|*> - C
((+)2 26/)i_1/2| Mz|

> —C.

v

So we obtain (1+6)p € E; being also (1 —§)p € E (by Lemma 4.1), we get a contradiction
with p € 0E. O
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To see what happens when p € dE, we build an auxiliary functional using Lemma 2.3.

Lemma 4.5 Fix p' € 9E and define:

Z ’//Vu Vu"dVg bg/ = Jy (u”)

lj 1
Ty ) = Jy(u) — F, Z ”/ Vu; - Vu;dvy |,
l/ 1

where u” is given by Lemma 4.4 and F,y by Lemma 2.3.

Ifp € E, then J/’), o is bounded from below on H' ()N and its infimum is achieved by a
solution of

N

. 716”/ .
—A ui_zaljfuj za’/p/( E ujdy. _l)’ i=1....N,
8

i,j=1

with = (Fy) (3 221 a¥ [y Vi - Vuydvy).
On the other hand, Jl’), o is unbounded from below.

Proof For p € E, we can argue as in Lemma 4.3, since the continuity follows from the
regularity of F and the coercivity from the behavior of F’ at the infinity.
For p = p/, if we take u” as in Lemma 4.4 we get

J! u” =b”—F/(a”) — —o0.
p’,p’( ) o P\ ) i

[m}

Now we can prove the first half of Theorem 1.1, that is J, is bounded from below if
A(p) > 0.
Proof of {A > 0} C E Suppose by contradiction there is some p’ € dE with A(p) > 0 and

take a sequence p” € E with p” —> 0.
—+00

Then, by Lemma4.5, the aux1hary functional J,, ,» admits a minimizer «", so the functions
v} defined as in (11) solve

N
.. ~ n
—Avt = > @bl (hje”ﬂ' - p?)
JiJ'=1
7n vt _.n
Jehie'tdVy = p]
where b'/" is the inverse matrix of by = 8ij — a'l ", hence b/" e 8ij-

+oo
We can then apply Theorem 3.1. The first alternative is excluded since otherwise we

would get, for any u € HI(E)N,
Ty @y = Tim J5 ) = Tim Ty o (V") =T ) > —oe,

thus contradicting Lemma 4.5.

Therefore, blow up must occur; this means, by Lemma 3.3, that 0;(p) # 0 for some
ie{l,...,N}andsome p € 2.

By Proposition 2.2 follows A(o) < 0. On the other hand, since o; < p; for any i, Lemma
4.2 yields A(p") < 0, which contradicts our assumptions. ]
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To prove the unboundedness from below of J, in the case A(p) < 0 we will use suitable
test functions, whose properties are described by the following:

Lemma 4.6 Define, forx € ¥ and . > 0, ¢ = ¢** as
@i = —2(1 + o (x)) logmax{1l, Ad(-, x)}.
Then, as A — +00, one has
/ Vo - Ve;jdVy =8m(l + o (x))(1 +aj(x))logi + O(1)
®
i =—-2(1+a;(x))]logh+0(1)

N
~ N
/ hiezj':l@j‘/’jdvg > Cp20+ei () if 29‘,(1 +oj(x)) > 1+ a(x).
s

i=1

Proof 1t holds

0 ifd(-, x) <
i = )
s 20 e B ifd(,x) >

> >

Therefore, being |Vd (-, x)| = 1 almost everywhere on X:

/ Vi - VgojdVg
Jx

dv,
\BL () d(-, x)?

=8 (1 + o; (x))(1 + aj(x)) logh + O(1).

=4(1 + o; (X)) (1 + aj(x))

For the average of ¢;, we get
/ ¢idVe = =2(1 + o (x)) (logx +logd(-, x))dV, + O(1)
= E\B1(x)
=214+ «ai(x))logh+ O(1).
For the last estimate, choose r > 0 such that Bs(x) does not contain any of the points p;,
form =1, ..., M, except possibly x.

Then, outside such a ball, 627:1 Oi9i < CA_ZZJN:I 0j(1+a;x)
Therefore, under the assumptions of the Lemma,

/ }NtierN:l (’M‘dvg =0 (k72(1+a"(x))) ,
Z\Bs(x)

hence

/EieZiN:l bi%idv, Z/ frie2ic 0191 dv,
z Bs (x)

1

ZC/ d(, )™V, + ————————
B (x) £ 23N 600
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/ d(_’x)2a,-(x)—zzl(v=1(9]-(1+aj(x))dvg
Ay ()
> Ccp20+ei()
which concludes the proof. O

Proof of E C {A > 0} Take p, Z, x such that Az ,(p) < 0 and Az\(},x(0) > O for any
i € Z, and consider the family of functions {u)‘} 5o defined by

A 2 : aijPj A,x
u. = —_— . .
! e~ A (1 + a; (x)) ¢
JjeT

By Jensen’s inequality we get

) < - Z z// Vu? - Vu dVg—l—Zp,( log/ Eie‘“'deg) +C

l] 1 ieZ
1 ajjPiPj /
_ ! - Vi - Vo;dV,
2 i./ZG:I 1672(1 + o () (1 + o (x)) Jx et
a;jjpip;j ez 4n<1+a e ¥
_ WijpPipy 1 hi dv, + C.
+ Z (o) Zp’ Og/ . !

At this point, we would like to apply Lemma 4.6 to estimate J, (u’\). To be able to do this,
we have to verify that

1
EZa,‘jpj > 1+ a;(x) Viel.
jeT

If 7 = {i}, then p; > M so it follows immediately. For the other cases, it follows
from (17).
So we can apply Lemma 4.6 and we get from the previous estimates:

1 1
Jo (u)‘) < i E aijpipj — 3 E ajjpipj +2 2 pi(1+a;(x)) | logh+C
T i,jeT T i,jeT i€l
A
_ _Azalp) logh +C — —oo0.
47 n—+o0

m}

Proof of Corollary 1.2 The coercivity in the case A < 0, hence the existence of minimizing
solutions for (6) follows from Theorem 1.1 and Lemma 4.3.

Ifinstead A(p) > 0, then one can find out the lack of coercivity by arguing as before with
the sequence u”, which verifies

Az.x(p)
Z/|Vu dVy —> +oo Jp () < — # gh+C<C.
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5 Proof of Theorem 1.3

Here we will finally prove a sharp inequality in the case when the matrix a;; has non-positive
entries outside its main diagonal.

As already pointed out in the introduction, the function A(p) can be written in a much
shorter form under these assumptions, so the condition A(p) > 0 is equivalent to p; <
Wforfmyi e{l,...,N}.

Moreover, thanks to Lemma 4.1, in order to prove Theorem 1.3 for all such p’s it will

suffice to consider _ _
,00 — (8”(1+O£1) 87‘[(14‘0!1\/))

(18)

ey

ar AaNN

By what we proved in the previous Section, for any sequence p"* 7 p° one has
n—+o0o

=2 o

so Theorem 1.3 will follow by showing that, for a given sequence {p"},cy, the constant
C, = Cyn can be chosen independently of 7.

As a first thing, we provide a Lemma which shows the possible blow-up scenarios for
such a sequence u”".

Here, the assumption on g;; is crucial since it reduces largely the possible cases.

Lemma 5.1 Let p° be as in (18), {p"} e sSuch that p" 0%, u" a minimizer of Jon and v"
as in (11). Then, up to subsequences, there exists a set T C {1, ..., N} such that:

o Ifi € Z, then S; = {x;} for some x; € X which satisfy a; = «; (x;) and o; (x;) = plo, and
vl VT 00 in LYY (E\ Ujez{x_,-}).
o Ifi ¢ T, then S; = ¥ and v T Ui in Wli’cq (E\ Ujd{xj}) for some g > 1 and
n— 100
some suitable v;.

Moreover, if a;; < O then x; # x;.

Proof From Theorem 3.1 we getaZ C {1,..., N} suchthat S; # ¥ fori € Z.
If S; # @, then by Corollary 3.4 one gets

0 87 (1 + @ (x))

i

0<o;(x) < p -
12

for all x € S;, hence

..... N}x(0(x))

> > (871 +aj(0))0;(x) — ajjo;(x)?)
j=1
> 87 (1 + e (x))0y (x) — a0 (x)*
> 0. (19)

Therefore, all these inequalities must actually be equalities.

From the last, we have o;(x) = p? = M, hence «; (x) = &;. On the other hand,

since ersl_ oi(x) < ,ol.o, it must be o; (x) = 0 for all but one x; € S;, so Corollary 3.4 yields
Si = {xi}.

@ Springer



1186 L. Battaglia

Let us now show that v} — —ooin L{Y.
n—-4o00

Otherwise, Theorem 3.1 would imply v} L almost everywhere, therefore by
n—+00

Fatou’s Lemma we would get the following contradiction:
oi(x;) < / ﬁ,-e”"dVg +o0i(x;) < / i{l’_'ev?dVg = Ioi" < p;i = o;i(x;).
by by

Since also inequality (19) has to be an equality, we get a;jo; (x;)oj(x;) for any i, j € Z, so
whenever a;; < 0 there must be 0 (x;) =0, so x; # x;.

Finally, if S; = #, the convergence in Wli’cq follows from what we just proved and Theorem
3.1. m}

We basically showed that if a component of the sequence v” blows up, then all its mass
concentrates at a single point which has the lowest singularity coefficient.

The next Lemma gives some more important information about the convergence or the
blow-up of the components of v".

Lemma 5.2 Let v}, v;, 0°, T and x; as in Lemma 5.1.
Then,

o Ifi € I, then the sequence v}’ — E converges to some G; in Wi’cq (E\ U/eI{xj}) for

some q > 1 and weakly in Wl*”’/(E)for any q' € (1,2), and G; solves:
—AG; =Y aijpjo- ((ij - 1) + > ajj (ﬁjevf — ,05))
jeT J¢T .

Gi=0
o Ifi ¢ I, then v! T in the same space, and v; solves:
n—+00
—Avi = aijp? (8, — 1) + D ajj (ﬁe”!’ —,0(.))
~l jez VE ( Y ) jéT YA 7 (20)
Js hie®dVy = plQ

Proof From Lemma 5.1 follows that, for i € Z, Tz;’e”? — p?ﬁx,. in the sense of measures;
n—oo
in fact, for any ¢ € C(X)

IA

/E hye" ¢dv, — plp (x;)

/z R e |¢ — ¢ )ldVy + [pf — pf |16/l

IA

a/ eVl dV, + 2||¢||Loc(2)/ Re' AV,
Bs (xi) Z\Bs(xi)
+of = pP [ 191l (x)
< epf' +2|pllLezyoD) + oD@l Lo(s),
which is, choosing properly ¢, arbitrarily small. Therefore, v; solves (20).
’ ‘17/
On the other hand, if ¢’ € (1, 2), then q771 > 2, so any function ¢ € Wl’q’—l (2) is
actually continuous, hence

/E v (v;’ V- G,-) - VedV,

/ (—AV! + AG;) pdVy,
P
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Szaij

/)E hje'l pdv —p§~’¢<p)‘

JjeT
+,¢Zl_aij /Ehj (evf —e”/)¢dv, n—>—+>oo 0.
J

Therefore, we get weak convergence in Wl’q/(E) for any ¢’ € (1,2); standard elliptic
estimates yield convergence in Wi’cq (E\ U; EI{x‘,-}).

In the same way we prove the same convergence of v’ to v;. O

From these information about the blow-up profile of v” we deduce an important fact which
will be used to prove the main Theorem:

Corollary 5.3 Let v" and x; be as in Lemmas 5.1 and 5.2 and w" be defined by w; =
27:1 aijv;.’fori ef{l,...,N}.

Then, w} — qu is uniformly bounded in Wli’cq(Z\{x,'})for some q > 1ifi € I, whereas
ifi ¢ T it is bounded in W>9(X).

Proof Since —Aw]' = h'e" — pl', the claim follows from the boundedness of €' in
L (3\{x;}) and from standard elliptic estimates. O

The last Lemma we need is a localized scalar Moser—Trudinger inequality for the blowing-
up sequence.

Lemma 5.4 Let w} be as in Corollary 5.3 and x; as in the previous Lemmas. Then, for any
i € Z and any small r > 0 one has

dii |Vw;’|2dVg —pf (log/ ﬁie“""w?dVg — aiiwig’) > —C,.

2 JB.) By (xi)
Proof Since % is locally conformally flat, we can choose r small enough so that we can
apply Corollary 2.5 up to modifying 4}. We also take r so small that B, (x;) contains neither
any x; for x; # x; nor any p, form =1, ..., M (except possibly x;).

Let 7" be the solution of

—AZ' = hleV — p! in By (x;)
=0 on 4B, (x;)

1

Then, w} — w!' — z! is harmonic and it has the same value as w}’ — w;' on 3B, (x;), so from
standard estimates

Hw?—wf—zf’ <C

C'@B(x) —

< Cwt —wy
CL(B,(x1))

From Lemma 5.2 we get

/ IVw!|*dv, —/ V22| dv,
By (x;) By (x;)

=\[var-pPav
By (x))
+2/B( )Vw;’-v(w;’—z;‘)dvg
r(Xi

<[ wr-aPav,
By (x;)
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+2 ”szn “Ll():) ”V (wz” - Z;l) ”LOO(B,(x,-))
< C,.

Moreover,

~ ai w"—F) a;i |lw
/ h,-e”(‘ /dVg <e
By (xi)

c,/ d (-, x;)% il 4V,
By (x;)

' n n
i Wi T

L% (Br(x;)) / Eieaiizﬁldvg
By (xi)

IA

Therefore, since @; < 0 and a;;p! < 8m(l 4 @;), we can apply Corollary 2.5 to get the
claim:

ai; ~ ai(w'—w"
% |Vw;’|2dVg—pi” log/ hiea”(w’ w’)dVg
B, (xi) By (x;)
=g [ 19 ) Pav,
2aii J B, (i)
—p! log / d(-, x;)% % dV, — C,
By (xi)
E_Cr

m}

Proof of Theorem 1.3 As noticed before, it suffices to prove the boundedness from below of

n n 0 ENRC n
Jon (u™) for a sequence p /+' p" and a sequence of minimizers u" for J,». Moreover,
n——+00
due to invariance by addition of constants, one can consider v” in place of u”.

Let us start by estimating the term involving the gradients.

From Corollary 5.3 we deduce that the integral of |[Vw} |? outside a neighborhood of x;
is uniformly bounded for any i € Z, and the integral on the whole X is bounded if i ¢ Z.

For the same reason, the integral of a;; Vw' - Vw'/ on the whole surface is uniformly
bounded. In fact, if a;; # 0, then x; # x;, then

< / Vu - vu
Z\Br()(j)

< Vel |y gy | V0]

dv,

/ Vw} - Vw'idVy Vw!' - V'
b

dv, + /
E\B(xi)

L4" (S\B:{x;})

n n

+ ||V ”Lq”():\B,{x,-}) Vuw; L3
<Gy,
29 _9if 2 29 i o)

with ¢ as in Corollary 5.3, ¢/ = { 342 = 1 =7 andg" =1 24 1 =<
1 ifg>2 oo ifg=>2

Therefore, we can write

N N
aij/ Vol VidV, = > a,-j/ Vu} - VwldV,
i j=1 z ij=1 z
> Za,-,-/ |le’?|2dvg - C,.
ieT B, (x;)
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Xi.

To deal with the other term in the functional, we use the boundedness of wf’ away from
choosing r as in Lemma 5.4, we get

/ et = av, < 2/ et av,
> B (x)

:2/ e Zieas (v1=0) gy
By (xi)

C,/ Zie“"(’” *“’)dvg.
By (xi)

IA

Therefore, using Lemma 5.4 we obtain

Jpn(vn)z,z IJ/VU VvdVg Zpl (log/hede—v)

i,j=1 i=1
> Z (&/ ’Vwﬂde, —p! (log/ hieivi dv, — a,,i)) - C,
ieT 2 B (x;) B (x;)
> —C
Since the choice of » does not depend on n, the proof is complete. O
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